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Abstract

We present an explicit parameterization of the families of lines of the
Dwork pencil of quintic threefolds. This gives rise to isomorphic curves
éiw which parameterize the lines. These curves are 125:1 covers of genus
six curves Cy,. The Cy, are first presented as curves in P* xP! that have
three nodes. It is natural to blow up P!'xP! in the three points corre-
sponding to the nodes in order to produce smooth curves. The result of
blowing up P!xP! in three points is the quintic del Pezzo surface dPs,
whose automorphism group is the permutation group Ss, which is also a
symmetry of the pair of curves C'r,,. The subgroup As, of even permuta-
tions, is an automorphism of each curve, whereas the odd permutations
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interchange C, with C_,. The ten exceptional curves of dP5 each inter-
sect the C', in two points corresponding to van Geemen lines. We find, in
this way, what should have anticipated from the outset, that the curves
C,, are the curves of the Wiman pencil. We consider the family of lines
also for the cases that the manifolds of the Dwork pencil become singular.
For the conifold, the curve C, develops six nodes and may be resolved
to a P'. The group Ajs acts on this P! and we describe this action.
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Is there any thing whereof it may be said, See, this is new?
it hath been already of old time, which was before us.

Ecclesiastes 1:10

1 Introduction
1.1 Lines on the cubic surface and quintic threefold

This paper concerns the lines contained in the Dwork pencil of quintic three-
folds. These manifolds, which we denote by My, are realized as hypersur-
faces in P* by the quintics

5
Zwi’ — 5y x1x0132425 = 0. (1.1)
j=1
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The study of the lines on quintic threefolds has a history going back to Schu-
bert in the 19th century, who calculated that the generic quintic contains
2875 lines, in fact Schubert performed the calculation twice, using different
methods [1,2]. The quintics of the Dwork pencil are, however, far from being
generic and are known to contain continuous families of lines.

Before summarizing the history of our understanding of lines on the quin-
tic it might be useful to recall that this study began as a natural extension of
the classical study of lines on cubic surfaces. These lines were discovered by
Cayley and Salmon. The story is famous: Cayley remarked in a letter that
counting constants suggested a finite number, and Salmon gave immediately
the number 27in response to the letter. The results of this correspondence
were published in 1849 [3,4]. The configuration of the lines and their intri-
cate symmetries have been of topic of fascination to algebraic geometers ever
since. A classical source of information is the book of Henderson [5].

There are differences between the cubic and the quintic; in order to appre-
ciate these let us recall the most elementary facts. The Fermat cubic in P3
is given by the equation

d yi=0 (1.2)

kv), where w denotes a

This surface contains the lines y, = (u, —w/u, v, —w
non-trivial cube root of unity and 1 < j,k < 3. By permuting the coordi-
nates, we find 27 lines that lie in the cubic and this is the total number. The
beautiful and surprising fact is that if we deform the cubic, the lines deform
with the surface so that there are always 27 lines. For a generic cubic, it will
be hard to see the lines explicitly. In fact, C. Jordan [6] showed that the
Galois group on which the determination of the lines depends is in general
a simple group of order 25,920, which can be identified with a subgroup of
index two of the Weyl group of the lattice F5. A modern reference for these

results is [7].

For the Dwork pencil (1.1) the situation is already more complicated,
even for the case of the Fermat quintic with ¢ = 0. For this case we may
write down analogues of the lines that exist for the Fermat cubic

Lj = (U, _Ckua v, _CE,U7 0))

with ¢ a non-trivial fifth root of unity and 1 <k, <5. By permuting
coordinates and taking all values of k and ¢ we find 375 such lines, which
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1

we will refer to here as the isolated lines. Note that, since one of the

coordinates vanishes identically, these lines lie in M, for all 1.

There are other lines also. Consider those of the form
zj = (u, —CFu, av,bv, cv)  with a® +b° + ¢ = 0.

For given k, these give rise to a cone of lines, that all pass through the point
(1,—¢*,0,0,0), and are parameterized by the curve a® + b° 4+ ¢® = 0 in P2,
By counting the different values of k and the inequivalent permutations of
the coordinates, we see that there are 50 cones of lines. The cones contain
the isolated lines. In fact, the isolated lines are the lines in which the cones
meet. For example, the cones (u, —u, av, bv, cv) and (&u,i)u,v, —v, ¢u) meet
in the isolated line (u, —u,v,—v,0). Each cone contains 15 isolated lines
and meets 15 other cones in these lines. If two cones intersect, they do so
in precisely one of the isolated lines.

In [8] it is shown that there are no further lines in Mg beyond the cones
and the isolated lines and, furthermore, that, under a sufficiently general
deformation, each isolated line splits into five lines and each cone breaks up
into 20 discrete lines, yielding the correct total of 50x20 4 5x 375 = 2875
discrete lines.

A quintic threefold deforms with 101 parameters, and for generic values
of these parameters there are, as has been observed, 2875 discrete lines. It
is known, however, that there are families of quintic threefolds that deform
with 100 parameters, for which the configuration of lines is degenerate [9].

Let us return now to the one parameter family M., for ¢ # 0. The man-
ifolds of the Dwork pencil have a large group of automorphisms isomorphic
to S5 xG, where S5 is the permutation group acting on the five coordinates
and G = (Z/5Z)3 has the action

(x1, x2, x3, T4, T5)

5
— (" x1, (" xo, (" a3, (" ayg, (" x5) with an = 0 mod 5.
j=1

!These lines are often known as the exceptional lines, however, to refer to them as such
here would invite confusion with the exceptional lines of the del Pezzo surface dPs, to
which we shall make frequent reference. These lines are indeed isolated for i # 0, but, as
we shall see, they lie in continuous families of lines for 1) = 0.
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In the 1980s one of the present authors (BvG) found special lines that
lie in the M. These eponymous lines are important in what follows so
we shall pause, presently, to review their properties. For the moment, we
simply note that there are 5000 such lines, so since this number exceeds
2875, there must be, possibly in addition to discrete lines, a continuous
family [10]. It was subsequently proved by Anca Mustata [11], using sophis-
ticated methods, that, for ¢ # 0, M, contains two continuous families of
lines, parameterized by isomorphic curves, éi, of genus 626, and the 375
isolated lines as the only lines that do not lie in the continuous families. The
genus 626 curves have Euler number y =2 — 2 x 626 = —1250. It follows
from the theory of the Abel-Jacobi mapping (see some further remarks in
Section 1.5) that under a generic deformation, each of these curves gives rise
to 1250 discrete lines, so that, all together, there are again 375 4+ 2x 1250 =
2875 lines.

One of our aims here is to parameterize the two families of lines, 6},
explicitly. The surprise is that the explicit parameterization is not as com-
plicated as might have been anticipated.

1.2 The van Geemen lines

If the M, were to contain 2875 lines ‘as expected’” we would want to find
the 2875 — 375 = 2500 lines that are missing (assuming that the special lines
are to be counted with multiplicity one). Now S5 has subgroups of order
three, for example, the subgroup that permutes (z2, x4, z5) cyclically (the
reason for choosing this particular subgroup is to conform with a choice of
parameterization that will come later). The number of missing lines is not
divisible by three so some would have to be fixed (as lines but not necessarily
pointwise) by the subgroup. This motivates seeking lines that are invariant
under the proposed subgroup.

The points that are invariant under the subgroup are of the form

(a,d,b,d,d), (0,1,0,w,w?), (0,1,0,w? w).

It is immediate that the plane (a,d,b,d,d) does not contain a line of My,
and that the line passing through (0,1,0,w,w?) and (0,1,0,w?, w) does not
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lie in M. Consider however the line

u(1,d,b,d,d) + (v — du) (0,1,0,w,w?)
= (u, v, bu, cu + wv, —w?(cu — v)), (1.3)

where ¢ = (1 — w)d. This line lies in M, provided

(1—w)p, (1.4)

N | —

3
b:§'¢727 c=

with v a solution of the tenth-order equation

10 1 5 2 5_
T g7 +<3¢) = 0. (1.5)

Given that the lines (1.3), subject to (1.4) and (1.5) lie in My, it is clear
that so do lines of the form

(u, v, CFbu, CFeu 4+ wo), —Chw?(cu — v)), (1.6)

with  is a non-trivial fifth root of unity, 1 < k, ¢ < 5, since these are images
of the previous line under the action of G. The van Geemen lines are the
lines that are equivalent to this more general form, up to permutation of
coordinates. These, more general, lines are no longer invariant under the
cyclic permutation of (x2, x4, x5). However, since they are in the S5xG orbit
of (1.3), which has an Sy stabilizer of order three, the more general lines
each have a stabilizer of order three.

There are changes of coordinates that preserve the general form of a
van Geemen line. Setting u = (¥4 /b effectively interchanges the u and bu
terms by bringing the line (1.6) to the form

(g—’f—f b, v, @, (% (G + wo), —Clw? (G — v) )

where

A o - T e 1 ~ e~ ket 2
=gt ad o= =S wpd with = (T

and in these relations 7 is another root of equation (1.5).
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If we return to (1.6) and write
vl =V, U =cu+wu, v3= —wQ(cu — wv)
and change coordinates and parameters by setting
o= CRoy, b=y, e= (R,

then we have

. def . - . def ~ ~
= o=CFog, 00 ZF Gutwd =Py, B3 = —w2(cu—v) = Fuy

and the effect of the coordinate transformation is
—k— —k~ 2%k —~7 ~ —k~
(U, v, ¢ b ebua Ckv27 <£U3) = (uv ¢ kv37 ¢ F gbua U1, gﬁ kUQ)'

Note that the change in b and ¢ is consistent with v — 4 = (¥y and 7 is
another root of (1.5). In this way one may, in effect, rotate the quantities
vj cyclically; however we are left with two orderings of the v; that cannot
be transformed into each other.

The counting is that, up to coordinate redefinitions, there are ten ways
to choose two positions for the components u and bu and a further two
choices in the placing of the components v;. There are two choices for
w, five for 7, given 7°, and 25 ways to choose k and £. Thus there are,
in total, 10x2x2x5x25 = 5000 van Geemen lines. In this accounting, we
consider (1.5) to be a quadratic equation for 4° and we do not count the
two roots separately since these are interchanged by the coordinate trans-
formation that interchanges w and bu. The fact that there are 5000 van
Geemen lines while #(S5xG) = 5!x53 = 15,000 again implies (though one
can also check this directly) that each of these lines has a stabilizer of order
exactly three.

Since the number of lines, if discrete, must be 2875, counted with multi-
plicity, the fact that 5000 lines have been identified implies that, while there
may be discrete lines, there must also be a continuous family of lines.
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If we pick a particular value for v and act with an element of G as above
on the line

(u, v, bu, cu + wv, —w?(cu — v))

and then set ©w = ("™, v =""20, v = (" "2 and make the correspond-
ing changes b = (2" —2)p and ¢ = ("~"2¢, then we obtain the line

(@, B, (722 F8ba, (M7 (Gl + wh), —¢" WA (8l — 7).

In this way, we obtain 125 copies of a van Geemen line by acting with G on
a particular line, provided that we understand G to act on ~ as indicated.

1.3 The Wiman pencil

In 1897, Wiman [12] noted the existence of a remarkable plane sextic curve
Cy, with four nodes, that is invariant under the permutation group Ss. These
automorphisms appeared the more mysterious owing to the fact that, of the
120 automorphisms, 96 are realized non-linearly. The story was taken up
by Edge [13] after some 80 years, who noted that Cj is “only one, though
admittedly the most interesting” of a one parameter family of four-nodal
sextics C, on which the group S5 acts. The action is such that the subgroup
As, of even permutations, preserves each C,, while the odd permutations
interchange C, with C_,. The curve Cj is known as the Wiman curve and
the one parameter family C, is known as the Wiman pencil. Edge also
notes that it is natural to blow up the plane in the four nodes of the curves.
One obtains, in this way, smooth curves which, in this introduction, we
will also denote by C,. These smooth curves live in the quintic del Pezzo
surface? dPs.

