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Abstract

We reconsider Chern—Simons gauge theory on a Seifert manifold M,
which is the total space of a non-trivial circle bundle over a Riemann
surface X, possibly with orbifold points. As shown in previous work with
Witten, the path integral technique of non-abelian localization can be
used to express the partition function of Chern—Simons theory in terms
of the equivariant cohomology of the moduli space of flat connections
on M. Here we extend this result to apply to the expectation values of
Wilson loop operators that wrap the circle fibers of M over ¥. Under
localization, such a Wilson loop operator reduces naturally to the Chern
character of an associated universal bundle over the moduli space. Along
the way, we demonstrate that the stationary-phase approximation to the
Wilson loop path integral is exact for torus knots in S, an observation
made empirically by Lawrence and Rozansky prior to this work.

1 Introduction

An outstanding issue in the study of Chern—Simons gauge theory has long
been to understand more precisely the Lagrangian formulation of this theory
via the Feynman path integral, in terms of which the partition function Z at
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level k is described formally as an integral over the space of all connections
A on a given three-manifold M,

2~ [on o[ [ r(mnas Zanana)]. a

Of course, as explained by Witten [105] in his foundational work on Chern—
Simons theory, the Hamiltonian formalism can be alternatively applied to
give a completely rigorous [95] and explicitly computable description of the
Chern—Simons partition function in terms of two-dimensional rational con-
formal field theory and a “cut-and-paste” presentation of M via surgery on
links in S3. Yet despite its computability, this algebraic definition of Z (k) as
a quantum three-manifold invariant obscures many features which are man-
ifest in the preceding path integral and which one would like to understand
more deeply.

As a simple example, in the semi-classical limit that k& is large, a naive
stationary-phase approximation can be applied to the path integral, and
this approximation implies asymptotic behavior for Z(k) that is far from
evident in the complicated, exact expressions that arise from conformal field
theory — an observation recently emphasized by Freed in [50]. Nonetheless,
the predicted asymptotic behavior can be checked in examples, as was done
early on by Freed and Gompf [51], Jeffrey [62], and Garoufalidis [69]. See [1]
for related analysis, and see Section 7 in [91] for a survey of continuing work
in this area.

For many topological quantum field theories, including most notably
topological Yang—Mills theory in dimensions two and four (reviewed nicely
in [29]), the semi-classical approximation to the path integral is actually
exact, due to the presence of a conserved, nilpotent scalar supercharge which
is interpreted formally as a Becchi-Rouet-Stora-Tyutin (BRST) operator in
the theory. As a result, the path integral in those examples reduces to the
integral of an appropriate cohomology class over a finite-dimensional moduli
space of supersymmetric solutions.

In the happy circumstance above, the partition function can be described
not only algebraically in the Hamiltonian formalism, as for any topological
quantum field theory, but also cohomologically in the Lagrangian formalism,
and one might hope to benefit by comparing the two descriptions. Indeed,
in a spectacular application, Witten [108] used a Hamiltonian computation,
originally due to Migdal [84], of the two-dimensional Yang—Mills partition
function to deduce via its path integral interpretation very general results
about the cohomology ring of the moduli space of flat connections on a
Riemann surface.
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From this perspective, one might wonder to what extent, if any, the
topological observables in Chern—Simons theory also admit a cohomolog-
ical interpretation of the sort that arises naturally in Yang—Mills theory.

The present paper is a sequel to our earlier work [18] with Witten in
which we gave a partial answer to the preceding question. There we demon-
strated that the partition function of Chern—Simons theory on a three-
manifold M does admit a cohomological interpretation in the special case
that M is a Seifert manifold. Such a three-manifold can be described suc-
cinctly as the total space of a non-trivial circle bundle over a Riemann
surface 3,

St — M
| (1.2)
>

where Y is generally allowed to have orbifold points and the circle bundle is
allowed to be a corresponding orbifold bundle.

Specifically, the results in [18] were based upon the technique of non-
abelian localization as applied to the Chern—Simons path integral in (1.1).
Very briefly, non-abelian localization provides a cohomological interpretation
for a special class of symplectic integrals which are intimately related to
symmetries. These integrals take the canonical form

2(0)= [ exp |- 5 (] (13)

Here X is an arbitrary symplectic manifold with symplectic form €. We
assume that a Lie group H acts on X in a Hamiltonian fashion with moment
map p: X — b*, where h* is the dual of the Lie algebra h of H. We also
introduce an invariant quadratic form (-, -) on h and dually on h* to define
the function S = %(,u, 1) appearing in the integrand of Z(e). Finally, € is a
coupling parameter.

Although it is far from evident that the path integral in (1.1) bears
any relation to the canonical symplectic integral in (1.3), we nevertheless
explained in [18] how to recast the Chern—Simons path integral as such
a symplectic integral when M is a Seifert manifold. Given this initial and
somewhat miraculous step, general facts about non-abelian localization were
then enough to imply the exactness of the semi-classical approximation to
the Chern—Simons path integral on a Seifert manifold, a result obtained
empirically from known formulae for Z(k) by Lawrence and Rozansky [74]
and Marino [81] prior to our work. Finally, using localization we obtained a
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precise description of the Chern—Simons partition function in terms of the
equivariant cohomology of the moduli space of flat connections on M.

At this point, an obvious further question to ask is whether non-abelian
localization can be applied to give an exact, cohomological description for
any other quantities in Chern—Simons theory beyond the partition function.
Of course, the other quantities in question must be the expectation values
of Wilson loop operators, and the purpose of this paper is to explain how to
apply non-abelian localization to analyze the Chern—Simons path integral
including Wilson loop insertions.

We recall that a Wilson loop operator Wg(C') in any gauge theory on a
manifold M is described by the data of an oriented, closed curve C' which is
smoothly embedded in M and which is decorated by an irreducible represen-
tation R of the gauge group G. As a classical functional of the connection
A, the Wilson loop operator is then given simply by the trace in R of the
holonomy! of A around C,

Wa(C) = Trp Pexp (_ ch>. (1.4)

To describe the expectation value of Wg(C') in the Lagrangian formulation
of Chern—Simons theory, we introduce the absolutely normalized Wilson loop
path integral

Z(k;C,R) = / DA Wg(C) exp H /MTr (A/\dA+§A/\AAA>], (1.5)

T
in terms of which the Wilson loop expectation value is given by the ratio

<WR(C)> - Z(kZ(%R) (1.6)

Just as for the partition function, the Wilson loop path integral (1.5) can
be computed exactly using the Hamiltonian formulation of Chern—Simons
theory and its relation to rational conformal field theory. In that approach,
the expectation values of Wilson loop operators lead naturally [105] to knot
invariants such as the celebrated Jones polynomial.

In this paper, our perspective on the Wilson loop operator is rather dif-
ferent. Here we wish to apply non-abelian localization to the Wilson loop

1Since we work in conventions for which da = d + A is the covariant derivative, the
holonomy of A around C'is given by P exp (— 550 A), with the minus sign as above.
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path integral in (1.5) to obtain a new, complementary description of Wr(C)
as a cohomology class on the moduli space of flat connections on M.

1.1 Some experimental evidence

At the outset, it is again far from clear that the Wilson loop path integral
bears any relation to the canonical symplectic integral in (1.3) to which non-
abelian localization applies. To present one suggestive piece of evidence, let
us consider the simplest Wilson loop — namely, the unknot Wilson loop
— in Chern-Simons theory on S% with gauge group SU(2). Irreducible
representations of SU(2) are uniquely labeled by their dimension, and we
let j denote the irreducible representation of SU(2) with dimension j.

For the unknot, the absolutely-normalized Wilson loop path integral in
(1.5) is given exactly by

2 . T .
Z(k;O,j)Z\/;sm(ka, j=1,... k+1. (1.7)

As indicated, 7 runs without loss over the finite set of irreducible represen-
tations which are integrable in the SU(2) current algebra at level k. This
simple result was first obtained by Witten in [105] using the Hamiltonian
formulation of Chern—Simons theory, and as a special case, when j =1 is
trivial, the general formula for Z(k; ), j) reduces to the standard expression
for the SU(2) partition function Z(k) of Chern—Simons theory on S3.

From the semi-classical perspective, we can gain greater insight into the
exact formula for Z (k; O, j) by rewriting (1.7) as a contour integral over the
real axis,

1 _717"(1-"‘.2) oo im im
Z(k; Q,J) =—¢ =) / dz Chj<e4 ;) sinh? (eT %)

2mi o

X exp (—M:ﬁ). (1.8)

8w

Here chj is the character of SU(2) associated to the representation j,

_ sinh(jy) G-y (7-3)y —(-3)y —(=Dy
chj(y) = sinh(y) ‘ e e e 0

and the equality between the expressions in (1.7) and (1.8) follows by eval-
uating (1.8) as a sum of elementary Gaussian integrals.
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Now, the only flat connection on S® is the trivial connection, and for
the case of the partition function Z(k), we explained previously [18] how
the contour integral over x in (1.8) can be interpreted very precisely as
the stationary-phase contribution from the trivial connection to the Chern—
Simons path integral. From a geometric perspective, the contour integral
arises as an integral over the Cartan subalgebra of SU(2), regarded as the
group of constant gauge transformations on 53. The constant gauge trans-
formations are the stabilizer of the trivial connection in the group of all gauge
transformations, and the presence of this stabilizer group plays an impor-
tant role in the semi-classical analysis of the Chern—Simons path integral.
In any event, as evident from (1.8), the stationary-phase approximation to
the Chern-Simons path integral on S? is exact.

Given this interpretation of Z(k;(),j) in the special case j = 1, it is very
tempting to apply the same interpretation for arbitrary j, so that the con-
tour integral over x in (1.8) more generally represents the stationary-phase
contribution from the trivial connection to the Wilson loop path integral
in (1.5). Moreover, since all dependence on the representation j enters the
integrand of (1.8) through the SU(2) character chj, we naturally identify
chj as the avatar of the unknot Wilson loop operator itself when the path
integral in (1.5) is reduced to the contour integral in (1.8).

The semi-classical identification of the unknot Wilson loop operator with
a character is quite elegant, and one of our eventual results will be to obtain
this identification directly from the path integral via non-abelian localiza-
tion. However, the unknot Wilson loop in S® is also very special. For
instance, if we regard S® as a Seifert manifold by virtue of the Hopf fibra-
tion over S2,

| (1.10)

then the unknot can be represented by one of the S! fibers in (1.10). As
a result, the unknot Wilson loop is the unique Wilson loop in $% which
respects the distinguished U(1) action rotating the fibers of (1.10).

To apply non-abelian localization to the Wilson loop path integral on a
general Seifert manifold M, we must similarly assume that the Wilson loop
operator respects the U(1) action on M, which rotates the fibers in (1.2). As
for the unknot, such a Wilson loop operator necessarily wraps a Seifert fiber
of M. To avoid potential confusion later, we refer to the Wilson loops wrap-
ping Seifert fibers of M as “Seifert loops” to distinguish them from arbitrary
Wilson loops in M, about which we will also have some things to say.
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Perhaps surprisingly, even for S? the unknot is not the only knot which a
Seifert loop operator can wrap. As we recall in Section 7.1, S® admits infin-
itely many distinct Seifert presentations as the total space of a non-trivial
circle bundle over a Riemann surface of genus zero with two orbifold points,
of relatively-prime orders p and q. The associated Seifert loop operator then
wraps a (p, q)-torus knot in S3. Precisely for this class of knots, Lawrence
and Rozansky [74] have again observed on the basis of empirical formulae
generalizing (1.7) and (1.8) that the stationary-phase approximation to the
Wilson loop path integral is exact. So like our previous work in [18], one very
specific motivation for the present paper is to offer a theoretical explanation
of the remarkable results in [74].

The special nature of the Seifert loop operators in M has been also pointed
out by Aganagic et al. [2], who consider such Wilson loops and others in
the context of g-deformed Yang—Mills theory on the Riemann surface 3.
See [2,3,8,20,27,28,31-36,61,67] for a variety of additional papers which
discuss Chern—Simons theory on a Seifert manifold and the closely related
subject of g-deformed Yang-Mills theory on a Riemann surface. We also
mention attempts by Hahn [57] to make sense of the Wilson loop path
integral in Chern—Simons theory in a more formal mathematical framework.
See [103] for other work in this direction. Finally, we refer the interested
reader to the very beautiful and roughly analogous work by Pestun [93] on
path integral localization for supersymmetric circular Wilson loop operators
in four-dimensional Yang—Mills theory. See also the work of Kapustin and
collaborators [75] (which has a certain degree of overlap with this paper)
for a more recent application of Pestun’s techniques to Wilson loops in
superconformal Chern—Simons theories. Last but not least, related ideas
have been pursued by Nekrasov et al. in [17,88].

1.2 The plan of the paper

In order to apply non-abelian localization to the general Seifert loop path
integral in (1.5), we must first recast this path integral as a symplectic
integral of the canonical form (1.3). Although not immediately obvious,
the symplectic description of the Seifert loop path integral turns out to be a
wonderfully natural extension of our prior results for the Chern—Simons path
integral in (1.1). To make this fact apparent and also for sake of readability,
we have endeavored to keep the presentation self-contained — a goal which
at least partially accounts for the length of the present paper.

With the ambition above in mind, we begin in Section 2 by quickly
recalling how the path integral of Yang—Mills theory on a Riemann surface
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> furnishes the basic example of a symplectic integral of the canonical
form (1.3). Along the way, we establish some standard notation and con-
ventions for the paper.

Next, in Section 3 we review how the path integral which describes the
partition function of Chern—Simons theory on a Seifert manifold can also be
put into the canonical symplectic form. The material here closely follows
Section 3 of [18].

Finally, in Section 4 we generalize the results in Section 3 to the Seifert
loop path integral.

At the heart of Section 4 lies a very old and very general piece of gauge the-
ory lore, which is perhaps worth mentioning now. As suggested by Witten in
one of the small gems of [105], if we are to analyze a Wilson loop expectation
value semi-classically, we must use a corresponding semi-classical description
for the Wilson loop operator itself. That is, rather than applying the conven-
tional definition of Wg(C') in (1.4), we represent the Wilson loop operator
by a path integral over an auxiliary bosonic field U attached to the curve C
and coupled to the restriction of A to C. In these terms, we schematically
write

Wr(C) = /DU exp [icsa(U;A|0)]. (1.11)

A bit more precisely, the field U describes a one-dimensional sigma model on
C whose target space is the coadjoint orbit O, of GG, which passes through
the highest weight o of R and cs, (U ; A|C) is a local, gauge-invariant, and
indeed topological action that specifies the coupling of U to the background
gauge field A. Since the semi-classical description (1.11) of Wr(C) proves
to be an essential ingredient for our analysis, we review this description in
detail in Section 4.

Although Chern—Simons theory might seem to be characterized as an
intrinsically three-dimensional gauge theory, an important outcome of our
work in both Sections 3 and 4 is to provide a general reformulation of Chern—
Simons theory on an arbitrary three-manifold M in such a way that one
of the three components of the connection A completely decouples. This
construction fundamentally underlies our work on non-abelian localization,
but it may have other applications as well. At the moment, one tantalizing
geometric aspect of this reformulation of Chern—Simons theory is that it
relies upon the choice of a contact structure on M.

Although perhaps anticlimactic, in Section 5 we return to two dimensions
and consider the analogue for the Seifert loop operator in Yang—Mills theory
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on X. As pointed out long ago by Witten [106], the two-dimensional ana-
logue of the Seifert loop operator is a local “monodromy” operator which
inserts a classical singularity into the gauge field A at a marked point of X.
Like the Seifert loop operators, the monodromy operators in two-dimensional
Yang—Mills theory are described by a path integral of the canonical symplec-
tic form (1.3). This beautiful observation, which we review in some detail,
can be traced back to remarks of Atiyah in Section 5.2 of [10]. The mon-
odromy operators in two-dimensional Yang—Mills theory are also related to
the surface operators considered more recently by Gukov and Witten [70]
in the context of four-dimensional gauge theory. Indeed, portions of the
exposition in Section 5 have a basic overlap with material in [70].

In preparation for actual computations, we discuss in Section 6 general
aspects of non-abelian localization. In particular, we explain how non-
abelian localization provides a cohomological interpretation for symplectic
integrals such as (1.3), and we recall a general non-abelian localization for-
mula derived in [18]. Thankfully, this localization formula is again appli-
cable, so we do not need to extend the lengthy technical analysis of [18].
At the end of Section 6, we also review two elementary, finite-dimensional
examples of non-abelian localization.

Finally, in Section 7 we perform explicit computations of Seifert loop
path integrals using non-abelian localization. As in our previous study of
the Chern—Simons partition function, we focus on two extreme cases.

First, in the case that M is a Seifert homology sphere, we evaluate
the local contribution from the trivial connection to the Seifert loop path
integral. Because the first homology group of M is by assumption zero,
Hi(M;Z) =0, the trivial connection is an isolated flat connection. How-
ever, the trivial connection is also fixed by constant gauge transformations
on M. So just as in [18], the contribution of the trivial connection to the
Seifert loop path integral reduces to an integral over the Cartan subalgebra t
of the gauge group G itself. As we found experimentally in (1.8), the Seifert
loop operator for a given irreducible representation R of G then appears in
the integral over t as the corresponding character chp.

Among other results, we thus provide an exact path integral calculation
for the expectation value of a Wilson loop operator wrapping an arbitrary
torus knot in 3. As a special case, for gauge group G = SU(2) we recover
the well-known expression for the Jones polynomial of a torus knot. Another
satisfying aspect of this calculation is that we observe the renowned Weyl
character formula to emerge naturally from the Chern—Simons path integral,
in a manner reminiscent of its classic derivation by Atiyah and Bott [15] from
index theory.
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At the opposite extreme, in the case that M is a smooth circle bun-
dle over a Riemann surface ¥ of genus h > 1, we compute the cohomology
class that represents the Seifert loop operator on a smooth component of
the moduli space of flat connections on M. Such a component consists of
irreducible connections, whose stabilizers in the group of all gauge transfor-
mations arise solely from the center of G. In this setting, the cohomology
class that describes the Seifert loop operator turns out to be extremely nat-
ural. Namely, the Seifert loop class is given by the Chern character? of a
universal bundle associated to the representation R. In fact, the Seifert loop
class already appears in related work of Teleman and Woodward [100,101],
where it derives from a tautological Atiyah—Bott generator in the K-theory
of the moduli stack of holomorphic bundles over X. As we discuss, our com-
putation of the Seifert loop class is also strongly suggested by prior work of
Jeffrey [65] on the Verlinde formula.

For the convenience of the reader, we include in Appendix A an index of
commonly used notation. The remaining appendices contain a few technical
calculations associated to our work in Section 7.

2 The symplectic geometry of Yang—Mills theory on a
Riemann surface

A central theme throughout this work is the relationship between Chern—
Simons theory on a Seifert manifold M and Yang—Mills theory on the asso-
ciated Riemann surface ¥. Thus as a warm-up for our discussion of path
integrals in Chern—Simons theory, let us quickly recall the much simpler
symplectic interpretation for the path integral of two-dimensional Yang—
Mills theory.

We start by considering the usual path integral, which describes the par-
tition function of Yang—Mills theory on a Riemann surface X,

Z(e) = vol(gl;(P)) <217r6> Sl /A PRI [216 /E Tr (FA/\*FA)],

Ag(p) = dlmQ(P) (2.1)

Here we assume that the Yang—Mills gauge group G is compact, connected,
and simple. At times, especially for our discussion of Chern—Simons theory,
we will further specialize to the case that G is simply-connected as well.

2This description of the Seifert loop class was presciently suggested to me by E. Witten
as I was in the midst of this work.
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As is standard in gauge theory, we have introduced in (2.1) an invariant
quadratic form ‘Tr’ on the Lie algebra g of G. Our conventions for the form
‘Tr’ are as follows. If G = SU(r+ 1), then ‘Tr’ denotes the trace in the
fundamental representation. Because the generators of the Lie algebra of
SU(r + 1) are anti-Hermitian, the trace then determines a negative-definite
quadratic form on the Lie algebra. For other simple Lie groups, ‘Tr’ denotes
the unique invariant, negative-definite quadratic form on g, which is nor-
malized so that, for simply connected G, the Chern—Simons level k in (1.1)
obeys the conventional integral quantization.

With these conventions, the gauge field A is anti-Hermitian, and the
covariant derivative defined by A is d4 = d + A. The curvature of A is then
F4 =dA+ AAA, as appears in the Yang—Mills action in (2.1). Of course,
the parameter ¢ appearing there is related to the conventional Yang—Mills

coupling gym via € = ggm.

In order to define Z formally, we fix a principal G-bundle P over ¥. Then
the space A(P) over which we integrate in (2.1) is the space of connections
on P. The group G(P) of gauge transformations acts on A(P), and we
have normalized Z in (2.1) by dividing by the volume of G(P) and a formal
power of €. As we explained in [18], this normalization of Z is the natural
normalization when we apply non-abelian localization to compute the two-
dimensional Yang—Mills path integral.

The space A(P) is an affine space, which means that, if we choose a
particular basepoint Aj in A(P), then we can identify A(P) with its tangent
space at Ag. This tangent space is the vector space of sections of the bundle
le ® ad(P) of one-forms on ¥ taking values in the adjoint bundle associated
to P. In other words, an arbitrary connection A on P can be written
as A= Ay +n for some section n of QL ®ad(P). As the space A(P) is
affine, we define the path-integral measure DA up to an overall multiplicative
constant by taking any translation-invariant measure on A(P).

To define the Yang—Mills action in (2.1), we must introduce a duality
operator x on Y. For two-dimensional Yang—Mills theory, we only require
that the operator *x relates zero-forms to two-forms, and to obtain such an
operator we only need a symplectic structure, as opposed to a metric, on X.
Given a symplectic form w on X, we define x by the condition x1 = w. The
symplectic form w is invariant under all area-preserving diffeomorphisms of
¥, and this large group acts as a symmetry of two-dimensional Yang—Mills
theory. More precisely, this symmetry group is “large” in the sense that its
complexification is the full group of orientation-preserving diffeomorphisms
of ¥ [42]. This fact is fundamentally responsible for the topological nature
of two-dimensional Yang—Mills theory.
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2.1 The Yang—Mills path integral as a symplectic integral

To interpret the two-dimensional Yang—Mills path integral as a symplectic
integral of the canonical form in (1.3), we just need to identify the gauge
theory counterparts of the abstract geometric data that enter the symplectic
integral. These data consist of a symplectic manifold X with symplectic form
), a Lie group H with Hamiltonian action on X, and an invariant quadratic
form (-, -) on the Lie algebra h of H. The corresponding quantities in
two-dimensional Yang—Mills theory are very easy to guess.

First, the affine space A(P) carries a natural symplectic form Q deter-
mined by the intersection pairing on ¥ itself. Explicitly, if n and £ are any
two tangent vectors to A(P), represented on ¥ by sections of QL ® ad(P),
then € is defined by

1, €) = — /Z Tr(nAg). (2.2)

Clearly {2 is closed, non-degenerate, and invariant under both gauge trans-
formations and translations on A(P). Thus, A(P) plays the role of the
abstract symplectic manifold X in (1.3).

Similarly, we identify the translation-invariant path-integral measure DA
with the symplectic measure on A(P) determined by Q. Quite generally,
if X is a symplectic manifold of dimension 2n with symplectic form 2,
then the symplectic measure on X is given by the top-form Q"/n!. This
measure can be represented uniformly for X of arbitrary dimension by the
expression exp (1), where we implicitly pick out from the series expansion
of the exponential the term which is of top degree on X. So we formally
write DA = exp ().

As for the Hamiltonian group H acting on X, the obvious candidate for
this role in two-dimensional Yang-Mills theory is the group G(P) of gauge
transformations acting on A(P). Indeed, as was observed long ago by Atiyah
and Bott [12], the action of G(P) on A(P) is Hamiltonian with respect to
the symplectic form §2.

To recall what the Hamiltonian condition implies, we consider the gen-
eral situation that a connected Lie group H with Lie algebra h acts on a
symplectic manifold X preserving the symplectic form 2. The action of
H on X is then Hamiltonian when there exists an algebra homomorphism
from § to the algebra of functions on X under the Poisson bracket. The
Poisson bracket of functions f and g on X is given by {f,g} = —V}(g),
where Vy is the Hamiltonian vector field associated to f. This vector field
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is determined by the relation df = ty,(2, where vy, is the interior product
with V;. More explicitly, in local canonical coordinates on X, the com-
ponents of Vy are determined by f as Vi" = —(Q Hmn 9, f, where Q! is
an “inverse” to {) that arises by considering the symplectic form as an iso-
morphism Q : TM — T*M with inverse Q™1 : T*M — T'M. In coordinates,
Q1 is defined by (1™ Q,,,, = 0%, and {f, g} = Qnn V"V

The algebra homomorphism from the Lie algebra § to the algebra of
functions on X under the Poisson bracket is then specified by a moment
map 4 : X — b*, under which an element ¢ of b is sent to the function (u, ¢)
on X, where (-, -) is the dual pairing between h and h*. More generally,
we use (-, - ) throughout this paper to denote the canonical pairing between
any vector space and its dual. The moment map by definition satisfies the
relation

d{p, ¢) = 1y ()2, (2.3)

where V' (¢) is the vector field on X, which is generated by the infinitesimal
action of ¢. In terms of y, the Hamiltonian condition then becomes the
condition that p also satisfy

{1y @), (s )} = (s [0, 0))- (2.4)

Geometrically, equation (2.4) is an infinitesimal expression of the condition
that the moment map p commute with the action of H on X and the
coadjoint action of H on h*.

Returning from this abstract discussion to the case of Yang—Mills theory
on ¥, let us consider the moment map for the action of G(P) on A(P). If ¢
is an element of the Lie algebra of G(P) and hence is represented on ¥ by
a section of ad(P), the corresponding vector field V' (¢) on A(P) is given as
usual by?

V(p) = —da¢, dap=do+[A, ). (2.5)

We then compute directly using (2.2),

LV(¢)Q = /ETI“(dAgb/\éA) = —/ETI“(QZ) dadA) = —5/2 Tr(Fa¢). (2.6)

3In order to make some conventions for our discussion of Wilson loops more natural,
we have made the opposite choice for the sign of V(¢) as compared to that in [18]. As a
result, certain formulae in this paper differ by signs from the corresponding expressions
in [18].
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Here, we write § for the exterior derivative acting on A(P), so that, for
instance, A is regarded as a one form on A(P). Thus, the relation (2.3)
determines, up to an additive constant, that the moment map u for the
action of G(P) on A(P) is given by

wwz—éﬁmmy (2.7)

One can then check directly that p in (2.7) satisfies the condition (2.4)
that it arise from a Lie algebra homomorphism, and this condition fixes the
arbitrary additive constant that could otherwise appear in u to be zero.

Thus G(P) acts in a Hamiltonian fashion on A(P) with moment map
= F4. Here, we regard the curvature Fy, transforming on X as a section
of 0% ® ad(P), more abstractly as an element of the dual of the Lie algebra

of G(P).

Finally, to define the canonical symplectic integral in (1.3), the Lie algebra
b of the Hamiltonian group H must carry an invariant quadratic form (-, - ),
which we use to define the invariant function S = %(u, p). In the case of
Yang—Mills theory on Y, we use the duality operator x and the invariant
form ‘Tr’ to introduce the obvious positive-definite, invariant quadratic form
on the Lie algebra of G(P), given explicitly by

(¢, p) = — /E Tr(pAxg). (2.8)

We formally define the volume of G(P) as appears in (2.1) using the qua-
dratic form (2.8). With respect to this quadratic form, the Yang—Mills action
is precisely the square of the moment map in (2.7),

1

S = §(u, p) = —% /ETr(FA/\*FA). (2.9)

As a result, the path integral (2.1) of Yang—Mills theory on ¥ can be recast
completely in terms of the symplectic data associated to the Hamiltonian
action of G(P) on A(P),

ﬂ@zW@Mw<;J%mﬂA®aﬂé—;mwﬂ (2.10)

just as in (1.3).
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3 The symplectic geometry of Chern—Simons theory on a
Seifert manifold

Following Section 3 of [18], our goal in this section is to review how the path
integral which describes the partition function of Chern—Simons theory on
a Seifert manifold can be recast as a symplectic integral of the canonical
form (1.3). For the convenience of the reader, the treatment below is both
self-contained and reasonably complete, though not so exhaustive as that
in [18].

To setup notation, we consider Chern—Simons gauge theory on a three-
manifold M with compact, connected, simply connected, and simple gauge
group G. With these assumptions, any principal G-bundle P on M is topo-
logically trivial, and we denote by A the affine space of connections on the
trivial bundle. We denote by G the group of gauge transformations acting

on A.

We begin with the Chern—Simons path integral

7 = 1 1 o DA i Tr| AANdA 2A/\A/\A
= Toi@) <2w> /A e’q’[ze /, ( T3 )]

2
€= % Ag = dim. (3.1)

Here, we have introduced a coupling parameter € by analogy to the canonical
symplectic integral in (1.3), and we have included a number of formal factors
in Z. First, we have the measure DA on A, which we again define up to
norm as a translation-invariant measure on A. As usual, we have also divided
the path integral by the volume of the group of gauge transformations G.
Finally, to be fastidious, we have normalized Z by a formal power of ¢ which
as in (2.1) is natural when Z is defined by localization.

At the moment, we make no assumption about the three-manifold M.
However, if M is a Seifert manifold, then to interpret the Chern—Simons
path integral symplectically we must eventually decouple one of the three
components of the gauge field A. This observation motivates the following
reformulation of Chern—Simons theory, which proves to be key to the rest
of the paper.

