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MODULAR T H E O R Y O F GROUP CHARACTERS. 

BY PROFESSOR L. E. DICKSON. 

1. T H E problem of the representation of a given finite group 
as a linear homogeneous group with real or complex coefficients 
has been fully treated by Frobenius * by means of his theory 
of group characters. The present paper and the companion 
paper to appear simultaneously in the Transactions give a first 
attack on the corresponding problem for linear congruence 
groups, and in general for finite linear groups in any field F 
having a prime modulus p. To obtain simple results, it is in 
general necessary to introduce certain irrationalities, viz., roots 
of equations with coefficients in F. As our reference field we 
shall take the field F composed of the totality of integral 
rational functions witn integral coefficients of all Galois 
imaginaries of all degrees, i. e., the roots of congruences irre­
ducible modulo p. In other words, Fp is the aggregate of the 
Galois fields QF[pn~\, n = 1, 2, 3, • * • . Hence every equation 
with coefficients in Pp is completely solvable in Fp. 

The paper also gives a report on the various expositions of 
the algebraic theory from the standpoint of their availability in 
the treatment of the modular theory (cf. §§ 3, 5 , but particu­
larly § 13). . . . 

2. Definitions. Given a finite group H with the h elements 
iï~0, HV • • •, Hh_v we shall say that the h matrices of degree ƒ 
(or linear substitutions) 

(1) ^ - ( a ô U - ! , - , / (* = 0 , 1 , •••yh-1), 

whose elements a are marks of the field F, define a representa­
tion of the group H if the matrices satisfy the h2 relations 

(2) ABAS=ABS (R,S=H0, •••,Hh_1). 

The matrices need not be distinct, so that the isomorphism may 
be multiple. Let xffi(i = 0, • • •, h — 1) be independent vari­
ables. Then 
(3) X = £ ABxB (B = H0, • • •, H^) 

is called the group matrix corresponding to the representation. 

* Berliner Sitzungsberichte, from 1896 to date. 
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I f B is a matrix of degree ƒ whose elements are marks of 
F and of determinant not zero, then B~~lXB is also a group 
matrix, called equivalent to X. A group matrix X is called 
reducible or irreducible (in Fp), according as it is or is not equiv­
alent to a matrix (wz)> where Y and Z are square matrices, W 
a rectangular matrix. 

The system of h marks x(5 r
0), • • •, x(lT;,_1), defined by 

(4) xW-£<& (B-Hv...,Hh_J, 
a=l 

is called a character of the group H for the field Fp, corre­
sponding to the particular representation (1) or group matrix (3). 
I f the latter is irreducible, the character is called simple. 

Analogous to the multiplication table of H9 the matrix 

(5) («W-0 {P,Q~HW...,H^> 

in which P indicates the row and Q the column, is called the 
regular group matrix. 

3. For the reasons to be pointed out in § 13, the only one of 
the various expositions of Frobenius's theory which may be 
utilized in the construction of a corresponding general modular 
theory is that by I . Schur, " Neue Begründung der Theorie der 
Gruppencharaktere," Berliner Sitzungsberichte, March 23,1905. 
I n Frobenius's theory, matrix (5) is completely reducible (with 
zero matrices to the right and left of the irreducible diagonal 
matrices), and each irreducible factor occurs to a power equal 
to its degree ; in the modular theory these theorems do not hold 
true when p divides the order h of the group. In the latter 
case, only the earlier part of Schur's work can be utilized for 
the modular theory and then only after essential modifica­
tions. 

