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BPS quivers for N = 2 SU (N ) gauge theories are derived via geometric engineering from derived categories of toric Calabi-Yau threefolds. While the outcome is in agreement of previous low energy
constructions, the geometric approach leads to several new results.
An absence of walls conjecture is formulated for all values of N ,
relating the ﬁeld theory BPS spectrum to large radius D-brane
bound states. Supporting evidence is presented as explicit computations of BPS degeneracies in some examples. These computations
also prove the existence of BPS states of arbitrarily high spin and
inﬁnitely many marginal stability walls at weak coupling. Moreover, framed quiver models for framed BPS states are naturally
derived from this formalism, as well as a mathematical formulation of framed and unframed BPS degeneracies in terms of motivic
and cohomological Donaldson-Thomas invariants. We verify the
conjectured absence of BPS states with “exotic” SU (2)R quantum
numbers using motivic DT invariants. This application is based in
particular on a complete recursive algorithm which determines the
unframed BPS spectrum at any point on the Coulomb branch in
terms of noncommutative Donaldson-Thomas invariants for framed
quiver representations.
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1. Introduction
The BPS spectrum of four dimensional N = 2 gauge theories has been a constant subject of research since the discovery of the Seiberg-Witten solution.
An incomplete sampling of references includes [22, 23, 61, 65, 85, 101, 112,
113, 125–127, 131]. Very recent intense activity in this ﬁeld was motivated
by the connection [67] between wallcrossing on the Coulomb branch and the
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Kontsevich-Soibelman formula [106]. An incomplete sampling of references
includes [2, 3, 34–39, 67–70, 137]. For recent reviews see [33, 115].
On the other hand, it has been known for a while that many N = 2 gauge
theories are obtained in geometric engineering as a low energy limit of string
theory dynamics in the presence of Calabi-Yau singularities [5, 96, 98, 99,
101]. This leads immediately to a close connection between the gauge theory
BPS spectrum and the BPS spectrum of string theory in the presence of such
singularities. The latter consists of supersymmetric D-brane bound states
wrapping exceptional cycles, and hence can in principle be analyzed using
derived category methods [7, 8, 12, 56, 57, 104, 128]. In principle geometric
engineering is expected to provide a microscopic string theory derivation
for the BPS quivers found in [3, 37, 47, 48] by low energy methods. Indeed
the BPS quivers constructed in loc. cit. for SU (N ) gauge theories were ﬁrst
derived by Fiol in [62] using fractional branes on quotient singularities. It
is quite remarkable that this construction was conﬁrmed ten years later by
completely diﬀerent low energy methods. A similar approach, employing a
more geometric point of view has been subsequently employed in [10, 54]
for SU (2) gauge theories. Their results are again in agreement with the low
energy constructions.
The goal of the present work is to proceed to a systematic study of the
gauge theory BPS spectrum via categorical and geometric methods. Special
emphasis is placed on higher rank gauge theories, where the BPS spectrum is
not completely known on the entire Coulomb branch, many problems being
at the moment open. In order to keep the paper to be of reasonable length,
only pure SU (N ) gauge theories will be considered in this paper. In this case
the local toric threefolds are resolved AN −1 quotient singularities ﬁbered over
P1 , such that the singularity type does not jump at any points on the base.
Their derived categories are equivalent by tilting to derived categories of
modules over the path algebra of a quiver with potential determined by an
exceptional collection of line bundles. Physically, these quivers encode the
quantum mechanical eﬀective action of a collection of fractional branes on
the toric threefold. Taking the ﬁeld theory limit amounts to a truncation of
the fractional brane quiver, omitting the branes which become very heavy
in this limit together with the adjacent arrows. The resulting quiver for pure
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SU (N ) gauge theory is of the form
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[ri (ai ci − ci+1 bi ) + si (ai di − di+1 bi )] .

i=1

This is the same as the quiver found in [62], and is mutation equivalent
to the quivers found in [3, 37] by diﬀerent methods. This approach can be
extended to gauge theories with ﬂavors allowing the AN −1 singularity to
jump at special points on the base.
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In order to set the stage, geometric engineering and the ﬁeld theory limit
of Calabi-Yau compactiﬁcations is carefully reviewed in Section 2. Special
emphasis is placed on categorical constructions, in particular exceptional
collections of line bundles on toric Calabi-Yau threefolds. In particular an
explicit construction of such collections is provided for toric Calabi-Yau
threefolds XN engineering pure SU (N ) gauge theory. Not surprisingly, it
is then shown that the associated fractional brane quiver is the same as the
one obtained in [62] by orbifold methods. As opposed to the construction in
loc. cit., the geometric approach provides a large radius limit presentation of
fractional branes in terms of derived objects on XN . The main outcome of
Section 2 is a conjectural categorical description of gauge theory BPS states
in terms of a triangulated subcategory G ⊂ Db (XN ). As shown by detailed
A-model computations in Section 2.3, G is a truncation of Db (XN ) generated by fractional branes with ﬁnite central charges in the ﬁeld theory limit.
It is perhaps worth noting that this conclusion involves certain delicate cancellations between tree level and world-sheet instanton contributions which
were never spelled out in the literature.
According to [8, 56, 57] supersymmetric D-brane conﬁgurations on XN
are identiﬁed with Π-stable objects in the derived category Db (XN ), or in
rigorous mathematical formulation, Bridgeland stable objects [28]. Therefore one is naturally led to conjecture that gauge theory BPS states will be
constructed in terms of Bridgeland stable objects in Db (XN ) which belong
to G. However it is important to note that agreement of the low energy
constructions with [2, 3, 37] requires a stronger statement. Namely, that
gauge theory BPS states must be constructed in terms of an intrinsic stability condition on G. Mathematically, these two statements are not equivalent
since in general a stability condition on the ambient derived category does
not automatically induce one on the subcategory G. It is however shown in
Section 2.4 that this does hold for quivery or algebraic stability conditions,
analogous to those constructed in [15, 27]. The above statement fails for geometric large radius limit stability conditions, such as (ω, B)-stability, which
is analyzed in Section 4. Section 2 concludes with a detailed comparison
of gauge theoretic BPS indices and the motivic Donaldson-Thomas invariants constructed in [106]. In particular it is shown that the protected spin
characters deﬁned in [68] correspond mathematically to a χy -genus type
specialization of the motivic invariants. In contrast, the unprotected spin
characters introduced in [52, 54] are related to virtual Poincaré or Hodge
polynomials associated to the motivic invariants. This is explained in Section 2.5, together with a summary of positivity conjectures for gauge theory
BPS states states formulated in [68].
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We note here that diﬀerent mathematical constructions of categories and
stability conditions for BPS states is carried out by Bridgeland and Smith
in [31, 32], and, as part of a more general framework, by Kontsevich and
Soibelman in [107]. The connection between their work and this paper will
be explained in Section 1.2.
Section 3 consists of a detailed analysis of the ﬁeld theory limit in terms
of the local mirror geometry for SU (2) gauge theory. The results conﬁrm
the conclusions of Section 2.3 and also set the stage for the absence of walls
conjecture formulated in the next section.
Section 4 is focused on large radius supersymmetric D-brane conﬁgurations on XN and their relation to gauge theory BPS states. Motivated by
the SU (2) example in Section 4.2, we are led to conjecture a precise relation between large radius and gauge theory BPS states, called the absence
of walls conjecture. As explained in the beginning of Section 3, for general
N the complex structure moduli space of the local mirror to XN is parameterized by N complex coordinates zi , 0 ≤ i ≤ N − 1. The large complex
structure limit point (LCS) lies at the intersection of the N boundary divisors zi = 0, 0 ≤ i ≤ N − 1. On the other hand, the scaling region deﬁning the
ﬁeld theory limit is centered at the intersection between the divisor z0 = 0
and the discriminant ΔN , as sketched below.
LCS

•

z0





9
•
z0 =0

Possible marginal stability walls
between LCS and ﬁeld theory region
Field theory scaling region

ΔN

Figure 1: Schematic representation of the complex structure moduli space
for general N ≥ 2.
In principle there could exist marginal stability walls between the LCS limit
point and the ﬁeld theory scaling region as sketched in Figure 1. Therefore a correspondence between large radius BPS states and gauge theory
BPS states is not expected on general grounds. We conjecture that for all
charges γ ∈ Γ which support BPS states of ﬁnite mass in the ﬁeld theory
limit it is possible to choose a path connecting the two regions in the moduli
space which avoids all such walls. This implies a one-to-one correspondence

1070

W.-y. Chuang et al.

between BPS states in these two limits, which was ﬁrst observed for SU (2)
gauge theory in [54].
Section 4.3 contains a precise mathematical formulation of this conjecture employing the notion of limit weak coupling BPS spectrum. Intuitively,
the limit spectrum should be thought of as an extreme weak coupling limit
of the BPS spectrum where all instanton and subleading polynomial corrections to the N = 2 prepotential are turned oﬀ. Then the absence of walls
conjecture implies that the limit weak coupling spectrum is identiﬁed with
a certain limit of the large radius BPS spectrum. As a ﬁrst test of this conjecture we next show that all large radius supersymmetric D-branes in this
limit, with charges in the gauge theory lattice Γ  K 0 (G), actually belong to
the triangulated subcategory G. This is a nontrivial result, and an important
categorical test of the ﬁeld theory limit of Calabi-Yau compactiﬁcations.
In order to carry out further tests, the large radius BPS spectrum of
SU (3) theory is then investigated in Section 4.4. The geometrical setup
determines a Cartan subalgebra of SU (3) together with a set of simple
roots {α1 , α2 }. We determine the degeneracy of states with magnetic charge
α1 + α2 . The results show that one can ﬁnd BPS states with arbitrarily high
spin at weak coupling.
Section 5 presents some exact weak coupling results for BPS degeneracies
in SU (3) gauge theories with magnetic changes (1, m) with m ≥ 1. Explicit
formulas are derived both for m = 1 by a direct analysis of the moduli spaces
of stable quiver representations. It is also shown that for any m ≥ 1 the BPS
degeneracies vanish in a speciﬁc chamber in the moduli space of stability
conditions. This yields exact results by wallcrossing, explicit formulas being
written only for m = 2. It should be noted at this point that the above
results are not in agreement with those obtained in [65] by monodromy
arguments. The weak coupling spectrum found in [65] is only a subset of the
BPS states found here by quiver computations. In addition, it is explicitly
shown that there exist BPS states of arbitrarily high spin and inﬁnitely
many marginal stability walls at weak coupling. This is also in agreement
with the semiclassical analysis of [71, 133] based on counting zero modes of
a Dirac operator on the monopole moduli space. Finally, these results are
shown to be in agreement with their large radius counterparts in Section 5.4,
conﬁrming the predictions of the absence of walls conjecture.
Section 6 exhibits a strong coupling chamber for SU (N ) gauge theories
where the BPS spectrum is in agreement with previous results [3, 69]. In
contrast with loc. cit., here this chamber is obtained by a direct analysis
of the spectrum of stable quiver representations. As a corollary, a deceptive
adjacent chamber is found in Section 6.2 where the BPS spectrum coincides
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with the one generated in [65] by monodromy transformations. However,
the disposition of the central charges in the complex plane shows that the
deceptive chamber cannot be a weak coupling chamber, hence justifying its
name.
Building on the geometric methods developed so far, framed quiver models are constructed in Section 7 for framed BPS states corresponding to simple magnetic line defects. From a geometric point of view, such line defects
are engineered by D4-branes wrapping smooth noncompact divisors in the
toric threefold XN . This framework leads to a rigorous mathematical construction of such states in terms of weak stability conditions1 for framed
quiver representations depending on an extra real parameter δ related to
the phase of the line defect [68, 93, 122, 123]. The wallcrossing theory of
[106] is shown to be applicable to such situations, resulting in a mathematical derivation of the framed wallcrossing formula of [68]. Moreover, in
Section 7.4, a detailed analysis of the chamber structure on the δ-line leads to
a complete recursive algorithm, determining the BPS spectrum at any point
on the Coulomb branch in terms of the noncommutative Donaldson-Thomas
invariants deﬁned in [130]. It should be emphasized that this argument solely
relies on wallcrossing on the δ-line, and is therefore valid at any ﬁxed point
on the Coulomb branch where this particular quiver description is valid. As
an application, we show in Section 7.5 that the recursion formula implies
the absence of exotics conjecture for framed and unframed BPS states ﬁrst
articulated in [68].
Note that rigorous positivity results are obtained in a similar context in
[46] by proving a purity result for the cohomology of the sheaf of vanishing
cycles. It is interesting to note that the the technical conditions used in
[46] are not in general satisﬁed in gauge theory examples. Hence we are
led to conjecture that such positivity results will hold under more general
conditions, not yet understood from a mathematical point of view.
Finally, Section 8 addresses the same issues from the perspective of cohomological Hall algebras, introduced by Kontsevich and Soibelman in [108]
as well as their framed stability conditions introduced in [105]. A geometric
construction is outlined in this context for the action of the spin SL(2, C)
group on the space of BPS states. Moreover, absence of exotics is conjectured to follow in this formalism from a hypothetical Atiyah-Bott ﬁxed point
theorem for the cohomology with rapid decay at inﬁnity deﬁned in [108].

1

The meaning of “weak stability conditions ” is explained in [132].
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1.1. A (short) summary for mathematicians

In this section we summarize the main results of this work for a mathematical
audience. Recent physics results on BPS states [2, 3, 34–39, 67–70, 137]
point towards a general conjectural correspondence assigning to an N = 2
supersymmetric gauge theory
(i) a triangulated CY3 category G, and
(ii) a map  : C → Stab(G) from the universal cover C of the gauge theory
Coulomb branch to the moduli space of Bridgeland stability conditions
on G.
The central claim is then:
(G.1) The BPS spectrum of the gauge theory at any point a ∈ C is determined by the motivic Donaldson-Thomas invariants [106] of (a)-semistable
objects of C.
Since supersymmetric quantum ﬁeld theories do not admit a rigorous
mathematical construction, a natural question is whether the above correspondence can be converted into a rigorous mathematical statement. One
answer to this question is presented in [31, 32, 107] (building on the main
ideas of [70].) The present paper proposes a diﬀerent approach to this problem based instead on geometric engineering of gauge theories [5, 96, 98, 99,
101]. As explained in Subsection 1.2 below, geometric engineering and the
construction of [31, 32, 107] are related by mirror symmetry, modulo certain
subtle issues concerning the ﬁeld theory limit.
Very brieﬂy, geometric engineering is a physics construction assigning
an N = 2 gauge theory to a certain toric Calabi-Yau threefold with singularities. It is not known whether any gauge theory can be obtained this way,
but a large class of such theories admit such a geometric construction. For
example SU (N ) gauge theories with Nf ≤ 2N
 fundamental hypermultiplets
and quiver gauge theories with gauge group i SU (Ni ) belong to this class,
as shown in [98].
Accepting geometric engineering as a black box, the present paper identiﬁes the category G with a triangulated subcategory of the derived category
Db (X). This identiﬁcation is based on a presentation of Db (X) in terms of
an exceptional collection of line bundles {Lα } [6, 21, 92]. Any such collection determines a dual collection of objects {Pα } of Db (X) such that
RHomX (Lα , Pβ ) = Cδα,β . These are usually called fractional branes in the
physics literature. Then the conjecture proposed in this paper is:
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(G.2) There exists a subset {Lα } ⊂ {Lα } such that the gauge theory category G is the triangulated subcategory of Db (X) generated by the fractional
branes {Pβ  } satisfying RHomX (Lα , Pβ  ) = 0.
For illustration, this is explicitly shown in Sections 2.1 and 2.3 for pure
SU (N ) gauge theory of arbitrary rank. More general models can be treated
analogously, explicit statements being left for future work.
Granting the above statement, the results of [14, 24, 124] further identify
G with a category of twisted complexes of modules over the path algebra of
a quiver with potential (Q, W ). Moreover, a detailed analysis of geometric
engineering as in Section 2.3 further yields an assignment of central charges
zβ  : C → C to the objects {Pβ  }. Therefore one obtains a well deﬁned stability condition in Stab(G) for any point a ∈ C where the images zβ  (a) belong
to a half-plane Hφ . This deﬁnes a map (Q,W ) : C(Q,W ) → Stab(G) over a certain subspace C(Q,W ) ⊂ C. We further conjecture that, using mutations, one
can extend this map to a map  : C → Stab(G), and moreover the image of
 is contained in the subspace of algebraic (or quivery) stability conditions
in the terminology of [15, 26, 27].
The above construction also leads to a mathematical model for framed
BPS states of simple magnetic line defects [68] in terms of moduli spaces of
weakly stable framed quiver representations. This is explained in Section 7.
In this framework, one is naturally led to a series of conjectures, or at
least questions of mathematical interest. First note that four dimensional
Lorentz invariance predicts the existence of a Lefschetz type SL(2, C)spin action on the cohomology of the sheaf of vanishing cycles of the potential
W on moduli spaces of stable quiver representations. In addition there is a
second SL(2, C)R -action, encoding the R-symmetry of the gauge theory. The
action of the maximal torus C×
R ⊂ SL(2, C)R is determined by the Hodge
structure on the above cohomology groups, as explained in Section 2.5.
Assuming the existence of the above actions a series of positivity conjectures are formulated in [68], and reviewed in Section 2.5. The strongest
of these conjectures claims that the C×
R -action is trivial, and the virtual
Poincaré polynomial of the vanishing cycle cohomology decomposes into a
sum of irreducible SL(2, C)spin integral spin characters with positive integral
coeﬃcients. This is called the no exotics conjecture.
Granting the existence of the SL(2, C)spin -action, in order to prove the
no exotics conjecture it suﬃces to prove that all reﬁned DT invariants belong
to the subring generated by (xy)1/2 , (xy)−1/2 . This follows from the integrality result proven in [108]. Here we provide an alternative proof for pure
SU (N ) gauge theory in Section 7.5 using a framed wallcrossing argument.
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Furthermore, as explained in the last paragraph of Section 7.5, physical
arguments suggest that the no exotics conjecture should hold for reﬁned DT
invariants of toric Calabi-Yau threefolds in general. Again four dimensional
Lorentz invariance predicts a Lefschetz type action on the moduli space of
stable quiver representations. Moreover, there is also a C×
R -action [52] corresponding to an U (1)R -symmetry. Combining all these statements, one is led
to claim that a no exotics result will hold for toric Calabi-Yau threefolds,
if one can prove that the motivic DT invariants belong to the subring generated by L1/2 , L−1/2 , as conjectured in [106]. For DT invariants deﬁned in
terms of algebraic stability conditions, this follows from the results of [108].
For geometric stability conditions, this follows from the results of [108] and
the motivic wallcrossing formula [106, 108]. Explicit computations in some
examples have been carried out in [41, 117, 118].
It is important to note that some cases of the no exotics conjecture are
proven in [46, 59] via purity results for the vanishing cycle cohomology. However, the proof relies on certain technical assumptions – such as compactness
of the moduli space in [46] – which are not generically satisﬁed for gauge
theory quivers. Physics arguments predict that similar results should hold
in a much larger class of examples of quivers with potential, although the
mathematical reason for that is rather mysterious.
Finally, note that the above conjectures are formulated in the language
of cohomological Hall algebras [108] in Section 8. In particular a series of
conjectures of [105] are generalized to moduli spaces of weakly stable framed
quiver representations.
In addition, geometric engineering also suggests an absence of walls conjecture stating an equivalence between reﬁned DT invariants of large radius
limit stable objects of Db (X) and reﬁned DT invariants of gauge theory
quiver representations. The precise statement requires some preparation and
is given in Section 4.3. As explained there it claims the existence of special
paths in the complex Kähler moduli space of X avoiding certain marginal
stability walls.
1.2. BPS categories and mirror symmetry
For completeness, we explain here a general framework emerging from string
theory dualities, which ties together geometric engineering, N = 2 theories
of class S, and the constructions of [31, 32, 107]. Our treatment will be rather
sketchy with the details and is highly conjectural. Our purpose here is merely
to give a bird’s eye framework for relating several diﬀerent approaches to
the BPS spectrum of N = 2 theories.

Geometric engineering of (framed) BPS states
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We will restrict ourselves to the gauge theories of class S introduced in
[66, 70, 136]. These are in one-to-one correspondence with the following data
• a compact Riemann surface C with a collection of marked points {pi }
• a Hitchin system with gauge group G on C with prescribed singularities
at the marked points {pi }.
Let H denote the total space of the Hitchin system and π : H → B the
Hitchin map. The target B of the Hitchin map is an aﬃne linear space and
the ﬁbers of π are Prym varieties. We will denote by Δ ⊂ B the discriminant
of the map π.
The connection with M-theory is based
 on the spectral cover construction of the Hitchin system. Let D = i pi denote the divisor of marked
points on C, and SD the total space of the line bundle KC (D) on C. Let
also S = SD \ ∪i KC (D)pi be the complement of the union of ﬁbers of KC (D)
at the marked points. Note that S is isomorphic to the complement of the
union of ﬁbers Tp∗i C in the total space of the cotangent bundle T ∗ C. In
particular S is naturally a holomorphic symplectic surface.
If the Hitchin system has simple regular singularities at the marked
points, the total space H is identiﬁed with a moduli space of pairs (Σ̄, F̄ )
where Σ̄ ⊂ SD is a compact eﬀective divisor in SD and F̄ a torsion free sheaf
on Σ. At generic points in the moduli space Σ̄ is reduced and irreducible and
F̄ is a rank one torsion free sheaf. For physics reasons, it is more convenient
to think of the data (Σ̄, F̄ ) as a non-compact curve Σ ⊂ S and a torsion
free sheaf F on Σ with prescribed behavior at “inﬁnity” i.e. at the points of
intersection with the ﬁbers KC (D)pi ⊂ SD . In the following we will assume
such a spectral cover construction to hold even if the Hitchin system has
irregular singularities.
The holomorphic symplectic surface S can be used to construct an Mtheory background R3,1 × S × R3 . The data (Σ, F ) determines a supersymmetric M ﬁve-brane conﬁguration with world-volume of the form R3,1 × Σ.
Now the connection with [31, 32, 107] can be explained employing Mtheory/IIB duality. Suppose two out of the three transverse directions are
compactiﬁed on a rectangular torus such that the M-theory background
1 × S 1 × R. Then a standard chain of string dualities
becomes R3,1 × S × SM
A
shows that such a conﬁguration is dual to a IIB background on a Calabi-Yau
threefold Y .
The construction of Y for Hitchin systems with no singularities, i.e. no
marked points pi has been carried out in [49]. More precisely, according
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to [49], any Hitchin system H → B of ADE type determines naturally a
family Y → B of Calabi-Yau threefolds such that
• For any b ∈ B \ Δ, Yb is smooth and isomorphic to the total space of a
conic bundle over the holomorphic symplectic surface S with discriminant Σ.
• For any point b ∈ B \ Δ the intermediate Jacobian J(Yb ) is isogenous
to the Prym π −1 (b).
The family is deﬁned over the entire base B, and Yb is isomorphic to the
total space of a singular conic bundle over S at points b ∈ Δ. Furthermore
note that by construction all ﬁbers Yb , b ∈ B \ Δ are equipped with a natural
symplectic structure.
The duality argument sketched above leads to the conjecture that one
can construct a family Y → B with analogous properties for Hitchin systems
H → B with prescribed singularities at marked points. Since string duality
preserves the spectrum of BPS states, one is further led to the following
conjecture, which provides a string theoretic framework for the constructions
of [31, 32, 107].
(F.1) For any b ∈ B \ Δ, let F(Yb ) be the Fukaya category of Yb generated by compact lagrangian cycles. Let B denote the universal cover of
B \ Δ. Then for any point b̃ ∈ B over b ∈ B \ Δ there is a unique point
σb̃ ∈ Stab(F(Yb )) in the moduli space of Bridgeland stability conditions on
F(Yb ) such that the gauge theory BPS spectrum at the point b̃ is determined
by the motivic DT invariants of moduli spaces of σb̃ -semistable objects in
F(Yb ).
Furthermore, there is a natural equivalence of triangulated A∞ -categories
of all categories F(Yb ), b ∈ B \ Δ with a ﬁxed triangulated A∞ -category F.
Hence one obtains a map  : B → Stab(F) as predicted in the ﬁrst paragraph
of Section 1.1, with G  F.
The construction of the family Y → B was carried out in [107], where the
case of arbitrary irregular singularities was considered. Loc. cit. generalizes
the results of [49] to a wide class of non-compact Calabi-Yau threefolds. It
also gives a mathematically precise meaning to Conjecture (F.1) above and
relates the DT-invariants of Fukaya categories from Conjecture (F.1) to the
geometry of the corresponding Hitchin integrable system.
In order to explain the relation with the geometric engineering of the
present paper, recall that any toric Calabi-Yau threefold X is related by
local mirror symmetry [86, 119] to a family Z of non-compact Calabi-Yau
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threefolds. As explained in more detail in Section 3, the mirror family is a
family of hypersurfaces of the form
Pα (v, w) = xy,
where (v, w, x, y) ∈ (C× )2 × C2 , and Pα is a polynomial function depending
on some complex parameters α. Each such hypersurface is a conic bundle Zα
over (C× )2 with discriminant Pα (z, w) = 0. Homological mirror symmetry
predicts an equivalence of triangulated A∞ -categories
(1.1)

Db (X)  Fuk(Zα )

for any smooth Zα in the family, where Fuk(Zα ) is the Fukaya category of
Zα .
In local mirror variables, the ﬁeld theory limit is presented as a degeneration of the family Z. Referring the reader to Section 3 for more details,
the parameters α are written in the form α = α(u, ) for another set of
parameters u to be identiﬁed with the Coulomb branch variables of the
ﬁeld theory, u ∈ B. Then one takes the limit → 0 obtaining a family of
threefolds Z0 over a parameter space B. Note that this degeneration has
been studied explicitly in the physics literature [98, 99], but some geometric
aspects would deserve a more detailed analysis. To conclude, string duality
arguments predict the following conjecture:
(F.2) The limit family Z0 → B is the same as the family of threefolds
Y → B in (F.1). Moreover the equivalence (1.1) restricts to an equivalence
(1.2)

G  F,

where G ⊂ Db (X) is the category deﬁned in (G.2)
Note that this conjecture predicts an interesting class of examples of
homological mirror symmetry. The category G is deﬁned algebraically as
the subcategory of Db (X) spanned by a subset of fractional branes, while
F is obtained from Fuk(Zα ) by degeneration. Hence it is natural to ask
whether the category G can be obtained directly by constructing the mirror
of the threefold family Y → B.
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2. Geometric engineering, exceptional collections,
and quivers
This section contains a detailed construction of a discrete family XN , N ≥ 2
of toric Calabi-Yau threefolds employed in geometric engineering [5, 96, 98,
99, 101] of pure SU (N ) gauge theories with eight supercharges. Physical
aspects of this correspondence will be discussed in Section 2.3.
Let Ya be the total space of the rank two bundle OP1 (a) ⊕ OP1 (−2 − a)
over P1 , where a ∈ Z. For any N ∈ Z, N ≥ 2, there is a ﬁberwise ZN -action
on Ya with weights ±1 on the two summands. The quotient Ya /ZN is a
singular toric threefold with a line of quotient AN singularities which admits
a smooth Calabi-Yau toric resolution XN . For concreteness, let a = 0 in the
following 2 . Then XN is deﬁned by the toric data

C×
(1)
C×
(2)

x0
1
0

x1
−2
1

x2
1
−2

x3
0
1

...
...
...

xN −1
0
0

xN
0
0

y1
0
0

y2
0
0

0
0

..
.
...
...

−2
0

1
0

0
1

0
1

(2.1)

C×
(N −1)
C×
(N )
2

0
−2

0
0

0
0

Diﬀerent values of a will lead to diﬀerent Calabi-Yau threefolds, and the category
of branes on these 3-folds will depend nontrivially on a. It is expected, however,
that the ﬁeld theoretic subcategories of interest in this paper will in fact be aindependent. Whether this is really so is left to future investigation.
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{xi = xj = 0} ∪ {y1 = y2 = 0}.

0≤i,j≤N
|i−j|≥2

The toric fan of XN is the cone in R3 over the planar polytope in Fig. (2.a)
embedded in the coordinate hyperplane r · e3 = 1.
•

•

A
 A


A
 •S A
  S A
 • SA
Q
 
Q SA

Q SA


Q

SA•


Q
•
•

(2.a)

A
 A











A

A

A



•

•
(2.b)

A

A

A

A•

Figure 2: The toric polytope for X3 and the singular threefold Y0 /Z3 . The
polytope (2.a) for XN is similar, except it will contain N − 1 inner points
on the vertical axis.
Note that the toric data of the singular threefold Y0 /ZN is the same, the
disallowed locus being
{y1 = y2 } = 0.
The toric fan of the singular threefold is represented in Fig (1.b).
As expected, there is a natural toric projection π : XN → P1 , its ﬁbers
being isomorphic to the canonical resolution of the two dimensional AN
singularity. The divisor class of the ﬁber is H = (y1 ) = (y2 ). The inner points
of the polyhedron correspond to the N − 1 irreducible compact toric divisors
Si ⊂ XN determined by xi = 0, i = 1, . . . , N − 1. Each of them is isomorphic
to a Hirzebruch surface, Si  F2i , i = 1, . . . , N − 1.
For completeness, we recall that a Hirzebruch surface Fm , m ∈ Z is a
holomorphic P1 -bundle over P1 . It has two canonical sections Σ− , Σ+ and
the homology H2 (Fm ) is generated by Σ− , Σ+ , C, where C is the ﬁber class.
The intersection form is
Σ2− = −m,

Σ2+ = m,

Σ± · C = 1,

and there is a relation
Σ+ = Σ− + mC.

C2 = 0
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The canonical bundle is
KFm = −c1 (Fm ) = −Σ− − Σ+ − 2C,
and


Fm

c2 (Fm ) = 4.

In addition XN contains two noncompact toric divisors S0 , SN determined by x0 = 0 and xN = 0 respectively. The ﬁrst, S0 is isomorphic to
C × P1 and the second, SN , is isomorphic to the total space of the line
bundle OP1 (−2N − 2). Note that Si and Si+1 intersect transversely along a
(2i, −2i − 2) rational curve Σi , i = 0, . . . , N − 1, which is a common section
of both surfaces over P1 . All other intersections are empty. Note also that
the equations
y1 = 0,

xi = 0,

i = 1, . . . , N

determine a ﬁber Ci in each divisor Si , a compact rational curve for i =
1, . . . , N − 1, and a complex line for i = 0, N . These curve classes satisfy the
relations
(2.3)

Σi = Σi−1 + 2iCi ,

i = 1, . . . , N − 1,

which follow for example from [80, Prop. 2.9. Ch. V].
The rational Picard group of XN is generated by N divisors classes
D1 , . . . , DN −1 , H, one for each factor of the torus (C× )N . This is so because
for each C× factor we can associate a canonical associated line bundle to the
principal torus bundle over the quotient. From the weights of the action on
homogeneous coordinates in (2.1) we see that a section of Di can be taken to
be xi0 x1i−1 · · · xi−1 , 1 ≤ i ≤ N − 1. The canonical toric divisors are equivalent
to a linear combination of the generators D1 , . . . , DN −1 , H with coeﬃcients
determined by the columns of the charge matrix in (2.1). In particular
(2.4)

Si = −

N
−1


Ci,j Dj ,

i = 1, . . . , N − 1,

SN = DN −1 ,

j=1

where Ci,j is the Cartan matrix of SU (N ) normalized to have +2 on the diag −1 −1
onal. One can obviously invert these relations, obtaining Di = − N
i=1 Cij Sj ,
−1
i = 1, . . . , N − 1, where the coeﬃcients Cij are fractional. Alternatively,
relations (2.4) can be recursively inverted starting with DN −1 = SN . This
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yields the integral linear relations
(2.5)

Di =

N
−i


jSi+j ,

i = 1, . . . , N − 1,

j=1

which will be used in the construction of an exceptional collection on XN .
Note
that this equation involves SN , hence is compatible with Di =
N −1
− i=1 C−1
ij Sj . Moreover note the following intersection numbers
(2.6)

(Ci · Dj )XN = δij ,

(Ci · Sj )XN = −Cij

i, j = 1, . . . , N − 1.

For the construction of line defects in Section 7.1 it is important to note
that each class Di contains a smooth irreducible surface given by
(2.7)



−i
a1,i y12i + a2,i y22i xi0 x1i−1 · · · xi−1 + bi xi+1 x2i+2 · · · xN
= 0,
N

with a1,i , a2,i , bi ∈ C, i = 1, . . . , N − 1, generic coeﬃcients. This follows from
the fact that the global holomorphic sections of the line bundles OX (Si ) are
homogeneous polynomials in the toric coordinates (x0 , . . . , xN , y1 , y2 ) with
(C× )N charge vector equal to the xi column of the charge matrix (2.1).
Then using Equations (2.5) one computes the charges of the sections of
OX (Di ), 1 ≤ i ≤ N − 1. Smoothness follows from the observation that the
homogeneous toric coordinates in Equation (2.7) are naturally divided into
two groups, (xk )1≤k≤i−1 and (xl )i+1≤l≤N . According to Equation (2.2), no
two variables xk , xl with 1 ≤ k ≤ i and i + 2 ≤ xl ≤ N are allowed to vanish
simultaneously. Since y1 , y2 are also not allowed to vanish simultaneously,
a straightforward computation shows that the divisors (2.7) are smooth
and irreducible for generic coeﬃcients a1,i , a2,i , bi ∈ C. Abusing notation, the
same notation will be used for the divisor classes Di and a generic smooth
irreducible representative in each class. The distinction will be clear from
the context.
2.1. Exceptional collections and fractional branes
Adopting the deﬁnition of [6], a full strong exceptional collection of line
bundles on a toric threefold X is a ﬁnite set {Lα } of line bundles which
generate Db (X) and satisfy
ExtkX (Lα , Lβ ) = 0
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for all k > 0, and all α, β. Given such a collection the direct sum T = ⊕α Lα
is a tilting object in the derived category Db (X) as deﬁned in [14, 24, 124].
Then the results of loc. cit. imply that the functor RHom(T , • ) determines
an equivalence of the derived category Db (X) with the derived category of
modules over the ﬁnitely generated algebra EndX (T )op .
Full strong exceptional collections of line bundles on toric Calabi-Yau
threefolds can be constructed [21, 92] using the dimer models introduced
in [63, 64, 77, 78]. A diﬀerent construction for the threefolds XN , N ≥ 2,
exploiting the ﬁbration structure XN → P1 is presented in Appendix A. The
resulting exceptional collection consists of the line bundles

(2.8)

Li = OXN (Di ),

Mi = OXN (Di + H),

i = 1, . . . , N,

where Di , i = 1, . . . , N − 1 are the divisor classes given in (2.5) and DN = 0.
So LN = OXN . Therefore there is an equivalence of derived categories

(2.9)

Db (XN )  Db (End(T )op − mod),

E → RHomXN (T, E),

N
where T = ⊕N
i=1 Li ⊕ ⊕i=1 Mi , and End(T ) is the endomorphism algebra of T . According to Appendix A, this algebra is isomorphic to the path
algebra of the quiver (A.4) with the quadratic relations given in Equation(A.5). Reversing the arrows yields the periodic quiver Q below

(2.10)

..
.

..
.
rN

bN

 v

qNO •

aN

sN

//

cN
dN

•pO N

rN −1
aN −1

bN −1
sN −1

~

qN −1 •
..
.

s

cN −1
dN −1

//

•pN −1
..
.
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•pO i

ci+1
di+1
ri

ai

bi
si

~

qi • r

//

ci
di

..
.

•pi
..
.

q2O •

//

•pO 2

c2
d2
r1

a1

b1
s1

~

q1O • r
bN

..
.

