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Abstract

We explicitly compute the automorphism group of the large N =4
conformal superalgebra and classify the twisted loop conformal superal-
gebras based on the large NV = 4 conformal superalgebra. By considering
the corresponding superconformal Lie algebras, we validate the existence
of only, two (up to isomorphism) such algebras as described in the physics
literature. Our approach is based on viewing the objects to be classified as
“¢tale twisted forms” of objects over the Laurent polynomial ring C[t*!].
This allows methods from non-abelian cohomology (torsors) to enter into
the picture. It is worth pointing out that the group of automorphisms of
the large N = 4 conformal superalgebra is larger than the one described
in the physics literature. Remarkably enough, both groups have the same
étale cohomology over C[t*1] (which explains the agreement on the clas-
sification of the corresponding superconformal Lie algebras).
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1 Introduction

Superconformal Lie algebras are crucial objects in the study of conformal
field theories. From a mathematical point of view, a superconformal Lie alge-
bra! is an infinite-dimensional Lie superalgebra corresponding to a (twisted)
loop conformal superalgebra.

Let us go into some detail to clarify this point. According to the axiomatic
definition in [6], a conformal superalgebra over the field C of complex num-
bers consists of

e a 7/27-graded C-vector space A,

e a C-bilinear product —,)— on A for each non-negative integer n and

e a C-linear operator 0 on A which acts as a derivation for each of the
n-products.

Given a conformal superalgebra A over C and an automorphism o of A
of order m, A ®c C[t*¥'/™] can be equipped with a conformal superalgebra
structure given by

da® f)=0a) @ f+a®8(f) (1)
and
(@® N0 9) =S (@) @87 (f)g (2)
720

fora,b e A, f,g € C[t*¥/™] and n > 0, where §; is the derivative with respect

to t and 5,5(] ) = 67 /4. Further, A ®c C[t¥1/™] has a sub-conformal superal-
gebra

L(A o) =P A@CH™C Aec C[EE/™],

1EL

where A; := {a € Alo(a) = },a} and (,, = e'm is the standard mth primi-
tive root of unity. The conformal superalgebra L£(.A, o) is called the twisted
loop conformal superalgebra based on A with respect to o. These are the
conformal analogues of the twisted affine Kac-Moody Lie algebras (derived
modulo their centre). L£(A, o) yields a Lie superalgebra (in general infinite

!Based on the formal definition given in [6, 5.9], a superconformal Lie algebra satisfies
certain simplicity assumptions. We do not, however, make any such simplicity assumption
in this paper.
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dimensional, and usually referred to as a superconformal [Lie|] algebra in
physics)

Alg(A,0) = L(A,0)/0L(A,0)

with the Lie super-bracket induced from the Oth product of £(.A, ). Up to
isomorphisms, central extensions of these Lie superalgebras Alg(A, o)’s give
the superconformal Lie algebras that are of interest in physics.

In order to classify twisted loop conformal superalgebras, the theory of
differential conformal superalgebras was developed in [7]. Based on this
point of view, £(.A, o) has not only a complex conformal superalgebra struc-
ture but also a differential conformal superalgebra over the differential ring
(C[t*'], 4). The resulting differential conformal superalgebra structure over

(Cltt1], %) allows us to understand £(A, o) as a twisted form of £(A4,id)

with respect to the étale extension C[t*'] — C[t*1/™].  With some
finiteness assumption on A, these twisted forms can be classified

in terms of non-abelian continuous cohomology set Hclt(Z,Aut@_Conf

(A®c D)), where Z = lim_ Z/mZ, D = (lim_ C[t*1/m], 4 and Auts .

(A®c 73) is the automorphism group of the D-conformal superalgebra
.A®(c D.

~

The above theory has been applied to the N = 1,2, 3 and the small N = 4
conformal superalgebras. Concretely, the twisted loop conformal superal-
gebras corresponding to the N = 2 and small N = 4 superconformal alge-
bras have been classified in [7]. The same classification for N = 3 has been
obtained in [2]. This work also provides a detail investigation of the auto-
morphism group functors of the N = 1,2,3 conformal superalgebras. The
structure of automorphism group functor of the small N =4 conformal
superalgebras has been explicitly determined in [1].

Besides the N =1,2,3 and the small N =4 superconformal algebras,
there is another family of superconformal algebras, called large (or big,
or maximal) N = 4 superconformal algebras, which are of interest in two-
dimensional conformal fields theories. They were discovered in [13] and have
inspired subsequent work such as [3,9,14]. The global and local automor-
phisms of the large N = 4 superconformal algebras have been studied in [3],
and it is based on this that the twisted large N = 4 superconformal algebras
have been described in [14]. In fact, the same method has been employed
to deal with twisted N = 2,3, 4 superconformal algebras in [12].

In this paper, we focus on the large N = 4 conformal superalgebra, which
is the conformal superalgebra A associated with the large N =4
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superconformal Lie algebras. We will classify the twisted loop conformal
superalgebras based on A by employing the methods developed in [7]. To
accomplish this, we first re-formulate the generators and the relations of
A in Section 2. Then we explicitly describe the corresponding automor-
phism group in Section 3 (a result which we believe is of its own interest),
and determine the relevant non-abelian cohomology needed for the clas-
sification of twisted forms in Section 4. It is relevant to point out that
our work shows that the automorphism group of the large N = 4 super-
conformal algebra is in fact larger than the one described in the physics
literature (see [3]. See also Remark 5.1). It may be that the new auto-
morphisms have no physical meaning (hence omitted), or that they were
simply missed.