The developments by Schur, pages 409-411, as well as the 
auxiliary theorems from the general theory of matrices, are valid 
for our field Fp. His theorem I is valid in any field; his 
theorem I I , however, is valid only in a field F which, like Fp 

or the field of all real and complex numbers, has the property 
that every equation with coefficients in F is solvable in F. 
Instead of his fundamental theorem I V , we have the following 
(valid whether or not p divides ƒ ) : 

THEOREM. If in the field Fp X and X' are non-equivalent 
irreducible group matrices of degrees f and f ', 
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(6) X=:(xa^))x^ = y£ta^xB(a)/3^1, . . . , ƒ • JB«J3"0, . . . , JE r w ) , 

(7) X = « , ),» ;,3 = X è > * ( « , / 3 - 1 , • • -, ƒ ; iü= i ïo , • • -^SLx), 

£/ien #ie following relations hold : 

(I) Z < > 7 1 = oeaàefiy (a, 0, y, S = 1 , . •., ƒ ), 

( I I ) 2 > . W « = 0 ( a , 0 = 1, . - , ƒ ; 7 , 8 = 1, • • , ƒ ) , 
B 

in which ea8 = Oif a =|= S, 6aa = 1, w/iife c & a constant for a given 
group matrix X, equal to that for any equivalent group matrix, and 

(8) fo-h. 

In view of Schur's proof we have (II ) and 

(Ix) Ç« Wa = °* A" 

in which the Cpy are constants to be determined. In view of 
(1), relations (2) are equivalent to 

(9) ! > > £ = «£? (a, 8 - 1 , - . . , ƒ ; R, S - Hr.., B^). 
0=1 

In (Ix), replace a by py y by cr ; then multiply by a^a^. and 
sum for p, or = 1, •••,ƒ. We get 

Z ( Z « ; )Œ%.*A) = I>paV« • 
-B \ P / \ o- / p,<r 

Applying (9) we get 

(io) I « ? = « ^ X . -
B <r 

For T=E= identity, we get, since a^a = ey<r by Schur's 
proof, 

(ii) 2>".? <»-<&%• 
In (10) replace c ^ by its value from ( I J for a = S, y = o-

The right member of (10) becomes 

«SIX. Œ<<«) = « 2 . 5 » " > 
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in view of (9). In (11) replace R by R~l, 8 by T, 7 by a, 8 
by 0, a by 7, 0 by a. We get 

E 

We have now shown that (10) becomes 

(ni) Z C " < = «>>««• 
R 

In ( I I I ) set T= E and compare the result with (11). We get 

( 1 2 ) « f a V ° - = a^°fiy (a> ^ 7, « = 1, • • •, ƒ)• 

If for a fixed, the a£8 were all zero, then by (6) every xa/3 = 0, 
i. e., all the elements of the ath row of X would vanish. But 
I X\ is not identically zero. Hence, by (12), 

^ y = ^ y c a a (a, 0} 7 = 1 , . . . , / ) . 

In particular, the caa are all equal. Call their common value c. 
Then 

( 1 3 ) C0Y = ^ y . 

Hence (Ix) becomes (I). In ( I I ) replace a by p, 7 by cr ; then 
multiply by afp6^. and sum for p, cr. We get 

(iv) 2>grrç?-o. 
Now (I), for S = a, 7 = /3, becomes 

(14) « = £ « • 
R 

Summing for 0} applying (9) and afa = 1, we obtain (8). 

Finally, we prove that c = d,d being the constant for 

R 

Let P = ( p ^ ) , P - 1 - (ÎBfl), so that 

Then 

<*?« = Z?yp°£pa»> 

p, o-

-B P) <r,r,s \ R J 
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The final term equals cep8effr by (I). Hence 

d = cÇ£qypp\ n^qs^A =cSyS8 = c. 

4. Certains relations between the simple characters (4) follow 
readily from ( I ) - ( IV) and (9). In ( I I I ) take /3 = a, 8 = 7, 
and sum for a, 7. Hence 

(V) IXp- 1 )% (K)=cX (S7 ' ) . 
B 

For T = identity, (V) becomes 

(VI) Y,x(SZ-*)x(R) = cX(S). 
B 

Conversely, replacing S by ST and R by BT in (VI), we get 
(V). In fact, by (4) and (9), we find that 

( V I I ) x(RT)~x(TB), X{E)=f (E = identity). 

For S = identity, (VI) becomes, by (8), 

(Viii) Zx(^-1)%(^) = ^ 
B 

In ( I I I ) take 7 = /3, S = a, sum for a, /3 and apply (9). 
Hence 

( IX) cX(S)x(T)=j:x(SB-lTB). 
B 

Let % be the character corresponding to the irreducible group 
matrix X' not equivalent to X In ( IV) set /3 = a, S = 7, and 
sum for a, 7. Hence 

(X) Z%(^-1M^) = o. 