//

c1
d1
rN

sN

•pO 1
aN

..
.

where the vertices pi , qi correspond to the line bundles Li , Mi , i = 1, . . . , N
respectively. At the same time, the relations (A.5) are derived from the cubic
potential

(2.11)

W=

N
−1


[ri (ai ci − ci+1 bi ) + si (ai di − di+1 bi )]

i=1

+ rN (aN cN − c1 bN ) + sN (aN dN − d1 bN ).
The resulting quiver with potential (Q, W) has a dual interpretation [9, 83,
84], as the Ext1 quiver of a collection of fractional branes (Pi , Qi )1≤i≤N . The
latter are objects of Db (XN ) corresponding to the simple (Q, W)-modules
associated to the vertices (ui , vi )1≤i≤N under the equivalence (2.9). The simple module associated to a particular node is the representation consisting
of a dimension 1 vector space assigned to the given node and trivial vector spaces otherwise. They are uniquely determined by the orthogonality
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conditions3
(2.12)

RHomXN (Li , Pj ) = δi,j C,

RHomXN (Li , Qj ) = 0

RHomXN (Mi , Pj ) = 0,

RHomXN (Mi , Qj ) = δi,j C,

1 ≤ i, j ≤ N , where C denotes the one term complex of vector spaces with C
in degree zero. As shown in Appendix A, the following collection of objects
satisfy conditions (2.12).
(2.13)

Pi = Fi [1],

Qi = Fi (−H)[2],

PN = FN ,

QN = FN (−H)[1]

i = 1, . . . , N − 1,

where
Fi = OSi (−Σi−1 ),
(2.14)

FN = O S ,

S=

i = 1, . . . , N − 1,
N
−1


Si .

i=1

For future reference we note here that
(2.15)
ch0 (Pi ) = 0, ch1 (Pi ) = −Si , ch2 (Pi ) = −(i + 1)Ci ,
ch0 (Qi ) = 0, ch1 (Qi ) = Si ,
ch2 (Qi ) = iCi ,

χ(Pi ) = 0
χ(Qi ) = 0

for 1 ≤ i ≤ N − 1, respectively
ch0 (PN ) = 0,
ch2 (PN ) = Σ0 +
(2.16)

ch1 (PN ) = S,
N


(i + 1)Ci ,

χ(PN ) = 1

i=1

ch0 (QN ) = 0,
ch2 (QN ) = −Σ0 −

ch1 (QN ) = −S
N


iCi ,

χ(QN ) = −1,

i=1

where Si , 1 ≤ i ≤ N − 1, will also stand for a degree 2 cohomology class
via pushforward, and similarly for Ci , Σ0 . For completeness recall that the
3

Here RHomXN ( , ) denotes the right derived functor of global HomXN ( , ), which
assigns to a pair of sheaves E, F the linear space of global sheaf morphisms E → F .
For any pair (E, F ), RHomXN (E, F ) is a ﬁnite complex of vector spaces whose
cohomology groups are isomorphic to the global extension groups ExtkXN (E, F ).
See [72] for abstract deﬁnition and properties.
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holomorphic Euler character χ(E) of an object E of Db (XN ) with compact
support is deﬁned as

(2.17)
χ(E) =
(−1)k dim HomDb (XN ) (OXN , E[k]).
k∈Z

Since E is compactly supported and bounded, this is a ﬁnite sum and all
vector spaces HomDb (XN ) (OXN , E[k]), k ∈ Z, are ﬁnite dimensional. For E =
F [p], with F a sheaf with compact support and p ∈ Z, this deﬁnition agrees
with the standard deﬁnition of the holomorphic Euler character of F up to
sign,

(2.18)
χ(E) = (−1)p χ(F ) = (−1)p
H k (XN , F ).
k∈Z

Here H k (XN , F ) are the Čech cohomology groups of F . Since F has compact
support on XN , the Čech cohomology groups are ﬁnite dimensional and
vanish for k < 0 and k > dim supp(F ). Furthermore note the Riemann-Roch
formula

(2.19)
χ(F ) =
ch(F )Td(XN ).
XN

The quiver Q is then identiﬁed with the Ext1 -quiver of the collection of
fractional branes (Pi , Qi )1≤i≤N . The nodes pi , qi correspond to the objects
Pi , Qi , i = 1, . . . , N respectively while the arrows between any two nodes are
in one-to-one correspondence with basis elements of the Ext1 -space between
the associated objects. Moreover note that the equivalence (2.9) relates the
objects (Pi , Qi ) to the simple quiver representations supported respectively
at each of the nodes (pi , qi ), 1 ≤ i ≤ N . In contrast, the line bundles Li , Mi
are related to the projective modules canonically associated to the nodes
pi , qi respectively.
The potential (2.11) is related to the A∞ -structure on the triangulated
subcategory F ⊂ Db (XN ) generated by the fractional branes (Pi , Qi )1≤i≤N ,
as explained below. Consider an object in this category of the form
N

N

(Vi ⊗ Pi ) ⊕
i=1

(Wi ⊗ Qi ),
i=1

where Vi , Wi , i = 1, . . . , N are ﬁnite dimensional vector spaces. This object is
identiﬁed by the equivalence (2.9) to a representation ρ of (Q, W) assigning
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the vector spaces Vi , Wi to the nodes pi , qi , i = 1, . . . , N respectively, and the
zero map to all arrows. Physically, this is a collection of fractional branes
on XN . The space of open string zero modes between such a collection of
fractional branes is isomorphic to the extension group Ext1F (ρ, ρ). The latter
is in turn isomorphic to the linear space
N

Hom(Wi , Vi )⊕2 ⊕

Vρ =
(2.20)

i=1
N −1

(Hom(Vi , Vi+1 ) ⊕ Hom(Wi , Wi+1 ) ⊕ Hom(Vi+1 , Wi )⊕2 ).

i=1

Using canonical projective resolutions for simple modules as in Appendix D, one can construct a cyclic A∞ structure on F. The cyclic A∞ structure
determines in particular a holomorphic superpotential Wρ on the above
extension space as explained in detail in [9, 11, 82, 88]. This is the tree
level superpotential in the eﬀective gauge theory on the fractional D-brane
conﬁguration with multiplicities dim(Vi ), dim(Wi ) at the vertices of Q. By
analogy with [9, 88], it is conjectured here that the superpotential Wρ is
identiﬁed with the cubic function on Vρ determined by W. This statement
was proven in [9, 88] for local toric Fano surfaces, and it was explained to us
by Zheng Hua that the proof of [88] based on projective resolutions will go
through in our case as well. In the following it will be assumed that this is
the case for the fractional branes (Pi , Qi )1≤i≤N , omitting a rigorous proof.
An independent physical argument will be given in Section 2.2 below, which
provides an orbifold construction of the exceptional collection (Li , Mi ), 1 ≤
i ≤ N.
2.2. Orbifold quivers
By construction XN is the resolution of the quotient Y2 /ZN , where Y2 is the
total space of the rank two bundle OP1 ⊕ OP1 (−2). Note that Y2  C × Z,
where Z is the canonical resolution of the C2 /Z2 quotient singularity. The
C2 /Z2 orbifold contains two fractional branes corresponding to the objects
G 1 = OC ,

G2 = OC (−1)[1]

supported on the exceptional cycle C  P1 ⊂ Z of the resolution [50, 58].
According to [58], the eﬀective action of a conﬁguration of fractional branes
1
2
G⊕n
⊕ G⊕n
is obtained by dimensional reduction of a N = 2 quiver gauge
1
2
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theory in four dimensions. The N = 1 chiral multiplet content of this theory
is encoded in the quiver diagram
D
C

(2.21)

9 •[e

B

%

•e

A

R
S

and the superpotential is given by
(2.22)

W = Tr A(CR + DS) − Tr B(RC + SD).

Now consider the orbifold Y2 /ZN . Using the rules of [58], for each Dbrane G1 , G2 in the covering theory, one obtains a collection of fractional
branes (G1 , ρi ), respectively (G2 , ρi ), 0 ≤ i ≤ N − 1, where ρi is the i-th
canonical irreducible representation of ZN . The representations ρi encode
the action of the orbifold group on the Chan-Paton line bundles of the
fractional branes. At the same time, the orbifold group acts on the N = 1
chiral superﬁelds as
A → e−2iπ/N A,
B → e−2iπ/N B,

C → C,
D → D,

R → e2iπ/N R
S → e2iπ/N S

for j = 1, 2.
The eﬀective action for any collection
N −1

(G1 , ρi )
i=0

⊕di

N −1

⊕

(G1 , ρi )⊕ei

i=0

is obtained by projecting the quiver (2.21) and the superpotential (2.22) onto
orbifold invariant ﬁelds. This yields precisely a quiver of the form (2.10),
with a cubic superpotential of the form (2.11). The ﬁelds ai , bi , ci , di , ri , si
in (2.10) are the invariant components of A, B, C, D, R, S respectively.
The above construction can be set on ﬁrmer mathematical grounds using
the results of [30]. According to loc. cit., there is an equivalence of derived
categories
(2.23)

Db (XN )  DZb N (Y2 )

where DZb N (Y2 ) is the ZN -equivariant derived category of Y2 . This equivalence is determined by a Fourier-Mukai functor given explicitly in [30].
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Since the objects G1 , G2 are scheme theoretically supported on the exceptional cycle C, which is ﬁxed by the ZN action, the pairs (G1 , ρi ), (G2 , ρi )
are naturally objects of DZb N (Y2 ). Therefore mathematically, one is led to
the claim that the equivalence (2.23) maps the fractional branes (Pi , Qi ) to
the objects (G1 , ρi ), (G2 , ρi ), 1 ≤ i ≤ N . In principle, one can employ the
methods of [97] in a relative setting, but we will leave the details for future
work.
2.3. Field theory limit A
This section is focused on physical aspects of geometric engineering, explaining the relation between the toric Calabi-Yau threefolds XN and pure SU (N )
gauge theory with eight supercharges. More speciﬁcally, it will be explained
in detail how the the rigid special geometry of the Coulomb branch is
obtained as a scaling limit of the special geometry of the complex Kähler
moduli space of XN . This limit is usually referred to as the ﬁeld theory limit,
and can be formulated either in terms of the local mirror B-model [98, 99], or
directly in terms of the large radius prepotential of XN [60, 89, 90, 103, 109].
In the ﬁrst case one obtains the family of Seiberg-Witten curves as a scaling
limit of a family of curves encoding the mirror B-models. In the second,
the semiclassical gauge theory prepotential is obtained by taking a similar scaling limit of the large radius limit prepotential, including genus zero
world-sheet instanton corrections. The second approach will be employed
below to derive the central charges of the fractional branes (Pi , Qi )1≤i≤N in
the ﬁeld theory limit.
A convenient parameterization of the Kähler cone is obtained observing
that the Mori cone of XN is generated by the curve classes Σ0 , Ci , i =
1, . . . , N − 1. Moreover, the vertical divisor class H has intersection numbers
H · Σ0 = 1,

H · Ci = 0,

i = 1, . . . , N − 1.

Given the intersection numbers (2.6), it follows that the Kähler class of XN
can be naturally written as
ω = t0 H +

(2.24)

N
−1


ti D i ,

i=1

with ti > 0, i = 0, . . . , N − 1. Obviously,


ω = t0 ,
ω = ti ,
Σ0

Ci

1 ≤ i ≤ N − 1.
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The complexiﬁed Kähler class will be written similarly as
B+

√

−1ω = s0 H +

N
−1


si Di

i=1

√

with si = bi + −1ti , i = 0, . . . , N − 1.
In the large radius limit t0 , ti
1, i = 1, . . . , N − 1, the special coordinates si , i = 0, . . . , N − 1. are related to si by the mirror map,
si = si + exponentially small corrections at large radius.
They are also identiﬁed via homological mirror symmetry with the central
charges of a collection of K-theory classes
(2.25)

Υ0 = [OΣ0 (−1)],

Υi = [OCi (−1)],

i = 1, . . . , N − 1

representing D2-branes supported by the Mori cone generators. Note that
we have chosen the Chan-Paton bundles to have degree (−1) in order for
the total D0-charge, including gravitational contributions, to be trivial. The
precise relation is
1
si =
Z(Υi )
Ms
where Ms is the string mass scale.
The next task is to construct the eﬀective action for normalizable IIA
modes on XN and show that it reduces to known gauge theory results in
the ﬁeld theory limit. A conceptual problem is that the N = 2 prepotential
is not intrinsically deﬁned for local Calabi-Yau models. In principle, one
has to ﬁnd a suitable realization of the local model as a degeneration of a
compact Calabi-Yau threefold, and obtain the N = 2 prepotential as a limit
of the N = 2 prepotential of the compact model. On general grounds the
prepotential of the compact model has the form
F = F pert +

ζ(3)χ
√
+ F inst
(2π −1)3

where F pert is a perturbative polynomial part deduced from (2.28) and F inst
encodes genus zero world-sheet instanton eﬀects. In contrast, the periods of
the compact cycles associated to the AN −1 degeneration are intrinsically
deﬁned in the local limit, as shown in detail below. So our strategy will
be to analyze their behavior in the ﬁeld theory limit and show that the
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ﬁnite periods in this limit are consistent with the Seiberg-Witten SU (N )
prepotential.
The lattice of compact D-brane charges on XN is isomorphic to the
0 (X ). It is equipped with
compactly supported K-theory lattice of XN , Kcpt
N
an antisymmetric pairing
0
0
 ,  : Kcpt
(XN ) × Kcpt
(XN ) → Z,

the restriction of the natural pairing
0
K 0 (XN ) × Kcpt
(XN ) → Z

where K 0 (XN ) is the K-theory lattice of XN with no support condition.
Note that K 0 (XN ) is generated as a ring by the line bundles [OXN (Si )],
0 ≤ i ≤ N and OXN (H). Given a line bundle L on XN and a sheaf F with
compact support,
[L], [F ] = χ(L−1 ⊗XN F ).
where ⊗XN denotes the tensor product of OXN -modules. This notation will
be frequently used throughout this paper. Moreover, note the relation
[OXN (D)] = 1 − [OD ]
for any eﬀective divisor D on XN , where 1 = [OXN ] ∈ K 0 (XN ). Therefore
K 0 (XN ) is also generated as a ring by 1 and the divisor classes OSi , 0 ≤
i ≤ N , OH . Then the K-theory with compact support will be generated as
a Z-module by K-theory classes of the form



⊗ki
⊗l
⊗N
i=0 OSi ⊗ OH ,

ki , l ∈ Z≥0

which do not involve the generator 1. This expression can be simpliﬁed using
the deﬁning equations xi = 0 for the Si , 0 ≤ i ≤ N , respectively y1 = 0 for
H. For example it follows that OSi ⊗ OSj = 0, for |i − j| > 1. Using such
0 (X )-theory is generated as a Z-module by
identities it follows that Kcpt
N
[Op ],

Υ0 = [OΣ0 (−1)],

Υi = [OCi (−1)],

Λ = [OSi (−Σi−1 − (i + 1)Ci )],
i

1≤i≤N −1

1 ≤ i ≤ N − 1.

Here Op is the class of the skyscraper sheaf associated to a point p ∈ XN .
Again we have chosen to twist the structure sheaves of the divisors OSi ,
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1 ≤ i ≤ N − 1 by appropriate line bundles such that the D2-brane charge is
zero. The nontrivial inner products of the generators are
Υi , Λj  = −Cij ,

1 ≤ i ≤ N − 1,

all other products being zero. In particular the pairing  ,  has a nontrivial
annihilator generated by [Op ], Υ0 .
In order to use special geometry relations, note that there is an alternative set of rational generators where the classes Λi are replaced by the
rational linear combinations
(2.26)

Υ =−
i

N
−1


j
C−1
ij Λ ,

1 ≤ i ≤ N − 1.

j=1

These generators satisfy the orthogonality relations
(2.27)

Υi , Υj  = δij ,

i, j = 1, . . . , N − 1.

The next goal is to study the behavior of the N = 2 central charges of Υi ,
1 ≤ i ≤ N − 1, in the ﬁeld theory limit.
The central charge Z(Υ) for a K-theory class Υ with compact support
has the large radius expansion [76]


(2.28)

e−(s0 H+

Z(Υ) = −Ms

N −1
i=1

sk Dk )

ch(Υ)

Td(X) + Z inst (Υ)

XN

where Z inst (Υ) are exponentially small genus zero world-sheet instanton corrections4 . Special geometry constraints imply that the instanton corrections
to the central charges Z(Υi ), 1 ≤ i ≤ N − 1, are given by
Z

4

inst

inst
∂FX
N
(Υ ) = Ms
∂ si
i

This formula is often attributed to [76, 114] and it is certainly closely related to
the (correct!) results of those papers. However, when writing the central charge one
should not forget (as some authors do) to include the correction to the prepotential
proportional to ζ(3)χ(XN ). This term aﬀects only the D6-brane central charge not
D4 and D2. Hence it is irrelevant here since the D6-brane is inﬁnitely heavy in the
local limit, and has no eﬀect on the ﬁeld theory dynamics.
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inst is the sum of the genus zero world-sheet instanton corrections
where FX
N
(2.29)
N
−1
−1
  1

√ N
1
inst
√
FXN = −
N (ni )
exp 2πk −1
ni si .
k3
(2π −1)3 n ∈Z
i=0
i=0
k≥1
i

≥0

0≤i≤N −1

The coeﬃcients N (ni ) ∈ Zare virtual numbers of genus zero curves in
−1
the homology class n0 Σ0 + N
i=1 ni Ci . Although XN is noncompact, these
numbers are intrinsically deﬁned via counting curves preserved by a torus
action on XN which leaves the global holomorphic three-form invariant.
Hence N (ni ) are equivariant genus zero Gromov-Witten invariants which
can be exactly computed using local mirror symmetry [86, 98, 99]. For the
purpose of geometric engineering note that there is a decomposition
inst
vert
hv
FX
= FX
+ FX
N
N
N
vert is the contribution of the vertical curve classes i.e. terms with
where FX
N
n0 = 0 while F hv is the sum over mixed horizontal and vertical classes i.e.
all terms with n0 > 0.
There is an explicit expression for the vertical part of the instanton
prepotential [98, 99], written as a sum over the positive roots α ∈ Δ+
N of
SU (N ). Each positive root

α=

N
−1


ni (α) ∈ Z≥0

ni (α)αi ,

i=1

determines a vertical curve class
Cα =

N
−1


ni (α)Ci

i=1

where {αi }, 1 ≤ i ≤ N − 1 is a set of simple roots. The Gromov-Witten
invariant of each curve class Cα is [99]
N (Cα ) = −2
and there are no other vertical contributions except for multicovers. Therefore
  1
√
1
vert
√
=
−
exp 2πk −1s, α .
(2.30)
FX
N
3
3
k
4π −1
+
α∈ΔN k≥1
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where
s, α =

N
−1


ni (α)si .

i=1
hv can be obtained either using
An exact expression for the second term, FX
N
local mirror symmetry or the topological vertex [1].
In order to compute the central charges Z(Υi ), 1 ≤ i ≤ N − 1 note that
(2.31)
N
−1

ch0 (Υi ) = 0,
ch1 (Υi ) = −
C−1
ch2 (Υi ) = 0,
χ(Υi ) = 0
ij Sj ,
j=1

for 1 ≤ i ≤ N − 1. Moreover the toric data (2.1) and relations (2.4) yield
the following relations
(2.32)
(H · Si · Sj )XN = −Cij ,
(H · Di · Sj )XN = δij ,
(H · H · Si ) = 0
in the intersection ring of XN . Finally, by adjunction,
(2.33)



2
c2 (XN )|Si =
(c2 (Si ) − c1 (Si ) ) = 12χ(OSi ) − 2
c1 (Si )2 = −4
Si

Si

Si

for all compact divisors Si  F2i , 1 ≤ i ≤ N − 1. Then using Equations (2.31),
(2.32), (2.33) in (2.28), a straightforward computation yields
(2.34)
 N

−1
N −1
N −1
1 
1  −1
−1
−1
i
Cij s0 sj +
sj sk Cil (Sl · Dj · Dk )XN +
Cij
Z(Υ ) = Ms
2
6
+Z

j=1
inst

j=1

j,k,l=1

i

(Υ )

for 1 ≤ i ≤ N − 1.
Following [60, 89, 90, 103, 109] the ﬁeld theory limit is the
of the string theory, where
(2.35)

√
N −1
s0 = −
(c0 + ln ) ,
π

si =

ai
,
M0

Ms =

→ 0 limit
M0

.

Here M0 is an arbitrary scale, c0 ∈ R>0 a ﬁxed constant term, and ∈ R, 0 <
< e−c0 , the scaling parameter. A priori the large radius instanton expansion
(2.29) might be divergent in this limit since the complex Kähler parameters
hv
si are very small. It was however shown in [60, 89, 90, 103, 109] that FX
N
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has a ﬁnite limit as → 0, which agrees with the semiclassical instanton
expansion of the gauge theory with a QCD scale given by


M0 2N −2 2N c0
(2.36)
Λ2N −2 = 22N
e
.
2π
vert are expected
According to [98, 99], the vertical instanton contributions FX
N
to yield the one loop correction to the gauge theory prepotential in the
→ 0 limit. This will be conﬁrmed below by a detailed analysis of the → 0
limit of the central charges Z(Υi ), 1 ≤ i ≤ N − 1. In particular, it will be
shown that they have a ﬁnite limit as → 0 as a result of a fairly delicate
cancellations between the polynomial terms and the vertical part of the
hv has
instanton prepotential. In [60, 89, 90, 103, 109] the → 0 limit of FX
N
been shown to be well-deﬁned and in fact given by the instanton contribution
to the ﬁeld theory prepotential
hv
inst
= FSU
lim FX
(N ) ,
N

(2.37)

→0

but the perturbative and vertical contributions were not discussed in detail.
Here we focus on the truncation Z pv (Υi ) of the central charges to polynomial
and vertical instanton terms. Equations (2.30) and (2.35) yield
vert
∂FX
1   ni (α) 2πk√−1
N
=− 2
e
∂ si
2π
k2
+
α∈ΔN

where
a, α =

a,α /M0

,

k≥1

N
−1


ni (α)ai ,

i=1

and

vert
∂ 2 FX
N
=
∂ si ∂ sj

√

√
−1 
ni (α)nj (α) ln 1 − e2π −1
π
+

a,α /M0

.

α∈ΔN

The second derivative has a small expansion of the form
√
√


vert
∂ 2 FX
2π −1
−1 
N
=
ni (α)nj (α) ln −
a, α + O( ).
∂ si ∂ sj
π
M0
+
α∈ΔN

This implies that the ﬁrst derivative will have an expansion of the form
√
√
 


vert
∂FX
2π −1
−1 
N
= c+
ni (α)a, α ln −
a, α − 1 + O( 2 )
∂ si
πM0
M
0
+
α∈ΔN
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where c is a constant. Since all terms in the above expression except c vanish
in the → 0 limit, c is the value of the ﬁrst derivative at = 0,
1
c=− 2
2π

 

ni (α)

α∈Δ+
N

 
k≥1

1
k2


=−

1 
ni (α).
12
+
α∈ΔN

Then the leading terms of the central charges Z pv (Υi ), 1 ≤ i ≤ N − 1 in the
→ 0 limit are
(2.38)
√

N −1
M0
N −1  −1
pv
i
Z (Υ ) ∼
−
Cij (c0 + ln )aj
πM0
j=1
 N

−1

1
+
2
C−1
−
n
(α)
i
ij
12
+
j=1

√

α∈ΔN

N
−1



−1
ni (α)nj (α)aj ln
πM0
j=1 α∈Δ+
N
√
√
 


−1 
−1
+
a, α − 1 .
ni (α)a, α ln −2π
πM0
M0
+

+

α∈ΔN

Now note that the term proportional to 1/ in the expression of Z pv (Υi )
cancels because of the following identity



(2.39)

ni (α) = 2

α∈Δ+
N

N
−1


C−1
ij .

j=1

This is equivalent to the known identity
ρ=

N
−1

1 
α=
λi
2
+
i=1

α∈ΔN

where ρ is the Weyl vector and λi , 1 ≤ i ≤ N − 1 the fundamental weights
of SU (N ). Moreover, the terms proportional to ln ,
√

−1
π

 N
−1
j=1


aj

−

N C−1
ij

+


α∈Δ

+
N


ni (α)nj (α)
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also cancel because of a second identity,
(2.40)



ni (α)nj (α) = N C−1
ij ,

α∈Δ+
N

which is proven below.
Deﬁne the Cartan-Killing form with its natural normalization Tr(Ad(X)
Ad(Y )) = (X, Y )CK . Then the usual decomposition of the Lie algebra into
root spaces implies that on the dual space we have
(2.41)

(α, β)CK =



(α, γ)CK (β, γ)CK

γ∈ΔN

for any roots α, β, where ΔN is the set of roots of SU (N ). Let (X, Y ) be
the Killing form normalized such that the roots have length two. Then
(X, Y )CK =

(X, Y )
,
2N

and (2.41) yields
(2.42)



(α, γ) (β, γ) = N (α, β) .

γ∈Δ+
N

Of course, this can be extended linearly so it is also true if we replace α, β
by any linear combination of roots. In particular, we may replace them by
fundamental weights λi , λj . Since
−1
(λi , λj ) = Cij
,

Equation (2.42) becomes (2.40).
In conclusion, collecting all terms, it follows that the perturbative and
vertical parts of the central charges Z(Υi ), 1 ≤ i ≤ N − 1, have a ﬁnite → 0
limit:
(2.43)
√
N −1
N −1  −1
pv
i
lim Z (Υ ) = −
Cij c0 aj
→0
π
j=1
√
√
 


2π −1
−1 
+
ni (α)a, α ln −
a, α − 1 .
π
M0
+
α∈ΔN
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Using again identity (2.40) and Equation (2.36), this can be written



  N
−1
N π √
c0 + N ln(2)
C−1
+ −1
−1
lim Z (Υ ) =
ij aj
→0
π 2
N −1
j=1
√
a, α
−1 
+
ni (α)a, α ln
.
π
Λ
+
pv

(2.44)

i

α∈ΔN

If we identify
pv

i

lim Z (Υ ) =

pert
∂FSU
(N )

∂ai

→0

then we ﬁnd, up to an additive constant
(2.45)

pert
FSU
(N )

√
N −1
a, α
N  −1
−1 
= τ0
Cij ai aj +
a, α2 ln
2
2π
Λ
+
i,j=1

with
1
τ0 = +
2

√

−1
π

α∈ΔN



c0 + N ln(2) 3
−
N −1
2


.

Thus we ﬁnd
pv
pert
= FSU
lim FX
(N )
N

→0

and together with Equation (2.37) this implies
lim FXN = FSU (N ) .

→0

Finally, note that the above results also determine the behavior of the
central charges of the fractional branes (Pi , Qi ), 1 ≤ i ≤ N in the ﬁeld theory
limit. The K-theory classes of the sheaves Fi , i = 1, . . . , N in (2.14) are given
by
[Fi ] = −Cij Υj + (i + 1)Υi ,
1 ≤ i ≤ N − 1,
[FN ] = −

N
−1


Cij Υj + Υ0 +

N
−1


i,j=1

Therefore Z(FN ) diverges as Z(Υ0 ) ∼ M0

(i + 1)Υi + [Op ].

i=1
−1 ,

Z(Fi ) = −Cij Z(Υj ) + (i + 1)ai ,

while
1≤i≤N −1

are ﬁnite in the → 0 limit. This shows that the fractional branes (PN , QN )
are very heavy and decouple from the low energy dynamics in this limit while
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(Pi , Qi ), 1 ≤ i ≤ N − 1 are dynamical BPS particles with central charges
(2.46)

Zgauge (Pi ) = Cij aD
j − (i + 1)ai ,

Zgauge (Qi ) = −Cij aD
j + iai ,

with i = 1, . . . , N − 1.
This result allows us to employ geometric engineering methods in the
study of the gauge theory BPS spectrum. Using the detailed discussion of
the ﬁeld theory limit one can construct a dictionary between D-brane bound
states and gauge theory BPS particles. First note that the abelian gauge
ﬁelds A(i) , i = 1, . . . , N − 1 in the low energy eﬀective action are obtained
by KK reduction of the three-form ﬁeld,
C (3) =

N
−1


A(i) ∧ ηSi ,

i=1

on a set of harmonic two-forms ηSi related by Poincaré duality to Si .
D-branes wrapping the compact holomorphic cycles in XN yield massive
BPS particles in the low energy theory whose electric and magnetic charges
are determined by the standard couplings to background RR ﬁelds using
relations (2.4), (2.6). A D2-brane with K-theory class Υi = [OCi (−1)] ∈
0 (X ), i = 1, . . . , N − 1, yields a massive BPS particle whose world-line
Kcpt
N
coupling to the abelian gauge ﬁelds A(i) is given by


exp

√




−1

C
Ci ×R

(3)


= exp −

√

−1

N
−1

j=1




Cij

(j)

A
R

Therefore it has electric electric charge vector (−Cij )1≤j≤N −1 and trivial
magnetic charges. These particles will be identiﬁed with the massive W bosons in ﬁeld theory. A D4-brane with K-theory class Λi = [OSi (−Σi−1 −
(i + 1)Ci )], i = 1, . . . , N − 1 yields a magnetic monopole with magnetic charge
(δij )1≤i≤j . This can be checked by a similar argument. Note that the integral
homology cycle
N
−1


Ci = −N
C−1
ij Cj
j=1

has intersection numbers

i · Sj )XN = N δij
(C
i and
with the compact four-cycles Sj . Then pick a smooth representative C
2
3
let Sr be a two-sphere of very large radius in R in the rest frame of the BPS
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i ⊂ R3 × XN
particle, centered at the origin. Note that the four-cycle Sr2 × C
is a linking cycle for {0} × Si ⊂ R3 × XN with linking number N , and has
linking number 0 with the cycles {0} × Sj , j = i. Since a D4-brane wrapped
on Si carries one unit of magnetic charge with respect to the three-form ﬁeld
C (3) , it follows that

N δij =


j
S ×C

dC (3) =

2
r

=N

N
−1

k=1

j
S ×C
k=1
2
r


δjk

N
−1


F
Sr2

(k)

dA(k) ∧ ηSk



F (j) .

=N
Sr2

As expected, the K-theory classes Υi , Λi , i = 1, . . . , N − 1 belong to
the sublattice generated by the K-theory classes of the fractional branes
0 (X ), i = 1, . . . , N − 1, which have ﬁnite mass in the ﬁeld
[Pi ], [Qi ] ∈ Kcpt
N
theory limit. In fact one can easily check by a Chern class computation that
the sublattice generated by Υi , Λi , i = 1, . . . , N − 1 is identical to the one
generated by [Pi ], [Qi ], i = 1, . . . , N − 1. Moreover there is an orthogonal
direct sum decomposition
(2.47)

0
Kcpt
(XN ) = Span{Op , OΣ0 (−1)} ⊕ Span{[Pi ], [Qi ]}

with respect to the pairing  ,  such that the induced pairing on the second
term is nondegenerate.
The above arguments lead to the conclusion that the symplectic infrared
charge lattice Γ of the gauge theory is identiﬁed with
(2.48)

Γ  Span{[Pi ], [Qi ]}1≤i≤N −1 .

On general grounds, the infrared lattice of electric and magnetic charges
Γ does not admit a canonical splitting into electric and magnetic complementary sublattices, Γ  Γe ⊕ Γm . However there is a canonical splitting in
the semiclassical limit, where Γe is generated by the charges of massive W bosons and Γm by the charges of magnetic monopoles. More precisely Γe is
the root lattice of the gauge group G while Γm is the coroot lattice. Note
that these are not dual lattices. The dual of the coroot lattice is the weight
lattice. In ﬁeld theory the quotient of Γ by the annihilator is symplectic.
0 (X ) generated by
Geometrically, Γe is identiﬁed with the sublattice of Kcpt
N
the vertical curve classes Υi , i = 1, . . . , N − 1, while Γm is identiﬁed with
the sublattice generated by Λi , i = 1, . . . , N − 1.
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In addition one can also obtain line defects by wrapping D4 and D2branes on noncompact cycles in XN . A D4-brane supported on a noncompact
divisor Di of the form (2.7) ﬂows in the infrared to a simple line defect which
has in the present conventions magnetic charge vector (−C−1
ij )1≤j≤N −1 . The
electric charges of the line defect are determined by the Chan-Paton line
bundle on Di . It will be shown in Section 7 that there is a simple choice
of Chan-Paton line bundles which yields trivial electric charges. With this
choice the charge vectors of the simple line defects are precisely identiﬁed
i
with the projections Υ of the rational K-theory generators (2.26) to the
lattice Γ.
Note that the magnetic charge vector of a line defect engineered by a D4brane wrapping a divisor Di does not belong to Γm , since it has fractional
entries. This is in fact in agreement with the gauge theory classiﬁcation of
line defects [68]. According to loc. cit. the magnetic charges of a line defect
sits in the magnetic weight lattice Γmwt as a Γm -torsor.
In conclusion, geometric engineering predicts that gauge theory BPS
states are identiﬁed with bound states of the fractional branes (Pi ,
Qi )1≤i≤N −1 . On physical grounds the low energy dynamics of such bound
states will be determined by a truncation of the quiver (Q, W) where the
vertices uN , vN and all adjacent arrows are removed. This yields a smaller
quiver with potential (Q, W ), where W is obtained by truncating (2.11)
accordingly. A precise mathematical study of such bound states requires the
notion of Π-stability introduced in [8, 56, 57], which was mathematically
formulated by Bridgeland in [28].
2.4. Stability conditions
According to [8, 56, 57] supersymmetric D-brane bound states must be
Bridgeland stable objects [28] in the derived category Db (XN ). At the same
time the ﬁnite mass bound states in the ﬁeld theory limit must belong to the
subcategory G spanned by the subset of fractional branes (Pi , Qi )1≤i≤N −1 .
A natural question is whether such objects can be intrinsically described as
stable objects with respect to a stability condition on G, as suggested by RG
ﬂow decoupling arguments. In general this is not the case on mathematical
grounds, as explained in more detail below. However it will also be shown
that this condition is satisﬁed for a natural class of stability conditions from
the quiver point of view. In contrast, this property fails for large radius limit
stability conditions, as discussed in detail in Section 4.
Recall that a Bridgeland stability condition at a point in the complex
Kähler moduli spaces is speciﬁed by a t-structure on Db (XN ) satisfying a
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compatibility condition with the central charge function. The precise deﬁnition of a t-structure will not be needed in the following. It suﬃces to note
that any t-structure determines an abelian subcategory A ⊂ Db (XN ), the
heart of the t-structure, such that exact sequences in A are exact triangles
in the ambient derived category. The compatibility condition requires the
central charges of all objects of A to lie in a complex half-plane of the form

Hφ = {Im(eiφ z) > 0} ∪ {Im(eiφ z) = 0, Re(eiφ z) ≤ 0},
for some φ ∈ R. Therefore for any nontrivial object F of A one can deﬁne a
phase ϕ(F ) ∈ [φ, π + φ) of Z(F ). All stable objects must belong to A up to
shift, and an object F of A is (semi)stable if ϕ(F ) (≥) ϕ(F  ) for any proper
nontrivial subobject 0 ⊂ F  ⊂ F in A.
Now let G be the smallest triangulated subcategory of the derived category Db (XN ) generated by the fractional branes (Pi , Qi )1≤i≤N −1 . For a
given point in the Kähler moduli space, supersymmetric D-brane bound
states in G are stable objects of A which belong to G. Note that G satisﬁes the conditions of [20, Lemma 1.3.19], therefore the given t-structure on
Db (XN ) induces a t-structure on G. Therefore the intersection A ∩ G is an
abelian subcategory AG ⊂ A, the heart of the induced t-structure. However,
the test subobjects 0 ⊂ F  ⊂ F in the deﬁnition of stability do not necessarily belong to AG . Therefore in general the D-brane bound states will not
be deﬁned intrinsically by a stability condition on G. In the present case,
there is however a natural class of stability conditions where this potential
complication does not arise.
Since Db (XN )  Db (Q, W), there is a canonical bounded t-structure
whose heart A is the abelian category of (Q, W)-modules. The heart AG
of the induced t-structure on G is the abelian category of modules over the
path algebra of the truncated quiver (Q, W ) deﬁned at the end of Section 2.3.
It is clear that all subobjects and all quotients of an object ρ of AG also
belong to AG . Therefore in this case the stable objects of A belonging to
G are deﬁned by an intrinsic stability condition on AG . By analogy with
the local P2 model treated in [15, 27], such stability conditions on G are
obtained by assigning complex numbers (z, w) = (zi , wi ) to the nodes (pi , qi ),
i = 1, . . . , N − 1, of Q, all lying in the half-plane Hφ . In order to ﬁx notation,
the dimension vector of a representation ρ with underlying vector spaces
(Vi , Wi )1≤i≤N −1 will be denoted by (di , ei )1≤i≤N −1 . Then the (z, w)-slope
of a representation ρ of dimension vector (di , ei ) at the nodes (pi , qi ), i =
1, . . . , N − 1, respectively is deﬁned by
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μ(z,w) (ρ) = −

Re(

N −1

Im(

i=1
N −1
i=1

eiφ (di zi + ei wi ))
eiφ (di zi + ei wi ))

.

A representation ρ of dimension vector (di , ei )1≤i≤N −1 is (z, w)-(semi)stable
if
μ(z,w) (ρ ) (≤) μ(z,w) (ρ)
for all subrepresentations 0 ⊂ ρ ⊂ ρ. For simplicity, it is often convenient to
consider stability parameters of the form
(2.49) zi = r(−θi +

√

−1),

wi = r(−ηi +

√

−1),

i = 1, . . . , N − 1

where r, θi , ηi ∈ R, r ∈ R>0 such that φ may be taken trivial. In this case
the slope reduces to

N −1
μ(θ,η) (ρ) =

i=1 (di θi + ei ηi )
,

N −1
(d
+
e
)
i
i
i=1

where θ = (θi )1≤i≤N −1 , η = (ηi )1≤i≤N −1 . One can further reduce to the GIT
stability conditions constructed by King in [100] observing that a representation ρ is (θ, η)-(semi)stable if and only if it is (θ̄, η̄)-(semi)stable where

N −1

i=1 (di θi + ei ηi )
,

N −1
i=1 (di + ei )
N −1
i=1 (di θi + ei ηi )
η̄i = ηi − 
,
N −1
i=1 (di + ei )

θ̄i = θi −

i = 1, . . . , N − 1.

Note that (θ̄, η̄) satisfy

(2.50)

N
−1


(di θ̄i + ei η̄i ) = 0.

i=1

Stability parameters satisfying Equation (2.50) will be referred to as King
stability parameters. In some situations working with such parameters leads
to signiﬁcant simpliﬁcations.
For physical stability conditions the stability parameters (zi , wi ), 1 ≤
i ≤ N − 1, are determined by the central charges (2.46) assigned to the
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corresponding fractional branes:
(2.51)
1
1
zi =
Cij aD
wi =
− Cij aD
j − (i + 1)ai ,
j + iai ,
Λ
Λ
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1 ≤ i ≤ N − 1.

More precisely there exists a subset C(Q,W ) of the universal cover of (the
smooth locus of) the Coulomb branch where the central charges (2.46)
belong to a half-plane Hφ , for some φ ∈ R. Then the above construction
yields a map C(Q,W ) → Stab(G) to the moduli space of Bridgeland stability
conditions on G.
This map can be extended to a larger subset using quiver mutations to
change the t-structure on G as in [27]. For all stability conditions obtained
this way, the heart of the underlying t-structure is an abelian category of
modules over the path algebra of a quiver with potential (Q , W  ) related
by a mutation to (Q, W ). Such stability conditions will be called algebraic,
following the terminology of [15]. The subset of Stab(G) parameterizing such
stability conditions will be denoted by Stabalg (G) ⊂ Stab(G). In conclusion
one obtains a map
(2.52)

 : CGalg → Stabalg (G)

deﬁned on some subset CGalg of the universal cover of the Coulomb branch.
The ﬁeld theory limit leads to the conjecture that the gauge theory BPS
spectrum at a point u ∈ CGalg is determined by the spectrum of Bridgeland
stable representations at the point (u). Numerically, the BPS degeneracies
are identiﬁed with counting invariants of stable objects in G as explained in
the next subsection. This is in agreement with the quivers found in [3, 37, 62].
Furthermore, it is also natural to conjecture that in fact the domain of
deﬁnition of  covers the whole universal cover of the Coulomb branch of
the ﬁeld theory. That is, for any point in the Coulomb branch one can ﬁnd
an algebraic stability condition on G encoding the complete BPS spectrum
at that point.
For completeness, note that the derived category Db (XN ) is expected
to admit a diﬀerent class of stability conditions, analogous to the geometric stability conditions constructed in [15]. In fact such stability conditions
must be used if one is interested in the spectrum of supersymmetric D-brane
bound states in a neighborhood of the large radius limit. A rigorous construction of geometric Bridgeland stability conditions is beyond the scope of
the present paper. More physical insight can be gained assuming their existence and examining its consequences for the gauge theory BPS spectrum.
This is the goal of Section 4.
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It might be useful to some readers to have an informal summary of the
main point of this section, expressed in more physical terms. In this paper
we are viewing gauge theory BPS states as string theory BPS states which
remain “light” (i.e. of ﬁnite energy) in a certain “ﬁeld theoretic limit.” In the
type IIA string picture, the ﬁeld theoretic limit is a limit in which there is also
a hierarchy of scales within the Calabi-Yau manifold (see Equation (2.35).)
Some D-brane BPS states have inﬁnite energy in this limit (simply because
they have nonzero tension and wrap cycles which have inﬁnite volume), but
some D-brane BPS states have a ﬁnite energy in this limit. Thus we use
interchangeably the terms “light BPS states,” “ﬁnite energy BPS states,”
and “ﬁeld-theoretic BPS states.”
Now, both in ﬁeld theory and in string theory the BPS states are expected
to be objects in a category. When the ﬁeld theory is viewed as a limit of
string theory, evidently the gauge theory BPS states should be objects in a
subcategory of the string theory category.
In general two (or more) BPS states can interact and form a BPS boundstate, but that bound state only exists for certain vacuum parameters –
because the vacuum parameters determine the strength of the force between
constituents. The interaction energy is strictly negative away from walls of
marginal stability. The stability conditions on a category tell us when BPS
states can be considered to be boundstates of collections of other BPS states.
If the ﬁeld-theoretic BPS states are objects in a subcategory of a stringtheoretic category containing all BPS states then there are two possible
notions of boundstates: We could consider only boundstates made of ﬁeldtheoretic BPS constituents or we could consider boundstates of all possible
string-theoretic BPS constituents. These notions are, in principle, diﬀerent
because it is quite possible that a light, ﬁeld-theoretic BPS state is (in the
string theory) a boundstate of heavy string-theoretic D-brane states. These
heavy states might interact with a large negative binding energy, producing
light states. Such a phenomenon produces an obstruction to formulating a
good stability condition on the ﬁeld-theoretic subcategory: We might have
“spurious” decays of BPS states in the ﬁeld theory in the sense that they
are not made of honest ﬁeld-theoretic BPS states. Therefore, we would like a
criterion whereby we can determine if a BPS state is a boundstate purely of
ﬁeld-theoretic BPS states. This is the physical interpretation of an “intrinsic
stability condition on AG .”
In fact, spurious decays do not happen in our examples, but it is not easy
to see that this is so in the large radius picture based on (ω, B)-stability. On
the other hand, at string scale distances there is an alternative picture of the
BPS states in terms of quiver quantum mechanics. In the quiver quantum
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mechanics picture it turns out that there actually is a natural criterion (i.e.
a t-structure on the derived category of (Q, W) modules) in which case it is
easy to see that states which are light in the ﬁeld-theoretic limit can only
be boundstates of BPS particles which are also themselves light in the ﬁeld
theoretic limit.
2.5. BPS degeneracies and Donaldson-Thomas
invariants
In this section we discuss the relation between various ﬂavors of BPS degeneracies used by physicists and various ﬂavors of Donaldson-Thomas invariants used by mathematicians. The proper identiﬁcation of these quantities
will be a crucial working hypothesis in this paper.
Let us begin with the physical BPS degeneracies. We recall the deﬁnition of protected spin characters from [68]. The Hilbert space of gauge
theory BPS states carries an action of SU (2)spin × SU (2)R where the ﬁrst
factor SU (2)spin ⊂ Spin(1, 3) is the little group of a massive particle in four
dimensions and the second is the R-symmetry group of the gauge theory. 5
The irreducible representations of this group will be denoted by (jspin , jR ) ∈
1
1
2 Z≥0 × 2 Z≥0 . Moreover, as a representation of SU (2)spin × SU (2)R the
Hilbert space has the form
HBP S  HHH ⊗ Hint
where HHH is the center-of-mass half-hypermultiplet and Hint is the Hilbert
space of internal quantum states of the BPS particles. As a representation of
SU (2)spin × SU (2)R HHH is (1/2, 0) ⊕ (0, 1/2). The low energy gauge group
is abelian and global gauge transformations act on HBP S . The decompositions into isotypical components deﬁnes the grading by the electromagnetic
charge lattice Γ. The space HHH is neutral under global gauge transformations so there is an induced grading
(2.53)

5

Hint  ⊕γ∈Γ Hint (γ).