3.1 A new formulation of Chern—Simons theory, part 1

In order to decouple one of the components of A, we begin by choosing a
one-dimensional subbundle of the cotangent bundle T*M of M. Locally on
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M, this choice can be represented by the choice of an everywhere non-zero
one-form k, so that the subbundle of 7% M consists of all one-forms propor-
tional to k. However, if ¢ is any non-zero function, then clearly x and tk
generate the same subbundle in T* M. Thus, our choice of a one-dimensional
subbundle of T*M corresponds locally to the choice of an equivalence class
of one-forms under the relation

K~ tEK. (3.2)

We note that the representative one-form x which generates the subbundle
need only be defined locally on M. Globally, the subbundle might or might
not be generated by a non-zero one-form, which is defined everywhere on
M ; this condition depends upon whether the sign of x can be consistently
defined under (3.2) and thus whether the subbundle is orientable or not.

We now attempt to decouple one of the three components of A. Specifi-
cally, our goal is to reformulate Chern—Simons theory on M as a theory that
respects a new local symmetry under which A varies as

A = oK. (3.3)

Here ¢ is an arbitrary section of the bundle Q]D\/[ ® g of Lie algebra-valued
functions on M.

The Chern—Simons action certainly does not respect the local “shift”
symmetry in (3.3). However, we can trivially introduce this shift symmetry
into Chern—Simons theory if we simultaneously introduce a new scalar field
® on M which transforms like A in the adjoint representation of the gauge
group. Under the shift symmetry, ® transforms as

50 = 0. (3.4)

For future reference, we denote the infinite-dimensional group of shift sym-
metries parameterized by o as S.

Now, if x in (3.3) is scaled by a non-zero function ¢ so that k — tx,
then this rescaling can be absorbed into the arbitrary section o, which also
appears in (3.3), so that the transformation law for A is well-defined. How-
ever, from the transformation (3.4) of ® under the same symmetry, we see
that because we absorb ¢ into ¢ we must postulate an inverse scaling of ®,
so that ® — ¢t~1®. As a result, although « is only locally defined up to scale,
the product x ® is well defined on M.

The only extension of the Chern—Simons action that now incorporates
both ® and the shift symmetry is the Chern-Simons functional CS(-) of
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the shift-invariant combination A — x ®. Thus, we consider the theory with
action

S(A, @) = CS(A — x ®), (3.5)

or more explicitly,

S(A, ®) = CS(A) — /

[zmTr(@FA) — kAdEk Tr(<1>2)} . (3.6)
M

To proceed, we play the usual game used to derive field theory dualities
by path integral manipulations, as for T-duality in two dimensions [26,96]
or abelian S-duality in four dimensions [104]. We have introduced a new
degree of freedom, namely @, into Chern—Simons theory, and we have simul-
taneously enlarged the symmetry group of the theory so that this degree of
freedom is completely gauge trivial. As a result, we can either use the shift
symmetry (3.4) to gauge ® away, in which case we recover the usual descrip-
tion of Chern—Simons theory, or we can integrate ® out, in which case we
obtain a new description of Chern—Simons theory that respects the action
of the shift symmetry (3.3) on A.

3.1.1 A contact structure on M

Hitherto, we have supposed that the one-dimensional subbundle of T M
represented by « is arbitrary, but at this point we must impose an important
geometric condition on this subbundle. From the action S(A,®) in (3.6),
we see that the term quadratic in @ is multiplied by the local three-form
kAdk. In order for this quadratic term to be everywhere non-degenerate on
M, so that we can easily perform the path integral over ®, we require that
kAdk is also everywhere non-zero on M.

Although k itself is only defined locally and up to rescaling by a non-
zero function ¢, the condition that kKAdk # 0 pointwise on M is a globally
well-defined condition on the subbundle generated by . For when k scales
as k — t k for any non-zero function ¢, we easily see that kAdk also scales
as kAdk — t?> kAdk. Thus, the condition that kAdk # 0 is preserved under
arbitrary rescalings of &.

The structure that we thus introduce on M is the choice of a one-
dimensional subbundle of T*M for which any local generator k satisfies
kAdk # 0 at each point of M. This geometric structure, which appears so
naturally here, is known as a contact structure [19,48,54]. More generally,
on an arbitrary manifold M of odd dimension 2n + 1, a contact structure
on M is defined as a one-dimensional subbundle of 7*M for which the local
generator k satisfies KA(dk)™ # 0 everywhere on M.
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In many ways, a contact structure is the analogue of a symplectic structure
for manifolds of odd dimension. The fact that we must choose a contact
structure on M for our reformulation of Chern—Simons theory is thus closely
related to the fact, mentioned previously, that we must choose a symplectic
structure on the Riemann surface ¥ in order to define Yang—Mills theory
on .

We will say a bit more about contact structures on Seifert manifolds later,
but for now, we just observe that, by a classic theorem of Martinet [82], any
compact, orientable* three-manifold possesses a contact structure.

3.1.2 Path integral manipulations

Without loss of generality, we choose a contact structure on the three-
manifold M, and we consider the theory defined by the path integral

1 1 1\
2(9) = JolG) VoI(S) <27re>

x / DADP exp [21 (CS(A)— /M2/<a/\Tr(‘I>FA)—|— /Mfc/\dm Tr(q)2() ])
3.7

Here the measure D® is defined independently of any metric on M by the
invariant, positive-definite quadratic form

(@, @) = — /M KAk Tr(9?), (3.8)

which is invariant under the scaling xk — tx, ® — t~! ®. We similarly use
this quadratic form to define formally the volume of the group S of shift
symmetries, as appears in the normalization of (3.7).

Using the shift symmetry (3.4), we can fix & = 0 trivially, with unit Jaco-
bian, and the resulting group integral over S produces a factor of Vol(S)
to cancel the corresponding factor in the normalization of Z(€). Hence, the
new theory defined by (3.7) is fully equivalent to Chern—Simons theory.

On the other hand, because the field ® appears only quadratically in the
action (3.6), we can also perform the path integral over ® directly. Upon

4We note that, because kAdk — t? kAdk under a local rescaling of x and because t2
is always positive, the sign of the local three-form kAdk is well-defined. So any three-
manifold with a contact structure is necessarily orientable.
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integrating out @, the new action S(A) for the gauge field becomes

S(A) = /MTr <A/\dA + §A/\A/\A> _ /M ,ml C(sAFa?] (39)

We find it convenient to abuse notation slightly by writing “1/kAdk” in (3.9).
To explain this notation precisely, we observe that, as kAdk is non-vanishing,
we can always write kAF4 = ¢ kAdk for some function ¢ on M taking values
in the Lie algebra g. Thus, we set kAF4/kAdk = ¢, and the second term
in S(A) becomes [,, KATr(Fap). As our notation in (3.9) suggests, this
term is invariant under the transformation x — tk, since ¢ transforms as

o=t

By construction, the new action S(A) in (3.9) is invariant under the action
of the shift symmetry (3.3) on A. Alternatively, one can directly check
the shift-invariance of S(A), for which one notes that the expression KAF4
transforms under the shift symmetry as

KANF4 — kAFA + 0 KAdK. (3.10)

The partition function Z(e) now takes the form

1 1 i\ 2/
() = 1@ VolS) (m)

X / DA exp {1 ( / Tr(AAdA+ 2A/\A/\A)
A 26 M 3

- H/\ldKTr [(HAFAﬂ , (3.11)
M

where the Gaussian integral over ® cancels some factors of 2me in the nor-
malization of Z. As is standard, in integrating over ® we assume that the
integration contour has been slightly rotated off the real axis, effectively giv-
ing € a small imaginary part, to regulate the oscillatory Gaussian integral.
Thus, the theory described by the path integral (3.11) is fully equivalent to
Chern—Simons theory, but now one component of A manifestly decouples.

3.2 The Chern—Simons path integral as a symplectic integral

Our reformulation of the Chern—Simons partition function in(3.11) applies
to any three-manifold M with a specified contact structure. However, in
order to apply non-abelian localization to Chern—Simons theory on M, we
require that M possesses additional symmetry.
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Specifically, we require that M admits a locally free U(1) action, which
means that the generating vector field on M associated to the infinitesimal
action of U(1) is nowhere vanishing. A free U(1) action on M clearly satisfies
this condition, but more generally it is satisfied by any U(1) action such that
no point on M is fixed by all of U(1) (at such a point the generating vector
field would vanish). Such an action need not be free, since some points on
M could be fixed by a cyclic subgroup of U(1). The class of three-manifolds
which admit a U(1) action of this sort are precisely the Seifert manifolds.

To proceed further to a symplectic description of the Chern—Simons path
integral, we now restrict attention to the case that M is a Seifert manifold.
We first review a few basic facts about such manifolds, for which a complete
reference is [90].

3.2.1 Contact structures on Seifert manifolds

For simplicity, we begin by assuming that the three-manifold M admits a
free U(1) action. In this case, M is the total space of a circle bundle over a
Riemann surface ¥,

St M
%ﬂ, (3.12)

and the free U(1) action simply arises from rotations in the fiber of (3.12).
The topology of M is completely determined by the genus h of ¥ and the
degree n of the bundle. Assuming that the bundle is non-trivial, we can
always arrange by a suitable choice of orientation for M that n > 1.

At this point, one might wonder why we restrict attention to the case of
non-trivial bundles over ¥. As we now explain, in this case M admits a
natural contact structure that is invariant under the action of U(1). As a
result, our reformulation of Chern—Simons theory in (3.11) still respects this
crucial symmetry of M.

To describe the U(1) invariant contact structure on M, we simply exhibit
an invariant one-form , defined globally on M, which satisfies the contact
condition that kAdk is nowhere vanishing. To describe k, we begin by
choosing a symplectic form w on ¥, which is normalized so that

/Ew 1 (3.13)

Regarding M as the total space of a principal U(1)-bundle, we take x to be
a connection on this bundle (and hence a real-valued one-form on M) whose
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curvature satisfies
dk =nmtw, (3.14)

where we recall that n > 1 is the degree of the bundle. For a nice, explicit
description of x in this situation, see the description of the angular form in
Section 6 of [25].

We let R (for “rotation”) be the non-vanishing vector field on M, which
generates the U(1) action and which is normalized, so that its orbits have
unit period. By the fundamental properties of a connection, x is invariant
under the U(1) action and satisfies (k,R) = 1. Here (-, -) again denotes
the canonical dual pairing. Thus, k pulls back to a non-zero one-form that
generates the integral cohomology of each S! fiber of M, and we immediately
see from (3.14) that kAdk is everywhere non-vanishing on M so long as the
bundle is non-trivial.

Of course, in the above construction we have assumed that M admits a
free U(1) action, which is a more stringent requirement than the condition
that no point of M is completely fixed by the U(1) action. However, an arbi-
trary Seifert manifold does admit an orbifold description precisely analogous
to the description of M as a principal U(1)-bundle over a Riemann surface.
We simply replace the smooth Riemann surface ¥ with an orbifold f), and
we replace the principal U(1)-bundle over ¥ with its orbifold counterpart,
in such a way that the total space is a smooth three-manifold.

Concretely, the orbifold base S of M is now described by a Riemann
surface of genus h with marked points p; for j =1,..., N at which the
coordinate neighborhoods are modeled not on C but on C/Z,, for some
cyclic group Zg;, which acts on the local coordinate z at p; as

2oz, (=e¥a (3.15)

The choice of the particular orbifold points p; is topologically irrelevant, and

the orbifold base & can be completely specified by the genus h and the set
of integers {aq,...,an}.

We now consider a line V-bundle over . Such an object is precisely
analogous to a complex line bundle, except that the local trivialization over
each orbifold point p; of S is now modeled on C x C/Zq,;, where Z,; acts
on the local coordinates (z, s) of the base and fiber as

2 Coz, s (s, (=e?m/ (3.16)
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for some integers 0 < b; < a;.

Given such a line V-bundle over i, an arbitrary Seifert manifold M can
be described as the total space of the associated S! fibration. Of course,
we require that M itself be smooth. This condition implies that each
pair of integers (aj;,b;) above must be relatively-prime, so that the local
action (3.16) of the orbifold group Zg, on C x S' is free. In particular, we
require b; # 0 above.

The U(1) action on M again arises from rotations in the fibers over f),
but this action is no longer free. Rather, the points in the S* fiber over each
ramification point p; of S are fixed by the cyclic subgroup Z,, of U(1), due
to the orbifold identification in (3.16).

Once the integers {b1, ..., by} are fixed, the topological isomorphism class
of a line V-bundle on ¥ is specified by a single integer n, the degree. Thus,
in total, the description of an arbitrary Seifert manifold M is given by the
Seifert invariants

h;m; (a17b1)7"'7(aNabN):|7 ng(ajﬂb]) =L (317)

As the basic notions of bundles, connections, curvatures, and (rational)
characteristic classes generalize immediately from smooth manifolds to orb-
ifolds [97,98], our previous construction of an invariant contact form x as a
connection on a principal U(1)-bundle immediately generalizes to the orb-
i/fold situation here. In the orbifold case, if L denotes the line V-bundle over
¥ which describes M with Seifert invariants (3.17), the Chern class of L is
given by

N
~ i
ci(L)=n+ ]21 o (3.18)

So long as ¢i (L) is non-zero (and positive by convention), then £ is non-
trivial, generalizing the previous condition that n > 1. In particular, n can
now be any integer such that 61(2) > (0. To define a contact structure on M
by analogy to (3.14), we then choose the connection «, so that its curvature

is given by
Ny
dr = > Lo 1
K n+j_1aj T w0, (3.19)

where @ is a symplectic form on & of unit volume, as in (3.13).
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In the course of our discussion, we have distinguished the orbifold S from
the smooth Riemann surface X. In the future, we will not make this artificial
distinction, and for our discussion of Chern—Simons theory, we use ¥ to
denote an arbitrary Riemann surface, possibly with orbifold points.

3.2.2 A symplectic structure for Chern—Simons theory

We now specialize to the case of Chern—Simons theory on a Seifert mani-
fold M, which carries a distinguished U(1) action and an invariant contact
form k. Our first task is to identify the symplectic space in Chern—Simons
theory on M, which is to play the role of X in the canonical symplectic
integral (1.3).

Initially, the path integral of Chern—Simons theory is an integral over
the affine space A of all connections on M, and unlike the case for two-
dimensional Yang—Mills theory, A is not naturally symplectic. However,
we now reap the reward of our reformulation of Chern—Simons theory to
decouple one component of A. Specifically, we consider the following two-
form Q on A. If n and £ are any two tangent vectors to A, and hence are
represented by sections of the bundle Q]l\/[ ® g on M, we define 0 by

Qn, &) =— /M KATr(nAE) . (3.20)

Because k is a globally defined one-form on M, the expression for €2
in (3.20) is also well defined. Further, € is manifestly closed and invariant
under all symmetries. In particular, {2 is invariant under the group & of
shift symmetries, and by virtue of this shift invariance, ) is degenerate
along tangent vectors to A of the form ok, where o is an arbitrary section
of Q% ®g.

Unlike the gauge symmetry G, which acts non-linearly on A, the shift
symmetry S acts in a simple, linear fashion on A. Thus we can trivially
take the quotient of A by the action of S, which we denote as

A=A/S. (3.21)

Under this quotient, the pre-symplectic form Q on A descends immediately
to a symplectic form on A, which becomes a symplectic space naturally asso-
ciated to Chern-Simons theory on M. So, A plays the role of the abstract
symplectic manifold X in (1.3).

Our reformulation of the Chern-Simons action S(A) in (3.9) is invariant
under the shift symmetry S, so S(A) immediately descends to the quotient
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A. However, we should also think (at least formally) about the path integral
measure DA.

As we explained in some detail in Section 3.3 of [18], the translation-
invariant measure DA on A pushes down to the symplectic measure defined
by Q on A. Along the way, the formal integral over the orbits of S con-
tributes a factor of the volume Vol(S) to cancel the prefactor in (3.11).
Consequently, the Chern—Simons path integral reduces to the following inte-
gral over A,

Z(e) = VO11( i (;ﬁ) Bl /,4 exp [Q + QiES(A)], (3.22)

with

S(A) = /MTr<A/\dA+ §A/\A/\A> - /M ml dﬁ”ﬁ“[(n/\FA}Q] (3.23)

3.3 Hamiltonian symmetries

To complete our symplectic description of the Chern—Simons path integral
on M, we must show that the action S(A) in (3.23) is the square of a
moment map p for the Hamiltonian action of some symmetry group H on
the symplectic space A.

By analogy to the case of Yang—Mills theory on ¥, one might naively
guess that the relevant symmetry group for Chern—Simons theory would
also be the group G of gauge transformations. One can easily check that the
action of G on A descends under the quotient to a well-defined action on
A, and clearly the symplectic form Q on A is invariant under G. However,
one interesting aspect of non-abelian localization for Chern—Simons theory
is the fact that the group H which we use for localization must be somewhat
more complicated than G itself.

A trivial objection to using G for localization is that, by construction, the
square of the moment map p for any Hamiltonian action on A defines an
invariant function on A, but the action S(A) is not invariant under the group
G. Instead, the action S(A) is the sum of a manifestly gauge-invariant term
and the usual Chern—Simons action, which shifts by integral multiples of
872 under “large” gauge transformations, those not continuously connected
to the identity in G.
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This trivial objection is easily overcome. We consider not the disconnected
group G of all gauge transformations but only the identity component Gy of
this group, under which S(A) is invariant.

We now consider the action of Gy on A, and our first task is to determine
the corresponding moment map pu. If ¢ is an element of the Lie algebra of Gy,
described by a section of the bundle Q(])w ® g on M, then the corresponding
vector field V (¢) generated by ¢ on A is given® by V(¢) = —da¢. Thus,
from our expression for the symplectic form €2 in (3.20) we see that

Ly (g2 = /M RATr(dapNdA) . (3.24)

Integrating by parts with respect to d4, we can rewrite (3.24) in the form
5{y1,6), where

(u, Py = — /M EATF<¢FA> + /M dli/\TI‘(gf)(A - A0)>. (3.25)

Here Ay is an arbitrary connection, corresponding to a basepoint in .4, which
we must choose so that the second term in (3.25) can be honestly interpreted
as the integral of a differential form on M. In the case that the gauge group
G is simply connected, so that the principal G-bundle over M is necessarily
trivial, the choice of a basepoint connection Ay corresponds geometrically
to the choice of a trivialization for the bundle on M. We will say more
about this choice momentarily, but we first observe that the expression for
w in (3.25) is invariant under the shift symmetry and immediately descends
to a moment map for the action of G on A.

The fact that we must choose a basepoint Ap in A to define the moment
map is very important in the following, and it is fundamentally a reflection of
the affine structure of .A. In general, an affine space is a space which can be
identified with a vector space only after some basepoint is chosen to represent
the origin. In the case at hand, once Ag is chosen, we can identify A with the
vector space of sections 7 of the bundle Q}, ® g on M, via A = Ay + 1, as we
used in (3.25). However, A is not naturally itself a vector space, since A does
not intrinsically possess a distinguished origin. This statement corresponds
to the geometric statement that, although our principal G-bundle on M is
trivial, it does not possess a canonical trivialization.

In terms of the moment map p, the choice of Ay simply represents the
possibility of adding an arbitrary constant to p. In general, our ability to add

5Once again, we warn the reader that our convention for the sign of V' (¢) is opposite
from that in [18].
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a constant to ;1 means that p need not determine a Hagiltonian action of Gy
on A. Indeed, as we show below, the action of Gy on A is not Hamiltonian
and we cannot simply use Gy to perform localization.

In order not to clutter the expressions below, we assume henceforth that
we have fixed a trivialization of the G-bundle on M and we simply set
Ag =0.

To determine whether the action of Gy on A is Hamiltonian, we must
check the condition (2.4) that p determine a homomorphism from the Lie
algebra of Gy to the algebra of functions on A under the Poisson bracket.
So we directly compute

{1, 8), (16} = Q(das, dat)) = — /M KATH(dAdNAD)
:—/ AT ([0, ] Fa) —/ AT (6 dat),
M M
= ufo0]) = [ dnnTe(o ). (3.26)

Thus, the failure of u to determine an algebra homomorphism is measured
by the cohomology class of the Lie algebra cocycle

(b)) = {1, 0), (s 0) } — (s [0, 9)),
= —/ d/i/\Tr(qul/J) = —/ /4;/\me1"(<;3£131/1). (3.27)
M M

In the second line of (3.27), we have rewritten the cocycle more suggestively
by using the Lie derivative £ along the vector field R on M, which generates
the U(1) action. The class of this cocycle is not zero, and no Hamiltonian
action on A exists for the group Gy.

3.3.1 Some facts about loop groups

The cocycle appearing in (3.27) has a very close relationship to a similar
cocycle that arises in the theory of loop groups, and some well-known loop
group constructions feature heavily in our study of Chern—Simons theory.
We briefly review these ideas, for which a general reference is [94].

When G is a finite-dimensional Lie group, we recall that the loop group
LG is defined as the group of smooth maps Map(S!,G) from S! to G.
Similarly, the Lie algebra Lg of LG is the algebra Map(S?',g) of smooth
maps from S! to g. When g is simple, then the Lie algebra Lg admits a
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unique, G-invariant cocycle up to scale, and this cocycle is directly analogous
to the cocycle we discovered in (3.27). If ¢ and 1 are elements in the Lie
algebra Lg, then this cocycle is defined by

(e, ) = _/51 Tr<¢d¢) - _/51 dTTr((ﬁ,ERzp). (3.28)

In passing to the last expression, we have by analogy to (3.27) introduced a
unit-length parameter 7 on S!, so that S g1 d7 =1, and we have introduced
the dual vector field R = /01 which generates rotations of S*.

In general, if g is any Lie algebra and ¢ is a non-trivial cocycle, then ¢
determines a corresponding central extension g of g,

R—§—g. (3.29)

As a vector space, g = g ® R, and the Lie algebra of g is given by the bracket

(@), (60| = (16,01, e(0,v)). (3.30)

where ¢ and 1 are elements of g, and a and b are elements of R.

In the case of the Lie algebra Lg, the cocycle ¢ appearing in (3.28) con-

sequently determines a central extension Lg of Lg. When G is simply con-
nected, the extension determined by ¢ or any integral multiple of ¢ lifts to a
corresponding extension of LG by U(1),

U(l); — LG — LG. (3.31)

Here we use the subscript ‘Z’ to distinguish the central U(1) in LG from

another U(1) that will appear shortly. Topologically, the extension LG is
the total space of the S' bundle over LG whose Euler class is represented by
the cocyle of the extension, interpreted as an invariant two-form on LG. The
fact that the Euler class must be integral is responsible for the corresponding
quantization condition on the cocycle of the extension.

When g is simple, the algebra Lg has a non-degenerate, invariant inner
product, which is unique up to scale and is given by

(6:0) = = [ arTe(on). (332)

On the other hand, the corresponding extension EE; does not possess a
non-degenerate, invariant inner product, since any element of Lg can be
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expressed as a commutator, so that [I/JB,I/E} = I/E, and the center of ITE;
is necessarily orthogonal to every commutator under an invariant inner
product.

However, we can also consider the semidirect product U(1)g x LG. Here
U(1)g is the group acting on S* by rigid rotations, inducing a natural action
on LG by which we define the product. The important observation about
the group U(1)g x L@ is that it does admit an invariant, non-degenerate

inner product on its Lie algebra.

Explicitly, the Lie algebra of U(1)g X LG is identified with R & Lg =
R @ Lg @ R as a vector space, and the Lie algebra is given by the bracket

[(p7 d)v CL), (q7 wa b)] = (07 [¢7 1/}] +p£R¢ - q"{:Rd)v C(¢, 77/)))? (333>

where £ is the Lie derivative with respect to the vector field R generat-
ing rotations of /Sj . We then consider the manifestly non-degenerate inner
product on R @ Lg which is given by

((p 6,0, (¢, 6,B)) = — /M dr Te(¢w) — pb — qa. (3.34)

One can directly check that this inner product is invariant under the adjoint
action determined by (3.33). We note that although this inner product
is non-degenerate, it is not positive-definite because of the last two terms
in (3.34).

3.3.2 Extension to Chern—Simons theory

We now return to our original problem, which is to find a Hamiltonian action
of a group H on A to use for localization. The natural guess to consider
the identity component Gy of the gauge group does not work, because the
cocycle ¢ in (3.27) obstructs the action of Gy on A from being Hamiltonian.

However, motivated by the loop group constructions, we consider now
the central extension Gy of Gy by U(1) which is determined by the cocycle ¢
in (3.27),

U(1)z — Go — Go. (3.35)

Again we use the subscript ‘Z’ to distinguish the central U(1)z in §0 from
the geometric U(1)g that acts on the Seifert manifold M.

We assume that the central U(1)z subgroup of Go acts trivially on A, so
that the moment map for the central generator (0,a) of the Lie algebra is
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constant. Then by construction, we see from (3.27) and (3.30) that the new
moment map for the action of Gy on A is given by the sum

(, (¢,a)) = — /M kATr(¢Fa) + /M deN\Tr(pA) + a, (3.36)

and this moment map does satisfy the Hamiltonian condition
{0 0,0)), (s (,00) } = {1, [(0,0), (0,)] ). (3.37)

The action of the extended group 50 on A is thus Hamiltonian with moment
map in (3.36).

But QVO is still not the group H which we must use to perform non-abelian
localization in Chern—Simons theory! In order to realize the action S(A) as
the square of the moment map s for some Hamiltonian group action on A,
the Lie algebra of the group must first possess a non-degenerate, invariant
inner product. Just as for the loop group extension LG the group go does
not possess such an inner product.

However, we can elegantly remedy this problem, just as it was remedied
for the loop group, by also considering the geometric action of U(1)g on M.
The U(1)g action on M induces an action of U(1)g on Go, so we consider
the associated semidirect product U(1)g X Go. A non-degenerate, invariant
inner product on the Lie algebra of U(1)g x Go is given by

((p.6,a), (q..)) = — /M AR TH(G0) —pb—qa,  (3.38)

in direct correspondence with (3.34). As for the loop group, this quadratic
form is of indefinite signature, due to the hyperbolic form of the last two
terms in (3.38).

Finally, the U(1)g action on M immediately induces a corresponding
action on A. Since the contact form k is invariant under this action, the
induced U(1)r action on A descends to a corresponding action on the quo-
tient A. In general, the vector field upstairs on A4, which is generated by an
arbitrary element (p, ¢, a) of the Lie algebra of U(1)g x Gy is then given by

SA=—dad+pLrA, (3.39)
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where we recall that R is the vector field on M generating the action of
U(1)g. Clearly the moment for the new generator (p,0,0) is given by

1
(u, (p,0,0)) = —2p/ RATr(£rANA) . (3.40)
M
This moment is manifestly invariant under the shift symmetry and descends
to A.
In fact, the action of U(1)g x Go on A is Hamiltonian, with moment map

<:u7 (p7 b, CL)> = _;p/

/{/\Tr(.fRA/\A)—/ kAT (pF )
M

M

+ /M deN\Tr(pA) + a. (3.41)

To check this statement, it suffices to compute {(x, (p,0,0)), (&, (0,7,0))},
which is the only non-trivial Poisson bracket that we have not already com-
puted. Thus,

{<,u7 (p7 07 O)>7 </~L> (Oa % O)>} = (p £RA7 —dA¢) = p/ '%/\’I‘r("gRA/\dAw)a
M
=-p /M KATr(£rY Fa)

+ p/M deNTr(£r A)
= (1, (0,p £x9,0)), (3.42)
as required by the Lie bracket (3.33). So, we identify
H =U(1)x x Go (3.43)
as the relevant group of Hamiltonian symmetries to use for localization in
Chern—Simons theory.

3.4 The shift-invariant action as the square of the moment map

By construction, the square (u, u) of the moment map g in (3.41) for the
Hamiltonian action of H on A is a function on A invariant under H. The
new Chern—Simons action S(A) in (3.9) is also a function on A invariant
under H. Given the high degree of symmetry, we certainly expect that (1, u)
and S(A) agree up to normalization. We now check this fact and fix the
relative normalization.
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From (3.38) and (3.41), we see immediately that

kAF4 — deNA 2
(o, ) = /M /i/\Tr(,ERA/\A> - /M kAdk Tr (/@/\dﬁ) (3.44)
Using the identity
drNA
LR = dﬁ/\[{ ; (345)

let us rewrite (3.44) as

(u,p) = /M /ﬁ?/\TI"(.fRA/\A) + Q/M KATr [(LRA> FA}

—/M IiAdHT‘I‘[(LRA)Q] —/ 1 Tr[(lf/\FA)2]- (3.46)

M RAdK

We also require a somewhat more baroque identity,
2
CS(A) = / Tr (A/\dA + 3A/\A/\A) ,
M

- /M /-f/\Tr<£RA/\A> 42 /M /ﬁ/\Tl“|:(LRA) FA}

/ li/\dliTl“[(LRA)ﬂ. (3.47)
M

At first glance, the identity in (3.47) may not be immediately obvious, but
it can be checked by elementary means. See Section 3.5 of [18], especially
(3.56) and (3.58) therein®, for a very explicit demonstration of (3.47).

From (3.46) and (3.47), we then obtain the beautiful result,

(11, 1) = CS(A) — /M x| (kA F)?).

= S(A). (3.48)

A slight discrepancy exists between the numbering of equations in the arXived and
published versions of [18]. We refer throughout to the version of [18] on the electronic
arXiv.
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So, we finally write the Chern-Simons partition function as a symplectic
integral over A of the canonical form,

Z(e) = Voll( i (;)AQ/Q /A exp [{Hi(% u)]. (3.49)

4 On Wilson loops and Seifert loops in Chern—Simons theory

Our goal is now to extend the results in Section 3 concerning the partition
function of Chern—Simons theory to corresponding results for the expecta-
tion values of Wilson loop operators.

As in Section 3, we do not require the Seifert condition initially. So we
consider Chern—Simons theory on an arbitrary three-manifold M, endowed
with a contact structure represented locally by a one-form x. We similarly
consider a general Wilson loop operator

Wa(C) = Tri P exp <_ ﬁA), (4.1)

where C' is an oriented closed curve smoothly embedded” in M, and R is
an irreducible representation of the simply connected gauge group G.