With our explicit parameterization of the families of lines 517 and benefit
of hindsight, we find what should have been suspected from the outset: the
curves (4 are 125:1 covers of the curves C4, of the Wiman pencil. Where

2There is difference in convention between mathematicians and physicists in writing
dP,. A physicist tends to mean P? blown up in n points, in general position, while a
mathematician often means the del Pezzo surface of degree n. In the “mathematician’s”
convention, which we use here, the surface that results from blowing up P? in n < 8 points,

in general position, is dPg_.
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the parameter ¢ is related to the parameter of the quintic by

2_32 3
Sp_w5 4'

The remarkable action of S5 on the curves of the Wiman pencil is seen to
correspond to the symmetry of the configuration of the lines of the Dwork
quintics.

1.4 Layout of this paper

In Section 2, we present the explicit parameterization of the families of
lines. This gives rise to curves Cip whose resolutions have 125:1 covers
5}@, which parameterize the lines. The curves Ciw are first presented as
curves in P! xP! that have three nodes. It is noted that the two curves C’g
and 0980 intersect in the three nodes and in 14 other points. Resolution
of the nodes replaces each of the nodes by two points, which continue to
be points of intersection of the two curves. Thus, there are 20 points of
intersection and it is noted that each of these correspond to van Geemen
lines. It is natural to blow up P!'xP! in the three points corresponding to
the nodes in order to produce smooth curves Ci,. Although it is not the
case that P! xP! is P? blown up in a point, it is the case that P! xP! blown
up in three points is the same as P? blown up in four points, which is the
del Pezzo surface dP5. We review the geometry of dP5 in Section 3. The
first fact to note is that the automorphism group of dP5 is the permutation
group Ss. There is also an embedding dPs < P® that is useful owing to the
fact that the S5 transformations become linear, as automorphisms of P, in
this presentation of the surface. The surface dP5 has 10 exceptional curves.
These are the blow-ups of the four points of P? together with the six lines
that pass through the six pairs of points. Three of these exceptional curves
resolve the nodes of C’g and so intersect the resolved curve in two points.
These points correspond, as noted previously, to van Geemen lines. The
S5 automorphisms permute the ten exceptional curves, so we expect that
each of the ten exceptional curves of dP5 will intersect C, in two points
corresponding to van Geemen lines. Checking that this is indeed so is the
subject of Section 4. In order to properly understand the intersections of
the exceptional curves with the Cy, we consider the Pliicker coordinates of
the lines of the quintic and the embedding dPs < PY. We also give, in this
section, a detailed discussion of the 125:1 cover 6@ — Cyp.
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In Section 5, we turn to the form of the curves C, for the cases Yo =
0,1, 00 that the manifold My, either requires special consideration, for the
case 1) = 0, or is singular. For the conifold there are two values ¢ = +5/5/2,
which correspond to ¥® = 1. For these, we find that the curve C, develops
six nodes and may be resolved to a P'. Thus, 5¢ is the union of 125 P'’s.
The group As acts on each of these and we describe this action.

A number of technical points are relegated to appendices.

1.5 The zeta function and the A and B curves

It is of interest to study the manifolds My, of the Dwork pencil over the finite
field ,,. The central object of interest, in this situation, is the (-function.
For general 1, that is 1/® # 0, 1, 0o, this takes the form [14]
20 30
. Ry (T7 ¢) R.A(ppra 1/}) ° RB(ppr7 w) P
CM (Ta ¢) - 2 3
(1=T)(1=pI)(1 - p*T)(1 - p°T)

In this expression, the R’s are quartic polynomials in their first argument
and, here, p (= 1,2 or 4) is the least integer such that p”—1 is divisible by 5.
The quartic Ry, for example, has the structure

Ry(T,¥) =1+ a1(¥) T + by () pT? + a1 (¥) p*T° + p° T,

with a1 and by integers that vary with ¢ € F,,. The other factors R4 and
Rp have a similar structure. The numerator of the (-function corresponds
to the Frobenius action on H3(My).

It is intriguing that these factors are related to certain genus 4 Riemann
curves A and B. What is meant by this is that there is a genus 4 curve A,
that varies with 1, with (-function satisfying

R.A(T7 1/])2

CA(Tv 1/1) = (1 — T)(l _pT)7

and there is an analogous relation for another curve B. The intriguing aspect
is that the curves A and B are not directly visible in M.

The theory of the Abel-Jacobi mapping provides a context of explaining
this phenomenon. More precisely, a loop v € H;(C+,) determines a three-
cycle T'(y) € My, which is the union of the lines corresponding to the points
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of 7. By duality, one obtains a map a : H3(My) — H 1(C~'i¢), whose kernel
should have dimension 4 and giving rise to the factor Ry, whereas its image
should correspond to the other factors of the numerator of the (-function.
How exactly the geometry of the A and B curves are related to 6@, will be
described elsewhere and will not be pursued in this paper.

We remark further that the map a has as Hodge-component a map

a: H' (O%,) — H’ (Qléiw).

Now the first space can be interpreted as the 101-dimensional space of infin-
itesimal deformations of quintic M, thought of as the space of degree 5
polynomials P modulo the Jacobian ideal. It follows from the work of
H. Clemens that zeros of the holomorphic 1-form a(P) on éﬂ correspond
precisely to the lines that can be infinitesimally lifted over the deformation
of My, determined by P. As the curves C~'i¢ both have genus 626, a differ-
ential form has 2x626 — 2 = 1250 zeros. Thus, we see that 2x1250 = 2500
lines will emerge from the 5@, which together with the 375 isolated lines
gives a total of 2875 lines that we find on a generic quintic.

2 The families of lines
2.1 Explicit parameterization

Suppose now that, for a line, no coordinate is identically zero. Each z; is
a linear combination of coordinates (u,v) on the line. At least two of the
coordinates must be linearly independent as functions of u and v. Let us
take these independent coordinates to be x1 and xo, then we may take the
line to be of the form

x = (u, v, bu + rv, cu + sv, du + tv). (2.1)

The condition that such a line lies in the quintic imposes the following
conditions on the six coefficients:

P+ +d>+1=0,
br + cts + d*t — bedy = 0,
2 (b%r% + 35 + d3t?) — (cdr + bds + bet) Y = 0,
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2 (0%r3 4 5% + d*t%) — (drs + bst + crt) ) = 0, (22)
brd 4 est 4+ dtt — rstyp = 0,
P+ +1°+1=0.

Although there are six equations, we will see that there is a one-dimensional
family of solutions for the coefficients. However, before coming to this, con-
sider the special case that the coordinates x; are not all linearly independent
as functions of v and v. Such a case is equivalent to taking r = 0, say, in
(2.2). With this simplification it is straightforward to solve the equations
and we find that this case corresponds precisely to the van Geemen lines.

If we now seek lines that are neither the isolated lines nor the van Geemen
lines then we can take all the parameters b, ¢, d, 7, s,t to be non-zero and we
also know that all the coordinates are linearly independent as functions
of u and v. It follows that for a general line, one that is not a isolated
line or a van Geemen line, that (2.1) is, in fact, a general form. The first
two coordinates of a general line are linearly independent, so we choose
coordinates so that 1 = v and x9 = v and then the remaining coordinates
are linear forms as indicated. Note that we do not have to take separate
account of permutations.

In order to simplify (2.2) it is useful to start by scaling the coefficients
and the parameter

b=cb, d=cd, r=sr', t=st, =cs).

This removes ¢ and s from the four central relations. Further scalings lead to
additional simplification. This process leads to the following transformation
of the variables and parameter

cs -

SK2T ¥

r=sk, b=ckt, d=ckTd, t=SskTdo, Y=

This has the advantage that, after cancellation, the equations become

1+¢ [1+ KPP (1+ 55)]
1+ 5574(1 —1-5507)

0,
Y,

@Z)(l+7—|—07),

1+ K731+ 6°0%72) =

DN | —
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1 -~
51&(1—1—0—1—07), (2.3)
1+ k7 (14 6°o*r?) = 4o,

1+5°[1+K°(1+6°0°7%)] =0
and depend on § and & only through §° and x°. Combining the second,

third, fourth and fifth relations with multiples (1, —2,2, —1) results in the
cancellation of both the constant and ¢ dependent terms. In this way we find

1-7)(1—-7+72)

5 = : 2.4
ot*(1—0)(1 -0 +02) (24)
Solving the central four relations also for x® and 15, we find
1-0)(1— 2 v 1—0o)1 -
oo Qol-oted) o (-00-n) o

7(1—=07)(1 — o7 + 0272) 1—or+ 0272

Moreover, the three relations in (2.4) and (2.5) exhaust the content of the
four central equations in (2.3).

The first and last relations in (2.3) now give ¢ and s in terms of o and 7.
Finally, on substituting what we know into the relation

5.5
5 c's 75
V=07

= 55,1075

we obtain a constraint F'(o,7) = 0, where

F(o,7) = 320212 (1—0)?(1-7)?(1—07)?
— (1—0’—|—O’2)(1—7’—|—T2)(1—UT+02T2){1—T(1+U)+T2(1—0+02):|

x [1—0(1—!—7)—!—02(1—74—72)}@/)5. (2.6)

We are now able to give the lines in terms of o and 7. Let a(o,7) and ((0)
be given by the relations

alo, 7)Y’ =0t (1 —0)1—-7)(1 —0o7) [1 —7(1+0)+7*(1—0+0%)|,
B(0)’ =(1—-0)1—0+ad%).
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Then we have

x1 = a(o,7) u,
x9 = a(T,0) v,
23 = —75 B(0) (u+v), (2.7)

Mustata has shown that the family of lines has two irreducible components
that are isomorphic. This requires F' to factorize and this is indeed the case.
Setting

@ :f—z (2.8)

G =30°7? — %07’(1—1—0)(1—1—7’)(1—1—07’) + (1—o4+0?)(A—7+7H)(1—07+0%72),
H=o71(l-0)(1-7)(1—07), (2.9)

we have

F=—y’F,F_ with Fy =G+ ¢H.

The curves defined by the vanishing of Fl (o, 7) are smooth, apart from
singularities at the point (o,7) = (1,1). Near (1, 1), we have the asymptotic
form

Fi(l+e,1+e,19) ~ e +erea+ 65 = (61 —we)(e —wle),  (2.10)

so these singularities are ordinary double points. The finite singularities of
F' are therefore (1, 1) together with the solutions of G = H = 0.

The statement that (2.7) describes all general lines has the following con-
sequence. Clearly if a line can be expressed in the form (2.7) then any
permutation of the coordinates x; yields another line so if the parameteri-
zation is general then there must be a reparameterization of (o, 7) and (u,v)
that yields this same effect. This is indeed so and the following table gives
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Table 1: The action of four operations, on the coordinates and on the Fi,
that generate Ss.

S5 generators

(o, T) transf. (u, v) transf. Effect on coords. Effect on (G, H)

(r, o) (v, u) Ty = r2 (G, H)

I3 <> Is

<l 1) (—1)%(07)% (v, u) T1 < X2 # (G,—-H)

)
g T

1 1
<7, 0'7'> (—0'% u, —— v) T4 — Ts — (G, —H)
o o

1

<1—<77'71_T> <(1—7)(U“+”27_(1_07i5v> 1 T3 < ’ )2(G7_H)

1—7 (07')%(1707)5 (o1)5 1—7

four such transformations that suffice to generate the permutation group on
the xg. Table 1 gives the action of the S5 generators on G and H. We see
that the odd elements of the group interchange F with F_. So each of Fy
is preserved by the alternating subgroup As. Since the odd group elements
exchange F; with F_ we see that the lines are parameterized by isomorphic
curves.