The R-symmetry group of a theory is the group of global symmetries which
commutes with the Poincaré group but does not commute with the supersymmetries. In our case we normalize the R symmetry generators so that 2JR has weights
±1 on the supercharges.
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The spaces Hint (γ) depend in a piecewise constant manner6 on the order
parameters u of the Coulomb branch. The notation HBP S (γ; u), Hint (γ; u)
will be used whenever this dependence needs to be emphasized.
Let Jspin , JR be Cartan generators of SU (2)spin , SU (2)R normalized to
have half-integral weights. The protected spin character for unframed BPS
states is deﬁned in [68] as
(2.54)

TrHBP S (γ;u) (2Jspin )(−1)2Jspin (−y)2(Jspin +JR ) .

The key property of the protected spin character is that it is an index, a
result easily obtained from the representation theory of the N = 2 d = 4
supersymmetry algebra: Massive, i.e. non-BPS representations, do not contribute to this character. Now, the protected spin character can be written
as (y − y −1 )Ω(γ; u; y), where
(2.55)

Ω(γ; u; y) = TrHint (γ;u) y 2Jspin (−y)2JR .

Note that in situations where the SU (2)R symmetry is broken down to a
U (1)R R-symmetry we can still deﬁne the RHS of (2.55), although there is
no longer a good reason for it to be an index, in general.
Reference [68] stated a pair of conjectures concerning the protected spin
character, known as the positivity conjecture and the no-exotics conjecture.
These are meant to apply only to ﬁeld-theoretic (and not string-theoretic)
BPS states. The positivity conjecture asserts that Ω(γ; u, y), regarded as a
function of y, can be written as a positive integral linear combination of
SU (2) characters. That is:

(2.56)
Ω(γ; u, y) =
d(γ; u; n)χn (y)
n≥1

where
(2.57)

χn (y) := Trn y 2J =

y n − y −n
y − y −1

is the character in the n-dimensional representation of SU (2) and the d(γ; u;
n) are piecewise constant functions of u. The positivity conjecture states
that d(γ; u; n) ≥ 0 for all γ and all points u on the Coulomb branch. It
would follow if the center of SU (2)R acts trivially on Hint , i.e., that Hint
6

More formally, there is a piecewise deﬁned ﬂat connection on the piecewisedeﬁned bundle of BPS states over the moduli space.
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contains only integral spins. We will call this the integral spin property. It is
stronger than the positivity conjecture. The even stronger no-exotics conjecture posits that in fact only states with trivial SU (2)R quantum numbers
contribute to the protected spin character. When there are no exotics the
naive spin character coincides with the protected spin character. In Section 8
and also below we will discuss criteria for the absence of exotics, and also
string-theory examples where exotics are present.
Turning now to the mathematical perspective, one can deﬁne [106, 108]
motivic Donaldson-Thomas invariants for moduli spaces of stable objects in
the triangulated category G. Employing an algebraic stability condition (u)
at a point u ∈ CGalg , the invariant DT mot (γ, z(u), w(u)) is the virtual motive
of the moduli space of (z, w)-stable (Q, W )-modules with dimension vector
γ, taking values in an appropriate ring of motives. See Appendix B for the
minimal material on motives needed to follow the following discussion.
As explained in Appendix B, the Hodge type Donaldson-Thomas invariant
DT (γ; z, w; x, y) ∈ Q(x1/2 , y 1/2 )
is the image of DT mot (γ; z, w) under a homomorphism from the ring of
motives to the ring of Laurent polynomials Q(x1/2 , y 1/2 ). It can therefore be
written in the form
(2.58)

DT (γ, z, w; x, y) =


r,s∈

hr,s (γ; z, w)xr y s

1
Z
2

The coeﬃcients hr,s (γ, z, w) are by construction non-negative integers. Moreover, as explained below, physics arguments [52, 54] lead to the conjecture that they satisfy a duality relation, hr,s (γ; z, w) = h−r,−s (γ; z, w). As
observed in Appendix B, if the moduli space of (z, w)-stable quiver representations is a smooth projective variety M(γ, z, w) of complex dimension
m,
(2.59)

hr,s (γ; z, w) = hr+m/2,s+m/2 (M(γ; z, w))

where the latter are the standard Hodge numbers. (In particular, hr,s is only
nonzero for integral r, s when m is even and half-integral r, s when m is odd.)
In what follows we will be particularly concerned with the specialization:
(2.60)

DT (γ; z, w; y, y) =


r,s∈

1
Z
2

hr,s (γ; z, w)y r+s
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and it will also be useful to deﬁne
(2.61)

DT ref (γ; z, w; y) :=



(−1)r−s hr,s (γ; z, w)y 2r

r,s∈ 12 Z

We will refer to (2.61) as the reﬁned Donaldson-Thomas invariants. Note
that hr,s is nonzero only when r − s is integral, as observed at the end of
Appendix B.
Now let us turn to the relation between the physical and mathematical
counting functions. Our working hypothesis is, that when the moduli space
of BPS states is smooth we can identify
(2.62)

Hint (γ; u) ∼
= ⊕p,q H p,q (M(γ; z(u), w(u)))

Moreover, under this isomorphism the action of the spin group SU (2)spin
should be identiﬁed with the standard Lefschetz action on cohomology. Thus,
2Jspin acts on the (p, q)-graded piece as p + q − m. Furthermore, 2JR acts
with weight p − q on the (p, q)-graded piece. Granting these identiﬁcations
the protected spin character (2.55) becomes
(2.63)

Ω(γ; u; y) =



(−1)p−q y 2p−m hp,q (M(γ; z(u), w(u)))

p,q∈Z

for compact and smooth moduli spaces.
A historical remark might be clarifying to some readers at this point.
The identiﬁcation of spin SU (2) with Lefshetz SU (2) acting on cohomology
of BPS spaces goes back to Witten [135]. The specialized Hodge-polynomials
(2.60) were alleged in [52–54] to coincide with the un-protected spin character
TrHint (γ;z,w) y 2Jspin , even though the un-protected spin character is not an
index. Moreover, it was also proposed in [52] that 2JR acts as p − q, at
least when the moduli space of BPS states is smooth. In general we do
not expect to be able to compute unprotected quantities exactly. At special
loci there could be, for example, massive BPS multiplets saturating the
BPS bound, thus invalidating the identiﬁcation in (2.60). As we discuss in
Sections 7.5, 8 below the surprising successes of many computations based
on the spin character can be explained in some examples where the absence
of exotic BPS representations can be proven. However a notable exception
has been found in [44], where convincing evidence has been found for the
isomorphism (2.62) in the presence of exotic BPS states.
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What is the mathematical import of (2.63)? Recall that the χỹ -genus of
a smooth projective variety V is deﬁned by

(2.64)
χỹ (V ) :=
(−1)p+q ỹ p hp,q (V ).
p,q∈Z

Therefore
(2.65)


Ω(γ; u; y) = y −m χỹ (M(γ, z(u), w(u)))ỹ=y2

A natural extension of this claim is that

(2.66)
Ω(γ; u; y) =
(−1)r−s y 2r hr,s (γ; z(u), w(u))
r,s∈ 12 Z

for any charge γ and point u on the Coulomb branch, even when the moduli
spaces of BPS states are singular.
Comparing with (2.61) our extended conjecture (2.66) identiﬁes the protected spin character Ω(γ; u; y) with a reﬁned DT invariant. Granting this
identiﬁcation, the absence of exotics conjecture translates into the condition
hr,s (γ; z, w) = 0 for all r = s. If this holds,

(2.67)
Ω(γ; u; y) =
y 2r hr,r (γ; z(u), w(u))
r∈ 12 Z

If the moduli space is smooth we can further write:
(2.68)

Ω(γ; u; y) = y −m P (M(γ; z(u), w(u)); y 2 )

where P is the Poincaré polynomial.
Finally, note that the specialization of DT ref (γ, z, w; y) at y = (−1)
coincides with the specialization of DT (γ, z, w; y) at y = (−1), and equals
the numerical Donaldson-Thomas invariants DT (γ, z, w). Relation (2.66)
then implies that the numerical invariants DT (γ, z, w) are identiﬁed with
the BPS indices Ω(γ; u).

3. Field theory limit B
This section reviews the B-model formulation of the ﬁeld theory limit for
SU(2) gauge theory, following the earlier geometric engineering literature
[96, 98, 99, 101, 102]. Our main point here is to establish some results on
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periods and their analytic continuation from the large complex structure
point to the ﬁeld theory point so that we can check our no-walls conjecture (in section 4.2 below) in the B-model. Similar results for SU (2) were
obtained in [10, 54] employing slightly diﬀerent local Calabi-Yau models.
Here we will employ the local F2 model and focus on analytic continuation
of BPS central charges between LCS limit point and the ﬁeld theory scaling
region.
According to [86, 98, 99], the local mirror of the toric Calabi-Yau threefolds XN , N ≥ 2, is a family of conic bundles over (v, w) ∈ (C× )2 given by
(3.1)

P (v, w) = xy,

where (x, y) ∈ C2 . In terms of homogeneous coordinates (αi , β1 , β2 ) ∈
(C× )N +3 on the moduli space, the polynomial P (v, w) is given by
β2 
P (v, w) = β1 v +
αi w i .
+
v
N

(3.2)

i=0

The homogeneous parameters αi , β1 , β2 , 0 ≤ i ≤ N , are subject to a scaling
gauge symmetry
i

αi → λks s αi ,

N +1

β1 → λks s

β1 ,

N +2

β2 → λks s

β2 ,

0 ≤ i ≤ N + 2,

where {ks = (ksj )}, 1 ≤ s ≤ 3, 0 ≤ j ≤ N + 2, is an integral basis of the kernel of the charge matrix (Qaj ), a ≤ 1 ≤ N , 0 ≤ j ≤ N + 2, in (2.1). The gauge
invariant algebraic coordinates zi , i = 0, . . . , N − 1 on the moduli space are
given by
(3.3)

zi = αi−1 αi−2 αi+1 ,

1 ≤ i ≤ N − 1,

z0 = β1 β2 α0−2

since (αi , β1 , β2 ) all have weight one under the scaling gauge symmetry.
There is a unique (up to scaling) holomorphic three-form
Ω=

1
dxdwdv
y

on the conic bundles (3.1) whose periods Π satisfy the GKZ system
(3.4)
∂2
∂ ∂
∂2
∂
∂
Π=
Π,
1
≤
i
≤
N
−
1,
Π
=
Π.
∂αi−1 ∂αi+1
∂β1 ∂β2
∂αi2
∂α02
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Note that the mirror map is of the form
zi = e2π

√

√
−1(bi + −1ti )

near the LCS limit point, zi → 0, i = 0, . . . , N − 1. The ﬁeld theory limit is
a scaling limit of the form [98, 99]
z0 ∼

2N

,

zi ∼

0

,

i = 1, . . . , N − 1

which identiﬁes the curve P (v, w) = 0 with the Seiberg-Witten curve of pure
SU (N ) gauge theory. As shown below for N = 2, this is the B model counterpart of the scaling limit studied in Section 2.3 in terms of A-model variables.
In the case N = 2, corresponding to SU (2) gauge theory, the toric threefold X2 constructed in Section 2 is isomorphic to the total space of the anticanonical bundle of the Hirzebruch surface S1 = F2 . The Mori cone of X2 is
generated by the ﬁber class C1 and the section class Σ0 . The Mori vectors
are given by (2.1):
(1) = (1, −2, 1, 0, 0).

(0) = (−2, 0, 0, 1, 1),

Equation (3.3) gives us the two coordinates on the moduli space: z0 =
β1 β2 /α02 and z1 = α0 α1−2 α2 . The mirror map relates ln(zi ) ∼ 2πis̃i where
s̃0 , s̃1 are the special ﬂat coordinates on the complex Kähler moduli space
associated to the generators Σ0 , C1 respectively.
The Picard-Fuchs operators follow from (3.4) and are equal to:
L0 = θ02 − z0 (θ1 − 2θ0 )(θ1 − 2θ0 − 1),
L1 = θ1 (θ1 − 2θ0 ) − z1 2θ1 (2θ1 + 1).
with θi = zi ∂z∂ i . In the vicinity of the large complex structure limit |z0 |, |z1 | 
1, the periods can be obtained by introducing
(3.5)

Π(z0 , z1 ; r0 , r1 ) =

∞

n0 ,n1 =0

5

i=1 Γ(



z0n0 +r0 z1n1 +r1
(α)

.

α=0,1 i (nα + rα ) + 1)

and evaluating its derivatives with respect to ri at ri = 0, i = 0, 1, of (see e.g.
[40, 87]). The action of the Picard-Fuchs generator on Π(z1 , z2 ; r0 , r1 ) gives
a simpler function which vanishes upon taking derivatives with respect to
r0 , r1 and setting them to 0. Using Euler’s reﬂection formula Γ(1 − x) Γ(x) =
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the resulting expressions for the periods are:

(3.6)
Πc = Π(z0 , z1 ; r0 , r1 )|r0 =r1 =0 = 1,
∂
Π(z0 , z1 ; r0 , r1 )|r0 =r1 =0
2π −1 Π0 =
∂r0
∞

Γ(2m) m
= ln(z0 ) + 2
z ,
Γ(m + 1)2 0
m=1
√
∂
Π(z0 , z1 ; r0 , r1 )|r0 =r1 =0
2π −1 Π1 =
∂r1
∞

Γ(2m) m
z
= ln(z1 ) −
Γ(m + 1)2 0
√

m=1

∞


+2

m=0,n=1

Γ(2n)
zmzn,
Γ(−2m + n + 1) Γ(n + 1) Γ2 (m + 1) 0 1

√
(2π −1)2 ΠD
 2

∂2
∂
=
+
w0 (z0 , z1 ; r0 , r1 )|r1 =r2 =0
∂r12 ∂r0 ∂r1
∞

Γ(2m) m
= ln(z1 )2 + ln(z0 ) ln(z1 ) − ln(z0 )
z
Γ(m + 1)2 0
∞


+ 2 ln(z0 z12 )

m=0,n=1

−

2π 2

+4

3

−2
∞


∞

m=1

m=0,n=1

m=1

Γ(2n)
zmzn
Γ(−2m + n + 1) Γ(n + 1) Γ(m + 1)2 0 1

Γ(2m)
(ψ(2m) − ψ(m + 1)) z0m
Γ(m + 1)2

Γ(2n) (2ψ(2n) − ψ(m + 1) − ψ(n + 1)) m n
z z ,
Γ(−2m + n + 1) Γ(n + 1) Γ(m + 1)2 0 1

d
ln Γ(x) are the usual gamma and digamma funcwhere Γ(x) and ψ(x) = dx
tion. Physically, Πc is identiﬁed by mirror symmetry with the central charge
of a D0-brane on X2 , while Π0 and Π1 are identiﬁed with the central charges
of the D2-branes OC1 (−1), OΣ0 (−1) wrapping the ﬁber C1 , and the section Σ0 respectively. In Section 2.3 their K-theory charges were denoted by
Υ0 , Υ1 . Since Πc = 1, the ﬂat coordinates s̃i are given by

si = Πi ,

i = 0, 1.
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The fourth period s̃D = ΠD will be associated similarly to a D4-brane on
X2 , which will be identiﬁed once ΠD is expanded in terms of ﬂat coordinates
near the LCS limit point.
To determine the A-model instanton corrections one inverts the relations
for s̃0 and s̃1 . The series in z0 appearing in s̃0 can be summed up to an
elementary function:
(3.7)

F1 (z) =

∞

m=1
∞


Γ(2m)
zm
Γ(m + 1)2

Γ(m + 12 ) (4z)m
√
2 π Γ(m + 1) m
m=1

 z 
1
1
1
=2
dt − + √
4t 4t 1 − 4t
√
1
1
= − ln( 2 + 2 1 − 4z),

=

where for the second equal sign we used the duplication formula Γ(x) Γ(x +
∞
Γ(α+n)
1
1−2x √π Γ(2x), and for the third
tn = (1 − t)−α . Now
n=0 Γ(α)Γ(n+1)
2) = 2
√
one can easily verify the inverse relation q0 = exp(2π −1 s̃0 ):
z0 =

q0
.
(1 + q0 )2

Inverting the third Equation in (3.6) iteratively, one ﬁnds for the ﬁrst terms
of z1 :


1
2
2
+
q
−
4q
q
+
3q
q
−
2q
q
+
·
·
·
,
z1 = q 1
0
0 1
0 1
0 1
(1 + q1 )2
√
where q1 = exp(2π −1 s̃1 ). The · · · in the above formula denote higher
degree terms in q0 , q1 .
Substitution of these series in s̃D = ΠD gives the following form of the
A-model instanton series:
(3.8)

s̃D = s̃21 + s̃0 s̃1 +

1
−2 ∂ 
N (ni ) Li3 (q0n0 q1n1 ),
+
6 (2πi)3 ∂s̃1
n i ∈N


zk
where Lin (z) = ∞
n . The constant term arises from the trigamma
k=1
k
2
d2
function ψ1 (x) = dx2 ln Γ(x) evaluated at x = 1: ψ1 (1) = π6 . Using Equation (2.28), the polynomial part of the above equation identiﬁes
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s̃D = −Z(OS1 (KS1 /2)) = −Z(OS1 (−Σ0 − 2C1 ))
Up to sign this is the central charge of a D4-brane supported on the compact divisor S1  F2 , with Chan-Paton line bundle OS1 (−Σ0 − 2C1 ). In the
notation of Section 2.3 its K-theory class is given by
(3.9)

Λ1 = −[OS1 (−Σ0 − 2C1 )] = 2Υ1 .

Recall that ch2 (Υ1 ) = 0, hence this D4-brane has no induced D2-brane
charges. There is however an induced fractional D0-brane charge, equal to

 
1
ch3 (OS1 (−Σ0 − 2C1 )) + c2 (X2 )
24
S1

1
1
= χ(OS1 (−Σ0 − 2C1 )) −
c2 (X2 ) = ,
24 S2
6
using Equations (2.33).
The central charge Z(Γ, t) of a BPS D-brane with compact support will
be given by:

(3.10)
Z(Γ, t) = −rs̃D +
Q2,i s̃i − Q0 .
i=0,1

in terms of the D4-, D2-, and D0-brane charges (r, Q2,i , Q0 ).
Following [99], the B model ﬁeld theory limit is a scaling limit in a
neighborhood of a special point in the compactiﬁed complex structure moduli space of the family of curves (3.2). For the local F2 model, the special
point is the intersection point
z0 = 0,

z1 =

1
4

between the discriminant
(1 − 4z1 )2 − 64z0 z12 = 0
of the family (3.2) and the boundary divisor z0 = 0. The scaling limit is
deﬁned by


1
2π 2 2 u
(3.11)
z1 =
1+
,
z0 = 4 e4c0 ,
4
M0 2
where M0 is a ﬁducial ﬁxed scale and c0 an arbitrary constant as in Section 2.3, Equation (2.35). The scale M0 is related to the QCD scale Λ by
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Equation (2.36), which in this case reads
(3.12)

Λ=

2M0 2c0
e .
π

Then one can show as in [99] that the → 0 limit of the family of curves (3.2)
is the family of Seiberg-Witten curves of SU (2) gauge theory.
Our main goal is to show that the periods s1 , s̃D reproduce the weak
coupling gauge theory central charges of the W-boson and monopole, respectively a(u/Λ2 ) and aD (u/Λ2 ) in the → 0 limit. The weak coupling region
|u|
of the ﬁeld theory Coulomb branch is given by Λ
1. In this regime, Equa2
tions (3.11), (3.12) imply that the positive powers of z0 in the period expansions (3.6) yield subleading nonperturbative corrections in the → 0 limit.
Therefore in order to reproduce the leading weak coupling terms it suﬃces
to truncate the period expansions to the terms containing only powers of
z1 . Fortunately, the remaining series in z1 can be summed up to elementary
functions. For s̃1 the resulting series is F1 (z) in (3.7). For ΠD one ﬁnds the
series
(3.13)

F2 (z) =

∞

m=1

Γ(2m)
(2ψ(2m) − ψ(m + 1) − ψ(1)) z m ,
+ 1)

Γ2 (m

which is a bit harder to evaluate. We rewrite it as


∞

∂ 
Γ(2(m + r))

.
zm
F2 (z) =
∂r
Γ(m + r + 1)Γ(m + 1)Γ(r + 1) 
m=1
r=0


 z
Γ(r + 12 )
∂
1

r−1
r−1
√
=
4dt −(4t)
+ (4t)

∂r 2 π Γ(r + 1) z r
(1 − 4t)r+1/2 

.
r=0

After taking the derivatives to r, and performing the integral, F2 (z) can be
expressed as:
(3.14)

2
1
1 1√
1 − 4z − Li2 (4z)
+
2 2
2
√
1 1√
− Li2 ( −
1 − 4z) + 2 Li2 (1 − 1 − 4z).
2 2

1
F2 (z) = ln
2



In principle, one can also derive similar functions for the series multiplying
higher powers of z0 , but these expressions will not be needed in the following.
Having found these functions, we now study the behavior of the periods (3.6) in the ﬁeld theory limit → 0. Since the functions F1 (z1 ), F2 (z1 )
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√
depend on 1 − 4z1 , in addition to the change of variables (3.11), one has
to introduce a branch cut starting at z1 = 1/4 and choose a speciﬁc branch
of the square root. We will choose the branch
√

√
1 − 4z1 = −π −1

Then one ﬁnds the following small

√
M0

2u.

expansions:

π √
2u + O( 2 ),
M0



√
√
1 2
π
2π 2 2 u
2
− 2 + ln −
2u + O( 2 )
F2 (z1 ) = π + ln(2) − −1
2
6
M0
M0
F1 (z1 ) = ln(2) +

√

−1

where the second line follows from Li2 (0) = 0, Li2 ( 12 ) =
Li2 (1) = 16 π 2 . With these expansions one obtains:

1 2
12 π

− 12 ln(2)2 , and

s̃c = 1,
2
s̃0 = √
ln( ) + O( 0 ),
π −1
√
s̃1 =
2u + O( 2 ),
M0
√
 


8π 2 u
−1 √
2u ln −
− 2c0 − 2 + O( 2 ).
s̃D =
M0 π
M02
Now recall that the ratio M0 / is the string theory scale Ms , which is
sent to ∞ as → 0. Then the period expansions (3.15) imply that the central
charges Ms s̃c , Ms s̃0 are divergent in the → 0 limit, while Ms s̃1 has a ﬁnite
limit
√
lim Ms s̃1 = 2u + · · · = 2a1 (u)
→0

where · · · are higher order terms in the weak coupling expansion parameter
u/Λ2 . This expression is in agreement with the Coulomb branch ﬂat coordinate a(u) deﬁned in [125] and diﬀers by a factor of 2 from the normalization
chosen in [126]. The same ﬂat coordinate was denoted by a1 in Section 2.3,
Equation (2.35).
√
Moreover, choosing the branch ln(−u) = −π −1 + ln(u) for the logarithm, the last expression in (3.15) shows that Ms s̃D also has a ﬁnite → 0
limit,
√




√
−1 √
2 u
2u −π −1 + ln 8π
− 2c0 − 2 + · · ·
lim Ms s̃D =
→0
π
M02
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Rewriting this expression in terms of the ﬂat Coulomb branch coordinate a1
yields
√

 


a1
1
−1
ln 2π
− c 0 − 1 a1 + · · ·
lim Ms s̃D = 2
+
→0
2
π
M0
By comparison with Equation (2.44) in Section 2.3, it follows that
lim Ms s̃D = 2 lim Z pv (Υ1 ) = 2aD
1 ,

→0

→0

as expected from the K-theory relation Λ1 = 2Υ1 . As observed in Equation (2.45) the dual period aD
1 is derived from a gauge theory prepotential
with classical coupling constant
√
1
−1
τ0 = +
(c0 + 2 ln 2 − 3/2),
2
π
These expressions are in agreement with [126] up to the classical τ0 dependent terms.
The BPS particles of SU (2) ﬁeld theory correspond to those BPS Dbranes whose central charges are ﬁnite in the → 0 limit, taking into account
the scaling α = 2 /Λ2 , in Section 2.3. Thus we deduce from Equations (3.10)
and (3.15) that only bound states of D4-branes and D2-branes with K-theory
charges
−rΛ1 + Q2,1 Υ1
survive in the ﬁeld theory limit, the other charges being inﬁnitely massive.
Indeed the central charge in the ﬁeld theory is
(3.15)

Z((nm , ne ), u) = nm aD
1 (u) + ne a1 (u),

and comparing with (3.10) gives nm = r, and ne = 2Q2,1 .

4. Large radius stability and the weak coupling
BPS spectrum
The main goal of the present section is to formulate a precise conjectural
relation between large radius supersymmetric D-brane conﬁgurations and
the gauge theory BPS spectrum. Since the ﬁeld theory scaling region is far
from the large radius limit, such a correspondence will necessarily involve
parallel transport of the BPS spectrum. As explained below Fig. 1 in the
introduction, in this process one has to take into account possible marginal
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stability walls separating these two regions. Therefore, our no walls conjecture will claim the existence of a suitable path connecting the the large
radius limit point to the ﬁeld theory region which avoids all possible walls
of marginal stability. A consequence of the no walls conjecture is a complete
geometric construction for the weak coupling BPS spectrum of the gauge
theory.
A strong argument for the no walls conjecture is provided in Section 4.2
for SU (2) gauge theory. Further evidence is presented in Sections 4.4 and 5
by explicit computations of BP S degeneracies in SU (3) gauge theory.
4.1. Large radius stability
In this section it will be assumed that geometric Bridgeland stability conditions on Db (XN ) exist and have a large radius behavior
similar to the
√
ones constructed in [15, 29]. More precisely, let B + −1ω be a ﬁxed complex Kähler class, and γ ∈ Kc0 (XN ) a K-theory class with compact support.
Suppose γ belongs to the eﬀective cone i.e. it is the K-theory class of a
sheaf. Then it will be assumed that for each γ there exists λ ∈ R>0 suﬃciently large such that any object F of Db (XN ) with
√ [F ] = γ is geometrically Bridgeland (semi)stable with respect to B + −1λω if and only if it is
an (ω, B) Gieseker (semi)stable sheaf7 . Consequently we can deﬁne a large
radius BPS spectrum.
Granting the above assumptions, this subsection will be focused on basic
properties of such sheaves on the toric threefolds XN . Recall that the large
radius central charge for any sheaf F with compact support on XN is


(4.1)

Z(ω,B) (F ) = −

e−(B+

√

−1ω)

ch(F )

Td(XN ).

XN

Note that any sheaf F with compact support mustbe a torsion sheaf with
−1
set theoretic support contained in the divisor S = N
i=1 Si . Therefore
(2)

(0)

Z(λω,B) (F ) = Z(ω,B) (F )λ2 + Z(ω,B) (F ) +

7

√

(1)

−1λZ(ω,B) (F )

If there were a uniform bound for all γ then Bridgeland stability would coincide
with (ω, B) stability. But we do not expect this to be the case.
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Z(ω,B) (F ) =
(2)
Z(ω,B) (F )
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XN

ω 2 ch1 (F )

(ωch2 (F ) − ωBch1 (F ))


1
(0)
ch3 (F ) + ch1 (F )Td2 (X)
Z(ω,B) (F ) = −
2
XN
XN



If F has support of dimension two, ch1 (F ) is a nontrivial eﬀective divisor
(2)
class, hence Z(ω,B) (F ) = 0. In this case one can deﬁne
(1)

(4.2)

μ(ω,B) (F ) =

Z(ω,B) (F )
(2)

Z(ω,B) (F )

(0)

,

ν(ω,B) (F ) =

Z(ω,B) (F )
(2)

.

Z(ω,B) (F )

Gieseker (semi)stability with respect to the pair (ω, B) is deﬁned by the
conditions
(4.3)

μ(ω,B) (F  ) (≤) μ(ω,B) (F )

for any proper nontrivial subsheaf 0 ⊂ F  ⊂ F , and
(4.4)

ν(ω,B) (F  ) (≤) ν(ω,B) (F )

if the slope inequality (4.3) is saturated. For simplicity (ω, B) Gieseker stability will be called (ω, B)-stability in the following. One can also deﬁne
twisted (ω, B)-slope stability imposing only condition (4.3). It is easy to
check that the following implications hold
(ω, B)−slope stable ⇒ (ω, B)−stable
⇒ (ω, B)−semistable
⇒ (ω, B)−slope semistable.
Moreover, if the numerical invariants and (ω, B) are suﬃciently generic there
are no strictly semistable objects and the two notions of stability coincide.
Finally, note that the main properties of (ω, B) stability conditions are analogous to those of standard Gieseker or slope stability conditions. That is, all
the standard ﬁltrations exist and there exist projective or quasi-projective
moduli spaces of such objects. For completeness note that the numerical
invariants of F can be written as

1120

W.-y. Chuang et al.

(4.5)
ch0 (F ) = 0,

ch1 (F ) =

N
−1


mi Si ,

ch2 (F ) = pΣ0 +

i=1

N
−1


ni C i ,

χ(F ) = n,

i=1

where mi , ni , p, n ∈ Z with mi ≥ 0, i = 1, . . . , N − 1. It is easy to check that
ch1 (F )2 is always even, hence ch2 (F ) is integral. Using Equations (2.18)
and (2.19), the holomorphic Euler character of a sheaf F on X N with compact two dimensional support is given by
χ(F ) =

2


(−1)k dimH k (XN , F ).

k=0

We conclude the remaining part of this subsection with some technical
results on (ω, B)-slope semistable sheaves on XN . It will be shown that
any (ω, B)-slope semistable sheaf F with compact support of dimension
two must be the extension by zero of a sheaf on the reduced divisor S =

N −1
i=1 Si . Such sheaves will be called scheme theoretic supported on S. From
a physical point of view, these are D-brane bound states supported on S
where the vacuum expectation value of the Higgs ﬁeld parameterizing normal
ﬂuctuations within XN is trivial. Note that in general this might not be the
case since multiple D-branes supported on S may have nontrivial nilpotent
Higgs ﬁeld expectation values [55]. Moreover, the moduli stack of (ω, B)slope semistable sheaves will be shown to be smooth.
In order to prove the ﬁrst claim, note that S is the zero locus of the
section
N
−1

s=
xi ∈ H 0 (XN , OXN (S)).
i=1

A sheaf F is scheme theoretically supported on S if and only if the morphism
F

φs

/ F (S)

determined by multiplication by s is identically zero. Below we show that
this must be the case for an (ω, B)-slope semistable pure dimension two
sheaf with set theoretic support on S.
Suppose φs is not identically zero, and let I = Im(φs ) ⊂ F (S), G =
Ker(φs ) ⊂ F . Obviously there is an exact sequence
0→G→F →I→0
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which remains exact under multiplication by any line bundle. In particular
there is also an exact sequence
0 → G(−S) → F (−S) → I(−S) → 0
where I(−S) ⊂ F . Note that φs cannot be an isomorphism since F and
F (S) have diﬀerent Chern classes. Hence the inclusion I(−S) ⊂ F is strict.
Moreover, since F is set theoretically supported on S, G cannot be trivial.
Since φs = 0 by assumption, G ⊂ F is strict as well. Then the (ω, B)-slope
semistability condition yields the inequalities
μ(ω,B) (G) ≤ μ(ω,B) (F ),

μ(ω,B) (I(−S)) ≤ μ(ω,B) (F ).

Using the above exact sequences and expressions (4.2), a straightforward
computation shows that these inequalities yield

ωch1 (I)S ≥ 0.
XN

 −1 

However, ch1 (I) = N
i=1 mi Si for some mi ∈ Z≥0 , i = 1, . . . , N − 1, since I
must be pure dimension two supported on S. Using the intersection products
(Si · Sj )XN = Σi δj,i+1 + Σi−1 δj,i−1 − (Σi−1 + Σi + 2Ci )δj,i
for 1 ≤ i, j ≤ N − 1, one ﬁnds


XN

ωch1 (I)S = −m1


Σ0

ω − mN −1


ω−2
ΣN −1

N
−1

i=1

mi


ω.
Ci

Since ω is a Kähler class, it follows that

ωch1 (I)S ≤ 0
XN

and equality holds if and only if all mi = 0. This leads to a contradiction
unless I is the zero sheaf, which proves the claim.
This result implies that the moduli stacks of (ω, B)-slope semistable
sheaves are smooth. Since any such sheaf F is scheme theoretically supported
on S, it suﬃces to prove that Ext2S (F, F ) = 0. This follows using the fact
that Serre duality holds on S since S is a divisor in XN , and the dualizing
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sheaf is given by the adjunction formula
ωS  OS (S).

(4.6)
Then one has an isomorphism

Ext2S (F, F )  Ext0S (F, F (S))∨
for any coherent OS -module F . Moreover it is straightforward to check by
a slope calculation as above that
(4.7)

μ(ω,B) (F (S)) < μ(ω,B) (F ).

Since F is assumed (ω, B)-slope semistable, this implies that Ext0S (F, F (S))
= 0, hence Ext2S (F, F ) = 0 as well. In order to prove the last claim, note that
if F is (ω, B)-slope semistable then F (S) has the same property. Suppose
φ : F → F (S) is a nontrivial morphism. Then
μ(ω,B) (F ) ≤ μ(ω,B) (Im(φ)) ≤ μ(ω,B) (F (S)),
contradicting inequality (4.7).
4.2. An example: SU (2) gauge theory
As an example, in this section we will analyze the large radius BPS spectrum
for the N = 2 geometry and explain its relation to the SU (2) gauge theory
spectrum. An important point is that a priori one does not expect a oneto-one correspondence between large radius and ﬁeld theory BPS states,
because the ﬁeld theory limit involves analytic continuation in the complex
Kähler moduli space as explained in detail in Section 3. Hence these two
regions of the moduli space could be in principle separated by marginal
stability walls, leading to a complicated relation between the two spectra.
As also claimed in [54], it will be shown here for N = 2 that such walls are
absent for all ﬁnite mass BPS states in the ﬁeld theory limit.
It was shown in Sections 2.3, 3 that only K-theory charges of the form
(4.8)

Υr,Q = −rΛ1 + QΥ1

can support ﬁnite mass BP S states in the ﬁeld theory limit, where
Υ1 = [OC1 (−1)],

Λ1 = −[OS1 (−Σ0 − 2C1 )],
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and r, Q ∈ Z. They correspond to the W -boson and anti-monopole charge
respectively.
As explained in Section 4.1, in the large radius limit, such a charge Υr,Q
supports BPS states only if there exists at least one Gieseker semistable
stable sheaf F on X2 with [F ] = Υr,Q . In particular, r ≥ 0. According to
Section 4.1, any such sheaf must be the extension by zero of a Gieseker
semistable stable sheaf E on S1 = F2 with numerical invariants
(4.9)

ch0 (E) = r,

ch1 (E) = −rΣ0 + (Q − 2r)C1 ,

χ(E) = 0.