Throughout this paper, we find it useful to characterize the representation
R in terms of its highest weight. So, we pick a decomposition of the set R of
roots of G into positive and negative subsets, R = R UR_. With respect
to that decomposition, we then take o > 0 to be the highest weight of R.

We begin with the Wilson loop path integral,

1

Z(6C.R) = G (;WE)AQ /DA Wa(C)

X exp {21 / Tr (A/\dA + §A/\AAA>},
M

€

Ag = dimG. (4.2)

Here, we have been careful to normalize Z(e; C, R) precisely as we normalized
the basic Chern—Simons path integral in (3.1).

"The condition that C' be smoothly embedded in M is not strictly required to define
Wg(C) as a sensible operator in gauge theory. Indeed, the Wilson loop expectation value
in Chern—Simons theory can be computed exactly even for the case that C' is an arbitrary
closed graph [107] in M.
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4.1 A semi-classical description of the Wilson loop operator

This paper relies on only one good idea, to which we now come.

We clearly need a good idea, because a naive attempt to reapply the
path integral manipulations of Section 3 to the Wilson loop path integral
in (4.2) runs immediately aground. To illustrate the difficulty with the direct
approach, let us consider the obvious way to rewrite the Wilson loop path
integral in a shift-invariant form,

1 1 1 \29
Z(e;C,R) = Vol(G) Vol(S) (m) /DADI) Wr(C)

X exp [;ECS(A - m)] . (4.3)

Here Wr(C') denotes the generalized Wilson loop operator defined not using
A but using the shift-invariant combination A — x ®, so that

Wi(C) = Trp Pexp [_ 740 (A—x @)} | (4.4)

Exactly as for our discussion of the analogous path integral in (3.7), we can
use the shift symmetry to fix ® = 0, after which the path integral in (4.3)
reduces trivially to the Wilson loop path integral in (4.2).

However, to learn something useful from (4.3) we need to perform the path
integral over @, and as it stands, this integral is not easy to do. As the gen-
eralized Wilson loop operator Wg(C') is expressed in (4.4) as a complicated,
non-local functional of ®, the path integral over ® in (4.3) is not a Gaussian
integral that we can trivially evaluate as we did for the Chern—Simons path
integral in (3.7).

Very concretely, if we expand the path-ordered exponential in (4.4), we
immediately encounter an awkward series of multiple integrals over C' extend-
ing to arbitrary order in ®,

Wi(C) = dim R + ;f Trg P(A -~ k®)(7) - (4 - £ 2)()

cxC
1 /
- Gj{cXcXcTrRP[(A_ K®)(r) - (A~ r®)(r)

(A& @)(T")] T (4.5)
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Here, we have introduced separate parameters 7, 7/, and 7’ on C' to make
the structure of the double and triple integrals over C' manifest, and we
recall that the path-ordering symbol P implies that the factors in the mul-
tiple integrals are ordered so that 7 > 7/ > 7. We indicate similar terms
of quartic and higher order by *--’8 As is hopefully clear, any direct
attempt? to perform the path integral over ® in (4.3) would be painful, to
say the least.

A more fundamental perspective on our problem is the following. Let us
return to the description of the ordinary Wilson loop operator Wr(C') as
the trace in the representation R of the holonomy of A around C,

Wa(C) = Trp Pexp <_ %5 A). (4.6)

As observed by Witten in Section 3.3 of [105], this description of Wgr(C)
should be regarded as intrinsically quantum mechanical, for the simple
reason that Wgr(C) can be naturally interpreted in (4.6) as the partition
function of an auxiliary quantum system attached to the curve C. We will
eventually make this interpretation very precise, but briefly, the representa-
tion R is to be identified with the Hilbert space of the system, the holonomy
of A is to be identified with the time-evolution operator around C, and
the trace over R is the usual trace over the Hilbert space that defines the
partition function in the Hamiltonian formalism.

Because the notion of tracing over a Hilbert space is inherently quan-
tum mechanical, any attempts to perform essentially classical path integral
manipulations involving the expressions in (4.4) or (4.6) are misguided at
best. Rather, if we hope to generalize the simple, semi-classical path inte-
gral manipulations of Section 3 to apply to the Wilson loop path integral in
(4.2), we need to use an alternative description for the Wilson loop operator
that is itself semi-classical.

8In principle, a term linear in (A — x ®) also appears in the series expansion, but this
term vanishes identically when G is simply-connected and simple, as we assume.

9Though we will not make use of the following observation in this paper, the path
integral over ® in (4.3) can be performed directly, just as in Section 3, in the very special
case that C is a Legendrian curve [49] in M. By definition, if C is a Legendrian curve,
the tangent vector to C lies everywhere in the kernel of «. In this situation, ® completely
decouples from the generalized Wilson loop operator Wg(C) in (4.4), and the ordinary
Wilson loop operator Wr(C') is automatically shift-invariant. However, we do not wish to
make any special assumptions about C' at the moment. For one reason, if M is a Seifert
manifold with the U(1) invariant contact structure introduced in Section 3.2, the pullback
of k to each Seifert fiber is non-vanishing by construction, so the Seifert fibers are not
Legendrian.
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More precisely, we want to replace the quantum mechanical trace over R
in (4.6) by a path integral over an auxiliary bosonic field U which is attached
to the curve C and coupled to the connection A as a background field, so
that schematically

Wg(C) = /ﬂ] exp [i csa (U; A|C)] (4.7)

Here cs, (U ; A[c) is an action, depending upon the representation R through
its highest weight «, which is a local, gauge-invariant functional of the auxil-
iary field U and the restriction of A to C. Not surprisingly, this semi-classical
description (4.7) of Wr(C') turns out to be the key ingredient required to
reformulate the Wilson loop path integral in a shift-invariant fashion.

The idea of representing the Wilson loop operator by a path integral as
in (4.7) is far from new. In the context of Chern—Simons theory, this device
has already been applied to the canonical quantization of the theory by
Elitzur and collaborators in [47]. As will be clear, though, the path integral
description (4.7) of the Wilson loop operator holds much more generally
for any gauge theory in any dimension. In the context of four-dimensional
Yang—Mills theory, the semi-classical description of Wx(C') is then much
older, going back (at least) to work of Balachandran et al. [16] in the 1970s.
See [4,39,60] for other appearances of this idea, including a recent application
to the volume conjecture for the colored Jones polynomial in [41].

Despite such history, we now review in some detail how the path integral
description (4.7) of the Wilson loop operator works. We do so both for
sake of completeness and to introduce a few geometric ideas which become
necessary later. See also Section 7.7 of [37] for a very clear and somewhat
more concise exposition of the following material.

As we have indicated, the basic idea behind the path integral description
(4.7) of Wg(C) is very simple. We interpret the closed curve C' as a periodic
“time” for the field U, and we apply the Hamiltonian formalism to rewrite
the path integral over U axiomatically as the quantum mechanical trace of
the corresponding time-evolution operator around C,

Wr(C) = Try Pexp <—i fc H> (4.8)

Here H is the Hilbert space, which we obtain by quantizing the field U,
and H is the Hamiltonian, which acts upon H to generate infinitesimal
translations along C.
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Comparing the conventional description of the Wilson loop operator
in (4.6) to the axiomatic expression in (4.8), we see that the two agree
if we identify!®

R «— H,

Pexp (- f4) — pow (-1 f 1) (49)

Hence to make the Wilson loop path integral in (4.7) precise, we need only
exhibit a classical theory on C| for which the gauge group G acts as a sym-
metry, such that upon quantization we obtain a Hilbert space JH{ isomorphic
to R and for which the time-evolution operator around C' is given by the
holonomy of A, acting as an element of G on R.

4.1.1 Coadjoint orbits of G

Now, of the two identifications in (4.9), the more fundamental by far is
the identification of the irreducible representation R with a Hilbert space,
obtained by quantizing some classical phase space upon which G acts as a
symmetry. So before we even consider what classical theory must live on
C to describe the Wilson loop operator, we can ask the simpler and more
basic question — what classical phase space must we quantize to obtain R
as a Hilbert space?

This question is beautifully answered by the Borel-Weil-Bott theorem [24],
which explains how to obtain each irreducible representation of G by quan-
tizing a corresponding coadjoint orbit. Though the quantum interpretation
of the Borel-Weil-Bott theorem is quite standard (see for instance Section 15
of [78]), we non-etheless review it now. Once we do so, we will find it very
easy to exhibit the classical defect theory that must live on C' to describe
the Wilson loop operator.

More or less as a means to establish notation and conventions, let us first
recall some elementary facts about the geometry of the coadjoint orbits of
G. We first fix a maximal torus T' C G, for which t C g is the associated
Cartan subalgebra. By definition, the coadjoint orbits of G are embedded
in the dual g* of the Lie algebra g. However, given the invariant metric on

10We follow the standard physical definition according to which H is a Hermitian
operator, accounting for the ‘—4’ in (4.8). We also recall that the gauge field A is valued
in the Lie algebra g, so A is anti-Hermitian and no “i” appears in the holonomy.
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g defined by the pairing

((L’,y) = _Tr(xy)v T,y €49, (410)

we are free to identify g = g* and hence equivalently to consider the adjoint
orbits of G embedded in g itself. Though perhaps slightly unnatural from a
purely mathematical perspective, we find the latter convention convenient.
Thus, given an element A € t, we let Oy C g be the orbit through \ under
the adjoint action of G.

Alternatively, Oy can be regarded as a quotient G/G), where G is the
subgroup of G which fixes A under the adjoint action. If A\ is a generic
element of t, then G, = T, in which case A is said to be regular. However,
G\ can be strictly larger than T', culminating in the extreme case that A = 0
and G = G. The distinction between A regular and irregular will at times
be important, but for the moment we treat these cases uniformly.

As our notation suggests, we assume that G acts on G from the right,
so that the quotient G/G), is defined by the relation

g~gh ', g€G, heaG,. (4.11)
With this convention, we identify G/Gy with O, via the map
gGrr—grg !, (4.12)

and under (4.12), the left-action of G on itself descends to a transitive action

of G on O,.

In order to discuss the quantization of ) as a classical phase space,
we must endow O, with additional geometric structure, starting with a
coadjoint symplectic form vy. To describe the coadjoint symplectic form
explicitly, we introduce the canonical left-invariant one-form 6 on G which
is valued in g,

=g tdg, geG. (4.13)

Using the form ‘Tr’, we then define a real-valued, pre-symplectic one-form
©, on G,

Or=—(A0) =Tr(10), (4.14)

in terms of which we set

1

va = dOx = 5 (A [6.6]) = — (6, 1. 6)). (4.15)

N | —

In passing from (4.14) to (4.15

~—

, we use that df = —ON0 = —1[0,0].
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Quite literally, we have written vy in (4.15) as a two-form on G. However,
since G preserves A under the adjoint action, v is invariant under both the
left-action of G and the right-action of G, and vanishes upon contraction
with any vector tangent to G, so this two-form descends to an invariant
two-form on Oy.

As a two-form on O), clearly vy is closed. Furthermore, if we let gy
denote the Lie algebra of the stabilizer group G and g © g, denote the
orthocomplement to gy in g, then the adjoint action of A on g& g,y is
by definition non-degenerate, with non-zero eigenvalues. Identifying g © g
geometrically with the tangent space to Oy = G/G) at the identity coset,
we see from (4.15) that vy is thus non-degenerate as a symplectic form
on O A

4.1.2 The coadjoint moment map

One goal of the present discussion is to keep careful track of the various
signs and orientations which eventually enter our localization computations.
We have already chosen a particular sign in the definition (4.14) of the
pre-symplectic one-form ©,, and hence in the definition of the invariant
symplectic form vy. This choice of sign has a particularly felicitous conse-
quence for the moment map which describes the infinitesimal action of G
on O -

To compute the moment map for the action of G on O, we identify O,
with the quotient G/G) under the map in (4.12). The vector field V' (¢) on
O, generated by an element ¢ € g is then given at the coset g G simply by

dg=¢-g. (4.16)
From (4.15), we also see that
LV(¢)I/)\ = LV(d))d@)\ =—d (LV(¢>)@)\) . (4.17)

In passing to the second equality in (4.17), we use that the Lie derivative
Ly(g) = 1d, 1y (4} along V(¢) annihilates the invariant one-form ©,. Thus
via (2.3) and (4.14), the moment map p : Oy — g* for the action of G on
O, is given by

(1, ¢) = —tv(Or = (gAg™ ", ¢) = —Tr[(gAg™") - ¢]. (4.18)

An arbitrary constant could a priori appear in (4.18), but only if we
set this constant to zero does the moment map u satisfy the Hamiltonian
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condition in (2.4). Hence, G acts in a Hamiltonian fashion on O, with
moment map given by the natural embedding Oy C g = g* in (4.12).

4.1.3 O, as a Kahler manifold

In a nutshell, the Borel-Weil-Bott theorem concerns the algebraic geome-
try of the orbit Oy. So, we must also introduce a complex structure J on
O,. Like the coadjoint symplectic form, J will be invariant under G. Addi-
tionally, d will be compatible with vy in the sense that vy(-,J-) defines a
homogeneous Kéhler metric on Oy for which vy is the Kéhler form. The
existence of such a complex structure can be understood in various ways.
Here we take a rather down-to-earth approach and exhibit J directly as an
invariant tensor on O.

At the outset, we find it convenient to introduce the complexified Lie alge-
bras tc=t® C, gc=g® C, and gxc = g, ® C. The invariant metric (4.10)
on g extends immediately to a Hermitian metric on g¢, and we identify the
Hermitian complement gc© gy c with the complexified tangent space to Oy
at the identity coset.

Any invariant tensor on O, is determined by its value at a single point.
Hence, an invariant complex structure J on Oy can be described algebraically
as a splitting of the complexified tangent space at the identity coset into two
complementary, half-dimensional subspaces g(l’o) and g(o’l),

gcSore = g0 @ g, (4.19)

which we declare to consist of the respective holomorphic and anti-
holomorphic tangent vectors at that point and upon which J acts with
eigenvalues =+i.

The splitting in (4.19) can be obtained from any decomposition of the root
system SR of G into positive and negative subsets R4, so that R = RLUR_.
As standard, we often write 3 > 0 for positive roots 5 € R, and similarly
B < 0 for negative roots 8 € R_.

Of course, the decomposition 8 = R UR_ is not unique, and different
choices are related by the action of the Weyl group 20 of G. However, in
the generic case that A € tis regular, we can fix this ambiguity by requiring
that X itself lies in the positive Weyl chamber C; C t. We recall that Cy is
the polyhedral cone, with vertex at the origin, defined by the inequalities

Cy={Eet]|(B,&) >0 forall B>0}. (4.20)
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Thus, if A is regular, we simply take SR to be the subset of 3 € R such that
(B,\) > 0. Again, we often write A > 0 to indicate that A lies in C4, with
strict positivity when A is regular.

If X\ is not regular, then inevitably some non-zero roots 3, € ‘R satisfy
(B1,\) =0. Such 8, € R can be identified as roots of the stabilizer group
Gy. If G is non-trivial, we simply pick $3+ so that A lies on a boundary
wall of the positive Weyl chamber C,. This choice is determined up to the
action of the Weyl group 20, of G\. By definition, A is fixed by 20, and
as will be clear, the ambiguity under 20, is an unbroken gauge symmetry,
which eventually factors out of our computations.

Given the decomposition R = R UR_, we obtain an associated decom-
position of g¢ © {¢ into positive and negative rootspaces g+, so that gcS tc =
g+ P g—. Briefly, to define g+ themselves, we recall that the rootspace
eg associated to any non-zero root 3 is the one-dimensional eigenspace in
gc© tc upon which elements £ € t act via the Lie bracket with eigenvalue
+i(6,€). That is, if zg is an element of eg,

[f,xg] = +i <6,§> rg, xg € eg. (4.21)

The rootspaces g+ are then given by the direct sums of the eigenspaces eg
for positive and negative (3,

o= 5 9-= P e (4.22)

BERL BER_

We now meet a crucial sign. To define the holomorphic and anti-
holomorphic tangent spaces g(? and g(®) in (4.19), we naturally use the
positive and negative rootspaces g-. But which of g4 and g_ is to be holo-
morphic?

The answer to this question is determined by the requirement that v
(-,d-) defines a positive-definite, as opposed to negative-definite, Hermitian
form on the tangent space to O,. Using the definition of vy in (4.15) and
the convention that A > 0, one can check that the correct assignment is

¢ =(gcenc)nes 80 =(ecoanc)Ne-. (4.23)

In taking the intersection of gc © gy c with g4 to define the holomorphic
tangent space g\l9, we allow for the possibility that A is irregular. If X is



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 41 — #41

LOCALIZATION FOR WILSON LOOPS IN CHERN-SIMONS 41

regular and gy = t, then the assignment in (4.23) merely reduces to'!
g 0=g, ., g®=g_ | A>0 regular. (4.24)

With g% and g(®Y in hand, we immediately define the tensor J as
an invariant almost-complex structure on O,. By virtue of the elementary
Lie algebra relation [g4,g+] C g+, the Nijenhuis tensor associated to this
almost-complex structure vanishes, so that J in fact defines an honest, inte-
grable complex structure on O,. Finally, because the Hermitian metric on
gc only pairs elements of g, with elements of g_, and because A preserves
these spaces under the adjoint action, we see directly from (4.15) that vy
has holomorphic/anti-holomorphic type (1,1) with respect to J. Thus vy
and J together endow the orbit O, with a homogeneous Kéhler structure.

4.1.4 A prequantum line bundle on Oy

From a physical perspective, the Borel-Weil-Bott theorem explains how
to quantize O as a Kéahler manifold, so that is what we shall now do. We
follow the recipe of geometric quantization, for which a nice reference is [109].
Admittedly, the following exposition puts the cart before the horse, since
the notions of geometric quantization were developed partly based upon this
example.

In general, quantization is a delicate procedure. Athough A\ parametrizes
a continuous family of Kahler orbits in g, only a discrete subset of this
family can actually be quantized. Specifically, according to the usual Bohr—
Sommerfeld condition, the symplectic form vy must derive from a corre-
sponding prequantum line bundle over O,. By definition, a prequantum
line bundle on any symplectic manifold X with symplectic form €2 is a uni-
tary line bundle with connection whose curvature is given by +i{). In the
present setting, as we now explain, the coadjoint symplectic form vy on O,
derives from a prequantum line bundle precisely when \ € t is quantized as
a weight of G.

The last statement may require a minor clarification. The weight lattice
I'wt C t* of G is defined intrinsically as a lattice in the dual t* of the Cartan
subalgebra. However, we once again use the invariant metric (4.10) on g to

1At this stage, a warning is in order. In more algebraic approaches to the Borel-
Weil-Bott theorem, for which G/T = G¢ /B is presented as the quotient of the associated
complex group G¢ by a Borel subgroup B, the standard convention is to take the roots of B
to be positive roots of G. Hence in much of the literature, the holomorphic tangent space
g1% is identified with the negative rootspace g_, opposite to (4.23). That convention
ultimately leads to a characterization of R via lowest (as opposed to highest) weights,
which we prefer to avoid.
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identify t 22 t*, under which the dual A\* € t* of X is defined via the relation
(A", )= (A, -) =—=Tr(X -). So by the quantization of A as a weight of G,
we mean literally that A\* is quantized as an element of I'yy.

Henceforth, to avoid cluttering the notation, we implicitly apply the iso-
morphism t 2 t* induced by ‘—Tr’ and do not attempt to distinguish A from
A*. By the same token, if a € 'y is a weight of G, we do not distinguish «
from its dual in t.

To explain why A must be quantized as a weight of G, we classify the pos-
sible line bundles on the coadjoint orbits of G. As an immediate simplifying
observation, all coadjoint orbits Oy take the form of quotients G/G ), where
the stabilizer G necessarily contains the torus 7. Under the quotient map
from G/T to G/G,, any line bundle on G/G) immediately pulls back to a
line bundle on G/T. So we need only classify line bundles on G/T.

As usual, line bundles on G /T are classified topologically by elements of
H?(G/T;Z). On the other hand, G/T sits tautologically as the base of a
principal T-bundle whose total space is G,

T—G
) (4.25)
G/T

12

The Leray spectral sequence' associated to the fibration in (4.25) implies

that
H*(G/T;Z) = H(T;Z) = Hom(T, U(1)). (4.26)

For our application to Chern—Simons theory, we assume that the group G
is simply connected. The lattice of homomorphisms from T to U(1) is then
isomorphic to the weight lattice of G,

Ly = Hom (T, U(1)). (4.27)

Thus, at the level of topology, line bundles on G/T are in one-to-one
correspondence with weights of G.

The relation between line bundles on G /T and weights of G can be under-
stood more concretely as follows. For each weight o € 'y, we let g, be the

12For an excellent introduction to spectral sequences, see Section 14 of [25].
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corresponding homomorphism,
0o : T — U(1). (4.28)
Explicitly, o, is given in terms of a by

0a(t) = exp [i <a,§>], t=exp(§), €€t (4.29)

As indicated in (4.29), ¢ is a logarithm of ¢ € T. This logarithm is only
defined up to shifts £ — & + 27y, where y € t satisfies the integrality condi-
tion

exp (2my) = 1. (4.30)

Equivalently, each element y in (4.30) corresponds to a homomorphism from
U(1) to T. By definition, the lattice of such homomorphisms is the cochar-
acter lattice of G,

Ceochar = Hom(U(l), T), (4'31)

which for simply-connected G reduces to the coroot lattice I'coit. In any
event, because the lattices in (4.27) and (4.31) are canonically dual over Z,
the weight « satisfies (a,y) € Z for all y € I'¢ochar, and the homomorphism
0 is well defined.

Using the homomorphism in (4.29), we now introduce the associated line
bundle £(a) over G/T,

L(a) =G x,, C. (4.32)

Here “x,,” indicates that elements in the product G' x C are identified under
the action of T" as

t'(g,v):(gt_l,ga(t)-v), geG, velC, teT. (4.33)

Thus, each weight o determines a complex line bundle £(«). Conversely,
since H2(G;Z) = 0 under our assumptions on G, any line bundle on G/T
pulls back to a topologically-trivial line bundle on G and hence can be
represented by a quotient of G x C as in (4.33). Finally, if o happens to be
an irregular weight, the homomorphism g, in (4.29) extends uniquely to a
homorphism from G, to U(1), and £(«) is the pullback from a corresponding
line bundle on G/G,,.

To interpret £(«) as a prequantum line bundle, we still need to endow
£(«) with a Hermitian metric and a compatible unitary connection, both of
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which are invariant under G. Thankfully, the metric and the connection are
straightforward to describe.

For the metric, we note that sections of £(«) can be identified with com-
plex functions f on G which transform equivariantly under the action of T,

flgt™) =0a(t)- flg), g€@G, teT. (4.34)

Hence the invariant Hermitian metric for complex functions on G, unique up
to norm, immediately descends to an invariant Hermitian metric for sections

of £(a).

Since the metric on £(«) is invariant under G, a compatible unitary con-
nection on £(«) must be invariant as well. This observation, along with our
explicit description of g, suffices to fix the connection uniquely.

Of course, one can describe a connection on a line bundle in many ways.
As we have already defined £(«) in terms of the principal T-bundle in (4.25),
we also describe its connection in these terms. Globally, we take the invariant
unitary connection on £(«) to be a left-invariant one-form B on G, which
is valued in the Lie algebra of U(1), identified with +iR, and for which
dp = d + B is the covariant derivative acting on sections of £(«), identified
as in (4.34) with equivariant functions on G. Covariance of dp then implies
that dpoa(t) = 0, so B must be given in terms of the left-invariant Cartan
form 6 by

B=—i(a,0) =i0,. (4.35)

Since O, is the pre-symplectic one-form satisfying v, = dO,, the coadjoint
symplectic form vy on Oy derives from a prequantum line bundle precisely
when A = « is quantized as a weight of G, in which case the prequantum
line bundle is £(a). Actually, because \ lies by convention in the positive
Weyl chamber, o > 0 is necessarily a highest weight for G.

4.1.5 The Borel-Weil-Bott theorem in brief

At this point, the statement of the Borel-Weil-Bott theorem is remarkably
simple.'®  Because v, is the Kihler form for an invariant Kéhler metric
on O, the prequantum line bundle £(«) immediately becomes a holomor-
phic line bundle of positive curvature over O,. As such, the prequantum
line bundle naturally admits global holomorphic sections, and via the usual

3For sake of time, we regrettably omit the refinements due to Bott [24].
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recipe of geometric quantization, we construct a Hilbert space H for O, as
the space of holomorphic sections of £(«). That is,

H = Hy(Ou, L£(@)), a>0. (4.36)

On the other hand, the holomorphic sections of £(«) automatically trans-
form in a finite-dimensional representation of G' induced from its action on
O,. Perhaps not surprisingly, the role of the Borel-Weil-Bott theorem is to
identify this representation as none other than the irreducible representation
R with highest weight «,

R = H(Oq, £(a)). (4.37)

In these terms, the Borel-Weil-Bott isomorphism (4.37) exhibits R as a
Hilbert space obtained by quantizing O, as a classical phase space.

Though we have introduced the general adjoint orbit O, the Borel-Weil—
Bott theorem can be (and often is) stated purely in terms of the maximal
orbit described by G/T. As mentioned earlier, if « is not a regular weight of
G, the prequantum line bundle £(«) over O, = G/G,, pulls back to a holo-
morphic line bundle over G/T. The holomorphic sections of the pullback
also transform on G/T in the representation R, so at least from the per-
spective of algebraic geometry, the irreducible representations of G can be
constructed more uniformly using holomorphic line bundles on G/T alone.

However, if « is not a regular weight, the closed two-form v, is degenerate
on G/T. As an extreme example, if o =0, then £(«) is the trivial line
bundle, and v, = 0. Of course, in that case O, is simply a point. So to
interpret £(«) as a prequantum line bundle associated to a necessarily non-
degenerate symplectic form, we prefer to state the Borel-Weil-Bott theorem
with £(«) being a line bundle over the general adjoint orbit O,, as opposed
to the maximal orbit given by G/T.

4.1.6 An elementary example

Although we have given a careful description of the prequantum line bundle
£(«), it would unfortunately take us a bit too far afield to demonstrate
here the crucial Borel-Weil-Bott isomorphism in (4.37). However, see for
instance Section 23 of [52], particularly Exercise 23.62, for a nice proof.

In place of a proof, we end our geometric digression with an elementary
example of the Borel-Weil-Bott theorem in action. Namely, we let G be
SU(2), so that T'is U(1), and we identify G//T with S? via the Hopf fibration.
To endow G/T with a complex structure, we pick a positive Weyl chamber
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of SU(2), corresponding to an orientation for S2, after which we regard S2
as CP!.

To illustrate our conventions explicitly, we parameterize elements g of
SU(2) by means of complex variables (X,Y) € C2, so that

o ? X 2 2
g= (_X Y), IXP+[YP=1. (4.38)

Similarly, we parameterize elements ¢ in the maximal torus T" by means of
an angular variable 6,

el 0
t= ( 0 e_i(’)’ 0 € [0, 27]. (4.39)

Under the action g — ¢-t~!, the variables (X,Y) then transform homo-
geneously with unit charge, (X,Y) — (eie X, et Y). As for the complex
structure on G/T, we pick the positive Weyl chamber so that the positive
rootspace g4+ of SU(2) is spanned by strictly upper-triangular matrices,

gy =C. (8 é) . (4.40)

Conversely, g_ is spanned by lower triangular matrices. With this conven-
tion, [X : Y] become homogeneous coordinates on CP!.

The weights of SU(2) are labelled by a single integer m. If we use the
invariant metric ‘—Tr’ to dualize t = t*, the weights take the concrete form

m (i 0
a2<0 i)’ m € Z, (4.41)

such that « is positive when m > 0. The associated homomorphism g, :
T — U(1) in (4.29) then becomes g,(t) = exp (im ), and the holomorphic
line bundle £(«) defined in (4.32) and (4.33) is precisely the line bundle of
degree, or monopole number, m on CP!,

Via (4.34), we see that holomorphic sections of £(«) are given by degree
m polynomials in the homogeneous coordinates [X : Y] of CP!. Under the
action of SU(2), these polynomials transform naturally in the irreducible
representation of dimension m + 1, realizing the Borel-Weil-Bott isomor-
phism in (4.37). Finally, the Kéhler metric on CP! compatible with the
curvature of the invariant connection on £(«) for m > 0 is just a multiple
of the round, Fubini-Study metric.
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4.1.7 More about quantum mechanics on coadjoint orbits

Our discussion of the Borel-Weil-Bott theorem so far has been fairly
abstract. As the next step towards explaining the path integral description
of Wg(C), let us place the isomorphism in (4.37) into its proper physical
context.

To start, we clearly want to consider the quantum mechanics of a single
particle moving on the orbit O,. Formally, such a particle is described by a
one-dimensional sigma model of maps U from S' to O,

U: 58t — 0,. (4.42)

Although not particularly essential at the moment, we take the particle
worldline to be compact in anticipation of our application to the Wilson
loop operator, where the abstract S* will be identified with the embedded
curve C' C M.

We now want to pick a classical action for U such that the orbit O,
with symplectic form v,,, appears as the corresponding classical phase space.
Once we do so, we can immediately invoke the Borel-Weil-Bott isomor-
phism (4.37) to identify the Hilbert space H obtained by quantizing U with
the representation R. But what classical action for U should we pick?

An immediate guess might be to consider the standard two-derivative
sigma model action associated to the invariant Kéhler metric on O, defined
by v, and g,

1 1 1 1 aumdun
SU(U) = 5 ﬁln 2 Va(dU, 3dU) = 5 fsqn 2 (’}/a)mn E E . (443)

Here, 7 is a coordinate along S', and 1 = 7., is a worldline metric on S?.
Also, 74 = Va(+,d ) is the invariant Kéhler metric on O,. Finally, for sake
of concreteness, we parameterize the map U using local coordinates u™ on
O, in terms of which we write the second expression in (4.43).