We finish the paper by considering the (centreless) superconformal alge-
bras corresponding to the two non-isomorphic twisted loop conformal super-
algebras based on A in Section 5. We give an explicit description of the
twisted Lie superalgebra Alg(A,w) which may be of interest to physicists.
The given generators and relations of Alg(A,w) are in fact quite natural
(but they can only be “seen” because the twisted construction was carried
at the level of conformal superalgebras). As a consequence of the above, it
follows that the two large N = 4 superconformal algebras (ignoring central
extensions) considered heretofore in the physics literature are indeed (up to
isomorphism) the only two such algebras.

Notation. Throughout this paper, sla(C) and C**? will denote the Lie alge-
bra of 2 x 2 matrices with trace zero and the set of all 2 X 2 matrices. As
customary SLo denote the group scheme of 2 X 2-matrices of determinant 1,
and G, and Gy, the additive and multiplicative group scheme, respectively
(all group scheme over C).

We will use D and D,, to denote the rings C[t*!] and C[*'/™], respec-
tively; while we set D :=lim__, D,,. The differential operator ¢; := % acts

on D,D,, and D in the usual way. The corresponding differential rings
(D,d), (D, dy) and  (D,é;) are denoted by D,D, and D,
respectively.

To simplify calculation in a conformal algebra A, we also use the A-bracket
convention

1 .
laxb] =) AV agb
JEZ

for a,b € A.
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2 The large N = 4 conformal superalgebras

The large N = 4 superconformal algebras are a family of Lie superalgebras
g(7) parameterized by one parameter v # 0, 1. More precisely, g(v) = g(7)5 &
(7)1, where

ag(v)s = span(c{E, Zn,ffi, ﬁn‘z =1,2,3,n¢ Z},
g(7)1 = spanc{G?,Q0|p =1,2,3,4,s € 1/2 + Z}.

¢ is a central element of g(7) and the super-bracket on g(7) is defined in [13]
as follows:

[Lons Ln] = (m — n) Lyt + 6m—n(m® — m)é/12,
(Lo, Up] = =nUpgn
Loy Tl = =0Ty [Lons GB] = (m/2 = 5) Gl L,
(L, Q8] = = (m/2+ 5) Qb 1.,
[T, T = €Tk — mij0m, —nt/(127),
[T, 1] = [T, Un] = 0,
15,0 T7) = €Tk, — mbijom, -/ (12(1 = 7)),
U, Un] = =, —n/(127(1 = 7)),
[T, GP) = o (G, — 21 = y)m@QL, 1),
(T, G2 = 0, (G 4 o+ 29mQY, ),
[T, QY = 0i QY y s [Um, G2) = m@h, .,
[Um. Q%] =0,
Q. G = 0pqUpss + 20 T, — apd T,
[Q, Q1) = —~0pgbr,— 57/ (129(1 — 7)),
(G2, GY) = 20pgLyss + 4(s — 1) (Y i T + (1 = 7)o  Try',)

+ Opg0r—s(r? — 1/4)¢/3,

fori,j=1,2,3, p,¢g=1,2,3,4, myn € Z and r,s € 1/2 + Z, where att are 4 x 4-
matrices given by

S 1
a;tq = i5(5ip(54q — 0igbap) + 9 Cira:
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By setting
Ln=1Ly+ (y—1/2)(n+1)U,, T =T*F, Un = Uy,
GP =GP +2(y—1/2)(s+1/2)Q8,  QU=Q%  c=¢/(4y(1—7))

for n € Z,s € 1/2 + Z, the anti-commutative relations on g(-y) are written as

[Lon, Ly) = (m —n)Lpyin + 6m,,n(m3 —m)c/12,
(Lo, TE' = —nT}"

m-+n?

[Lin, U] = —nUpsn — (v — 1/2)(m* + M)y —nec/3, [TF,T,7] =0,
[TH T = e, Th% , — (1= Y)mdij0m,—nc/3, [TE,U,] =0,
T4 T;7] = eijan;’ﬁn — yMO;j0m,—n¢/3,  [Um,Up] = —mdp, _nc/3,
[Lin, GB = (m/2 = 5) Gy [T, GE = af (G g —mQf L),

[Un,GEl =m@Qb, ., [Ty, G2 = o, (GL ., +mQL, ),

Lo Q2] = (Gmo+5) @ [15.Q2 = 0@
[Unm, QY] = 0,

[Q7F, Q] = —0pq0r,—sc/3,

Q2. G = 0pgUpss + 20 TE — ap Tr ) = 26p40r,—s(y — 1/2)(s + 1/2)¢/3,
[GY, G = 26pg Lirts +2(s — T)(a;qinﬁs + a;qiTT:js) + 51%157“-,75(7”2 —1/4)c/3

fori,j =1,2,3,p,¢=1,2,3,4, m,n€Zand r,s € 3 + Z.

The Lie superalgebra g(v)/Cc is called the centreless core of g(vy). They are
referred also as centreless superconformal algebras. We observe that all the centre-
less cores g(7)/Cc are isomorphic and denote this common Lie superalgebra by g.
Every g(v) is a central extension of g.

