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If C be the contact transformation whose defining functions
are the above X, P, Z; @ an arbitrary point transformation ;
and L the transformation of Legendre as generalized by
Lie it may be shown analytically and geometrically that

C= LQL.

In case the contact transformations degenerate into point
transformations, @ must be projective. Among the results
of the note are complete generalizations of those of a
memoir of G. Vivanti, Rend. del circ. mat. di Palermo, vol.

5 (1891). F. N. Coik.
CoLuMBIA UNIVERSITY.

CONCERNING A LINEAR HOMOGENEOUS GROUP
IN C,, VARIABLES ISOMORPHIC TO THE
GENERAL LINEAR HOMOGENEOUS
GROUP IN m VARIABLES.

BY DR. L. E. DICKSON.

(Read before the American Mathematical Society at its Fifth Summer
Meeting, Boston, Mass., August 20, 1898.)

1. While the present paper is concerned chiefly with con-
tinuous groups, its results may be readily utilized for dis-
continuous groups.* Indeed, the finite form of the general
transformation of the group is known ab initto. Further,
the method is applicable to the construction of a linear
C, ,-ary group isomorphic to an arbitrary m-ary linear
group.

2. The formula of composition of m-ary linear homoge-
neous substitutions

(av) : &/ =j§1a(;5j (J=1,,m)
is as follows, where the matrix («,) operates first :
(ag,/) = (aij) (a@‘,%

m
where aﬁ” =k§1 a{kakj, (& g=1,-,m).

* An analogous isomorphism between certain linear groups in the
Galois field of order p™ has heen discussed by the writer in an article
presented to the London Mathematical Society.
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Using Sylvester’s umbral notation, consider the qth minors

of the determinant |a,|

a a e
LY Y)Y iyiy

wh G iy

The formula* expressing the qth minors of |z,’l in terms of
the gth minors of lo | and of lo,/ is as follows:

1) By, == I 1

e he a
'71 ...Jq ll‘ ...,lq

1 ..zq

L1,

a gy gla

the summafmon extending over the OC,, , combinations

L, 1, -, 1 of the m integers 1, 2, -, m taken ¢ at a time.
38 00n31der the C,, ,-ary linear substitution

[a] : Y'zl ot ll’g'lq

Gy By e 0

L ZZ

2

Y,

a (A lq 9

where the sets (¢, ,¢) and (1, ,1) ta,ke successively
the C,, combinations of the mtegers 1 2, -+, mtaken ¢ to-
gether and where further

Gy < <y L << <

Its determinant has been called the gth compound of the
determinant

12-m
12 m|a
and equalsf the latter raised to the power Cpr g—1-

In virtue of (1) we have the composmon formula :

[o]-[«] = [«"].

Hence, if the substitutions () form a group, so do also the
substitutions [¢]. We will speak of the latter group as the
¢ gth compound of the m-ary group.”” Hence the theorem :
An arbitrary linear group is isomorphic to each of its com~
pounds.
4. Consider the more general substitution

[(l]g: X’/i g = 2 52’} 111 ' lex

1
‘ lln"‘)lq

* Scott, Theory of Determinants, p. 53.
t Muir, Theory of Determinants, ¢ 174.
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where the ¢’s denote &= 1. The product [«]. - [«']. equals
Xyg=3 } shtirelln [ Bl o | lar X b
V1, g

Hence if we define the ¢’s such that

iy T, — e
(2) g - Shlje = gl

we have the formula of composition
[d]e - [#]e= [+"]e
But [¢]. =1 will correspond to (a) =1 if and only if
) rig=+1 (™).

<ig
From (2) and (3) it follows that

By e 4 1
4) el L g==ef g
Hence if we set
— iy
YII . iq = 511". qq ‘Xil'" iq’

it follows from (2) and (4) that [«]. takes the form [a] of
§38. Since [«] is the transformed of [«]. by a linear sub-
stitution, their determinants are equal.