Though S,(U) is a natural action to consider, it cannot be correct for
two reasons. First and foremost, S,(U) describes a particle freely moving
on O,, and the classical phase space for this particle is not the orbit O,
but its cotangent bundle T*0,, with the standard cotangent symplectic
structure. The Hilbert space obtained by quantizing 7*0, would then be
the infinite-dimensional space L?(O,) of square-integrable functions on O,
as opposed to the finite-dimensional representation R. Second, the sigma
model action S, (U) depends upon the choice of a worldline metric 1 on S?.
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However, the Wilson loop operator Wr(C') certainly does not depend upon
the choice of a metric on the corresponding curve C.

As these objections suggest, the correct action for U should be of first-
order, not second-order, in the “time” derivative d/dr along S*, so that the
classical phase space has a chance to be compact. Furthermore, the action
for U should be topological in the sense that it does not depend upon the
choice of a metric on S!.

The requirements above are hallmarks of a Chern—Simons action. Given
that we already possess an invariant unitary connection ©, on the line
bundle £(«), let us consider the following Chern—Simons-type action for U,

cso(U) = fgl[j*(@a) = ?{ (Oa)m Cclgm (4.44)

Here U*(0,,) denotes the pullback of O, to a connection over S!, and cs, (U)
is quite literally the one-dimensional Chern—Simons action for U*(0,). Once
again, in the second expression of (4.44) we write the pullback U*(0,,) using
coordinates u™ on O, in terms of which O, is represented locally by the
one-form (O, ), du™.

As with any Chern—Simons action, the functional cs,(U) is not strictly
invariant under “large”, homotopically non-trivial gauge transformations on
S1. However, so long as o € I'y; is quantized as a weight of G' and hence
+i ©, is defined as an honest U(1)-connection over O, the value of cso(U)
is well-defined modulo 27, a sufficient condition to discuss a sensible path
integral.

From a more physical perspective, the first-order action for U in (4.44)
specifies the minimal coupling of a charged particle on O, to a background
magnetic field given by the coadjoint symplectic form v, = d©,. From this
perspective, the quantization of « as a weight of GG follows from the quanti-
zation of flux on a compact space. The dynamics of such a charged particle
moving on O, in the background magnetic field v, are then described by
the total action

Seot (U) = Sy (U) + csa(U). (4.45)

To pass from (4.45) to (4.44) alone, we consider the low-energy limit, for
which 7 — oco. In this limit, the two-derivative sigma model action S, (U)
in (4.45) becomes irrelevant, and the topological Chern—Simons-type term
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csq(U) provides an effective action for the Landau groundstates of the
particle.™

To proceed with the analysis of the topological sigma model with action
csq(U), we first determine the classical phase space for U. Under a variation
dU, the variation of the first-order action cs,(U) is given by

dUm™
Scsa(U) = 7{ vo (0U, dU) = 7{ (Va)mn sum 40" (4.46)
S1 g1 dT

Once again, the first equality in (4.46) derives from the relation v, = dO,.

Since v, is non-degenerate as a symplectic form on O,, the equations of
motion which follow from (4.46) imply that dU"/dr = 0. Thus, classical
solutions for U are constant maps, and the classical phase space for U is the
orbit O, itself, as we originally required. Furthermore, if we consider §U™
to represent a linearized coordinate on a neighborhood of the identity coset
in O, then we see from (4.46) that the canonical momentum conjugate to
U™ is I, = (Vo )mn 6U™. Hence the classical Poisson bracket on O, derives
from the coadjoint symplectic form v,.

To quantize the compact phase space for U, we immediately invoke our
previous, more abstract discussion of the Borel-Weil-Bott theorem. Namely,
because of the background magnetic field v, the wavefunctions for U in the
Kéhler polarization of O, transform as holomorphic sections of the pre-
quantum line bundle £(«), where by convention a > 0. Thus, the Hilbert
space for U is again H = Hg((’)a, E(a)), and in the more physical language
above, H can be interpreted as the space of Landau levels of a single elec-
tron moving on O, in the magnetic field v,. The Borel-Weil-Bott theo-
rem (4.37) then asserts that these Landau levels transform under G in the
representation R.

4.1.8 Coupling to the bulk gauge field

The one-dimensional Chern—Simons sigma model with target space O, real-
izes the first identification in (4.9) required to describe the Wilson loop
operator Wr(C') semi-classically. To realize the second identification in (4.9),
we simply attach the sigma model to the curve C C M, and we couple the

“Even in the limit 7 — oo, the classical action ¢s,(U) may receive a non-trivial one-
loop correction when we perform the functional integral over non-zero Fourier modes of U
in the sigma model with action Siot(U). Such a quantum correction can at most shift the
weight o to a new weight o and thus does not alter our general analysis of the effective
topological sigma model with action ¢S, (U). In Section 7, we compute explicitly a related
quantum shift in «.
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sigma model field U to the bulk connection A by promoting the global action
of G on O, to a gauge symmetry.

The action of G on O, is perhaps most transparent when the orbit is
described as a quotient G/G,. Even before we gauge the Chern—Simons
sigma model, let us apply this description of O, to rewrite the functional
csq(U) in (4.44) a bit more concretely. Given the sigma model map U with
target O, = G /Gy, we lift U to a map

g: St —aG. (4.47)

Here U and g are related via U = gag™!, just as in (4.12). In terms of
g, we then rewrite cso(U) using the explicit description (4.14) of ©, as a
left-invariant one-form on G,

cso(U) = %glU*(@a) = %ngr(a -g~'dg). (4.48)

The expression for cso(U) in (4.48) is admirably explicit, but let us
quickly consider how it depends upon the choice of g. First, a lift of U
to g always exists over S'. The obstruction to lifting U is measured by a
characteristic class of degree two on O,, which vanishes for trivial reasons
when pulled back to S' under U. However, of course g is only determined
by U up to the local right-action of Gy, under which a map h: S' — G,
acts on g as g — gh~'. If h is homotopically trivial, one can easily check
that value of cso(U) in (4.48) is invariant under this transformation. Oth-
erwise, under “large” gauge transformations by homotopically non-trivial
maps h: S' — G,, the value of the functional in (4.48) generally shifts by
an integral multiple of 27, reflecting the harmless ambiguity in a Chern—
Simons action.

In order to forestall potential confusion, let me emphasize that the lift
from U to g in (4.48) serves merely as a convenient device to describe the
functional cs,(U) in a manifestly G-invariant fashion. All path integrals that
we discuss will be integrals over the space of sigma model maps U: S' — O,
as opposed to the space of maps g: S — G.

We now attach the sigma model with target space O, to the curve C' C M,
and we gauge the global action of G on O,. The procedure of gauging the
sigma model on C is entirely straightforward. Nevertheless, at some risk of
pedantry, we provide a systematic discussion.

In order to keep track of the local action of G in the sigma model, we
recall that the bulk gauge theory on M is associated to a fixed principal
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G-bundle P over M on which A is a connection,

G— P

|- (4.49)
M

The restriction of P to the embedded curve C' C M determines a principal
G-bundle P|c over C, and the map g in (4.47) now transforms as a section
of P|c. Finally, the sigma model field U itself transforms geometrically as
a section of an associated bundle () with fiber O, over C,

Oa—>Q

|- (4.50)
C

Explicitly, using the same notation as in (4.32), @ is given by P|c Xg Oq.

As a homogeneous bundle on O,, the prequantum line bundle £(«)
extends fiberwise in (4.50) to a line bundle over (). This line bundle carries
its own unitary connection, determined by both ©, and the bulk connection
A to be

Oa(A) =Tr(a- g 'dag), (4.51)
where
dag=dg+Alc-g. (4.52)

As one can readily check, the covariant derivative in (4.52) behaves correctly
under a gauge transformation acting on A and g as

where ¢ is a section of the adjoint bundle ad(P) on M. Hence the expression
for ©,(A) in (4.51) is invariant under gauge transformations in G on M and
otherwise transforms like ©, as a unitary connection over Q.

Using ©,(A), we now write the gauge-invariant version of the sigma model
action on C' as

’ _ . B dAU™
esa(Us Alo) = fc U (©a(A)) = f/i; (@a)m 4,

= f Tr(a- g 'dag). (4.54)
C
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For concreteness, in the first line of (4.54) we again write the sigma model
action in terms of local coordinates u™ on O, and we have introduced there
the covariant derivative d4 acting on U. The action of d4 on U is inherited
immediately from its action on g in (4.52).

4.1.9 A semi-classical description of the Wilson loop operator

The gauged sigma model on C' with target space O, finally provides the
promised semi-classical description for the Wilson loop operator. In short,

Wg(C) = eRa/? DU exp [i csa(U; A|C)},
LO,
€= 2%, Ay =dim LO,. (4.55)

Formally, the sigma model path integral in (4.55) is an integral over the
space of sections of the bundle @ in (4.50). If we are willing to forget that this
space carries an action by the group G of gauge transformations and thence
to trivialize @), the space of sections of () can be equivalently regarded as the
free loopspace LO, of the orbit O,. We find the latter notation convenient
in (4.55) and will phrase the discussion in terms of LO, throughout the
remainder of the paper.

As is standard for sigma models, the loopspace LO, carries an invariant
metric induced from the invariant Kahler metric on O, and the path integral
measure DU is the associated Riemannian measure on LO,,.

For our particular application to Chern—Simons theory, we have also mul-
tiplied the path integral in (4.55) by a formal power of the Chern—Simons
coupling €. Because the relevant power is half the dimension of LO,, this
prefactor can be equivalently absorbed into the Riemannian measure DU
on LQO, if the sigma model metric on LO, is rescaled by €. Indeed, this
rescaling is the ultimate reason we introduce the prefactor at all. As will
prove convenient, we write eLO, to indicate the loopspace LO, equipped
with the sigma model metric induced from the invariant Kéhler metric on
€Oq = O¢(. In that abbreviated notation,

Wr(C) = LODU exp [z CSq (U;A\C)}, (4.56)

with no errant prefactor. We will explain the need for the effective rescaling
O, — €Og later, in Section 4.3.
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We are left to establish the relationship between the semi-classical descrip-
tion of the Wilson loop operator in (4.56) and its conventional description
as the trace in R of the holonomy of A around C. As we indicated initially,
this task amounts to demonstrating the correspondence

H «— R,
Pexp (i f 1) — Pexp (- f ). (457)

We have already discussed how the quantization of U leads to the first
identification in (4.57) before we couple to A, and the corresponding story
in the gauged sigma model proceeds essentially as before. From the gauge-
invariant action in (4.54), we immediately deduce that U satisfies the equa-
tion of motion d4U™ = 0 and hence must be covariantly constant.!> As
a result, all classical trajectories for U are determined uniquely by parallel
transport from an arbitrary initial value Uj.

Very explicitly, if we pass from the curve C' with a chosen basepoint to
the universal cover R, then the classical time-evolution of U is given by

U(r) = Pexp <_ /0 TA) Uy, Up € O, (4.58)

Here 7 is a time-coordinate along R, with 0 € R being a lift of the basepoint
on C. The minus sign in (4.58) arises from our convention that dy = d + A.
We now identify the classical phase space for U with the coadjoint orbit O,
as parameterized by the initial value Uy in (4.58). Similarly, the Poisson
bracket on the phase space is still determined by the coadjoint symplectic
form v,, and the Hilbert space H for U is again isomorphic to R.

To establish the second identification in (4.57), we must consider the
time-evolution in the gauged sigma model. As (4.58) indicates, the classical
time-evolution in this theory is not completely trivial, insofar as it depends
upon parallel transport using the restriction of the connection A to C. Hence
the classical time-evolution around C' is given by the holonomy of A, acting
as an element of G on the phase space O,.

Since we identify the Hilbert space for U with the space of holomorphic
sections of the prequantum line bundle £(«), the action of the classical time-
evolution operator on O, immediately lifts to a corresponding quantum
action on ‘H = R. Thus as we require in (4.57), the quantum time-evolution

Y5 Equivalently, the lift ¢ satisfies [, g~ *dag] = 0 and is covariantly constant up to the
right-action of G,.
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operator in the gauged sigma model is given by the holonomy of A around
C, acting as an element of G on R.

The following remark is not essential, but it may resolve a small puzzle
for some readers. To pass from the cover R to C' in the discussion above,
we make the periodic identification 7 ~ 7+ 1. For U(7) in (4.58) to be
single-valued under this identification, the holonomy P exp (— fc A) must
preserve the initial value Uy € O, under the adjoint action of G. As a
result, the classical holonomy of A around C'is not arbitrary but lies in the
centralizer of Uy, a subgroup of G conjugate to the stabilizer G,.

At first glance, this restriction on P exp (— fc A) might seem to conflict
with the usual definition of the Wilson loop operator, for which the holonomy
around C' is arbitrary. However, the stabilizer group G, always contains the
maximal torus 7', so as Uy ranges over points in O, the centralizer of Uy
ranges over all of G. Once we integrate over Uy in the semi-classical descrip-
tion (4.56) of Wr(C), the holonomy of A around C'is therefore unrestricted.
For this reason, the appearance in (4.56) of the free, as opposed to based,
loopspace LO,, is crucial.

4.2 A new formulation of Chern—Simons theory, part II

In obtaining the identifications in (4.57), we treat the gauge field A as a fixed
background connection on M. As a result, the semi-classical description
of the Wilson loop operator in (4.56) is completely general, applicable to
any gauge theory in any dimension. This elegant little idea seems not to
have found significant application in four-dimensional Yang—Mills theory,
which may be one reason that the idea has remained somewhat obscure.
Nonetheless, as a small bit of cosmic justice, the semi-classical description
of Wgr(C) proves to be tailor-made for our study of Wilson loop operators
in Chern—Simons theory.

We return to the basic Wilson loop path integral in (4.2), which we now
formulate using (4.56) as a path integral over the product A x eLQO,,

1 1\% U
I 1 DA
(6, C, R) VOl(g) <2’/T6> /_,4><€Loo¢

X exp [216 CS(A) +icsq(U; A|C)]. (4.59)

Our primary goal in the remainder of this section is to cast the Wilson
loop path integral (4.59) into a shift-invariant form, just as we did for
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the Chern—Simons partition function in Section 3. Yet before we perform
any path integral manipulations, let us quickly discuss the moduli space of
classical solutions which arise as critical points of the joint action

So(A,U) = CS(A) + 2ecso(U; Alc). (4.60)

4.2.1 On classical Wilson loops in Chern—Simons theory

In order to discuss the equations of motion for A and U = gag~!, we first

find it convenient to rewrite the topological sigma model action for U in
terms of a bulk integral over M,

csa(U;A|C) = ?iTr(oz'g_ldAg) :/ 50/\Tr(a . g_ldAg). (4.61)
M

In passing to the second expression in (4.61), we have introduced a two-form
dc with delta-function support along C' to represent the Poincaré dual of
this curve.

Varying CS(A) and cs,(U; A|c) with respect to A and g, we find that
the classical equations of motion, which follow from the action in (4.60) are
given by

Fy+e (gag_l) -0 =0, [a, g_ldAg] =0, (4.62)
or equivalently in terms of U,
Fa+eU-6c=0, daU=0. (4.63)

The first equation in (4.63) implies that A is a connection on M, which is
flat away from C' and otherwise has delta-function curvature along C fixed
by the value of U in O, C g. Also, as we applied previously, the second
equation in (4.63) asserts that U is covariantly constant along C.

By way of notation, we let M(C,«) denote the space of pairs (A,U)
solving the system in (4.63), modulo gauge transformations. In the special
case a =0, M(C, «) immediately reduces to the moduli space M of flat
connections on M, and as well-known, that moduli space admits a concrete,
finite-dimensional presentation as the moduli space of homomorphisms o
from the fundamental group 71 (M) to the gauge group G,

M:{Qiﬂl(M)—)G}/G. (4.64)

In terms of the gauge theory, o encodes the holonomies of a flat connection
on M.
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As we review now, the extended moduli space M(C, ) admits a com-
pletely analogous presentation, again as a moduli space of homomorphisms
to G. Besides elucidating the classical interpretation of the Wilson loop
operator, this global perspective on M(C, a) proves to be a critical ingredi-
ent for our localization computations in Section 7.

To analyze M(C, «r), we first provide a local model for classical config-
urations of (A, U) which satisfy the equations of motion (4.63) on a small
tubular neighborhood N¢ of the curve C'. Topologically N¢ is a solid torus,
upon which we introduce cylindrical coordinates (r,p, 7). Here (r,¢) are
polar coordinates on a plane transverse to C', which passes through the origin
at r = 0, and 7 is an axial coordinate along C' with unit length. We assume
that the standard orientation on (r, ¢, 7) agrees with the given orientations
on M and C. Explicitly in terms of the cylindrical coordinates (r, ¢, 7), the
standard orientation on N¢ is given by the three-form drAdpAdr, and C
itself is oriented by dr.

Up to gauge transformations, local solutions to (4.63) can then be pre-
sented in terms of parameters (Up, V) as

A —% do+Vodr, U(F)=Up € O (4.65)

Here Uy is a constant taking values in the orbit O, C g, and Vy is any
element of g commuting with Uy, so that

[Uo, Vo] = 0. (4.66)

Using the identity d(dy) = 2mdc, one can immediately check that the (4.65)
solves the equations of motion in (4.63).

The description of A in (4.65) holds on the neighborhood N¢. Away
from Ng, classical configurations for A are given by flat connections on the
complement M?,

M° =M — Ne. (4.67)

Such a flat connection is determined up to gauge equivalence by its holono-
mies, which are now encoded by a homomorphism ¢° from the fundamental
group of the complement M° to G,

0° :m(M°) — G. (4.68)

In the special case that M = S3, the group 71 (M°) is just the classical knot
group of C. We will recall a few interesting examples of knot groups later,
when we arrive at the computations in Section 7.
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Of course, ¢° cannot be an arbitrary homomorphism in (4.68), since the
holonomies of A around C and its meridian are already fixed in terms of
(Uo, Vo) in (4.65). As standard, by the meridian of C' we mean the distin-
guished element m € 1 (M?), which is represented by the small circle about
C parameterized by ¢ in (4.65) and oriented according to dp.'® Hence the
homomorphism g° in (4.68) must be related to the constant Uy in (4.65) via

o°(m) = Pexp (—ﬁA) = exp (o), €= (4.69)

As Uy varies in O, the holonomy around the meridian of C' therefore
takes values in the conjugacy class €,/ C G containing the group element
exp (2ra/k),

0°(m) € €41, = Cllexp (2ma/k)]. (4.70)

Here C1[ -] indicates the conjugacy class in G containing the given element.
We alert the reader that we have included a convenient factor of 27 in the
definition of €, y.

By the same token, the holonomy of A around C'is fixed by Vp in (4.65).
Moreover, since [Uy, V] = 0, the holonomy around C' necessarily commutes
with the holonomy around m, implying [0°(C), °(m)] = 1. At first glance,
one might worry that this condition must be imposed as an additional con-
straint on °(C), analogous to the constraint in (4.70). Thankfully, that
worry is misplaced for the following elementary reason. Both C' and m
are represented by curves on the boundary ON¢g, a two-torus. Trivially,
C and m commute as elements of m1(0N¢), so they also commute as ele-
ments of m(M). Hence, the images of C' and m under any homomor-
phism from 7 (M) to G automatically commute. As a result, the condition
[0°(C), 0°(m)] =1 is not an independent constraint on ¢°, and we immedi-
ately eliminate the parameter Vj in favor of the holonomy °(C) from the
description of M(C, av).

Combining the local and global descriptions of A on No and M? respec-
tively, we present the extended moduli space M(C, «) concretely as the space

16To characterize M more intrinsically, we note that the boundary dN¢ of N¢ is a
two-torus. As a curve on that boundary, m is then determined up to orientation as the
generator of the kernel of the map from 71 (ON¢) 2 Z x Z to m1(N¢) 2 Z. To fix the
orientation of M, we require that the curve in dN¢ which is homotopic to C' itself to have
positive intersection with m, where ON¢ is oriented according to the outward orientation
on M° =M — N¢c.
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of pairs (9%, Up) which satisfy the compatibility condition in (4.69), modulo
the diagonal action of G. So as a formal quotient,

M(C,a) = {(¢°,Up) | o°(m) = exp (V) } /G (4.71)

The description of M(C,«) in (4.71) is still somewhat redundant. For
generic k € Z and « € I'yt, the relation in (4.69) can be smoothly inverted
to determine Uy as a function of ¢?(m), thereby also eliminating Uy from the
description of M(C, ). Hence M(C, v) can be presented more succinctly as
the moduli space of homomorphisms from 71 (M?) to G, which satisfy the
necessary condition in (4.70),

M(C, @) = {QO L m(M°) — G | o°(m) € @a/k}/G,
o = Cl [exp (2ma/k)]. (4.72)

Although the technical conditions on k and « under which Uy can be
eliminated from (4.71) are not so important now, they will be important
later, and we state those conditions precisely in Section 7.1. (See also Section
5.2 for a warm-up discussion.)

To conclude our discussion of the classical Wilson loop, let us give two very
simple examples of the extended moduli space M(C, «). The first example
will really be a non-example, meant only to illustrate that homomorphisms
0° : 1 (M°) — G satisfying the necessary condition in (4.70) may or may
not exist, depending upon the structure of 7 (M?). So for a case in which
M(C, @) is actually empty, let M be the product S? x S, and for any point
in S2, let C be the corresponding S fiber over that point. Then the meridian
m of C'is contractible in M?°, and a homomorphism p° satisfying (4.70) exists
only if a = 0.

As a slightly more interesting example, one which we will considerably
generalize in Section 7, let us consider the case that M is S® and C is
the unknot. Then 7 (M?°) = Z is freely generated by m, so the homomor-
phism p° is determined once its value on m is fixed. Via (4.69), ¢°(m) is
in turn determined by Uy € O, and M(C, «) is the quotient O, /G. Since
G acts transitively on O, this quotient is just a point, with a non-trivial
stabilizer G,,.

4.2.2 The shift-invariant Wilson loop operator

We now arrive at our first main result, which is to extend the path inte-
gral manipulations in Section 3 to provide a shift-invariant reformulation of
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the Wilson loop path integral Z(e; C, R). Indeed, once we apply the semi-
classical description of Wg(C') to rewrite Z(e; C, R) as below,

1 L\%
(67 C; R) Vol(g) <27T€> /_,;lXGLOa H]

X exp [216 CS(A) +icsa(U; A|C)] , (4.73)

the ideas in Section 3 extend in an almost embarrassingly straightforward
fashion.

As in (4.3), we first consider the generalization of (4.73) obtained by
replacing A with the shift-invariant combination A — x @,

1 1 1 \29 i
(4.74)
where
S(A,®,U) =CS(A—k®) +2ecsa(U; A— K D). (4.75)

We assume that the shift symmetry S acts on A and ® just as before, and
S acts trivially on U. Upon setting ® = 0 with the shift symmetry, we
reproduce (4.73) as before.

On the other hand, to underscore the significance of (4.74), let us expand
the shift-invariant sigma model action cs, (U A — kK CIJ) in terms of ®.
From (4.61), we immediately find

csq(Us A= k@) =csq(U; A) — /M KN\IC Tr[(gagil) ?]. (4.76)

The essential observation to make about (4.76) is simply that & appears
linearly. Thus, ® still enters the total shift-invariant action S(A,®,U)
quadratically.

To be explicit, we expand S(A, ®,U) in terms of ® to obtain

{2/{/\Tr (® Fa) — kAdrk Tr(®?)].
(4.77)

S(A, ®,U) = CS(A) + 2 cso(U; A) — /
M

Here, as a convenient shorthand, we introduce a ‘generalized’ curvature
Fa which includes the delta-function contribution from (4.76),
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so that
Fa=Fa+e(gag™t)dc. (4.78)

Since the integral over ® in (4.74) is Gaussian, we perform it exactly as
before. By virtue of the shift symmetry, the remaining integral over the
affine space A then reduces to an integral over the quotient A = A/S, and
we obtain the promised shift-invariant reformulation of the general Wilson
loop path integral in Chern—Simons theory. Thus,

Z(e;C,R ( ) / DA DU exp {S(A, U)} , (4.79)
AxeLO, 2e

)= Vol(G) \ 2e

where

S(A,U) = CS(A) + 2e csa(Us Alg) — /

- dHTr[(mfA)Q] (4.80)

By construction, S(A,U) is invariant under the shift A = ok, where o is
an arbitrary function on M valued in the Lie algebra g of the gauge group
G. Alternatively, using the description of cso(U; A|¢) in (4.61), one can
verify the shift-invariance of S(A,U) directly. Under the shift 64 = ok, a
new term linear in o arises from the defect action cso(U; A|¢). This term
is then canceled by the cross-term proportional to ¢, which appears in the
square of F4.

4.2.3 A word about the Wilson link

Although our discussion throughout will focus for simplicity on the case
of a single Wilson loop operator, the previous path integral manipulations
extend immediately to Wilson links in M.

To state the general result, we consider a product of Wilson loop operators
associated to oriented curves Cy, which are linked in M and decorated by
irreducible representations R, with highest weights ay for £=1,...,L. On
each curve, we introduce a corresponding sigma model field Uy, and we
apply the semi-classical description of Wx(C') in (4.56) to write the obvious
generalization of (4.59),

Ag
Z(e;(C1, Ry), ..., (CL, RL)) :vO11(g) (21m>

. L
X / DA DU, --- DU exp L CS(A) +1 Z csa,(Uss Alc) |-
AxeLOqq X+ xeLOq 2e —1

(4.81)
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Through the same manipulations as before, we find that the shift invariant
version of the Wilson link path integral in (4.81) is given by

i\ AQd/2
2(6:€1, )., ) = iy ()

></ DA DU, --- DU, exp[ S(A Ul,---,UL) ,
AxeLOqy X+ x€LOu; 2€
(4.82)
where
L
S(A, Uy, ..., UL) = ) + 2 Z csa, (Ug; Alc)
=1
_ /M deTr[ (KAF 1) } (4.83)
with
L
Fa=Fa+e) [(gag")éc],. (4.84)
=1

In order to suppress the proliferation of subscripts in (4.84), the component
index ‘¢’ on the bracketed quantity applies to all elements therein.

Via (4.82), (4.83), and (4.84), we have succeeded in reformulating Chern—
Simons theory on an arbitrary contact three-manifold M in such a way that
one component of A completely decouples from all Wilson loop observables.
We now turn to a wonderful geometric consequence of this fact.

4.3 The Seifert loop path integral as a symplectic integral

Although the reformulation of the Wilson loop path integral in (4.79) is
completely general, to interpret that path integral symplectically we must
again specialize to the Seifert case.

As in Section 3.3, we assume M to be a Seifert manifold, with a distin-
guished U(1)g action and an invariant contact form k. We also assume that
the curve C' in (4.79) is a generic orbit of the U(1)g action on M and hence
is the Seifert fiber over a smooth, non-orbifold point on the Riemann surface
Y. sitting at the base of M. With this assumption, we do not need to specify
the particular point p € ¥ over which C sits, since the isotopy class of the
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embedding C' C M does not change under continuous variations of p. In
the terminology of the Introduction section, Wr(C') is then a Seifert loop
operator in M. Later, in Section 7.1, we classify the possible Seifert loop
operators when M is S3.

So far, an implicit question has been hanging over our quest to recast the
Seifert loop path integral as a symplectic integral of the canonical form (1.3).
As we reviewed in Section 3, the Chern—Simons partition function on a
Seifert manifold is given by such an integral, determined by the Hamilton-
ian action of the group H = U(1)g x Go on the symplectic space A. However,
since the data of A and H are intrinsically associated to Chern-Simons the-
ory, and since the form of the canonical symplectic integral is, well, canoni-
cal, how can we hope to find yet another symplectic integral to describe the
Seifert loop path integral?

As soon as we ask this question, a glance at (4.79) suffices to answer it.
There we have written the general Wilson loop path integral as an integral
over the product

Ay = Ax cLO,. (4.85)

To summarize the chief miracle in this paper, when M and C are both
Seifert, the space A, is also a symplectic space upon which the Hamiltonian
group H acts, and the Seifert loop path integral in (4.79) is the canonical
symplectic integral associated to the data of A, and H.

4.3.1 Hamiltonian symmetries of LO,,

To explain the statement above, let us first consider the Hamiltonian action
of H on A,. The group H will act on A, in a diagonal fashion; since we have
already discussed the Hamiltonian action of H on A, we need only discuss
the Hamiltonian action of H on LO,.

Briefly, H acts on LO, in the natural way. Gauge transformations on M
act on LO,, by restriction to C, just as in (4.53). Because C as a Seifert fiber
of M is preserved under rotations in U(1)g, the loopspace LO,, also inherits
the natural action by U(1)g. Finally, the central U(1)z in the extension
Qvo acts trivially on LO,, just as it does on A. Explicitly, if (p, ¢, a) is a
generator in the Lie algebra of H as in Section 3.3, the infinitesimal action

of (p, #,a) on LO, is given by
69 =pLrg+dlc-g. (4.86)

As in Section 4.2, g is a section of the principal G-bundle P|¢ over C' which
we use to represent a point in LO,,.
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Besides a natural action by H, the loopspace LO, also carries a natural
symplectic form Y, inherited from the canonical coadjoint symplectic form
Vo on the orbit O, itself. As for any sigma model, the tangent space to
LO,, at the point corresponding to a given sigma model map U : C' — O,
is the vector space of sections of the pullback by U of the tangent bundle
TO, to O. To present T, explicitly, we let n and & be sections of U*(T'O,)
representing tangent vectors to LO,. Then

To(n.€) = 740 b va(n,€). (4.87)

We abuse notation slightly in (4.87), but hopefully the meaning of this
expression is clear. The symplectic form v, on O, induces a pointwise
pairing on C' between the sections n and £ of U*(T'O,), and we integrate
the resulting function over C' using the contact form «.

