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8. The second paper by Professor Gutzmer consists of a short 
report on some investigations and results related to a previous 
paper by him under the title : " Theory of adjoined differential 
equations," Halle, 1896. 
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in the Tyrol, in September, 1905, under the presidency of Pro
fessor F . Klein. 
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T H E CONSTKUCTION O F CONICS UNDER G I V E N 

CONDITIONS. 

BY PROFESSOR M. W. HASKELL. 

( Read before the San Francisco Section of the American Mathematical 
Society, April 30, 1904. ) 

U N D E R the above title are grouped a few notes on special 
aspects of the subject, with no pretense at an exhaustive treat
ment. While certain of the results are not new, it is believed 
that the method by which they are derived will be of some 
interest. Homogeneous coordinates are used exclusively ; fol
lowing Casey (Analytical Geometry, page 70), a quadrangle or 
quadrilateral whose diagonal triangle is the triangle of reference 
is designated as a "standard" quadrangle or quadrilateral. The 
coordinates of the vertices of a standard quadrangle, or of the 
sides of a standard quadrilateral, are then d= KX : =h K2 : =L /c3, 
and they may be projected into ± 1 : ± 1 : dt 1 if desired. I t 
is to be noticed that the complete quadrangle (quadrilateral) is 
fully determined and can be easily constructed, when the 
diagonal triangle and any one vertex (side) are given. 

§ 1. Conies Defined by Five Points or by Five Tangents. 

THEOREM I . The eight vertices of two standard quadrangles 
lie on one and the same eonie. 

For, let the vertices be respectively =fc= #, : =fc K2 : zh #3 and 
dt\] : d= \2 : ± A,3 ; it is clear that they all lie on the conic 
whose equation is 
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This theorem affords the following simple construction by 
points of a conic of which five points are given. 

CONSTRUCTION : Construct the complete quadrangle of any 
four of the given points, and regard its diagonal triangle as the 
triangle of reference. Then complete the standard quadrangle 
of which the fifth given point is one vertex. The remaining 
three vertices lie on the conic. The five given points lead us 
thus immediately to fifteen new points, and the construction can 
be carried on indefinitely. 

I will omit here, and in general in what follows, all theorems 
which can be derived from those given merely by the principle 
of duality. 

THEOREM I I (LEMMA). The lines joining corresponding 
vertices of two standard quadrangles form a standard quadri
lateral. 

For, if the vertices of the given quadrangles be respectively 
zb KX : zb K2 : zb /e3 and zb \ : zb X2 : zb X3, the coordinates of 
the lines joining corresponding vertices will be 

zb (K2\ - *cB\) : zb (tes\ - Kfa) : ± Kl\ - te2\). 

Consider now two standard quadrangles ABCD, A'B'OD' 
and the conic upon which they lie. If A' be made to approach 
A, B'CD' will approach BCD respectively, the chords AA', 
BB', CO', DD' approaching the tangents at A, B, (7, D. 
Hence 

THEOREM I I I . The tangents at any four points of a conic 
form a quadrilateral which is standard with reference to the diag
onal triangle of the quadrangle of those f our points. 

From this theorem and from the dual of Theorem I we have 
immediately 

THEOREM I V . Let the four intersections of two conies form a 
standard quadrangle. Then the two quadrilaterals formed by 
their tangents are standard, and therefore envelop a conic. 

Similarly, the eight points of contact of the four common 
tangents to two conies lie on a conic. 
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THEOREM V . The quadrilateral of the four common tangents 
to two conies has the same diagonal triangle as the quadrangle of 
their intersections. 

For, let PP' be one of these common tangents, P and P' 
being the respective points of contact. Then, if Q, JS, S ; 
Q', R', S', respectively be the remaining vertices of the quad
rangles determined by P and by P\ QQ', RR' and SS' will 
be the remaining sides of the quadrilateral determined by PP'. 
Q, R, S will lie on the first conic ; Q', R'y S' on the second; 
and QQ', RR', SS' will be tangent to both. 

Moreover, the conic through the eight points of contact of 
the common tangents, and the conic touched by the eight tan
gents at the intersections of two conies, each have the triangle 
of reference as a self-polar triangle. 

§ 2. Harmonic Ranges on a Conic. Conies through Four 
given Points and, Tangent to a given Line. 

THEOREM VI.—Let Av A2, AB, A4, P be five points on a 
conic. Ljet Aik be the harmonic conjugate of P with respect to 
A. and Ah. Then the lines joining Al2 and -434, A13 and A2V 

Au and A2B are concurrent with the tangent at P. 
Let the coordinates of the five points be 

- 4 , ( 1 : 1 : 1 ) , ^ ( - 1 : 1 : 1 ) , - 4 , ( 1 : - 1 : 1 ) , J 4 ( l :1 : - 1), 
P(X:fi : v). 

I t is not difficult to show that the equations of the three 
lines in question are 

A12AU X( - 2X2 -f- fi2 + v2)xx - fi(v2 - \ > 2 + v(\2 - /*> 3 = 0 

AlzAu \(fi2 - v2)xx + fi(\2 - 2/x2 + v2)x2 - v(\2 - fi2)x3 = 0 

A A s ~ x<>2 - v2)xi + Kp2 - x > 2 + Kx* + M2 - 2itycs = 0 
and these lines evidently meet in 

^ / l 1 1 \ 

Moreover, the equation of the tangent at P is 

X(fi2 - v2)xx + ix(v2 - \2)x2 + v(\2 - fi2)x3 = 0, 

and this is satisfied by the coordinates of Q. 
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Now the points P and Q are interchanged by the involutory 
quadratic transformation 

_ 1 1 1 

of which the triangle of reference is the fundamental triangle 
and the points Av A2, Av A4 are the double points. Hence 
the line PQ is also tangent to the conic through Av A2, A3, 
A4 and Q, and we are led to the following interpretation of the 
above transformation : 

THEOREM V I I . The pairs of points which are interchanged 
by an involutory quadratic transformation of the plane are the 
points of contact of the tangents common to the pairs of conies of the 
pencil through the four double points of the transformation. 