To the Lie superalgebra g one associates the conformal superalgebra A, whose
underlying Z/2Z-graded C[0]-module is
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where Vg =CL& @} ,(CT' & CT~") & CU and V; = @,_,(CG? & CQP). The
A-bracket on A is given by

LaL] = (8 +2\)L,
T:I:i T:tj] — 6ijﬂ:ﬁ:k

LAU] 0+ MU,
T+ \T—] =0,

[LAT] = (0 4+ )T,
[

THAGP] = of /(G = AQ), [TH\QP] = aiQ1,
@

T+i,\U] = [UU] =0,

[ [

[ [

[LAGP] = (04 3X) GP, |

[LAQP] = (5 +3A) QP [T7AGP] = 0y (GT+AQ7),  [QP,Q] =0,
[U\G?] = [GPAGY] = 20,4 L — 2(0 + 2X\) (eI T+ + o 1T,
[U,QP] = [QP\GY] = 6pqU + 2(a;iTH — o iT~H).

To simplify computations, we introduce the following notation:

THX) == —i(z12 + 221) T + (212 — 221) T2 + 2021, T2,

T~ (X) = —i(z12 + 220)T ' + (212 — 221)T 2 + 20211 T3,
G(M) = (u1g + u21)G* +i(urs — u21)G? — (w11 — u92)G® — i(u1y + u29)G*,
QM) := (u12 + u21)Q" +i(u12 — u21)Q* — (u11 — u22)Q® — i(ua1 + u22)Q*

for X = (z;5) € sl3(C), M = (u;;) € C**2, where i = /—1. With this new notation,
the A-brackets on A are written as

[LaL] = (0 + 2N L, [LaU] = (8 + \U,
[IATH(X)] = (0 + NTH(X), [TH(X),U] = [U\U] =0,
[TH(X),\T*(Y)] = TH([X,Y]), [TH(X),T~(Y)] =0,

LGOn] = (94 57) G0N, :GON] = XQ(M),

LMD = (94 33) U, WAQUM] = (U, QN =0,
(T (X)\GOM)) = GXM) ~ AQUXM), — [T*(X),Q(M)) = QUXM),
(X)) = ~GOMX) = XQUMX), [T (X)Q(M)] = ~Q(MX),

[G(M),G(N)] = 4tr(MNV)L + (9 +2)) (TT(MNT — NMT)
T~ (M'N - NTM)),

[Q(M),G(N)] = 2tr(MNNU — TT(MNT - NM') + T~ (MTN — NTM)

for X,Y €505(C), M,N € C**?, where Mt = (—u22 1z ) if

U21 —Uu11

U1 U22
associative algebra of 2 x 2-matrices (cf. [10, 2.5]).

M = (u11 u12>. In fact, the map M — —MT is a symplectic involution on the
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3 Automorphisms of A and of A ®c D

The main purpose of this paper is to classify twisted loop conformal superalge-
bras based on the large N = 4 conformal superalgebra A. A twisted loop confor-
mal superalgebra £(A, o) based on A can be viewed as a D/D-form of A®c D =
L(A,id), i.e.
L(A,0)®p D~ Ac D,

where the above is an isomorphism of differential conformal superalgebras over YS,
where the differential conformal superalgebras structure on these objects is given
in the same way as those on A ®c¢ D,,, given by (1) and (2) above. Based on the
results of [7] (see also Proposition 4.1 below for details), D/D-forms of A ®¢ D

are classified in terms of H}, (i, Autgs . (A®c 13)) The computation of this H!

requires us to first determine the automorphism group Auts . (A ®c ﬁ)

We will determine the automorphism group Auts . (A ®c 75) in this section by
explicitly constructing all automorphism of A ®¢ D. To simplify notations, we write
Ap = A®c D for short. We always use V' to denote the C-vector space spanned
by {L, T+, U,G?,Q?i = 1,2,3, p=1,2,3,4}. Note that Az = C[9] @c V ©c D as
C-vector spaces. V' can be identified with the subspace 1® V' ® 1 in Az. Hence,
we also identify an element § € V' with its image 1® { ® 1 in Ag.

With the simplified notation of Section 2 and the above, we now proceed to
construct automorphisms of the D-conformal superalgebra Az.

Lemma 3.1. There is a group homomorphism
11 : SLo(D) x SLy(D) — Autg . (Az), (A, B)+ 645,

where 04 p is the automorphism of Az given by

0ap(L)=L+TH5(AA™ ) +T (6,(B)B™Y), 60apU)=U,
0a3(TH(X)) =TH(AXA™Y), 04p(T (X)) =T (BXB™),
04,8(G(M)) = GIAMB™") — Q(6,(A)MB~" — AMé&,(B™)),
04.8(Q(M)) = Q(AMB™")

for X € sly(C), M € C?*2.

Proof. Recall that the underlying D-module of Az is C[0] ®c V ®c D. The for-
mulas define a D-module homomorphism V ®c¢ D—V Qc 5, which is uniquely
extended to a D-module homomorphism 04 p : As — Az satisfying 0o 04 p =
Oa.B0 d.
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Based on [7, Lemma 3.1(ii)], it can be proved that 84 p is a homomorphism of
D-conformal superalgebras by checking

Oa5(E@ A1) =[0ap(E @1)r\0ap(ne1)]

for all £,m € V. This can be accomplished through a direct computation. As an
example, we show the proof for £ = Q(M) and n = G(N) with M, N € C?*2

04,8([Q(M)AG(N)])
= 2r(MNN04 5(U) — 04 5(TT(MNT — NMT)) 404 (T~ (MTN — NTM))
= 2r(MNYU — THAMN' — NMA ) + T~ (B(M'N — NTM)B™1),
[04,8(Q(M))\04,5(G(N))]
= [QIAMB™Y)\(G(ANB™') = Q(6:(A)NB~' — AN6,(B™)))]
= 2tr(AMB~ Y (ANB~H)HU
~TH(AMB Y (ANB™Y)' — ANB~Y(AMB™1)T)
+ T (AMB YANB™!' — (ANB ") AMB™)
= 2tr(MNYU = THAMN' — NMA ) + T~ (B(M'N — NTM)B™1),

where we use the facts that (M, MoMs)t = M;:MQTMlT for My, My, M3 € C?*2 and
that A=1 = — AT for A € SLy(D).