‘We confine our discussion to the group of the [a]. De-
note the general m-ary linear group by G, and its ¢gth com-
pound by C,,.

INFINITESIMAT TRANSFORMATIONS OF C,, ,, $§5-7.
5. Consider first the case m =4, ¢ =2. Setting

(5) oy = 1+ aﬁ(?t, a

5 = %

the general infinitesimal transformation of C,,is seen to
assign to the six variables Y, the following increments :

I’lzat Y;S(St I’;btat Y238t Y;iat Y;Mat

0 Kz Ay + Gy Qyg oy — g —ay 0
oY, gy gy gy gy Oy 0 0y
oY, Ay gy o+ o, 0 Oy Oy
d Ifzs 0 Uy 0 2% + Ugg gy — 0y,
oY, | — Dy 0 gy Gy v N g
Y, Y Wy Ay " Gy ay+ Gy
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Setting in turn one of the a, equal unity and the other
15 equal zero, we obtain 16 linearly independent infinitesi-
mal transformations 4, These we exhibit (by detached
coefficients) in sets of four each. We use the abbreviation

_of
Set (1) Set (2)
Plz P 13 1314 P, 12 P 23 P, 24
-Au Y;s Ks Yu Azz Ym st Yu
An st Yu ‘A21 0 Yla Yu
A13 st 0 Ya4. -A23 Yls 0 Y, 3¢
-An 2 Ys4 Y Au\ Yu - Ys4 0
Set (3) Set (4)
Pls Pz3 P:u Pu P.4 Ps4
Ass Yls Yz3 Ys4 Au Yu Yu Yu
Asl 0 - Kz I714 An 0 - I/12 Ks
Asz le 0 Y24 A42 ,le 0 - st
I A A A0l Yoy, o

34

The four transformations of each set generate a group of
four parameters. Indeed A4, is Euler’s homogeneous oper-
ator for the variables of the <th set, which do not enter into
the coefficients of the other three of that set, so that the
latter are commutative. Thus, for set (1), we have the
commutator relations

(AvAu) = A],;' (j =2,3,4); (AIJAlk) =0 (j) k =2, 3, 4).

Its invariants are found by expanding the four determinants
of the third order, one of which is skew-symmetric and
therefore zero. The other three give the function (Pfaf-
fian)

F= YuY:u - Y13Yz4 + YuYza
multiplied by Y, Y,,, Y, respectively.

A similar result holds for the other sets. A skew-sym-
metric determinant appearsin set (2) if we change the signs
in the first column, in set (3) if we change the signs in the
first and second columns. Itisseen that F'isaninvariant for
the total group of 16 parameters. We obtain also the (here
trivial) invariant system formed by the six variables Y ;.

6. Consider the case of general m and ¢. Neglecting
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terms having the factor 6¢’, as will be proven allowable, we
have at once

By 4,
By, 4, |a

=1+ (ailil + -+ aiqiq)‘% H
AL
NJatd,
if two or more j’s differ from every .

Consider the case in which j,, js, - ,J,_l, j,+1, e, joforma
permutation of 4y, 4y, =+, %,_1y %41y *** 5 4, While j,==1,. Since

=0,

a

G < g1y Je<Jrt1 (k=1,~,q9—1),
the above permutation must be cyclic. According as s <r
or s > r, we readily see that

1'1

.71 .7q

must be of the respective forms :

U U1 Vs Y1 " Vel Uy Ypt1" Yy

’I/l “ee /LG-—-‘J& 7/' wen ,1/1'—2 ’I/T—] Ibr+1'.- I’/q a’
A TR I r+1 . s—l 1 ’Ls+1
T by Yot G2 by Jo Teg1 74 a,

the cylic permutation being confined to the ¢’s which run
from 1, to ¢, inclusive, and of the backward or forward type
according as s=r. As the two cases are really not distinct,
we consider only the first one, » >s.