I f the modulus p does not divide h, relations (VI) and (X) 
follow* from (VI I ) , ( V I I I ) , ( IX) (the latter three with 
c = h/f serve in the algebraic theory to determine completely 
the characters). 

Further, when p is prime to h, the entire exposition by Schur 
is valid in the field Fp. In particular the algebraically irredu­
cible factors of the regular group determinant have integral 

*Cf. Weber, Algebra, 2d éd., Il, p. 194. 
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algebraic numbers as coefficients and hence are functions inter­
prétable in Fp and are irreducible in Fp. The fact that the 
modular theory for p prime to h is identical with the algebraic 
theory was first stated in the writer's paper, Transactions, volume 
3 (1902), page 285. 

5. For a given group H of order h, let X, X', • • • be group 
matrices of degrees ƒ, ƒ , • • -, irreducible in the field F, and no 
two equivalent. Give them the notation (6), (7), etc. Then 
the f2+ƒ + • • • linear functions #ajQ, x'ap} • • • are linearly inde­
pendent in Fp. 

In case p does not divide h, the proof follows at once from 
relations (I) and (II) (cf. Schur, page 412). In the contrary 
case the proof fails, since c vanishes for certain group matrices. 
We may, however, make use of theorem I in the paper by 
Frobenius and Schur on the equivalence of linear groups, 
Berliner Sitzungsberichte, 1906, page 209, the proof being 
valid in our field F. 

I t follows that the determinant of an irreducible group 
matrix X is an irreducible function of the variables xB ; and 
that two irreducible group matrices are equivalent if and only 
if their determinants are identically equal. 

Let <3> denote the determinant |X | of the irreducible group 
matrix (3) of degree ƒ. If E is the identity element of the 
group, and R 4= E, the coefficient of xÇrlœB in <ï> is %(i?), in 
view of (4) and afjg = eaj3. Also %(J5) = ƒ by (VII ) . Hence for 
every element R, %(-R) is the coefficient of xfjfl in d®jdxB. 
This property is taken as the definition of %(i?) in Frobenius's 
second exposition, Sitzungsberichte, 1896, page 1349. The 
latter paper gives a method of determining all the coefficients 
of <E> in terms of the characters %{E). The method must be 
modified in the case of a modular field. If u is a new inde­
pendent variable, set 

(15) <$>{xE + u, xA, xB, . •.) = uf + <$>y-1 + •.. + &p 

where <3> is an integral homogeneous function of the nth degree 
of 

XE> XA> ' • • j a n ( l ^ = <î). Let 8n denote the sum of the nth 
powers of the negatives of the quantities uv • • • 9uf for which 
(15) vanishes. By Frobenius's proof, 

It JR\t, . . , Rn 

where Rv • • •, Rn range independently over the h elements of 
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H. By Waring's formula each &. is expressed as a polynomial 
in the Sn. For a modular field, this formula is not always 
applicable in view of the denominators. We shall illustrate 
for small values of ƒ a valid method of determining in F the 
function 

(16) * = E a ^ - - ^ ^ - - - ^ , ( i ^ i a ^ . . . S i , ) . 

For ƒ = 2, <E> is determined by 

(17) 2<E>2 = £ * - £ 2 , 

unless JP = 2. By comparing the coefficients of x^y^Xj^g 
(B+JE, 8+F)in 

(18) 3>(s) = 4>(a0*(y), »r = E « a ^ r * 

we obtain,* according as i? =|= & o r ^ ==: $> 

(19) 0£S = X(R)X(8)-X(R8), 2 0 ^ = X(JR)X(E)-x(JR
2). 

For modulus p = 2, it remains to determine C^ . Now 

- £ , + *& -*&=<) , 
by Newton's identities. The coefficients of 

x%,x%xs (R*S*E), 
give 

CSBX(R)=X(R)X(&)-X(R>), 

CSBX(S)= - CnQ&B) - SX(R2S) + X ( i % ( £ ) + 2X(RS)X(R). 