A similar computation also shows that
0a,,8,004,,8,(§® 1) =04,4,,8,B,(® 1)

for Ay, Ay, By, By € SLy(D) and all £ € V. We thus deduce from [7, Lemma 3.1(i)]
that

9141,31 o 9142,32 = 9141142,3132'

We also observe that 0y, 1, = id, where I5 is the identity matrix. Hence, the above
equality implies that 64 p is invertible and ¢; : SLo(D) x SLy(D) — Autp . (Ap),
(A, B) — 04 p is a group homomorphism. O

Lemma 3.2. There is a group homomorphism
Lo : Ga(D) — Autﬁ-conf(‘Af))’ f— Tf,
where 7 is the automorphism of Az defined by

(L) =L+U®f, 7(T*(X))=T"(X), (T (X)) =T (X),
(U) =U, 7 (G(M)) = G(M) + Q(fM), 74(Q(M))=Q(M)

for X € 5l3(C) and M € C?*2.
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Proof. An analogous argument as in Lemma 3.1 shows that the formulas define a
homomorphism of D-conformal superalgebras 77 : A5 — Agp for every f € D and

TfH OTfy = Tr+f, for fi1,fo € D. Observing that 7o = id, we obtain that 7r has
inverse 7_y and ¢ is a group homomorphism. (I

Lemma 3.3. There is an automorphism w of the D-conformal superalgebra Az
such that

wL)=L, W (X)=T"(X), wT (X))=T"X),
wU)=-U,  wGM)=GM"),  w@®))=-QM")

for X € sl5(C) and M € C?*2. In addition, w? = id.

Proof. The proof is similar to that of Lemma 3.1. (]
Lemma 3.4.

() FOI‘ABESLQ( )andfeG( ) TfOQA,BZQA,BOTﬁ
(ii) For A, BESLQ(D) woblspow=10p4.
(iii) For f € G4(D),woTfow =17_y.

Proof. (i) From [7, Lemma 3.1 (i)], it suffices to show
Tr00ap(@1) =0apoT((©1)

for all £ € V. This can be verified by a direct computation. Similarly for (ii)
and (iii). O

Theorem 3.5. There is a group isomorphism

Autp on(Ap) = <SL?E?;2X_SJI;)2>(D) X Ga(f))> X Z[2L.

Proof. From Lemmas 3.1 to 3.4, there is a group homomorphism

L <SL2(13) x SLy(D) x Ga(ﬁ)) X 7,/27, — Auts . (As),
(A, B, f,e) = 0apoTfouws.

We claim that ¢ is surjective, which is equivalent to say that every
o€ Auty  (Agp) is of the form 64 p o7 ow® for some A, B € SLy(D ) feD
and € € {0,1}.
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To prove the claim, we first consider the action of ¢ on the even part (Az)g of
Az. We observe
Ay =C[9]L @ C @ C[o|U,
where C = @3_; (C[9]T*" @ C[9]T~%). Moreover, B :=C @ C[9]U is an ideal of A
and B is isomorphic to the current Lie conformal algebra Cur(sly(C) @ sl3(C) & C)
(see [6, Example 2.7] for its definition).

Next we show that p(Bp) C Bs. Let { =T* i =1,2,3 or U. Write

K
Z (L® fm)+E,
where r; € D and ¢’ € Bgz. Then
= o([x€]) = [p(E)ap(&)]
K
= > (N"@+N (O +2NL @ fonfn + 2L ® 61 fin) f)
m,n=0
K K
+Z (L ® frm)rl] Zam M IE ML @ fa)] + [€5E).

Since [(L @ fm)r&'], [€'A(L & fn)], [§'\E] € C[N] ®c Bp, we deduce that
K

0= (=N™@+N"((D+2NL® fonfu+2L @ 5i(fn)fn).

m,n=0

Comparing the coefficients of A and noting that Dis an integral domain, we obtain
K =0and fo =0, ie., ¢(§) =& € Bs. Since T+ i=1,2,3 and U generate B as
a C[d]-module and ¢ is a D-module homomorphism satisfying ¢ o d=0o0 p, we
conclude that ¢(Bz) C Bp.

Furthermore, we deduce from Tﬂ(o)T i = eijkTik that
eip(TF) = (T 0y e(T*) € (Bp)(0)(Bp) € Cp
for k =1,2,3. It yields that ¢(C5) C C5
Therefore, the restriction <P|C75 is an automorphism of C5. It is known that
C@ = CllI‘(S[Q((C) @5[2(@))@

Given that sly(C) @ sl3(C) is a semisimple complex Lie algebra by Kac et al. [7,
Theorem 3.4], there are two elements A, B € GLy(D) such that one of the two
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following conditions is satisfied:

P(TT(X)) =TT (AXA ") and (T (X)) =T (BXB™), (3)
O(TT(X)) =T (AXA™Y) and (T~ (X)) =TH(BXB™1). (4)

Since any unit of Disa square there is no loss of generalization in assuming that
A, B € SLy(D). We take 9 := o HZ}B if ¢ satisfies (3) or ¢ :=powo HZ}B if
satisfies (4). Then ¢ is also an automorphism of the D-conformal superalgebra Az
and always satisfies

Y(IT7(X)) =TT(X) and (T (X)) =T (X). (5)

To determine ¥ (U), we observe that C[0)U ®¢ D is the centre of Bg, which
is preserved under t. Hence, ¥(U) = P(9)U, where P(9) is a polynomial in the
indeterminate 9 with coefficient in D. Then the bijectivity of v yields that P(9) = f
is an unit element in 15, ie, ¥(U)=U® f for an unit element f € D.