Substituting for the «; their values in terms of the a;0f, the
first determinant takes the following form (where for the
moment a, is written for a,,5 and j for j,):

1+ay, Qg 0 Opeq Oy Ay, [UPTR Qp 1 Q1
g 1ta, ... a5, Qy; Qg Fysp1 | Ay 1 g
[ ARPR MRPLRY & ol A Qo1  Qu1s  Oo 41} Qg 1r1i  We1q
L25% Uy ** Qg 51 asj 1+a’n ass+ 1 M

Oep11  Qgprs Wsg1s—1 (W15  Qspr .91_+Ufs+1 a+1s

11 Qpy 2" Wy 51 | Ay J Wp1s Apy s+1§ 1 +ar—-1 r—1 ; Ay g q
Ay [ N [P} gri Qs Apgpy W r—1 @y
g1 Ggz Qg 41 Goj Ugs By st1 ¥ r—1 1+a’qq
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In the expansion of this determinant, the only term of
the first degree in the o’s is seen to be ¢,. Hence the de-
terminant equals

(= 1) ay ot

Similarly, the second determinantis found to have the same
value.

The general infinitesimal transformation of the form [«]
is therefore as follows :

0¥y = Vs, — ¥,

i g LA

= 0t § (a¢1i1 + e+ alqiq) Kl"-iq

1g
S (— 1)t s .

+% ( 1) aiﬂ‘aKl'"‘c—l-’s”s""’r-—l':r-l-l""’q }

the summation also extending over all values of j, from

1,—; to i, exclusive. A simplification arises by introducing

several coexistent notations for the same variable Y, viz:

Y, =(—1)"'Y,

1 G sts " ig iy " tg—1is " "

Indeed, we may then perform the above summation with
respect to s, and obtain for 0¥ ...; the simpler value

ot § (Qigsy + -+ + “tqiq) Yil...iq
+ 2 <_1)T_ id .111 i1 by ;

(r=1,-,q; j=1,,m; jai,0, ,1).

7. We may now readily obtain m’ linearly independent
infinitesimal transformations 4, by setting in turn e, =1
and the other o’s equal zero.

For A, oY, -4, 18 zero unless one of the i’s equals [, while

0y s =7,

. r—l”fr-l—l'“ iq 1 '"ir—ll‘r—l-lm iq'

Hence LD A = Vi oty _gi, e
Hence 4, has the form given below (for k = I).
For 4, (l==k), ¢

case

Y,..., is zero unless some ¢, = [, in which

— —_ r—1
0¥ty igatg = 3 (= 170 Ty
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Hence, since a;; = 0 if j== £,

3Yu1---i Y

r— 1410 T 1 17 Y

h’I‘he m* independent transformations of the group C,, , are
thus :

1, ,m
4,= S Y.
[ DL RS R

<< < ¢, and each 1, ==F).
Here P,,..;q denotes

1"'iq’P’

e Gy iyt Gt 1 g

of
3%, "

CERTAIN PROPERTIES OF THE INVARIANTS OF C, 5, §§8-10.

8. For ¢ =2, we have the m* transformations of C,, ,
i=1,",m

AzkE > 'YMPM' k=1, ,m).
i1

‘We may separate these m? transformations into m sets
(A 4y, 5 4,,] (@=1,-,m).

Those of the /th set involve only the m — 1 differential co-
efficients
P

w Pm oy Py Progay oy P,

im*

For use below we exhibit them in a table (with detached

coefficients). By our notation ¥,= — Y.
})11 'Pzz 1313 P, ti—1 -Pz +1 P m

Au Yu Yzz st Y Y, 41 Y,m
'Au 0 I’lﬂ I71:1 K —1 Y 1 .'Ylm
-Aza Yzl 0 1723 21—1 2141 Km
A, Y, Y, 0 811 8141 Y
All—l I7;—1 1 K—l 2 K—l 3 O Yl—-l 1 I7Z—lm

e L vz T Y“f?.’.‘.‘... Y”""
Ahn le Y m2 Yms Ym -1 Ym 1 0

It follows exactly as in §5 that the m transformations of
any set generate a group of m parameters.
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Deleting the row 4,, we obtain a skew-symmetric deter-
minant of order m — 1, which we denote by Dy—V. De-
leting the row 4, and moving the column headed by P,
into the place of the last column, we obtain a bordered
gkew-symmetric determinant D{"—?, the first row and the
last column forming its borders.