But CBS is given by (19x). Hence CBB is determined by the 
characters unless the latter all vanish. But in that case <E> in­
volves only the squares of the variables xR and hence is reduci­
ble in F2, contrary to hypothesis. 

For ƒ = 3, <ï> is determined by 

(20) 6^3 = ^ - 3 ^ + 2 ^ 

unless p = 2 or 3. For p = 3, we treat (20) as an algebraic 
identity and find that the terms in x%xs and xBx^T are multi­
ples of 3 ; we thus obtain CBBS and CBST algebraically in terms 
of the characters. In 

*Or directly, by treating (17) as an algebraic identity, one half the 
coefficients of XRXS{B + S) are given by (19J. 
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(21) 8,-^8,+^8,-^^ = 0, 

we select the terms x% and x%xs, using (17), and obtain 
CBBBx(R) and 0BBBx(S) a$ functions of the characters. But 
if every character vanishes, <E> involves only the cubes of the 
variables and is reducible modulo 3. 

For ƒ = 3, p = 2, Newton's identities give 

(22) Sa + S' = <t>t+*&, <P£S3 + Sl) = S!i + SlS3. 

In <I>2, 0BS is given by (19x) ; to find 0BB we examine the 
coefficients of xBx^~'h (i = 5,. •., 2) in (222). If in each the 
factor of CBB vanishes then SB + S^ = 0, identically. But <E>3 

would then be reducible by (22J. Hence <I>2 and then <É>3 can 
be expressed in terms of the characters. 

6. THEOREM. In the field Fp any commutative group H of 
order h = pnq (q not divisible by the prime p) has exactly q 
distinct characters. 

If A is an element of period p* of Hy and we set %(̂ 1) = W9 

then in the field Fp we have 

U ^ = l , (W- 1 ) ^ = 1 , T T = 1 . 

Proceeding as in Weber's Algebra, I I , Chapter 2, we conclude 
that H has at most A/p77 = q different characters. But at least 
this number occur, since there exist in Fp primitive roots of 
xk = 1 for h prime to p. In fact, xk = 1 has no double root 
aud hence h distinct roots in Fp. 

7. THEOREM. If C denotes the commutator group of H, the 
number of distinct linear factors in Fp of the group determinant 
of H is obtained by dividing the order of the quotient group 
Q = H/C by the highest power of p dividing the order of Q. 

The proof follows from §6 and the argument in Frobenius's 
paper, Sitzungsberichte, 1896, pages 1347-1349. As there shown 
the linear factors occur to the same power. But the argument 
showing that this power is the first is not valid in Fp (cf. §8). 

8. THEOREM. If pn is the highest power of p which divides 
the order of a group JET, every irreducible factor, in the field Fp9 

of the regular group determinant of H enters to a power which 
is an exact multiple of pn. For any character of degree f 
X(P) = ƒ if P is an element of period a power of p. 

The proof is given in the July number of the Transactions. 
9. The characters in the field Fp of a group H whose order 
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h is prime to p may be taken to be the algebraic characters 
given by Frobenius's theory. We shall consider examples in 
which h is divisible by p. I f H is abelian or if h is a power 
of p, the characters follow from §§ 6, 8. 

The relations obtained in § 4 do not in general completely 
determine the simple characters in F. Relation (IX) is equiva­
lent to that obtained by replacing 8 and T by any elements 
conjugate to them or by interchanging 8 and T. Similarly for 
(VI) and (X) ; in the latter it suffices to set T== identity. Not 
all the values of a simple character are zero (§5) . If 
<ï> = <£'<£" then x(-B) = X(E) + x'\R) f o r e v e l 7 •#• 

10. Let H be the symmetric group on three letters. Let E, 
A, B be elements of period 1, 3, 2, and set %{E) = ƒ, %(-4) = a, 
X(B) = b. Then, by § 4, 

ƒ 2 + 2a2 + 362 = 6 , a2 + 2af + 3Z>2 == ca, 4ab + 2fb = cb, 

ca2 = 3a + 3/, cab = 66, cb2 = 2 / + 4a. 