Among the permutations of the xj there is a cyclic permutation of three
coordinates which is of importance. The composition of the exchanges x3 <
x5 and x4 < x5 generates a cyclic permutation of (x3, x4, x5). As an action
on (o,7) we have

g5(0,7) = (T, ;) |

The action of g3 is expressed most symmetrically by setting p = 1/07, so
that por =1, then g3 permutes (o, 7,p) cyclically. We may rewrite the
polynomials G and H so as to make the symmetry under g3 manifest.
We have

02)2 :3—%(1+U)(1+7-)(1+p)—|—(1—J+02)(1—T+T2)(1—P+P2)7
H

5= —(1=0)1=7)(1-p) (2.11)

—

—

oT)
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2.2 The curves in P! xP! defined by Fy

We have found curves in C? defined by Fl+ = 0, whose coverings parameterize
lines on M, with parameters related by (2.8). Let us denote the locus ;=0
by CS,, the locus F_=0 is then ng.

Compactifying C? to P! xP!, we obtain a (singular) projective curve of
bidegree (4,4). To be explicit, this singular curve is the subset

{((01 L o9), (11 :72)> e P x P olriFy (“,“) - 0}.

02 T2

The points at infinity are on the lines {oo}xP! and P'x{oo} (we write oo
for (1:0) € P):

By means of a Grobner basis calculation, one finds that, for the case that
My, is smooth, that is Y® # 1, 00, the curves each have three singular points,
(o,7) = (1,1), (0,00), (00,0). The genus of a smooth bidegree (d,d’) curve
is (d — 1)(d’ — 1), so if the curve were smooth it would have genus 3x3 = 9.
Owing to the singular points, its desingularization has genus at most 6.
The singular points are all related by the operations of table 1 and (2.10)
shows the singular points to be ordinary double points, hence the genus
of the desingularization is 9 —3 = 6. Consider now the following list of
the 17 points in which the curves ngp intersect (we abuse notation by not
distinguishing between the curve in C? and its compactification in P! xP?).

(0,00), (00,0), (1, 1),
(07 _w)7 (07 _w2)7 (17—0'))7 (17—w2)7 (_wv _w2>7 (—w,oo), (—w2,oo),
(—w,0), (—w%,0), (—w,1), (—w?1), (—w? —w), (c0,—w), (o0, —w?)

The list of the points of intersection includes the three points, just dis-
cussed, in which the curves are both singular. Note that these points do not
depend on . We know that at least some of the van Geemen lines must lie
in the continuous families. Indeed, Mustata has shown that they all lie in
the continuous families, since the only isolated lines are the 375 lines that
we have identified as such. The van Geemen lines are, however, not easy to
see from the parameterization (2.7). It is a surprising fact that these lines
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appear precisely as limits, as we approach the points in which the curves
C’icp intersect. For the points (0, —w), (1, —w), (—w, —w?) and the singular
point (1,1), this resolution is given in table 2. All the other resolutions may
be obtained from these by acting with the S5 operations of table 1. Each of
the non-singular points of intersection (o, 7x) gives rise to two van Geemen
lines, one in each of the families. The two possible values

5 1 /1 _ iy
*=5(z%%)
correspond, respectively, to the two curves C’_S)w. For the three singular
points, each curve has self-intersection, and so the resolution produces two
lines for each curve, again the two choices for 4%, as above, correspond,
respectively, to the two curves C_S)w. In this way, we find 14x2+3x4 = 40
lines that become 40x125 = 5000 lines under the action of G. Thus, we

have found all the van Geemen lines as resolutions of intersection of the
curves ng-

The appearance of fifth roots in (2.7) indicates that we have to allow for
different branches and the effect of fifth roots of unity. In (2.7), we have to
choose a fifth root of unity for each of /5, 71/5 (o, 7) and (o). This
might suggest a Zi covering; however, multiplying all the coordinates xj
by a common factor is of no consequence, so there is in fact a Z3 covering
and we can allow for different branches of solutions by acting with G on a
given branch. Somewhat surprisingly monodromy around the singularities
of Fy does not generate G. Instead the monodromy simply multiplies all the
components x; of a line by a common factor of ¢ k for some k. Thus, there
is no local ramification of the solution. We will give a better description of
the 125:1 cover in Section 4.2.

2.3 A partial resolution of the singularities of Cg

We have seen that the curves Cg have three singular points. We wish to
resolve these singularities. It is interesting to note that two of these singu-
larities can be resolved very naturally. It was remarked previously that by
introducing a new parameter p, subject to the constraint por = 1, the equa-
tions Fy = 0 can be written, as in (2.11), so as to be manifestly symmetric
under an S3 subgroup of the permutation symmetry. Once we introduce p,
we are dealing with the non-singular surface por = 1 embedded in (P')3.
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Figure 1: These are plots of the curves Fy = 0, in red, and F_ = 0, in blue,
for real (o,7) as 1° ranges from 0 to 1. The diagram is misleading with
respect to the points (1,1), (0,00) and (oo, 0) which lie on the curve for all
1, but for 1 # 0 the neighborhoods of the curve on which they lie intersect
the plane on which (o,7) are both real only in points. The figures also
show the images of the ten exceptional curves of dP5. These are the three
points (1, 1), (0, 00) and (00, 0) together with the seven lines o = 0,1, 00, 7 =
0,1,00 and o7 = 1. After resolution, the exceptional curves corresponding to
the points (1, 1), (0, 00) and (00, 0) intersect each of the curves Fy = 0 in two
points. So too do the other exceptional curves, although the intersections
are in complex points not visible in the figure. The resolved curves are
smooth apart from the cases ° = 0,1,00. As ¥ — 0 the curves tend to the
exceptional lines of dP5 and, as ¥ — 1, the curves F1 = 0 of each develops
six nodes corresponding to the limiting points shown in the final figure.
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If written in homogeneous coordinates, this surface is given by the trilinear
equation

O1T1IP1 = O2T2p2. (2.12)

The vanishing locus of a non-singular trilinear polynomial in (P!)3 is
isomorphic to the del Pezzo surface dPg, which we may think of as P?
blown up in three points. Two of these blow-ups resolve the singularities at
(o,7) = (0,00) and (o, 7) = (00,0). Consider the first of these singularities.
In homogeneous coordinates, the location of the singularity is

(01, 02), (r1,72)) = ((0,1), (1,0)).

For these values (2.12) is satisfied for all values of (p1,p2), so the singu-
lar point has been replaced by an entire P'. A Grobner basis calculation
shows that the curves defined by Fy = 0 are now only singular at the point

(o,7,p) = (1,1,1).

The surfaces dPg, P! xP! and P? are all toric and it is clear from their
respective fans that dPg is obtained from P? by blowing up three points and
may also be obtained from P! xP! by blowing up two points (for the relation
between the blow-ups of P? and P!xP! see Section A.3). Since we wish to
resolve the remaining singularity of the curves Fy = 0, it is natural to blow
up one further point. This brings us to a consideration of dPs.

3 The quintic del Pezzo surface dPj
3.1 Blowing up three points in P! xP!

The curves C’g in C? define singular curves of bidegree (4,4) in P' xP! which
in general have three ordinary double points in (o, 7) = (1,1), (0, 00), (00, 0).
The blow-up of P'xP! in these three points is the quintic del Pezzo
surface dPs.

The blow-up is given by the polynomials of bidegree (2,2), which are zero
in these three points (see Section A.1). The polynomials of bidegree (2, 2) are
a 9 = 3%-dimensional vector space with basis 0{o57(7s, a +b=2=c+d.
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The blow-up map can thus be given by
U: Pl x P! -5 dPs (C PY), (0,7) — (20,-..,25),

with the 6 functions (written inhomogeneously for simplicity):

Z0 = o212 — 1, z:= o2 — 1, z9:= o2r — 1,

zg: =07 —1, z4:=7-—1, z5:=0—1.

The image of P! xP! is dPs, in its anti-canonical embedding into P°. To find
the inverse, note that (23 — 25,24) = (607 — 0,7 — 1) = (0,1) in P!. Thus,
the inverse map ®, which is everywhere defined, is given by

d:dP; — P' x P!, 2= (204, 25) — <(23 — 25,24), (23 —,24,25)>

(one should note however that this formula for ® only works on an open
subset of dPs, using certain quadratic relations between the z; that are
satisfied on dPj5, one can extend @ to all of dPj).

The surface dP5 C P5 is defined by five quadratic equations. An example
of such an equation is

qo =0, withqo := (21— 23)25 — (22 — 23)24,
indeed ((07'2 —1)— (o1 — 1)) (c—1)= ((027- —1)— (o7 — 1)) (r—1).

The image of the curve C’g is defined by an additional quadratic equation,
which we will discuss in Section 3.4.

3.2 Automorphisms of dP5

As we will recall below, the group of automorphisms of the algebraic surface
dPs5 is S5. The action of S5 on P! x P!, given by the birational transforma-
tions given in the previous section, induces these automorphisms on dPs.
The automorphisms of dPs act linearly on the z; (since they are the sec-
tions of the anti-canonical bundle of dP5). Thus, we get a much simpler
description of the Sy action.

We will now determine the matrices of the four elements in S5 given in
table 1. One should note that, for example, (zo,...,25) and (—z,...,—25)
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define the same point in P°, but they are distinct as points in C°. To obtain
a linear representation of S5 on C® one has to make the choices we give
below.

The element (12)(35) acts as (o, 7) — (7,0) on P!xP! and as
(12)(35) P2 (_Z07 —Z2, —Z1, —X3, —Z5, _Z4)

on CS. Note that the trace of (12)(35) on C% is —2. The second permu-
tation is (12), which acts as (o,7) — (671, 771), s0 as ((01,02), (11,72)) —
((02,01), (7'2,7'1)) in homogeneous coordinates. This gives the map, with

trace zero,

(12) : z — (=20, —20 + 25, —20 + 24, —20 + 23, —20 + 22, —20 + 21).
The permutation (45) acts non-linearly, (o, 7) — (0~!, 07), substituting this
in the polynomials z; and multiplying by —o gives the action on CS:

(45) 12— (—2:1 + 25, —20 + 25, —24 + 25, —23 + 25, —22 + 25, 25).

Finally, we have (13) acting as (c,7) — ((1 — o7)(1 — 7),1 — 7), substitut-
ing and multiplying by (1 — 7)/7 gives the linear map:

(13): 2z — (—2z0 + 22 + 223 — 225, —21 + 223

+ Z4 — 25, 22 — 2Z5) Z3 — Z5, %4, _’25)‘

We have verified that this gives indeed a linear representation of Ss on CS.
Computing the traces and comparing with a character table of S5 (see
Section 3.4), we find that this representation is the unique irreducible
six-dimensional representation of Ss.

3.3 Exceptional curves in dPj

We obtained dPs as the blow-up of P! xP! in the three points
(1,1), (0,00), (00, 0). Thus, on dP5 we have three P!’s, the exceptional curves
over these points. These are lines in P° lying on dPs. To find them, it suffices
to find just one and then apply suitable elements of S; to find the others.
The points (a : b) on the exceptional curve over (1, 1) are the limit points of
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Table 3: Ten exceptional curves in dPs, showing their images in P® and
in P!xP!. The table also gives the points in which the divisors meet the

0
curve C.
Exceptional curves in dPj
Name Parameterization Image in P! x P! Special points
Ei>  (2a+ 2b,a + 2b,2a + b,a + b,b,a) (1,1) Singular point
Ens (a7 b,0,0,0,0) T =00 (7(‘)’00)7 (7“)2’00)
Eyy (0,0,a,0,0,b) (00, 0) Singular point
Ens (aa a,a, a, ba a’) o=0 (077"'))7 (07 7“}2)
Eas (a,a,a,a,a,b) =0 (—w,0), (—w?,0)
Eoy (0,a,0,0,b,0) (0, 00) Singular point
Eos (a,0,b,0,0,0) 0 =00 (00, —w), (00, —w?)
Esa (CL, ba a, b7 07 b) T—1=0 (7"‘}7 1)7 (7‘-")27 1)
Ess (0, 0, a, 0,0, a) oT—1=0 (—w, —w?), (—w?, —w)
Eys (aaavba b: b7 O) o—-1=0 (177(‘})7 (177(-*}2)

the image of (o, 7) = (1 + €a, 1 + €b) for € — 0 under the blow-up map. One
finds the line

Fip: (2a+2b,a+2b,2a+b,a+b, b, a), (ab) cP.
In fact,
\II(E12) = ((a+b_ a, b)? ((I—|—b— bv a)) = ((b7 b)? (CL,CL)) = ((171)7(171))

which is indeed (1, 1) in inhomogeneous coordinates. From equation (2.10),
we infer that the (strict transforms of the) curves C’g intersect Ejg in two
points, independent of ¢, which correspond to (a:b) = ((w, 1),(w2,1)).
In the following we shall give parameterizations of the other exceptional
curves. In each case, the parameters (a,b) will be understood as the
coordinates of a PL.