9. For m odd and ¢ = 2, we have¥*

D= = [17 2,1l —1, 141, ,m]%

where the Pfaffian [1,2,-,1—1,1+1, -+, m] includes
the extreme cases [1, 2, -, m— 1] and [2, 3, -, m]. Fur-
ther D" factors into two Pfaffians of like order, which
are seen to be

Oy vy Gy »y Bs]y [8) g =y Smesny K],
where ¢, <1, <+ <{4,_,, and each z=|=l, == k.
Since the interchange of two indices merely changes the
sign of the Pfaffian, it follows that all the determinants

Dj~? vanish if and only if the Pfaffians
FIE [2: 3, "'am]a '"7EE [1; 2,y L =1, 141, -~ ’m];
F.=[1,2,,m—1]
simultaneously vanish. It follows, therefore, from the
general theory of Lie that every system of equations invari-
ant under the group C,,, m odd, mustinclude the m equa-

tions
F,=0 (h=1, -, m).

It follows readily from the properties of Pfaffians that the
transformations 4, have the following effect upon the Pfaf-
fians F:
A,(F) =0, A,(F,)=F, (l=1'"7m'l=|=k>7
A (F) =0, A,(F)=(—D"Fot Q&3 ).
For example,
Alk[17 2, k—1,k+1,-,m]
={1,2, k—1,k+1, -, 1—1, k141, ,m]
=(—1)"""[1,2, - k—1,k b+ 1,1 —1,141,,m]
=(— 1" F,
* Muir, Theory of Determinants, 3159, 163,
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The transformation A4, therefore gives the following incre-
ments:

0F,=0, o0F,=Fo (k=1,-,m; k=1l).
The transformation A4, (I==k) produces the increments
OF,= (=LA F oty 0 =0 (j=1,,m; j4F).

It is readily seen that the m’ linearly independent infinites-
imal transformations in the m variables F},

_k=1'm’m af . _ 1 k—1 ﬁ
(6) 'Au_ kz*l Fk—a—l;‘;(’t’ Atk_(_l) anstt)

generate a group whose finite transformations are :
) F/ =j§1AiiFf O =1, m)

where 4; is the minor (without sign) complementary to 4,
in the determinant |e;l. Indeed if we apply formula (5)
to the determinant

1ewj—1j  j4lew i—=1i+1-m

45 = 1ewj—m 15 +15 42 4 P41 m

we find as in §6, the results

s=1, . m
(8) A“ =1 + 2 s (%’ Az’j = ( - 1)i+j'—1 Uy ot

s
(G g=1, =, m; 7/+.7)

It follows that the general infinitesimal transformation of
the form (7) gives the following increments :

s=1,",m j=1,",m
8E= 2 assE ",'_7 2(_1)1+7~1 %iﬂ]ét
a=fi Ji
(t=1, -, m),

from which we readily obtain the m* linearly independent
transformations (6). 'We may therefore enunciate the fol-
lowing theorem* concerning the individual finite transfor-
mations of the above groups.

* This theorem is capable of proof by determinants without having re-
course to the infinitesimal transformations of the groups concerned.
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For m odd, the second compound C, , of the general m-ary
linear shomogeneous group G, possesses o system of m invariant

Pfaffians,
F=1[1,2~,i—=1i4+1-,m] (i=1,,m).

The transformation [a], of C,,, corresponding to any given trans-
Jormation (a.) of @, effects upon the F, a linear transformation
which 18 identical with that m-ary transformation [a], _, of the
(m — 1)* compound of G which corresponds to (a;).