For modulus 2, the solutions (other than ƒ = a = b = 0) are 

(23) ^ = ^ = ^ = 1 , c 1 = 0 ; / 2 = 6 2 = 0, a 2 = c 2 = l . 

Hence by § 8, | H\ = <I>j<I>2. Here <3>2 is irreducible (end of 
§ 9). 

For modulus 3, the conditions reduce to ƒ = a, c = 0. But 
by §§7 , 8, | i T | = <ï>^;3. 

11. Let H be the alternating group on four letters. Let 
ƒ, x, y, z be the values of a character when the arguments are 
non-conjugate elements of period 1, 2, 3, 3. Then, by § 4, 
(24) ƒ 2 + Sx2 + Syz = 1 2 , 2fx + 2x2 + Syz = ex, 

(25) 2fy + 6xy + 4s2 = oy, 2fz + 6ooz + 4y2 = cz, 

(26) 4 / + 8œ = c#2, 12y = cry, 122 = cxz, 

(27) 3 / + 9 a ; = cy», 12s; = cy2, 12y = cz\ 

Let first the modulus p be 3. The solutions are 

(28) f=y=z=0, »==fcl, o=q=l ; / = a = ? / = s + 0, c = 0 . 

By § 5 or § 8, ƒ = 1 for the second, ƒ = 3 for the first. Further, 
the lower signs must be taken. Thus |JEZ| = <I>J<I>g. 

For p = 2, the relations reduce to c = 0, x = ƒ . By §§7, 
X, we have }H\ = &{&[*&['*. I t follows from (17) that 
S\B) ~ x{&), whence a? = ƒ , ƒ = * , s2 = 2/. 
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12. Finally, let H be the alternating group on five letters. 
There are five sets of conjugate elements, of periods 1, 3, 2, 5, 
5. Denote the corresponding values of %(i?) by/, A, B, C', D. 
By §4, 

(29) / 2 + 20J.2+15-B2 + 12C2 + 12D2 = 60, 

2/A + TA2 + V2AB + QAC+ QAD + 3B2 

+ 6BC + 6BD + 3C2 + 6CD + 3D2 = eA, 

2fC + 5A2 + 10 AB + 10AO+ WAD + 5B2 

+ 10J5D + 5C2 + 20D + D2 = cC, 

2{fB + 4A2 + 4AB + 4AC + 4AD + ABC 

+ 4BD + B2 + 4CD) = cB, 

(33) 3( / + 7 A + QB + 3 O + 3D) = e A2, 

(34) 15(A + B+ C+D) = cAC, 

(35) 3($A + 4B+4C+4D) = cAB, 

(36) 20(A+B+D)=cBC, 5(J+5A + 5C+D)=cC*, 

4(f+4A + 2B+4C+ 4D) = oB2, 

5(5 A + 5B + 0+ D) = eCD, 

(30) 

(31) 

(32) 

(37) 

together with the relations derived from (31), (34) and (36) by 
interchanging C with D. Now <f>f must equal, or be an irre­
ducible factor in Fp, of one of the algebraically irreducible 
factors of the group determinant 

Let p = 5. If c 4= 0, we obtain 

(38) / = = O = D = = 0 , A = ±l, # = = F 1 , C = ± 3 . 

For c = 0, the conditions (29)-(37) reduce to 

(39) / = ( ? = _ D , B=3f+3A, c = 0. 

In (38) ƒ = 5, since ƒ < 10 by §5. The only algebraically 
irreducible factor of degree^ 5 has ƒ = 5, 0 = D = 0, J. = — 1, 
5 = 1 . Hence the lower signs must hold in (38). If the re­
sulting function <3>5 were reducible, <E>5 = II ̂  the characters 
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of the irreducible factors would satisfy (39) and ]£ A. — A, 
etc. As this is seen to be impossible, <3>5 is irreducible in F5. 
The remaining irreducible factors of |JET| satisfy (39) and have 
ƒ = 4. But the algebraically irreducible factor <t>4 occurs only 
to the fourth power ; hence by § 8 it is reducible in F5. Now 
Xi{R) m XIB) + Xa(-R)- Hence 4>4 = * , * „ in F5. Finally, 
there is no factor <ï>2, since H cannot be represented as a binary 
linear group in F5, the only binary transformation of period 2 
being (~J __J). Hence the algebraic factor <J>3 remains irre­
ducible in F5. Hence 

(40) |jff| = <S>1®1°®5
5 i n F5. 