One can easily check that T, is a symplectic form on LQO,. For instance,
because v, is closed on O, the two-form T, is immediately closed on LO,,.
Also, the non-degeneracy of T, follows from the non-degeneracy of v, along
with the observation that the pullback of x to C is nowhere vanishing.'”

Finally, since v, is invariant under the action of G on O, and since &
is invariant under the action of U(1)gr on C, the symplectic form Y, is
manifestly invariant under H.

We are left to compute the moment map u, which describes the infin-
itesimal action (4.86) of H on LO,. This moment map can actually be
determined in two different ways, both of which are illuminating. To start,
we take the direct approach.

From the expression for v, in (4.15), we see that the contraction of T,
with the vector field V(p, ¢,a) on LO, generated by (p,¢,a) in (4.86) is
given by

W(pga)La = ]{C K Tr((pg‘lfw +9 ' 99) o g‘lég]). (4.88)

Here g~'0g is the left-invariant Cartan form on LG, where as usual, ¢ is
best thought of as an infinite-dimensional version of the de Rham operator.

1"Because C' is a Seifert fiber of M, the vector field R, which generates the action of
U(1)g is everywhere tangent to C. By its construction as an abelian connection on the
Seifert fibration, x satisfies (k, R) =1 and hence provides a nowhere vanishing one-form

on C.
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With a bit of calculation, the result in (4.88) can be rewritten as

W(pg.a)La =0 ]{/ﬁ Tr [a- (pg~ " £rg+g7" gzbg)] (4.89)

So via the defining Hamiltonian relation in (2.3), the moment map pu for the
action of H on LO, is given up to a constant by

(1> (p, @,0)) = — fcﬁ Tr[a- (pg ' Lrg+g" ¢g)] (4.90)

We are left to check that the Hamiltonian condition in (2.4) is obeyed for
pin (4.90). This condition ultimately fixes the arbitrary constant that could
otherwise appear in (4.90) to be zero. So we must verify that the expression
for 11 in (4.90) satisfies

{<u7 (P &, a)), {1 (¢, ¥, b))} = <M, (0, ¢,a), (¢,%,b)] >

(11, 0,16, 6] + £ — 450, (6, 1)) ).
(4.91)

Here in the second line of (4.91), we recall from Section 3.3 the explicit form
for the bracket on the Lie algebra of H.

Before we perform any computations, let us make one observation. A
noteworthy feature of the moment map in (4.90) is that p vanishes when
contracted with the central generator (0,0, a) in the Lie algebra of H. As a
result, the cocycle ¢(¢, 1) can effectively be set to zero when checking (4.91).
The Hamiltonian condition for the Poisson bracket associated to generators
of the form (0, ¢,0) and (0,1, 0) then follows just as it does for the moment
map (4.18) on the finite-dimensional orbit O,,.

Otherwise, the only non-trivial Poisson bracket to check is the one below,
{<M7 (p7 0, O)>7 <M7 (07 Y, 0)>} =T, (p £Rg7 77b|C' . g)a
=p ]iﬁ Tr(g_lfag, [y g7 1/}9]),

:pfm Tr(a- [g7" 09,97 £rg)).
¢ (4.92)

To simplify the last line in (4.92), we observe that

Lr(g7 " g) =97 g9 Lryg] + 97 £rY g (4.93)
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Applying the identity in (4.93) to (4.92) and integrating by parts, we obtain

{(u, (p,0,0)), (, (0,¢,0)>} =—p 72/{ Tr[a. (g—l,ewg)}
= (1 (0,p£x0,0) ), (4.94)

as required by (4.91). Thus the action of H on LO, is Hamiltonian with
moment map  in (4.90).

4.3.2 LO, as a coadjoint orbit of 'H

At this point, an excellent question to ask is why LO, should even admit a
Hamiltonian action by H. After all, the fact that H acts in a Hamiltonian
fashion on A is not obvious, given that the appearance of H itself is rather
unexpected.

A bit more abstractly, if we are given a connected Lie group H, we can
ask which symplectic spaces admit a Hamiltonian action by H. As we have
already discussed, the coadjoint orbits of H in the dual h* of its Lie algebra
furnish canonical examples of such symplectic spaces. Thus, the simplest
way to explain why H should act in Hamiltonian fashion on LO, is to
identify LO, with a particular coadjoint orbit in the dual Lie(H)* of the Lie
algebra of H.

To establish the interpretation of LO,, as a coadjoint orbit, we first observe
that central elements in H of course act trivially on the Lie algebra and
therefore on its dual Lie(H)*. So for the purpose of discussing coadjoint
orbits of H, we need only consider the orbits in Lie(H)* of the quotient

group
H=H/U)z=U(1)g x Go. (4.95)

We now claim that LO,, can be formally identified as the orbit of 7 which
passes through the element vy € Lie(H)* defined by the pairing

(70, (p, $, @) = —/

M

kNoc Tr(a @) = —j{ Kk Tr(a o). (4.96)

C
Equivalently, in coordinates dual to (p, ¢, a), we write

Y0 = (0, kN6c, 0) . (4.97)

Here, we regard o kAS¢ as a section of the bundle O3, ® g of adjoint-valued
three-forms on M and hence as an element in the dual of the Lie algebra of
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the group Gp, which is the identity component of the group G of all gauge
transformations on M.

Let us consider the action of H on vy. Since both x and d¢ are invari-
ant under U(1)g, 7o is fixed under U(1)g. Hence, the orbit of the semi-
direct product H = U(1)g x Go through ~o further reduces to the orbit of
Go through ~p.

In general, elements of the group G of gauge transformations are described
geometrically by maps from M to G, and elements in the identity com-
ponent Gy correspond to those maps f : M — G, which are homotopically
trivial (and hence can be continuously connected to the identity). Since 7y
has delta-function support along C, f acts on vy by restriction to C and
so determines a point in LO,. Upon setting g = f|c, the point is simply
gag~! € LO,. Conversely, if ¢ € LG represents the point gag™! € LO,,
then g can always be extended over M to some homotopically trivial f.!8
Hence the orbit of Gy through g is the loopspace LO,.

Once LQO,, is identified as the coadjoint orbit of H through the element ~q
in (4.97), T, immediately becomes the canonical coadjoint symplectic form.
In precise analogy to (4.14) and (4.15), T, also derives from a pre-symplectic
one-form =g,

Yo = 6Za, (4.98)

where
Eq = }{/ﬁ Tr(a- g 'dg). (4.99)
C
Consequently, the moment map p in (4.90) is given just as in (4.18) by
the contraction

b= =W ppwZa (4.100)

where V(p, ¢, a) is the vector field on LO,, appearing in (4.86).

8By standard obstruction theory, g: C — G can always be extended from C to M, so
we need only argue that the extension can be chosen to be homotopically trivial. With
our assumption that G is compact, connected, simply connected, and simple, homotopy
classes of maps f: M — G are represented by elements in H*(M;Z), and homotopy classes
of maps f: M — G such that ﬂc = 1 are represented by elements in the relative group
H3(M,C;Z). But H3(M,C;Z) = H*(M;Z) = 7 by the usual exact sequence. Hence if
f happens to be a homotopically non-trivial extension of g, we can always find another
map f: M — G such that ﬂc =1 and the product f f (taken pointwise on M) is a
homotopically trivial extension of g.
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As a coadjoint orbit of H, the loopspace LO, also carries an invariant
complex structure which is compatible with the symplectic form T, in the
sense that together these data determine an invariant Kéhler metric on LO,,.
Concretely, the invariant complex structure on LO, is inherited from the
corresponding complex structure J on O, such that the complex structure
on LO, is given by the pointwise action of J on sections of U*(T'O,).

Since the symplectic form T, on LO,, is also induced pointwise from the
coadjoint symplectic form v, on O, the invariant Kéhler metric on LO,, is
then given by the natural pairing

(n,€) = jécﬁ va(1,3- ). (4.101)

Again, n and & are sections of U*(T'O,) representing tangent vectors to
LO,,. Of course, the metric in (4.101) is nothing more than the usual sigma
model metric derived from the invariant Kéhler metric on O, itself. As a
formal consequence, the Riemannian path integral measure DU associated
to the sigma model metric in (4.101) can be identified with the symplectic
measure on LO, induced from Y,

DU =exp (Yq). (4.102)

By the preceding observations, the shift-invariant path integral describing
Z(e;C,R) in (4.79) becomes a symplectic integral over A, = A x eLO,,

1 —j\ 89/ i
2(C.R) = i <2m> / exp [Qa+2€s(A,U) o (4.109)

where we introduce the total symplectic form
Qo =0+ €Y. (4.104)

Here Q is the symplectic form on A in (3.20), and in passing from (4.79)
to (4.103), we have been careful to recall that the Kéhler metric on eLO,
is scaled by e relative to the metric on LO, in (4.101). Hence, a crucial
factor of e multiplies Y, in (4.104). The need for this factor will become
clear momentarily.

4.3.3 The action S(A,U) as the square of the moment map

We are left to show that the shift-invariant Seifert loop action S(A,U)
in (4.80) is precisely the square of the moment map for the Hamiltonian
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action of H on A,. Given the corresponding result (3.48) for the shift-
invariant action S(A), this claim is not so unexpected, but it remains (at
least to me) a fairly miraculous statement.

At this stage, we can explain the fundamental reason for the relative factor
of € appearing in the symplectic form €, in (4.104). With this factor, the
moment map which describes the Hamiltonian action of H on the product
Ao = A x eLO, is the sum of the moment map for A in (3.41) with e times
the moment map for LO, in (4.90), so that the total moment map on A,
is given by

<u, (p, @, a)> =a-— p/M KATr B LRANA + ea(g_lng) dc
— / /-i/\Tr(qb .7-"A) + / dmATY(qS A), (4.105)
M M
where
Fa=Fa+e(gag™)dc. (4.106)
Again, F4 is the generalized curvature (4.78) appearing already in the shift-

invariant action S(A,U). Indeed, we were careful to arrange for the factor
of € in (4.104) to ensure the appearance of F4 in (4.105).

As in Section 3, we proceed by computing directly the square of u
in (4.105). From the description of the invariant form on the Lie algebra of
H in (3.38), we see that

(,u,,u) = / kATr [,ERA/\A + 26a(g_1£Rg) 50]
M

—/ kAdk Tr
M

To simplify (4.107), let us expand the last term therein as

/ kAdk Tr
M

- / L e[ (e0F)? — 2(6AFA) (diAA) + (dsnA)] (4108
MR K

2
(li/\]:A dH/\A) ' (4.107>

KAdK

KAF 4 — diAA\ 2
KAAK

The term in (4.108) that is quadratic in F4 appears explicitly in S(A,U),
and as for the term linear in F4, we need only extract the new contribution
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from the Seifert loop operator,
dkNA
— -1 — — . -1
26/M kNOc Tr (gag ) (d/{/\/@) 2ey€f£ Tr[a (g LRAg)}.
(4.109)
Here, we have applied the identity in (3.45).
After a little bit of algebra, we thus rewrite (u, 1) using (4.109) as
(u,p) = / H/\Tr(fRA/\A> + 2/ H/\TI‘|:(LRA) FA]
M M
_ / snds e[ (1 4)°]
M
+ 26% k Tr [a . (g_l.ng 497! LRAg)}
C
_/ ! Te | (v Fa)?| (4.110)
M KAdK A ] '
At this stage, we apply our baroque identity in (3.47) to recognize the first
line in (4.110) as the Chern-Simons action CS(A). We also have the much
more transparent identity
csa(U;A|C) = ?{ Tr(oz : g_ldAg> = f,‘ﬁ Tr[a - (g_lfgg +gt LRAg)}.
C C
(4.111)
The identity in (4.111) follows immediately if we recall that the vector field
R is tangent to C' and satisfies (k,R) = 1.
So from (3.47), (4.110), and (4.111), we finally obtain the beautiful result
(1, 1) = CS(A) + 2¢ csa (U: Alc) — /M _Lon(snF)?],
_s(a,0). (4.112)
Consequently the Seifert loop path integral in (4.103) assumes the canonical
symplectic form required for non-abelian localization,
1 —i\ Ao/ i
Z(e;C,R) = — O+ — (1, )| 4.113
(67 ’ ) Vol(g) (2776) /a eXp |: + 26 (/"L M):| ( )
—6
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4.3.4 Extension to multiple Seifert loop operators

Although for simplicity we have focused throughout on the case of a single
Seifert loop operator, the preceding discussion extends immediately to the
case of multiple Seifert loop operators in M.

To state the general result, we let Cp for £ =1,...,L be a set of disjoint
Seifert fibers of M, each fiber labelled by an irreducible representation Ry
with highest weight ay. We then consider the symplectic space

A, =AxeLOy, x - x eLO,,, (4.114)

with symplectic form

0, =0+¢) Ta, (4.115)
(=1
where a = (a1,..., ) serves as a multi-index.

The group H = U(1)g X Gy now acts on A, in a Hamiltonian fashion with
moment map

<,u,, (p, ¢, a)> =a —p/M /1/\Tr<; L£RANA + € EL: [Oé(g—lng) 50]{)

=1
- / KATr (¢ Fa) + / drNTr (¢ A), (4.116)
M M
where
L
fA:FA—i-eZ [(gagil) 5CL- (4.117)
(=1

Once more, to suppress the proliferation of subscripts, the index ‘¢’ applies
simultaneously to all quantities in brackets.

By the same calculations leading to (4.112), the shift-invariant action
S(A,Uy,...,Up) in (4.83) is precisely the square of the moment map (4.116)
for the Hamiltonian action of H on Xa. So when applied to multiple Seifert
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loop operators, the shift-invariant path integral in (4.82) can also be rewrit-
ten in the canonical symplectic form,

Z(e; (Cl, Rl); ey (CL, RL))

_ le(g) (;)AQ/Q /A exp {Qa + 2%(“’ u)] . (4.118)

«

5 Monodromy operators in two-dimensional Yang—Mills
theory

We began in Section 2 by recalling the well-known symplectic description
for the Yang—Mills partition function, which we then extended in Section 3
to the partition function of Chern—Simons theory on a Seifert manifold. In
this light, given the symplectic description for the Seifert loop operator in
Section 4, one might ask which operator, if any, in two-dimensional Yang—
Mills theory plays a symplectic role analogous to that of the Seifert loop
operator in Chern—Simons theory.

The answer to the preceding question is well-known, at least to aficionados
of two-dimensional Yang—Mills theory, and it will be important when we
perform localization computations for Seifert loop operators in Section 7.
In a nutshell, the analogue on ¥ of the Seifert loop operator in M is a local
“monodromy” operator which inserts a singularity into the gauge field A
at a marked point of . These monodromy operators were introduced by
Witten [106] to model the current algebra vertex operators which describe
a Wilson line puncturing ¥ in the canonical quantization of Chern—Simons
theory on ¥ x R, and in that context they were given a beautiful symplectic
interpretation by Atiyah (see Section 5.2 of [10]). Although much of the
following material is standard, our goal at present is thus to review a few
essential ideas about monodromy operators in two-dimensional Yang—Mills
theory.

The monodromy operator in Yang—Mills theory on ¥ is perhaps the sim-
plest example disorder operator in gauge theory. By this statement, we
mean that the monodromy operator is defined not in terms of a classical,
gauge-invariant functional of A, as for instance we originally defined the
Wilson loop operator in (1.4), but as a prescription to perform the two-
dimensional Yang—Mills path integral (2.1) over connections with specified
classical singularities. Here by a ‘classical’ singularity, we mean a singularity
that can appear in a solution to the Yang—Mills equations on . Only for
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such singularities does one obtain a sensible path integral in the presence of
the corresponding disorder operator.

The classical singularity which defines the monodromy operator in two-
dimensional Yang—Mills theory will simply be the reduction to ¥ of the
classical singularity which appears in the Chern—Simons gauge field in the
background of a Seifert loop operator. According to (4.65), the Chern—
Simons gauge field behaves classically near a Wilson loop wrapping C' C M
as

A:—%@HJQM, (5.1)

at least up to gauge transformations. In comparison to (4.65), we have set
e = 27 /k and Uy = « without loss; Vj is then any element in g commuting
with a.

To reduce (5.1) to two dimensions, we take p € ¥ be the basepoint of C,
now a Seifert fiber of M, around which (r, @) serve as local polar coordinates.
We also introduce a parameter A € t to play the role of the ratio a/k. In
particular, despite the fact that in three dimensions « € 'yt is quantized
as a weight of G, in two dimensions we allow A to vary continuously in t.
The monodromy operator V,(p) is then defined as the disorder operator in
two-dimensional Yang—Mills theory which creates a singularity in A at the
point p of the form

A=-Ndp, e, (5.2)

again up to gauge transformations. Of course, in reducing to two dimensions,
we omit the component of A proportional to dr in (5.1).

Let us make two elementary comments about (5.2). First, because the
connection in (5.2) is flat away from p, it trivially satisfies the classical Yang—
Mills equation daxF4 = 0 on a punctured neighborhood of p. Second, as
our terminology for Vy(p) suggests, the connection in (5.2) has non-trivial
monodromy around p given by

A =exp (27). (5.3)

The parameter A appears with a positive sign in (5.3) since the holonomy
of A is defined with a negative sign, as in (4.69).

Before we proceed further, we need to consider how the operator V,(p)
depends upon the parameter A. For instance, even after we fix the maximal
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torus T' C G, the Weyl group 20 of G remains as a residual discrete symmetry
acting on A.

Somewhat less obviously, as pointed out by Gukov and Witten [70] in
relation to surface operators in four-dimensional gauge theory (for which
the same codimension two singularity in A plays an essential role), the
monodromy operator Vy(p) is also invariant under any shift of the form
A — A+y, where y €t satisfies the integrality condition exp (27y) = 1.
This shift in A leaves the monodromy A in (5.3) invariant and is induced
by a singular gauge transformation generated locally at p by the T-valued
function

(r,¢) — exp (¢ y). (5.4)

Intrinsically as in Section 4.1, y is characterized as an element of the cochar-
acter lattice

Teochar = Hom(U(l)7 T), (5.5)

which becomes isomorphic to the coroot lattice I'cort when G is simply-
connected. In the present discussion of two-dimensional Yang—Mills theory,
we will not always assume G to be simply-connected, so we are careful to
distinguish T'cort and D'eoenar- Thus if we consider both the action of the
Weyl group 20 on A as well as shifts A — A + y generated by the singular
gauge transformations in (5.4), the gauge-invariant label for the monodromy
operator V) (p) is not the parameter \ € t per se but rather the image of A
in the quotient t/2,g, where W,g is the affine Weyl group of G,

Wag = W X Leochar- (5-6)

The fact that the monodromy operator is actually labelled by elements
of the quotient t/2W,g, as opposed to elements of t, has a natural geometric
interpretation. Because the maximal torus 7" of G can itself be presented as
T = t/Tcochar, we identify t/,g = T'/20. On the other hand, points in 7'/20
correspond to conjugacy classes in G. As a result, the monodromy operator
Vi(p) is naturally labelled in a gauge-invariant fashion by the conjugacy
class €5 = Cl[A] containing the monodromy A = exp (27\).

Hamiltonian interpretation

As an aside, the monodromy operators that create singularities in A of
the form (5.2) are well-known in two-dimensional Yang-Mills theory, but
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they are often described in a slightly different way. Instead of working on
the punctured Riemann surface ¥° =¥ — {p} as we have done so far, we
consider a small disc D C ¥ containing the point p, and we replace the local
operator Vy(p) by an external state |€y) in the Hilbert space constructed
by quantizing Yang—Mills theory on the circle bounding D. Tautologically,
the state |€) is obtained by performing the path integral for Yang—Mills
theory on D with the monodromy operator inserted at p. But because two-
dimensional Yang-Mills theory is such a simple theory, the state |€)) can
be given an absolutely explicit description, which was applied by Witten
in [106] to perform exact computations with the monodromy operator in
the Hamiltonian formulation of two-dimensional Yang—Mills theory.

Very briefly, to describe the state |€)), we recall that the only gauge-
invariant data carried by a connection on S' is the conjugacy class of its
holonomy W as an element of G,

W= Pexp <_£ A) ca. (5.7)

Hence, the Hilbert space H of two-dimensional Yang—Mills theory on the disc
D is the space of square-integrable class functions ¥(1W) on G. By the Peter—
Weyl theorem, H = L?(G)¢ is spanned by the characters of the irreducible
representations R of GG, so the Yang—Mills Hilbert space can be presented in
a basis of states |R) corresponding to each irreducible representation of G.

By definition, the monodromy operator Vy(p) enforces the condition that
A have holonomy around the boundary of D which lies in the conjugacy
class €\ = Cl[A]. Thus, as a formal class function on G, the corresponding
external state |€) must be a delta-function supported on €. Concretely, via
the standard orthonormality of characters, the state |€)) can be expanded
in the basis of representations as

€)= > |R)RIEN) =) chg(€)) |R). (5.8)
R

R

Here chp is the character associated to the representation R, and (€)|R) =
chg(€)y) by definition.!? Among other advantages, the description of |€,)
in (5.8) makes manifest the fact that the monodromy operator Vy(p) depends
only upon the gauge-invariant data of the conjugacy class €, or equiva-
lently upon the point in the quotient t/20,¢, and not upon the particular
representative A € t introduced initially.

19As standard, (R|€,) is the complex conjugate of (€|R), accounting for appearance
of chr(€y) in (5.8).
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Actually, as noted by Witten in [106], the normalization of the delta-
function associated to |€)) is subtle, since this delta-function depends upon
the choice of a measure on the space of conjugacy classes of G. We have
made a particular choice in (5.8), but another choice would multiply |€))
by an arbitrary class function on G. Equivalently, we have not been very
careful so far to fix the absolute normalization of Vy(p). In this paper, we
implicitly normalize V) (p) through its symplectic path integral, to which we
now turn.

5.1 The monodromy operator path integral as a symplectic
integral

Although the monodromy operator in two-dimensional Yang—Mills theory
is perhaps interesting in its own right as a very simple, almost pedagogical,
example of a disorder operator in gauge theory, our interest in the mon-
odromy operator stems from the fact that it admits a symplectic descrip-
tion precisely analogous to that established for the Seifert loop operator
in Section 4.3. The essentials of the symplectic description for Vy(p) were
explained long ago by Atiyah in Section 5.2 of his beautiful lectures [10] on
Chern—Simons theory, which we follow shamelessly here.

Let us first introduce the monodromy operator path integral,

1 1\ 2ar/2
s i (1)

" Vol(G(P)) \ 2me
1
X A(P?A Vi(p) exp [26 /ETr (FA/\*FA)]. (5.9)

By definition, Z(¢; p, A) is now a path integral over connections on ¥ with
a singularity at p of the form (5.2), up to gauge transformations. Though we
suppress analytic details, see for instance [30,63] for rigorous models of the
relevant spaces of singular connections associated to the monodromy oper-
ator. Nonetheless, one small analytic detail concerning (5.9) will be impor-
tant. In our previous discussion of the monodromy operator, we emphasized
that V) (p) depends on the parameter A € t only up to the action of the affine
Weyl group W,g. Yet to discuss the path integral in (5.9), especially in its
symplectic incarnation, we find it necessary to fix at the outset a particular
value for A in its orbit under W, g.

To explain why fixing the value of A under the action of W, is neces-
sary, let us reconsider the geometric meaning of A in Yang—Mills theory. We
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began in Section 2 with a given principal G-bundle P over ¥, on which A
is a connection. However, as noted by Gukov and Witten [70] in the same
situation, when A has a singularity at a point p € X, the G-bundle P is only
naturally defined on the punctured Riemann surface £° = ¥ — {p}. We are
free to extend P over the puncture at p, but there is no natural way to do
so. Instead, different extensions of P are labelled by the various ways to
lift the monodromy A as an element of the torus T' = t/T'¢ochar t0 @ corre-
sponding Lie algebra element A\ € t, and these extensions are all related by
the singular gauge transformations in (5.4).

To give a well-known example, let us assume that the Yang—Mills gauge
group G takes the adjoint form G = G/Z(G), where G is simply-connected
and Z(G) is the center of G. In this case, the extension of P even as
a smooth G-bundle over p is not unique. Rather, the extension depends
upon the choice of a characteristic class ( € Z (é), where ( represents the
possible monodromy in G that obstructs P from extending smoothly as a
G-bundle over p. (Since ¢ becomes trivial once we pass from G to G, the
principal bundle P does extend smoothly as a é—bundle.) If y € Ueochar is
an element of t satisfying 1 # exp (27y) € Z(G), the corresponding singular
gauge transformation in (5.4) shifts the value of ¢ and therefore changes the

topology of P.

As usual in Yang—Mills theory, the need to choose a particular extension
of P over the puncture at p and hence a particular lift from A to A can
be obviated by summing over all such choices. For instance, when G is
the adjoint form of a simply connected group G, one computes the physical
Yang—Mills partition function by summing over all topological types of P.
Nevertheless, from the purely semi-classical perspective here, the Yang—Mills
path integral is most naturally defined for a fixed G-bundle P and hence, in
the case of (5.9), for a particular choice of A in its orbit under W,g-.

Fixing the residual action of 20,4 on A has two important consequences.
First, once P and A are fixed, the group G(P) of gauge transformations
appearing in (5.9) consists of those gauge transformations, which are strictly
non-singular at p, precisely as in Section 2. Singular gauge transformations
at p, such as those in (5.4), would otherwise shift \. Second, once the
extension of P over p is chosen, the curvature of the singular connection
in (5.2) is well-defined at p and can be evaluated as

Fa = —21A\6,. (5.10)

Here,d, is a two-form on ¥ with delta-function support which represents
the Poincaré dual of p, and the formula for the curvature F4 in (5.10) follows
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from the local description (5.2) of A via the naive relation d(dy) = 276,.
Note that under shifts of A generated by gauge transformations that are sin-
gular at p, the curvature F4 in (5.10) also shifts, so that the formula in (5.10)
is really only sensible once A is fixed. Not surprisingly, the delta-function
curvature of F)4 at p will be an important ingredient in the symplectic
description of the monodromy operator.

Although the particular choice for A will not matter until Section 5.2,
for concreteness let us make that choice now. In specifying a distinguished
representative for A under the action of W,g, we assume for convenience
that the Yang—Mills gauge group G = G is simply-connected, with an eye
towards the eventual application to Chern—Simons theory. As explained for
instance in Ch. 5 of [94], the Cartan subalgebra of G then divides into a
countable set of alcoves under the action of 2,4, and each alcove serves as
a fundamental domain for Q,s. So to make a particular choice for A in its
orbit under 20,g, we simply pick a distinguished Weyl alcove D, in which
we assume A lies.

Following the discussion in Section 4.1, for which A > 0 by convention,
we take the distinguished Weyl alcove D4 C C to sit in the positive Weyl
chamber of t. According to (4.20), the positive Weyl chamber C is a sim-
plicial cone, bounded by walls associated to the positive simple roots of G.
At the tip of this cone sits a unique alcove containing the origin in t, and
we take Dy to be that alcove. Explicitly, D4 is the simplex in C4 for which
A > 0 satisfies the additional bound

(W, \) <1, (5.11)

where 9 is the highest root of G. Stated more geometrically, for each orbit
of W, in t, we take A € Dy to be the positive representative which lies at
minimal distance from the origin.

Since these conventions may seem a little bit abstract, let us give a con-
crete example, corresponding to the case G = SU(r + 1). The Cartan sub-
algebra is then represented by diagonal matrices of the form i diag(Aq,.. .,
Ar41) such that A\ +---+ A\y1 =0. A standard set of positive simple
roots for SU(r+ 1) is given by the successive differences A\; — A\j11 for
j=1,...,r, so the positive Weyl chamber is described by the inequalities
A1 > Ag > -+ > A\py1. Finally, the highest root ¢ of SU(r + 1) is given by
the difference A1 — A1, so the fundamental Weyl alcove D is described by
the additional constraint A\; — A\, 41 < 1. For instance, if G = SU(2), then

A1 lies in the interval Dy = [O, %]
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Monodromy operators and coadjoint orbits

One satisfying aspect of our work in Section 4.3 is that the Seifert loop
path integral in its symplectic form appears as an elegant extension of the
path integral which describes the Chern—Simons partition function on M.
To describe the Seifert loop operator symplectically, we merely replace the
symplectic space A with the product A, = A x eLO,, where the loopspace
LO, can be considered as a coadjoint orbit for the Hamiltonian group H
that acts on A.

To recast the monodromy operator path integral (5.9) as a symplectic
path integral of the canonical form, we proceed in complete analogy to the
case of the Seifert loop operator. As we reviewed in Section 2, the canonical
symplectic integral that describes the basic Yang—Mills partition function on
Y is determined by the Hamiltonian action of the group G(P) on the affine
space A(P). To describe the monodromy operator by analogy to the Seifert
loop operator, we just consider the product of A(P) with an appropriate
coadjoint orbit of G(P).

In fact, the correct coadjoint orbit is easy to guess. Under reduction
from C' C M to p € X, the analogue of the loopspace eLO,, is the finite-
dimensional orbit O, itself, and O, can be immediately embedded as a
coadjoint orbit of G(P). Briefly, we recall that the dual of the Lie algebra
of G(P) is formally the space of sections of the bundle Q% ® ad(P). We
then regard O) as the orbit of G(P) passing through the singular section of
Q2 ® ad(P) which is given by

Yo = A6, (5.12)

in complete analogy to (4.97).

Since g has delta-function support at p, an element of G(P) acts on Oy
by restriction to the point p. Hence, if we endow O, with the coadjoint
symplectic form vy, the action of G(P) on O, is Hamiltonian with moment
map

(1, @) = —/25;3 Tr[(gkg‘l) -¢] = —Tr[(gkg_l) -qﬁ\p}- (5.13)

Here, ¢ transforms as a section of the bundle ad(P) on X, and ¢ is an
element of G, which we use to specify the point g Ag~! on 0. We obtain
the final expression in (5.13) by performing the integral over ¥ using the
delta-function, thereby restricting ¢ to p. Clearly (5.13) then agrees with
the moment map (4.18) for the action of G on O,.
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To recast the monodromy operator path integral as a symplectic path
integral of the canonical form, we consider the product

A(P))\ :A(P) X 27TO)\, (5.14)
with symplectic form
Q= Q4+ 27wy, (515)

Here, 2 is the symplectic form (2.2) on the affine space A(P) of connec-
tions, and the factors of 27 in (5.14) and (5.15) are ultimately necessary to
agree with our conventions for Vy(p) in (5.2).