Or again, they are the double points of the involutions de
fined on the lines of the plane by the pencil of conies through 
four points. 

In general, under this transformation a straight line is con
verted into a conic through the vertices of the fundamental tri
angle ; but this conic degenerates if the line in question passes 
through one of the vertices of the fundamental triangle, and in 
particular the sides of the complete quadrangle of the self-cor
responding points are converted into themselves, corresponding 
point-pairs on one of these sides being harmonically conjugate 
with reference to the self-corresponding points of that side. 
For instance, the points ( l + X : l — X : l - f X ) and (1 — X : 
1 -f X : 1 — X) are evidently interchanged by the transformation, 
and they are harmonic conjugates with respect to (1 :1 : 1) and 
(1 : — 1 : 1). Hence follows 

THEOREM V I I I . The conic into which a given line is con
verted by the quadratic transformation passes through the harmonic 
conjugates of the intersections of that line with the six sides of the 
complete quadrangle AYA2A^AA. 

A special case of this theorem is the conic passing through 
the middle points of the sides of a complete quadrangle and 
through the vertices of its diagonal triangle. I t can also easily 
be showrn that the lines joining the pairs of such points which lie 
on opposite sides of the quadrangle are concurrent. 

These theorems lead us immediately to the construction of 
the two conies through four given points and tangent to a given 
line. For the respective points of contact are the intersections 
of the given line with the conic into which it is converted by 
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the quadratic transformation. They are also of course the double 
points of the involution defined upon that line by its intersection 
with the three pairs of opposite sides of the complete quadrangle of 
the four given points. 

The question of the reality of the conies can be determined 
readily from the above. For the line axx -f bx2 + cxB = 0 will 
intersect the conic ax2xs + bx^xx + cxxx2 = 0 in real points if 

s(s — a) (s — b) (s — c) < 0 

where 2s = a + b + c, and the geometric interpretation of this 
result is that the given line must cut each pair of opposite sides 
of the complete quadrangle of the four points either in the seg
ments upon which a vertex of the diagonal triangle lies, or else 
in those segments upon which it does not lie. If this condition 
is fulfilled for one pair of sides, it is also fulfilled for both the 
remaining pairs. 

I t may be worth while to remark here that the quadratic 
transformation is fully defined by the fundamental triangle and 
any pair of corresponding points P 1 and Qv the double points 
being determined by completing the standard quadrangles 
PlP2PsP4 and Q1Q2Q3Qi and passing a conic through each of 
these sets of points and tangent to PXQX ; for the intersections 
of these two conies will be the double points required. This 
construction solves the problem of finding two conies, given 
their common self-polar triangle and the points of contact of 
one of their common tangents. 

§ 3. Conies with Two Points and Three Tangents given. 

Let the three tangents be taken as the triangle of reference 
and let the two points be (ax : bx : cx) and (a2 : b2 : c2). Then, 
writing 

I = (y'b^2 - Vb^f, V = (1 /6Â + V W , 
m = (l^cia2 ~ v V O 2 ; m ' = (Vcxa2 -f- Ve^y, 

n = ( l / a ^ — Va2b$, n' = (Yaxb2 + Va2bY)\ 

the equations of the four conies satisfying the given conditions 
will be 

1) lu2u3 + musux -\-nuxu2 = 0, 

2) lu2us + m'u^ -f nfuxu2 = 0, 
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3) Vu2u3 "J"
 muaui + nfuxu2 = 0, 

4) l'u2uB + mrngix + m ^ = 0. 

If the given points and lines are all real, then these conies are 
all real if no two of the given lines meet the line joining the 
two given points in points alternating with the given points ; 
otherwise they are all imaginary. 

Each pair of these conies will have a fourth common tan
gent, for example 

ƒ . X\ , X2 ^ 3 A 
12 " mnf — m'n l(n — n') l(m — m') y 

ry* ry* /y> 
**/, tV„ %*Jn _ 

I . L i ? J_ ? -— 0 
u' mfnf—mn l\n — n') l(m—-m') ' 

and it can easily be shown that the intersections of opposite 
pairs t12 and tM, t13 and t2i, tu and t2S all lie on the line joining 
the two given points. 

The idoles of the common chord. The four conies are fully 
defined as soon as the poles of the common chord are deter
mined. Now, we have identically 

lu2u3 + musul + nuxu2 

== (axux + bxu2 + cxuB) (a2ux + b2u2 + c2u3) 

— (ux Vaxa2 + u2 Vbfi2 + us Vcxc2)
2, 

and similarly for the other conies. Hence the four poles in 
question are the points 

Vaxa2 : =b Vbxb2 : =fc Vcxc2. 

These points form a standard quadrangle and they are the 
double points of the quadratic transformation 

ssi
a£2.hA. <h°2 

O 1 * O 2 * t/S ry* ry* * ry* 
**1 2 3 

which interchanges the two given points, the three given lines 
being the fundamental triangle. 

UNIVERSITY OF CALIFORNIA, 
April, 1904. 