Next we consider the action of ¢ on the odd part (Az)i. Suppose

K1 Ko
DGM) = 0"Gum(M)) + Y 9"Qv, (M),
m=0 n=0

where vy, 1/, : C2%2 — D2%2 are C-linear maps. Then ([UxG(M)]) = [(U)x
Y(G(M))] yields

K1

MHQM)) = 37 (9 + N™AQ(frim (M) + Q8¢ ()vm (M))).

m=0

Comparing the coefficients of A\, we obtain K7 =0, i.e.,

Ko

P(G(M)) = G(w(M)) + > 0"Q(v), (M),
n=0

D(Q(M)) = Q(fro(M)).

Similarly, we deduce from ([T (X)AG(M)]) = (T (X))rp(G(M))] that Ko =0
and

vo(XM) = Xvg(M), vi(XM)=Xvj(M), froy(XM)=Xvy(M) (6)

for X € slo(C), M € C?*2. Further, ([T~ (X)\G(M)]) = [W(T~(X))a(G(M))]
yields that

v(MX) =w(M)X, 1(MX)=r(M)X, fu(MX)=wnM)X (7)

for X € sl5(C), M € C?*2,
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From (6) and (7), we conclude that f =1, and there are g,¢' € D such that
vo(M) = gM and v)(M) =¢'M, i.e.,

P(G(M)) = G(gM) + Q(g'M),  »(Q(M)) =Q(gM), H(U)=U.

Finally, the equality

P(QM)) )Y (G(N)) = (Q(M)©0)G(N))
implies that g = +1; while the equality
V(G(M)) )Y (G(N)) = b(G(M)0)G(N))
yields (L) = L + U ® gg'. Hence,
Y(L)=L+U®go, P(G(M))=g(GM)+Q(goM)), »(Q(M))=gQ(M), »U)=U, (8)

where go = gg’. Summarizing (5) and (8), we conclude that ¢ = 7,4, 0 0y ;. Hence,
O ="Tgy 004,98 =0a,480Tg Or p="Tg,004980w="044p0Ty °w.

We complete the proof of the surjectivity of ¢.

Next we will determine the kernel of .. On one hand, it is obvious that
(=I3,—15,0,0) € ker¢y. On the other hand, we will show (A, B, f,¢) € ker: will
lead to A= B ==, f =0 and € = 0. In fact, (A, B, f,¢) € ker. is equivalent to
04, oTfow® =id. Hence,

U= GA,B OTyf owE(U) = (*1)EU,
where € = 0 or 1. It follows € = 0.
Similarly, 04 g o 77(L) = L yields that f =0, and so we have

Oap(TH(X)) =TT (AXA™Y) =TT (X),
045(T (X)) =T (BXB™')=T"(X),
04,5(Q(M)) = QAMB™) = Q(M)

for all X € sl5(C) and all M € C2*2 i.e.,

AX =XA,BX =XBand AM =MB
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for all X € sl3(C) and all M € C?*2. This yields that A = B = +1I,. Hence, kert =
((=I2,—1I5,0,0)). Therefore, ¢ induces a group isomorphism

I

(SLQ(B) x SLy(D) x Ga(ﬁ))  Z,/2Z
)

AUt’fJ—conf(“Af)) <(_12 _12 0 0)

. { SL2(D) x SLy(D) ~
~ < AT Ga(D)> x 7./27. -

Remark 3.6. The above theorem gives a precise description of the automorphism
group of the D-conformal superalgebra Az. Using the same reasoning, we also can
obtain the automorphism group of the C-conformal superalgebra A. In fact,

SL2 ((C) X SL2 (C)
(=12, —1I2))

Autcon(A) 2 ( x Ga((C)> x 7./ 2.

4 Classification of twisted loop conformal superalgebras

The classification of twisted loop conformal superalgebras based on A will be
completed in this section. We firstly compute the non-abelian cohomology set

HL (Z,Aut@_conf(A@)), which yields the classification of twisted loop conformal

superalgebras based on A up to isomorphisms of differential conformal superalge-
bras over D. Then we deduce the classification up to isomorphisms of conformal
superalgebras over C through centroid considerations as in [2, 7].

Proposition 4.1. Every ﬁ/D—form of Ap is isomorphic to either L£(A,id) or
L(A,w) as differential conformal superalgebras over D.