As in Section 4.3, we consider the diagonal action of G(P) on A(P)j.
The moment map for this action is of course the sum of the moment maps,
which describe the action of G(P) on each factor in (5.14). Accounting for
the coefficient of 27 in (5.15), we thus write the total moment map for the
action of G(P) on A(P)) as

(u, @) = _/ETI"(]:A ). (5.16)

Here, F4 is a generalized curvature on Y, which includes the effective delta-
function contribution at p from (5.13),

Fa=Fp+27 (g)\g_l) Op- (5.17)

Based on (5.16) and (5.17), the action S = (4, p) for the canonical symplec-
tic integral over A(P)y then takes precisely the same form as the Yang—Mills
action, but expressed in terms of Fju,

S =2 () = —;/ETr(]-“A/\*fA). (5.18)

2
With (5.18) in hand, we now claim that the monodromy operator path

integral can be interpreted as the canonical symplectic integral determined
by the Hamiltonian action of G(P) on A(P)j,

Z(&p,A) = Vol(;(P)) (21“> s /A(P)Aexp [Q)\ - % (u,u)} (5.19)

To relate (5.19) to the starting path integral in (5.9), let us consider care-
fully the generalized Yang-Mills action in (5.18). Unlike the usual Yang—
Mills action for F4, which is a perfectly well-behaved functional of smooth
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connections on Y, the Yang—Mills action for F4 is badly divergent for smooth
configurations of A, due to the fact that it implicitly involves the square of a
delta-function. Since the Yang—Mills action is also positive-definite, the only
connections on X for which the action in (5.18) is finite are those for which
A has the appropriate singularity to cancel the explicit delta-function cur-
vature in F 4. Of course, because of the exponential suppression in the inte-
grand of (5.19), the path integral only receives contributions from connec-
tions with finite action. Thus, all non-zero contributions to the symplectic
integral over A(P), arise from singular connections on ¥ whose curvatures
near p take the form

Fa==2m(gAg )6+, (5.20)
where the “-.” indicate terms in F4 which are regular at p. Compar-
ing (5.10) to (5.20), we see that the singular connections that define the
monodromy operator Vy(p) are precisely those which contribute to the sym-
plectic path integral in (5.19).

To place (5.19) into its proper physical context, we note that disorder
operators in quantum field theory can often be described in terms of an
auxiliary defect theory living on the submanifold in spacetime where the
operator is inserted. In this language, the path integral in (5.19) describes
the monodromy operator inserted at p via a very simple defect theory, one
which incorporates only finitely-many degrees of freedom valued in Oj.

In Section 7.3, at the very end of the paper, we will revisit the symplectic
interpretation of the monodromy operator Vy(p) in Yang—Mills theory on 3.

5.2 More about the classical monodromy operator

So far, we have described the monodromy operator Vy(p) as a quantum
operator in two-dimensional Yang-Mills theory. In preparation for the
localization computations in Section 7, we now wish to consider V)(p) in
somewhat more detail from a purely classical perspective, as reflected in the
structure of the moduli space of Yang—Mills solutions with monodromy on .

Actually, we restrict attention throughout to only the most basic solutions
of Yang—Mills theory in the presence of the monodromy operator. Namely,
we consider connections which are flat on the punctured Riemann surface
¥? =% — {p} and otherwise have a singularity at p of the form (5.2), up to
gauge transformations. For such connections, 74 = 0 everywhere on %, so
these solutions make the dominant contribution to the monodromy operator
path integral.
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By analogy to the Wilson loop moduli space M(C, «) introduced in Section
4.2, we let N(P;p, A) denote the moduli space of flat connections on ¥ with a
singularity at p of the form (5.2), up to gauge transformations. Here we are
careful to keep track of the data for both the principal G-bundle P over %
and the point p at which the operator V) is inserted. However, because the
topology of N(P;p, \) = N(P;\) does not vary with the continuous choice
of p, we frequently omit p from the notation.

In the special case A = 0, the extended moduli space N(P; \) reduces to
the moduli space N(P) of non-singular flat connections on 3. Yet even
when A > 0 is non-zero, the extended moduli space N(P;\) is still related
to N(P) in two essential ways. First, N(P; \) is the total space of a natural
symplectic fibration over N(P). Second, N(P;\) is the splitting manifold
for the universal bundle on N(P) (when that universal bundle exists). These
statements are entirely standard, but since they both feature heavily in the
cohomological computations in Section 7.3, we take some time to review
them now.

N(P; ) as a moduli space of homomorphisms

To start, let us describe N(P; A) very concretely as a moduli space of homo-
morphisms. We proceed in complete analogy to our discussion of the classical
Wilson loop moduli space M(C, «) in Section 4.2.

As well-known, if the Yang—Mills gauge group G = G is simply-connected
and P is topologically trivial, the moduli space N(P) of (non-singular)
flat connections appears directly as the moduli space of homomorphisms
0:m(X) — G, where the fundamental group 71 (X) is generated by elements

ag and by for £ = 1,...,h, subject to the single relation
h
[lac.bd =1, [ar b =asba,' b, (5.21)
/=1

Here h is the genus of X.

By essentially the same observations as in Section 4.2, the extended mod-
uli space N(P; \) can then be presented as the moduli space of pairs (¢°, Up),
where ¢° is now a homomorphism from the fundamental group of the punc-
tured Riemann surface ¥° = ¥ — {p} to G,

0°:m (X)) — G, (5.22)

1

and Uy = g A g™ " is an element of O, related to ¢° by

0°(c) = exp (2w Up). (5.23)
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Here ¢ € m;(X°) is the distinguished element which represents the small one-
cycle about p parameterized by ¢ in (5.2), so that

z:

[aﬁa bﬁ] = (524)
/=1

and the role of Uj is to encode the monodromy of the connection at p.

In discussing Yang—Mills theory on >, we do not necessarily wish to
assume that the gauge group G is simply-connected nor that the bundle
P is trivial. So more generally, we take G to be the quotient of its simply
connected cover GG by a subgroup of the center Z (G) The topology of P as
a principal G-bundle over X is then encoded by an element ¢ € Z(G). The
central element ¢ represents the possible monodromy in G at a generic point
q € 3, which otherwise obstructs P from extending smoothly as a G-bundle
over q.

To incorporate the topology of P into the general description of N(P; \),
we introduce the doubly-punctured Riemann surface 399,

=% —{p} —{q}- (5.25)

As usual, the fundamental group 71 (3°) is generated by elements ay, by,
c,and d for £ =1,...,h, subject to the doubly extended relation

h
H ag,be —Cd (526)

Here, c and d represent small, suitably-oriented one-cycles about the respec-
tive punctures at p and gq.

To describe flat connections on P with monodromy, we consider homo-
morphisms ¢°° from the fundamental group 71 (3°) to the simply connected
group G,

0% m (2%°) — G, (5.27)

such that ¢°° satisfies

0%°(c) = exp (27lyp), 0°°(d) =C. (5.28)
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As before, Uy is an element of Oy encoding the monodromy at p, and in the
special case that A = Uy = 0, the homomorphism p° in (5.28) describes a
non-singular flat connection on the G-bundle P.

By way of notation, we let N(P; A) be the space of pairs (¢°°, Up) satisfy-
ing (5.28), modulo the diagonal action of G,

N(P;A) = {(0%,U) | 0°(c) = exp (2700), 0”(d) = ¢} /G (5.29)

Although Uy will be useful to have around in a moment, if A is generic we
can solve for Uy in terms of ¢®(c) via (5.28), so that in terms of p° alone,

N(P;) = {0 | 0™(c) € &, 0™(a) = ¢} /G,
€5 = Cllexp (27)] . (5.30)

The description of N(P; A) here is entirely analogous to the description of
M(C, ) in (4.72). Moreover, when we specialize in Section 7.1 to the case
that M is a Seifert manifold, we will make the relationship between N(P; A)
and M(C, o) even more precise.

The moduli space N(P;\) of homomorphisms in (5.29) is almost, but
not quite, N(P;A). Rather, N(P;A) is an unramified cover of N(P;A) of
degree |G:G|?", where |G: G| is the order of the basic covering G — G. For
instance, if G = G/Z(G) is the adjoint form of G, then |G: G| = | Z(G)|. We
obtain a covering of N(P; ) in (5.29) because the holonomies associated to
the cycles ay and by are specified as elements of C~¥, not G, in (5.27). This
caveat aside, the distinction between if(P; A) and N(P; \) will at most affect
an overall numerical factor in the cohomological formulae in Section 7.3 and
is otherwise inessential.

N(P; ) as a symplectic fibration over N(P)

From the perspective of the present paper, we now arrive at the first impor-
tant geometric fact about N(P; ). As we have already mentioned, in the
trivial case that A =0, N(P;\) immediately reduces to the moduli space
N(P) of non-singular flat connections on . More generally if A is non-
zero but small, in a sense to be made precise, then N(P; ) is still related
to N(P) in a simple way, and this relationship underlies the cohomological
interpretation for both the monodromy and the Seifert loop operators.

Specifically, when A > 0 obeys the strict bound (J,A) < 1 in (5.11) and
N(P) itself is non-singular, the extended moduli space N(P;\) fibers
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(30,43, 63] smoothly over N(P),

21O0_y — N(P; \)
o wn<t (5.31)

Here the fiber of N(P;\) is the coadjoint orbit of G through —27), as
indicated by the prefactor and the sign in (5.31). Of course, at the level of
topology, 2r(O_) is indistinguishable from the basic orbit O,, but 27O_)
carries the symplectic form —27vy.

The symplectic structure on the fiber of (5.31) is relevant, because N(P)
and N(P;\) also carry natural symplectic forms. These moduli spaces
are determined by the vanishing of the respective moment maps p = Fs
and p = F4 for the Hamiltonian action of G(P) on the symplectic spaces
A(P) and A(P)), from which N(P) and N(P; \) inherit symplectic forms
under the symplectic quotient construction. Abusing notation somewhat,
we let 2 be the symplectic form on N(P) inherited from the form (2.2) on
A(P), and we let Q) be the symplectic form on N(P; A) inherited from the
corresponding form (5.15) on A(P)j.

The smooth fibration in (5.31) is now compatible with the symplectic
data on Oy, N(P), and N(P; ) in the following sense. Again provided that
A > 0 satisfies the strict inequality (¢, A) < 1 in (5.11), the symplectic form
Q) on N(P; A) decomposes as a sum

Q)\ = q*Q—Qﬂ'e,\. (5.32)

Here, q*Q2 is the pullback of the symplectic form € on N(P) to N(P;\),
and ey is a closed two-form on N(P; A) which restricts fiberwise to the coad-
joint symplectic form vy. The relative factor of —2x in (5.32) is responsible
for the appearance of the same factor in (5.31).

Following the exposition in Section 3.5 of [70], let us quickly sketch how
the fibration of N(P; \) arises. First, the fiber of N(P; \) is parameterized
by the element Uy € Oy appearing in (5.29), which thereby determines the
monodromy ¢°°(c) around the puncture at p. Otherwise, the base of N(P; \)
is parameterized by the holonomies associated to the remaining generators
ay and by of 71(3). As ¢°° is a group homomorphism, those holonomies
necessarily satisfy

h

I1 [QOO(%), 0™(b,)| = ¢ - exp (2nUy). (5.33)
/=1
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For A = Uy =0, a homomorphism 0% satisfying (5.33) determines a non-
singular flat connection on the bundle P. So for Uy # 0 fixed and sufficiently
small (we discuss the precise bound in a moment), the relation (5.33) is just
a deformation of constraint defining N(P). Provided that the moduli space
N(P) is smooth, its topology is unchanged under continuous deformations,
50 0%°(ay) and p°°(by) effectively parameterize a copy of N(P).

As one instance when the smoothness condition holds, we take X to be a
Riemann surface of genus A > 1. Then N(P) is smooth if G = SU(r +1)/
Zy41 is the adjoint form of SU(r + 1), and P is a topologically non-trivial
G-bundle over 3 characterized by a generator ( of Z,;1. For example,
if G =50(3), P is the SO(3)-bundle over ¥ with non-vanishing Stiefel-
Whitney class wy # 0.

At the level of topology, we have sketched why N(P; ) fibers over N(P),
but the symplectic nature of the fibration in (5.31) is also extremely impor-
tant. Indeed, the symplectic decomposition (5.32) of Q) turns out to be a
basic ingredient in our cohomological analysis of the Seifert loop operator
in Section 7.3.

The formula (5.32) for Q) can be understood in at least two ways. As
exploited by Jeffrey [63], one way to understand (5.32) is as a general conse-
quence of symplectic reduction at a non-zero value of the moment map. We
have already noted that N(P;\) can be constructed as the quotient under
G(P) of the vanishing locus for the moment map p = F4 in the product
A(P)) = A(P) x 2O,. But since Fg = Fa + 27 (gAg™ ') 8, the extended
moduli space N(P; \) can be equivalently constructed as the quotient under
G(P) of the locus in the original affine space A(P) where the moment map
i = F5 takes values in the coadjoint orbit through —27Ad,. For A suffi-
ciently small, the formula for €, in (5.32) then follows from general facts
about symplectic reduction at a non-zero value of the moment map.

Alternatively, we can check the formula for 2, in (5.32) directly, by eval-
uating €2, on two tangent vectors to N(P;\). Concretely, if X is a tangent
vector to N(P; \) at a point corresponding to a given flat connection A with
singularity at p of the form (5.2), then X can be represented as a sum

X =n+dao. (5.34)

Here, 1 is a smooth, non-singular section of le ® ad(P) which satisfies
d,m = diﬂm = 0, where dl, = —x d ax is the adjoint of d 4. By the usual Hodge
theory, n thereby represents a tangent vector to the base N(P) in a local
trivialization of the fibration in (5.31).
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Of course, we must allow X to have a component along the fiber of N(P; ).
For this reason, we have introduced besides 1 a gauge-trivial term d4¢ in X,
where ¢ is an arbitrary smooth section of ad(P). To explain the role of ¢,
we recall that the fiber of N(P; \) parameterizes the possible monodromies
of A at p. Since non-trivial gauge transformations at p act transitively upon
the possible monodromies, d4¢ thus represents a tangent vector to the fiber
in (5.31).

If Xy and Xy are two such tangent vectors to N(P; \), associated to pairs
(n,¢) and (§,%) as in (5.34), then the symplectic pairing on N(P; \) is given
explicitly by

Q)\(xl,XQ) = —/ETr(f)Cl/\f)Cg),

=~ [l + dadn(e+ davi)
— _/Tr(n/\f) — /T&"(qub/\dAw). (5.35)
> b

In passing to the third line of (5.35), we have noted that the cross-terms
otherwise appearing in the second line of (5.35) vanish upon integration
by parts, since dan = da& = 0. We then immediately recognize the pairing
between n and ¢ in (5.35) as the natural symplectic pairing on N(P),

Q1. =~ [ T(nno). (5.36)

We are left to consider the pairing between ¢ and . By assumption,
the background connection A which represents a point in N(P; \) satisfies
d% = Fg = —27\ §,. Integrating by parts, we find

—/ﬁ(qusAqup) = /ﬁ(¢ [Fa,]) = —2nTr(¢ [/\,z,z;])]p. (5.37)
by )

Comparing (5.37) to (4.15) and being careful about signs, we thus see that
the restriction of Q) to the fiber of N(P;\) is given by —27v), as claimed
in (5.32).

To finish up our discussion of the symplectic fibration in (5.31), let us
quickly consider the regime in which the fibration is valid. As we have been
careful to emphasize, the formula (5.32) for §2) holds only when X > 0 satis-
fies the strict bound (9, \) < 1, where ¥ is the highest root of G. According
to (5.11), this bound is saturated on the far wall of the Weyl alcove D,
and the reader may wonder what happens to N(P;\) when A hits that
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wall. In brief, when A satisfies (¢, \) = 1, a cycle (generically, a two-cycle)
collapses in N(P; ), and the symplectic form € degenerates.?°

The collapsing cycle in N(P; \) is not hard to see if we simply compare
the two descriptions for N(P; \) in (5.29) and (5.30). In passing from (5.29)
to (5.30), we used the relation ¢°°(c) = exp (27Up) to eliminate the param-
eter Uy € O, in favor of the monodromy ¢ (c) € €. For generic values
of A, the element Uj is determined uniquely by 0°°(c), and the conjugacy
class €, which parameterizes the monodromy is diffeomorphic to the coad-
joint orbit 2w, from which € inherits the natural symplectic form (up to
sign). However, at exceptional values of A, the relation between p°°(c) and
Up ceases to be invertible, and a non-trivial cycle in 27O) collapses under
the exponential map to €. Since € is identified with the fiber of N(P; \),
as we implicitly used in the gauge theory computation (5.35) of €y, the
same cycle collapses in N(P; \).

To present the collapsing cycle explicitly, we observe that both O, and
€y can be described as quotients

Or=G/Gy, €\=G/Z), (5.38)

where (5 is the stabilizer of A under the adjoint action of G, and Zj is the
centralizer of A = exp (27\) in G. The stabilizer G is always a subgroup of
the centralizer Z,, so the exponential map from 27O, to €, fits generally
into a sequence

ZN/G\ — 2wO0)y
lexp. (5.39)
(25

As apparent from (5.39), whenever Z, is enhanced beyond G, the exponen-
tial map from 27O, to €, is not smoothly invertible, and the cycle Z5 /G
collapses in 27 0).

The relevant criterion for the centralizer Z5 to enhance is well-known, so
we will merely state it. See Section 7.4 of [72] for a textbook discussion. For
convenience, we take G to be simply connected. The fiber Z5/G) in (5.39)

200f course, along the walls of Dy which coincide with the walls of the full Weyl
chamber C, cycles also collapse in N(P; ), for the basic reason that A ceases to be
regular on those walls. Nonetheless, on the walls of C, the formula (5.32) for Q) itself
remains valid.
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is then non-trivial precisely when \ satisfies the integrality condition
(8, ) € Z—{0}, (5.40)

for some root 8 of GG. In fact, because the roots of G appear in positive and
negative pairs +(3, the condition (5.40) is always satisfied by A for an even
number (possibly zero) of roots.

As an elementary example of the integrality condition (5.40), we consider
the case G = SU(2), for which we parameterize A € t in terms of a real
variable x as A =idiag(z,—xz). If x =0, both 27O, and €, are points,
and the exponential map is trivial. Similarly, if x is generic, 27Oy and €
are mutually diffeomorphic to the quotient SU(2)/U(1) = S?. Finally, in
the special case that x = j/2 for some non-zero integer j, corresponding
precisely to the integrality condition in (5.40), 27O, is again a two-sphere,
but exp (2rA) = £1 is central in SU(2), so €, is a point.

For general G, the same pattern holds. Generically, if A\ satisfies the
integrality condition in (5.40), it does so for a single pair of roots £/, and
a two-cycle collapses under the exponential map to €.

Returning to our analysis of N(P; \), we take \ to sit in the fundamental
Weyl alcove Dy. Then as A moves away from the origin in D, the inte-
grality condition (5.40) is first satisfied when X hits the wall defined by the
highest root ¥ of G, so that (9, \) = 1. Along that wall, the gauge symmetry
preserved by V) (p) enhances, and the cycle Z, /G collapses in the fiber of
N(P; N).

N(P; A) as a splitting manifold for the universal bundle

Beyond its mere existence, the fibration (5.31) of N(P; A) over N(P) plays an
important theoretical role, since it presents N(P; \) as the splitting manifold
for the universal bundle on N(P). This observation appears for instance as
Proposition 3.5 in [63], where it is applied to a cohomological computation
very similar to the one in Section 7.3, and it is what we wish to explain now.

We start by introducing the universal bundle V associated to the basic
moduli space N(P). So far, we have interpreted N(P) as the moduli space
of flat connections on the principal G-bundle P over 3. On the other hand,
the classic theorem of Narasimhan and Seshadri [87] establishes a one-to-one
correspondence between flat connections on P and suitable holomorphic
bundles over X, so that N(P) admits an algebraic description as well. For the
eventual application in Section 7.3, we are most interested in the standard
case that G = SU(r + 1)/Z,41 is the adjoint form of G = SU(r + 1), and P
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is a topologically non-trivial G-bundle over ¥ characterized by a generator
( € Zy41. If ¥ is a Riemann surface of genus h > 1, these assumptions ensure
that N(P) is smooth. Then in its algebraic incarnation, N(P) is the moduli
space of stable holomorphic vector bundles of rank r + 1 on X, with first
Chern class equal to ¢ mod r 4+ 1 and with fixed determinant.

In the situation above, the universal bundle V exists as a holomorphic
vector bundle of rank r 4+ 1 over the product ¥ x N(P),

crtl — v
: (5.41)
Y x N(P)

such that V possesses the following universal property. By definition, N(P)
parameterizes holomorphic vector bundles of rank » + 1 on X, so each point
y € N(P) determines a corresponding vector bundle V;, on ¥. On the other
hand, the restriction of V to ¥ x {y} also determines a rank r + 1 holomor-
phic vector bundle on Y. According to the universal property of V, these
bundles are isomorphic,

V, = V}Zx{y}, y € N(P). (5.42)

In general, the universal property does not determine V uniquely. For if
a bundle V satisfies (5.42), then so does the tensor product of V with any
holomorphic line bundle on ¥ x N(P) which is itself the pullback from a
holomorphic line bundle on N(P). Nevertheless, this ambiguity in V can
be fixed (see Section 9 of [12] for details), and a ‘normalized’ version of the
universal bundle exists which is unique up to isomorphism. Although the
details will not matter here, for concreteness we take V to be that normalized
universal bundle.

Just as the restriction of V to ¥ x {y} determines a holomorphic vector
bundle on ¥ for each point y € N(P), the restriction of V to {p} x N(P)
determines a holomorphic vector bundle on N(P) for each point p € ¥. By
way of abbreviation, we set

Vp = Vpyxnp)- (5.43)

Since p varies continuously in 3, the topology of V), is independent of p. In
particular, the Chern classes of V,, do not depend on the point p and therefore
provide distinguished elements in the integral cohomology ring of N(P).

Throughout the following discussion, we impose the crucial condition that
A > 0 be regular. Given that condition, we now claim that N(P;p,\) =
N(P;\) is tautologically the splitting manifold for the vector bundle V,
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over N(P). That is, under the map q : N(P;\) — N(P) in the symplec-
tic fibration (5.31), the pullback q*V, splits smoothly into a direct sum of
complex line bundles £; for j =1,...,r 4+ 1 over N(P; \),

aV, =P L;. (5.44)
j=1

Hence, the Chern classes of the line bundles L; realize the Chern roots
U of Vp,

r—+1
ae(Vp) =[] 1 +w), w=al(L;) e H(NP;N);Z), (5.45)
j=1

where ¢(V)) is the total Chern class,
e(Vp) = 1+ c1(Vp) + -+ o (V). (5.46)

As apparent from (5.45) and essential later, any symmetric function of the
Chern roots u; is the pullback from N(P) of an associated function of the
Chern classes ¢;(Vp).

The splitting in (5.44) can be understood from various perspectives. One
approach is to interpret N(P;\) algebraically, via the classic theorem of
Mehta and Seshadri [83], as a moduli space of holomorphic bundles on ¥
with parabolic structure at p. See Section 3.4 of [70] for an excellent review
of parabolic bundles as they occur in gauge theory. From the parabolic
perspective, N(P; \) is then precisely the splitting manifold constructed on
general grounds in Ch. 21 of [25].

Rather than follow the algebraic route here, we will take an equivalent but
slightly more hands-on approach, which allows us to relate the discussion to
some ideas already appearing in Section 4.1. We begin by unraveling a few
definitions.

Let us consider arbitrary points y € N(P) and z € N(P;\) satisfying
y = q(z), so that z is a point in the fiber of N(P;\) over y. Relative to
a local trivialization of the fibration (5.31), we can always write z = (Up, y),
where Uy € O, parameterizes the coadjoint fiber over y.

Now by definition, the fiber of the pullback q*V, over z is the fiber of V,
itself over y. However, according to the universal property (5.42), the fiber
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of V,, over y is isomorphic to the fiber of V}, over p,

Vp‘y = V‘{p}x{y} =Vl {p} x{y} € TxN(P), (5.47)
where we recall that V, is the holomorphic vector bundle over ¥ determined
by y € N(P). The splitting in (5.44) is thus equivalent to a smooth splitting
of Vy‘p for each z = (Uy, y), such that the splitting respects the action of G

on Uy induced by gauge transformations at p € X.

To obtain the requisite splitting, we consider the infinitesimal action of
Up on the fiber of V, at p. Here, we use the embedding Oy C g, where the
Lie algebra g = su(r + 1) acts via the standard, fundamental representation
on the fiber Vy‘p = Cr+l. If X is regular, then Uy acts on Vy‘p with distinct
eigenvalues, and each eigenvalue is associated to a one-dimensional complex
eigenspace L; for j = 1,...,r + 1. Thus for each Uy € O), the fiber of V, at
p decomposes into a sum of eigenspaces

r+1

v, =B Ly (5.48)

j=1

Moreover, the eigenspace decomposition (5.48) naturally respects the simul-
taneous action of G (or more precisely, the universal cover G') on both Uy
and Vy‘p, so the decomposition does not depend on the choice of the local

trivialization we used to write z = (Up, y).

As z varies, the eigenspaces L; themselves vary smoothly as the fibers of
corresponding complex line bundles L; over N(P;\). Via (5.47) and (5.48),
these line bundles then provide the tautological splitting (5.44) of q*V).

Actually, we can go a bit further in identifying the line bundles £; over
N(P; ). By construction, each L; respects the action of G on the coadjoint
fibers of N(P; \), so £; must restrict fiberwise to a homogeneous line bundle.
That is,

Lj‘OA = E(—O[j), Q; € Twt, (549)
where £(—c;) is the homogeneous line bundle on O, determined by an
appropriate weight a; of SU(r 4 1). The slightly perverse sign in (5.49)
becomes useful in a moment. Implicit in (5.49), as the fiber of N(P;\)
varies continuously over N(P), the particular weight a; associated to each
line bundle £; does not jump. Thus, the tautological splitting (5.44) is

characterized by a finite set of weights {al, . ,O[r+1}, which we would like
to determine.
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To do so, we once again unravel definitions. As in Section 4.1, to dis-
cuss homogeneous line bundles on O, we take G = SU(r + 1) to be simply
connected for convenience. According to the convention in (4.33), the homo-
geneous line bundle £(«a) is then given by a quotient of G x C under the
action of T'=U(1)" as

t-(g,v) = (gt} 0al(t)-v), g€G, veC, teT, (5.50)
where

0a(t) = expli{e,§)], t=exp(§), £t (5.51)

In these terms we identify Oy = G/T, with Uy = g Ag~!. Without loss we
set

A= idiag()\l, ce ,)\r+1), A+ + g1 =0, (552)
where regularity of A > 0 implies
AL > A > > A (5.53)

At the identity in G, the eigenspaces {Ll, .. .,LTH} appearing in the
decomposition (5.48) of Vy‘p =~ C"*! are spanned by the standard basis vec-
tors {e1,...,er41}, upon which Uy = X acts as Uy - e; = Aje; for j=1,...,
r 4+ 1. Explicitly, e; = (1,0,...,0),e3 = (0,1,...,0), and so on. More gener-
ally, if Uy = g A ¢!, then each eigenspace L; is the subspace of Cr*+! spanned
by g-ej, where g € SU(r + 1) acts on e; by ordinary matrix multiplica-
tion. Therefore, under the action g — gt~ ! as in (5.50), elements in L; are
multiplied by the phase

0i(t) = exp(—i§;), t=diag(e®, ... eir+1) (5.54)

To specify the associated line bundle on Oy, let us introduce a standard
set of generators for the weight lattice I'y of SU(r + 1). If £ = idiag(&y, ...,
&41) is any element in the Cartan subalgebra of SU(r + 1), we define
weights {d)l, ... ,L:)T+1} such that

<®]7§>:£]7 jzlv"')r+17
¢ =idiag(&,...,&41), &+ +&1 =0 (5.55)
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This generating set of weights is slightly redundant, since
w1+ -+ w1 =0, (556)

but these generators also have the virtue of being simply permuted by the
Weyl group of SU(r +1). As usual, in terms of {&1,..., @41}, the positive
roots of SU(r + 1) are given by the successive differences @w; — @, for all
pairs j < /.

Clearly from (5.54) and (5.55),

0;(t) = exp [=i{@;, §)]. (5.57)

So according to the definition in (5.50), the eigenspace L; transforms as the
fiber of the homogeneous line bundle £(—w;) over Oy, and the weights «;
appearing in (5.49) are precisely the fundamental weights of SU(r + 1),

Ljlo, = L(=y), j=1,...,r+1. (5.58)

As a special case, for G = SU(2) and Oy = CP!, the minus sign in (5.58)
is consistent with the standard identification of the tautological line bundle
on CP' as the line bundle of degree —1.

Since L restricts fiberwise on N(P; ) to the the homogeneous line bundle
£(—wj), the Chern root u; in (5.45) likewise restricts fiberwise to the Chern
class of £(—w;). But as we reviewed in the context of geometric quantization
in Section 4.1, the Chern class of £(—;) is represented by the coadjoint form
—vy,/2m. The Chern root u; is therefore represented fiberwise on N(P; \)
by

VL:JJ'

- =1, + 1. 5.59
27_{_7 ] 9y ’T+ ( )

W, = en(S(-)) =
In (5.59), we divide the curvature of the invariant connection on £(—w;) by
27 to ensure that u; has integral periods.