For r = 0 such a sheaf is semistable if and only if E = OC1 (−1)⊕Q , Q ≥ 0,
where C1 is a ﬁber of S1 = F2 . For Q = 1 the moduli space of stable sheaves
is isomorphic to P1 , and the protected spin character,
Ω(Υ0,1 ; y) = y + y −1 .
These BPS states have the quantum numbers of a massive W -boson. If
Q > 1, all semistable objects are isomorphic to direct sums E = OC1 (−1)⊕Q ,
which implies that there are no Q > 1 bound states.
For r > 0, E must be a torsion free Gieseker semistable sheaf on S1 . For
simplicity suppose the charge vector is primitive such that E must be automatically stable. Then a standard argument shows that its endomorphism
ring is
Ext0S1 (E, E)  C.
Moreover, as shown in the last paragraph of Section 4.1,
Ext2S1 (E, E) = 0.
Then the moduli space of stable sheaves is smooth, and its dimension follows
from the Riemann-Roch theorem

1
dimExtS1 (E, E) = 1 −
ch(E ∨ ⊗S1 E)Td(S1 )
S
1

(r2 − ch1 (E)2 + 2rch2 (E))Td(S1 ).
=1−
S1

Equations (4.9) imply

ch1 (E)2 = 2r(r − Q),
S1

1
ch2 (E) = χ(E) −
ch1 (E)c1 (S) − rχ(OS1 ) = r − Q.
2 S1
S1
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Therefore
dimExt1S1 (E, E) = 1 − r2
for any value of Q ∈ Z. A nonempty moduli space is obtained only for r = 1,
in which case E is a line bundle, E  OS1 (−Σ0 + (Q − 2)C1 ). The moduli
space is just a point and the protected spin character
Ω(Υ1,Q ; y) = 1.
These states have the quantum numbers and degeneracies of weak coupling
dyons with magnetic charge 1. In conclusion the large radius BPS spectrum
coincides with the weak coupling spectrum of SU (2) gauge theory, at least
for primitive charge vectors. More involved computations [110] show that at
large radius there are no BPS states with non-primitive charge vector r > 1,
in agreement with the gauge theory BPS spectrum.
An important conceptual point is that the one-to-one correspondence
between large radius and gauge theory BPS states is not expected on general
grounds. In principle the BPS spectrum could jump at marginal stability
walls between large radius and the ﬁeld theory scaling region. Making a
ﬁniteness assumption, we will show below that for any charge Υr,Q with
ﬁnite mass in the ﬁeld theory limit, there exists a path starting arbitrarily
close to the LCS point (z0 , z1 ) = (0, 0) and ending arbitrarily close to the
center (z0 , z1 ) = (0, 1/4) of the ﬁeld theory scaling region, such that the BPS
degeneracy of Υr,Q is constant along γu .
We ﬁrst construct an open path γu in the complex structure moduli
space for any point u = −|u|eiθ in the weak coupling region of the Coulomb
branch such that |u/M02 |
1 and 0 < θ  1. Such a path is determined by
Equations (3.11),


1
2π 2 2 u
1+
,
z0 = 4 e4c0 ,
z1 =
4
M0 2
where u, M0 , c0 are constant and
(4.10)

0< <

M0
π

2|u|

is a parameter along the trajectory. Note that the upper end of the interval
(4.10) may be made arbitrarily small by taking |u|/M02 suﬃciently large,
which means u suﬃciently close to the semiclassical singular point on the
Coulomb branch. Therefore by making a suitable choice of u both z0 and z1
will be arbitrarily close to the LCS values (z1 , z0 ) = (0, 0) when approaches
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the upper end of the interval. At the lower end the values of (z0 , z1 ) approach
the center of the ﬁeld theory scaling region, (z0 , z1 ) = (0, 1/4). The absolute
values and phases of the periods (3.6) are plotted below for a concrete choice
of such a trajectory. In practice we will consider a closed path parameterized
by ξ ≤ ≤ (1 − ξ)M0 /π 2|u| with ξ > 0 a very small positive number. For
example ξ = 10−4 .

Figure 3: The magnitudes of the periods Πc , Πi and ΠD along the trajectory
from the large volume limit to the ﬁeld theory limit, for 2π 2 u/M02 = −104 ,
c0 = 1 and ξ = 10−4 .
In particular, the phases of the periods Πc , Π0 , Π1 , ΠD are almost constant
on the trajectory γu , and approximatively equal to
(4.11)

π π
0, , , π
2 2

respectively. Moreover, numerical computations show that the maximum
values of
|arg(ΠD ) + arg(Πc ) − π|,

|arg(Π0 ) − arg(Π1 )|,

|Π1 |/|Π0 |

over the trajectory can be made arbitrarily small by increasing |u|/M02 .
Now, starting at the upper end of the interval, suppose the ﬁrst wall
of marginal stability for a BPS state of charge Υr,Q encountered along the
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Figure 4: The arguments of the periods Πc , Πi and ΠD along the trajectory
from the large volume limit to the ﬁeld theory limit, for 2π 2 u/M02 = −104 ,
c0 = 1 and ξ = 10−4 .
trajectory γu corresponds to some decomposition
(4.12) Υr,Q =

n


Υi ,

Υi = ri Λ1 + si Υ0 + Qi Υ1 + qi [Op ],

1 ≤ i ≤ n,

i=1

ri , Qi , si , qi ∈ Z such that the central charge Z(Υr,Q ) is aligned with all central charges Z(Υi ). Recall that under the current assumptions Υr,Q must
have ﬁnite central charge in the ﬁeld theory limit, hence either r = 0 and
|Q| = 1 or r = 1 and Q ∈ Z arbitrary.
Then there exist positive real numbers λi ∈ R>0 such that
ri ΠD + si Π0 + Qi Π1 + qi = λi (rΠD + QΠ1 )
for all 1 ≤ i ≤ n at any point on the marginal stability wall. Given the above
behavior of the phases of Πc , Π0 , Π1 , ΠD along a path γu , by taking |u|/M02
suﬃciently large, it follows that
(4.13)

si Π0 + (Qi − λi Q)Π1 = 0,

(ri − λi r)ΠD + qi = 0

for all 1 ≤ i ≤ n at the intersection point with the wall. Since the ratio
|Π1 |/|Π0 | can be made arbitrarily small by a suitable choice of |u|/M02
1,
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it follows that
(4.14)

si = 0,

Qi = λ i Q


for all 1 ≤ i ≤ n. Since λi > 0, n ≥ 2 and ni=1 Qi = Q, this rules out the
case r = 0, Q = ±1. Therefore in order for such an intersection point to exist
one must have r = 1 and Q ∈ Z.
Next we show that if Q = 0 the BPS degeneracy of the charge Υr,Q does
not jump across a wall of the form (4.12). If Q = 0, Equation (4.14) implies
that Qi = 0 for all 1 ≤ i ≤ n. The symplectic pairing of any two K-theory
classes Υi , Υj with si = sj = 0 is
Υi , Υj  = 2(rj Qi − ri Qj ).
Hence if Qi = Qj = 0 the charges are orthogonal. Since this holds in this
case for any pair of charges Υi , Υj , the Kontsevich-Soibelman wallcrossing
formula implies that the BPS degeneracy does not jump across such a wall.
This holds for reﬁned BPS degeneracies as well.
Finally, suppose r = 1 and Q = 0. Then Equations (4.13), (4.14) imply
(ri Q − Qi )ΠD + qi = 0
at the intersection point for all 1 ≤ i ≤ n. However ΠD is locally a holomorphic function, after choosing appropriate branch cuts. Hence for given
(r, Qi , qi ), the equations (ri Q − Qi )ΠD + qi = 0 can hold at most on a complex codimension one locus in the moduli space. Therefore there will exist a
smooth local deformation γ̃u of the path γu in an arbitrarily small tubular
neighborhood of the marginal stability wall avoiding the subspace (ri Q −
Qi )ΠD + qi = 0, 1 ≤ i ≤ n. The above argument implies that such a perturbation cannot intersect the wall.
The above argument applies to any marginal stability wall of the form
(4.12), with the caveat that the required lower bound on |u|2 /M02 will depend
on the wall. Therefore, if the number of possible marginal stability walls of
the form (4.12) is ﬁnite, one can ﬁnd a uniform lower bound on |u|2 /M02 such
that the argument applies simultaneously to all the walls. In this case, for
1, there will exist a smooth small deformation
suﬃciently large |u|/M02
γ̃u of the path γu such that the BPS degeneracy of charge Υr,Q is constant
along γ̃u .
Motivated by this example we will formulate next an absence of walls
conjecture for all values of N ≥ 2.
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4.3. Limit weak coupling spectrum and absence of walls

Summarizing the facts, there are two distinct scaling limits of Kähler parameters, the ﬁeld theory limit in Section 2.3, and the large radius limit in Section 4.1. The basic idea of the absence of walls conjecture is that these two
limits commute in an appropriate sense, as far as the BPS spectrum is concerned. The goal of this section is to cast this idea in a precise mathematical
form.
First we deﬁne the limit weak coupling BPS spectrum in gauge theory
by analogy with the large radius limit spectrum in string theory. Suppose
a = (ai ) as deﬁned in Section 2.3 is a ﬁxed point on the Coulomb branch
within the radius of convergence of the semiclassical expansion such that
Im(ai ) > 0,

1 ≤ i ≤ N − 1.

In this section the units will be chosen such that Λ = 1, hence the ai are
dimensionless. Let τ0 , Im(τ0 ) > 0, be a ﬁxed complex number in the upper
half plane. The limit weak coupling spectrum will be deﬁned as the large λ
limit of the BPS spectrum at points of the form
√
ai (λ) = Re(ai ) + λ −1Im(ai ),

λ ∈ R>0 ,

on the Coulomb branch in a gauge theory with tree level coupling
√
τ0 (λ) = Re(τ0 ) + λ −1Im(τ0 ).
In order to justify the existence of such a limit, note that the leading terms
in the large λ expansion of the dual periods aD
i derived from the prepotential
(2.45) are
2
(aD
i )λ = − N Im(τ0 )λ

N
−1


C−1
ij Im(aj )

j=1
N
−1
N
−1



−1
+ N λ −1 Re(τ0 )
Cij Im(aj ) + Im(τ0 )
C−1
ij Re(aj ) + · · ·

√

j=1

j=1

The subleading terms are of order λ ln λ for the real part and ln λ for the
imaginary part. The leading terms in the expansion of the stability parameters (2.51) are
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⎛

N
−1


zi,λ = ⎝
(4.15)

⎛

⎞

√
⎠
Cij (aD
j )λ − λ(i + 1) −1Im(ai )

j=1

wi,λ = ⎝−
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N
−1


⎞

√

⎠
Cij (aD
j )λ + λi −1Im(ai )

j=1

Equations (4.15) determine a linear function on the charge lattice Γ  K 0 (G)
whose λ-dependence is of the form:
√
(2)
(1)
Z(τ0 ,a,λ) = λ2 Z(τ0 ,a) + λ −1Z(τ0 ,a) : Γ → C.
Recall that G ⊂ Db (XN ) is the triangulated subcategory spanned by the
fractional branes (Pi , Qi ), 1 ≤ i ≤ N − 1. The abelian category of (Q, W )modules is the heart of a t-structure on G and its K-theory is isomorphic
to Γ. The same will hold for any quiver with potential (Q , W  ) related
to (Q, W ) by a ﬁnite sequence of mutations. Namely the K-theory of the
abelian category of (Q , W  )-modules will be isomorphic to Γ. Let Γ(Q ,W  ) ⊂
Γ be the cone spanned by the simple representations of (Q , W  ) in the charge
lattice. In order to deﬁne the limit weak coupling spectrum we will make
the following assumption:
For suﬃciently generic (τ0 , a) there exists λ0 > 0, depending on (τ0 , a),
a quiver with potential (Q, W )(τ0 ,a) , mutation equivalent to (Q, W ), and σ ∈
(1)
{−1, 1} such that σZ(τ0 ,a,λ) takes positive values on Γ(Q,W )(τ0 ,a) \ {0}.
Granting this assumption, for any suﬃciently generic (τ0 , a) there is a
slope function
(2)

(4.16)

μ(τ0 ,a) : Γ → C,

μ(τ0 ,a) (γ) = −

Z(τ0 ,a) (γ)
(1)

Z(τ0 ,a) (γ)

(2)

Z(τ0 ,a) (γ)

= −σ  (1)

Z

(γ)
(τ0 ,a)

Since the denominator takes positive values on the eﬀective cone, this yields
a well-deﬁned stability condition for (Q , W  )-modules. A representation ρ
of the quiver with potential (Q , W  ) with dimension vector γ will be called
μ(τ0 ,a) -(semi)stable if
μ(τ0 ,a) (γ  ) (≤) μ(τ0 ,a) (γ)
for any nontrivial proper subrepresentation 0 ⊂ ρ ⊂ ρ with dimension vector
γ  . The moduli space of μ(τ0 ,a) -semistable representations of (Q , W  ) with
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ﬁxed charge γ will be denoted by Mgauge
(τ0 ,a) (γ). This moduli space deﬁnes
the limit weak coupling spectrum. More precisely, the limit protected spin
characters Ωgauge
(τ0 ,a) (γ; y) are identiﬁed as explained in Section 2.5 with reﬁned
counting invariants of these moduli spaces.
As a concrete example, note that
√
(1)
+ λ −1zi
√
(2)
(1)
= λ2 wi + λ −1wi
(2)

zi,λ = λ2 zi
wi,λ
where
(2)

= −N Im(τ0 )Im(ai )

zi
(4.17)

(1)
zi
(2)
wi
(1)
wi

= N Re(τ0 )Im(ai ) + N Im(τ0 )Re(ai ) − (i + 1)Im(ai )
= N Im(τ0 )Im(ai )
= −N Re(τ0 )Im(ai ) − N Im(τ0 )Re(ai ) + iIm(ai )

for 1 ≤ i ≤ N − 1. Next note that
(1)

zi

< 0,

(1)

wi

< 0,

1≤i≤N −1

if the inequalities
(4.18)

0 < N Re(τ0 )Im(ai ) + Im(τ0 )Re(ai ) − iIm(ai ) < Im(ai )

hold for all 1 ≤ i ≤ N − 1. Therefore the main assumption formulated above
holds in this case with σ = −1 if a belongs to the wedge (4.18).
The absence of walls conjecture will be formulated as an identiﬁcation
between the limit weak coupling spectrum deﬁned above and the limit large
radius deﬁned in Section 4.1 spectrum in a speciﬁc (ω, B)-stability chamber
to be deﬁned below.
Recall that the complex Kähler class was written as
B+

√

−1ω = (b0 +

√

−1t0 )H +

N
−1


(bi +

√

−1ti )Di

i=1

√
√
where si = bi + −1ti , i = 0, . . . , N − 1, are the periods of B + −1ω on
the Mori cone generators Σ0 , Ci , i = 1, . . . , N − 1. The ﬁeld theory limit was
deﬁned in Section 2.3 by setting
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(4.19)
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√
√
−N
(c0 + ln ) −1,
b0 + t0 −1 =
π
√
ai
bi + −1ti =
M0

for 1 ≤ i ≤ N − 1, with 0 < < e−c0 , and keeping the leading terms of the
central charge (4.1) in the small expansion. Since Λ has been set to 1,
Equation (2.36) yields
M0 = 2π (2ec0 )−N/(N −1)
The parameter c0 > 0 is related to the ﬁeld theory
the equation
√

1
−1 c0 + N ln 2
(4.20)
τ0 = +
−
2
π
N −1

coupling constant τ0 by
3
2



obtained from (2.45). This has led to the conclusion that ﬁnite mass BPS
states in this limit must be objects of the subcategory G ⊂ Db (XN ) generated by the fractional branes (Pi , Qi )1≤i≤N −1 .
b (X ) deﬁned
Now note that G is identiﬁed with the subcategory of Dcpt
N
by the orthogonality conditions
(4.21)

RHomXN (OXN (aH), F ) = 0,

a = 0, 1.

This follows from the expression (2.9) of the tilting functor:
N

F → RHomXN (T, F ),

(Li ⊕ Mi ).

T =
i=1

For each 1 ≤ i ≤ N , the complexes of vector spaces RHomXN (Li , F ),
RHomXN (Mi , F ) are quasi-isomorphic to
H k (XN , L−1
i ⊗XN F )[−k],
k∈Z

H k (XN , M−1
i ⊗XN F )[−k].
k∈Z

Then RHomXN (T, F ) is a complex ρF of (Q, W)-modules such that the k-th
term of the complex ρkF has underlying vector spaces
H k (XN , L−1
i ⊗XN F ),

H k (XN , M−1
i ⊗ XN F )
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respectively at the nodes pi , qi , 1 ≤ i ≤ N . Therefore, for a sheaf F satisfying
conditions (4.21), all ρkF have trivial vector spaces at the nodes (pN , qN ). This
implies that ρF belongs to the subcategory spanned by the fractional branes
(Pi , Qi ), 1 ≤ i ≤ N − 1.
Next note that any compactly supported sheaf F satisfying conditions
(4.21) must have numerical invariants

(4.22) ch0 (F ) = 0,

ch1 (F ) =

N
−1


mi S i ,

ch2 (F ) =

i=1

N
−1


ni C i ,

χ(F ) = 0,

i=1

where mi , ni , ∈ Z with mi ≥ 0, i = 1, . . . , N − 1. If F has two dimensional
support, ch1 (F ) = 0, hence the mi , i = 1, . . . , N − 1 cannot all be zero. In
comparison with (4.5), note that the invariants p, n in (4.5) must vanish.
Finally, note that the following result holds by a standard boundedness
argument which will be omitted.
For ﬁxed (c0 , ai ) and a ﬁxed eﬀective K-theory class γ ∈ K0 (G) there
exists 0 < 0 < e−c0 depending on (c0 , ai ; γ) such that the moduli space of
(ω, B)-semistable sheaves F with K-theory class [F ] = γ is constant (as a
scheme) and independent of , for 0 < < 0 .
Let Mstring
limit of the moduli space of (ω, B)(τ0 ,a) (γ) denote the small
semistable sheaves with K-theory class γ = [F ]. For classes of the form γ =
string
−[F ], with a compactly supported sheaf, let Mstring
(τ0 ,a) (γ) = M(τ0 ,a) (−γ). If γ
is not of the form ±[F ] with F a sheaf with compact support, by convention,
string
Mstring
(τ0 ,a) (γ) will be empty. Similarly, let Ω(τ0 ,a) (γ; y), denote the small limit
of the corresponding protected spin characters. We extend the assignment
γ → Ωstring
(τ0 ,a) (γ; y)
to a function on the whole K-theory lattice K 0 (G), setting
Ωstring
(τ0 ,a) (γ; y)
⎧
string
⎪
⎪ Ω(τ0 ,a) (γ; y),
⎨
=
Ωstring
(τ0 ,a) (−γ; y),
⎪
⎪
⎩
0,

if γ = [F ] for some compactly supported sheaf F,
if γ = −[F ] for some compactly supported sheaf F,
otherwise.

Finally, the absence of walls conjecture states that:
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For a given charge vector γ ∈ Γ, there is a one-to-one correspondence
(4.23)




Pγ : C gauge (γ)} −→ C string (γ)

between quiver stability chambers C gauge (γ) with respect to μ(τ0 ,a) -stability
and geometric stability chambers C string (γ) with respect to small (ω, B)stability such that there is an isomorphism of moduli spaces
(4.24)

string
Mgauge
C gauge (γ) (γ)  MPγ (C gauge (γ)) (γ)

and relation of the form
(4.25)

string
Ωgauge
C gauge (γ) (γ; y) = ΩPγ (C gauge (γ)) (γ; y)

for any chamber C gauge (γ).
Recall that the stability chambers C gauge (γ) are subsets of the universal
cover of the Coulomb branch. Similarly, the chambers C string (γ) are subsets of the universal cover of the complex Kähler moduli space, which is
parameterized by (ω, B) in a neighborhood of the large radius limit.
As a ﬁrst consistency check of this conjecture, note that a priori the limit
moduli spaces Mstring
(τ0 ,a) (γ) might include (ω, B)-semistable sheaves F which
do not belong to the subcategory G. The orthogonality conditions (4.21) are
equivalent to the vanishing results
(4.26)

H k (XN , F (−aH)) = 0,

k = 0, 1, 2,

a = 0, 1.

Any semistable sheaf F with K-theory class [F ] ∈ K 0 (G) satisﬁes
(4.27)

0 = χ(F (−aH)) =

2


(−1)k dimH k (XN , F (−aH)),

k=0

where the ﬁrst equality follows because K 0 (G) is generated by the K-theory
classes [Pi ], [Qi ], 1 ≤ i ≤ N − 1, and χ(Pi ) = χ(Qi ) = 0, 1 ≤ i ≤ N − 1. (See
Equation (2.15) above.) However, the dimensions of the cohomology groups
can be nontrivial. In fact, the dimensions of these groups are expected to
jump as F moves in the moduli space. Hence a priori the orthogonality
conditions (4.21) are not guaranteed to hold throughout the moduli space
even for classes γ ∈ K 0 (G). The following result proves that they do in fact
hold at all points of the limit moduli spaces Mstring
(τ0 ,a) (γ).
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For ﬁxed parameters ai , i = 0, . . . , N − 1 satisfying
(4.28)

Re(ai ) = 0,

i = 1, . . . , N − 1

Im(ai ) > 0,

and ﬁxed mi , ni ∈ Z, there exists 0 < 1 < 1 such that for all 0 < < 1 ,
any (ω, B)-semistable sheaf F with numerical invariants (4.22) satisﬁes
conditions (4.21). In particular all such objects belong to the subcategory
G ⊂ Db (XN ).
In order to prove this statement, recall that any pure dimension two
(ω, B)-semistable sheaf F with compact support must be scheme theoretically supported on S. This implies
H k (XN , F (−aH))  H k (S, F (−aH))
for all k, a. Therefore the required vanishing results for k = 0 follow if one
can prove that
HomS (OS (aH), F )  HomXN (OS (aH), F ),
with a = 0, 1, vanishes. Moreover note that Serre duality holds on S since
S ⊂ XN is a divisor, and the dualizing sheaf is given by the adjunction
formula
ωS  OS (S).
Hence
H 2 (S, F (−aH))  Ext2S (OS (aH), F )  Ext0S (F, OS (aH + S))∨
 Ext0XN (F, OS (aH + S))∨ ,
where the last isomorphism holds because both F and OS (aH + S) are
extensions by zero of sheaves on S. Then the vanishing results for k = 2 also
follow if one can prove that
HomXN (F, OS (aH + S)) = 0,

a = 0, 1.

If the vanishing results (4.26) hold for k = 0, 2, then Equation (4.27) implies
that they must also hold for k = 1.
In conclusion it suﬃces to prove that
(4.29)
HomXN (OS (aH), F ) = 0,
HomXN (F, OS (S + aH)) = 0,
a = 0, 1,
for any (ω, B)-semistable sheaf F , provided that

> 0 is suﬃciently small.
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To explain the main idea of the proof, note that given any nontrivial
morphism φ : OS (aH) → F , the image subsheaf Im(φ) ⊂ F must satisfy the
stability condition
μ(ω,B) (Im(φ)) ≤ μ(ω,B) (F ).
At the same time Im(φ) is a nontrivial quotient of OS (aH). Below we will
show that for suﬃciently small > 0 any nontrivial quotient of OS (aH)
violates the above slope inequality. This implies that there cannot exist
nontrivial morphisms φ : OS (aH) → F . The argument for the second vanishing result in (4.29) is similar. Given any nontrivial morphism ψ : F →
OS (aH + S), its image Im(ψ) is simultaneously a quotient of F and a subsheaf of OS (aH + S). In particular it must satisfy
μ(ω,B) (Im(ψ)) ≥ μ(ω,B) (F ).
We will show below that this yields a contradiction for suﬃciently small
> 0.
To this end, using Equations (2.32),(4.2), (4.19) and (4.22), the leading
term of the slope μ(ω,B) (F ) in the small expansion is

N −1

i=1
μ(ω,B) (F ) ∼ − N
−1

(4.30)

i=1

mi Re(ai )
mi Im(ai )

.

Next note that
ch1 (OS (aH)) =

N
−1


Si ,

ch2 (OS (aH)) = Σ0 +

i=1

ch1 (OS (S + aH)) =

N
−1


(i + 1 + a)Ci

i=1
N
−1


Si , ch2 (OS (S + aH)) = −Σ0 −

i=1

N
−1


(i + 1 − a)Ci .

i=1

Moreover any pure dimension two quotient OS  G must be the structure
sheaf, G  OZ , of a closed subscheme Z ⊆ S. Since S is a reduced divisor
deﬁned by the equation
N
−1

xi = 0
i=1

any such subscheme will be a reduced divisor Sj1 ,...,jk deﬁned by an equation
of the form
k

xij = 0
j=1
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for some subset {j1 , . . . , jk } ⊂ 1, . . . , N − 1. A straightforward computation
shows that
k

ch1 (OSj1 ,...,jk ) =
Si j ,
j=1

and
ch2 (OSj1 ,...,jk ) = p(j1 , . . . , jk )Σ0 +

N
−1


ni (j1 , . . . , jk )Ci

i=1

where p(j1 , . . . , jk ) is the number of connected components of Sj1 ,...,jk .
In order to prove the last statement, note that
ch(OSj1 ,...,jk ) = 1 − e−Sj1 ,...,jk
since Sj1 ,...,jk is a divisor. Hence
ch2 (OSj1 ,...,jk ) = −

1
Sj ,...,j
2 1 k

2

=−

1 c
Sj1 ,...,jk
2

2

where the sum is over the connected components of Sj1 ,...,jk . Therefore it
2
suﬃces to compute Sj1 ,...,jk assuming Sj1 ,...,jk is connected. This implies
that j1 , . . . , jk must be consecutive integers in the set {1, . . . , N − 1} up to
a permutation. Without loss of generality one can assume ji+1 = ji + 1 for
all 1 ≤ i ≤ k − 1. Then, using the linear relation
Sj1 ,...,jk =

jk


Sj ,

j=j1

and the intersection products
⎧
Σi ,
⎪
⎪
⎨
Σj ,
(Si · Sj )XN =
−Σ
⎪
i−1 − Σi − 2Ci ,
⎪
⎩
0,

for j = i + 1
for i = j + 1
for i = j,
otherwise

one obtains
Sj1 ,...,jk

2

=

jk


(Sj ) + 2

j=j1

=−

2

jk

j=j1

j
k −1

(Sj · Sj+1 )

j=j1 +1

(Σj−1 + Σj + 2Cj ) + 2

j
k −1
j=j1 +1

Σj
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By convention, the sum from j1 + 1 to jk − 1 in the above equations is 0 if
j1 + 1 > jk − 1. Using the relations Σj = Σj−1 + 2jCj recursively, it follows
that
2
Sj1 ,...,jk = −2Σ0 + · · ·
where · · · is a linear combination of ﬁber classes Cj . This proves the claim.
The coeﬃcients ni (j1 , . . . , jk ) can be computed but explicit expressions
are not needed in the following. The essential fact is that p(j1 , . . . , jk ) ≥ 1
for any nonempty subset {j1 , . . . , jk }. Twisting by OXN (S), it follows that
ch1 (OSj1 ,...,jk (S)) =

k


Si j ,

j=1

and
ch2 (OSj1 ,...,jk (S)) = ch2 (OSj1 ,...,jk ) + (S · Sj1 ,...,jk )XN
= (p̃(j1 , . . . , jk ) − p(j1 , . . . , jk ))Σ0 +

N
−1


ñi (j1 , . . . , jk )Ci

i=1

where p̃j1 ...,jk is the number of connected components of the intersection
Sj1 ,...,jk ∩ (S \ Sj1 ,...,jk ). Since S is a linear chain of divisors, it is straightforward to check that
p̃(j1 , . . . , jk ) − p(j1 , . . . , jk ) ≥ 0
This implies that the kernel K(j1 , . . . jk ) = Ker(OS (S)  OSj1 ,...,jk (S)) has
second Chern character
ch2 (K(j1 , . . . , jk )) = q(j1 , . . . , jk )Σ0 −

N
−1


(i + 1 − ñi (j1 , . . . , jk ))Ci

i=1

with q(j1 , . . . , jk ) < 0. In conclusion any quotient of OS (aH) must be of the
form OSj1 ,...,jk (aH) and the leading term of its (ω, B)-slope is
(4.31)

μ(ω,B) (OSj1 ,...,jk (aH)) ∼

M0 p(j1 , . . . , jk )
k
j=1 Im(ajk )

p(j1 , . . . , jk ) ≥ 1.

Any nontrivial subsheaf of OS (S + aH) must be of the form K(j1 , . . . ,
jk )(aH) and the leading term of its (ω, B)-slope is
(4.32)
M0 q(j1 , . . . , jk )
μ(ω,B) (K(j1 , . . . , jk )(aH)) ∼
,
q(j1 , . . . , jk ) ≤ −1.
k
j=1 Im(ajk )
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Therefore
μ(ω,B) (K(j1 , . . . , jk )(aH)) < μ(ω,B) (F ) < μ(ω,B) (OSj1 ,...,jk (aH))
for suﬃciently small 0 <  1. Moreover, given the numerical invariants
(4.22), F cannot be isomorphic to a quotient of OS (aH) or to a subobject
of OS (S + aH). As explained below Equation (4.29), the above inequalities lead to a contradiction for suﬃciently small 0 < < 0 . Since there
are ﬁnitely many subsets {j1 , . . . , jk } ⊂ {1, . . . , N − 1}, the upper bound 0
depends only on ai , mi , i = 1, . . . , N − 1.
Since the presentation has been so far fairly general, it may be helpful to
study some examples in detail. The simplest example is N = 2, which was
discussed in detail in Section 4.2. For N = 3, the moduli spaces of stable
sheaves in the ﬁeld theory region are very complicated for arbitrary numerical invariants (m1 , m2 ). However, the case (m1 , m2 ) = (1, 1) is tractable and
will be treated next.
4.4. SU (3) spectrum with magnetic charges (1, 1)
Using the results of Sections 4.1 and 4.3, any (ω, B)-semistable sheaf F must
be scheme theoretically supported on the reduced divisor S = S1 + S2 and
have numerical invariants
ch1 (F ) = m1 S1 + m2 S2 ,

ch2 (F ) = n1 C1 + n2 C2 ,

χ(F ) = 0.

The K-theory class of such a sheaf will be denoted by γ(m1 , m2 , n1 , n2 ) ∈
Γ  K 0 (G). The symplectic pairing of two K-theory classes γ(m1 , m2 , n1 , n2 ),
γ(m1 , m2 , n1 , n2 ) is given by
(4.33)

γ(m1 , m2 , n1 , n2 ), γ(m1 , m2 , n1 , n2 )

= m1 (n2 − 2n1 ) + m2 (n1 − 2n2 ) − m1 (n2 − 2n1 ) − m2 (n1 − 2n2 ).

Suppose F is such a sheaf with (m1 , m2 ) = (0, 0). Then there is an exact
sequence
(4.34)

0 → F 1 → F → F2 → 0

uniquely determined by F , with F1 , F2 pure dimension two sheaves with
scheme theoretic support on S1 , S2 respectively. Recall that S1  F2 , S2 
F4 . Note that F2 is the quotient of F ⊗X3 OS2 by its maximal dimension
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subsheaf of dimension at most one, and F1 the kernel of the resulting projection F  F2 . Recall that ⊗X3 denotes the tensor product of OX3 -modules.
Obviously,
ch1 (F1 ) = m1 S1 ,

ch1 (F2 ) = m2 S2 ,

and
ch2 (F1 ) = −pΣ1 + n1 C1 ,

ch2 (F2 ) = pΣ1 + n2 C2

with p ∈ Z.
By analogy with [51, Lemma 2.6], the adjunction formula yields an isomorphism
(4.35)

Ext1X3 (F2 , F1 )  HomS2 (F2 , F1 ⊗X3 OS2 (S2 )).

Therefore there is a one to one correspondence between extension classes
e ∈ Ext1X3 (F2 , F1 ) and morphisms φe : F2 → F1 ⊗X3 OS2 (S2 ). Moreover, this
correspondence is functorial. This implies that given any subsheaf F2 ⊆ F2 ,
the class e is in the kernel of the natural map
Ext1X3 (F2 , F1 ) → Ext1X3 (F2 , F1 )
if and only if F2 ⊆ Ker(φe ). In particular there is a commutative diagram
with exact rows and columns
(4.36)

0


F2

0

/ F1
1

0


/ F1

0
1


/ F2


/F


/ F2

/0


/ F1


/I

/0



0



0

where F2 = Ker(φe ) and I = Im(φe ). A slightly more involved argument
analogous to [51, Lemma 2.8] shows that F1 must be pure of dimension two.
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Since I is a subsheaf of F1 ⊗X3 OS2 (S2 ), which is dimension one, supported
on Σ1 ,
ch2 (I) = qΣ1
for some q ∈ Z, 0 ≤ q ≤ m1 . This implies that
ch2 (F1 ) = (q − p)Σ1 + n1 C1 ,

ch2 (F2 ) = (p − q)Σ1 + n2 C2 .

For future reference note that completely analogous considerations apply to
the middle vertical column in diagram (4.36). Namely there is an isomorphism
Ext1X3 (F1 , F2 )  HomS1 (F1 , F2 ⊗X3 OS1 (S1 )).

(4.37)

Hence the associated extension class e corresponds to a morphism φe : F2 →
 Then a standard diagram
F1 ⊗X3 OS1 (S1 ) whose image will be denoted by I.
chasing argument using the snake lemma proves that I  I.
Next recall that in the ﬁeld theory limit
(4.38)
√
√
√
−3
ai
b0 + t0 −1 =
bi + −1ti =
,
i = 1, 2,
(c0 + ln( /2)) −1,
π
M0
with 0 < < e−c0 , and
M0 = 2π (2ec0 )−3/2
since Λ has been set to 1. Moreover, c0 is related to the ﬁeld theory coupling
constant τ0 by
√


1
−1 c0 + 3 ln 2 3
.
τ0 = +
−
2
π
2
2
Note that ti > 0, hence Im(ai ) > 0, for i = 1, 2. The coupling constant τ0
must belong to the upper half-plane, hence
c0 > 3(1 − ln 2).
In addition, we will also work in the wedge (4.18) on the Coulomb branch,
which specializes to


(4.39)

3
i−
2



Im(ai )
< Re(ai ) <
Im(τ0 )



1
i−
2



Im(ai )
,
Im(τ0 )

i = 1, 2.
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The (ω, B)-slopes have a small
μ(ω,B) (F1 ) ∼ −

expansion of the form
p

M0
Re(a1 )
−
,
m1 Im(a1 ) Im(a1 )

(p − q)
μ(ω,B) (F2 ) ∼
μ(ω,B) (F ) ∼ −
Then, taking the small
conditions
(4.40)
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M0
Re(a2 )
−
,
m2 Im(a2 ) Im(a2 )

m1 Re(a1 ) + m2 Re(a2 )
.
m1 Im(a1 ) + m2 Im(a2 )

limit with (τ0 , ai ) ﬁxed the necessary semistability

μ(ω,B) (F1 ) ≤ μ(ω,B) (F ),

μ(ω,B) (F2 ) ≤ μ(ω,B) (F )

yield
0 ≤ p ≤ q.
By construction we also have q ≤ m1 as explained above. Therefore p, q must
satisfy the constraints
(4.41)

0 ≤ p ≤ q ≤ m1

This is as far as we can go for arbitrary magnetic charges (m1 , m2 ).
Now suppose m1 = m2 = 1 and a1 , a2 generic, such that
Re(ai ) = 0,

i = 1, 2.

In order to determine the moduli space, note that the sheaves Fi in (4.34)
must be extensions by zero of rank one torsion free sheaves Ei on the smooth
divisors Si , i = 1, 2. Any such sheaf must be a twisted ideal sheaf i.e. Ei =
Ji ⊗ Li , where Li are line bundles and Ji ideal sheaves of zero dimensional
subschemes Zi ⊂ Si for i = 1, 2. Then there are exact sequences of OSi modules
0 → Ei → Li → OZi → 0
for i = 1, 2. As χ(F ) = 0 by assumption, it follows that
(4.42)

χ(L1 ) + χ(L2 ) − χ(OZ1 ) − χ(OZ2 ) = 0.

The Grothendieck-Riemann-Roch theorem for the closed immersions Si →
X3 yields
ch1 (L1 ) = −(p + 1)Σ1 + n1 C1 ,

ch1 (L2 ) = (p − 1)Σ1 + (n2 − 3)C2 .
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Since S1 , S2 are rational, these relations uniquely determine
L1  OS1 (−(p + 1)Σ1 + n1 C1 ),

L2  OS2 ((p − 1)Σ1 + (n2 − 3)C2 ).

Then the Riemann-Roch theorem yields
χ(L1 ) = p2 − pn1 ,

χ(L2 ) = −2p2 + pn2 .

Hence relation (4.42) is equivalent to
−p2 + p(n2 − n1 ) − χ(OZ1 ) − χ(OZ2 ) = 0.
Since Z1 , Z2 are zero dimensional, this yields in particular
(4.43)

p(n2 − n1 − p) = χ(OZ1 ) + χ(OZ2 ) ≥ 0.

Analogous considerations apply to the middle exact column in diagram
(4.36). The sheaves Fi , i = 1, 2 must be extensions by zero of rank one torsion
i on Si , i = 1, 2, with
free sheaves E

1 ) = (q − p − 1)Σ1 + n1 C1 ,
ch1 (E

2 ) = (p − q − 1)Σ1 + (n2 − 3)C2 .
ch1 (E

i  L
 i ⊗Si Ji , where L
 i are line bundles on Si and Ji ideal sheaves
Again, E
i ⊂ Si , i = 1, 2. In complete analogy with
of zero dimensional subschemes Z
(4.43), the following must hold
(4.44)

(q − p)(n1 − n2 − (q − p)) = χ(OZ1 ) + χ(OZ2 ) ≥ 0.

Now note that inequalities (4.41) yield the following cases
(i) p = 0, q = 1,
(ii) p = 1, q = 1,
(iii) p = 0, q = 0.
The moduli space is determined as follows in each case.
(i) Since p = 0 inequality (4.43) implies that Z1 , Z2 are empty. Therefore
Ei = Li , i = 1, 2. The necessary conditions (4.40) yield
Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) < 0.
Since m1 = m2 = 1 these conditions are also suﬃcient provided that the
extension class e is nonzero. This means that the extension group Ext1X3 (F2 , F1 )
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must have dimension at least 1. The isomorphism (4.35) implies that
Ext1X3 (F2 , F1 )  HomS2 (L2 , L1 ⊗S1 OΣ1 (S2 ))  H 0 (OP1 (n1 − n2 − 1)).
Therefore n1 ≥ n2 + 1. The moduli space in this case is isomorphic to the
projective space Pn1 −n2 −1 and the BPS degeneracies in this chamber are
−(n1 −n2 −1)
Ωstring
Py (Pn1 −n2 −1 ).
(τ0 ,a) (γ(1, 1, n1 , n2 ); y) = y

Here Py (Pn1 −n2 −1 ) denotes the Poincaré polynomial of the projective space.
The cohomology is an irreducible SL(2, C) representation of highest weight
n1 − n2 − 1. Moreover, the Hodge numbers are hr,s (Pn1 −n2 −1 ) = δr,s with
0 ≤ r, s ≤ n1 − n2 − 1. Therefore, according to Section 2.5, each of these
states has spin jspin = n1 −n2 2 −1 and trivial R-charge.
1 , Z2 are trivial,
(ii) Since p = q = 1, inequalities (4.44) imply that Z


hence Ei = Li , i = 1, 2. Again, necessary and suﬃcient stability conditions
are
Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) > 0,
the extension class e being required to be nonzero. Then the extension group
Ext1X3 (F1 , F2 ) must have dimension at least 1. Using the isomorphism (4.37),

1 , L
 2 ⊗S2 OΣ1 )  H 0 (OP1 (n2 − n1 + 2(q − p) − 1)).
HomS1 (L
Therefore n2 ≥ n1 + 1. The moduli space in this case is isomorphic to
Pn2 −n1 −1 and the BPS degeneracies in this chamber are
−(n2 −n1 −1)
Ωstring
Py (Pn2 −n1 −1 ).
(τ0 ,a) (γ(1, 1, n1 , n2 ); y) = y

Again, each of these states has spin jspin = n2 −n2 1 −1 and trivial R-charge.
(iii) Since p = q = 0, inequalities (4.43), (4.44) imply that Z1 , Z2 , as well
1 , Z2 are trivial. Hence Ei = Li and E
i = L
 i , i = 1, 2. This implies that
as Z
the sheaf I in diagram (4.36) must be either pure dimension one or zero.
Since q = 0, I has to be zero, which implies that the extension class e is
trivial. Then E is isomorphic to the direct sum F1 ⊕ F2 , which cannot be
stable for generic Kähler parameters. Therefore in this case the moduli space
is empty for generic a1 , a2 .
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In conclusion the ﬁeld theory region is divided in this case in two stability
chambers separated by the wall
(4.45)

Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) = 0.