Proof. Based on [7, Theorem 2.16 and Proposition 2.29], ZS/D—forms of Ap are

parameterized by the continuous non-abelian cohomology set H} (Z,Autﬁ_ cont

(Ap)), where Z :=lim__ Z/mZ and the continuous action of Z on Auts . (Ap)
is induced by the continuous action of Z on D given by 'tP/7 = C}]’tp/q. Hence, the
crucial point of the proof is to compute the cohomology set HL

(27 Autﬁ-conf (Af)» '

By Theorem 3.5, there is a split short exact sequence of groups

1 — G — Auts

D-conf(A@) — Z/ZZ — 1, (9)

where

SLy(D) x SLy(D)

G 1= G1 x Gq(D) and G := LT
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We observe that Z continuously acts on G through the action on D and Z acts on
727 trivially. ~ With these Z-actions, the homomorphisms in (9) are all
i—equivarian‘c. Hence, the exact sequence (9) induces an exact sequence of con-
tinuous non-abelian cohomology sets

H(Z, G) — HY (Z, At oui(Ap)) == HY(Z,Z/2E). (10)

Since the exact sequence (9) is split, p has a section, and so p is surjective. Recall
that Z acts on Z/27Z trivially, we have HY, (Z, Z/27Z) = Z./2Z = {[0],[1]}. Since (10)
is exact, the fibre of p over [0] is measured by HZ (Z,G). To compute HX(Z,G),
we observe that Z piecewise acts on G = Gy x Ga(ﬁ). It follows that

HA(Z,G) = HY(Z,Ch) x HY(Z, Ga(D)). (1)
The group G, fits into an exact sequence of groups
1 — 7/27 — SLy(D) x SLy(D) — Gy — 1.
It yields an exact sequence of pointed sets

H(Z,7./2Z) — HL,(Z,SLy(D) x SLy(D)) — H:\(Z,Gy) — H2(Z,7.)27.).

Since SLy x SLj is a semi-simple group scheme, HY, (Z, SLQ(B) x SLo (ﬁ)) can
be identified with the non-abelian étale cohomology Hy (D, SLy x SLy) by Gille
and Pianzola [5, Corollary 2.16], which vanishes according to [8, Theorem 3.1].
Hence, HY, (Z, SLQ(E) X SLg(ﬁ)) =0. Hft(z, Z/27) also vanishes since it can be
identified with HZ (D, p,), which is the two-torsion of the Brauer group
HZ(D,G,,) = 1. Therefore

HL(Z,Gy) = 0. (12)

From [11, 1.2.2, Proposition 8], we deduce that HX(Z,G4(D)) =lim__ H}
(Z/mZ,Gy(Dy,)). Since D,,/D is a Galois extension with Galois group Z/mZ,
HY(Z/mZ,G(Dy,)) = H,(Dy/D,Gap) (see [7, Remark 2.27] for details).
Now, H} (Dy/D,Gg, p) can be viewed as a subset of H} (D, G,), which vanishes
because our base scheme, namely Spec(D), is affine (see [4, II1.4.6.6]). Hence

HY\(Z,G4(D)) =0. (13)

Summarizing (11), (12) and (13), we obtain HL (Z, G) = 0, i.e., the fibre of p over
[0] contains exactly one element.
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Next we consider the fibre of p over [1]. Twisting the Z-groups in (9) with respect

to the cocycle 3 : 7 — Autg . (Ap), 1~ w, we deduce that the fibre of p over [1]

A

is measured by Hclt(i,a G). As Z-groups, ;G =; G %, G.(D). Hence, we also have

HY(Z,; G) = HY\(Z,; G1) x H(Z,; Go(D)). (14)

To compute H, clt(za G1), we also have an exact sequence
1 —, (Z/2Z) —, (SLy(D) x SLy(D)) —, Gy — 1.

Since w trivially acts on the subgroup ((—Ia, —I2)) of SLy(D) x SLy(D), it follows
;(Z/2Z) = Z/2Z. Hence, there is a long exact sequence

HY\(Z,2/2Z) — HY(Z,; (SLy(D) x SLy(D))) — HY(Z.; G1) — HZ(Z,Z/2Z).

We have seen that HZ% (Z, Z/2Z) = 0. Further, by the same reasons given above

HL (Z,ﬁ (SLg(ﬁ) x SLq (ﬁ))) can be identified with the non-abelian étale cohomol-
ogy H},(D.; (SLs x SLy)), which vanishes since ;(SLs x SL3) is also a reductive
group scheme over D. Hence

HY\(Z,; Gh) = 0. (15)

To understand Hclt(z73 G.(D)), we first observe that ;G is a twisted form
of G, (more precisely of the D-group G, p) associated to the cocycle 3’ : 7 —
Aut(Gg(D)),1 — —id, viewed in a natural way as an element of H} (D, Aut(G,)).
The natural D-group homomorphism G,, — Aut(G,) yields a map

¢ Hi (D, Gy,) — H (D, Aut(G,)).

Since the class [3'] of 3’ is visibly in the image of ¢ and H}, (D, G,,) = Pic(D) = 0,
we deduce that ;G, is isomorphic to G, (or rather G, p to be precise). This
yields that

HY(Z,; G.(D)) € HY (D, ,G,) = H,(D,G,) = 0. (16)

From (14) to (16), we deduce that H}, (Z,é G) =0, i.e., the fibre of p over [1] also

contains exactly one element.

D-conf
correspond to L£(A,id) and L(A,w). O

Consequently, H} (Z,AutA (Af))) contains exactly two elements, which
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Next, we proceed to compute the centroid of an arbitrary twisted loop conformal
superalgebra based on A. For an arbitrary conformal superalgebra B over C, the
centroid of B is

Ctde(B) = {x € Endcsmod(B)|x(a@m)b) = am)x(b),Va,b € B,n € Z },

where Endc smod(B) is the set of endomorphism of the super C-module B. If in
addition B is also a differential conformal superalgebra over D, there is a canonical
map D — Ctde(B), r — rg, where rg is the map B — B, a — ra (see [7] for details).

Lemma 4.2. Ap = spanc{v(o)(ﬁ(@L ®1), v(l)(a(Z)L ®1)|jv e Ap,, }.