The formula in (5.59) has an important consequence. As before, the
weights {@1, . ,d)r} provide a basis for the weight lattice I'yt of SU(r + 1).
Under the isomorphism Iy & H2(G/T;Z) in (4.26), the corresponding forms
{vg, /27, ..., vg, /27} then span H?(G/T;Z). So via (5.59), the fiberwise
component of any class in H2(N(P;\);Z) can be expanded in terms of the
Chern roots u; of the universal bundle V).

Let us apply this observation to the two-form ey, which is the fiberwise
component of the symplectic form Q) on N(P; A). With A = idiag(\,-- -,
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Ar41) as before, A can be expanded in terms of the weights w; as?!
A=A w01+ -+ Al Wrg1- (560)

Being careful about the prefactor in (5.59), we thence obtain

r+1
ex=—Y 2mA\ju;. (5.61)
j=1
Equivalently, we regard u = idiag(uy,...,u,41) as a two-form on N(P;\)

taking values in the Cartan subalgebra t of SU(r + 1),
u = idiag(u1, ..., w+1) € HAN(P;A\);Z) ®t, (5.62)
such that
uj:<d)j,u>, j=1,....,7r+1. (5.63)
So more invariantly, the description of ey in (5.61) becomes
ex = —2m (A u). (5.64)

Together, (5.32) and (5.64) finally imply that the symplectic form € on
N(P; \) is given by

O\ = q*Q+ 4%\ u). (5.65)

In Section 7.3, we will make essential use of this expression relating €2 to
the symplectic form © on N(P) and the Chern roots u of V).

6 General aspects of non-abelian localization

In preparation for the computations in Section 7, we quickly review in this
section some general aspects of non-abelian localization. Our goals are to
recall the philosophy which underlies computations via non-abelian local-
ization and to state the basic localization formula derived in [18]. Since the
latter result may be useful elsewhere, I have decided to present it in some-
what greater generality than we will actually require for our study of the
Seifert loop operator.

2! Again, we use the invariant metric given by —Tr to identify t 2 ¢*.
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Very broadly, non-abelian localization provides a general means to study
a symplectic integral of the canonical form

Z(e) = Voll(H) (21“> Bl /Xexp [Q _ % (M,u)], Ay = dim H. (6.1)

Here, X is a symplectic manifold with symplectic form €, and H is a Lie
group, which acts on X in a Hamiltonian fashion with moment map pu.
Finally, (-, -) is an invariant, positive-definite?? quadratic form on the Lie
algebra h of H and dually on h*, which we use to define the “action” § =
(11, 1) and the volume Vol(H) of H that appear in (6.1).

To apply non-abelian localization to an integral of the form (6.1), we first
observe that Z(e) can be rewritten as

20 = g | 5] e [2-ime - 50.0] 62

Here, ¢ is an element of the Lie algebra h of H, and [d¢] is the Euclidean
measure on h that is determined by the same invariant form (-, -), which
we use to define the volume Vol(H) of H. To avoid confusion, the measure
[d¢/2m] includes a factor of 1/27 for each real component of ¢. The Gauss-
ian integral over ¢ in (6.2) then leads immediately to the expression for Z
in (6.1).

6.1 BRST symmetry

The great advantage of writing Z in the form (6.2) is that, once we introduce
¢, the integrand of Z becomes invariant under a BRST symmetry, which
leads directly to a localization result for (6.1). Specifically, as first demon-
strated by Witten in [108], the canonical symplectic integral in (6.1) can
be evaluated as a sum of local contributions from the neighborhoods of the
critical points of the function S = %(,u, 1).

22In the case of Chern—Simons theory, the corresponding quadratic form (3.38) on b has
indefinite signature, due to the hyperbolic summand associated to the two extra U(1) gen-
erators of H = U(1)r X Go relative to the group of gauge transformations Go. As a related
fact, invariance under large gauge transformations requires the Chern—Simons symplectic
integral (3.49) to be oscillatory, instead of exponentially damped. These features do not
essentially change our general discussion of localization.



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 96 — #96

96 CHRIS BEASLEY

To describe the BRST symmetry of (6.2), we recall that the moment map
satisfies

where V(¢) is the vector field on X associated to the infinitesimal action of
¢. Because of the relation (6.3), the argument of the exponential in (6.2) is
immediately annihilated by the BRST operator D defined by

To exhibit the action of D locally, we choose a basis ¢* for h, and we
introduce local coordinates ™ on X. We also introduce the fermionic nota-
tion x™ = dx™ for the corresponding basis of local one-forms on X, and
we expand the vector field V(¢) into components as V(¢) = ¢® V" 9/0z™.
Then the action of D in (6.4) is described in terms of these local coordinates
by

Da™ = x™,
DXm — 1¢a Vam’
D¢® = 0. (6.5)

From this local description (6.5), we see that the action of D preserves a
ghost number, or grading, under which x carries charge 0, x carries charge
+1, ¢ carries charge +2, and D itself carries charge +1.

The most important property of a BRST operator is that it squares to
zero. In this case, either from (6.4) or from (6.5), we see that D squares to
the Lie derivative along the vector field V' (¢),

Thus, D? = 0 exactly when D acts on the subspace of H-invariant functions
O(x,x,) of z, x, and ¢.

For simplicity, we restrict attention to functions O(z, x, ¢), which are
polynomial in ¢. Then an arbitrary function of this form can be expanded
as a sum of terms

O(-’L‘)ml.“mp ai...aq Xml e me ¢a1 e ¢aq7 (67)

for some 0 < p <dim X and ¢ > 0. (The restriction on p arises from the
fact that y satisfies Fermi statistics, whereas ¢ satisfies Bose statistics.)
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Globally, each term of the form (6.7) is specified by a section of the
bundle Q% ® Sym?(h*) of p-forms on X taking values in the g-th symmetric
tensor product of the dual h* of the Lie algebra of H. Thus, if we consider
the complex (Q% ® Sym*(h*)) of all H-invariant differential forms on X
which take values in the ring of polynomial functions on b, then we see that
D defines a cohomology theory associated to the action of H on X. This
cohomology theory is known as the Cartan model for the H-equivariant
cohomology H7;(X) of X. See [11,56] for nice references on equivariant
cohomology in the spirit of the present paper.

For later discussion we require a few elementary properties of equivariant
cohomology; let us record them now. First, in the special case that X is a
point, the H-equivariant cohomology ring of X is simply the ring of invariant
functions on h. That is,

Hi;(pt) = Sym*(h*)". (6.8)

Similarly, if X is not necessarily a point but H still acts trivially on X, the
H-equivariant cohomology ring of X is the tensor product of the ordinary
cohomology ring of X and the ring of invariant functions on §, so that

Hyi;(X)=H*(X)® Hg(pt). (6.9)

Both of these statements follow immediately from our definition of the Car-
tan model. Finally, at the opposite extreme that H acts freely on X, the
H-equivariant cohomology of X is isomorphic to the ordinary cohomology
of the quotient X/H,

Hy(X) = H*(X/H). (6.10)

This exceedingly natural statement is less obvious in the Cartan model,
but it is often taken as the starting point in other topological models for
equivariant cohomology, as explained in Ch. 1 of [56].

6.1.1 Localization for Z

Since the argument of the exponential in (6.2) is annihilated by D and
because this argument is manifestly invariant under H, the integrand of the
canonical symplectic integral determines an equivariant cohomology class on
X. Furthermore, by the usual arguments, Z in (6.2) is formally unchanged
under the addition of any D-exact invariant form to its integrand. This
formal statement can fail if X is not compact and Z suffers from diver-
gences. To avoid such complications, we assume that X is compact —
but see Appendix A of [18] for an example of the sort of analysis required
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when this assumption is relaxed. Thus, Z depends only on the equivariant
cohomology class of its integrand.

We now explain how this observation leads immediately to a localization
result for Z. We first note that we can add to the argument of the exponen-
tial in (6.2) an arbitrary term of the form s D¥, where VU is any H-invariant
one-form on X and s is a real parameter. As a result,

Z(e) = Voll(H) /bXX [‘;ﬂ exp [Q—uu,(z)) —g(gé,(f))—i—sD\I’ . (6.11)

This deformation of the integrand of (6.2) is D-exact and does not change
Z. In particular, Z does not depend on s.

By definition, since ¥ is a one-form, DV is given explicitly by
DU =d¥ +i(¥,V(9)). (6.12)

As before, (-, -) denotes the canonical dual pairing, so that in components
the last term of (6.12) is given by i ¥,,,V"¢?. Thus, apart from a polynomial
in s that arises from expanding the exponential term exp (sd¥) in (6.11),
all of the dependence on s in the integrand of Z arises from the factor
exp [is (¥, V(¢))] that now appears in (6.11). So if we consider the limit
s — 00, then the stationary phase approximation to the integral is valid,
and all contributions to Z localize around the critical points of the function

(W, V(9))-

To determine the critical points of (¥, V(¢)), we expand this function in
the basis ¢* for h which we introduced previously,

(T, V(9)) = ¢" (¥, Vo). (6.13)

Thus, the critical points of (U, V(¢)) arise from the simultaneous solutions
in h x X of the equations

<\I/’ Va> = 07
¢° d(W,V,) = 0. (6.14)

The first equation in (6.14) implies that Z necessarily localizes on points
in h x X for which (¥, V,) vanishes. As for the second equation in (6.14),
we see that it is invariant under an overall scaling of ¢ in the vector space
h. Consequently, upon integrating over ¢ in (6.11), we see that the critical
locus of the function (¥, V(¢)) in h x X projects onto the vanishing locus
of (U, V,) in X. So Z localizes on the subset of X where (¥, V,) = 0.
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By making a specific choice of the one-form ¥, we can describe the local-
ization of Z more precisely. In particular, we now show that Z localizes on
the set of critical points of the invariant function S = % (u, p) on X.

We begin by choosing an almost complex structure J on X. That is,
J:TX — TX is a linear map from TX to itself such that J> = —1. We
assume that J is compatible with the symplectic form €2 in the sense that €2
is of type (1, 1) with respect to J and the associated metric (-, -) = Q(-, J-)
on X is positive-definite. Such an almost complex structure always exists.

Using J and S, we now introduce the invariant one-form
U =JdS = (u,Jdu). (6.15)

In components, ¥ = dz™J}} 0,5 = dz™ I}, Ontia.

The integral Z now localizes on the subset of X where (¥, V,) = 0. Com-
paring to (6.15), we see that this subset certainly includes all critical points
of S, since by definition dS = 0 at these points. Conversely, we now show
that if (¥, V,) = 0 at some point on X, then this point is a critical point of S.
To prove this assertion, we use the inverse Q7! to Q, which arises by consid-
ering the symplectic form as an isomorphism Q : TM — T*M with inverse
Q' :T*M — TM. In components, Q7! is defined by (271)"Q,,, = L.

In terms of Q~!, the moment map equation (6.3) is equivalent to the
relation

V=0 du, (6.16)

or VM = (Q=1H™" 9, .. Thus,
Q7 1dS = (u, Q Mdp) = (1, V), (6.17)

or (A~ 1H)m" 9,8 = prvm.
In particular, the condition that (¥, V,) = 0 implies that

0= (u, (U,V)) = (T, Q1dS) = (JdS, Q'dS), (6.18)
or more explicitly, 0 = p®¥,, V" = ¥, (Q~1)™" 9,8 = (Q~1)y™J! 9,9 9,S.
We recognize the last expression in (6.18) as the norm of the one-form dS
with respect to the metric on X. Because this metric is positive-definite, we

conclude that the condition (¥, V,) = 0 implies the vanishing of dS. Thus
the symplectic integral Z localizes exactly on the critical set of S = %(,u, 1).
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6.2 A non-abelian localization formula

In order to pass from the preceding general statement to a precise local-
ization formula for Z, we must introduce a model for the local symplectic
geometry near a critical point of S. In this context, one of the impor-
tant technical results of [18] was to identify a “canonical” symplectic model
appropriate to describe the local geometry in A(P) near a critical point
of the two-dimensional Yang—Mills action, or alternatively, to describe the
local geometry in A near a critical point of the shift-invariant Chern-Simons
action. Happily, the canonical symplectic model deserves its name, inso-
far as it suffices also to describe the local symplectic geometry in the
loopspace LO, relevant for our computations of the Seifert loop path
integral.

To keep the paper to a reasonable length, we will present the canonical
symplectic model and state the attendant localization formula for Z more or
less as a fait accompli. See Sections 4.3 and 5.3 of [18] for a detailed expla-
nation of how this model arises from two-dimensional Yang-Mills theory,
along with a careful derivation of the non-abelian localization formula. We
refer the reader to the work [92] of Paradan for a related general analysis
of non-abelian localization. Specific applications of non-abelian localiza-
tion to gauge theory have also been discussed by Teleman and Woodward
in [100,101,110] and by Blau and Thompson in [20, 22].

6.2.1 The canonical symplectic model in brief

Before we can even state the non-abelian localization formula, we need to
establish a model for the local symplectic geometry to which it applies.
Somewhat abstractly, let us consider a connected component C in the crit-
ical locus of the function S = % (u, p) on X. Since S is invariant under the
connected Hamiltonian group H, the action of H on X automatically pre-
serves C. The following local model for a symplectic neighborhood of C in
X is certainly not the most general, and in particular it relies on two sim-
plifying assumptions about the way H acts on C. Roughly speaking, both
of these assumptions mean that H acts uniformly on C.

First, we assume that the stabilizer of each point in C is isomorphic to
a fixed subgroup Hy C H. Of course, we allow the possibility that H acts
freely near C, so that Hy is trivial. Because all points of C have the same
stabilizer, which is certainly a restrictive condition in general, the quotient
M =C/H is smooth. (But see work [66] of Jeffrey and collaborators for a
very interesting example of non-abelian localization in a case where M is
singular.)
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Second, we assume that the moment map p on C takes values in a sin-
gle, fixed coadjoint orbit in h*. Somewhat perversely, we again dually
parameterize the value of the moment map on C by an element ~ in b,
the Lie algebra of H.

By the assumptions so far, 79 cannot be an arbitrary element of h but
must be a central element in the Lie algebra hy of the stabilizer group
Hy. In identifying 9 as an element of hy, we note that at a point xg in
C for which dS = (u,dp) = 0, the moment map p(zo) satisfies (u(zo), V) =
w(xo)® V" = 0 via (6.16) and (6.17). Since g is the dual of u(xg), the vector
field generated by the action of v vanishes at xg, and =y therefore lies in
ho. As Hy fixes xg, the Hamiltonian condition on the moment map u at zg

further implies
Hyvo Hy't = 7o. (6.19)

Thus, 7 is central in hy. As a small consistency check, we note that the
restriction S|¢ = %('yo,'yo) is automatically constant on C by the second
assumption above. Of course, if C is a component of the critical locus of
S, then S is necessarily constant on C.

We now describe an H-invariant neighborhood N of C C X as the total
space of an H-equivariant bundle with fiber F' over the quotient M = C/H,

F— N
|, M=cC/H. (6.20)
M

In these terms, our canonical symplectic model amounts to a description of
the fiber F in (6.20) as a symplectic manifold equipped with a Hamiltonian
action of H. Since we assume F' to be symplectic (and the fibration over M
to respect that symplectic structure), the symplectic form on N immediately
induces a corresponding symplectic form on the base M of (6.20).

Let us first recall the topological model for F'. Since H acts on each point
in C with stabilizer Hy, F' contains a copy of the homogeneous space H/H.
To incorporate the normal directions to C in F as well, we take F' to be a
homogeneous vector bundle over H/Hj of the form

F=H xg, (hl@El) , ht=hohoe k. (6.21)
The description of F' in (6.21) requires a bit of explanation. Besides the

data of Hy and g, the canonical symplectic model for F' is parameterized by
the choice of vector spaces Fy and E7. More precisely, Ej is a subspace of §
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which has trivial intersection with hg and is preserved under the adjoint
action of Hp, so that infinitesimally [ho,Eo] C Ey. Given the invariant
metric (-, - ) on b, we then define ht =h © ho © Ep as the orthocomplement
to the direct sum ho @ Ep in h. Similarly, 7 is a vector space on which
Hj acts in some representation (not necessarily the adjoint), and we assume
that F7 also carries a Euclidean metric invariant under the action of Hy.

Throughout the following, we use h to denote an element of H, « to denote
an element of b, and v to denote an element of F;. With this notation, we
define F' in (6.21) to be the quotient of the product H x (h+ @ Ej) under
the action?® of Hy as

ho - (h,v,v) = (hhg', hovhg', ho-v), ho € Ho. (6.22)

To specify completely the local model, we must also discuss the symplectic
structure and the Hamiltonian H-action on F'. I will be fairly succinct here,
since this material is covered in detail in Section 4.3 of [18] and is based
upon standard techniques for constructing symplectic bundles, as explained
for instance in Ch. 35-41 of [55].

In order to place a symplectic structure on F', we must make an additional
assumption about the representations Fy and E; of Hy. Namely, we assume
that vy € hg acts non-degenerately on both Ey and E7, with non-zero eigen-
values. Because the action of g preserves the invariant metrics on both Ej
and F1, the action of g on each of these vector spaces is represented by a
real, anti-symmetric matrix. The positive and negative eigenspaces of the
Hermitian operator —iyg thereby determine complex structures on Ey and
FE1. Each of these complex structures is automatically preserved by Hg, and
the invariant metrics on Ey and F; are Hermitian.

The complex structures on Ey and Fq will be essential when we present the
non-abelian localization formula, so let us describe them more precisely. By
convention, we take elements of holomorphic/anti-holomorphic type (1,0)
in Ey to lie in the positive eigenspace of —i~yg, and we take corresponding
elements of type (1,0) in E; to lie in the negative eigenspace of —iyy. That
is, when acting on a standard holomorphic basis,

—ivg >0 on Ey, —iy <0 on Ej. (6.23)

With this convention for the respective complex structures on Fy and Efq,
extraneous signs are suppressed in the non-abelian localization formula.

% 0ur convention that Ho acts on H from the right is opposite to the convention in [18]
but agrees with the convention for coadjoint orbits in Section 4. As a result, some of the
expressions in this section differ by signs from those in [18].
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Later, in Section 6.3, we illustrate the convention (6.23) in several elementary
examples.

Without further ado, the symplectic form € on F is given by
Q=—d(vy+.0) — d{ug,.0) + Qp,, 0=h""dh (6.24)

Here Q2g, is the invariant symplectic form on E; determined by the afore-
mentioned metric and complex structure. Also, pp, is the moment map for
the Hamiltonian action of Hy on E7. As we shall use in a moment, because
the action of Hy on Ej is linear, the moment map pp, is a homogeneous
quadratic function of the vector v € Ej.

The two-form €2 in (6.24) is manifestly closed and invariant under Hy.
Further, if V(1)) denotes the vector field on H x (h* @ E1) generated by an
element 9 € bg, then Q vanishes upon contraction with V' (¢)). This state-
ment can be checked directly from (6.24), once we note that V(¢) is given
explicitly by

Under (6.25), the terms involving v and v in €2 are separately annihilated
when contracted with V(¢), and we have carefully arranged the terms
involving pup, and Qp, to cancel when contracted with V(¢). Thus €
descends to a closed two-form on F'.

We are left to check that {2 is non-degenerate as a symplectic form on
a neighborhood of H/Hy in F, where we embed H/H as the base of the
homogeneous bundle (6.21) at v = v = 0. Restricting 2 to H/Hy, thereby
setting v = v = 0 in (6.24), we immediately obtain

Yy, = —(d7,0) = (70, d0) + Q. (6.26)

Here we use that ppg,, being quadratic in v, satisfies pup, = dug, =0 at
v =0, so that no terms involving pg, appear above. The term involving
d~y in (6.26) then provides a non-degenerate, cotangent pairing between the
tangent directions to H/Hy, which lie in b+ = h © hy © Ey and the corre-
sponding directions in the fiber over H/Hy. The term involving 7o similarly
pairs the remaining tangent directions to H/Hj in Ej via the coadjoint sym-
plectic form introduced in (4.15). Finally, Qp, is non-degenerate on E; by
definition. So €2 in (6.24) defines a symplectic form on a neighborhood of
H/Hp in F.
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As for the Hamiltonian symmetry, we assume that H acts from the left
on H/Hy, so that

n - (h, ~, v) = (h'h, ~, U), n € H. (6.27)
The corresponding element ¢ in h generates the vector field
Sh=¢-h, dy=0, dv=0. (6.28)

Since the one-form 0 appearing in 2 is left-invariant, the symplectic form on
F is manifestly invariant under H. Finally, using (6.24) and (6.28), one can
easily check that the action of H on F' is Hamiltonian with moment map p
given by

(m.0) = (v +10, B o h) + {up,, K o h). (6-29)

As a small check, we note that the value of p in (6.29) on H/Hy C F' is
given by o, as we initially assumed, and H/Hj sits on the critical locus of

S = 51, p).

6.2.2 An equivariant Euler class from F

Having fixed a symplectic model for F' in (6.20), we can now present the
basic localization formula for the canonical symplectic integral in (6.1). To
start, we define the local contribution to Z from the component C C X by
the following symplectic integral over IV,

2()|,, = Voll(H) /hXN [;l‘ﬂ exp [0 i) — £(6,6) + 5 DV]. (630)

So long as s is non-zero and ¥ is given by (6.15), the integral (6.30) over
the non-compact space N is both convergent and independent of s, so that
Z(€)|n is well-defined.

In principle, to obtain a localization formula, we simply integrate over
(heho) x F in (6.30), thereby reducing Z(e)|y; to an integral over the
reduced space hy x M. In practice, because the integral in (6.30) does not
become Gaussian even in the limit s — oo, the analysis of (6.30) is some-
what involved and occupies a significant fraction of [18]. Rather than repeat
that analysis here, I will simply summarize its result.
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In a nutshell, the non-abelian localization formula of [18] states that
Z(€)|n in (6.30) is given by the following integral over ho x M,

- 1 dj GHO(M, Eo)
2|y = Vol(Ho) /WM [277} e, (M, E)
X exp [Q €O —i(y0,0) — %(qmz)) . (6.31)

This formula deserves a number of comments.

Let us first explain our notation. The integration variable ¢ in (6.31) is an
element in hg, and €2 and © are classes in the ordinary de Rham cohomology
ring H*(M) of M. As the notation suggests, € is the symplectic form on M
inherited from X, and © is a degree-four characteristic class on M that we
specify more precisely below. Finally, ep, (M, Ep) and e, (M, E;) are the
Hy-equivariant Euler classes of complex vector bundles over M associated to
Ey and E;. Again, we provide a more explicit description of e, (M, Ep) and
er,(M, E1) below. For now, we simply note that these classes are defined
as elements in the Ho-equivariant cohomology ring Hj; (M) of M.

In fact, all terms in the integrand of (6.31) can be understood as classes
in Hy; (M). Because Hj acts trivially on M, the Hyp-equivariant cohomology
ring of M is given by the tensor product of the ordinary cohomology ring
of M with the ring of invariant functions on k. Identifying the ring of
invariant functions on fy with the Hy-equivariant cohomology of a point, we
thus write

Hy (M) = H* (M) @ Hpy, (pt). (6.32)

Perhaps a bit more concretely, elements in Hy (M) can be written as sums
of terms having the form z - f(¢), where x is an ordinary cohomology class
on M and f(1) is an invariant function of 1. Recalling that vy € b is
invariant under Hy, we thus see that the terms appearing in the argument
of the exponential in (6.31) can also be considered as classes in Hy (M).

The appearance of Hy; (M) in the non-abelian localization formula is no
accident. As we observed in Appendix C of [18], the pullback pr* from M
to N in (6.20) induces an isomorphism, at least rationally, between the Ho-
equivariant cohomology ring of M and the H-equivariant cohomology ring of
N. Under this isomorphism, the H-equivariant classes on N represented by
[ —i{u,¢)] and [~3(¢, ¢)] in (6.30) are the pullbacks from corresponding
Hy-equivariant classes on M.
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To identify the relevant classes in Hj (M), let us quickly recall how the
identification between Hf (N) and Hy (M) formally arises. Given the sym-
plectic model (6.21) for F' as an equivariant vector bundle over H/Hj, the
neighborhood N equivariantly retracts onto a bundle N with fibers H/Hg
over M,

H/Hy — N
Lo, (6.33)
M

Under this retraction, we identify Hy (N) = Hj(N).

For the moment, let us suppose that N can be constructed as a quotient
of a principal H-bundle Py over M. Thus Py is a bundle with fiber H over
M. Besides the given action of H, we assume that Py admits a free action
of Hy commuting with the action of H, so that N = Py /Hpy. On the other
hand, if we take the quotient of Py by the free action of H, we identify
M = Py /H. Considering these quotients in successive orders, we obtain the
required isomorphism

H(N) = Hiy gy (Prr) = Hig, (M), (6.34)

Finally, although the requisite Py in (6.34) may or may not exist on the
nose, Pr always exists rationally, which suffices for our application to the
Cartan model.

We can now identify the elements in Hp; (M), which pull back to the

H-equivariant classes on N represented by [ —1i(u, ¢)] and [—%(qﬁ, ®)] in
(6.30). Namely, we have the correspondences

—5(6,0) £ 0 - S(w,v). (6.35)

We abuse notation slightly in the first line of (6.35), since on the left € is
the symplectic form on X, whereas on the right ) is the symplectic form
on M. The identification between these equivariant cohomology classes of
degree-two is manifest once we recall that the value of the moment map p
on M is given dually by 7p.

The identification between the equivariant classes of degree-four in the
second line of (6.35) will be similarly transparent as soon as we define © as
a characteristic class in H*(M). Specifically, we once again consider the fiber
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bundle N in (6.33). By assumption, H acts on N with stabilizer Hy, so N
is not the total space of a principal H-bundle over M. However, if we let K
be the maximal subgroup of H commuting with Hy, so that K x Hy C H,
then K does act freely on N, and we regard N as a principal K-bundle
over M. We then define © to be the degree-four characteristic class of N
which is determined via the Chern—Weil homomorphism by the restriction
of —%(qﬁ, ¢) to the Lie algebra of K. The correspondence in the second line
of (6.35) then follows directly by definition of .

With the identifications in (6.35), we see how the classes [©2 —1i (70, )]
and [© — Z(1, )] in (6.31) appear under the reduction from (6.30). From a
physical perspective, these terms in the localization formula arise by classical
reduction.

Conversely, the ratio of equivariant Euler classes in (6.31) arises by inte-
grating the localization form exp (s D¥) over the directions (h© hg) x F
in (6.30). As in the Duistermaat—Heckman formula [11,46], where an equi-
variant Euler class makes its appearance for much the same reason, this
prefactor can be described physically as a ratio of one-loop determinants
associated to the normal directions to C in X.

Since we will need to compute the analogues of ep, (M, Ep) and epy (M,
E,) for the Seifert loop operator in Section 7, let us recall a more concrete
description of the equivariant Euler class. We let E be any complex rep-
resentation of Hy, which is fibered over M to determine an Hy-equivariant
bundle (with Hy acting trivially on M as throughout). The Hy-equivariant
Euler class ep, (M, E) then incorporates both the algebraic data associated
to the action of Hy on E as well as the topological data that describes the
twisting of E over M.

To encode the algebraic data related to the action of Hy on F, we assume
without loss that Hy is abelian. (Otherwise, we simply restrict to a maximal
torus in Hy.) We then decompose F under the action of Hy into a sum of
one-dimensional complex eigenspaces

dim E

E= P E.,, (6.36)
j=1

where each «; is a weight in b which describes the action of Hp on the
eigenspace Fy;.

To encode similarly the topological data associated to the vector bundle
determined by E over M, we apply the splitting principle in topology, as
explained for instance in Ch. 21 of [25] and as illustrated at the conclusion
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of Section 5.2. By this principle, we can assume that the vector bundle
determined by E over M splits equivariantly into a sum of line-bundles
associated to each of the eigenspaces Eo,; for the action of Hy. Under this
assumption, we let e; = ¢1(E, j) be the first Chern class of the corresponding
line-bundle. These virtual Chern roots e; determine the total Chern class
of £ as

dim E

e(B)=[] +e. (6.37)

j=1
In particular, the ordinary Euler class of E over M is given by

dim FE
e, E) =[] e (6.38)

j=1

The equivariant Euler class ep, (M, E) is now determined in terms of the
weights a; and the Chern roots e;. We recall that eq, (M, E) is defined as
an element of Hy (M, E) = H*(M) ® Hy; (pt). Thus e, (M, E) will be a
function of ¢ € hy with values in the ordinary cohomology ring of M. Very
briefly, the necessary function is given by the product

dim E i(oz- ¢>
€H, (M,E) = H (2]7;_ + 6]') . (639)
7j=1

When Hj acts trivially on E so that all o; vanish, we see that this
expression for eg, (M, E) reduces to the ordinary Euler class in (6.38). At
the opposite extreme, when M is only a point, the Chern roots e; do not
appear in (6.39) for dimensional reasons, and the product over the weights
a; in (6.39) reduces to the determinant of [¢)/27] acting on E.

6.2.3 Two special cases

To conclude our description of the non-abelian localization formula in (6.31),
let us mention two particularly simple special cases.

At one extreme, we suppose that H acts freely on a neighborhood of
the vanishing locus C = p~1(0) C X of the moment map p. Thus Hp is
trivial, and vy = Ep = E1 = 0. As first shown by Witten in [108], the non-
abelian localization formula in this case reduces to the following integral
over M = u~1(0)/H,

2() | = /M exp [ + € O], (6.40)
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Here © is now the degree-four characteristic class associated to pu~1(0),
regarded as a principal H-bundle over M, and determined under the Chern—
Weil homomorphism by —%(qﬁ, ?).