The BPS spectrum with magnetic charges (m1 , m2 ) = (1, 1) and arbitrary
electric charges (n1 , n2 ) is of type (i) for Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) < 0
and type (ii) for Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) > 0.
The above results will be compared with similar computations based on
algebraic stability conditions in the Section 4. They can also be compared
with semiclassical analysis of BPS states based on zeromodes of suitable
Dirac-like operators on the moduli spaces of monopoles in R3 . There is nice
agreement with the results of [71, 133].

5. The SU (3) quiver at weak coupling
The main goal of this section is to conﬁrm the large radius results for large
radius SU (3) BPS states with (m1 , m2 ) = (1, 1) by a direct analysis of moduli spaces of quiver representations. As a byproduct of this approach similar
results will be derived for magnetic charges (1, m), m ∈ Z>0 .
5.1. General considerations
A representation ρ of the N = 3 truncated quiver (Q, W ) is a diagram of
the form
(5.1)

WO 2

//

c2
d2

VO 2

r1
a1

b1
s1


W1 t

c1
d1

//

V1

where Vi , Wi , i = 1, 2 are ﬁnite dimensional vector spaces. Using the notation
introduced in Section 2.4, the dimensions of Vi , Wi , i = 1, 2 will be denoted
by8
dim(Vi ) = di ,
8

dim(Wi ) = ei ,

i = 1, 2.

Note that the same notation is used for the dimension of V1 and the arrow d1
in the quiver path algebra. The distinction will be clear from the context.
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Using Equation (7.9), the symplectic pairing on the K-theory lattice is
(5.2)

[ρ], [ρ ] =2(d1 e1 − d1 e1 ) + 2(d2 e2 − d2 e2 ) + 2(e1 d2 − e1 d2 )
+ (d2 d1 − d1 d2 ) + (e2 e1 − e1 e2 ).

Abusing notation, the linear maps ρ have been denoted by the same
symbols as the corresponding arrows of the quiver diagram. The meaning
will be clear from the context. The potential (2.11) yields the relations
r1 a1 = 0,
(5.3)

s1 a1 = 0,

b1 r1 = 0,

c1 r1 + d1 s1 = 0,

r1 c2 + s1 d2 = 0

a1 c1 − c2 b1 = 0,

a1 d1 − d2 b1 = 0.

b1 s1 = 0

A very useful observation is that the horizontal rows of the above quiver
representation are Kronecker modules
ρi :

ci
di

Wi

//

Vi ,

i = 1, 2.

Some basic facts on such modules, their homological algebra and HarderNarasimhan ﬁltrations are summarized for completeness in Appendix C. In
particular Equations (C.1), (C.2) imply that the linear space of solutions
(a1 , b1 ) to the relations
a1 c1 − c2 b1 = 0,

a1 d 1 − d 2 b1 = 0

is isomorphic to the space of morphisms Ext0K (ρ1 , ρ2 ), while the linear space
of solutions (r1 , s1 ) to the relations
c1 r1 + d1 s1 = 0,

r1 c2 + s1 d2 = 0

is isomorphic to the dual vector space Ext1K (ρ1 , ρ2 )∨ , where K denotes the
abelian category of Kronecker modules. In conclusion there is a one-to-one
correspondence between representations ρ of the quiver with potential (5.1)
and data
(5.4)

(ρ1 , ρ2 ),

(a1 , b1 ) ∈ Ext0K (ρ1 , ρ2 ),

(r1 , s1 ) ∈ Ext1K (ρ1 , ρ2 )∨

satisfying the remaining relations
(5.5)

r1 a1 = 0,

s1 a1 = 0,

b1 r1 = 0,

b1 s1 = 0.
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For future reference note also the isomorphisms of extension groups
(5.6)
Ext1(Q,W ) (ρ1 , ρ2 )  Ext0K (ρ1 , ρ2 ),
Ext1(Q,W ) (ρ2 , ρ1 )  Ext1K (ρ1 , ρ2 )∨ ,
(5.7)
Extk(Q,W ) (ρ1 , ρ1 )  ExtkK (ρ1 , ρ1 ),

Extk(Q,W ) (ρ2 , ρ2 )  ExtkK (ρ2 , ρ2 )∨ ,

where k = 0, 1. On the left hand side of the above equations, ρ1 , ρ2 are
representations of the SU (3) quiver (Q, W ) with V2 = W2 = 0, respectively
V1 = W1 = 0. In the right hand side, they are just Kronecker modules. The
ﬁrst is proven in Appendix D, Equations (D.6) and (D.8). The proof of the
second is similar, the details being left to reader.
Finally, note that in this section we will use the algebraic stability conditions constructed in Section 2.4, taking the stability parameters (zi , wi ) as
in Equation (2.49).
5.2. W -bosons
According to the ﬁeld theory limit discussed in Section 2.3, at weak coupling the massive W -bosons are bound states of D2-branes wrapping the
ﬁbers of the compact divisors S1 , S2 . The goal of this section is to identify
the corresponding quiver representations and the region in the parameter
space of stability conditions (θ, η) = (θi , ηi ) where such bound states are
stable. Recall that the parameters (θ, η) were introduced in Section 2.4,
Equation (2.49).
First note that the tilting functor (2.9) maps any compactly supported
complex F with numerical invariants
ch1 (F ) =

N
−1


mi S i ,

i=1

ch2 (F ) =

N
−1


ni C i ,

χ(F ) = 0

i=1

to a complex of representations with dimension vector
(5.8)

di = ni − imi ,

ei = ni − (i + 1)mi ,

1 ≤ i ≤ N − 1.

In particular, an object with mi = 0 will be mapped to a complex of representations with di = ei = ni for 1 ≤ i ≤ N − 1.
The massive W -bosons corresponding to the simple roots α1 , α2 are D2branes of the form OC1 (−1), OC2 (−1) in the derived category which ﬁt in
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exact triangles
Pi [−2] → OCi (−1) → Qi [−2],

i = 1, 2,

where Pi , Qi are supported on the divisor Si , i = 1, 2. Therefore the tilting
functor (2.9) maps OCi (−1) to ρi [−2], where ρi , i = 1, 2, are (Q, W )-modules
of dimension vectors (di , ei ) = (1, 0, 1, 0), respectively (di , ei ) = (0, 1, 0, 1).
Note that the fractional branes Qi are not to be confused with the Kronecker
modules Qn introduced in Appendix C.
In addition the W boson corresponding to the positive root α1 + α2
is a D2-brane wrapping a reducible vertical curve with components C1 , C2
meeting at a point. The corresponding object in the derived category is
OC (−1), where C is a complete intersection curve of the form S ∩ H. The
tilting functor maps OC (−1) to representation ρ[−1], where ρ is a (Q, W )module of dimension vector (1, 1, 1, 1). Using standard results on Kronecker
modules, as reviewed in Appendix C, the representations ρ1 , ρ2 are (θ, η)stable if and only if conditions
(5.9)

θ i < ηi ,

i = 1, 2.

If conditions (5.9) are satisﬁed ρi are isomorphic to Kronecker modules of
the form Rpi , pi ∈ P1 , i = 1, 2 given in Appendix C. In each case, the moduli
space of stable representations is isomorphic to P1 , and the BPS degeneracy
(−2), as expected.
For representations ρ with dimension vector (1, 1, 1, 1) note that the
relations (5.3) imply that r1 , s1 must be zero if a1 or b1 is nonzero, and
a1 , b1 are zero if r1 or s1 are nonzero. Therefore, using the isomorphisms
(5.6), such a representation must be either an extension
(5.10)

0 → ρ1 → ρ → ρ2 → 0

or
(5.11)

0 → ρ2 → ρ → ρ1 → 0

in the abelian category of SU (3) quiver representations, where ρ1 , ρ2 are representations with dimension vectors (1, 0, 1, 0), (0, 1, 0, 1) respectively. Note
that ρ1 , ρ2 are identiﬁed at the same time with Kronecker modules of dimension vector (1, 1). As explained in Appendix C, any such Kronecker module
is either of the form Rp , p ∈ P1 , or a direct sum of simple modules. Using
relations (5.3) and isomorphisms (5.6), it follows that ρ is stable only if
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ρ1  ρ2  Rp for some p ∈ P1 . Then the space of stability conditions (θ, η)
satisfying (5.9) is divided into two regions as follows.
The ﬁrst region consists of stability parameters satisfying
(5.12)

θ i < ηi ,

i = 1, 2,

η1 + θ 1 < η 2 + θ 2

In this case all nontrivial extensions of the form (5.10) are stable and all
extensions of the form (5.11) are unstable. Since Ext1K (Rp , Rp )  δp,p C,
one obtains a nontrivial extension in (5.10) only if ρ1  ρ2  Rp for some
p ∈ P1 . Moreover, for each p ∈ P1 there is a a unique nontrivial extension
of the form (5.10) up to isomorphism. Therefore the moduli space of stable
extensions is again isomorphic to P1 . Using the correspondence explained in
Section 2.5, we obtain a spin 12 multiplet with trivial R-charge, as expected.
The second region is deﬁned by
(5.13)

θ i < ηi ,

i = 1, 2,

η1 + θ 1 > η 2 + θ 2

In this case all nontrivial extensions of the form (5.11) are stable and all
extensions of the form (5.10) are unstable. The moduli space of stable extensions is again isomorphic to P1 , hence we obtain again a spin 12 multiplet
with trivial R-charge.
In conclusion, if inequalities (5.9) are satisﬁed, the BPS spectrum contains three massive W bosons with electric charges α1 , α2 , α1 + α2 and degeneracy (−2). However, the W boson with electric charges (2, 2) is realized as
a bound state of the ﬁrst two in two diﬀerent ways corresponding to two
regions separated by a marginal stability wall. The moduli space is isomorphic to P1 on both sides of the wall but it parameterizes diﬀerent extensions
of the form (5.10), (5.11) in the two regions.
5.3. Moduli spaces and stability chambers for
magnetic charges (1, m)
5.3.1. Magnetic charges (1, 1). This is the case studied in detail in Section 4.4 at large radius, where BPS conﬁgurations are (ω, B)-stable sheaves
F with Chern character
ch(F ) = S1 + S2 + n1 C1 + n2 C2 .
It is straightforward to check that if
(5.14)

ni ≥ (i + 1)mi ,

i = 1, 2,
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the tilting functor will map a sheaf F to a one-term complex ρ[−1], where
ρ is a representation of the quiver (5.1) with dimension vector
(5.15)

di = ni − imi ,

ei = ni − (i + 1)mi ,

i = 1, 2.

This will be assumed in the following, as well as m1 = m2 = 1, ei ≥ 1 for i =
1, 2. Special cases where e1 = 0 or e2 = 0 can be easily treated analogously.
Note that if inequalities (5.14) are not satisﬁed, the tilting functor will
map the sheaf F with (m1 , m2 ) = (1, 1) to an object of the form ρ[−2] where
ρ is a representation with dimension vector
d i = i − ni ,

ei = i + 1 − ni .

The stability analysis is similar and will be left to the reader.
Let (θ, η) = (θi , ηi )1≤i≤2 , be King stability parameters for (Q, W )modules of numerical type (5.15). Therefore (θi , ηi )1≤i≤2 satisfy the linear
relations
2


(5.16)

(di θi + ei ηi ) = 0

i=1

in R4 . At the end of Section 2.4 such stability parameters were denoted
by (θ̄i , η̄i )1≤i≤2 in order to emphasize the diﬀerence with respect to more
general stability parameters not satisfying Equations (5.16). In this section
all stability parameters will be assumed to satisfy Equations (5.16), hence
this notational distinction will not be necessary.
As shown in Appendix C.2, if
(5.17)

ηi > 0,

|θi | < |ηi |,

θi < 0,

i = 1, 2,

the Kronecker modules ρi , i = 1, 2, of any (θ, η)-semistable module ρ must
be of the form
(5.18)

⊕r

i
ρi  ⊕hj=1
Qki,ji,j ,

i = 1, 2

for some integers hi ≥ 1, ki,j ≥ 0, ri,j ≥ 1 such that
ki,1 > ki,2 > · · · > ki,hi ≥ 0.
Since di − ei = 1, i = 1, 2, for magnetic charges (m1 , m2 ) = (1, 1), the decomposition (5.18) must reduce to
ρi  Qei ,

i = 1, 2.
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Hence (a1 , b1 ) ∈ Ext0K (Qe1 , Qe2 ) and (r1 , s1 ) ∈ Ext1K (Qe1 , Qe2 )∨ . However, as
explained in Appendix C.1, below Equation (C.7), in this case the maps
(a1 , b1 ), respectively (r1 , s1 ) must be simultaneously injective or trivial. Then
relations (5.5) imply that either (a1 , b1 ) or (r1 , s1 ) must be trivial. Therefore,
using the isomorphisms (5.6), one obtains two cases
(i) (r1 , s1 ) = 0 and ρ is an extension of the form
(5.19)

0 → ρ2 → ρ → ρ 1 → 0

in the abelian category of (Q, W )-modules with extension class determined by (a1 , b1 ). Note that such an extension is trivial unless e2 ≥ e1
i.e n2 ≥ n1 + 1.
(ii) (a1 , b1 ) = 0 and ρ is an extension of the form
(5.20)

0 → ρ1 → ρ → ρ 2 → 0

in the abelian category of (Q, W )-modules with extension class determined by (r1 , s1 ). Note that such an extension is trivial unless e1 ≥
e2 + 1 i.e n1 ≥ n2 + 1.
Suppose the stability parameters (θ, η), satisfy
(5.21)

di θi + ei ηi = 0,

i = 1, 2,

in addition to (5.17), and are otherwise generic. Given the linear relation
(5.16), these equations determine a real codimension one wall in the hyperplane (5.16). Since θi < 0 < ηi , i = 1, 2 by assumption, each module ρi is
(θi , ηi )-stable of slope zero for i = 1, 2. Therefore all extensions of the form
(5.19) or (5.20) (including the trivial ones) are (θ, η)-semistable on the wall
(5.21).
Moreover, it is also straightforward to determine the moduli spaces of
stable representations in the adjacent chambers. For example, let (θ+ , η + )
be stability parameters such that
d1 θ1+ + e1 η1+ = −d2 θ2+ − e2 η2+ = ,
with ∈ R>0 is a positive real number which may be taken arbitrarily small.
Then it is easy to prove that ρ is (θ+ , η + )-semistable if and only if it is
(θ+ , η + )-stable and if and only if it ﬁts in a nontrivial extension of the form
(5.19). Therefore in this case the moduli space is isomorphic to Pn2 −n1 −1 ,
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and the protected spin character
Ω(γ(1, 1, n1 , n2 ); y) = y −(n2 −n1 −1)/2 Py (Pn2 −n1 −1 ).
The opposite chamber is deﬁned analogously by
d1 θ1− + e1 η1− = −d2 θ2− − e2 η2− = − ,
with ∈ R>0 . Then ρ is (θ− , η − )-semistable if and only if it is (θ− , η − )-stable
and if and only if it ﬁts in a nontrivial extension of the form (5.20). In this
case the moduli space is isomorphic to Pn1 −n2 −1 , and the protected spin
character
Ω(γ(1, 1, n1 , n2 ); y) = y −(n1 −n2 −1)/2 Py (Pn1 −n2 −1 ).
5.3.2. Magnetic charges (1, m). One can extend the above analysis to
m1 = 1, m2 > 1 noting that in this case the decomposition (5.18) reduces to
ρ1  Qn1 −2 ,

⊕r

2
ρ2  ⊕hj=1
Qk2,j2,j

where
h2


r2,j k2,j = n2 − 3m2 .

j=1

Obviously, the electric charges are taken such that n1 > 2, n2 > 3m2 . If
n1 ≥ n2 − 3m2 + 3, Equations (C.4) show that
HomK (ρ1 , ρ2 ) = 0.
Therefore the maps a1 , b1 must be trivial, and isomorphism (5.6) implies
that ρ ﬁts in an extension
0 → ρ1 → ρ → ρ 2 → 0
in the category of (Q, W )-modules.
Now consider the wall
(n1 − 1)θ1 + (n1 − 2)η1 = 0
in the moduli space of King stability parameters (θ, η) satisfying (5.17). Let
(θ+ , η + ) be stability parameters satisfying
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(n1 − 1)θ1+ + (n1 − 2)η1+ = −(n2 − 2m2 )θ2+ − (n2 − 3m2 )η2+ =
with > 0 suﬃciently small. Obviously ρ1 ⊂ ρ destabilizes ρ on this side
of the wall. Therefore the moduli space of (θ+ , η + ) representations with
dimension vector
(n1 − 1, n1 − 2, n2 − 2m2 , n2 − 3m2 ),

n1 ≥ n2 − 3m2 + 3,

n2 ≥ 3m2 + 1

is empty. Moreover, note also that semistable representations ρ can exist for
generic values of the stability parameters on the wall only if
2
ρ2  Q⊕r
k2

for some k2 , r2 ≥ 1. This implies
m2 = r 2 ,

n2 = (k2 + 2)r2 .

If this is not the case, the moduli space of semistable representations at
generic points on the wall is empty, which implies that the moduli spaces in
the adjacent chambers are empty as well. Assuming
(m2 , n2 ) = (r2 , (k2 + 2)r2 ),

k2 , r2 ≥ 1,

n1 ≥ (k2 − 1)r2 + 3

the reﬁned Donaldson-Thomas invariants in the opposite chamber
(n1 − 1)θ1 + (n1 − 2)η1 = −(n2 − 2m2 )θ2 − (n2 − 3m2 )η2 = −
can be computed by wallcrossing.
To this end, we ﬁrst list the non-vanishing DT-invariants. The moduli
space of Qk2 is just a point, and therefore the reﬁned DT-invariant is given
by:
(5.22)

Ω(Qk2 , y) = 1.

Moreover the isomorphisms (5.6), (C.4), imply that the (Q, W )-module
ρ2  Qk2 is rigid. This implies that the only semi-stable objects with charge
r2 (0, 1, 0, 1), r2 ≥ 1 are isomorphic to the direct sums of the form Q⊕2
k2 . Then
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2
Ω(Q⊕r
k2 ) = 0 for r2 ≥ 2, and the rational invariant J(γ, y) deﬁned in Equation (7.12) is given by:

r2 −1
2
J(Q⊕r
k2 , y) = (−1)

(5.23)

y − y −1
r2 (y r2 − y −r2 )

Using the reﬁned wall-crossing formula of [106] in the form derived by [111]
in terms of rational invariants, one ﬁnds for the generating function of
Ω((1, r2 , n1 , r2 n2 ); y):



Ω((1, r2 , n1 , r2 n2 ); y) q r2

r2 ≥0

  1  y r2,i (n1 −n2 ) − y r2,i (n2 −n1 ) i
=1+
i !
y − y −1

i
i i r2,i =r2 >0

i i r2,i
· J((0, r2,i , 0, r2,i n2 ); y) q



= exp −

 y r(n1 −n2 ) − y −r(n1 −n2 )
r>0

=

=

r(y r − y −r )


(−q)

r

 (1 + y n2 −n1 +2s+1 q)
(1 + y n1 −n2 +2s+1 q)

s≥0
n1 −n
2 −1

(1 + y n2 −n1 +2s+1 q),

s=0

where we assumed |y| < 1. The last line in the above formula is in agreement
with the semiprimitive wallcrossing formula of [48]. This corresponds to the
numerical invariants:
(5.24)



Ω((1, r2 , n1 , r2 n2 )) q r2 = (1 − (−1)n1 −n2 q)n1 −n2 ,

which shows that for charges (1, r2 , n1 , r2 n2 ), r2 is bounded above by n1 −
n2 . In the “+” chamber, the charges (1, r2 , n1 , r2 n2 ) satisfy n2 − n1 > 0; the
invariants follow from the formulas above by interchanging n1 and n2 .
These examples show that, in strong contrast to the SU (2) theory,
there are arbitrarily high spin BPS states and we can have higher magnetic
charges.
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5.4. Comparison with large radius spectrum

Let us recall the large radius BPS spectrum with charges γ(1, 1, n1 , n2 ) found
in Section 4.4. Using the parameterization (4.38), for suﬃciently small , the
complex Kähler moduli spaces is divided into two chambers separated by
the wall
(5.25)

Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) = 0.

which does not depend on the electric charges (n1 , n2 ).
string
In the chamber C−
(γ(1, 1, n1 , n2 )) given by
(5.26)

Re(a2 )Im(a1 ) − Re(a1 )Im(a2 ) < 0

the BPS spectrum consists of states with charges γ(1, 1, n1 , n2 ) with n2 +
1 ≤ n1 . The corresponding supersymmetric D-brane conﬁgurations are nontrivial extensions
0 → L1 → F → L2 → 0
where L1 = OS1 (−Σ1 + n1 C1 ), L2 = OS2 (−Σ1 + (n2 − 3)C2 ) are line bundles supported on the surfaces S1 , S2 respectively. Therefore the moduli
space is isomorphic to the projective space Pn1 −n2 −1 . These states have
spins j(n1 ,n2 ) = n1 −n2 2 −1 and protected spin characters
(5.27)

−(n1 −n2 −1)
χy (Pn1 −n2 −1 ).
Ωstring
(τ0 ,a) (γ(1, 1, n1 , n2 ); y) = y

gauge
(γ(1, 1, n1 , n2 )), the spectrum consists
In the opposite chamber, C+
states with n1 + 1 ≤ n2 . The supersymmetric D-brane conﬁgurations are
now nontrivial extensions of the form

0 → L2 → F → L1 → 0,
which are parameterized by Pn2 −n1 −1 . These states have spins j(n1 ,n2 ) =
n2 −n1 −1
and protected spin characters
2
−(n2 −n1 −1)
χy (Pn2 −n1 −1 ).
Ωstring
(τ0 ,a) (γ(1, 1, n1 , n2 ); y) = y

On the other hand, the above analysis of quiver moduli spaces yields a
wall of the form
(n1 − 1)θ1 + (n1 − 2)η1 = (n2 − 2)θ2 + (n2 − 3)η2 = 0
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in the moduli space of King stability parameters for each pair (n1 , n2 ). Each
of these walls is the intersection of a wall of the form
(5.28)
(n1 − 1)z1 + (n1 − 2)w1 = λ (n2 − 2)z2 + (n2 − 3)w2 ,
λ ∈ R>0 ,
in the moduli space of Bridgeland stability parameters with the subspace
of King stability parameters. For a physical Bridgeland stability condition
corresponding to a point (ai , aD
i ) on the universal cover of the Coulomb
branch, the parameters (zi , wi ) are given by (2.51). These are the walls where
the central charges of the Kronecker modules ρ1 , ρ2 of dimension vectors
(n1 − 2, n1 − 1), (n2 − 3, n2 − 2) respectively, are aligned.
Now suppose the parameters (τ0 , ai ) satisfy conditions
Im(τ0 ) > 0,

Im(ai ) > 0,

i = 1, 2,

and (4.39) as in Section 4.4 and take the large λ → ∞ limit as deﬁned in
Section 4.3. In this limit, the walls (5.28) become marginal stability walls
for the limit stability condition deﬁned by the slope function (4.16). That
is, loci where
μ(τ0 ,a) (ρ1 ) = μ(τ0 ,a) (ρ2 ).
Since inequalities (4.39) are assumed to be satisﬁed, the main assumption
in Section 4.3 will hold for the SU (3) quiver (Q, W ). No mutations are
necessary. Then, using Equations (4.17),


1
Re(ai )
1 ni
−1
−
+
μ(τ0 ,a) (ρi ) =
2
3 Im(τ0 ) Im(ai )
for i = 1, 2. Therefore the large λ limit of the walls (5.28) is given by
(5.29)

Re(a2 ) Re(a1 )
n2 − n1
−
=
.
Im(a2 ) Im(a1 )
3 Im(τ0 )

Then the quiver stability analysis in the previous section implies that the
μ(τ0 ,a) -limit semistable quiver representations in the chamber
(5.30)

gauge
(γ(1, 1, n1 , n2 )) :
C−

Re(a2 ) Re(a1 )
n2 − n1
−
<
.
Im(a2 ) Im(a1 )
3 Im(τ0 )

must be nontrivial extensions of the form
0 → ρ1 → ρ → ρ2 → 0.
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Such nontrivial extensions exist only if n2 + 1 ≤ n1 , and the moduli space
is isomorphic to Pn1 −n2 −1 . The protected spin character is
(5.31)

−(n1 −n2 −1)
χy (Pn1 −n2 −1 )
Ωgauge
(τ0 ,a) (γ(1, 1, n1 , n2 ); y) = y

gauge
(γ(1, 1, n1 , n2 )), the semistable represenIn the opposite chamber, C+
tations have to be nontrivial extensions of the form

0 → ρ2 → ρ → ρ1 → 0.
which exist only if n1 + 1 ≤ n2 . The moduli space is again isomorphic to
Pn2 −n1 −1 and
−(n2 −n1 −1)
χy (Pn2 −n1 −1 ).
Ωgauge
(τ0 ,a) (γ(1, 1, n1 , n2 ); y) = y

These results are in agreement with the absence of walls conjecture formulated in Section 4.3. The bijection (4.23) is given in this case by
gauge
string
(γ(1, 1, n1 , n2 ))) = C±
(γ(1, 1, n1 , n2 )).
Pγ(1,1,n1 ,n2 ) (C±

Equations (4.25) are clearly satisﬁed.
However the gauge theory limit weak coupling spectrum exhibits a more
reﬁned wall structure, the walls (5.29) being obviously dependent on the
charges (n1 , n2 ), as opposed to (5.25). For very large Im(τ0 )
1, keeping
n1 , n2 ﬁxed, the walls (5.29) approach asymptotically the large radius wall
(5.25). To complete the picture, note that the Kronecker modules ρ1 , ρ2
forming gauge theory bound states are related by tilting to the line bundles
L1 , L2 (up to a shift) forming D-brane bound states.
This is not a contradiction since (ω, B)-stability employed in Section 4.4
is not a Bridgeland stability condition on Db (X3 ). Therefore the unique wall
found there is a limit wall which does not actually exist in the moduli space
of Bridgeland stability conditions. Instead for each pair (n1 , n2 ), there is a
wall where the string theory central charges of the line bundles L1 , L2 are
aligned. At large radius, the central charges of L1 , L2 are given by (2.28).
Omitting world-sheet-instanton corrections, one ﬁnds
Z(ω,B) (L1 ) = t0 t1 + t21 − b21 + n1 b1 +

√

−1 (−t0 b1 − 2t1 b1 + n1 t1 )

Z(ω,B) (L2 ) = t0 t2 + 2t1 t2 +
− 2(b1 b2 + b22 ) + n2 b2
√
+ −1 (−t0 b2 − 2t1 b2 − 2t2 b1 − 4t2 b2 + n2 t2 )
2t22
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In the small limit deﬁned in Section 4.3, Equation (4.19), the leading terms
of the central charges are
√
Z(ω,B) (Li ) ∼ t0 ti − t0 bi −1,

i = 1, 2.

Therefore all these walls approach asymptotically the limit wall
t1 b2 = t2 b1
which is the same as (5.25) using the parameterization (4.38). A similar
situation has been encountered in a similar context in [52, Sect. 3] (see in
particular Fig. 1. in loc. cit.)

6. Strong coupling chamber for the SU (N ) quiver
According to [3], [69], there exist strong coupling chambers of the SU (N )
theory where the BPS spectrum consists of a ﬁnite set of stable BPS states
equipped with a natural two-to-one map to the set Δ+
N of positive roots
of SU (N ). The purpose of this section is to identify an analogous chamber
in the space of stability parameters (θ, η) of the SU (N ) quiver obtained
by geometric engineering. More precisely, for certain values of (θ, η) the
set S(θ,η) (Q, W ) of all stable quiver modules should be ﬁnite, and equipped
with a natural two-to-one map S(θ,η) (Q, W ) → Δ+
N . As a corollary, an adjacent chamber – called deceptive – will also be identiﬁed where all massive
W -bosons are stable and the BPS spectrum is completely determined by
wallcrossing.
Using the same conventions as in the previous section a representation
ρ of the the SU (N ) quiver will be a diagram of the form
(6.1)

//

cN −1
dN −1

WN −1
O

VN −1
O

rN −2
aN −2

bN −2
sN −2

WN −2
..
.

t

cN −2
dN −2

//

VN −2
..
.
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ci+1
di+1

Wi+1
O

//

Vi+1
O

ri
ai

bi
si

Wi s

//

ci
di

..
.

Vi
..
.

//

c2
d2

WO 2

VO 2

r1
a1

b1
s1

W1 s

c1
d1

//

V1

with potential
(6.2)

W=

N
−2


Tr [ri (ai ci − ci+1 bi ) + si (ai di − di+1 bi )] .

i=1

As in Section 2.4, the dimension vector of ρ will be denoted by (d, e),
where d = (d1 , . . . , dN −1 ) are the dimensions of (V1 , . . . , VN −1 ) and e = (e1 ,
. . . , eN −1 ) the dimensions of (W1 , . . . , WN −1 ). The stability parameters
(zi , wi )1≤i≤N −1 will be assumed of the form (2.49), where θ = (θ1 , . . . , θN −1 )
are assigned to the nodes (V1 , . . . , VN −1 ) and η = (η1 , . . . , ηN −1 ) to (W1 , . . . ,
WN −1 ). It will be assumed that N ≥ 3 in this section.
As a starting point, note that if the stability parameters satisfy
(6.3)

ηi < ηi−1 ,

θi < θi−1 ,

i = 2, . . . , N − 1,

one can construct two simple, rigid, stable representations ρ± (α) of the
SU (N ) quiver for each positive root α ∈ Δ+
N as follows.
A representation with ei = 0 for all i = 1, . . . , N − 1, reduces to a representation of the linear quiver with N − 1 nodes
V1

a1

/ V2

a2

/ · · · aN −1 / VN −1
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with stability parameters (θ1 , . . . , θN −1 ). Using gauge transformations, all
linear maps can be set in canonical form, āi−1 : Cdi−1 → Cdi where āi−1 is a
diagonal matrix of the form

(āi−1 )kl =

⎧
⎨ 1,

for 1 ≤ k = l ≤ d¯i−1 ,

⎩

otherwise,

0,

for some 0 ≤ d¯i−1 ≤ min(di−1 , di ). If d¯i−1 = 0, by convention āi−1 = 0. If the
stability parameters θi are ordered as in (6.3), it is straightforward to prove
that that such a representation is stable if and only if it has dimension vector
of the form
⎧
⎨ 1, for j ≤ i ≤ k,
di =
⎩
0, otherwise,
for some j, k ∈ {1, . . . , N − 1}, j ≤ k. Then there is an obvious 1-1 correspondence between stable representations and positive roots α ∈ Δ+
N , sendN −1
ing ρ to α = i=1 di αi . Similar considerations apply similarly to representations with di = 0 for all i = 1, . . . , N − 1.
In order to complete the picture, it will be shown below that these are the
only stable representations of the SU (N ) quiver if in addition the stability
parameters (η, θ) satisfy
(6.4)

ηi < θi < ηi−1 < θi−1

for all 2 ≤ i ≤ N − 1. Thus Equation (6.4) deﬁnes a single chamber.
The proof will be inductive. Consider ﬁrst N = 3. Then (6.4) specializes
to
(6.5)

η 2 < θ2 < η 1 < θ 1 .

Let ρ be a stable representation of dimension vector (d1 , d2 , e1 , e2 ) such that
(d1 , d2 ) and (e1 , e2 ) are simultaneously nontrivial. In this case note that
inequalities (6.5) imply
η2 < μ(θ,η) (ρ) < θ1 .
For any (θ, η)-stable representation ρ, this implies that a1 must be injective
if V1 = 0 and b1 must be surjective if W2 = 0. In particular if V1 and W2 are
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both nontrivial, V2 , W1 must be nontrivial as well. Moreover the relations
r1 a 1 = s 1 a 1 = 0
imply that
Im(a1 ) ⊆ Ker(r1 ) ∩ Ker(s1 ),
and
b2 r 2 = b 2 s 2 = 0
imply that
Im(r2 ) + Im(s2 ) ⊆ Ker(b2 ).
This further implies that the data ρ = (V1 , Im(a1 ), a1 ) determines a proper
nontrivial subobject of ρ of slope
μ(θ,η) (ρ ) =

θ1 + θ2
.
2
∼

Furthermore b1 : W1 → W2 induces an isomorphism b̄1 : W1 /Ker(b1 )−→W2 ,
and the data ρ = (W1 /Ker(b2 ), W2 , b̄1 ) determines a nontrivial quotient of
ρ of slope
μ(θ,η) (ρ ) =

η1 + η2
.
2

Then inequalities (6.5) imply that
μ(θ,η) (ρ ) < μ(θ,η) (ρ )
which contradicts the stability of ρ.
In conclusion at least one of V1 or W2 must be trivial. If both are trivial,
ρ reduces to the Kronecker module (V2 , W1 , r1 , r2 ). Since θ2 < η1 the only
stable modules of this form are the simple ones. This is not allowed by the
assumption that (d1 , d2 ) and (e1 , e2 ) are simultaneously nontrivial.
Suppose V1 is trivial and W3 nontrivial. Then V2 must be nontrivial since
(d1 , d2 ) = (0, 0) by assumption. Moreover, if b1 : W1 → W2 is not injective,
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Ker(b1 ) = 0, is a subobject of ρ of slope
η1 > μ(θ,η) (ρ).
This leads again to a contradiction, hence Ker(b1 ) = 0. Then relations
b 1 r1 = b 1 s 1 = 0
imply that r1 , s1 are trivial. Hence ρ splits as a direct sum of subrepresentations, contradicting stability. The remaining case, W3 trivial and V1
nontrivial, is similar and will be left to the reader.
Next suppose the claim holds for the SU (N − 1) quiver for some N > 3.
Let ρ be a (θ, η)-stable representation of the SU (N ) quiver. If (V1 , W1 )
are simultaneously trivial or (VN −1 , WN −1 ) are simultaneously trivial, ρ is
a representation of an SU (N − 1) quiver and the inductive step is trivial.
Therefore in the following suppose (d1 , e1 ) = (0, 0), (dN , eN ) = (0, 0) and
(d1 , . . . , dN −1 ) = (0, . . . , 0), (e1 , . . . , eN −1 ) = (0, . . . , 0). Let
Ij = Im(rj ) + Im(sj ) ⊆ Wj ,

j = 1, . . . , N − 2

and
Kj = Ker(rj ) ∩ Ker(sj ) ⊆ Vj+1 ,

j = 1, . . . , N − 1.

Set K1 = V1 and IN −1 = 0. For each j = 1, . . . , N − 2 let āj = aj |Kj and b̄j :
Wj /Ij → Wj+1 /Ij+1 be the linear maps induced by bj : Wj → Wj+1 . Then
the relations derived from the potential (6.2) imply that
bj (Ij ) ⊆ Ij+1 ,

aj (Kj ) ⊆ Kj+1

for j = 1, . . . , N − 1. Therefore the data
ρ = (K1 , . . . , KN , ā1 , ā2 , . . . , āN −1 |KN −1 )
determines a subobject of ρ with (e1 , . . . , eN −1 ) = (0, . . . , 0) while the data
ρ = (W1 /I1 , . . . , WN −1 /IN −1 , b̄1 , . . . , b̄N −1 )
determines a quotient of ρ with (d1 , . . . , dN −1 ) = (0, . . . , 0). At this point
there are several cases.
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1) V1 , WN −1 are both nontrivial. Let L1 ⊆ K1 = V1 be a one dimensional
subspace, and set
Lj = (aj ◦ aj−1 ◦ · · · ◦ a1 )(L1 ) ⊆ Kj+1
for j = 1, . . . , N − 2. Let k ∈ {1, . . . N − 1} be the smallest label such that
Lk = 0 and Lk+1 = 0. Then the data
λk = (L1 , . . . , Lk , ā1 |L1 , . . . , āk−1 |Lk−1 )
is a subrepresentation of ρ contained in ρ , and
k
1
μ(θ,η) (λk ) =
θi .
k
i=1

Similarly, let pN −1 : WN −1  QN −1 be a one dimensional quotient of WN −1 .
By successive compositions, there is a sequence of one dimensional quotients
and induced linear maps
···

Wj /Ij
pj

···

b̄j

/ Wj+1 /Ij+1
pj+1



Qj

qj

···

WN −1
pN −1



/ Qj+1

···



QN −1

Let l ∈ {1, . . . , N − 2} be the largest label such that ql = 0, but ql−1 = 0.
Then the data
σl = (Ql , · · · , QN −1 , ql , · · · , qN −2 )
is a quotient of ρ of slope
μ(θ,η) (σl ) =

N
−1

1
ηj .
N −1−l
j=l

Now note that inequalities (6.4) imply
μ(θ,η) (λk ) ≥

N −1
N −1
1 
1 
θi >
ηi ≥ μ(θ,η) (σl )
N −1
N −1
i=1

for any k, l, contradicting stability of ρ.

i=1
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2) Suppose V1 is trivial, but WN −1 is nontrivial. Then the bottom part
of ρ is of the form
//
c2
WO 2
V2
d2
r1
b1
s1


W1 t

For each j = 1, . . . , N − 1, let Uj = Ker(cj ) ∩ Ker(dj ) ⊆ Wj . Note that U1 =
W1 since c1 , d1 are trivial. Moreover the relations determined by (6.2) show
that
bj (Uj ) ⊂ Uj+1 ,
j = 1, . . . , N − 1.
Therefore the data
(U1 , . . . , UN −1 , b1 |U1 , . . . , bN2 |UN −2 )
is a subobject of ρ. Proceeding by analogy with the construction of the
subobject λk above one ﬁnds a further subobject γk for some k ∈ {1, . . . , N −
1} with dimension vector
di = 0,

i = 1, . . . , N1 ,

Then
μ(θ,η) (γk ) =

1,
0,

ei =

for 1 ≤ i ≤ k
otherwise.

k
N −1
1
1 
ηi ≥
ηi ≥ μ(θ,η) (σl )
k
N −1
i=1

i=1

and equality holds only if k = l = N − 1. Again this contradicts stability.
3) The remaining case, WN −1 trivial and V1 nontrivial, is treated analogously, details being omitted.
In conclusion, in the chamber (6.4) there is indeed a ﬁnite set of S(θ,η) (Q,
W ) of stable representations which maps two-to-one to Δ+
N . For each positive
root
α=

N
−1


ni (α)αi ,

ni (α) ∈ {0, 1},

i = 1, . . . , N − 1,

i=1

there are exactly two representations ρ±
α with dimension vectors
di (ρ+
α ) = ni (α),

ei (ρ+
α ) = 0,

i = 1, . . . , N − 1
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respectively
di (ρ−
α ) = 0,

ei (ρ−
α ) = ni (α)

i = 1, . . . , N − 1.