10. For m even and ¢ =2, the skew-symmetric determi-
nant D,™—" vanishes identically. We readily find* that
the bordered skew-symmetric determinants

D”‘(m—l) - [l’ Ii“ iz, ST Il:m_z’ k] [ily iz’ -, im—ﬂ]
k=1, ,m; l=l=k)

if 4 4y -+, tw—sy I, k form a permutation of 1, 2, -, m.

It is readilY verified that the transformations A, leave
unaltered the Pfaffian [1, 2,--, m], while. the 4; (i=hj)
annulit. Hence [1,2, -+, m] is an invariantof C, ;. Con-
sider the ym(m — 1) Pfaffians

ELM"‘ tm—z— [ih 'i27 ) ":m—z]-
We find that the transformation 4, gives the increments,
OF o 4,_,=0  (if every i, 4=1);

oF, ot.

Lig iy = Lk iy

“m —2
But these are the increments produced by the transforma-
tion 4, of the group G, ,_. upon its variables Fi; .., ,
[see §7]. We have therefore proved the following theo-
rem, capable of proof using only the finite transformations
of the groups involved :

For m even, the secona compound C,, , of the general m-ary lin-
ear group @, possesses as an isolated invariant the Pfoffian
[1, 2, -, m] and as a system of invariants the set of C, . Pfaf-
Sfians.

P . 15,42, g p=1, e m
Uiy Yoy *** g Uy ‘11 " ym_)‘ )
[1: 2 ) m 2] iy <ig < < gy g .

The transformation [a], of C, ., corresponding to any given
transformation (a;) of G, effects upon these Pfaffians a linear
transformation tdentical with that C, ._, -ary transformation
[a]m—2 of the (m — 2)"* compound of @, which corresponds to
the given (ay).

* Muir, Theory of Determinants, § 163.
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RECIPROCITY BETWEEN THE ¢TH AND THE m — qTH CoM-
POUNDS OF G, §§ 11-15.

11. We may express* the gth minors of the determinant
4;1 adjungate to | eyl in terms of the (m — ¢)th minors of

layl:
9 7;1 1}2 ot 'b:,.
() J1 Js "'JqA
|12 =141 i =14 41 m
12...J1_1jl+1...Jq_qu_l_l...ma,

the double bars indicating that, in the two series of integers
written in ascending order, j, — 1 does not necessarily fall
under 7, — 1, ete.

If therefore we write, for every 4, < 1, <{ - <C iq =m,

Y, T T TR T S G Zil iy g
the general substitution [«],, _, of the group C,, ., becomes

.,
R

- i
(10) Zlilz'2 g = D-13 JiJa ...jz ‘A thz dg?

the summation extending over every combination j,, j,, **,J
of the integers 1, -+, m taken q together.

12. To obtain the general infinitesimal transformation
(10) we proceed as in § 6, using formule (8). We find

[

b, T e m g
BT =14 (03 te— S a)0t;
. s=1 s=1

'Ll 1° /Lq
RN S (if two or more j’s differ
Jida -, 14 from every 1) ;

WS

Gy by qyrke-iy
Judadg 4 =D "
= (— L)¥+itri=tg, o,

if j, be the only j different from every 7, and ¢ be the only
t different from every j. Further,

Dti=14 (—q+ l)élauét.

* Compare Muir, end of § 97.
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Hence 07, .., equals ot times the expression
m q
‘E:l“n - séla% )Zi1i2 g
1’ g
+ 3 (—1)etitrte=lg, 7 .
7,8

g Wsls 41" Ip — 1ip 417" 9

summed also for j,=4,_,+1,-,¢ — 1. If we perform
the summation with respect to s in the latter sum (see end
of §6), it becomes

rzj( - 1)i"+j+raﬁrzj

RS LS R 2%
summed for
r=1,,9; j=1,-,m, .7=|="’11 Tgy *** 5 OT 20

13. Setting a, =1 and the other a’s equal zero, we ob-
tain m’ linearly independent infinitesimal transformations
4,/. Setting