One verifies that FEio is mapped into itself under the action of
(12),(34), (45) € S5, which generate a subgroup of order 2x6 = 12 in Ss.
Acting with elements of S; on produces nine other lines, which are
denoted by FE;; = Ej;, 1 <4,7 <5 and 7 # j, compatible with the action
of 85.
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We now discuss some of these lines in dPs and their source in P! x P1.
The line in dP5 which is the exceptional curve over (0, 00) can be found with
a limit as above and it is

E24 : (0, a, 0, 0, b, O),

again one verifies easily that ®(Ea) = ((0-0,b)), (0—b,0)) =
((0,1), (1,0)) which is (0,00). As (12)(35) permutes o and 7, and
thus (0,00) and (00,0), the exceptional curve over (00, 0) is

Eiy 2 (0,0,a,0,0,0,0).
The rulings (1,1)xP! and P'x(1,1) passing through (1,1) are also
mapped to lines, for example, in inhomogeneous coordinates:
U(l,a)=(*-1,a>-1,a—1,a-1,a—1,0)=(a+1,a+1,1,1,1,0),

which shows that the curve defined by ¢ = 1 maps to a line, which is Fjys,
on dPs5:

Eys (a—i—b,a—i—b, b, b, b, 0)

Similarly, the curve 7 = 1 (obtained from the first by (12)(35) € S5) maps
to the line

Esy : (a+0b,b,a+b b 0,0b).

In this way, each of the three points (1,1),(0,00), (00,0) provides us with
three lines on dPs5, so we already have nine lines. For example, the curve
T = 0o maps to the line

E13 : (a,b,0,0,0,0).

A final tenth line is given by the image of the unique curve of bidegree (1,1)
passing through these three points. Its equation is o173 — o210 =0, i.e.,
o7 =1, so it can be parameterized by (a,a™!) and its image under ¥ is

U(a,a)=(0,a'-1,a-1,0,a ' —1,a—1)=(0, 1, —a, 0, 1, —a).
Thus, we have found the line

E35 : (0, b, —a, 0, b, —a).
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Table 4: The character table of Ss. This proves useful in identifying the
image of Cy, in P°.

Characters of Sx

e (12) (12)(34) (123) (1234) (12345) (123)(45)

1 1 1 1 1 1 1 1
1, 1 -1 1 1 -1 1 -1
4 4 2 0 1 0 ~1 ~1
4, 4 -2 0 1 0 -1

5 5 1 1 -1 -1 0

5, 5 —1 1 ~1 1 0 ~1
6 6 0 —2 0 1 0

3.4 Curves C, and the Wiman pencil

We will use representation theory of Ss to find equations of the curves Cl,.

The coordinates on P° are zg, . .., z5 and the action of S5 on these coordi-
nates was given in Section 3.2. Comparing the traces with table 4, we find
that the linear functions are in the unique six-dimensional irreducible repre-
sentation of S5. The 21-dimensional representation S9 of S5 on the quadratic
functions z;z; has character y2 given by x2(g9) = (x(9)* + x(9))/2, where x
is the character of S5 on the linear functions. Decomposing it into irreducible
characters one finds:

So=101, P4PD2-5D 5.

Let G, H, € I> be polynomials, which span 1 and 1y, respectively. Thus
G, is Ss-invariant and hence G, = 0 defines an S5 curve in P°. Similarly,
as gH, = e(g)H,, where €(g) is the sign of the permutation g, the curve
H, =0 is Ss-invariant. Such polynomials can be found as ) p g(z0z1) and
>4 €(9)9(2021), where the sum is over all g € Ss. To relate these polynomials
in the z; to those in o, 7, recall that the z; correspond to a basis of the
polynomials of bidegree (2,2), which vanish in (1, 1), (0,00), (c0,0). More
precisely, using the map ¥, we have

T*(z9) = 0?72 = 1,..., 0% (z5) =0 — 1.
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The unique Sy invariant quadratic polynomial G is:

G, = 228 — 22021 — 22022 — 22023 + 2024 + 2025 + 22% + 2129 — 22123

— 22124—1—223 — 22923 — 22925 + 62% — 22324 — 22325 + 222 + z425—|—22§,

and we have verified that
UG, = G.(c?m? —1,...,0 — 1) = G(o, 7).

Similarly, the unique quadratic polynomial H, invariant under Sy, up to a
sign, is

1
H,:= g(—onzs + 2024 + 2025 — 2122 + 22123

+ 22023 — 22324 — 22325 + 2425),
and one finds that
V*G, = H(o,T),
where, in the above, G(o,7) and H (o, T) are the polynomials (2.9).

The curves Cg in P! x P! that have equation F; = G + pH = 0 are thus
the images under the blow down ® :dP5 — P! x P! of the curves C, in
dPs5 defined by G, + ¢H, = 0. This pencil of curves {Cy},cp1 is known as
the Wiman pencil. The curve Cy, defined by G, = 0, is smooth and has
automorphism group Ss, and is known as the Wiman curve.

The curves C, have a 125:1 cover 5¢ which parameterizes lines on the
quintic threefold M, Dwork pencil, where ¢ and ¢ are related as in Sec-
tion 2.1. We will turn to this covering in Section 4.2.

We conclude with one final remark on the curve Cy, defined by H, =0
in dP5. The homogeneous polynomial defined by H of must be of bidegree
(4,4), so besides the five factors in the dehomogenized equation, we should
take into account two more:

H(o1,09,71,m2) = 0171(12 — 01)(02 — 71) (0272 — 0171 )02T2.

Thus, the curve H =0 actually has seven irreducible components which
all map to lines in dP5; as we observed earlier. Moreover, H = 0 passes
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through the three points thats get blown up. In fact, one can check (also see
Section A.1) that the curve H, = 0 in dP5 has ten irreducible components,
which are the ten lines in dP5, each with multiplicity one.

On each of the ten lines in dP5, there are two points that correspond to
van Geemen lines. Each line is invariant under a subgroup of order 12 of S5
and these two points are the fixed point set of any of the two elements of
order three in the subgroup.

4 A second look at the curves parameterizing the lines
4.1 The Pliicker map

The explicit parameterization of the lines in the Dwork pencil was given in
equation (2.7). We will now study their Pliicker coordinates, which will be
the key to understanding the 125:1 cover C, — Cl,.

Given a line [ in P* spanned by two points x = (z1,...,75) and y =
(y1,..-,Ys), its Pliicker coordinates 7;;(l) = —mj;(l) are defined as:

mii(l) = my; — iy, 1= (z,y) CPL

The ten Pliicker coordinates 7;;(1) with 1 <1 < j <5, viewed as projective
coordinates on P?, determine [ uniquely.

The van Geemen lines given in equation (1.6) are spanned by the rows of
the matrix (the first corresponding to the point with (u,v) = (1,0) and the
second to (u,v) = (0,1))

1 0 (kb Cke —(Clwie
0 1 0 CFw ¢lw?

One notes that 73 = 0, and that the other m;; are non-zero. Recall that
these lines are invariant under the cyclic permutation of (z2,z4,x5). As
the other van Geemen lines are obtained from this one by the action of the
group SsxG, we conclude that a van Geemen line has exactly one Pliicker
coordinate m;; which is zero, the indices ¢j are such that the stabilizer of the
line is conjugated in S5x G to the cyclic subgroup generated by (kim) € Ss,
where {i,7,k,l,m} = {1,...,5}.
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These indices 4, j can also be obtained as follows. The point on C,, deter-
mined by such a line lies on the intersection of this curve with the line E,,
on dP; and the sets of indices {i,j} and {p,q} are the same. We will now
see that, conversely, a line in the Dwork pencil for which one of the m;; is
zero is a van Geemen line.

The elements of the group G acts by multiplying the coordinates x1, ..., x5
of P* by fifth roots of unity. Hence, the induced action of G on the Pliicker
coordinates is also by multiplication by fifths roots of unity. The fifth powers
77% of the Pliicker coordinates are thus invariant under G and hence functions
on C,, more precisely, the quotients w?j / qu define meromorphic functions
on Cy,. These functions are easy to find.

The Pliicker coordinates of the lines parameterized by the 125:1 cover of
Cy in (2.7) are the determinants of the 2 x 2 minors of the following matrix:

afo,T) 0 —m*53(0)0 Blor)e  —o*°B(T)

0 a(r,0) —m53(0)  BloT)r —o*PB(T)T

From this we compute, for example, with 3(c)® = (1 — 0)(1 — ¢ + 0?):
nfs = (+°B(0)o-0 B (r)r — 7 B(r)+7B(0))
= A B(0) () (o7 ~ 1)

In this way, we get ten polynomials in o, 7 of rather high degree, but they
do have a common factor, which is:

pe = ottt o —1)(r — 1)(oT — 1).

The quotients 7rZ-5j /pe can be homogenized to polynomials of bidegree (6,6)
in 01,09 and 71, To:

pij(01,02,71,7) = (0972)° (w3 /pe) (01 /02, 71/ 7).

These p;; are reducible. Their irreducible components can be used to define
meromorphic functions on U, with quite interesting zeroes and poles as we
will see in the next sections and in the appendix.

We introduce some notation for the irreducible components of the p;;. The
polynomial defining the curve in P! xP!', which maps to the line E;; on dPs
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is denoted by m;;, and we give them in table 5. We have two polynomials,
of bidegree (2,0) and (0, 2), respectively,

Iy := 0} —o109+ 03, Iy := 1 —TiT9 + 73,

which are reducible (I3 = (01 + wos)(01 + w?02) ) and I; = 0 intersects the
curve Cg in special points corresponding to van Geemen lines.

The intersection of Cy, with another curve is written as a divisor > p n, P,
which is a formal finite sum with P € C, and n;, € Z the intersection multi-
plicity. We write D;; = P;; + @Q);; for the divisor given by the pair of special
points on C,, which correspond to the van Geemen lines indexed by ij. Thus
if ij = 45, we can take P;; = (1, —w) and Q;; = (1, —w?), viewed as points
on the smooth model C, of Cg. In case ij = 12 we take the two points of
C,,, which map to the singular point (1, 1) of CS,. On dPs, these divisors are
the intersection divisors of C, and the lines Fj;:

Dij = Otp N E,Lj
However, pulling back the divisors m;; = 0, we do not get the divisors E;;,

but we also get contributions from the singular points. In table 5, we give
the precise results.

With this notation, table 3 shows that
(li =0) N Cp = D13+ D23 + D34 + Dss,

applying (12)(35) € S5 one obtains (l; = 0) N C,,.

Finally, there are three polynomials, of bidegree (2,2), which turn out to
be reducible. The first is

2_2 2 2_2 2 2_2
k14 = UlTl - 0’17’17’2 + 0'17—2 — 010971792 — 010272 + U2T2

= (o111 + Wloim + woaety) (01T + worTs + w2027-2).

The first factor defines a curve in P! xP! which can be parameterized by

(5,8) — ((01,02), (71,72)) — ((—wt,w2t+s), (s,t)), (s,t) € P
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Table 5: The meromorphic functions on C,, that arise as irreducible factors
of the quantities W?j /pe discussed in Section 4.1.