These states are in one-to-one correspondence to the strong coupling spectrum obtained in [3], [69] using diﬀerent techniques. In fact, one can check
that the quiver used here is related to that of [3] by a mutation. For brevity,
this will be explained below only for N = 3.
6.1. A mutation of the SU (3) quiver
The SU (3) quiver of [3] is of the form
o

4• o

d˜2
c̃2

•3O
ã1

b̃1



1•

/

d˜1
c̃1

/ •2

with a superpotential of the form

! = ã1 c̃1 b̃1 c̃2 − ã1 d˜1 b̃1 d˜2 .
W
Let γ̃i , i = 1, . . . , 4 denote the generators of the charge lattice associated to
the nodes. The strong coupling spectrum found in [3] consists of six states
with charges
(6.6)

γ̃i ,

1 ≤ i ≤ 4,

γ̃1 + γ̃4 ,

γ̃2 + γ̃3 .

Using the rules listed for example on page 2 of [134], it is straightforward
to check that the above quiver with potential is related to the SU (3) quiver
used in this paper by a mutation at node 4. In more detail, a mutation at
node 4, reverses all arrows beginning and ending at 4, and also adds two
more arrows corresponding to the paths b̃1 c̃2 , b̃1 d˜2 . This yields the diagram
4•
O

//

•3O

c2
d2
r1

a1

b1
s1



1• s

c1
d1

//

•2
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where b1 , c2 , d2 are obtained by reversing b̃1 , c̃2 , d˜2 and the new arrows r1 , s1
correspond to the paths b̃1 c̃2 , b̃1 d˜2 . All other arrows are unchanged. The
superpotential of the new quiver is
r1 (a1 c1 + c2 b1 ) − s1 (a1 d1 − d2 b1 ).
This expression is related to the superpotential (6.2) by an automorphism
of the path algebra changing b1 to −b1 .
Let γi , 1 ≤ i ≤ 4 denote the generators of the K-theory lattice corresponding to the nodes of the new quiver. Then the stable BPS states found
in this section have charges
(6.7)

γi ,

1 ≤ i ≤ 4,

γ1 + γ 4 ,

γ2 + γ 3 .

These are related to the generators γ̃i , 1 ≤ i ≤ 4 by the linear transformations
γ1 = γ̃1 + γ̃4 ,
γ2 = γ̃2 ,
γ3 = γ̃3 ,
γ4 = −γ̃4 .
This transformation maps the charge vectors (6.7) to
γ̃1 + γ̃4 ,

γ̃2 ,

γ̃3 ,

−γ̃4 ,

γ̃1 ,

γ̃2 + γ̃3 .

By comparison with (6.6), it follows that (6.7) is the strong coupling spectrum in a diﬀerent region of the Coulomb branch, where the BPS particle
of charge γ̃4 has been replaced with its antiparticle. Mathematically, this
is expected since the two quivers related by mutations determine diﬀerent
t-structures on the derived category, corresponding to diﬀerent regions in
the moduli space of Bridgeland stability conditions.
6.2. A deceptive chamber
Using the above results, the wallcrossing formula of [106] determines the
BPS spectrum in an adjacent chamber where all W -bosons are stable. Let
ηi = θi + i ,

i

∈ R,

i = 1, . . . , N − 1.

Let θi , i = 1, . . . , N − 1 be some ﬁxed parameters such that
θN −1 < · · · < θ1 .
Then (θi , ηi ) is in the strong coupling chamber (6.4) for i < 0 and suﬃciently small | i |  1, i = 1, . . . , N − 1. The adjacent chamber is deﬁned by
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i > 0 and | i |  1, i = 1, . . . , N1 . Using Equation (2.49) for the stability
parameters, central charges are of the form

Z(ρ+
α ) = −r
(6.8)
Z(ρ−
α)

= −r

N
−1

i=1
N
−1


ni (α)θi +

√

−1r

N
−1


ni (α),

i=1

ni (α)(θi + i ) +

√

i=1

−1r

N
−1


ni (α)

i=1

for some r ∈ R>0 . As i changes from negative to positive values the ordering
−
of Z(ρ+
α ), Z(ρα ) is reversed for each α. Moreover if | i | are suﬃciently small
±
the ordering of any pair Z(ρ±
α ), Z(ρβ ) with α = β is preserved. In order to
apply the wallcrossing formula of [106] note that the symplectic pairing on
the K-theory lattice of charges is given by

(6.9)
χ([ρ1 ], [ρ2 ]) =
dt(a) (ρ2 )dh(a) (ρ1 ) − dt(a) (ρ1 )dh(a) (ρ2 )
a

where the sum is over all arrows a of Q and h(a), t(a) denote the head and
the tail of a. For the strong coupling representations this yields
−
χ(ρ+
α , ρα ) = 2

Let γα± denote the charge vectors of the representations ρ±
α . Then, applying
the standard SU (2) wallcrossing formula [67, 106]
Kγα+ Kγα− = Kγα− Kγα+ +2γα− K2γα+ +3γα− · · · Kγ−2
· · · K3γα+ +2γα− K2γα+ +γα− Kγα+
+
+γ −
α

α

for each root, the BPS spectrum in the deceptive chamber will consist of a
tower of states with dimension vectors
(di , ei ) = (ni (α), ni (α) + k),

k∈Z

for each α ∈ Δ+
N . The k = 0 have degeneracy 1 and spin 0. The k = 0 states
are massive vector multiplets with degeneracy 2 and spin 1/2. Formally,
there is a one-to-one correspondence between the above states and the weak
coupling states found in [39, 65] by monodromy arguments. However, a
more careful analysis reveals important physical diﬀerences, showing that
the chamber studied in this section is not a weak coupling chamber. This
follows from the observation that for a ﬁxed α the central charges of the
tower of states obtained by wallcrossing are contained in the cone cut by
the central charges (6.8) in the upper half-plane as shown in Fig. 5.
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Z(ρα2 )

Figure 5: Schematic representation of the BPS charge vectors in Equation (6.8) for SU (3) with positive roots α1 , α2 , α1 + α2 .
For small 0 <
very small,

i

 1, i = 1, . . . , N − 1, the opening angle of the cone is also

N −1

ni (α) i
Δφα ∼ i=1
N −1
i=1 ni (α)
and there is no overlap between cones associated to diﬀerent positive roots.
The massive W bosons are stable but have a very small binding energy
unlike the semiclassical regime where they are dyon/anti-monopole bound
states, and the monopoles are very massive. In fact were this spectrum to
occur in the semiclassical regime, the opening angle of these cones would
have to be very close to π. Hence any two cones would have to have a very
big overlap since they must all be contained in a complex half-plane.

7. Line defects and framed BPS states
This section is focused on a geometric construction of magnetic line defects
and the resulting mathematical model for framed BPS states. In particular
it will be shown that framed BPS states for simple magnetic line defects are
modeled by framed quiver representations. This will lead to a mathematical
derivation of the framed wallcrossing formula of [68] for these special line
defects, as well as a recursive algorithm for unframed BPS states. The latter
completely determines the unframed BPS spectrum at any point on the
Coulomb branch in terms of noncommutative Donaldson-Thomas invariants
of framed quivers. This section is concluded with an application of framed
wallcrossing to the absence of exotics conjecture.
7.1. Geometric construction of magnetic line defects
It has been already observed in Section 2 that noncompact D4-branes wrapping divisors Di of the form (2.7) are natural candidates for infrared line
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operators carrying magnetic charge. In order to generalize the previous
quiver construction to such conﬁgurations one has to specify the ChanPaton line bundle on the noncompact D4-brane. More precisely, the noncompact D4-brane supported on Di must be presented as an object Ni in
the derived category Db (XN ). Then open string zero modes between the
D4-brane Ni and the fractional branes (Pi , Qi )1≤i≤N are determined by the
extension groups Ext1 (Ni , Pi ) etc. The low energy dynamics of a bound state
of fractional branes in the presence of such a noncompact D4-brane will be
 W
! ) of the
a quantum mechanical model determined by an enhancement (Q,
quiver with potential (Q, W ). The enhanced quiver will contain an extra
node corresponding to Ni and extra arrows corresponding to the additional
! will also include
open string zero modes. The eﬀective superpotential W
!
new terms, W = W + · · · , which are determined in principle by the A∞ structure of the derived category. While conceptually clear, an explicit form
! is quite diﬃcult to derive in practice.
of W
A simple set of D4-branes Ni , i = 1, . . . , N − 1, where this problem is
easily solved can be constructed starting with the exceptional collection of
line bundles
Li = OXN (Di ),

Mi = OXN (Di + H),

1≤i≤N

given in Equation (2.8), Section 2.1. Note that the orthogonality conditions
(2.12) and the canonical exact sequences
0 → OXN → OXN (Di ) → ODi (Di ) → 0
yield isomorphisms
(7.1)
RHom(ODi (Di ), Pj )  δi,j C,

RHom(ODi (Di ), Qj ) = 0,

RHom(ODi (Di ), PN [1])  C,

RHom(ODi (Di ), QN )  0,

1≤j ≤N −1

where C stands for the one term complex of vector spaces consisting of C
in degree zero. Since (Pi , Qi )1≤i≤N have compact support, for each isomorphism listed in (7.1), there is a second one obtained by Serre duality. For
example the ﬁrst isomorphism in (7.1) yields
RHom(Pj , ODi (Di ))  δi,j C[−3].
Now let Nj = ODj (Dj )[1] for some ﬁxed 1 ≤ j ≤ N − 1. Note that
RHom(Pj , Nj )  C[−2],
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therefore
Ext2XN (Pj , Nj )  C
So by Serre duality,

(7.2)

Ext1XN (Nj , Pj )  C.

 of the collection
Then, using Equations (7.1) and (7.2), the Ext1 -quiver Q
of D-branes (Pi , Qi )1≤i≤N in the presence of the extra noncompact object
Nj is

(7.3)

..
.
bN

..
.
rN

 v

QON

aN

sN

//

cN
dN

PN
O

rN −1
aN −1

bN −1
sN −1

 s

QN −1

cN −1
dN −1

//

PN −1

..
.

..
.

Qj+1
O

cj+1
dj+1

//

gj

Pj+1
O

rj
aj

bj
sj



Qj s
..
.

cj
dj

//

Pj o
..
.



fj

Nj
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//

c2
d2

QO 2

PO 2

r1
a1

b1
s1

_

QO 1 s
bN

//

c1
d1
rN

..
.

sN

PO 1
aN

..
.

! may contain additional
As explained above, a priori the superpotential W
terms
! = W + ···
W
 containing the arrows
corresponding to closed loops in the path algebra of Q
fj , gj . However, according to Sections 2.3 and 2.4, the fractional branes
PN , QN are very heavy and decouple in the ﬁeld theory limit. One arrives
therefore at the natural conjecture that the framed BPS states will be conﬁgurations of the fractional branes (Pi , Qi )1≤i≤N −1 bound to the noncompact
D4-brane Nj . Such bound states are quantum wavefunctions in the quantum mechanics determined by the framed truncated quiver with potential
 W
! ), obtained by omitting (PN , QN ) and all adjacent arrows in the above
(Q,
diagram. Now an important point is that there are no closed loops contain Therefore the truncated
ing the framing arrow fj in the path algebra of Q.
! must be equal to the potential
potential W

W =

N
−2


[ri (ai ci − ci+1 bi ) + si (ai di − di+1 bi )]

i=1

of the unframed (truncated) quiver Q deﬁned in Section 2.4.
In conclusion, supersymmetric D-brane bound states in the presence
of a noncompact D4-brane Nj must be mathematically deﬁned in terms
 W ).
of Bridgeland stable representations of the quiver with potential (Q,
Generalizing the correspondence conjectured in Sections 2.4,2.5 for unframed
BPS states, the framed BPS degeneracies deﬁned in [68] will be identiﬁed
with Donaldson-Thomas invariants of framed quiver representations. A more
precise statement will be formulated in Section 7.3 after a detailed discussion
of stability conditions for framed quiver representations.
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7.2. Framed stability conditions
By analogy with the unframed case, stability conditions for framed quiver
representations are determined by the central charges assigned to each node,
provided they belong to some half-plane Hφ of the complex plane. Suppose zi , wi , are the central charges associated to the vertices Pi , Qi , i =
1, . . . , N − 1 and ξ the central charge assigned to the extra framing vertex.
The new aspect in the present case is that one has to take a limit where the
absolute value |ξ| is much larger than |zi |, |wi | since the extra D4-brane is
noncompact. For ﬁxed numerical invariants, this will yield a limit stability
condition presented in detail below. Note that a similar eﬀect of the phase
of a noncompact D-brane was previously studied in [93].
 W ) with dimension vector (d, e, 1)
Suppose ρ̃ is a representation of (Q,
where d = (di )1≤i≤N −1 , e = (ei )1≤i≤N −1 , where the last entry corresponds
to the extra node. The central charge of ρ̃ is given by
Z(ρ̃) = ξ +

N
−1


(di zi + ei wi )

i

Let
μ(z,w,ξ) (ρ̃) = −

Re(e−iφ Z(ρ̃))
.
Im(e−iφ Z(ρ̃))

Then ρ̃ is (z, w, ξ)-(semi)stable if
μ(z,w,ξ) (ρ̃ ) (≤) μ(z,w,ξ) (ρ̃)
for any proper nontrivial subrepresentation 0 ⊂ ρ̃ ⊂ ρ̃. Note that the subrepresentation ρ̃ is allowed to have both multiplicity 0 and 1 at the extra
node.
In the present case the extra framing vertex corresponds to a noncompact D4-brane, hence the relevant stability conditions will be limit stability
conditions obtained by sending |ξ| → ∞, keeping at the same time |zi |, |wi |,
i = 1, . . . , N − 1 ﬁnite. It is straightforward to show that with ﬁxed numerical invariants (d, e, 1), for suﬃciently large |ξ|
0, (z, w, ξ)-stability specializes to the conditions below, where ϕ ∈ [φ, φ + π) is the phase of ξ.
(a) Any nontrivial subrepresentation 0 ⊂ ρ ⊂ ρ̃ with numerical invariants
(d , e , 0) satisﬁes
(7.4)

μ(z,w) (ρ ) (≤) − cot(ϕ − φ).
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(b) Any nontrivial quotient ρ̃  ρ with numerical invariants (d , e , 0)
satisﬁes
μ(z,w) (ρ ) (≥) − cot(ϕ − φ).

(7.5)

For simplicity let δ = −cot(ϕ − φ). The above conditions will be referred to
as framed (z, w, δ)-stability.
7.3. Framed BPS states, Donaldson-Thomas
invariants, and wallcrossing
Donaldson-Thomas invariants and wallcrossing formulas for framed quiver
representations are obtained by applying the formalism [95, 106] to the
 W )-modules. Note that similar results for framed
abelian category of (Q,
quiver representations were obtained in [120]. We will present below a selfcontained treatment because the details will be needed for applications in
later sections.
 W )-modules will
To ﬁx notation, extension groups in the category of (Q,
k
be denoted by Ext(Q,W
(ρ̃ , ρ̃ ) while extension groups of (Q, W )-modules

) 1 2
will be similarly denoted by Extk(Q,W ) (ρ1 , ρ2 ). A few basic facts on extensions
of quiver representations are summarized, for completeness, in Appendix D.
A necessary condition for the results of [95, 106] to apply to the present
case is that the pairing deﬁned by
(7.6)

χ(ρ1 , ρ2 ) =

1

k=0

(−1)k dimExtk(Q,W
(ρ , ρ ) − dimExtk(Q,W
(ρ , ρ )


) 1 2
) 2 1

depend only on the dimension vectors of ρ1 , ρ2 , for any pair of objects. More
speciﬁcally, this is required for the construction of a well deﬁned integration
 W )-modules to a
map from the motivic Hall algebra of the category of (Q,
Poisson algebra spanned by numerical K-theory classes of objects over Q.
The integration map constructed in [106] uses motivic weight functions while
the one constructed in [95] uses the constructible function of [17]. However
the above condition is a necessary prerequisite in both constructions.
Note that the pairing (7.6) is not an index because the k-th extension
groups with k = 2, 3 might be nonzero. If the category were a CY3-category,
the above pairing would reduce to an index by Serre duality, in which case
the required condition is obvious. This is not the case for framed quiver
modules, therefore some work is needed to check the above condition using
the results in Appendix D.

Geometric engineering of (framed) BPS states

1173

 W )-module ﬁts in a canonical exact sequence
First note that any (Q,
(7.7)

0 → ρ → ρ̃ → λ⊕r
0 →0

where λ0 is the simple module supported at the framing node and r ≥ 0
the dimension of ρ̃ at the framing node. Then ρ has dimension zero at the
framing node, i.e. it is a (Q, W )-module. Then using the standard long exact
sequences (D.9), (D.10), and Equations (D.11)-(D.13), it follows easily that9
(7.8)

χ(ρ1 , ρ2 ) = χ(ρ1 , ρ2 ) − r1 dj (ρ2 ) + r2 dj (ρ1 ).

where χ(ρ1 , ρ2 ) is the same pairing restricted to (Q, W )-modules. As explained at end of Appendix D, χ(ρ1 , ρ2 ) coincides with the natural symplectic pairing of the K-theory classes [ρ1 ], [ρ2 ] and is given by
(7.9)

χ(ρ1 , ρ2 ) = [ρ1 ], [ρ2 ] =



(dt(a) (ρ2 )dh(a) (ρ1 ) − dt(a) (ρ1 )dh(a) (ρ2 )),

a

where the sum is over all arrows of Q. In particular this implies that the
pairing (7.8) is indeed determined by numerical invariants.
 W )-modules of multiplicity r ≤ 1 will be considered in this
Since only (Q,
 W)
paper, it will be more convenient to work with the subcategory A≤1 (Q,
consisting of objects with r ∈ {0, 1}. Note that this is not an abelian category but it is closed under extensions of any two objects with 0 ≤ r1 + r2 ≤
1. Therefore there is no obstruction in applying the formalism of [106]
 W ). Then for any dimension vector γ = (d, e) and any stabilto A≤1 (Q,
ity parameters (z, w, δ) one obtains motivic Donaldson-Thomas invariants
DT mot
(γ, r; z, w, δ), r = 0, 1. Following the same steps as in Section 2.5

)
(Q,W
one further deﬁnes Hodge type as well as reﬁned framed Donaldson-Thomas
invariants.
The relation between framed invariants and physical framed BPS degeneracies is analogous to the unframed case discussed in Section 2.5. For any
line defect Lζ of charge γ and phase ζ = −eiϕ , one deﬁnes [68] a protected

9

Note that r1 , r2 below denote the dimensions of the vector spaces associated to
the framing node. They should not be confused with the same notation used for
arrows of the quiver Q.
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spin character
(7.10)

BP S
Ω(Lζ , u, γ; y) = TrHu,L,ζ,γ
y 2Jspin (−y)2JR

at any point u on the Coulomb branch. The map  : CGalg → Stabalg (G) constructed in Section 2.4 assigns to each u ∈ CG a set of stability parameters
(zi (u), wi (u))1≤i≤N −1 . Then, if Lζ is one of the line defects determined by
the noncompact D4-brane Nj , the geometric engineering conjecture states
that
(7.11)

Ω(Lζ , u, γ; y) = DT ref


(Q,W )

(γ, 1; z(u), w(u), δ; y)

where δ = −cot(ϕ − φ). The framed reﬁned Donaldson-Thomas invariants
are deﬁned in terms of the motivic ones in complete analogy with Section 2.5.
Note also that one has a positivity as well as absence of exotics conjecture
for framed BPS states [68]. These conjectures are obvious generalizations of
those stated in the unframed case in Section 2.5.
 W ) is ﬁxed by making a choice of Nj for some
Once a framed quiver (Q,
j = 1, . . . , N − 1 the reﬁned Donaldson-Thomas invariants will be denoted
by DT ref (γ, 1; z, w, δ; y) for simplicity.
For clariﬁcation, note that one can choose to work either with integral
reﬁned Donaldson-Thomas invariants as deﬁned in [106] or rational ones
obtained by a conjectural reﬁnement of [95]. The two sets of invariants are
rational reﬁned invariants related to each other by reﬁned multicover formulas [44, 111]. In the present case, the integral and rational invariants coincide
for framed r = 1 objects since any charge vector (γ, 1) is primitive. However,
the rational unframed invariants are related to the integral ones by
(7.12)

J(γ; z, w; y) :=


k≥1,γ=kγ 

where for any n ∈ Z,
[n]y =

1
DT ref (γ  ; z, w; −(−y)k )
k[k](−y)

y n − y −n
.
y − y −1

As a test of the identiﬁcation (7.11), we will now show that the wallcrossing formulas derived from the mathematical formalism [106], [95] coincide
with the physical wallcrossing formula for framed BPS degeneracies derived
in [68].
For ﬁxed charge vector γ and ﬁxed stability parameters (z, w), strictly
(z, w, δ)-semistable representations can exist only for ﬁnitely many values of
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δ, called critical values of type (γ; z, w). Physically, these are the framed BPS
walls found in [68], where there exists a charge vector γ  = (di , ei )1≤i≤N −1 ,
such that γ  = γ − γ  has non-negative entries and
ζ −1

N
−1


(zi di + wi ei ) ∈ R<0 .

i=1

Note that δ0 (γ) = μ(z,w) (γ) is always a critical value of type (γ; z, w) with
γ  = 0. Moreover, this is the only critical value with this property; for all
other critical values γ  = 0.
Suppose δc ∈ R is a critical value for given γ, (z, w). For each γ = (d, e)
let dj (γ) be the component of γ at the node j which receives the framing
map f . Then set
γ, γ   = (−1)χ(γ,γ )+dj (γ) (χ(γ, γ  ) + dj (γ)).


Moreover, for any ordered sequence (γs )1≤s≤l of dimension vectors, with
l ≥ 2, set
l−1
l


[γs ,
γv ]y .
Cy ((γs )) =
s=1

v=s+1

Since (z, w) are ﬁxed, let also μ(γ) = μ(z,w) (d, e).
Consider two stability parameters δ− < δc < δ+ suﬃciently close to δc .
Then the wallcrossing formula for framed BPS degeneracies reads
(7.13)
DT ref (γ, 1; z, w, δ− ; y)(γ) − DT ref (γ, 1; z, w, δ+ ; y) =


l≥2

1
(l − 1)!



C(−y) ((γs ))DT

γ1 +···+γl =γ
γs =(0,0), 1≤s≤l−1
μ(γs )=δc , 1≤s≤l−1

ref

(γl , 1; z, w, δ+ ; y)

l−1


J(γs ; z, w; y).

s=1

In this form, the wallcrossing formula follows from explicit Hall algebra computations by analogy with [42, 43]. We will explain below that it agrees with
the reﬁned wallcrossing formula of [106], as well as the physical wallcrossing
formula of [68].
Note that for generic (z, w) all dimension vectors γj , j = 1, . . . , l − 1 in
the right hand side of (7.13) are parallel. Therefore they are all multiples,
γj = qj α, qj ∈ Z>0 , of a dimension vector α. Moreover there exists a second
dimension vectorβ such that γl = β + ql α for some ql ∈ Z≥0 . Then γ =
β + qα with q = lj=1 qj .
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The reﬁned wallcrossing formula of [106] is formulated in terms of an
associative algebra over Q generated by êq , fˆq , q ∈ Z, satisfying
êq êq = êq êq = êq+q
êq fˆp = y qdj (α) fˆq+p

(7.14)

fˆp êq = y −qdj (α) fˆq+p
fˆp fˆq = fˆq fˆp = 0

The last of the above equations may look puzzling, but it reﬂects the choice
 W ) made in the previous
of working in the truncated subcategory A≤1 (Q,
section. In particular, no extensions of rank r ≥ 2 occur in the Hall algebra
identities underlying the wallcrossing formula (7.13) (see in particular [42,
Lemma 2.4 ].) Consider the Laurent expansion of the DT invariants
DT ref (β + qα; z, w, δ± ; y) =



n
Ω±
n (q)y

n∈Z

and
DT ref (β + qα, 1; z, w, δ± ; y) =



±

Ωn (q)y n .

n∈Z

The geometric engineering conjecture (7.11) identiﬁes the coeﬃcients Ω±
n (q),
±
Ωn (q) with gauge theory BPS degeneracies of given spin. Let
E(x) =

+∞


(1 + y 2i+1 x)−1

i=0

be the quantum dilogarithm. For each q ∈ Z let
Sq =



E((−y)n êq )(−1)

n

Ωn (q)

,

Uq± =

n∈Z



E((−y)n fˆq )(−1)

n

±

Ωn (q)

n∈Z

Then the reﬁned wallcrossing formula of [54, 106] for the wall δ = δc on the
δ-axis is
(7.15)


p

Up+


q

Sq =


q

Sq


p

Up− .
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Using the last equation in (7.14),
Uq±

=1−

∞


±

Ωn (q)y 2i+1+n fˆq = 1 +

n∈Z i=0


1
±
y n Ωn (q)fˆq
y − y −1
n∈Z

1
=1+
DT (β + qα, 1; z, w, δ± ; y)fˆq
y − y −1
By substitution in (7.15) and using again (7.14) it follows that the wallcrossing formula becomes




+
(7.16)
F
Sq =
Sq F −
q

where
F+ =



q

DT (β + qα, 1; z, w, δ± ; y)fˆq .

q

In the view of Equation (7.11), this is the same as the wallcrossing formula
[68, Eq. (3.43)].
For comparison with (7.13) note that the latter may be rewritten as

(7.17)

DT ref (β + qα, 1; z, w, δ− ; y) − DT ref (β + qα, 1; z, w, δ+ ; y)


1
DT ref (β + ql α, 1; z, w, δ+ ; y)
=
(l − 1)! q +···+q =q
l≥2

1

" l
l−1


s=1

l

qs =0, 1≤s≤l

#

−1(qs − qv )α, β

v=s+1

J(qs α; z, w; y).
(−y)

Then note that
ln Sq =



(−1) Ωn (q)

n∈Z
+∞


=−

k=1

=

n

∞ 
∞

(−1)(n+1)k
i=0 k=1

k

y 2i+1+n êq

k


1
[−(−y k )]n Ωn (q)êkq
k((−y)k − (−y)−k )

1
y − y −1

n∈Z

+∞

k=1

1
DT ref (qα; z, w; −(−y)k )êkq
k[k](−y)

which explains the reﬁned multicover formula (7.12). Equation (7.17) follows
by collecting the terms in (7.15) as in [42, Sect. 4], [43, Sect 4.].
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7.4. A recursion formula for unframed BPS states

As an application of the mathematical formalism developed so far, a recursion formula will be derived next for unframed BPS invariants at any values
of the stability parameters (z, w). This will follow from the chamber structure of the framed BPS spectrum on the δ-line, keeping the parameters (z, w)
ﬁxed. Note that any framed representation ρ̃ of numerical type (d, e, 1) has
a canonical subrepresentation ρ of type (d, e, 0) obtained by simply removing the framing data. According to condition (a) above, if (d, e) = (0, 0), ρ
destabilizes ρ̃ if
(7.18)

δ < μ(z,w) (ρ) ≡ μ(z,w) (d, e).

Therefore in the chamber (7.18), the only semistable framed representation
is the simple module associated to the framing node. Therefore
DT ref (d, e, 1; z, w, δ) = 0
for all (d, e) = (0, 0), for any δ satisfying inequality (7.18). In this chamber
the only nontrivial invariant is
DT ref (0, 0, 1; z, w, δ) = 1,
which is in fact independent of the stability parameters.
At the same time condition (b) at the end of Section 7.2 rules out any
quotient ρ̃  ρ for
δ

0.

This is equivalent to the statement that the quiver module ρ̃ is generated by
the framing vector as a module over the path algebra i.e. it is a cyclic module. Therefore for any charge vector γ and any parameters (z, w) there is an
asymptotic chamber δ
0 where (z, w, δ)-stability is equivalent to cyclicity. This usually called the noncommutative Donaldson-Thomas (NCDT)
chamber in the quiver literature [130].
An important feature of the NCDT chamber is that it usually leads
to explicit combinatorial formulas for unreﬁned framed DT invariants by
virtual localization [19, 74]. Typically one uses an algebraic torus action on
the moduli space of stable objects induced by a scaling action on the linear
maps of the quiver representations which preserves the potential W . The
virtual localization formula then expresses the unreﬁned DT invariants as
a sum of local contributions associated to the ﬁxed loci of the torus action
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on the moduli space. For generic values of δ, the classiﬁcation of stable
representations ﬁxed by the torus action up to isomorphism is very diﬃcult,
and the ﬁxed loci are often higher dimensional. In contrast, for a suﬃciently
generic torus action

C× × Mcyclic (γ, 1) → Mcyclic (γ, 1)
on the moduli space of framed cyclic modules, the ﬁxed loci are isolated
and have a relatively simple classiﬁcation in terms of collections of colored
partitions [121, 130, 138, 139]. Then the ﬁxed point theorems of [19, 74]
yield an expression of the form
(7.19)



DT (γ, 1; z, w, +∞) =

(−1)w(ρ̃)

ρ̃∈Mcyclic (γ,1)C×

for the unreﬁned NCDT invariants, where w(ρ̃) is the dimension of the
Zariski tangent space Tρ̃ Mcyclic (γ, 1). An explicit torus action with isolated
ﬁxed loci is given for framed SU (N ) quivers in Appendix E. Since the classiﬁcation of the ﬁxed points is still fairly involved for general N , explicit
computations using formula (7.19) are carried out only for N = 3. In this
case we also prove that there are only ﬁnitely many cyclic modules up to
isomorphism, i.e the asymptotic framed BPS spectrum is ﬁnite.
Motivic NCDT invariants can also be explicitly computed in certain
examples using diﬀerent techniques [116–118, 121, 130]. A computation
based on [116] is outlined for SU (N ) quivers in Section 7.5.
In conclusion, the framed BPS invariants are explicitly computable both
for δ  0 and δ
0. Then the unframed ones can be recursively determined summing the contributions of all intermediate walls, according to
Equation (7.13). In close analogy with [44], this yields the following formula
(7.20)
l
1


dj (γ)
(−1)
dj (γ)J(γ; z, w; y) +
C
((γs ))
J(γs ; z, w; y)
l! γ +···+γ =γ (−y)
l≥2

+ DT ref (γ, 1; z, w, +∞; y) +


l≥2



1

s=1

l

γs =(0,0), 1≤s≤l
μ(γs )=μ(γ), 1≤s≤l



γ1 +···+γl =γ
γs =(0,0), 1≤s≤l
μ(γ)<μ(γ1 )≤μ(γ2 )≤···≤μ(γl−1 )


l−1

C(−y) ((γs ))
ref
J(γs ; z, w; y) = 0,
DT (γl , 1; z, w, +∞; y)
s(γ1 , . . . , γl−1 )
s=1
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where s(γ1 , . . . , γl−1 ) is the order of the subgroup S(γ1 , . . . , γl−1 ) ⊂ Sl−1
of the permutation group of (l − 1) letters consisting of permutations σ
preserving the slope ordering, i.e.
μ(γσ(1) ) ≤ μ(γσ(2) ) ≤ · · · μ(γσ(l−1) ).
More explicitly, for any sequence (γ1 , . . . , γl−1 ) satisfying the slope inequalities
μ(γ1 ) ≤ μ(γ2 ) ≤ · · · ≤ μ(γl−1 )

there exists a unique partition l − 1 = ki=1 li with li ≥ 1, such that
μ(γ1 ) = · · · = μ(γl1 ) < μ(γl1 +1 )
= · · · = μ(γl1 +l2 ) < · · · < μ(γl−lk ) = · · · = μ(γl−1 )
Then S(γ1 , . . . , γl−1 )  ×ki=1 Sli and
s(γ1 , . . . , γl−1 ) =

k


li !.

i=1

 −1
For any charge vector γ = (di , ei )1≤i≤N −1 deﬁne the height |γ| = N
i=1
(di + ei ). Then, the above formula determines all J(γ; z, w; y) recursively
in the height |γ| provided that the asymptotic invariants DT ref (γ, 1; z, w,
+∞; y) are known.
Note that numerical Donaldson-Thomas invariants and wallcrossing formulas are obtained taking the limit y → (−1) in the above formulas. Abusing notation, the numerical invariants will be denoted by the same symbols,
the distinction residing in the absence of the argument y. Note that the
y → (−1) limit of C(−y) ((γs )) is
C((γs )) =

l−1

s=1

γs ,

l


γv .

v=s+1

For illustration, the numerical version of the recursion formula (7.20)
will be tested below in the strong coupling chamber found in Section 6. The
stability parameters (z, w) are of the form
√
√
zi = −θi + −1,
wi = −ηi + −1,
i = 1, 2,
where θi , ηi ∈ R, i = 1, 2, satisfy
η 2 < θ2 < η 1 < θ 1 .
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Consider for example the dimension vector γ = (1, 1, 0, 0) and let j = 2.
There is only one decomposition of γ up to permutations
γ = (1, 0, 0, 0) + (0, 1, 0, 0).
The (θ, η)-slopes,
μ(1, 0, 0, 0) = θ1 ,

μ(0, 1, 0, 0) = θ2 ,

μ(1, 1, 0, 0) =

θ1 + θ2
2

are ordered as follows
μ(1, 0, 0, 0) > μ(1, 1, 0, 0) > μ(0, 1, 0, 0).
Given the summation conditions in (7.20), it follows that the sum over l ≥ 2
in the ﬁrst row is trivial, while the sum over l ≥ 2 in the second row reduces
to a single term,
C((γ1 , γ2 ))DT (γ2 , 1; z, w, +∞)J(γ1 ; z, w)
where
γ1 = (1, 0, 0, 0),

γ2 = (0, 1, 0, 0).

By direct substitution,
d2 (γ) = 1,

χ(γ1 , γ2 ) = −1,

d2 (γ1 ) = 0,

hence
(−1)d2 (γ) d2 (γ) = −1,

C((γ1 , γ2 )) = 1.

Therefore (7.20) reduces to
−J(γ; z, w) + DT (γ, 1; z, w, +∞) + DT (γ2 , 1; z, w, +∞)J(γ1 ; z, w) = 0.
According to Appendix E, DT (γ, 1; z, w, +∞) = 0 and DT (γ2 , 1; z, w, +∞)
= 1. Moreover J(γ; z, w) = J(γ1 ; z, w) = 1 at strong coupling, hence the y →
(−1) limit of formula (7.20) holds in this case.
As an alternative to the recursion formula, note that the spectrum of
framed BPS states at δ
0 can be also related to the spectrum at δ  0
applying directly the wall crossing formula of [106]. Again, using the SU (3)
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strong coupling chamber found in Section 6 as an example, recall that there
are 6 unframed BPS states with dimension vectors
γ1 = (1, 0, 0, 0),

γ2 = (0, 1, 0, 0),

γ3 = (0, 0, 1, 0),

γ4 = (0, 0, 0, 1),

γ5 = (1, 1, 0, 0),

γ6 = (0, 0, 1, 1).

In addition in the chamber δ  0 there is only one framed BPS states with
dimension vector γ = 0 corresponding to the simple module supported at
the framing node. Consider the Lie algebra over Q generated by {eγ , fγ }
satisfying
[eγ , eγ  ] = (−1)χ(γ,γ ) χ(γ, γ  )eγ+γ  ,


[eγ , fγ  ] = (−1)dj (γ)+χ(γ,γ ) (dj (γ) + χ(γ, γ  ))fγ+γ  .


Deﬁne Ui , i = 1, . . . , 6 by
Ui = exp(

 emγ

i

m2

Then the framed spectrum in the chamber δ

),
0 is determined by

(U4 U2 U6 U5 U3 U1 )−1 exp(f0 )U4 U2 U6 U5 U3 U1 .
Note that U2 and U6 commute and U3 and U5 commute. After the algebraic manipulation we obtain the 7 invariants listed in Appendix E, Equation (E.7).
7.5. Absence of exotics I
This section will be concluded with an application of the above results to
the absence of exotics conjecture formulated in Section 2.5. As explained
there, assuming a Lefschetz type construction for the SL(2, C)spin action
on the space of BPS states, absence of exotics translates into the vanishing of oﬀ-diagonal virtual Hodge numbers hr,s (γ; z, w) of the moduli
space of (z, w)-stable representations with charge γ. Equivalently, the Hodge
type Donaldson-Thomas invariants DT (γ; z, w; x, y) in Equation (2.58) are
required to be Laurent polynomials in (xy)1/2 . Laurent polynomials in x1/2 ,
y 1/2 satisfying this condition will be called rational in the following. There is
of course an entirely analogous statement for framed BPS states, where the
virtual Hodge numbers depend on the extra stability parameter δ. Below
it will be shown that the required vanishing results follow by wallcrossing

Geometric engineering of (framed) BPS states

1183

from the chamber structure of framed BPS states studied in the previous
subsection.
Using the formalism of [106], the wallcrossing formula (7.13) admits a
natural motivic version written in terms of motivic DT invariants DT mot (γl ,
1; z, w, δ± ), J mot (γs ; z, w). The coeﬃcients C(−y) ((γs )) must be accordingly
replaced by their motivic versions C(−L1/2 ) ((γs )). Taking virtual Hodge polynomials, the motivic wallcrossing formula yields a polynomial wallcrossing
formula for Hodge type Donaldson-Thomas invariants:
(7.21)

1
DT (γ, 1; z, w, δ− ; x, y)(γ) − DT (γ, 1; z, w, δ+ ; x, y) =
(l − 1)!
l≥2



C(−(xy)1/2 ) ((γs ))DT (γl , 1; z, w, δ+ ; x, y)

γ1 +···+γl =γ
γs =(0,0), 1≤s≤l−1
μ(γs )=δc , 1≤s≤l−1

l−1


J(γs ; z, w; x, y),

s=1

where the J(γs ; z, w; x, y) are the images of the motivic invariants J mot (γs ;
z, w) via the virtual Hodge polynomial map. Analogous considerations hold
of course for the recursion formula (7.20) which is an iteration of the wallcrossing formula. Using these formulas, absence of exotics for framed and
unframed invariants reduces to absence of exotics for the framed asymptotic ones. The latter will then be proven shortly using the results of [116].
Therefore, in short, rationality of both framed and unframed invariants is
established, granting the motivic wallcrossing formula of [106] for SU (N )
quivers.
The proof of absence of exotics for asymptotic framed invariants will be
based on the main result of [116], where they are expressed in terms of Chow
motives of certain aﬃne varieties. In order to apply the results of [116] one
ﬁrst has to check that the potential
W =

N
−2


[ri (ai ci − ci+1 bi ) + si (ai di − di+1 bi )]

i=1

of the SU (N ) quiver has a linear factor according to [116, Def. 2.1]. First
note that any potential W  which diﬀers from W by cyclic permutations in
each term is equivalent to W since they deﬁne the same relations in the path
algebra. Therefore W is equivalent to


W =

N
−2

i=1

(ai ci ri − bi ri ci+1 + ai di si − bi si di+1 )
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Then note that W  has a factorization of the form W  = LR in the path
algebra of the quiver without relations, where
L=

N
−2


(ai + bi ),

R=

i=1

N
−2


(ci ri − ci+1 bi + ai di − di+1 bi ).

i=1

Since the product is deﬁned by concatenation of paths it is straightforward
to check that all terms in the expansion of LR not belonging to W  are
trivial. For example
ai ci+1 bi = 0
since the tail of ai does not coincide with the head of ci+1 . Moreover, any
two distinct nodes of the quiver are connected by at most one of the arrows
ai , bi , 1 ≤ i ≤ N2 in L. These are precisely the conditions required by [116,
Def 2.1].
Then [116, Thm. 7.1] provides an explicit expression for the motivic
Donaldson-Thomas invariants DT mot (γ, 1; z, w, +∞) in terms of Chow motives
of general linear groups GL(n, C), n ≥ 1 and Chow motives of “reduced
quiver varieties”, which are constructed as follows. For a ﬁxed dimension
vector γ = (di , ei )1≤i≤N −1 let
Hom(Cdt(a) , Cdh(a) )

V(γ) =
a∈{aj ,bj ,cj ,dj ,rj ,sj }

be the linear space of all quiver representations. The potential W determines
a gauge invariant polynomial function Wγ on V(γ). The “reduced quiver
variety” R(γ) is deﬁned as the zero locus of the F-term equations
ai = bi = 0,

∂ai Wγ = 0,

∂ bi W γ = 0

in V(γ). In the present case, one obtains the quadratic equations
(7.22)

ci ri + di si = 0,

ri ci+1 + si di+1 = 0.