Let next p = 3. I f c =j= 0, we obtain 

(41) / = ^ = 0 , c = J? = ± l , <? and D roots of y2±y-l = 0 . 

If c = 0, the conditions (29)-(37) reduce to 

(42) / = ^ , D = = C, JL + B + ( 7 = 0 , c = 0. 

Proceeding as for p = 5, we find that the lower signs must 
hold in (41) and that the resulting functions <E>3 and <3>3 are 
irreducible in Fz ; also that <É>5 = <&!̂ >4. Thus 

(43) \n\ = *Î*J*; 8 «>; in î 3. 

Finally, let jp = 2. If c =)= 0; we obtain 

(44) / = . £ = 0, J . = C = D = 1 , c = l . 

I f c = 0, conditions (29)-(37) reduce to 

(45) ƒ = £ , A + B+C+D = 0. 

By the argument employed when p = 5, we find that the alge­
braically irreducible function <ï>4, whose characters are congru­
ent to those in (44), remains irreducible in F2. Since H is 
simply isomorphic with the group of all binary transformations 
of determinant unity in the GF[22~], there exist factors <î>2 

irreducible in F2. Their characters are 

(46) ƒ = B = % A = 1, C and D roots of f + y + 1 = 0. 

We find that in Fv 

Hence 
(47) \H\ = ®\2<S>8

2®'2
8<f>l i n j P r 
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13. Frobenius's first method of introducing group charac­
ters (Sitzungsberichte, 1896, page 985) relates primarily to the 
factorization, into linear factors, of the special group deter­
minant l^p^ l , in which xA = xB if A and B are conjugate ele­
ments of the group H. This method is not suitable for the 
foundation of the modular theory ; in fact, two distinct irre­
ducible factors of the general group determinant 6? may corre­
spond in the field Fp to the same linear factor of the special 
group determinant È. Thus if H is the symmetric group on 
three letters, and p = 3, S= (%E — XA)6, while G has two dis­
tinct factors (§ 7 or § 10). I t may be argued indirectly (cf. end 
of § 4) that the prime factors of Frobenius's fundamental deter­
minant |paj81 are all divisors of the order of H. 

Frobenius's second method (1. c , page 1343) relates initially 
to the general group determinant G. With the exceptions 
noted in § § 5, 7, the developments in his first three sections are 
valid in the field F . But his derivation in § 5 of the relations 
between the characters is not valid in Fp, when p divides the 
order h of the group. In fact, the power e to which any irre­
ducible factor occurs in G is a multiple of p (§ 7), so that 
d<ï>e/dœRvanishes identically in Fp. His method, when applied 
to Fp, gives rise only to relations all of whose coefficients vanish. 

Burnside's first treatment, Proceedings London Mathematical 
Society, volume 29 (1898), pages 207-224, 546-565, depends 
upon the special group determinant. Although his auxiliary 
theorems were established by purely rational processes by the 
writer in the Transactions, volume 3 (1902), page 285, it was 
indicated in the last paper, that the method is limited to fields 
whose modulus does not divide the order of the group. 

Burnside's second treatment, Acta Mathematica, volume 28 
(1904), page 369, and Proceedings London Mathematical Society, 
volume 1 (1901), page 117, depends upon the existence of an 
invariant Hermitian form, and hence is not applicable in the 
construction of a general theory of modular groups. 

The exposition by Schur has the advantage that after the 
modifications noted in § 3, it yields important results in the 
modular theory. 

T H E U N I V E R S I T Y OF CHICAGO, 
May, 1907. 