Curves and intersection divisors with C,

Name Defining polynomial Intersection with Cy,
k12 0272 — 010912 + 0372 D34 + Dys +3D14 + 3D24
mi3 T2 D13+ D2y
k14 (o171 + w?01T2 + woa) (01T + wo1Te + w?02Te)  Daz + Das + 3D12 + 3D2y
mis o1 D15 + D2y
ma3 T D23 + D14
ka4 (o171 + w2021 + woat2) (0171 +woeT + w?0am2)  Dis + Dis + 3D12 + 3D14
mas o2 D14+ Das
masq T — T2 D12 + D34
ma3s 01T1 — 0272 D12 + D14 + D24 + D35
mas 01— 02 D12 + Dys

I 02 — o109 + 02 D13 + D23 + D3a + D35
l2 T2 =TT + 72 D15 + D25 + D35 + Dys

The intersection of this curve with C’g, which is defined by F =0, is
obtained from

Fi((—wt,w’t +5), (s,1)) = (2p — 2w — 1)st?(s — ) (s + w??).

One finds the points (—w?,0), (0o, —w?), which are in the divisors Daz and
Dos, respectively, with multiplicity one and the singular points (0, 00) and
(1,1) with multiplicity three. So, the curve must be tangent to one branch
of Cg in these points. The equation of the other factor is the complex

conjugate, so we conclude that

(k1a=0) N CW = Do3 + Dos + 3Do4 + 3D1o.

The other two polynomials are

2 2 2 2.2 2 22
koy 1= oiT{ — 01027T] + 05T{ — 0102T1T2 — 01027} + O1T{,

which is obtained from k14 by (01,092) < (71, 72), i.e., by applying (12)(35)
in S5, and

kig = 0%712 — 010971 T2 + 0%7'22 = (o171 + woams) (o171 + w2027'2).
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Table 6: Factorizations of the p;; in terms of the functions of the previous
table.

Factorization of the pi; := 7 /pe

Name Factorization Name Factorization
P12 M34 M35 Mys k14 koy p2a M3 mism3s k12 kg
P13 iy maosmas koaly P25 i3z mis kgl
P14 Moz mas m3s k12 ko D34 mis mas ma, ko 1y
P15 mismoszmaakoslo p3s  mislily
po3 iz magmas ks ly pas a3 maosmis k2l

A computation, similar to the one above, shows that

(k‘lz = 0) M Cso = D3y + Dy5 + 3D14 + 3Doy.

Table 5 gives the zero divisors of these 12 polynomials. In table 6, we list
the factorizations of the bidegree (6,6) polynomials p;; = ﬂ?j /pe on PLxPL.
Using table 5 one can compute the divisors (p;; =0)N C’g. For example,
one finds that

ng) B (o) (1 —-0)(1 -0+ 0?)1—7)(1 -7+ 72) (07 — 1)°

De oitt(oc —1)(r = 1)(oT — 1)

=(or—D Q-0 +H1—-747),
so, after homogenizing and using the notation from table 5, we get:
P35 = m3slila.
Thus we get:

(p35s =0) N Cy, = 4(D12 + D14 + Doy + D35)
+ D13 + D15 + Dog + Dos + D3y + 2D35 + Dys.

In this way, one can determine the divisor (p;; = 0) N Cy, for all ij. One
finds, quite remarkably, that they can be written as:

(pij = 0) N Ccp =Dy + 5Dij,
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where the divisor Dy does not depend on ¢5 and is given by:
Dy = 4(D12 + D14 + D2sg) + D13 + D15 + Doz + Das + D3 + D3 + Dys,

so it is the sum of the ten divisors D;;, but the ones corresponding to the
singular points of C’g have multiplicity four.

Given [ € ap, at least one of the 7;;(1) is obviously non-zero. Thus, the
zeroes of the common factor p. as well as the contribution coming from
the common zeroes of all p;;’s are artifacts of the parameterization. These
common zeroes are the 10 x 2 = 20 points in Dy and these correspond to van
Geemen lines. To find the fifth powers of the Pliicker coordinates of these
points, one must take a limit on the curve C, (alternatively, one can use
the explicit parameterizations of these lines given in equation (1.6)). The
surface S parameterizing the families of lines in all M,; therefore maps to
the blow-up of dP5 in the 20 points of Dy,

The two curves éi‘p parameterize the families of lines in each of the five
(isomorphic) threefolds My, where ¢ and 1 are related by equation 2.8.
Thus, the surface S is a Z/5Z-covering of the surface S := U@ap. As 6@& —
Cy is a (Z/5Z)3-covering, and the blow-up of dP5 is U,C,, we get a 5% : 1-
map from S to the blow-up of dP5. This map is easily seen to be the quotient
map by the action of (Z/5Z)* on S, which is induced by the multiplication
of the coordinates z; of P* by fifth roots of unity ¢™, where the sum >
is no longer constrained.

An important consequence of our computations is that the meromorphic
functions 7r1-5j /75, have zeroes of order five in the two points in D;; and have
poles of order five in the two points in D,, since the (apparent) common
zeroes of both cancel. These poles and zeroes correspond to van Geemen
lines. To be precise, if [ is a line, which has m;;(l) = 0, then it also has
Tpq(l) # 0 for some pq and thus 7ri5j(l) / qu(l) = 0, which shows that [ corre-
sponds to a point in D;; on Cy; hence [ is a van Geemen line.

4.2 The 125:1 cover (~7¢, of C,

We will now describe the Riemann surface égo more precisely. We will
use the construction of Riemann surfaces by means of polynomials g,7T™
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+ gn1T" 1 + .- 4 gy where the g; are meromorphic functions on a given
Riemann surface. For example, the Fermat curve defined by X™ + Y™ +
Z™ = 0 in P? is the Riemann surface of the polynomial 7™ + (2™ + 1), where
x is the meromorphic function on P!, which gives the projective coordinate.

As we showed in Section 4.1, the meromorphic function 77;5]» /qu, viewed
as function on C,, has zeroes of order five in the two points in D;; and it
has poles of order five in the two points in D,, and is holomorphic, with no
zeroes, on the rest of C,. We define the following meromorphic functions
on 5@ and C, respectively:

fij o= mij s, Gij = (mii/7a5)® = Dij/Pas.

Note that fi;/fpq = mij/Tpq, so we get all quotients of the Pliicker coordi-
nates from these f;;. Obviously, f;; is a root of the polynomial T - Gij-
The other roots of the polynomial are the (*f;; with a =1,...,4.

The Riemann surface of this polynomial can be described as follows.
Choose a coordinate neighborhood U, which biholomorphic to a disc A C C,
with 0 € A and local complex chart 2z, : U, — A with z,(x) =0. If z € Cy
and g;; has no poles or zeroes on Uy, this Riemann surface is locally the
disjoint union of five copies of U,. If = is a zero of g;;, we can write

gij = 20(1 + a1z, +agz2 +---).

Restricting the open subset, we may assume that 1 + a1z, +--- = h° for a
holomorphic function A on U, without zeroes and poles. On U, the poly-
nomial is 7° — (z;h)% = [[,(T — (*2;h), showing that the Riemann surface
is still a disjoint union of 5 copies of U,. Another way to argue is that the
subset {(z,t) € A% : > = 25} is a local model of the Riemann surface. This
local model must be blown up in (0,0) in order to get a smooth model. For
the poles of g;;, which also have multiplicity five, one finds similarly that
the Riemann surface is a disjoint union of five copies of U,. We refer to [15]
for these constructions of Riemann surfaces.

Thus, the fact that each zero and pole of g;; has multiplicity five guaran-
tees that the Riemann surface &;; of the polynomial T’ 5 gij is an unrami-
fied covering of C,. Since the f;; are meromorphic on C,, there must exist
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holomorphic maps
ésa — Xy — Gy

with the first map of degree 25. The second map, of degree 5, is obtained
from the polynomial 7° — gij- By Mustatd’s results, (~7¥, is a connected
Riemann surface, hence Xj; is also connected. (Another way to see this is to
note that otherwise the polynomial 7° — gi; would be reducible. As its roots
are the ¢ f;;, this would imply that there would be a meromorphic function
hi; on Cy, with h?j = g;j. Then h;; would have poles, with multiplicity one,
in only two points. Thus, C, would be hyperelliptic. This is not the case,
as the map to P? induced by @ is the canonical embedding of Cy.)

This construction can be iterated by considering the polynomial 7° — 9pq
on X;j, for example, or by considering the fiber product of the Riemann
surfaces &j; and &), over C,. The main result is that CNQP can be obtained
with this construction from three suitably chosen g;;, for example, the g;s,
1=1,2,3. We have already remarked that the covering is unramified over
points in the D;;. Over each such point, we have found 125 van Geemen lines.

Unramified covers with group G = (Z/5Z)3 correspond to normal
subgroups K C m(Cy,) of the fundamental group of C, with quotient
m(Cy,)/K = G. We will discuss an algebro-geometric approach to the covers
with line bundles in Section A.4.

5 Special members of the Dwork pencil
5.1 The case ¥y =0, p = ©

Owing to the relation defining (? in terms of 9, the case 1) = 0 corresponds
to ¢ = oco. The quintic threefold My, is the Fermat quintic, and we already
discussed the lines on this threefold in the introduction. The curve Cy, is
the union of the ten lines on dP5. Now, we would like to describe CN’OO in
more detail, using the description of the general égo as a 125:1 covering of
C,, defined by the polynomials T° — g;;, with g;; = pi;/pas.

First of all, we restrict our attention to the line E15 C Cy, which corre-
sponds to the curve o = 0 in P!xP'. Putting o = 0 in all Dij, we note first
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of all that as m15 = o, we get

P15 = P23 =paa =p3a =0 on FEjs.

The restrictions of the other p;; are easy to compute, one finds

prz=py =T —1)(1° =7+1), pp=ps=7"—-T+1,
pas =—puu=(T+1)(r2=7+1).

Thus we get a 25:1 covering of Ey5 = P!, with coordinate 7, given by the
two polynomials

T°+7—-1, U’+71+1.

The first polynomial has a zero, of order one, in 7 = 1 and a pole, of order
one, in 7 = co. The Riemann surface we get is the 5:1 cyclic cover of P!
totally branched over these points. In particular, it is a P! with coordinate ¢
satisfying > = 7 — 1. Substituting this in the other polynomial, we get the
polynomial U? + > + 2, which defines (up to rescaling) the degree 5 Fermat
curve. Using the S5 action, we find that Cw is the union of ten Fermat
curves of degree 5, as expected.

Now we consider the lines parameterized by the component of Coo lying
over F15. We already observed that for a line [ in this component we have
mi;(1) = 0 for ij = 23,24, 34 since these p;; are zero. So, if | is spanned
by x,y then (z2,x3,24) and (y2,ys,ys) are linearly dependent; hence we
may assume that y = (y1,0,0,0,y5). As 1 C Mg we get 7 +y2 =0, so we
can put y; =1, y5 = (% As also p15 = 0, the vectors (z1,z5) and (y1,y5)
are dependent and subtracting a suitable multiple of y from x we see that
z = (0,79, 73, 24,0), and still | = (x,y). Asl C Mo we get 25 + 23 + 25 = 0,
which, after permuting the coordinates 2 and 5, gives the family of lines
parameterized by the quintic Fermat curve described in the introduction.
Thus, we succeeded in recovering the lines on the Fermat quintic threefold
with our description of é@'

5.2 The cases ¥% = 1, p? = 125/4

In case ¢° = 1, the threefold My, has 125 ordinary double points and has
been studied extensively in [16]. For convenience, we will take ¢ =1,
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© = 51/5/2, the other cases are similar. A computation shows that the
corresponding curves C’g acquire six more ordinary double points. Since
each double point lowers the genus by one, the desingularizations, which we
denote by C,, to distinguish them from the (singular) curves C, in dPs, are
thus isomorphic to P*.

The 77%,
on Cg. Hence, the 125:1 cover 6'90 of C,, given by the polynomials T’ 5

which are functions on C’g, are now fifth-powers of functions

(mj/745)°, is the union of 125 copies of ap ~ pl.

This corresponds to the fact that M; contains 125 quadrics, each isomor-
phic to P! xP!. Each quadric has two families of lines, given by the {z} x P!
and P! x {z} where x runs over P!. Thus, we get 2-125 families of lines
parameterized by P! in M;. These correspond to the components of the
coverings égo of the C, with p? = 125/4.