According to Equation (B.1) in Appendix B,
[GL(n, C)] =

n


(Lk − 1),

k=1


hence its virtual Hodge polynomial is nk=1 ((xy)k − 1). Therefore, thanks
to the above result of [116], in order to prove absence of exotics in the
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asymptotic chamber it suﬃces to prove that the virtual Hodge polynomials
with compact support of the reduced varieties R(γ) are polynomial functions
on (xy). This will be done below using the compatibility of the virtual Hodge
polynomial with motivic decompositions.
Note that R(γ)
$admits a natural projection π : R(γ) → B(γ) to the linear space B(γ) = a∈{cj ,dj } Hom(Cdt(a) , Cdh(a) ) given by
π(ci , di , ri , si ) → (ci , di ).
For each i = 1, . . . , N − 1 the pair of linear maps (ci , di ) determine a Kronecker module κi of dimension vector (ei , di ). Therefore B(γ) is a direct
product
−1
B(γ) = ×N
i=1 V(ei , di )

where V(ei , di ) denotes the linear space of all Kronecker modules of dimension vector (di , ei ). Using Equation (C.2), the space of solution (ri , si ) to
Equations (7.22) is isomorphic to the dual extension group of Kronecker
modules Ext1 (κi , κi+1 )∨ . Therefore the ﬁber of π over a point (κi ) ∈ B(γ) is
isomorphic to the linear space
N −2

Ext1K (κi , κi+1 )∨ ,

i=1

where K denotes the abelian category of Kronecker modules.
If the dimension of the ﬁber π −1 (κ1 , . . . , κN −1 ) were constant, R(γ)
would be isomorphic to a product of linear spaces, which is obviously rational. This is in fact not the case; the dimensions of the ﬁber jumps as the
point (κ1 , . . . , κN1 ) moves in B(γ). However, suppose there is a ﬁnite stratiﬁcation of B with locally closed strata Sα such that the ﬁber of π has constant
dimension pα over the stratum Sα . Then the following relation holds in the
ring of motives

[R(γ)] =
Lpα [Sα ].
α

This yields a similar relation,
P(x,y) (R(γ)) =



(xy)pα P(x,y) (Sα )

α

for virtual Hodge polynomials with compact support. Therefore in order to
prove the claim it suﬃces to construct a stratiﬁcation Sα such that each
polynomial P(x,y) (Sα ) is only a function of (xy). It will be shown next
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that the natural stratiﬁcation of B(γ) by gauge group orbits satisﬁes this
condition.
Let V(e, d)  Hom(Ce , Cd )⊕2 be the linear space of all Kronecker modules of dimension vector (e, d). Suppose S is an orbit of the natural GL(e, C) ×
GL(d, C) action on V(e, d) and let GS ⊂ GL(e, C) × GL(d, C) be its stabilizer. Given any Kronecker module κ ∈ S corresponding to a point in S, the
stabilizer GS is isomorphic to the group of invertible elements in the endomorphism algebra EndK (κ). Recall that K denotes the abelian category of
Kronecker modules. According to [94] (see below Def. 2.1), this implies that
GS is special, which means that any principal GS -bundle over a complex
variety is locally trivial in the Zariski topology. In particular this holds for
the natural principal GS -bundle
GS

/ GL(e, C) × GL(d, C)


S,
which yields a relation of the form
[GL(e, C)][GL(d, C)] = [GS ][S]
in the ring of motives. Taking virtual Hodge polynomials with compact
support one further obtains
P(x,y) (S)P(x,y) (GS ) =

d

k=1

((xy)k − 1)

e


((xy)l − 1).

l=1

Note that the right hand side of this identity is a product of irreducible
factors (xy − ζ), with ζ a root of unity. Since the polynomial ring is a unique
factorization domain, it follows that the same must hold for both factors in
the left hand side. Therefore P(x,y) (S) is a polynomial function of (xy) as
claimed above.
In order to conclude this section, one can ask the question whether
absence of exotics may hold for the BPS spectrum of any toric CalabiYau threefold. We expect this to be the case for general BPS states on toric
Calabi-Yau threefolds, based on similar arguments. Using dimer technology
[21, 92] any toric Calabi-Yau threefold X has an exceptional collection of
line bundles which identiﬁes the derived category Db (X) with the derived
category of a quiver with potential (Q, , W ). There is moreover a region
in the Kähler moduli space where one can construct Bridgeland stability
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conditions where the heart of the underlying t-structure is the abelian category of (Q, W )-modules. In this region, BPS states will be mathematically modeled by supersymmetric quantum states of moduli spaces of stable
quiver representations. Moreover, explicit formulas for motivic DonaldsonThomas invariants of moduli spaces of framed cyclic representations have
been obtained in [121], and they depend only on L1/2 . Therefore one can
employ a similar strategy, deﬁning δ-stability conditions for framed representations, and studying motivic wallcrossing. This provides a framework for
a mathematical study of absence of exotics for dimer models. The details
will be left for future work.
A much harder problem is absence of exotics in geometric regions of the
Kähler moduli space [15] where there are no stability conditions with algebraic t-structures. In those cases, one has to employ perverse t-structures in
the construction of stability conditions, and the role of framed quiver representations is played by large radius stable pair invariants. Explicit motivic
formulas for such invariants are known only in cases where X has no compact divisors [117, 118]. If X has compact divisors, no explicit large radius
motivic computations have been carried up to date. However absence of
exotics is expected based on the reﬁned vertex formalism [91]. Moreover,
the cohomology of smooth moduli spaces of semi-stable sheaves on rational
surfaces is known to be of Hodge type (p, p) [16, 73], which suggests that
also for toric Calabi-Yau’s with compact divisors no exotic BPS states arise.
For completeness note that absence of exotics is known to fail [4, 44] on
non-toric Calabi-Yau threefolds.

8. BPS states and cohomological Hall algebras
This section explains the relation between BPS states and the mathematical
formalism of cohomological Hall algebras [108]. Although cohomological and
motivic Donaldson-Thomas invariants are known to be equivalent [108], the
cohomological construction provides more insight into the geometric construction of the SL(2, C)spin -action on the space of BPS states [105]. Moreover, it also oﬀers a new perspective on the absence of exotics, which is now
related to a conjectural Atiyah-Bott ﬁxed point theorem for the cohomology
groups deﬁned in [108].
8.1. Cohomological Hall algebras
The algebra of BPS states was ﬁrst constructed in [81] in terms of scattering
amplitudes for D-brane bound states. In the semiclassical approximation,
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the algebraic structure is encoded in the overlap of three quantum BPS
wave functions on an appropriate correspondence variety. This formulation
can be made very explicit for quiver quantum mechanics. More recently,
a rigorous mathematical formalism for BPS states has been proposed in
[108] for quivers with potential. A detailed comparison between the physical
deﬁnition of [81] and the formalism of [108] has not been carried out so far
in the literature. Leaving this for future work, the construction of [108] will
be brieﬂy summarized below.
The most general deﬁnition of the corresponding algebraic structure is
given in the framework of Cohomological Hall algebra (COHA for short) in
[108]. In the loc. cit. the authors deﬁned the category of Exponential Mixed
Hodge Structures (EMHS for short) as a tensor
% category which encodes
“exponential periods”, i.e. integrals of the type C exp(W )α, where C is a
cycle in an algebraic variety X, W : X → C is a regular function (or even a
formal series) and α is a top degree form on C. There are diﬀerent “cohomology theories” which give “realizations” of EMHS. Every such theory is a
tensor functor H from the category EM HS to the category of graded vector spaces. Similarly to the conventional theory of motives there are several
standard realizations:
a) Betti realization which is given by the cohomology of pairs H • (X,
W −1 (t)), where t is a negative number with a very large absolute value (it
is also called “rapid decay cohomology”);
b) De Rham realization which is given by the cohomology H • (X, d +
dW ∧ •) of the twisted de Rham complex (or, better, the hypercohomology
of the corresponding complex in the Zariski topology on X);
c) critical realization which is given by the cohomology of X with the
coeﬃcients in the sheaf of vanishing cycles of W .
It is convenient to combine all those versions of COHA into the following
deﬁnition proposed in [108].

Deﬁnition 8.1. Cohomological Hall algebra of (Q, W ) (in realization
H) is an associative twisted graded algebra in the target tensor category C
of the cohomology functor H deﬁned by the formula
H := ⊕γ Hγ , Hγ := H• (Mγ /Gγ , Wγ ) := H• (Mγuniv , Wγuniv ),
where I is the set of vertices of the quiver, and γ = (γ i )i∈I ∈ ZI≥0 is the
dimension vector.
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In the above deﬁnition Mγ is the space of representations of Q of dimension γ = (γ i )i∈I ∈ ZI≥0 , and Mγuniv = EGγ ×BGγ Mγ is be the standard universal 
space used in the deﬁnition of equivariant cohomology. The group
Gγ = i∈I GL(γ i , C) acts by changing basis at each vertex of the quiver
and Mγ /Gγ denotes the corresponding stack. It was proved in the loc. cit.
that COHA is an associative algebra.
It is important to explain the relationship of COHA to the space of BPS
states. By deﬁnition COHA does not depend on the central charge Z, hence
it does not depend on stability parameters. It was conjectured in loc.cit.
that after a choice of the central charge, the algebra H “looks like” the
universal enveloping algebra of a Lie algebra g which is a direct sum (as
a vector space) of the “ﬁxed slope“ Lie algebras. More precisely g = ⊕l gl
where the summation is taken over the set of rays l in the upper-half plane,
and each algebra gl depends on the moduli spaces of semistable objects with
central charges in l. Therefore a choice of stability conditions should determine a space of “good“ generators of COHA. This space of generators is not
known aside from a of few simple examples. Furthermore, it is not known
whether there is a space V of generators of H which carries a Lie algebra
structure (hence we cannot identify the Lie algebra g with such a set). It is
expected (and proved in the case of symmetric quivers) that there is a space
of (graded) generators of the form V = V prim ⊗ C[x], where deg x = 2 and
V is vector space graded by ZI≥0 × Z. One should think of this grading as a
charge-cohomological degree grading. From the point of view of the above
discussion one can think that V prim = ⊕(γ,k) Vγ,k corresponds to HBP S (γ).
This space of generators plays the role of the space of single-particle BPS
states. Full COHA “looks like“ the algebra of multiparticle states. In practice
the space of stability parameters u has the size of one-half of the full space
of stability conditions. After a choice of such subspace of “physical” stability conditions one deﬁnes the 
DT-invariants (which correspond of course
to BPS invariants) as Ω(γ, u) = k y k dimVγ,k . The summands in this sum
can be interpreted as reﬁned BPS invariants. Furthermore, the above considerations can be performed directly in the category EMHS. In this case
V prim is an object of EMHS. As in the usual Hodge theory which is mathematically described by the category of Mixed Hodge Structures (MHS for
short), objects of EMHS carry (exponential version of) Hodge and weight
ﬁltrations deﬁned in [108]. Then the motivic and numerical DT-invariants
are deﬁned by taking Serre polynomial (a.k.a. virtual Poincaré polynomial)
and Euler characteristic of the corresponding objects. This deﬁnition agrees
with the above conjectural description via the set V of generators of COHA.
Notice that the motivic version of COHA carries the action of the motivic
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Galois group (the group of automorphisms of the corresponding cohomology
functor H). Therefore, instead of considering the trace of the element −1
which gives the Euler characteristic, one can consider the trace of another
element of the motivic Galois group (or the character function as a function
on the Galois group). It might lead to some new interesting invariants.
8.2. Framing and SL(2, C)spin action
According to Section 2.5, physics arguments predict an SU (2)spin action on
the space of BPS states. If one is mainly interested in algebraic aspects, forgetting the Hilbert space structure, the natural induced SL(2, C)spin action
may be considered instead. As explained in Section 2.5, the SL(2, C)spin
action is identiﬁed with the Lefschetz action on the cohomology of the Dbrane moduli space [135], which is well deﬁned when the latter is smooth.
Therefore, as a physical test of the formalism proposed in [108], the cohomology groups constructed there should carry a natural Lefschetz type action.
This construction was developed by Kontsevich and Soibelman in [105], and
is brieﬂy recalled below.
Let C be a triangulated A∞ -category over C. We also ﬁx a stability
condition τ , (and hence a slope function μ), and a functor F from C to
the category of complexes. For a ﬁxed slope μ = θ we denote by Cθss the
abelian category of τ -semistable objects having the slope θ. We will impose
the following assumption: F maps Cθss to the complexes concentrated in nonnegative degrees.
Deﬁnition 8.2. Framed object is a pair (E, f ) where E ∈ Ob(Cθss ) and
f ∈ H 0 (F (E)).
The above deﬁnition can be given in the case of abelian categories as
well. In the case of the quiver with potential (Q, W ) we can deﬁne the above
structure by adding an extra vertex i0 and di arrows from i0 to the vertex
i ∈ I. Then the functor F maps a representation E = (Ei )i∈I to F (E) =
⊕i Hom(Cdi , Ei ).
There is an obvious notion of morphism of framed objects and hence of
isomorphic framed objects.
Deﬁnition 8.3. We call framed object stable if there is no exact triangle
E  → E → E  such that both E  , E  ∈ Ob(Cθss ) and such that there is f  ∈
H 0 (F (E  )) which is mapped to f ∈ H 0 (F (E)).
Proposition 8.4. If (E, f ) is a stable framed object then Aut(E, f ) = {1}.
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Therefore one can speak about a scheme (not a stack) of stable framed
objects. There are versions of this notion which involve polystable objects
(i.e. sums of stables with the same slope). Conjecturally for a wide class of
triangulated categories the moduli space of stable framed objects Msf r is
a projective variety. In particular this should be true in the case of quivers
with potential. The following conjecture was formulated in the loc. cit.
Conjecture 8.5. Suppose that C is a 3CY category. Then there is a formal
sf r ) such that:
&sf r and a formal function W ∈ O(M
'
manifold M
a) Msf r is the set of critical points of W .
b) For every i ≥ 0 the cohomology group H i (Msf r , φW ) with the coefﬁcients in the sheaf of vanishing cycles φW (ZMsf r ) carries a pure Hodge
structure of weight 0 as well as the Lefshetz decomposition.
Assuming the Conjecture we arrive to the following:


Corollary 8.6. The series Asf r := γ∈ZI [H • (Msf r , φW )]e'γ enjoys the
≥0
wall-crossing formulas. Here the symbol [H • (Msf r , φW )] denotes an element
of the K0 ring of an appropriate subcategory of EMHS, while e'γ are generators of the quantum torus over this K0 ring, e'γ1 e'γ2 = Lχ(γ1 ,γ2 )/2 e'γ1 +γ2 and
χ(γ1 , γ2 ) is the Euler-Ringel form.
In particular a mutation of the quiver with potential gives rise to a
conjugation of Asf r by the quantum dilogarithm. Applying Serre polynomial we obtain the series with coeﬃcients which are characters of ﬁnitedimensional SL(2, C)-representations. Specialization of the Serre polynomial
to L1/2 = −1 is therefore a non-negative integer number.
The geometric construction of framed BPS states in Section 7 suggests
in fact a generalization of the above conjectures to weak stability conditions,
as explained below.
Suppose Aτ is the heart of the underlying t-structure of τ and suppose
F maps Aτ to the complexes concentrated in non-negative degrees. Then
a framed object will be deﬁned as a pair (E, f ) where E ∈ Ob(Aτ ) and
f ∈ H 0 (F (E)). Again, there is an obvious notion of morphism of framed
objects and hence of isomorphic framed objects.
The stability condition for framed objects is also generalized as follows to a condition depending on an extra parameter ξ ∈ C. In addition
to a t-structure the stability condition τ also contains a compatible stability function Zτ : K(C) → C, where K(C) is an appropriate quotient of the
Grothendieck group of C. The compatibility condition requires Zτ (E) to take
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values in a ﬁxed half-plane Hφ ⊂ C for any object E of Aτ . Let ξ ∈ Hφ be
an arbitrary complex parameter. For any object E of Aτ , deﬁne
Z(τ,ξ) (E) = Zτ (E) + h0 (F (E))ξ
and
μ(τ,ξ) (E) = −

Re(e−iφ Z(τ,ξ) (E))
,
Im(e−iφ Z(τ,ξ) (E))

where hk (F (E)) = dimH k (F (E)), k ≥ 0. Moreover for any morphism d :
E1 → E2 in Aτ let F k (d) : H k (E1 ) → H k (E2 ), k ≥ 0 be the induced linear
maps on cohomology.
Deﬁnition 8.7. A framed object (E, f ), E ∈ Ob(Aτ ) is called (τ, ξ)-(semi)
stable if the following conditions hold.
(a) Any framed object (E  , f  ) where 0 ⊂ E  ⊂ E is a nontrivial proper
subobject in Aτ such that F 0 (f  ) = f satisﬁes
μ(τ,ξ) (E  ) (≤) μ(τ,ξ) (E).
(b) Any framed object (E  , f  ) where E  E  = 0 is a quotient of E in
Aτ , not isomorphic to E, such that F 0 (f ) = f  satisﬁes
μ(τ,ξ) (E) (≤) μ(τ,ξ) (E  ).
If appropriate boundedness results hold for ﬁxed numerical invariants,
making |ξ| very large yields the following notion of (weak) limit stability
condition.
Deﬁnition 8.8. A framed object (E, f ), E ∈ Ob(Aτ ) is called limit (τ, δ)(semi)stable if the following conditions hold.
(a) Any framed object (E  , f  ) where 0 ⊂ E  ⊂ E is a nontrivial proper
subobject in Aτ such that F 0 (f  ) = 0 satisﬁes
μτ (E  ) (≤) δ
(b) Any framed object (E  , f  ) where E  E  = 0 is a quotient of E in
Aτ , not isomorphic to E, such that F 0 (f ) = 0 satisﬁes
μτ (E  ) (≥) δ.
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Here δ = −cot(ϕ − φ), where ϕ ∈ [φ, φ + π) is the phase of ξ.
Then note that Proposition 8.4 holds for both (τ, ξ)-stable objects and
(τ, δ)-limit stable objects. The case of framed BPS states studied in Section 7
suggests that Conjecture 8.5 and Corollary 8.6 should also hold in this more
general framework, perhaps with appropriate amendments.

8.3. Absence of exotics II
In addition to the SL(2, C) action, the space of BPS states is also expected
to carry an action of the R-symmetry group, which is SU (2)R in the ﬁeld
theory limit. Again, if one is mainly interested in algebraic aspects, this
extends naturally to an action of the complex R-symmetry group SL(2, C)R .
More generally the space of BPS states in the low energy IIA eﬀective theory of a toric threefold X is expected to carry only an action of a Cartan
subgroup, C×
R ⊂ SL(2, C)R . As explained in Section 2.5, for a smooth projective D-brane moduli space M, the space of BPS states is identiﬁed with
the cohomology of M and C×
R acts with weight p − q on the Dolbeault cohomology group H p,q (M). Then it is natural to conjecture that C×
R acts analogously on the cohomology groups constructed in [105, 108]. Hence absence
of exotics is equivalent to the statement that the Hodge numbers of the
cohomology groups in Deﬁnition (8.1) are trivial unless p = q. Given the
equivalence between motivic and cohomological Donaldson-Thomas invariants [108, Prop. 14, Sect. 7], it suﬃces to to prove that the former depend
on L1/2 only, as discussed in detail in Section 7.5. However, it is worth
noting absence of exotics would follow in the presence of a suitable torus
action provided one can prove an Atiyah-Bott ﬁxed point theorem in the
cohomological formalism of [105, 108].
Recall that on a smooth projective variety M equipped with an algebraic
torus action C× × M → M, the Atiyah-Bott theorem yields a direct sum
decomposition
(8.1)

H p,q (M) 

H p−nΞ ,q−nΞ (Ξ)
Ξ

of Dolbeault cohomology groups. Here Ξ ⊂ M are the connected components
of the C× -ﬁxed locus, which are smooth compact subvarieties of M, and the
index nΞ is deﬁned as follows. The normal bundle NΞ/M has a natural C× equivariant structure. Since C× leaves Ξ pointwise ﬁxed the normal bundle
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decomposes as a direct sum over irreducible representations of C×
NΞ/M 

k
NΞ/M
k=0

k
where t ∈ C× acts on each direct summand NΞ/M
by scaling by tk . By
deﬁnition, the index nΞ is the rank of
−
=
NΞ/M

k
NΞ/M
.
k<0

In particular if the ﬁxed loci are isolated points, all Hodge numbers hp,q (M)
vanish unless p = q.
A similar result for the cohomology groups deﬁned in (8.1) would reduce
absence of exotics to the existence of a torus action with isolated ﬁxed
points. More precisely, one would need a torus action C× × Mγ → Mγ on the
aﬃne space of representations of type γ, which leaves the superpotential Wγ
invariant and commutes with the gauge group action. If a result analogous
to (8.1) holds, absence of exotics follows immediately if the C× -ﬁxed locus in
the moduli space is a ﬁnite set of isolated points. According to Appendix E,
this is the case for moduli spaces of cyclic framed representations of the
SU (N ) quiver.

Appendix A. Exceptional collections and quivers for XN
The main goal of this section is to show that (2.8) is a full strong exceptional collection of line bundles on XN , and the objects (2.13) are the dual
fractional branes.
As a ﬁrst step, it will be helpful to review the analogous constructions
for canonical resolutions of two dimensional quotient AN singularities. These
are noncompact toric surfaces YN determined by the fan in Fig. 6.
The toric data for YN is encoded in the following charge matrix

(A.1)

C×
(1)
C×
(2)

C×
(N −1)

x0
1
0

0

x1
−2
1

0

x2
1
−2

0

x3
0
1

...
...
...

xN −1
0
0

xN
0
0

0

..
.
...

−2

1
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Figure A1: The toric fan for the resolution of the C2 /Z3 singularity. For
arbitrary N ≥ 1 there are N − 1 inner rays determined by the N − 1 equidistant inner points on the horizontal line.
The rays of the fan correspond to N curves curves C0 , . . . , CN on YN deﬁned
by the equations xi = 0, 0 ≤ i ≤ N respectively. The curves C1 , . . . , CN −1
corresponding to the inner rays are the exceptional compact cycles of the
resolution, and have intersection matrix

⎧
0,
⎪
⎪
⎪
⎪
⎨
1,
Ci · Cj =
⎪
⎪
⎪
⎪
⎩
−2,

if |i − j| ≥ 2
if |i − j| = 1
if i = j.

The curves C0 , CN corresponding to the outer rays are isomorphic to the
complex line.
The results of [97] imply that the following line bundles
Li = OYN (Ei ),

1≤i≤N

form a full strong exceptional collection on YN , where
Ei =

N
−i


jCi+j ,

1 ≤ i ≤ N.

j=0

Note that the Ei are eﬀective divisors determined by
N −i
xi+1 x2i+2 · · · xN
= 0.

The dual fractional branes are the objects
FN = OC1 +···+CN ,

Fi = OCi (−1)[1],

i = 1, . . . , N − 1.
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Straightforward computations conﬁrm that
RHomYN (Li , Fj ) = δi,j C.
Moreover, according to [14, 24, 124], the endomorphism algebra EndYN (L, L),
with L = ⊕N
i=1 Li , is isomorphic to the path algebra of the aﬃne AN −1 quiver,
gN,1

f2,1

L1 _ d
g1,2

$

f3,2

L2 d

$

fN,N −1

L3

···

LN −1

&

LN

g

gN −1,N

g2,3

f1,N

where
fi,i−1 =

i−1

j=0

xj ,

gi−1,i =

N


x,

2 ≤ i ≤ N,

f1,N = x0 ,

gN,1 =

j=i

N


xj .

j=1

For simplicity, set f1,0 = f1,N and g0,1 = gN,1 . Then note that the quadratic
relations
fi,i−1 gi−1,i − gi,i+1 fi+1,i = 0
are obviously satisﬁed for all i = 1, . . . , N .
The toric threefolds XN are smooth toric ﬁbrations over P1 with ﬁbers
isomorphic to YN . Exceptional collections for compact toric ﬁbrations over
projective spaces have been constructed in [45]. Proceeding by analogy with
[45], one obtains the collection (2.8). However since the ﬁbers YN are noncompact one has to check directly that (2.8) is a full strong exceptional
collection. The ﬁrst property, namely that the line bundles (2.8) generate
Db (XN ) is entirely analogous to [45]. The vanishing results
−1
m
Extm
XN (Li , Lk (aH)) = H (XN , Li ⊗XN Lk (aH)) = 0,

for any i, k = 0, . . . , N − 1 and any a = 0, ±1, require more work.
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Recall ﬁrst that for any line bundle L on XN there is a Leray spectral
sequence
H p (P1 , Rq π∗ L) ⇒ H p+q (XN , L)
where the direct images Rq π∗ L are quasi-coherent sheaves on P1 . Moreover, since OXN (H) = π ∗ OP1 (1), we have Rq π∗ L(aH)  Rq π∗ L ⊗P1 OP1 (a)
for any a ∈ Z.
By construction, the line bundles {Li }0≤i≤N −1 restrict to an exceptional
collection on each ﬁber. Furthermore, recall that for any morphism f : X →
Y of complex algebraic varieties where Y = Spec(R) is aﬃne, and for any
quasi-coherent OX -module F , the direct image Rq f∗ (F ) is isomorphic to the
quasi-coherent sheaf determined by the R-module H q (F ). Then, using the
standard aﬃne open cover of P1 , and the fact that the restriction of the
collection {Li }0≤i≤N −1 is an exceptional collection on each ﬁber, it follows
that
Rq π∗ (L−1
i ⊗ Lk ) = 0
for all 0 ≤ i, k ≤ N − 1 and all q > 0. This yields an isomorphism
−1
m 1
0
H m (XN , L−1
i ⊗ Lk (aH))  H (P , R π∗ (Li ⊗ Lk ) ⊗P1 OP1 (a)).

In order to prove vanishing for all m ≥ 1, let U1 , U2 be the aﬃne open
subsets y1 = 0, respectively y2 = 0 in P1 . Then note that π −1 (Us ), s = 1, 2,
is a toric variety determined by the data

(A.2)

us
1
0

x1
−2
1

x2
1
−2

x3
0
1

...
...
...
..
.

xN −1
0
0

xN
0
0

zs
0
0

0

0

0

0

...

−2

1

0

where
us = x0 ys2 ,

s = 1, 2,

z1 = y1−1 y2 ,

z2 = y1 y2−1 .

The transition functions on the overlap π −1 (U1 ∩ U2 ) are
(A.3)

z2 = z1−1 ,

u2 = z12 u1 ,

(x1 , . . . , xN ) being obviously unchanged. The varieties π −1 (Us ), s = 1, 2 are
isomorphic to YN × C.
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 −1
Next let L = OXN ( N
i=1 mi Di + aH) on XN for some arbitrary mi ∈ Z,
1 ≤ i ≤ N − 1, and a ∈ {−1, 0, 1}. The spaces of local sections Γ(Us , Rπ∗ L),
s = 1, 2, are spanned by monomials of the form

uks s zsls

N


n

xi s,i ,

ks , ls , ns,i ∈ Z≥0 ,

1≤i≤N

s = 1, 2,

i=1

 −1 N −i jmi
which have the same scaling behavior as the monomial N
i=1
j=1 xi+j
under the torus action (A.2). Using the transition functions (A.3),

uk22 z2l2

N

i=1



n 
xi 2,i 

=
U1 ∩U2

uk12 z12k2 −l2 −a

N

i=1



n 
xi 2,i 

.
U1 ∩U2

Since l2 ≥ 0, the exponent 2k2 − l2 − a takes all values in Z ∩ (−∞, 2k2 − a]
for ﬁxed k2 . Since k2 ≥ 0 as well, and a ∈ {−1, 0, 1}, this implies that the
Čech diﬀerential has trivial cokernel, hence H m (P1 , R0 π∗ L) = 0, m ≥ 1. This
proves the required vanishing results.
Note also that that the endomorphism algebra End(T ), where T is the
direct sum of all line bundles Li , Mi , 1 ≤ i ≤ N , is generated by the toric
monomials

(A.4)

..
.

..
.

ψN γN,1 γN,2

 w

LO 1

λN

//

φ1,1
φ1,2

MO 1

γ1,1
ψ1

λ1
γ2,1



L2 s
..
.

φ2,1
φ2,2

//

M2
..
.
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//

φi,1
φi,2

LO i

MO i

γi,1
ψi

λi
γi,2

Li+1

s

//

φi+1,1
φi+1,2

Mi+1

..
.

..
.
//

φN −1,1
φN −1,2

LN −1
O

MN −1
O

γN −1,1
λN −1

ψN −1
γN −1,2

s
LN
O

//

φ
φN,1
N,2
γN,1 γ

ψN

N,2

MO N
λN

..
.

..
.

where

φi,1 = y1 ,
N


ψi =

1≤i≤N

φi,2 = y2 ,
xj ,

N


λi =

j=i+1

N


N


ψN =

xj ,

j=1

γi,1 = y1

i


λN =

1≤i≤N −1

xj ,

j=i+1

xj

j=1

xj ,

γi,2 = −y2

i


j=0

j=0

γN,1 = x0 y1 ,

γN,2 = −x0 y2 .

xj ,

The above generators satisfy the quadratic relations

1 ≤ i ≤ N − 1.
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φi,1 ψi = λi φi+1,1 ,
(A.5)

1≤i≤N −1

φi,2 ψi = λi φi+1,2 ,

1≤i≤N −1

φi+1,1 γi,2 + φi+1,2 γi,1 = 0,
φ1,1 γN,2 + φ1,2 γN,1 = 0,
ψi γi,1 = γi−1,1 λi−1 ,

ψi γi,2 = γi−1,2 λi−1 ,

1 ≤ i ≤ N,

where by convention γ0,1 = γN,1 , γ0,2 = γN,2 and λ0 = ΛN .
The next task is to check that the objects (2.13) indeed satisfy the
orthogonality conditions (2.12). This claim follows by straightforward although somewhat tedious computations. A simple computation using Equations (2.5) and the intersection products

(Si · Sj )XN

⎧
Σi ,
⎪
⎪
⎨
Σj ,
=
−Σi−1 − Σi − 2Ci ,
⎪
⎪
⎩
0,

for j = i + 1
for i = j + 1
for i = j
otherwise

of divisors on XN yields

(A.6)


L−1 
i

Sj

⎧
⎨ OSj ,
OSj (−Σj ),

⎩
OSj (−2Cj ),

for i ≥ j + 1,
for i = j,
for i ≤ j − 1,

where i = 1, . . . , N − 1.
Now let Fm = P(OP1 ⊕ OP1 (m)) be a Hirzebruch surface of any degree
m ∈ Z, Σ a section such that Σ2 = m, and C the ﬁber class. Then note the
following isomorphisms
(A.7)

H k (Fm , OFm (aC))  H k (P1 , OP1 (a)),

(A.8)

H k (Fm , OFm (−Σ + aC)) = 0,

and
(A.9)

H k (Fm , OFm (−2Σ + aC))  H k−1 (P1 , OP1 (a − m))

for all k, a ∈ Z. Equations (A.7),(A.8) follow easily from the Leray spectral
sequence for the canonical projection π : Fm → P1 . Equation (A.9) follows
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from the long exact sequence associated to the exact sequence
0 → OFm (−2Σ + aC) → OFm (−Σ + aC) → OΣ (−Σ + aC) → 0
using Equation (A.8).
Equations (A.6) - (A.9) imply the orthogonality conditions (2.12) for
i = 1, . . . , N , j = 1, . . . , N − 1. For example
RHomk (Li , Pi )  H k+1 (XN , L−1
i ⊗ Fi )
 H k+1 (Si , OSi (−Σi−1 − Σi ))
 H k+1 (Si , OSi (−2Σi−1 − 2iCi ))
 H (P
k

1

, OP1 )

since

Σi = Σi−1 + 2iCi

 Cδk,0

where the next to last isomorphism follows from Equation (A.9) with a =
−2i and m = (Σi−1 )2Si = −2i = a.
The remaining cases, i = 1, . . . , N and j = N , require an inductive argument. For concreteness let i = 1, the other cases being completely analogous.
The inductive step is based on the observation that for any two eﬀective
divisors D, D in XN there is an exact sequence of OXN -modules
0 → OD (−D) → OD+D → OD → 0.
Applying this to the decomposition S = S1 +
(A.6), one obtains an exact sequence

N −1
j=2

Sj , and using relations

−1
0 → ONj=2
Sj (−S1 − 2H) → OS (−D1 ) → OS1 (−Σ1 ) → 0

The vanishing results (A.7) imply that all cohomology groups of OS1 (−Σ1 )
are trivial. Therefore the associated long exact sequence breaks into isomorphisms
k
−1
H k (XN , ONj=2
Sj (−S1 − 2H))  H (XN , OS (−D1 ))

for all k ≥ 0. Repeating the above argument, there is an exact sequence
N −1 (−S − 2H) → O (−Σ − 2H) → 0
−1
0 → ONj=3
1
1
S2
Sj (−S2 − 2H) → O j=2
Sj

since OXN (S1 )|Sj  OSj for all j ≥ 3. Again the vanishing results (A.7) and
the associated long exact sequence yield isomorphisms
k
 −1 (−S − 2H))
N −1
H k (XN , Oj=3
1
Sj (−S2 − 2H))  H (XN , O N
j=2 Sj
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for all k ≥ 0. Proceeding inductively, the required vanishing results for cohomology groups will be reduced to (A.7) in ﬁnitely many steps.

Appendix B. Motives for pedestrians
The basic construction of motives of complex algebraic varieties will be
brieﬂy reviewed here for completeness, following, for example [25, 94]. The
ring of motives K0 (Var/C) is a quotient of the Q-vector space generated by
all isomorphism classes of algebraic varieties X over C by the equivalence
relation
[X] ∼ [Y] + [X \ Y]
for any closed subvariety Y ⊂ X. The ring structure is determined by the
direct product X × Y which is compatible with equivalence relation ∼, hence
descends to Q-linear associative product [X][Y] = [X × Y]. The equivalence
class of a variety X in this ring will be called the Chow motive of X. The
Chow motive of the complex line is denoted by L and called the Tate motive
for historical reasons.
Note that one can construct in complete analogy a ring of motives of
complex schemes of ﬁnite type. An important result for Donaldson-Thomas
invariants is that the ring of motives of schemes of ﬁnite type is in fact
isomorphic to the ring of motives of varieties,
K0 (Sch/C)  K0 (Var/C).
The Chow motive of a scheme X encodes more reﬁned information than
the topology of the topological space X, but is obviously coarser than the
algebraic scheme structure. In order to understand this in more detail, note
that for X ⊂ Pk a projective or quasi-projective scheme, the Chow motive [X]
is equal to the Chow motive of the reduced scheme Xred , obtained by taking
a quotient of the structure sheaf OX by its nilpotent ideal. For example the
Chow motive of any multiple line xn = 0 in C2 is L for any n ≥ 1.
For concrete computations it is worth noting that if X → Y is a smooth
morphism of schemes such that all ﬁbers are isomorphic to a scheme Z,
then [X] = [Z][Y]. This result yields for example the following identity [25,
Lemma 2.6]
(B.1)

[GL(n, C)] =

n

k=1

(Lk − 1),
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where GL(n, C) is the underlying algebraic variety of the general linear
group. This follows from the fact that there is a smooth map fv : GL(n, C) →
Cn \ {0}, sending g ∈ GL(n, C) to g(v), where v ∈ Cn \ {0} is a ﬁxed nonzero
vector. This map is surjective, and the ﬁber over any point v  ∈ Cn \ {0}
is the stabilizer of v  in GL(n, C), which is isomorphic to GL(n − 1, C).
Therefore the general result stated above yields
[GL(n, C)] = [GL(n − 1, C)][Cn \ {0}] = (Ln − 1)[GL(n − 1, C)].
This implies (B.1) by recursion.
Any geometric invariant of schemes or stacks which depends only on
their Chow motive is called a motivic invariant. A good example example is
the Hodge polynomial with compact support. For a smooth compact variety
X, this is just the usual Hodge polynomial with compact support,
P(x,y) (X) =



xp y q hp,q
c (X)

p,q

where hp,q
c (X) are the Hodge numbers of X for compactly supported cohomology. For singular varieties a suitable generalization must be deﬁned using
Deligne’s theory of mixed Hodge structures. See for example [94, Ex. 4.3] for
a brief summary in a similar context and for further references. According
to loc. cit. the Hodge polynomial with compact support determines a ring
morphism
(B.2)

P : K0 (Var/C) −→ Q(x, y).