_of
@=37"

and proceeding as in §7, we find

o
' — 1\l +E—1 )
A = (—1) ﬁ%‘Zm"'i-wH'% Quity sty 1,
e

(i, <, <1, and each i4=1, 4= k).
1o
’ [
A=Ay = Z Byt Qo
9

(%, <1, <1, and each i<=k),
where we denote by 4’ the following transformation

Leem
) —
.A = zl.z.l Zil igres iq Qil i2'"iq
Q

To prove that A’ belongs to the group C,, .., under con-
sideration, we note that 4’ — A4, contains C,_; ,_ terms,
so that

m
mA' — A4,/
k=1
containg mC,_; ,.., terms which coincide in sets of ¢ each,

and among which every one of the C,, , terms of A’isrepre-
sented. Hence, since mC,_,,,—; = ¢C, ,, it follows that

(m— 4’ =k§1Akk,’
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14. The set of m infinitesimal transformations of C,, ,._,,
A'—4,), 4 (=1, -, mli4k),

generate a group of m parameters which is identical with
the group generated by them transformations 4,,(I=1, -, m)
of the group C,,, Wethus see the exact manner in which
the gth and (m— ¢)th compounds of the general m-ary
linear group @, are isomorphic.

‘When we confine ourselves to the group of those trans-
formations of @, of determinant D =1, the gth and the
(m — ¢)th compounds are not merely isomorphic but iden-
tical. Indeed the m’— 1 transformations of the C, , _,

A (L k=1, ym, I4k), 4 — 4,/ (b=2, =, m)
are identical which the m* — 1 transformations
Ay by l=1, - ym, k==1), 4, — 4, (k=2, =, m)

of C, ,, the corresponding transformations being given by the
same pair of subscripts (k I) or (1 k).

15. To illustrate the reciprocity between the groups
C,. , and C, ,._, we take the example m =5, ¢g=2. We
write the table of §8 for the transformations of (5, which
belong to the set [=2; viz.,

PZI 'P23 'P 'P25
A Y, Y, Y, Y,
A2l 13 Y-li K5
Ayl =Y, 0 Y, X,
Au - Yu - Y:u 0 Y45
Azs Y15 - Yss - Y45 0

By §6 we obtain the following transformations of Cj, :

—P, 345 P, 145 P135 P 184
4" — Azzl - Ym Yl45 Ylsa Ym
=+ Alﬁ: Ym sts Ym
+ Asz, - Ifm 0 Kzs le4
- Aul T T T lea 0 les
+ A52 - 17284 L T szs 0

‘We thus observe that any term as Y, P, of the latter
table may be derived at once from the corresponding term
Y, P,, of the former by taking as subscripts to the one those



1898.] LINEAR HOMOGENEOUS GROUP. 133

integers 1, 2, ++, 5 (in order), which do not occur among

the subscripts to the other term. The rule which, if ap-

plied to the first table, gives the Pfaffian invariant
= [1345] will, when applied to the second table, give

Y,

( 218 245 214 235 216 234)7

which we will denote by —,[1345], the first subscript to
the Y’s being 2 throughout.

Forming the remaining four tables for the group C; , and
the corresponding tables for C;;, we obtain the following
results :

F,=[2845], F,= ,[2345]; F,=[1245], F,=,[1245];
F,=[1285], F,=—,[1285]; F,=[1234], F,=,[1234].

In general, if F,or F,,, ., _, denote the Pfaffians formed
from the tables of the transformations 4, of G, ., we will
denote by F or F,w , the Pfaffians formed from the corre-
sponding tables of the transformations 4,", A’— 4,/ of

m, m— 2¢

(7]

GrouPr INDUCED BY (. ., UPON ITs INVARIANTS, §§16-18.