We will first discuss the lines on one of the quadrics, denoted by Z, in
M;j. We also give explicitly a (complicated) map from P! to Cg, which
is a birational isomorphism. One can then check that the fifth powers of

the Pliicker coordinates are now indeed fifth powers on C’g; hence the cover

ap — C, becomes reducible.

The threefold M7 has 125 ordinary double points, they are the orbit of
the point ¢ :=(1,1,1,1,1) under the action of G. In the paper [16] it is
shown that there are 125 hyperplanes (i.e., linear subspaces P? C P*), which
form one G-orbit, each of which cuts M7 in a smooth quadratic surface and
a cubic surface. To see such a hyperplane, one writes the equation (1.1) for

M as a polynomial in the elementary symmetric functions in x1,...,xs:
5
S1 = E i, S9 = E .%'i.%'j, ey S5 1= T1X2X3X4X5.
i=1 i<j

The equation is then
2 2 Ly
My : 5283+ 81|54 — 85— 85183+ 5782 — 331 =0.

Thus the hyperplane H defined by s; = 0 cuts M in the surface defined by
s9s3 = 0. One verifies that the quadric Z C M defined by s; = s9 =0 is
a smooth quadric in H =2 P3. In H, we have x5 = —(x1 + --- + 24); hence
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289 = (3 ;)% — Y a7 restricts to —2 >i<j Tiz;. Hence,

Z = {(x1,...,24) €EP3: le-xj:()

1<j

First of all, we are going to find the van Geemen lines in Z. Recall that
these are the lines which are fixed under an element of order three in Ss.
Taking this element to be (123), we thus try to find a constant b such that
the line, in H, parameterized by

u(1,w,w?,0,0) +v(1,1,1,b,—(b+3))
= (u—l—v,wu—{—v,w2u—|—v,bv,—(b—|—3)v),

lies in Z C X. Next, we impose s, = 0 and we find the condition:

—-3+£+v-15

b> +3b+6=0, hence by = 5

and we get two lines I1 in Z, which meet in the point (1,w,w?,0,0). From
this, one easily finds the other van Geemen lines on Z.

The surface Z is a non-singular quadric in P3, hence is isomorphic to
P! xP'. We wish to parameterize Z and this parameterization is simplified
by making an appropriate choice of coordinate on the first P!, which we
regard as the curve C, that parameterizes the lines. The group As, which
is isomorphic to the icosahedral group, acts on C, and it is convenient to
choose a coordinate z adapted to this action. In the standard discussions
of the automorphic functions of the icosahedral group [17,18], one considers
the projection of an icosahedron on to the circumscribing sphere and then
the further projection of the image onto the equatorial plane, taking the
south pole as the point of projection. There are thus two natural choices
of coordinates, depending on whether the orientation of the icosahedon is
chosen such that the south pole coincides with a vertex or the image of the
center of a face. The standard treatments place a vertex at the south pole.
We shall refer to this choice of coordinate, w, as the icosahedral coordi-
nate. It can be checked that the ten van Geemen lines of C,, correspond to
projection onto the circumscribing sphere of the centers of the faces of the
icosahedron, or equivalently, to the vertices of the dual dodecahedron. For
our purposes, it is therefore natural to work with a ‘dodecahedral coordinate’
z that corresponds to aligning the icosahedron such that the south pole of
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the circumscribing sphere corresponds to a vertex of the dual dodecahedron.
The two coordinates may be chosen such that the relation between them is

Weo W+ 1
wz = —-—,
W — Weo

where ws, denotes the w-coordinate of the dodecahedral vertex at the north
pole of the circumscribing sphere. This can be chosen to be

wm:1<3+\/5+\/6(5+\/5)>.

It is convenient to fix a primitive 15th root of unity n = e2m/15 Then, we
also have a fifth and a third root of unity, (,w, respectively, and expressions
for v/5 and weo:

(=0 w=n° VE=1+(+(",

Woo = =207 +10° =t + 1> —n+2.

Using the van Geemen lines, it is easy to find the following parameteri-
zation T : PxP! — Z, where we reinstate the x5 coordinate for symmetry

reasons,
1 —(b+3)cuz +5b
To cuz +5u 4wdz +5
T: (z,u) — |23 | = cuz +d5wu +dz  +5 )
x4 bcuz —5(b+3)
x5 cuz + bwlu +w?dz +5

where we make use of the following coefficients:

bi=—n"+n" 20" +1° —n* - 2n,
c:= —27]7+775—2774+2773—2n2—217—|—2,
d:=—10n" + 109> — 109 + 5,

in particular, b> 4+ 3b+ 6 = 0. For fixed z, we have a map P! — Z whose
image is a line [, in Z parameterized by u. One can check that the action
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of As, which has generators of order two, three and five, on the coordinates
x1,...,Ts corresponds to the action of the following Mobius transformations:

(Cw? +1)z+ (¢ — 1) wwe

My(z) = —1/z, M3(2) := wz, Ms(z) := €~ Dwwez+ (C+wk)

)

where the order five transformation Ms is simply the transformation w —
Cw, when written in terms of the icosahedral coordinate.

The polynomial whose roots, together with z = 0 and z = oo, correspond
to the dodecahedral vertices is

8218 — 57v5 215 — 228 212 — 4944/5 29 + 228 20 — 57523 — 8.

The van Geemen lines correspond to the nine pairs of roots {z., —1/z}
together with {0, c0}.

For the Mo6bius transformation M, one has
W) = gk(lz),  with 1, == {Y(z,u) € P*: ue P'},
where, in this context,
gr = (14)(25), (253), (54321) for k=2,3,5.

The orbit of the line I,, with z = 0, which is a van Geemen line fixed by
(253), consists of 20 van Geemen lines.

On M there are also lines fixed by an element of order five in As. These
are the lines that cause the extra double points on C,. The element of
order five (12345) € A5 has five isolated fixed points in P4, four of which
lie on Z = H N M1, in fact they are singular points of M;. They are, for
1=1,...,4:

q; = (C,L] )1§j§5) ({‘117(127%:%} C Slng(Ml))

One easily checks that Ag; + pg2 + vg3 lies on Z only if 4 =0 or v = 0 and
thus the lines Aq1 + ugo and Ag; + vgs do lie in Z. So the intersection of
the P2 spanned by ¢1, ¢2, g3 with the quadric Z consists of two lines, each of
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which is spanned by two nodes:

(@1, 2, 43) N Z =(q1, q2) U (q1, 43)-

Both of these lines are invariant under the five-cycle (12345) € S5, and sim-
ilarly we get lines (g2, q4) and (g3, q4). The two lines (q1, ¢2), (g3, qa) on Z
are fixed by the five-cycle and they do not intersect, hence they are from
the same ruling. Applying As, we get 12 lines, actually six pairs, with a
stabilizer of order five in each ruling. These create the six double points
in Cy.

We now briefly discuss the curve C’g and a parameterization. The curve
Cg has six more ordinary double points where (o, 7) take the values

<i;<1 FVE) 11+ m) | (i;a +E), 13- m)
and (;(3—\/5), i;(1+\/5)>,

where, in the first expression, the same sign is chosen for each component.

A parameterization of Cg is given by
Pt — Cg, z — (o,7) = (Rl(z), Rg(z))

with rational functions

2024 + (15 — 2¢)23 + 3(5 + 2p)22 — (15 — 2¢) 2 + 20
62(522 + 2pz — 5) ’

Rl(z’ 90) =

1

Ry(z,p) = m

In particular, one has Fy (Ri(2), R2(z)) = 0 for all z.

The As-action on C’g lifts to an action of As by Mdbius transformations
on P'. Generating transformations are the same my, as given earlier and
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one has
(81 (mi(2)), Ra(mi(2))) = gx(Ba(2), Ba(2)).
where again,
gr = (14)(25), (253), (54321) for k = 2,3, 5.

This parameterization can be found using the As-action. The coordinate
function ¢ is known to be the quotient map by the subgroup generated
by (12)(34) and (13)(24). Since we require the map to be equivariant, the
points in z € P! that are zeroes/poles of Ry must correspond to van Geemen
lines and these are fixed points of order three. As also the fiber over R, L)
must consist of such fixed points, the R; are easily found.

The points z =0, z = 0o in P! are both mapped to the singular point
(00,0) € Cg C P!'xP!. Using table 3, we find that these two points corre-
spond to the divisor D14. The M6bius transformations mg and ms on P! fix
the set {0, 00} and this is indeed consistent with the fact that the permuta-
tions (14)(25) and (253) fix the index set {1,4} and thus fix the divisor Dj4
on Cy,. As As acts transitively on the set of 20 points, which are in UD;;,
the As-orbit of 0 € P! consists of the 20 points, which map bijectively to
this set.

The two fixed points of ms in P! map to the singular point (— %(1 +
V5), 1(3-+5)) in Cg. The As-orbit of any of these points is a set of 12
points, each a fixed point of an order five element in A5, which maps to one
of the other six ‘extra’ singular points of C’g.

Finally we consider the fifth powers of Pliicker coordinates of the lines
parameterized by C,. These functions are given by the polynomials
pij(01, 02,71, 72) listed in table 6. We pull them back to P! along the parame-
terization, so we take homogeneous coordinates (z,w) on P! and we consider
the ten polynomials

ﬁij(z7 'U)) = pij(Rl,n(Zv ’U)), RQ,’H(Z7 w)? RLd(Z, U)), RQ’d(Z, w))7
where we introduced

Ri(z,w) := wRi(2/w) = Rin(z,w)/R;iq(z,w)
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and the R;,(z,w), R; 4(2, w) are homogeneous polynomials of degree 4. As
pi; is homogeneous of bidegree (6,6), the polynomials p;; are homogeneous
of degree 6 x 4+ 6 x 4 = 48. Using the results from Section 4.1 and the
fact that we are now on a P!, the divisor Dy, which has degree 38, is now
defined by a homogeneous polynomial py(z, w) of degree 38. Each of the p;;
is divisible by py, with quotient g;;, which is homogeneous of degree 10. We
know that each ¢;; has two zeroes, with multiplicity 5, in the two points of
D;;. We checked that this is indeed the case.

In fact, we verified that the point (...,g;(2),...) € P? is the point
(...,mj(l2)% ...), the point whose coordinates are the fifth powers of the
Pliicker coordinates of the line [, C M. Each m;;(l.) is easily seen to be a
quadratic polynomial in z.

Thus the parameterizations of Z and Cg are compatible and the 2 x 125
families of lines on the 125 quadrics in M are the limits of the two families
of lines on the general M.

In particular, the curve 5¢ is now reducible, having 125 components, the
desingularization of each component is a P'. Moreover, the Pliicker map
from CNZQP to the Grassmannian in PY is given by 10 degree two polynomials
on each of the components, the fifth power of these polynomials are the g;;.

We checked that the 125 components of 52[, intersect as follows. On each
component, there are the 12 fixed points of certain elements of order five
in S5xG. In each such point, exactly two components meet and moreover,
distinct components only meet in such fixed points. Thus égo has (125 -
12)/2 = 750 ordinary double points.

This allows us to compute the arithmetic genus pa(éw) of the curve 6@,
since 1 — p,(Cy) is the Euler characteristic of the intersection graph of the
components of C,. This graph has 125 vertices and 750 edges; hence it

has Euler characteristic 125 — 750 = —625. Thus, indeed p,(C,) = 626, as
expected.

5.3 The case ¥ = oo, p? = —3/4

In case 1 = oo, the threefold M, is defined by x1...25 =0, so it is the
union of five hyperplanes. The corresponding curves Cg become reducible,
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in fact the polynomial F; has five factors for these values of ¢:
Fy = (0+w))(1+ ) (07 + w) (0T + wo + w?) (07 + wT + w?),

and F_ is obtained by w < w?. These factors are also the factors of Iy, lo,
k12, k1a and kg, respectively (see table 5). The components of these Cl,
and their classes in Pic(dP5), are discussed at the end of Section A.1. Each
component of C, parameterizes lines in one of the hyperplanes x; =0 in
My, these x; are x3, x5, x4, v2 and x1 respectively. The cover ap — O, is
non-trivial in this case and we will not analyze it any further here.