Proof. We denote the C-vector space on the right-hand side by V. Let v € A be a
primary eigenvector having eigenvalue A with respect to L, i.e., v satisfies

U(O)L = (A - 1)81}, ’U(l)L = AU, ’U(k)L = 0, for k = 2.
Then we deduce that

A-1 =Ry if 0>
v(k)a(e_l)L _ (f( ) + k)a v 1 4 k',
0 ifl<k

fork>0and ¢>1.

In the conformal superalgebra A, A =21,1, %, % if a=L,U,THX),G(M),
Q(M), respectively, where X € sly(C) and M € C?*2. We consider two cases.

Case I: A = % Then

W fly(Lel) = %v@f,
(v® fo@YL®1)
= (v)0L) ® 8" (f)

k>0
0+1

=> (—;(e +1)+ k) oy @ 57 (f)
k=0

l+1
1 1
= 5+ e f+ Y (—2(4 +1)+ /<:> ARy @ 5 (1)
k=1

for all £ > 0. By induction, we obtain 9®v ® f € V for all £ > 0.
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Case II: A > 1. Then

(@ L el)=Ave f,
(ve fy@YLe1)

= (ws1yd VL) © 67 (f)

k>0
¢
= ((+1)(A-1)+k+1)0" Pve 58 ()
k=0
=((t+1)(A _1)—|—1)8(f)1}®f

£
Z ((L+1)(A = 1)+ k+ 1Py s (f).

Since A > 1, ({ +1)(A — 1) + 1 > 0. By induction, dVv @ f € V.

Recall that Ap, =C[0]®cV &c Dy, where V =spanc{L,U,T*(X),
G(M),Q(M)|X € sly(C), M € C>*2}. We observe that Ap,  is spanned by (Vv ®
ffor£>20,0v€V,and f € D,,. Hence, Ap,, = V. O

Proposition 4.3. Let B:= L(A, o) be the twisted loop conformal superalgebra

~

based on A with respect to an automorphism o of order m. Then Ctdc(B) = D.

Proof. For f € D, there is an element fz € Ctdc(B) given by v — fv. Since B is
a faithful D-module this map is injective and we can identify D C Ctd¢(B). It
suffices to show any element x € B is of the form fp for some f € D.

We consider the C-linear map

m—

s U %Z (0 ®@Y)(

=0

VI ADm — AD

where ¢ : Dy, — Dy, t — (ol . Then B = n(Ap,,).
It has been pointed out in Remark 3.6 that 0 =04 p o 7, ow®, where A, B €
SLy(C), a € C and € € {0,1}. Hence

o(L)=L+aU, oU)==U.

We consider two cases.



ON TWISTED LARGE N =4 CONFORMAL SUPERALGEBRAS 1411

Case I: o(U) = U. In this situation, (L) = L since o is of finite order. Hence

T @IL@1) == 3" (0 @9) (v (0L & 1))
1=0

Y (0@ ) @)mlooy)(OLe1)
=0

By Lemma 4.2, we deduce that

B =n(Ap,,) = spanc{m(v) (0L ® 1), 7(v)1y(OPYL @ 1)|v € Ap,,, £ > 0},
= spanc{u() (0L @ 1),u1) (0L @ 1)|u € B,£ > 0}.

Let x € Ctde(B). We claim that there exists a f € D such that x(L®1) =
L ® f. Consider
LeDomx(Lol)=x(Lel)q(Lel)=2x(Lo1).

Hence, x(L ® 1) € B C A, is an eigenvector of (L ® 1)(;) with eigenvalue 2. We
can check that the eigenspace of (L ® 1)1y with eigenvalue 2 in Ap,, is spanned
by L ® f,0v; ® fi, where {v;}7_, is a C—basis of spanc{T*(X),U|X € sl5(C)} and
f, fi € Dy,. We write

7
XLol)=Lef+> 0vef

i=1

Then

0=x((L®1)@g(Le1))
— (L8 DXL o)

7
= (L®1)(2) <L®f+zavl®f1>

i=1
7
= QZ%‘ ® fi.
i=1

Since the {v;} are linearly independent over C, f; =0, and so x(L®1) =L ® f.
In particular, f € D since L ® f € B. Furthermore, we have

XYL 1) =x(L®1)0)(0" VL®1) = (L@ 1)x@“ VLel)
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for all £ > 1. By induction, x(0VL ® 1) = 0L ® f. Hence, for v € B

X (0L ®1)) = v x (0L @ 1) = vy (0L & f) = f(v0) (0L & 1)),
X(’U(l)(a(g)[/ & 1)) = U(l)x(a(z)L ® 1) = U(l)(a(e)L (9 f) = f(’l)(l)(a(g)L & 1))

It follows x = fi.

Case II: o(U) = —-U and o(L) = L+ aU. In this situation, we replace L by
L' := L+ $U and replace G? by G'7 := GP + §QP for p =1,2,3,4. Then A is also
a C[0]-module generated by L', T+ U G, QP,i=1,2,3,p=1,2,3,4, and in A,
we have

[LAL'] = (0 +2\) L, AT = 0+ NTE,  [LA\U] = (0 + N,
IAGY] = 0+ 5NG",  [1A@) = (9 + ;0@

Similar arguments to the ones used in Lemma 4.2 show that

Ap,, = spanc{v(p) ('L’ ® 1),v1)(0'L’ @ 1)|v € Ap,,, £ > 0}.

m)

Following the same arguments as in Case I, we conclude that y = fg for some
feD. d

Theorem 4.4. Every twisted loop conformal superalgebra based on the large N =
4 conformal superalgebra A is isomorphic to either £(A,id) or £(A,w) as conformal
superalgebras over C.