16. For m odd and ¢ =2, the group C,, ,_, has a system
of minvariant Pfaffians F of degree $(m —1). By §9, the
transformation A’ — 4,/ eﬂects upon the F the transforma-

tion
i=1 af
ot
ji’k 31’4
while 4,/ = (— 1)*+*=* 4, produces the transformation
7o
ot.
k a F

Since the Eulerian operator A’ multiplies each F by
4(m — 1), it follows that 4,/ produces the following trans-
formation :
=1,
g,(m—1)z FY af ot 2 T2 s
9F,

=im—3)S"F _a_f 7 Of 5
=1(m 3)},},‘ F}af}ét +;’2~(m 1) P, oF
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The finite transformations of the group induced upon the
F, by the group C,,._, have therefore the form

— m—38 m —
(11) F/=D"7 3o F (t=1, -, m).
ji=1
17. For m even and ¢ =2, the group C, ._, has as an
isolated invariant a Pfaffian of degree m/2 and as a system

of invariants the C, Pfaffians F, , ..,  of degree
3(m —2). It follows from §§ 10, 13, 14 that the transfor-

mation ( — 1)**t*~'4) (1==k) of C,, .._, gives rise to the
following increments in the Pfaffian invariants :

{517@'11'2--%,”_2 =0 (if each 1==k)

(a) — —
OBy = Py, 085

also that A’— 4, produces the increments (a) (when [ is
replaced by k). Since A’ multiplies each F;.., , by
¥(m — 2), it follows that 4, produces the increments

@ g OF o, ,=3(m —2)F,;,., 0t (if eachi<=k),
Oy, , =%(m—4) By, 0t

Having thus determined the infinitesimal transformations
of the group induced by the group C,, ,_, upon its system
of invariants Fi -i,_,, we may readily show that the finite
transformations of this group are

m
=2 1em

(12) Figyes, ,=D

21 g

Iy Im—2 J1'"Im—2

Indeed, proceeding as in §§ 11-13, we find that the infinites-
imal transformation gotten from (12) by setting o, =1 and
the other o’s =0 has precisely the increments (6), while
that given by setting o, = 1 and the other a’s = 0 has, when
multiplied by (— 1)**7, precisely the increments (a).

To give (12) another form, we set

7 . = W. ) iy <y < < g
E1 iy iy g — Wf‘m«] tn ( tney < )7

A F}lfz ' Im—g®

2

when 4, _, is the first and 7, the second integer < m which
does not occur in the series ¢, 43y ***, p_2
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Further, formula (9) of §11 becomes for ¢ =m — 2

il’iz b im—-Z —_ m— 3 im—lim
jli2 "'jm—‘}. A jm—ljm a.
Hence the transformation (12) takes the form*
m—t yem | {4,
12) W‘m—lim =D * i i Jm—1Jm| @ im—1jm’

18. ‘'We may enunciate the results proven in §§16-17 for
the individual transformations of the groups concerned :

To any given transformation () of determinant D of the gen-
eral m-ary linear homogeneous group @, there corresponds a
transformation [a],_, of the (m — 2)? compound C,, ,,_, which
gives rise to o linear transformation upon its system of Pfaffian in-
vartants, viz:

1°: for m odd, the m-ary transformation,

m—3 m

F’i’ = DT,;“@T} (i=1, -, m),

which for D =1, is precisely the given transformation of G,.

2°. for m even, the ¥m(m — 1) -ary transformation (12) or
(12)), where, for D=1, (12,) belongs to the second compound
of G, and (12) to the (m — 2)* compound of the (m — 1)
compound of Q..

UNIVERSITY OF CALIFORNIA,
August 9, 1898.

A SECOND LOCUS CONNECTED WITH A SYSTEM
OF COAXTAL CIRCLES.

BY PROFESSOR THOMAS F. HOLGATE.

( Read before the American Mathematical Society at its Fifth Summer
Meeting, Boston, August 19, 1898.)

I~ a paper read before this Society at its Toronto Meet-
ing and published in the BurreriNn for November, 1897, I

* We may verify (12,) directly, using the method of 4 6 for g=2. The
m—4
presence of the factor D 2 influences only the transformations Awm'.
There occurs, however, some difficulty as to signs in passing from the
W’s to the F’s. Likewise the results of 43 11-14 could doubtless be
proved by the method of 2 6.