For example, assume that we are on the component where o = —w?.

Recall that the p;j(—w?,7) are, up to a common factor, the W%(—WQ,T).
These polynomials are listed in table 6 and one finds that

pij(—w?,7) =0 forij € {13,23,34,35}.

Thus, this component of C,, parameterizes lines [, which have m;3(l) = 0 for
all 7. Such a line [ lies in the hyperplane z3 = 0, because else we may assume
that | = (x,y) with x3 # 0, in which case we may assume that y3 =0 and
moreover one y;, j 7 0 must also be non-zero, but then m;3 # 0.

Moreover, after dividing the six non-zero polynomials p;;(—w?,7) by a
common factor of degree 3, the quotients ¢;;(7) are degree 2 polynomials in
7. Define

ng =7+ w-1)/3, ng:=717+w-1,

ng = T4+ w+1, ng ;= 7—w— 1.
Then we have, for i, j € {1,2,4,5} and g;; = 0 else, that for certain ¢;; € C,

qij = Cijning, and ( .. ,pij(—w2,7'), .. ) = ( .. ,qij(T), .. ) (C Pg).
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Appendix A
A.1 The Picard group of dPj

We recall the basic facts on the geometry of the quintic del Pezzo surface
dP5. We will use some more advanced algebraic geometry in this section to
put the results we found in a more general perspective.

It is most convenient to view dPs as the blow-up of P? in four distinct
points, no three on a line. One can then choose coordinates such that these
four points are

p1=(1,0,0), p2=1(0,1,0), p3:=(0,0,1), ps:=(1,1,1).

The blow-up map P? --» dPj is given by the cubic polynomials, which are
zero in the p;.

There is an obvious action of S3 by automorphisms of dP5 induced by
permutation of the coordinates. The action of S3 extends to a linear action of
Sy, the subgroup of PGL(3,C) = Aut(P?), which permutes the four points.
In fact, the map

o34: P2 — P2 (z:y:2) — (z—2z,y—2,—2)

fixes the first two points and exchanges the last two. Finally, the standard
(birational) Cremona transformation

045 : P2 — P27 (xaya Z) — (‘T_lvy_laz_l) = (yZ, xz, xy)

induces another automorphism of dPs5, which together with the S4 generates
a group isomorphic to S and S5 = Aut(dP5).

The quintic Del Pezzo surface dPs has ten exceptional divisors, which
we denote by E;; = F;; with 1 <4 < j <5. The divisors Ej5 are the excep-
tional divisors over the points p; and the E;;, with 1 < i < j < 4 are (some-
what perversely, but this helps in understanding the intersection num-
bers) is the strict transform of the line [;; spanned by pi and p;, with
{i,4,k, 1} ={1,2,3,4}. So the pull-back of the line /;; in P? to dPs has
divisor E;; + Eys + Ej5 and, for example, l12 is defined by x —y = 0, lo4 is



“ATMP-16-6-A4-CAN” — 2013/5/22 — 21:19 — page 1824 — #46

1824 PHILIP CANDELAS ET AL.
defined by y = 0. In particular, we have

Eij=1—Es — E5 (€ Pic(dPs)).

With these conventions, the intersection numbers are

E% =-1, EjEy =0 if #{i,j.k} =3
EijEkl =1 if ﬁ{l,],k‘,l} =4

The intersection graph of the F;; has ten vertices and 15 edges, each vertex is
on three edges. This graph is known as the Petersen graph and is presented
in figure 2.

Figure 2: The Petersen graph, which summarizes the combinatorics of the
intersections of the exceptional divisors E;;. In the figure, the exceptional
divisors correspond to vertices and their intersections correspond to the
edges.

Let [ € Pic(dP5) be the class of the pull-back of a line in P2. One has
[? = +1. Then, the canonical class Kgp, of dPs is determined by

—Kap; = 3l — Ei5 — Eos — E35 — Egs (€ Pic(dPs)),

we have (—de5)2 =9 —4.1=5. In particular, the anti-canonical map of
dPs5 is induced by the cubics on the four nodes of Cy,. One also has

PiC(dP5) =7l & ZE15 & ZEss B LEss & ZEys.

The action of S5 on Pic(dPj5) is as follows. The permutations that fix 5
are induced by linear maps on P? and thus act by fixing [ and permuting
the indices of the E;;. The transposition (45) is induced by the Cremona
transformation. The pull-back of a line is a conic on p1, p2, p3; thus o}l =
2l — F15 — Fa5 — E35 and the image of the line on p;,p; is the point py,
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with {i,7,k} = {1,2,3}, so 045 Exs = — E; — E;. The point py = (1,1,1) is
mapped to itself, so 0*E5 = Eys.

The Picard group of P!'xP! is generated by the classes of the divisors
o =0 and 7 = 0. The holomorphic map ® : dP5 — P! xP! induces the pull-
back homomorphism

-0 Eys + Eoa,
" : Pie(P'xP!) — Pic(dpy), 47~ ) Bt b
(1 =0) — E93 + Eq4.
Note that the curve Ej5 maps to 0 = 0 under ®, but the point (0,00) on
o =0 is blown up, so its exceptional divisor Ea4 contributes to ®*(s = 0).
In the standard basis of Pic(dP5), we have

(6 =0) — Ei5+ Ey =1— Ejzs,
(1=0) = FEy+ FEiy = 2l— E5 — Eos — E35 — Eis,

showing that o, 7 are related to lines through the point p3 and conics on the
four points p,...,ps in P2

The curves of bidegree (n,m) in P! xP! pull-back along ®* to curves with
class n(l — E35) + m(2l — >, E;5) in Pic(dPs). In case a point p that gets
blown up is a point with multiplicity » on a curve, its pull-back to dPs
is reducible. One component is the exceptional divisor over p, which has
multiplicity r, and the other is called the strict transform of the curve. In
particular, a curve of type (2,2) that passes through all three points, which
get blown up with multiplicity one thus has four components, and its strict
transform has class

2(l — E35) + 2 (2l - ZEm) — E19 — E1y — Eoy.

Using that E;; = [ — Eys — Ej5, we find this class is equal to:
3l — Eys — Eos — E3s — Egs = —Kgp, .

Thus, we see that the rational map ¥ from Section 3 induces the anti-
canonical map on dPs and it is known that this map embeds dPs in P.

The curves Cg have bidegree (4,4) and they have multiplicity 2 in each of
the three points which get blown up; hence their strict transform C, in dPs
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has class —2K dp.- It is easy to verify that the sum of the ten exceptional
divisors also has this class:

ZEU =6l — 2E15 — 2Fo5 — 2FE35 — 2Ey5 = —2de5.
1<j

As the (reducible, singular) curve UE;; is also As-invariant, it should be in
the Wiman pencil, and in fact it is C'x.

As each C, has class —2K dP.- the intersection number of two such curves
is (—2KdP5)2 = 4.5 =20. Thus, the Wiman pencil has 20 basepoints. We
already found 2 x 10 = 20 points in the divisors D;; in the base locus, so
the base locus is the union of the ten D;;.

A.2 The case ¥ = oo, 9? = —3/4 again

We now give a more intrinsic description of the curves C, with ©?=-3/4
from Section 5.3.

In Section 5.3, we found that the curves C, with p? = —3/4 have five
irreducible components, the first two of bidegree (1,0), (0,1) respectively,
the last three of bidegree (1,1). Only the last three curves pass through
the base points (1, 1), (0,00) and (00, 0): each contains two base points and
each base point is on exactly two components. The class of the component
of bidegree (1, 1) passing through (1,1) and (0, c0) is

(I — E35) + (2l — Ei5 — E9s — E35 — Eg5) — E1g — Eoy =1 — Ebs,

and similarly, the components passing through (oo, 0), (0,00) and (1,1),
(00,0) are | — Ey45 and | — Ej5, respectively. Thus, the classes of the strict
transforms of these components are:

l—Ei5, |—FEy, [|—FEs, |—Es, 20— (Eis+---+ Ess).

These five classes are in one orbit under As (in fact under Ss), and they
correspond to the five coordinates on P*, as we also found in Section 5.3.

The five components are not uniquely determined by their classes. In
fact, each class determines a pencil of curves. The first four correspond to
the pencil of lines through the point p; and the last to the pencil of conics
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on pi,...,ps. We will now use the action of S5 on dPj5 to find two specific
curves in these pencils.

Each pencil is fixed by the subgroup, isomorphic to &y, in S5, which fixes
the class. Thus an element g of the S corresponding to the pencil maps a
curve in the pencil to another curve in the pencil. For example, the pencil
of conics on py, ..., ps is fixed by the standard Sy C S5. A conic C
(z,) € P, from this pencil has equation

PWNE with

Mz —2)y+ uly —x)z = 0.

There are three reducible conics in the pencil, (z —2)y =0, (y — )z =0
and (z —y)r = —(z — 2)y — (y — x)z, these consist of pairs of exceptional
curves. If g € Sy lies in the Klein subgroup K := ((12)(34), (13)(24)), then
one verifies easily that g maps C(, ,) into itself. Thus, the action of Sy
on P! factors over quotient S;/K =2 S3. The element (123) € S5 maps onto
a generator of the subgroup Az of the quotient group Ss. It acts on the
pencil as

ANz =2)y+ply —z)z— Ay —z)z+ p(z —y)z
= -z —2)y+ A —p)(y —2)z,

in particular, it has two fixed points (A, ) = (1, —w), (1, —w?).

Thus, five classes above give 2 x 5 = 10 curves in dP5, which we denote
by Dja, Dip, i =1,...,5. Up to permutations of a,b, the two curves U;Cjq
and U;Cy are invariant under the action of As and they are the C,, for

2
p* = —3/4.

It is interesting to note that the action of Sy on the five pencils shows that
the five maps from C,, to P! they define are actually (Z/2Z)?-quotient maps.
For example, from table 1 one finds that (12)(45), (14)(25) € S5 act as

o (22). w0 (2 250)

on P! xP'. Thus they fix o; hence they act on the fibers of the projection map
(0,7) — 0. So, this projection map is invariant under the Klein subgroup
((12)(34),(13)(24)) of S5. As the map has degree 4, it follows that the
quotient of CS, by this Klein subgroup is P!, with quotient map o.
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A.3 From P2 to P! x P! and back

In Section 3, we obtained dPs as the blow-up of P!'xP! in three points.
Blowing down the four exceptional curves Eis, ..., E45 on dPs, we get P2.
The composition of these maps is a birational map between P' xP!' and P2.
To find it, we observe that ®* acts on the following divisors as:

(0=0) +— Ei5+ Ey, (1=0) +—— Ey3+ B4,
(0 =00) = Eis+ Eps, (1=00) +— E3+ Ey,
(c0=1) +— Ep2+ Eys, (tr=1) +—— FEio+ Es4.

Thus, the function ¢ on P!'xP! corresponds to the pencil of lines in P?
passing through the point ps = (0,0, 1) and in fact the meromorphic function
y/z on P? gives the same divisors on dP5. Similarly 7 corresponds to the
pencil of conics in P? passing through all four p; and its divisors match
those of the meromorphic function z(y — 2)/y(z — z) on P2. Therefore, the
birational map from P? to P! xP! is given by

As then y = ox, one finds upon substitution in 7 = z(y — z) /y(x — 2z) and
some manipulations that

x:=o0r—1, y:=o(cr—1), z:=o(r—1).

gives the inverse birational map. These three polynomials are linear combi-
nations of the polynomials zg, ..., 25 from Section 3; thus this map factors
indeed over dPs5.