Proof. As pointed out in [7], every twisted loop conformal superalgebra L£(A, o)
based on A is not only a conformal superalgebra over C but also a differential
conformal superalgebra over D. Moreover, £(A, o) is a D/D-form of £(A,id) = Ap
[7, Proposition 2.4]. By Proposition 4.1, there are only two ﬁ/D—forms of Ap up
to isomorphisms of differential conformal superalgebras over D. They are L£(A,id)

and L(A,w).

From Proposition 4.3 and [7, Corollary 2.36], we deduce that two twisted loop
conformal superalgebras £(A, 1) and £(A,02) based on A are isomorphic as dif-
ferential conformal superalgebras over D if and only if £(A,o07) is isomorphic to
L(A,02) as conformal superalgebras over C. Hence, every twisted loop conformal
superalgebra based on A is isomorphic to either £(A4,id) or £(A,w) as conformal
superalgebras over C. O

5 The corresponding Lie superalgebra

As we have seen in Section 1, every twisted loop conformal superalgebra L(A, o)
based on the large N = 4 conformal superalgebra A yields an infinite-dimensional
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Lie superalgebra Alg(A, o). In particular, the untwisted loop conformal superal-
gebra L(A,id) yields the Lie superalgebra g described in Section 2, which is the
centreless core of the large N = 4 superconformal algebras given in [13].

There is another twisted loop conformal superalgebra £(A,w) not isomorphic to
L(A,id). L(A,w) gives rise to another Lie superalgebra Alg(A,w). In the rest of
this section, we will explicitly state the generators and relations of Alg(A,w).

Recall that L(A,w) = ®rezAr @ Ct/2, where Ay = {a € Alw(a) = (—1)%a}.
It can be directly computed that

1 C[0] ®c spanc{L, T + T~1 G*, Q*i = 1,2,3} if £ is even,
= , . ,
C[0]) ®@¢ spanc{U, T+ — T~ G* Qi = 1,2,3} if £ is odd.

As a vector space, Alg(A,w) = L(A ,w)/c')ﬁ( w). We use v to denote the image
of an element v € £(A,w) in Alg(A,w). Then the following elements

Ly=L@tntl, T! =(TH4+T-H)@tm, J =TH-T-)otr, U.=Uct,
G;LA :C;'i(g)tr+1/27 D, :C;'él(g)tvrthl/Q7 Qfm :Qi®tmfl/2’ v, :Q4®t'r71/2

fori=1,2,3, m € Z and r € 1/2 4+ Z form a basis of Alg(A, o). The super-bracket
on Alg(A,w) can be written as

Lm7Ln] = (m—n)Lm+n, Lm,Us] _SUm+Sv
Lm,Tn} = —nTl L, J;] = —sJ,",HS7
Ly, GZ] (m/2 - 5)G, m+s» Ly, @] = (m/2 = 1) @10,

P
Lma \I/s} = *(m/Q + s)\I]ersa

[ [

[ [

[ [

(Lo, Q1) = —(m/2 + )G} s [

(U, Us] = 0, U, Ty] = Uy, Ji] = 0,
U, Gy = 1Qi s, [Ur, ®@n] = 1¥0 s,
U, Q1) =0, (U, ¥s] =0,

[Tfn,Tj] = fi]kTm.;-m [T,iL7 J'] = 5zijm+sv
T3, Gl] = ekam-m MO Vi, [Th,, @] = mQ:n—km
[T, Q4] = €jkQF 10 [T%, ¥, =0,

[T7, JL] = eijiTFy

(T3, GI] = 03j®rps — TeijnQr s [JE, @] = =Gy,
[J5, Q%) = 655Uy in, [T5 U] = Q) s,
[G1,GI] = 204515 — €iji(r = 8)Tg,  [GL, @] = (n = 1) T},
[Qi,,GI] = 6;jUn+s + €ijiJr L, Qi @, =T} 40
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[ }maQ%} = [ , \Ils] = [\I}raqjs] = 07 [(Dmv(Pn] = 2Lm+n7

m>

[\Ilra Gi] = _Tri+sa [\Ilra (I)n] = Ur+n
fori,j=1,2,3, myn€Zand r,s € 1/2+7Z.

In fact, the twisted large N =4 superconformal algebra described in [14] is
isomorphic to a central extension of the Lie superalgebra Alg(A, w).

Remark 5.1. Let A(y) be the conformal superalgebra associated to g(y). From
the relation

[LAL] = (0 +2)\)L + %)\30 and [LyU] = (0 +\U — % (’y — ;) Ne

in A(7), we observe that the automorphisms 74 with f € C and w of A constructed
in Section 3 cannot be lifted to an automorphism of A(y) if v # % This would
seem to justify the absence of one-dimensional central extensions of Alg(A,w) in

[13] when v # 3.

In contrast, both the automorphism 7 and w of A can be lifted to automorphisms
#r and @& of A(3). The action of 7y and & on A(y) is explicitly given by

H(ny =L+ U~ Lo HU=U-Le g =T,
71(GM)) =GM)+Q(fM),  7(Q(M)) =Q(M),  F(c)=c
&(L) =L, &(U) = -1, o(T*) =T,
L(G(M) = G(MT), ©(Q) = -Q(M), w(e)=c

for i =1,2,3, M € C?*2,

There is a natural (injective) group homomorphism from Autc.cont(A(7)) —
Aut(g(y)). The above considerations applied to the case v = § show that the

group of automorphisms of g(%) is indeed larger than the one described in the
physics literature.
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