The construction of [106] yields motivic Donaldson-Thomas invariants
for moduli spaces of Bridgeland stable objects in triangulated CY3-categories
equipped with a cyclic A∞ -structure and a choice of “orientation data”.
For the purpose of the present paper the discussion can be conﬁned to
derived categories of quivers with potential (Q, W ). Suppose τ is a Bridgeland stability condition on Db (Q, W ) and γ is a ﬁxed dimension vector such
that the (coarse) moduli space of stable objects Msτ (γ) is a projective or
quasi-projective scheme. Then the construction of [106] assigns to Msτ (γ)
an element DTτmot (γ) in an extension K0 (Var/C)[L1/2 , L−1/2 ] of the ring of
motives. It is crucial to note that, DTτmot (γ) is not identical to the Chow
motive [Msτ (γ)] of the moduli space. By construction, DTτmot (γ) depends in
an essential manner on the homotopy class of the cyclic A∞ structure on the
derived category, while [Msτ (γ)] does not. The motivic Donaldson-Thomas
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invariant DTτmot (γ) is also called the virtual motive of the moduli space in
order to avoid any confusion with the Chow motive.
The motivic Donaldson-Thomas invariants for moduli spaces of stable
(Q, W )-representations admit a very explicit presentation in terms of Chow
motives due to [18]. The basic observation is that the moduli space Msτ (γ)
of τ -stable representations is in this case isomorphic to the critical locus of a
polynomial function Wγ on a smooth quasi-projective variety. The ambient
variety is the moduli space Nτs (γ) of τ -stable representations of the quiver
Q with no relations and the polynomial function Wγ : Nτs (γ) → C is naturally determined by W . Suppose W is chosen such that the critical locus
of Wγ is contained in the ﬁber at zero, Wγ−1 (0). In addition, one requires
a torus action on Nτs (γ) preserving Wγ and satisfying some mild technical
conditions. Then, the results of [18], imply the following formula
(B.3)

DTτmot (γ) = −Lw(γ) ([Wγ−1 (λ)] − [Wγ−1 (0)])

for any λ = 0, where the terms on the right hand side are Chow motives.
The exponent w(γ) is a half-integral weight depending on γ whose exact
expression will not be needed here.
Once the virtual motivic invariants are constructed, one can easily obtain
various polynomial Donaldson-Thomas invariants applying the Hodge polynomial map (B.2). More precisely, (B.2) can be extended to a ring morphism

P : K0 (Var/C)[L1/2 , L−1 ] → Q(x1/2 , y 1/2 )
sending L1/2 to (xy)1/2 . Then the virtual Hodge numbers hr,s (γ, τ ) ∈ Z,
r, s ∈ 21 Z are deﬁned by
(B.4)

P(DTτmot (γ)) =



hr,s (γ, τ )xr y s .

r,s∈ 12 Z

Equation (B.3) implies that r − s ∈ Z for all nonzero hr,s (γ, τ ). If the moduli
space Msτ (γ) is smooth and projective, of dimension m, the virtual Hodge
numbers are related to the usual ones by

hr,s (γ, τ ) = hr+m/2,s+m/2 (Msτ (γ)).
However, in general the numbers hr,s (γ, τ ) will be diﬀerent from the ones
obtained by applying the map (B.2) to the Chow motive [Msτ (γ)].
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Appendix C. Kronecker modules
Kronecker modules are ﬁnite dimensional representations of a quiver with
two nodes, two arrows and no relations as below
//

•

•

They form an abelian category K of homological dimension one. The extension groups ExtjK (κ1 , κ2 ), j = 0, 1, of any two Kronecker modules κi = (Wi ,
Vi , fi , gi : Wi → Vi ), i = 1, 2, are the cohomology groups of the two term
complex
(C.1)

Hom(V1 , V2 ) ⊕ Hom(W1 , W2 )−→Hom(W1 , V2 )⊕2
δ

where the ﬁrst term is in degree 0, and
δ(α, β) = f2 β − αf1 , g2 β − αg1 .
In particular note that the dual vector space Ext1K (κ1 , κ2 )∨ is the kernel of
the map
(C.2)

δ∨

Hom(V2 , W1 )⊕2 −→Hom(V2 , V1 ) ⊕ Hom(W2 , W1 ),
δ ∨ (γ, η) = (−f1 γ − g1 η, γf2 + ηg2 ).
C.1. Harder-Narasimhan ﬁltrations

Now suppose (ψ, φ) are stability parameters for Kronecker modules assigned
to the nodes as follows
//
ψ•
•φ
For any nontrivial Kronecker module κ = (W, V, f, g : W → V ) let
μ(ψ,φ) (κ) =

φ dim(V ) + ψ dim(W )
.
dim(V ) + dim(W )

As usual, κ is called (ψ, φ)-(semi)stable if
μ(ψ,φ) (κ ) (≤) μ(ψ,φ) (κ)
for any nontrivial proper submodule κ ⊂ κ. If ψ < φ the only (ψ, φ)-stable
Kronecker modules are the two simple ones determined by the two nodes.
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If ψ > φ, the (ψ, φ)-stable Kronecker modules form three groups up to isomorphism, as follows
(a) Qn , n ≥ 0 are indecomposable Kronecker modules of dimension vector
(n, n + 1) of the form
H 0 (OP1 (n − 1))

//

z1
z2

H 0 (OP1 (n)) ,

the linear maps being multiplication by the homogeneous coordinates
[z1 , z2 ].
(b) Rp are indecomposable Kronecker modules of the form

C

//

z1
z2

C,

where p = [z1 , z2 ] is a point on P1 .
(c) Jn , n ≥ 0 are the indecomposable Kronecker modules of dimension
vector (n + 1, n) obtained by dualizing Qn .
Moreover, a straightforward computation shows that
(C.3)

μ(ψ,φ) (Qn ) < μ(ψ,φ) (Qn ) < μ(ψ,φ) (Rp ) < μ(ψ,φ) (Jm ) < μ(ψ,φ) (Jm )

for all n < n , m > m , as long as ψ > φ.
The above list of stable Kronecker modules is closely related to the classiﬁcation of indecomposable modules in [13, Ch. VIII, Thm. 7.5]. According
to loc. cit. there are three groups of indecomposable modules, {Qn }n≥0 ,
{Jn }n≥0 and a third group {Rp;j } labelled by a point p ∈ P1 and a positive integer j ∈ Z≥1 , such that Rp,1 = Rp . The explicit form of the modules
Rp,j with j > 1 will not be needed in the following. Moreover, [13, Ch. VIII,
Thm. 7.5] also computes all nontrivial extension groups of indecomposable
Kronecker modules, obtaining
(C.4)

Ext0K (Qn , Qn )  Cn −n+1 ,

(C.5)

Ext0K (Jn , Jn )  Cn−n +1 ,



Ext1K (Qn , Qn )  Cn−n −1 ,




(C.6)

Ext1K (Jn , Jn )  Cn −n−1 ,


n ≥ n,
n ≥ n + 1,
n ≥ n ,
n ≥ n + 1,

Ext0K (Rp , Rq )  δp,q C,
Ext1K (Rp , Rq )  δp,q C
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(C.7)

Ext0K (Qn , Rp )  C,

Ext0K (Rp , Jn )  C,

Ext1K (Rp , Qn )  C,

Ext1K (Jn , Rp )  C.
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All extension groups not listed above are trivial. Moreover, note that the
space of morphisms Ext0K (Qn , Qn ), n ≥ n, consists of maps of the form
H 0 (OP1 (n − 1))


//

H 0 (OP1 (n))

z1
z2

f

H 0 (OP1 (n − 1))



//

f

H 0 (OP1 (n ))

z1
z2

where f denotes multiplication by a degree n − n homogeneous polynomial
in z1 , z2 . In particular any such map is either injective or zero. Similarly the
dual vector space Ext1K (Qn , Qn )∨ consists of maps of the form
H 0 (OP1 (n − 1))

//

z1
z2

H 0 (OP1 (n ))

η
γ

vv

H 0 (OP1 (n − 1))

//

z1
z2

H 0 (OP1 (n))

where (γ, η) are degree n − n − 1 homogeneous polynomials of z1 , z2 satisfying
z1 γ + z2 η = 0.
Again, (γ, η) are either both injective or zero.
Given an arbitrary Kronecker module κ, let
(C.8)

0 = HN0 (κ) ⊂ HN1 (κ) ⊂ · · · ⊂ HNk (κ) = κ,

k ≥ 1,

be its Harder-Narasimhan ﬁltration with respect to (ψ, φ)-stability, where
ψ > φ. Then the slope inequalities (C.3) and Equations (C.4)-(C.7) imply
that there exists 1 ≤ k1 ≤ k and integers
0 ≤ n1 < n2 < · · · < nk1 −1 ,

nk1 +1 > · · · > nk ≥ 0,

s1 , . . . , sk1 −1 , sk1 +1 , . . . , sk > 0
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such that

(C.9)

⎧ ⊕s
Jnl l
⎪
⎪
⎪
⎪
⎨
R
HNl (κ)/HNl−1 (κ) 
⎪
⎪
⎪
⎪
⎩ ⊕sl
Qnl

for 1 ≤ l ≤ k1 − 1
for l = k1
for k1 + 1 ≤ l ≤ k.

Here R is a (ψ, φ)-semistable module with slope (ψ + φ)/2 which admits a
Jordan-Hölder ﬁltration such that all successive quotients are isomorphic to
some Rp . In particular (C.8) admits a subﬁltration
0 = κ0 ⊂ κ 1 ⊂ κ 2 ⊂ κ 3 = κ

(C.10)

such that κ1 /κ0 = J(κ) is a successive extension of stable modules of type
(c), κ2 /κ1 = R(κ) a successive extension of stable modules of type (b), and
κ3 /κ2 = Q(κ) a successive extension of stable modules of type (a). Moreover,
the slope inequalities (C.3) and Equations (C.4)-(C.7) imply that
(C.11)

1 −1
l
J(κ)  ⊕kl=1
Jn⊕s
,
l

l
Q(κ)  ⊕kl=k1 +1 Q⊕s
nl .

C.2. Application to representations of the SU (3) quiver
This section consists of some results on Kronecker modules used in Sections 5.1, 5.2, 5.3. Let ρ be a representation of the quiver with potential
(5.1). As observed in Section 7, the horizontal rows of ρ determine two Kronecker modules ρ1 , ρ2 . Each of them has a ﬁltration
(C.12)

0 = ρi,0 ⊂ ρi,1 ⊂ ρi,2 ⊂ ρi,3 = ρi ,

i = 1, 2,

of the form (C.10). Let {Vi,j }, {Wi,j }, i = 1, 2, j = 0, . . . , 3 be the induced ﬁltrations on the underlying vector spaces. Then Equations (C.4)-(C.7) imply
via straightforward exact sequences
a1 (V1,j ) ⊆ V2,j ,

b1 (W1,j ) ⊆ W2,j ,

r1 (V2,j ) ⊆ W1,j ,

s1 (V2,j ) ⊆ W1,j

for j = 1, . . . , 3. This shows implies that ρ has a ﬁltration of the form
0 = K 0 (ρ) ⊂ K 1 (ρ) ⊂ K 2 (ρ) ⊂ K 3 (ρ) = ρ
in the abelian category of (Q, W )-modules such that the two Kronecker modules determined by the horizontal maps of each quotient K j+1 (ρ)/K j (ρ),
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0 ≤ j ≤ 2 are isomorphic to ρ1,j+1 /ρ1,j , ρ2,j+1 /ρ2,j respectively. In particular, there is a quotient ρ  ρ with ρ = K 3 (ρ)/K 2 (ρ), such that the underlying Kronecker modules of ρ are modules (Q(ρ1 ), Q(ρ2 )) and the linear
maps (a1 , b1 , r1 , s1 ) are induced by (a1 , b1 , r1 , s1 ).
Now suppose ρ is a (Q, W )-module of dimension vector (di , ei )1≤i≤2 such
that
d i − e i = mi ,
with mi ≥ 0, i = 1, 2. The next goal is to show that there exist King stability
parameters (θi , ηi )1≤i≤2 ,
2


(di θi + ei ηi ) = 0,

i=1

such that the quotient ρ  ρ destabilizes ρ unless ρ = ρ . Let (di , ei ),
i = 1, 2 denote the dimension vector of ρ and suppose the projection ρ  ρ
is not an isomorphism. This implies
2


((di − di ) + (ei − ei )) > 0.

i=1

Note that by construction
(C.13)

di − ei = mi ≥ di − ei = mi ,

i = 1, 2,

and at least one of these inequalities is strict under the current assumptions.
Suppose
(C.14)

ηi > 0,

θi < 0,

|θi | < |ηi |,

i = 1, 2.

Then, using inequality (C.13), it follows that
ei |ηi | − di |θi | ≤ (ei − di )|ηi | + di (|ηi | − |θi |).
The right hand side of this inequality is
(ei − di )|ηi | + di (|ηi | − |θi |) = ei |ηi | − di |θi | + (di − di )(|θi | − |ηi |).
Therefore inequalities (C.14) imply
ei ηi + di θi ≤ ei ηi + di θi
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for i = 1, 2. Since at least one of inequalities (C.13) is strict, this implies
2


(ei ηi + di θi ) <

2


i=1

(ei ηi + di θi ) = 0.

i=1

Therefore indeed the quotient ρ  ρ destabilizes ρ under the current assumptions. In conclusion, if inequalities (C.14) are satisﬁed, for any (θ, η)-semistable
representation ρ, the ﬁltrations (C.12) collapse to
0 ⊂ ρi,3 = ρi .
Therefore the Harder-Narasimhan ﬁltration of each Kronecker module ρi ,
i = 1, 2 with respect to (ψ, φ) stability reduces to
(C.15)

0 = ρ0i ⊂ ρ1i ⊂ · · · ρhi i = ρi ,

hi ≥ 1,

i = 1, 2

such that the successive quotients are
⊕r

ρji /ρj−1
 Qki,ji,j
i
for some ki,j ∈ Z≥0 , ri,j ∈ Z≥1 , i = 1, 2, j = 1, . . . , hi , satisfying
ki,1 > ki,2 > · · · > ki,hi .
Moreover Equations (C.4) imply that the ﬁltrations (C.15) must be split,
that is
(C.16)

⊕r

i
ρi  ⊕hi=1
Qki,ji,j ,

i = 1, 2

This yields strong constraints on the structure of representations ρ with
underlying Kronecker modules ρ1 , ρ2 as above.

Appendix D. Background material on extensions
The purpose of this section is to summarize some background material on
extension groups in abelian categories of quiver modules following for example [72, Ch. 2.3, Ch. 2.4]. Here Q will denote a quiver with ﬁnitely many
nodes and arrows and R an ideal of relations in the path algebra. The vertices of Q will be denoted by ν, the arrows by a and the relations by r. The
latter are linear combinations of paths with integral coeﬃcients such that
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all these paths have the same starting and ending points. Therefore one can
naturally deﬁne the tail t(r) and head h(r).
A (Q, R)-module is a module for the path algebra of the quiver Q with
relations R. These modules form an abelian category. Extension groups in
the abelian category of (Q, R)-modules will be denoted by Extk(Q,R) (ρ1 , ρ2 ),
k ∈ Z. They are deﬁned in terms of projective resolutions as follows. A(Q, R)module Π is projective if for any surjective morphism ρ  ρ and any morphism φ : Π → ρ there exists a morphism φ : Π → ρ such that the following
diagram commutes
Π
φ
φ



ρ

/ / ρ .

It is a basic fact that to any node ν of the quiver diagram Q one can assign
a projective module Πν , which is the module consisting of all paths starting
at ν. Moreover, any ﬁnite dimensional representation ρ has a projective
resolution
d−1

· · · Π−1 −→Π0 → ρ → 0,

(D.1)

where each term Πk is a direct sum of modules of the form Πν and the
diﬀerentials are deﬁned in terms of natural concatenation of paths.
For illustration, suppose ρν is the simple module assigned to the node
ν. In this case
(D.2)

Π0  Πν ,

Π−1 

Πh(a) ,

Π−2 

a, t(a)=ν

Πh(r)
r, t(r)=ν

and the diﬀerentials d−2 , d−1 are deﬁned by natural concatenation of paths.
Given a collection of paths (ph(a) )t(a)=ν ∈ Π−1 ,
d−1 ((ph(a) )t(a)=ν ) =



ph(a) a.

a, t(a)=ν

There is a similar expression for d−2 derived by linearizing the relations
in the path algebra. The higher terms Πk , k ≤ −2, are determined by the
higher syzygies of the ideal of relations, i.e. relations on relations etc. For a
systematic approach see [75, 79, 129] and references therein.
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Returning to the general case, the extension groups Extk(Q,R) (ρ, ρ ) are
the cohomology groups of the complex of vector spaces
(D.3)

◦d−1

◦d−2

0 → Hom(Q,R) (Π0 , ρ )−→Hom(Q,R) (Π−1 , ρ )−→ · · ·

Using projective resolutions, one can prove that the extension groups
Extk(Q,R) (ρ, ρ ), k = 0, 1 are isomorphic to the ﬁrst two cohomology groups
of the complex
0
Hom(Vν (ρ), Vν (ρ ))−→

Hom(Vt(a) (ρ), Vh(a) (ρ ))

δ

0→

a

ν

(D.4)

Hom(Vt(r) (ρ), Vh(r) (ρ ))

δ1

−→
r

where Vν (ρ) is the vector space assigned to the node ν in the representation
ρ. The diﬀerential δ0 is given by
δ0 (αν ) = (ρ (a) ◦ αt(a) − αh(a) ◦ ρ(a))
where ρ(a) : Vt(a) → Vh(a) is the linear map assigned to the arrow a in the
representation ρ. There is a a similar expression for δ1 obtained by linearizing the relations. As an application, will give here a proof of the ﬁrst
isomorphism in (5.6), as well as Equations (7.8), (7.9).
Recall that representations of the SU (3) quiver are of the form
//

c2
d2

WO 2

VO 2

r1
a1

b1
s1


W1 t

//

c1
d1

V1

with relations
r1 a1 = 0,
(D.5)

s1 a1 = 0,

b1 r1 = 0,

c1 r1 + d1 s1 = 0,

r1 c2 + s1 d2 = 0

a1 c1 − c2 b1 = 0,

a1 d1 − d2 b1 = 0.

b1 s1 = 0

Consider two representations of (Q, W ) of the form
ρi :

Wi

ci
di

//

Vi ,

i = 1, 2
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where only the horizontal maps (c1 , d1 ), respectively (c2 , d2 ) are nontrivial.
Specializing the complex (D.4) to the pair (ρ1 , ρ2 ) yields
(D.6)

1
⊕2
0 → Hom(V1 , V2 ) ⊕ Hom(W1 , W2 )−→Hom(W
1 , V2 ) .

δ

Note that the degree 0 term in (D.4) is trivial in this case since ρ1 , ρ2 are supported at disjoint sets of nodes. The diﬀerential δ1 is obtained by linearizing
the relations (D.5),
δ1 (β, α) = (c2 ◦ β − α ◦ c1 , d2 ◦ β − α ◦ d1 ),

(D.7)

where α = ȧ1 , β = ḃ1 . The extension group Ext1(Q,W ) (ρ1 , ρ2 ) is isomorphic
to Ker(δ1 ).
On the other hand, regarding (ρ1 , ρ2 ) as Kronecker modules, the complex (C.1) takes the form
(D.8)

0
⊕2
0 → Hom(V1 , V2 ) ⊕ Hom(W1 , W2 )−→Hom(W
→0
1 , V2 )

δ

with
δ0 (β, α) = (c2 ◦ β − α ◦ c1 , d2 ◦ β − α ◦ d1 ).
Comparing (D.7) and (D.8), we deduce Ext0K (ρ1 , ρ2 )  Ker(δ0 ). It follows
that there is an isomorphism Ext1(Q,W ) (ρ1 , ρ2 )  Ext0K (ρ1 , ρ2 ). Similarly,
using Ext1K (ρ1 , ρ2 )  Coker(δ0 ) one can establish the second isomorphism
in (5.6).
We now prove Equation (7.9). Given an exact sequence
0 → ρ1 → ρ2 → ρ3 → 0
there are two long exact sequences,
(D.9)

· · · → Extk(Q,R) (ρ3 , ρ) → Extk(Q,R) (ρ2 , ρ)
→ Extk(Q,R) (ρ1 , ρ) → Extk+1
(Q,R) (ρ3 , ρ) · · · →

respectively
(D.10)

· · · → Extk(Q,R) (ρ, ρ1 ) → Extk(Q,R) (ρ, ρ2 )

for any (Q, R)-module ρ.

→ Extk(Q,R) (ρ, ρ3 ) → Extk+1
(Q,R) (ρ, ρ1 ) → · · ·
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Now consider in more detail the case where (Q, R) is the framed (trun W ) obtained in Section 7.1. Let λ0 the
cated) quiver with potential (Q,
simple module supported at the framing node. Then the following hold.
 W ) with dimension vector 0 at
(P.1) Suppose ρ is a representation of (Q,
 W )-module is
the framing node. Then a projective resolution of ρ as a (Q,
identical with the projective resolution of ρ as an unframed (Q, W )-module.
 has only one extra arrow fj compared to
This follows from the fact that Q
Q, which joins the framing node to the ﬁxed node j. So any path starting
at any node of Q will never contain fj . In particular this implies that
Extk(Q,W
(ρ , ρ )  Extk(Q,W ) (ρ1 , ρ2 )

) 1 2

(D.11)

for any (Q, W )-modules ρ1 , ρ2 and all k ∈ Z, and also
Extk(Q,W
(ρ, λ0 ) = 0

)

(D.12)

for any (Q, W )-module ρ and all k ∈ Z.
(P.2) The simple module λ0 has a two term projective resolution
0 → Πj → Π0 → λ0 → 0
since there are no relations containing fj . Here Π0 is the projective module
starting at the framing node. Therefore, for any (Q, W )-module ρ,
Extk(Q,W
(λ , ρ)  Vj δk,1

) 0

(D.13)

where Vj is the vector space of ρ at the node j which receives the framing
arrow fj . As stated in the main text, the long exact sequences (D.9), (D.10)
and Equations (D.11), (D.12), (D.13), imply Equation (7.8).
Next we prove Equation (7.9). Given two ﬁnite dimensional (Q, W )modules ρ1 , ρ2 one can check using projective resolutions that the pairing
χ(ρ1 , ρ2 ) =

1


(−1)k dimExtk(Q,W ) (ρ1 , ρ2 ) − dimExtk(Q,W ) (ρ2 , ρ1 )

k=0

is given by Equation (7.9). Since this is a fairly long computation, details
will be omitted. For the skeptical reader, note that there is a diﬀerent
derivation of Equation (7.9) based on the equivalence of derived categories
Db (Q, W)  Db (XN ) explained in detail in Section 2.1. This equivalence
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assigns compactly supported objects E1 , E2 in Db (XN ) to ρ1 , ρ2 , with Ktheory classes

[El ] =

N
−1


(di (ρl )[Pi ] + ei (ρl )[Qi ]),

l = 1, 2,

i=1

where Pi , Qi are the fractional branes deﬁned in Section 2.1. Then, using
Serre duality, the above pairing becomes

χ(ρ1 , ρ2 ) =

3


(−1)k dimExtkXN (E1 , E2 )

k=0


=
XN

(ch1 (E2 )ch2 (E1 ) − ch1 (E1 )ch2 (E2 )).

The second identity follows from the Riemann-Roch theorem since E1 , E2
must have at most two dimensional support. Then a straightforward intersection theory computation conﬁrms (7.9).

Appendix E. Classiﬁcations of ﬁxed points
In this section we classify torus ﬁxed points in moduli spaces of cyclic modules of the N = 3 gauge theory framed quiver. The unframed quiver diagram
is in (5.1), with the potential W given by
W = r1 (a1 c1 − c2 b1 ) + s1 (a1 d1 − d2 b1 ) .
This gives the following 8 relations:
r1 : a1 c1 − c2 b1 = 0,
a1 : c1 r1 + d1 s1 = 0,
c1 : r1 a1 = 0, c2 : b1 r1 = 0,

s1 : a1 d1 − d2 b1 = 0,
b1 : r1 c2 + s1 d2 = 0,
d1 : s1 a1 = 0, d2 : b1 s1 = 0.

Path algebra. First we consider the case in which the framing map takes
values in V2 and construct the path algebra. Denote by e the framing vector
and by Hn the set of vectors obtained by acting with n arrows on e. We
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have the decomposition of the path algebra CQ/dW = ⊕Hn , where
H0 = {e},
H1 = {r1 e, s1 e},
(E.1)

H2 = {d1 r1 e, c1 r1 e = d1 s1 e, c1 s1 e},
H3 = {a1 d1 r1 e = d2 b1 r1 e = 0, a1 c1 r1 e = c2 b1 r1 e = 0,
a1 c1 s1 e = c2 b1 s1 e = 0},

The path algebra is ﬁnite dimensional and therefore there are only
ﬁnitely many ﬁxed modules of the path algebra.
Now suppose the framing vector e is in V1 . The decomposition of the
path algebra is given by
H0 = {e} ,
(E.2)

H1 = {a1 e} ,
H2 = {0} (∵ r1 a1 = s1 a1 = 0).

C× torus action. Let TF = (C× )8 be the ﬂavor torus acting on the i-th
arrow by a scaling factor λi , where i is in the set of all arrows Sa . Therefore
the TF action acts on the whole path algebra and has a subtorus TF,dW ⊂ TF
which leaves invariant the relations dW = 0. TF,dW is isomorphic to (C× )4
and is given by
(E.3)
TF,dW = {λi ∈ C× , i ∈ Sa | λa1 λc1 = λc2 λb1 , λa1 λd1 = λd2 λb1 ,
λ c1 λ r 1 = λ d 1 λ s 1 , λ r 1 λ c2 = λ s 1 λ d 2 }  ( C × ) 4 .
However the subtorus TF,dW might contain part induced by gauge group
action, which we have to mod out.
Let (μ1 , μ2 , μ̃1 , μ̃2 ) ∈ (C× )4 be the diagonal torus in the gauge group
GL(V1 ) × GL(V2 ) × GL(W1 ) × GL(W2 ). This (C× )4 action will have an
induced torus action Tsub on the arrows, which can be seen to be isomorphic
to (C× )3 . We can always use this action to make λa1 = 1, λb1 = 1, λr1 = 1.
Note that this is not a unique choice. So we deﬁne our torus action TQ to
be
(E.4)

TQ ≡ TF,dW /Tsub = {(λc1 , λd1 , λc2 , λd2 , λs1 ) ∈ (C× )5 |
λ c1 = λ c 2 , λ d 1 = λ d 2 , λ c 1 = λ d 1 λ s 1 }  ( C × ) 2 .
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Classiﬁcations of TQ -ﬁxed points. Recall the fact that there exists a
one-to-one correspondence between the framed TQ -ﬁxed CQ/dW -module
and the TQ -ﬁxed annihilator I of the framed vector e. The annihilator I is
a left ideal in the path algebra CQ/dW .
In the current example the path algebra is ﬁnite dimensional, so we could
perform the analysis explicitly. First we list the weights of the path algebra
elements in terms of (λd1 , λs1 ) = (λ1 , λ2 ). In the framed V2 case we have
{w(e) = 1} ,
(E.5)

{w(r1 e) = 1, w(s1 e) = λ2 } ,
{w(d1 r1 e) = λ1 , w(c1 r1 e) = λ1 λ2 , w(c1 s1 e) = λ1 λ22 } .

The TQ -ﬁxed left ideal must be generated by linear combinations of the
elements of the same weight. For example an element r ∈ I of weight λ1 λ2
should be of the form r = ξ (c1 r1 e). Therefore from the list we conclude the
TQ -ﬁxed annihilator I of framing vector e is generated by monomials of the
path algebra and the class [I] is an isolated point in the moduli space of
cyclic representations.
Weights of the ﬁxed points. The deformation complex of the quiver is
4-term complex,
δ

δ

δ

1
2
3
0 → T1 →
T2 →
T3 →
T4 → 0,

where T1 = End(V1 ) ⊕ End(V2 ) ⊕ End(W1 ) ⊕ End(W2 ), T2 is the space of all
arrows including the framing, δ1 the linearized gauge transformation and δ2
the linearized relations of ∂W = 0.
The complex is self-dual and therefore the weight of a ﬁxed point p with
dimension vector (d1 , d2 , e1 , e2 , 1) is (−1)dimTp , where Tp is the tangent space
at the ﬁxed point p. If the framing map takes values in Vi , i = 1, 2, we have
dimTp = d1 d2 + e1 e2 + 2d1 e1 + 2d2 e2 + 2d2 e1 + di − d21 − d22 − e21 − e22
= d21 + d22 + di + d1 d2 + e21 + e22 + e1 e2 .(mod2) ,
The framed numerical DT invariants for cyclic modules are given by [19]

(−1)dimTp .
DT (γ, 1; z, w, +∞) =
p

Invariants F∞ (γ). Here we list all the nonvanishing invariants DT (d1 , d2 ,
e1 , e2 , 1; z, w, +∞). Since they are independent of (z, w), it is convenient to
simplify the notation omitting these arguments.

1218

W.-y. Chuang et al.

• Framed V1 case:
(E.6)

DT ((1, 0, 0, 0), 1; +∞) = 1,

DT ((1, 1, 0, 0), 1; +∞) = 1.

• Framed V2 case:

(E.7)

DT ((0, 1, 0, 0), 1; +∞) = 1,

DT ((0, 1, 1, 0), 1; +∞) = −2,

DT ((1, 1, 1, 0), 1; +∞) = −2,

DT ((0, 1, 2, 0), 1; +∞) = 1,

DT ((1, 1, 2, 0), 1; +∞) = 3,

DT ((2, 1, 2, 0), 1; +∞) = 3,

DT ((3, 1, 2, 0), 1; +∞) = 1.
TQ -ﬁxed loci for N ≥ 4. We now show that the TQ -ﬁxed loci are isolated
points for N ≥ 4. The superpotential for the truncated framed quiver is
W =

N
−2


[ri (ai ci − ci+1 bi ) + si (ai di − di+1 bi )] .

i=1

This gives the following (6N − 10) relations.
ai ci − ci+1 bi = 0 , ai di − di+1 bi = 0 , ∀ i = 1, . . . , N − 2,
(E.8)

ci ri + di si = 0 , ri ci+1 + si di+1 = 0 , ∀ i = 1, . . . , N − 2,
r1 a1 = 0 , s1 a1 = 0 , bN −2 rN −2 = 0 , bN −2 sN −2 = 0,
bi ri + ri+1 ai+1 = 0 , bi si + si+1 ai+1 = 0 , ∀ i = 1, . . . , N − 3.

Suppose the framing node is in Vk+1 . Consider the subset Pk+1 ⊂
CQ/dW , generated by 3 elements ak ck rk = ak dk sk , ak dk rk and ak ck sk .
They are three triangle paths starting from Vk . Using (E.8) repeatedly we
can show
(ak ck rk )(ak dk rk ) = (ak dk rk )(ak ck rk ) ,
(ak ck rk )(ak ck sk ) = (ak ck sk )(ak ck rk ) ,
(ak ck sk )(ak dk rk ) = (ak ck rk )2 .
For examples, up to minus signs, we have the following:
(ak ck rk )(ak dk rk ) = ak ck (bk−1 rk−1 )dk rk = ak (ak−1 ck−1 )rk−1 dk rk
= ak ak−1 (dk−1 sk−1 )dk rk = ak (dk bk−1 )sk−1 dk rk i
= ak dk bk−1 (rk−1 ck )rk = ak dk (rk ak )ck rk
= (ak dk rk )(ak ck rk ).
(ak ck sk )(ak dk rk ) = ak ck (bk−1 sk−1 )dk rk = ak ck bk−1 (rk−1 ck )rk
= ak ck (rk ak )ck rk = (ak ck rk )2 .
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Therefore we conclude Pk+1 can be represented as
Pk+1 = {(ak dk rk )n1 (ak ck rk )n2 , (ak ck sk )n1 (ak ck rk )n2 | n1 , n2 ∈ Z≥0 }
Now we want to express a general element in the path algebra CQ/dW .
Deﬁne P k+1 ⊂ CQ/dW to be the set of paths starting from Vk+1 . Obviously
we have Pk+1 ⊂ P k+1 .
We have the following properties for the paths.
• P1. By using the relation ck rk ak = ck bk−1 rk−1 = ak−1 ck−1 rk−1 and
the relations of the same type, we can transform the triangles starting
from Vi into the forms of acr, adr and acs. A similar statement holds
for the triangles starting from Wi .
• P2. Triangles of type {acr, adr, acs} and the hooks of type {cr, dr, cs}
commute. For example, (ck rk )(ak ck rk ) = (ak−1 ck−1 rk−1 )(ck rk ).
• P3. Triangles starting from Vi commute with ai . Triangles starting
from Wi commute with bi . For example,
(ck+1 rk+1 ak+1 )ak = ak (ak−1 ck−1 rk−1 ).
• P4. Composition rules for hooks.
(ck−1 rk−1 )(ck sk ) = (ck−1 sk−1 )(ck rk ),
(ck−1 rk−1 )(dk rk ) = (dk−1 rk−1 )(ck rk ),
(ck−1 sk−1 )(dk rk ) = (ck−1 rk−1 )(ck rk ).
Using P1, P2, P3, P4 and (E.8) to group together all the triangles
for a given path, one can show that any monomial elements in P k+1 can be
arranged into an element in Pk+1 , followed by rk , sk , ck rk , ck sk , dk rk , . . . (ie.
certain power of hooks), bk rk , bk sk , bk+1 bk rk , bk+1 bk sk , . . . (ie. a sequence
of bi times r or s), or a sequence of ai . Namely we have
P k+1 = {p, rk p, sk p, ck rk p, ck sk p, dk rk p,
(E.9)

ck−1 rk−1 ck rk p, ck−1 rk−1 ck sk p, ck−1 rk−1 dk rk p, . . .
bk+1 bk rk p, bk+1 bk sk p, . . . , ak p, ak+1 ak p, . . . | p ∈ Pk+1 }

We associate to each arrow a C× action and obtain the ﬂavor torus
TF = (C× )6N −10 . And the subtorus TF,dW ⊂ TF ﬁxing the relations is again
isomorphic to C4 .
We now analyze the torus action in TF,dW which can be induced by the
gauge group action GL(V1 ) × · · · × GL(VN −1 ) × GL(W1 ) × · · · × GL(WN −1 ).
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The induced action is isomorphic to (C× )2N −3 , which we use to ﬁx the following torus weight,
(E.10)

λai = λbi = λr1 = 1,

∀ i = 1, . . . , N − 2 .

Using (E.10) to scale (E.8) we ﬁnd all the torus weight of ci , di , ri , and
si should be the same.
λc1 = λc2 = · · · = λcN −1 ≡ λc ,
λd1 = λd2 = · · · = λdN −1 ≡ λd ,
λr1 = λr2 = · · · = λrN −2 = 1 ,
λs1 = λs2 = · · · = λsN −2 ≡ λs .
So we have our ﬁnal torus action TQ as,
(E.11)

TQ = {(λc , λd , λs ) ∈ (C× )3 | λc = λd λs }  (C× )2 .

Similarly deﬁne (λd , λs ) ≡ (λ1 , λ2 ). Torus weights of the elements in
P k+1 are given by
{w(p), w(rk p) = w(p), w(sk p) = λ2 w(p), w(ck rk p) = λ1 λ2 w(p),
w(ck sk p) = λ1 λ22 w(p), w(dk rk p) = λ1 w(p),
(E.12)

w(ck−1 rk−1 ck rk p) = λ21 λ22 w(p), w(ck−1 rk−1 ck sk p) = λ21 λ32 w(p),
w(ck−1 rk−1 dk rk p) = λ21 λ2 w(p), . . .
w(bk+1 bk rk p) = w(p), w(bk+1 bk sk p) = λ2 w(p), . . .
w(ak p) = w(p), w(ak+1 ak p) = w(p), . . . | p ∈ Pk+1 },

and the weight of p ∈ Pk+1 is
( n +n n
λ1 1 2 λ2 2
w(p) =
1 +n2
λn1 1 +n2 λ2n
2

if p = (ak dk rk )n1 (ak ck rk )n2
if p = (ak ck sk )n1 (ak ck rk )n2

.

The TQ -ﬁxed annihilator I is generated by linear combinations of the
path monomials of the same weights. Given a torus weight λα1 1 λα2 2 we can
solve for ﬁnitely many monomial paths pi ∈ Pk+1 from (E.12) . The elements
in the I with weight λα1 1 λα2 2 are most generally written as a ﬁnite sum

i ξi pi . If ξj is not vanishing, pj should be included as one of the monomial
generators of the TQ -ﬁxed annihilator, since each pj is a linear map from
framing vector e to a diﬀerent vector space. We can exhaust all the monomial
generators of I this way. This illustrates that torus ﬁxed I is generated by
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monomials and corresponds to an isolated point in the moduli space of
representations.
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100 of Astérisque, pages 5–171. Soc. Math. France, Paris, 1982.
[21] M. Bender and S. Mozgovoy, Crepant resolutions and brane tilings II:
Tilting bundles. arXiv:0909.2013.
[22] A. Bilal and F. Ferrari, Curves of marginal stability, and weak and
strong coupling BPS spectra in N = 2 supersymmetric QCD. Nucl.
Phys., B480:589–622, 1996. arXiv:hep-th/9605101.
[23] A. Bilal and F. Ferrari, The BPS spectra and superconformal points
in massive N = 2 supersymmetric QCD. Nucl. Phys., B516:175–228,
1998. arXiv:hep-th/9706145.
[24] A. I. Bondal, Representations of associative algebras and coherent
sheaves. Izv. Akad. Nauk SSSR Ser. Mat., 53(1):25–44, 1989.
[25] T. Bridgeland, An introduction to motivic Hall algebras. arXiv:
1002.4374.

Geometric engineering of (framed) BPS states

1223

[26] T. Bridgeland, T-structures on some local Calabi-Yau varieties.
J. Algebra, 289(2):453–483, 2005. arXiv:0502050.
[27] T. Bridgeland, Stability conditions on a non-compact Calabi-Yau
threefold. Comm. Math. Phys., 266(3):715–733, 2006. arXiv:0509048.
[28] T. Bridgeland, Stability conditions on triangulated categories. Ann. of
Math. (2), 166(2):317–345, 2007.
[29] T. Bridgeland, Stability conditions on K3 surfaces. Duke Math. J.,
141(2):241–291, 2008.
[30] T. Bridgeland, A. King and M. Reid, Mukai implies Mckay: the
Mckay correspondence as an equivalence of derived categories. arXiv:
math/9908027.
[31] T. Bridgeland and I. Smith, Quadratic diﬀerentials as stability conditions. preprint, 119 pp.
[32] T. Bridgeland and I. Smith, Quivers as Fukaya categories. in preparation.
[33] S. Cecotti, The quiver approach to the bps spectrum of a 4d N = 2
gauge theory. arXiv:1212.3431.
[34] S. Cecotti, Categorical Tinkertoys for N = 2 Gauge Theories. 2012.
arXiv:1203.6734.
[35] S. Cecotti and M. Del Zotto, 4d N = 2 Gauge Theories and Quivers:
the Non-Simply Laced Case. 2012. arXiv:1207.7205.
[36] S. Cecotti and M. Del Zotto, Half–Hypers and Quivers. 2012. arXiv:
1207.2275.
[37] S. Cecotti, A. Neitzke and C. Vafa, R-Twisting and 4d/2d Correspondences. 2010. arXiv:1006.3435.
[38] S. Cecotti and C. Vafa, BPS Wall Crossing and Topological Strings.
arXiv:hep-th/0910.2615.
[39] H.-Y. Chen, N. Dorey and K. Petunin, Moduli Space and WallCrossing Formulae in Higher-Rank Gauge Theories. JHEP, 1111:020,
2011. arXiv:1105.4584.
[40] T. Chiang, A. Klemm, S.-T. Yau and E. Zaslow, Local mirror symmetry: Calculations and interpretations. Adv. Theor. Math.Phys., 3:495–
565, 1999. arXiv:hep-th/9903053.

1224

W.-y. Chuang et al.

[41] J. Choi, S. Katz and A. Klemm, The reﬁned BPS index from stable
pair invariants. arXiv:1210.4403.
[42] W.-Y. Chuang, D.-E. Diaconescu and G. Pan, Chamber structure and
wallcrossing in the ADHM theory of curves II. arXiv:0908.1119.
[43] W.-y. Chuang, D.-E. Diaconescu and G. Pan, Rank Two ADHM
Invariants and Wallcrossing. Commun. Num. Theor. Phys., 4:417–
461, 2010. arXiv:1002.0579.
[44] W.-y. Chuang, D.-E. Diaconescu and G. Pan, Wallcrossing and Cohomology of The Moduli Space of Hitchin Pairs. Commun. Num. Theor.
Phys., 5:1–56, 2011. arXiv:1004.4195.
[45] L. Costa, S. Di Rocco and R. M. Miró-Roig, Derived category of toric
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