It is amusing to verify that this works as advertised: take for example the
curve defined by ¢ = 0 on P! xP!, it maps to the exceptional divisor Fi5 in
dPj5 according to table 3, and thus it should map to the point p; = (1,0,0) €
P2, which it does: (z,y,2) = (—1,0,0) = (1,0,0). Conversely, the line lo4
spanned by pi1, p3 maps to Fo4 in dP5 and next Fo4 is mapped, according to
the same table, to the point (0, 00) in P! xP!. Indeed, lo4 is parameterized by
(a:0:b) and thus 0 = y/x =0and 7 = z(y — 2) /y(x — 2) = —ab/0 = oc.
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The curve C’g in P! xP! is defined by F; = 0. We found polynomials f., f,
in x,y, z such that

(vt =)' (L U5 ) = oyt =) (ko) = ol ).

Thus, the equation for the image of Cg in P? is:
fe(wv Y, Z) - (Pfo(l', Y, Z) =0.

This equation is homogeneous of degree 6, it has an even and an odd part
(under the action of S5 which permutes the variables), where

fo = 2553 — 65353 — 655 + 19515953 — 953,
and the s; are the elementary symmetric function in x,y, z:
s1:=x+y+z, S :=axy+xz+yYz, S3 = TYZ?.
The odd part is
fo = 2zyz(z —y)(z — 2)(y — 2).

In particular, any odd element in S5 maps C, to C_,, as we have already
seen. The singular locus of the curve defined by f. — ¢f, = 0 in P? consists
of four ordinary double points in p1,...,ps. We refer to [19,20] for more on
the intimate relations between dP5 and genus six curves.

A.4 The restriction map Pic(dPs5) — Pic(C,)

Let C be compact Riemann surface of genus g, and let Div(C') be the group
of divisors on C'. The Picard group of compact Riemann surface C' is the
group of divisors on the surface modulo linear equivalence. So if P(C)
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denotes the group of divisors of meromorphic functions, then
Pic(C) = Div(C)/P(C).

Since a divisor D is a finite sum of points, with multiplicities, it has a well-
defined degree:

deg : Div(C) — Z, D= anp — an.
p P

As a meromorphic function has the same number of poles as zeroes (counted
with multiplicity), one can define a subgroup Pic’(C) of Pic(C) by:

Pic’(C) := Div?(C)/P(0).

By Abel’s theorem, Pic’(C) = Jac(C), the Jacobian of C, which is the
g-dimensional complex torus defined as the quotient of C9 by the period
lattice, that is, fixing a basis w1, ...,wy of the vector space of holomorphic
1-forms on C, the period lattice consists of the vectors (fy Wi, ... ’fw Wy ),
where v runs over all closed loops on C. These groups fit together in an
exact sequence:

0 — Pic(C) — Pic(c) Bz 0.

As we have seen in Section 4.2, a divisor D, whose class has order n in
Pic’(C), so nD is the divisor of a meromorphic function f will define an
unramified n:1 cover of C. As Pic’(C) is a complex torus, it is isomorphic,
as a group, to (R/Z)?. The classes D with nD = 0 are thus a subgroup
isomorphic to (Z/nZ)?9. In particular, if C = Cy, and thus g = 6, and n =5
we get a subgroup (Z/57)'2 of five-torsion classes, whereas the subgroup of
Pic’(C,) generated by the D;; — Dy, is a (Z/57)3, since the covering defined
by the §/gi; is 5@ — Cy, has degree 125 (here g;; has divisor 5(D;; — Dys)
as in Section 4.2).

We will now identify the specific (Z/5Z)% C Pic’(C) that creates the
covering 6@ — Cy. It turns that there is a quite naturally defined subgroup
of Pic(C,,), which is a priori unrelated to the Dwork pencil, but which arises
as a consequence of the special position of the curves Cy in dPs.
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The inclusion of C, in the del Pezzo surface dP5 induces the restriction
map (a homomorphism of groups)

i* : Pic(dP5s) — Pic(Cy), withi: C, — dPs.
Applying the adjunction formula, we find the canonical class on Ci:
KCSP =i (CQO + de5) =1 (_KdP5) )

where we used that the curve C,, in dP5 has class —2K, dp,- In particular, the
composition Cy, — dP5 — IP5 is the canonical map. As it is an isomorphism
on its image (by definition of Cy), the curves C,, are not hyperelliptic.

The degree 2 divisor D;; was defined as the intersection divisor of the line
E;; C dP5 with the curve C, C dPs5; hence

The group Pic(dP5) = Z5 has Z-basis [, E1s, ..., Eys. Asl= Eij + Eyxs +
Ei5, where {i,7,k, 1} ={1,...,4}, we see that the divisor *] has degree 6
and the i*E,; = D, have degree 2. Thus, the image of the composition of ¢*

with deg : Pic(C') — Z is the subgroup 27 and the kernel of this composition
is isomorphic to Z*. We denote this kernel by Pic(dP5)°:

Pic(dP5)° := ker(degoi*) = @}, Zay,
where the Z-basis «; of Pic(dP5)? is defined by

a1 = Ei5 — Eos, ao = Eos — B35, a3 = E35 — Eys,
oy =1 — F15 — Eas — Ess.

As we have C, = —2Kgp, in Pic(dPs), the divisors on dP5 that intersect
Cy in a divisor of degree 0 form the subgroup K dLPg,’ SO

Pic(dP5)° = Kgp, = {D € Pic(dP3) : D - Kqp, = 0}.

We recall the well-known fact that the intersection matrix of the «; is the
Cartan matrix of the root system Ay, up to sign:

-2 if i=3,
(i, ) = it i—jl=1,
0 else.
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We now have a homomorphism, induced by ¢*, but denoted by the same
symbol,

i* : Pic(dP3)? — Pic(0).

As the a4, i = 1,2,3, are of the form E;;j — E,,, their images i*(«;) are of
the form D;; — D,,, which are elements of order five in Pic’(C). Finally,
using that | = E34 + E15 + Ea5, we see that

oy =1 — Fi5 — Eas — E35
= E34 + E15 + Eos — (E15 + Eas + E3s)
= Fs34 — E3s5,

hence i*(ay) = D34 — Dy is also five-torsion. The image of i* is generated
by the classes i*(c;):

im(i*) = (D15 — Das, Das — D35, D35 — Dys, D3g — Ds3s)
= (D15 — Dus, Das — Dus, D35 — Dys, D3y — Dys ).

Thus im(:*) = (Z/5Z)" for some n <4. There is a further relation
between these classes, given by the divisor of the function ki4/l1l2 (note
that we take the quotient of two polynomials of bidegree (2,2), so this quo-
tient is a well-defined meromorphic function on C’g). We use table 5 to find
the divisor (k14) of k14 in Div(C,) (and we simply write [ for 7*(1)):

(k14) := Da3 + Das + 3D24 + 3D12
— (I — Dy5 — Das) + Dos + 3( — D15 — Dss) +3(I — Dss — Das)
=7l —4D15 + Dos — 6D35 — 4Dys5
= 7(D34 + D15 + Da5) — 4D15 + Das — 6 D35 — 4Dy
=T7D34 4+ 3D15 + 8Do5 — 6 D35 — 4Dys5.

Similarly, the divisor of [; is:

(I1) = D13 + D23 + D34 + D35
= (Il = Da5 — Dy5) + (I — D15 — Dus) + D34 + D35
=2 — D15 — D25 + D35 - 2D45 + D34
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= 2(D34 + D15 + Da5) — D15 — Das + D35 — 2Dys5 + D3y
= 3D34 + D15 + Das + D35 — 2Dys5.

As (la) = D15 + Das + D35 + Dys, the linear equivalence (k14) = (I1) +
(I2) gives the following relation in Pic(C,,):

7D34 + 3D15 + 8D25 — 6D35 — 4D45 = 3D34 + 2D15 + 2D25 + 2D35 — D45.
Using 5D25 = 5D35 in Pic(Cy,) we get:

4D34 = —D15 — 6D25 + 8D35 + 3 D45
= —D15 — Dos + 3D35 + 3Dys5 (E PiC(CLP)).

Now we write 4D34 = —Ds3q + 5Dy5 and use 5D34 = 5Dy5 in Pic(C,) to
obtain

D3y = D15+ Do — 3D35 4+ 2D y5 (6 PiC(C@)).
This gives the following relation in Pic%(C,):
D3y — Dys = (D15 — Dys) + (Das — Dys) + 2(D35 — Das).

Therefore, im(i*) C Pic?(C,) can be generated by three elements and thus
n < 3.

We give a table that gives the(ay,az,as) € (Z/5Z)3 such that the classes
eij := Djj — Dys = i*(E;; — E45) can be written as ajeis + azeas + asess.

€15 (17070)7 €25 = (Oa 1>O)a €35 — (anv 1)7
€12 — (2’271)7 €13 +— (2717 )a €23 (172a2)7
H

€14 (25151)7 €24 (172) 1)5 €34 (15152)

As we have seen, 5D;; = 5D,,, for any indices. Thus, we have a rather
peculiar divisor class of degree 5 x 2 =10 in Pic(Cy). This is actually the
canonical class on C,. In fact,

Kg, = i*(—Kap,)
=1i"(3l — E15 — Eos — E35 — Eis)
(D34 + D15 + Das) — D15 — Das — D35 — Dys

= 3(2D15 + 2D35 — 3D35 + 2Dy5) — D15 — Das — D3s — Dys



“ATMP-16-6-A4-CAN” — 2013/5/22 — 21:19 — page 1834 — #56

1834 PHILIP CANDELAS ET AL.

=5D15+ 5D95 — 10D35 + 5Dy5
= 5Dss,

where in the last step we used that 5D;; = 5Dss5.

To show that n > 3 and thus n = 3, we use the As-action on the sub-
group im(i*) = (Z/5Z)" of Pic’(C,). As Ajs is a simple group, the image
of As in Aut(im(i*)) is either the identity or isomorphic to As. In the
first case, by applying (23)(45) € A5 to Diy — Dy5 we would get that
D1y — Dys = D13 — Dy5 in Pic®(C,,) and hence that Dz — Dys is the divisor
of a meromorphic function, which is not the case as Cy, is not hyperellip-
tic. Thus, we obtain an injective homomorphism As — GL(n,Z/5Z). If
n = 1, this is impossible as §.45 > tGL(1,Z/5Z) = 4. If n = 2, we consider
the action of the subgroup {e, (12)(34), (13)(24), (14)(23)}, which is isomor-
phic to (Z/2Z)?. The eigenvalues of (12)(34) on (Z/5Z)% are 1,1; 1,—1 or
—1,—1. The first case is impossible since the homomorphism is injective
and an automorphism with eigenvalues 1,1 which is not the identity has
order five. The last case is also impossible since then either (12)(34) should
commute with all other elements of As or the element would have order five
again. Thus, the eigenvalues are 1,—1 and we can diagonalize the auto-
morphism. The same is true for the other two non-trivial elements in the
subgroup. Since the subgroup is commutative, these three automorphisms
can be diagonalized on the same basis. However, then one of the automor-
phisms must be —I, which commutes with any other automorphism, again
a contradiction. Therefore, n > 3.

We conclude that im(i*) C Pic%(C,,) consists of the divisor classes that
create the unramified 125:1 covering 550 — Cy. So for any non-zero D ¢
im(7*), there is a meromorphic function fp on C, with divisor 5D and the
Riemann surface Cp defined by the polynomial 7° — fp is a 5:1 unramified
cover of U, which fits in a diagram (7@ — Cp — Cy,. The fiber product over
C,, of three suitably chosen Cp will be isomorphic to @0. Since the image of
the curve Cy, in the canonical embedding lies in a unique del Pezzo surface
of degree 5 (see [20]), we have the remarkable fact that the curves d‘, which
parameterize the lines in Dwork pencil are intrinsically determined by the

curves U, in the Wiman pencil.

In this section, we have shown that i* maps Pic(dP5)? = Q(A4) onto
(Z/5Z)3. In terms of root systems, this map is well known. The
root lattice @Q(A4) is a sublattice, of index 5, of the weight lattice
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P(A4). Thus, 5P(A4) is a sublattice, of index 125, of Q(A4) and thus
Q(A4)/5P(A4) = (Z/5Z)3. The map i* can be identified with the quotient
map Q(As) — Q(A4)/5P(As).
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