At the opposite extreme, we allow the stabilizer Hy C H to be non-trivial,
but we assume that M is simply a point. The non-abelian localization
formula for Z|y¢ in (6.31) then reduces to an integral over the Lie algebra by,

b= vty J, o] (5el) o 5e)

xexp [~i (30, 0) = § (0, 8)]. (6.41)

Here, we have written the Hp-equivariant Euler classes in (6.31) more explic-
itly as determinants of ¢ € hg acting on the respective vector spaces Fjy
and El.

The expression for Z|y in (6.41) makes clear a necessary caveat in our
general localization formula. If Ey and E; are finite-dimensional represen-
tations of Hy, the ratio of determinants in (6.41) is just a ratio of invariant
polynomials on hy. Thus the integral over by in (6.41) is clearly convergent
at large ¥, due to the exponential suppression of the integrand when € is non-
zero. However, depending upon Ejy and FEj, the integrand in (6.41) might
also have singularities at points in hy for which the determinant of ¢ acting
on Fy vanishes. For instance, the determinant of v acting on E; always
vanishes at ¥ = 0, and without a compensating zero from the determinant
of ¢ acting on FEjy, the integral over hgy could fail to converge near the ori-
gin. So strictly speaking, the integral over hg in the non-abelian localization
formula (6.31) is not convergent in general.

We discussed this issue at some length in Section 4.3 and Appendix A
of [18]. To summarize the results of that discussion, the non-abelian local-
ization formula is valid whenever the integral over hg turns out to be con-
vergent. In all our applications to Chern—Simons theory, this condition will
hold.

6.3 Elementary examples

To provide some additional intuition for the localization formula in (6.31), let
us discuss a couple of elementary examples in which the canonical symplectic
integral can be evaluated directly and the result compared to (6.31). In the
first example, we will illustrate the role of Ey in the local model for F. In
the second example, we will illustrate the role of Fj.
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6.3.1 Symplectic volume of a coadjoint orbit

In our first example, we consider the canonical symplectic integral defined
for X = O,, the adjoint orbit of G through A € t introduced in Section 4.1.
Here, the role of the Hamiltonian group H acting on X is played by G itself.
We recall that the coadjoint symplectic form vy on O, is given by

1
UV = _5(9a [)‘7 9])7 0= g_l dg, (642)

and the moment map p that describes the action of G on O is given by

(d) = (grg™ " ¢) = -Tr[(gAg™") - ¢], o€g. (6.43)

Trivially, the norm-square (p, ) = (A, A) is constant on Oy. As a result,
the canonical symplectic integral Z(€) in (6.1) is proportional to the sym-
plectic volume of Oy,

20 = ony () oo (O] [ e
Ag =dimG. (6.44)

By convention, we take A > 0 to lie in the positive Weyl chamber, and
we orient Oy so that the symplectic volume is positive. Then from the
description of vy in (6.42),

Y Vol(G)
A= —— A R. 6.45
L, e = e T . e (6.45)

Here, G) C G is the stabilizer of A under the adjoint action, and the
product in (6.45) runs over roots 3 of G whose associated rootspaces lie
in the holomorphic tangent space gtt9 to O, defined in (4.23). As usual,
this product arises after diagonalizing the adjoint action of A on g%, such
that A acts on each rootspace e¢5 C g% by [\, e5] =i (B, \) ¢5. Finally, we
recall that the Riemannian volumes Vol(G) and Vol(G)) are both defined
with respect to the invariant form (-, -) determined by ‘—Tr’ on the Lie
algebra g.
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Thus according to (6.44) and (6.45), the canonical symplectic integral in
this example is given directly by

Z(e):w(lGA) <21m)AG/2 exp [— “2’3)]- IT 5N (646

We want to compare (6.46) to what we obtain when we apply the non-
abelian localization formula. To describe O, in terms of the local symplectic
model for F', we set

H=G, Hy=Gx =X\ FE =g FE ={0}. (6.47)

With these assignments, F' in (6.21) reduces to O, itself, and the space M
sitting beneath F' in the symplectic fibration (6.20) is just a point.

Since M is only a point, the localization formula in (6.41) presents Z(¢)
as an integral over the Lie algebra gy of Gy,

0= vatan J, [3:] (o

Just as in (6.45), the determinant of ¢ € g, acting via the adjoint action on

) e [0 - S 0]
(6.48)

g(1o)

g9 is given by a product over roots 3 of G,
W (i (Ac—Ag,)/2
det (27‘1’ g(1,0)> - (27’[‘) : H <ﬁ71/}>7
(B,A)>0
Ag =dimG, Ag, =dimG),. (6.49)
As a result,

< T B0 e |- 0) =S @) (650)

(B,A)>0
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To evaluate the integral over gy in (6.50), we employ the standard trick
to rewrite Z(€) as the derivative of a Gaussian function,

0= () L[5

< I (sigy) ew [-i000) - 5 0],

(B,A)>0

T Vol(Gy) \ 27 '

where I(), €) is the Gaussian function obtained from the first line of (6.51)
once the derivatives are pulled outside the integral,

I(, ) = ( ! >AGA/2 exp {— (A’A)]. (6.52)

2me 2¢

11 <ﬁ,i§)\> I(A\e), (6.51)

(B,A)>0

When the differential operator J[ 4 )50 (8,10/0A) acts on I(A,¢€), we
obtain two sorts of terms. First, each derivative with respect to A can
act separately on the argument of the exponential in I(A,€) to bring down
a factor —i (8, \)/e. Alternatively, successive derivatives in the operator
15,050 (B,10/0A) can act on the monomial prefactor in A, which is gen-
erated by preceding derivatives. So schematically,

I (5155) 10

(B,A)>0

1\ (Bo=Ac,)/2
_<) T 8.0 +06)] 100, (6.53)

ie
(8,A)>0

where O(e) indicates polynomial terms of higher order in e which arise a
priori in the second way. In the case G = SU(3), we present the O(e) terms
explicitly below.

Via (6.53), the expression for Z(e€) in (6.51) becomes

Jo Vol(lc)\) ( 2%6 >AG/2 . [_(/\2,:\)} <671}>0<5’ ) + O(e)

(6.54)
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Comparing (6.54) to (6.46), we see that the product over § in the right-
hand bracket produces precisely the same expression for Z(e€) that we found
previously by direct integration.

That said, consistency of (6.54) with (6.46) also requires the O(e) terms
in (6.53) to vanish identically. Rather than attempt a general proof of this
statement, we will content ourselves to check it in the simplest non-trivial
case, for which G = SU(3) and X\ = idiag(A1, A2, A3) is regular. The O(e)
terms in (6.54) are then proportional to the following cyclic sum over the

three positive roots 31, B2, and 3 = (1 + (2 of SU(3),

D (B B5) (B A) = (81, 82) (B3, A) + (B3, B1) (B2, A) + (B2, B3) (B1, A).
(4,4,k) cyclic
(6.55)
As standard,

(B, A) = A1 = A2, (B2, A) = A2 — A3, (B3, ) = A1 — As. (6.56)

Also, the pairwise inner products of the roots in the invariant metric
“~Tr(-)” on su(3) are given by

(B1,02) = =1, (B2,83) =1, (61,03) =1 (6.57)

The cyclic sum in (6.55) then vanishes trivially according to (6.56) and (6.57),
as required by the non-abelian localization formula.?*

6.3.2 Non-abelian localization on S?

For our second example, we take X = S2. The discussion here will be a slight
elaboration on the example provided by Witten in the appendix of [108].
We parameterize S? globally in terms of angular coordinates (6, ), where
0 € [0, 7] is the latitude and ¢ € [0,27) is the longitude. As standard, we
take the symplectic form €2 to be

Q =sinf diNdp. (6.58)

As a special case of the previous example, we considered the transitive
action of SU(2) on S?, interpreted as a coadjoint orbit of SU(2). Here we
consider a different group action on S2, which will not be transitive. So
we take H = U(1) to act by rotations on S?, with fixed points at the poles

241 have also checked directly that the O(e) terms in (6.53) vanish when ) is regular
and the group is G2, a computation which is considerably more involved.
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6 = {0,7}. This U(1) action is generated by the vector field V' = 9/0¢p, with
moment map

= cos @ + puyg, (6.59)

where pg is an arbitrary constant. As hopefully clear, we regard the moment
map as taking values in u(1)* = u(1) = R. For convenience, we set fi9 = 0
in the following.

By convention, we orient S? so that (2 is positive, and we normalize the
metric on U(1) so that Vol(U(1)) = 2w. The canonical symplectic integral
Z(€) then becomes

1 1
T Vol(U(1)) vare Jg

1 ! x?
= Noro /_1 dx exp [—26] (6.60)

In passing to the second line of (6.60), we integrate trivially over ¢ to obtain
a factor of 27, which cancels the volume of U(1), and we make the substi-
tution x = cosf. Because the integration variable x ranges only over the
finite interval [—1,1], Z(e) is given by the Gaussian error-function and has
no simple analytic expression in terms of more elementary functions.

Z(e) exp {Q — 2%(008 9)2] ,

Once again, we want to compare the result for Z(e) in (6.60) with what
we obtain from the non-abelian localization formula.

The local contributions to Z(e) arise from critical points of the function
1 1 )
S = i(u,,u) = i(cos 0)“. (6.61)

These critical points are located along the equator 6 = /2, where the
moment map vanishes, as well as the poles § = {0, 7}, where the moment
map takes the values +1. So under localization, Z(€) can be expressed as a
sum of three terms,

Z(€) = Z()| g o + 2(0)|g—g + Z()| gy (6.62)

each of which we now compute.

We first compute the contribution from the equator, where the moment
map vanishes. In a neighborhood of the equator, U(1) acts freely, so the
special case of the localization formula in (6.40) is applicable. Specifically,
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in terms of the local symplectic fibration (6.20), the symplectic fiber F' is
the cotangent bundle 7*U (1), and the base M is a point. So trivially,

2Oy = /M:{pt}(?xp 2+ c6] = 1. (6.63)

Equivalently, as will be useful in comparing to (6.60), we rewrite the constant
‘17 as

Z(€),_, = \/2176 /_ :O dz exp [—ﬂ (6.64)

More interesting are the local contributions from the higher critical points
at @ = {0,7}. Both critical points make an identical contribution to Z(e),
so we need only compute the contribution from 6 = 0. In this case, the
point 6 = 0 is fixed under the U(1) action, and the symplectic fiber F' = C
in (6.20) is the tangent space to S? that point. To describe F' in terms of
the canonical local model, we set?®

H=Hy=U(l), ~=i, Ey={0}, E; =C. (6.65)

Since M is now a point with a non-trivial stabilizer, we apply the special
case of the localization formula in (6.41) to obtain

2|,y = Vol([lj(l)) /R [;hfr’] det<£€r‘c>_lexp [—iw - %w] (6.66)

Here, we normalize ¢ € u(1) to act with unit weight on £} = C. Thus

det(w > _ W (6.67)

27 lc o

The minus sign on the right in (6.67) is a consequence of the convention for
complex structures on Ey and Ej in (6.23). Indeed, this example provides
a check of the relative sign for vy in (6.23).

Recalling that Vol(U (1)) = 27 in (6.66), we are left to analyze the integral

2(6)] 5y :/R [gi’] il exp [—w — ng}. (6.68)

The existence of the integral in (6.68) is rather delicate, due to the singularity
in the integrand at ¢» = 0. To make sense of (6.68), we follow the discussion

25By convention, the generator o € u(1) is anti-Hermitian and related to x by o = i p.
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surrounding (4.90) in [18] and consider instead the derivative of Z(e) with
respect to €, for which the same non-abelian localization formula implies

=z [[5E] v iv =547

N Sy 1
= 2\/%6 exp[ 26]. (6.69)

In passing to the second line of (6.69), we evaluate the integral over 1 after
completing the square in the argument of the exponential.

The result in (6.69) suffices to determine Z(e as a function of € up

to an arbitrary integration constant cg,

Moo

1 € _ 1
Z(E)’(;:o = _W/o dyy 3/2 exp [—%] + co,

! /Ooda:e [ xZ]—i-c (6.70)
=— Xp | —— , .
V2me J1 P 2e 0

where in the second line of (6.70), we substitute z = \/€/y. The same argu-
ment shows that Z (e
as

)‘ g—, is given by an identical expression, which we write

2

1 -1 z
Z(€)‘0:ﬂ' = _\/T?e /_Oo dCC exXp |:—2€:| + CQ. (671)

For ¢ = 0, the sum over the local contributions from the critical points
in (6.64), (6.70), and (6.71) then exactly reproduces the error-function
in (6.60).

7 Localization for Seifert loops in Chern—Simons theory

We are finally prepared to apply non-abelian localization to the Seifert loop
path integral, which as in Section 4 takes the canonical form

Z(e:C,R) :le( = <2‘;€>Ag/g / e [QCH—;G(M,;L)]. (7.1)

By the general properties of the canonical symplectic integral, Z(e¢; C, R)
localizes onto the critical points in A, = A x eLO, of the shift-invariant
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action

S(A,U) = CS(A) + 2¢ }{ Te | (vAFa)°], (7.2)

C

Tr(a g 'dag) - [

M RAAK
where
Fa=F4q+e¢ (gozg_l) oc. (7.3)

Thus our first task in analyzing the path integral in (7.1) is to characterize
the critical points of S(A4,U).

Varying S(A,U) in (7.2) with respect to A, we immediately find one
classical equation of motion,

_ KAF. KAF.
Fa+e€(gag 1) oo — (/{/\d?)dl{ﬁ/\dA<m/\d2) =0. (7.4)

Varying with respect to g, we find the other equation of motion,

1 . 1 /f/\fA o
[a, g dag— kg </@/\dn> g} =0. (7.5)

To avoid cluttering the notation, we have suppressed an overall factor of d¢
in (7.5), so the equation of motion derived by varying g must be understood
to hold upon restriction to C.

Since we have yet to fix a gauge for the shift symmetry S, the equations of
motion in (7.4) and (7.5) are invariant under the transformation A = o k&,
with ¢ being an arbitrary function on M valued in the Lie algebra g of the
gauge group G. To fix a gauge for S, we observe that the quantity kKAF 4
transforms very simply under the shift of A,

KAFA — KAF A + 0 KAdE. (7.6)

Since kKAdk is a non-vanishing three-form on M, we can then unambiguously
fix the shift symmetry by the condition

KAF4 = 0. (7.7)

In this gauge, the shift-invariant equations of motion in (7.4) and (7.5)
reduce to

Fa=F4q+e (gozgil) <00 =0, [oz, gildAg] =0, (7.8)
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or in terms of U = gOég_la

Fa+eU-6¢c=0, duU=0. (7.9)

We have seen these equations before, precisely as (4.62) and (4.63) in
Section 4.2. There we noted that solutions to (7.9) correspond to classical
configurations for the fields A and U in the background of a Wilson loop
operator in the standard (non-shift-invariant) formulation of Chern—Simons
theory. Hence, the Seifert loop path integral localizes onto the moduli space
M(C, «) of connections, which are flat on the complement to C' in M and
otherwise have delta-function curvature along C' determined by the covari-
antly constant value of U.

7.1 More about the classical Seifert loop operator

For generic k € Z and a € Iy, we recall the explicit description of M(C, «)
as a moduli space of homomorphisms from the fundamental group of the
knot complement M° =M — C to G,

M(Ca) = {o: (M) = G | o(m) € Capi } /G,
Cosk = Clexp (2ra/k)], m = meridian of C. (7.10)

The description of M(C, «) in (7.10) holds for general M and C, but for
the localization computations to be performed in Sections 7.2 and 7.3, we
must specialize to the Seifert case. Not surprisingly, when C C M is Seifert,
the classical moduli space M(C, «) acquires additional geometric structure.
This structure will be essential for the cohomological interpretation of the
Seifert loop operator, and it is what we wish to explore now.

According to (7.10), the form of M(C,a) is largely determined by the
fundamental group 71 (M?), so let us quickly present m(M°) when C C M
is Seifert. As in Section 3.2, we suppose that the Seifert manifold M is
characterized by the Seifert invariants

hn: (a1, b1), - (aN,bN)}, ged(ag, b;) = 1. (7.11)

Here h is the genus of the Riemann surface ¥ which sits at the base of M,
n is the degree of the Seifert fibration over X, and the relatively-prime pairs
(aj,b;) for j =1,..., N specify the topology of M over each orbifold point
of X.
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As we briefly discussed in Section 5.1 of [18], the fundamental group

w1 (M) of the closed Seifert manifold M with Seifert invariants (7.11) is
generated by elements

Cjy jzla"'vNa (712)

subject to the following relations:

[abf] = [bévﬂ = [Cjﬁf] =1,

aj;  bs .

cj] 9 =
h N
IT lasbd ] cj =" lapbd =asbya; b, (7.13)
/=1 7j=1

The generator f, which is a central element in 7 (M) by the first line
of (7.13), arises geometrically from the S! fiber over X. Similarly, the gener-
ators ay and by arise from the 2h non-contractible cycles present when 3 is
a smooth Riemann surface of genus h. Finally, for N > 0 the surface X car-
ries a non-trivial orbifold structure, and the generators c; for j =1,..., N
correspond to small one-cycles around each of the orbifold points of X..

To present the Seifert loop moduli space M(C, o), we actually want the
fundamental group of the complement M° = M — C, as opposed to M
itself. However, when C is a generic Seifert fiber of M, the presentation
of m (M) in (7.12) and (7.13) can be immediately extended to a presenta-
tion of 71 (M?°). We simply adjoin a single generator m to the set in (7.12),
where, consistent with the previous notation, m represents the meridian
of C. As for relations, m commutes with the fiber f (which is represented
geometrically by C' itself),

[m,f] =1, (7.14)
and the last relation in (7.13) must be modified to include m as

h

N
H [as, by H c; = mf". (7.15)
j=1

(=1

To explain (7.15) briefly, we assume that C sits as the fiber over a smooth,
non-orbifold point p € 3. Then m is represented geometrically by a small,
suitably oriented one-cycle around p in ¥. Hence, m appears in (7.15) in the
same way that the generators c; enter the corresponding relation in (7.13).
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7.1.1 A two-dimensional interpretation for M(C, )

The preceding presentation for w1 (M?) is clearly reminiscent of the pre-
sentation for 71 (X°) in Section 5.2, where ¥° = ¥ — {p} is the punctured
Riemann surface at the base of M°. Indeed, the presentation for 7i(M?)
directly reduces to the presentation for 71 (3°) once we eliminate the genera-
tor f € w1 (M?), setting f = 1 in the relations (7.13), (7.14), and (7.15). Here
when ¥ has orbifold points, we take m1(X°) to be the orbifold fundamental
group. Hence as groups, m(M?) is a central extension of 71 (%?),

1—7Z— m(M°) — m(X°) — 1, (7.16)

where f generates Z above.

The relationship between the groups 71 (M°) and m(X£°) in (7.16) is nat-
urally reflected in a corresponding relationship between the moduli spaces
M(C, ) and N(P; \), where we recall from Section 5.2 that N(P;\) des-
cribes flat connections on ¥ with monodromy at p specified by A € t. In
the special case a = A = 0, that relationship reduces to a correspondence
between the respective moduli spaces M and N(P) of (non-singular) flat
connections on M and X, as we discussed in Section 5.1 of [18] follow-
ing much earlier observations by Furuta and Steer [53]. Since the two-
dimensional interpretation of M(C, «) fundamentally underlies our work on
non-abelian localization, let us briefly review the observations in [18] as
applied to M(C, «).

To explain the relationship between M(C, ) and N(P; \), we consider a
fixed homomorphism ¢°: 71 (M°) — G, where we assume G to be simply-
connected. Since f is central in m(M?°), the image of ¢° must lie in the
centralizer Z,o(s) C G of the element ¢°(f) € G. To simplify the following
discussion, we suppose that °(f) actually lies in the center Z(G) of G,
implying Z,o(s) = G. This condition is necessary whenever the connection
described by p° is irreducible, which is one of the two main cases we con-
sider when we perform computations for the Seifert loop operator. In the
irreducible case, we will take 3 to have genus h > 1. For the other case, we
consider, ¥ has genus zero, and we do not require p°(f) to be central nor ¢°
irreducible. As often happens, the genus zero case is somewhat special, and
we postpone consideration of it until the end of this section.

Clearly if o°(f) =1, so that the corresponding flat connection on M?
has trivial holonomy around the Seifert fiber, then p° factors through the
extension (7.16) to determine a homomorphism p°: 71 (2°) — G. Asin (5.1)
and (5.2), the parameters a and A\, which specify the respective monodromies
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for connections in M(C, «) and N(P; \) are related by

A= (7.17)

@
.
Under the identification in (7.17), o° specifies a flat connection with mon-
odromy on M which is merely the pullback from a corresponding flat con-
nection with monodromy on 3.

Otherwise, if p°(f) is a non-trivial element in the center Z(G), then the
flat connection (with monodromy) on M has non-trivial holonomy around
the Seifert fiber and cannot be the pullback of a flat G-connection (with
monodromy) on X. However, if we pass from the simply-connected group G
to the quotient G,q = G/Z(G), so that we consider the connection on M as
a connection on the trivial G,q-bundle, then the holonomy of this connection
around the Seifert fiber becomes trivial. As a result, the homomorphism ¢°
can now be interpreted as describing a flat connection with monodromy on
M that arises as the pullback from a corresponding flat connection on a
generally non-trivial G,q-bundle P over Y. Specializing for convenience to
the case that X is smooth, with no orbifold points, we see by comparing the
relation (7.15) in 71 (M?) to the relation (5.26) in 71 (X°°) that the holonomy
0°(f) is related to the central element ¢ € Z(G) which characterizes the
topology of the principal G,q-bundle P on X via

¢=o"(H" (7.18)

For instance, if we consider the case that the gauge group G is SU(2)
and the degree n of M as a principal U(1)-bundle over ¥ is odd, then flat
connections on M whose holonomies satisfy 0°(f) = ¢°(f)"™ = —1 correspond
bijectively to flat SU(2) connections on 3 which have monodromy —1 around
a specified puncture. Such flat SU(2) connections can then be identified
with flat connections on the topologically non-trivial principal SO(3)-bundle
over ¥. On the other hand, if the degree n is even, then °(f)"” = 1 for both
0°(f) = £1, so points in both of these components of the moduli space on
M are identified with flat SU(2) connections on .

If ¥ is not smooth but is an orbifold, the prior discussion extends imme-
diately when additional monodromies on ¥ associated to the elements 2
in (7.13) are similarly taken into account.

Let us make a concluding parenthetical remark. In obtaining a two-
dimensional interpretation for the irreducible homomorphism ¢° on M?¢,
we naturally pass from the simply-connected group G to the quotient G,q =
G/Z(G). If we correctly account for this quotient, the corresponding smooth
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component Mo(C, «) in the full moduli space M(C, «) is identified most
literally with the unramified cover N(P; A\) — N(P; \) appearing in (5.30),

Mo(C, ) 2 N(P; ), A= a/k, (7.19)

as opposed to the moduli space N(P; A) itself. When o« = A = 0, a similar
statement holds for smooth components My in the moduli space M of flat
connections on M,

Mo = N(P). (7.20)

Nonetheless, as we noted following (5.30), the distinction between N(P; \)
and the finite cover N(P; A) in (7.19) will not be essential for our work.

7.1.2 Consequences for the symplectic geometry of M(C, «)

According to discussion in Section 5.2, when P and A are appropriately
chosen, the extended moduli space N(P; \) is a smooth manifold which fibers
symplectically over the more basic moduli space N(P) of flat connections on
P,

21O_y — N(P; \)
lq . (W) < L. (7.21)

However, as we reviewed just a moment ago, N(P; ) also bears a natural
relation to M(C, o) when C C M is Seifert. Via the identification in (7.19),
the fibration in (7.21) implies a corresponding fibration for suitable compo-
nents of M(C, «) over the moduli space M of flat connections on M,

€cO_q — Mp(C, o)
lq . (9,a) < k. (7.22)
Mo

In obtaining (7.22), we recall the identification A = a//k and the defini-
tion € = 27/k. Also, both My and M(C, ) denote connected components
of the typically disconnected moduli spaces M and M(C, «). In general, the
fibration in (7.22) holds for only some components of M(C, «), since only
some components of M(C,«) are smooth. For the application in Section
7.3, we will be most interested in the case that ¥ is a smooth Riemann
surface of genus h > 1 (with no orbifold points), and the central holonomy
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0°(f) € Z(G) around the Seifert fiber of M is such that the associated com-
ponent Mo (C, ) is smooth. In that situation, the fibration in (7.22) does
hold.

Just as for (7.21), the symplectic form (4.104) on A, induces a symplectic
form Q, on My(C, ) which is compatible with the fibration in (7.22), so
that 0, admits a decomposition

Qo =4d"Q—cey, €=27/k. (7.23)

Here, 2 is the symplectic form on My induced from the corresponding
form (3.20) on A, and e, is a closed two-form on Mg(C, ) which restricts
fiberwise to the coadjoint symplectic form on O,. Of course, the description
of 4 in (7.23) is nothing more than the transcription of (5.32) to the Seifert
setting.

In Section 5.2, we were careful to consider the dependence of N(P; \) on
the parameter A € t and to delineate the regime of validity for the fiberwise
symplectic decomposition in (5.32). For instance, due to singular gauge
transformations taking the form (5.4), we saw that the affine Weyl group
W.g of G acts as a group of discrete gauge symmetries on A\. We then fixed
the residual action of W, on A by requiring A to lie in the fundamental
Weyl alcove Dy C t. Briefly, we recall that Dy is the bounded region in
t specified by the inequalities A > 0 and (¢, A\) < 1, where 9 is the highest
root of G. Finally, we observed that the symplectic fibration in (7.21) is
valid away from the wall of D defined by (¢, \) = 1, where the symplectic
form on N(P;\) degenerates.

Under the identification A = «/k, precisely the same conclusions apply to
Mo (C, «). Gauge transformations on M which are singular along C, again
of the form (5.4), alter the local behavior (5.1) of A near C' by shifting

ar—a+ky, yeTly, (7.24)

for y an arbitrary element in the root lattice I'y; of the simply-connected
group G. This discrete gauge symmetry can be fixed by taking the weight «
to lie in k - Dy, implying that « satisfies the bounds a > 0 and (9, o) < k.26
Finally, the symplectic fibration for My (C, «) in (7.22) is valid for positive
weights a which satisfy the strict inequality (¢, a) < k.

26For once, we regard both the root ¥ and the weight a as elements of t*. The pairing
between ¥ and « is then defined using the invariant metric (-,-) on t* induced by ‘—Tr’.
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In the context of Chern—Simons theory, the discrete gauge symmetry (7.24)
is especially interesting, since it is the manifestation of a well-known quan-
tum mechanical equivalence among the set of all Wilson loop operators in
the theory. As well-known, in the classical limit k — oo, the Wilson loop
operators Wr(C') defined for a fixed curve C are distinct operators in Chern—
Simons theory as R ranges over the set of irreducible representations of G.
Yet if k < oo is finite, a quantum mechanical basis [47] for the set of Wilson
loops wrapping C' is given by only the finite set of operators associated to
those representations, which are integrable in the affine Lie algebra g at level
k. Explicitly, the integrable representations of § at level k are characterized
by the bound (see for instance Section 14.3.1 of [40])

(0, 0) <k, (7.25)

where o > 0 is the highest weight of R. In terms of t*=2 t, the integrability
condition in (7.25) simply says that « lies in the bounded region k- D4, as
we already observed.

In the literature, one sometimes finds the integrability condition (7.25)
alternatively expressed by means of the strict inequality

(U, o+ p) < k+ ¢y, (7.26)

where p is the distinguished weight which is half the sum of the positive
roots of G,

p=5 36 BeR (727)

5>0

and ¢g is the dual Coxeter number of G. For instance, if G = SU(r + 1),
then ¢g = r 4+ 1. The strict form (7.26) of the integrability condition on the
weight o > 0 is entirely equivalent to the condition in (7.25), due to the
standard identity (9, p) = ¢q — 1.

For the semi-classical computations in Section 7.3, we will need to assume
that o > 0 satisfies the strict bound

(0, a) <k, (7.28)

so that the symplectic fibration in (7.22) is valid. This bound is slightly
stronger than the integrability condition in (7.25), which is the appropriate
bound on « in the quantum theory.

Nonetheless, the bound (7.25) on « derived from two-dimensional confor-
mal field theory and the bound (7.28) on « derived from symplectic geometry
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are not unrelated. In its strict form (7.26), the integrability condition can
be very naturally interpreted as the quantum analogue of the classical con-
straint in (7.28). As often happens for Chern—Simons theory, in passing from
the classical to the quantum bound, the level k is replaced by k + ¢4, cor-
responding for G = SU(2) to the infamous shift k — k + 2, and the weight
« itself is replaced by a + p. Eventually in the course of the localization
computations in Sections 7.2 and 7.3, we will see how both of these rather
delicate quantum corrections arise.

7.1.3 Analogue for Seifert homology spheres

The symplectic fibration (7.22) for M(C, ) is most relevant when ¥ has
genus h > 1, in which case smooth components My and My(C, ) of positive
dimension generally exist. Yet before we proceed to computations, we also
wish to consider the structure of M(C, «) in the opposite topological regime,
for which ¥ has genus zero and M is a Seifert homology sphere.

To start, let us recall what it means for M to be a Seifert homology
sphere. In general, a compact three-manifold M is a homology sphere if
and only if H;(M) = 0. Furthermore, H;(M) is always the abelianization
of m1(M). Given the explicit description of 71 (M) in (7.12) and (7.13), we
can easily characterize the conditions on the Seifert invariants (7.11) of M
such that Hj (M) vanishes.

First, the base ¥ of the Seifert fibration must have genus zero if M is to
be a homology sphere, since otherwise the homology of 3 would contribute
to the homology of M. Specializing to this case in (7.12) and (7.13), the
fundamental group M is then generated by the elements c; for j =1,..., N
and f, subject to the relations

N
IIci= (7.29)

The vanishing of H; (M) implies that the relations in (7.29) must be non-
degenerate in the following sense. To make the notation more uniform, let

us set f =cyq1. Then Hi(M) is the abelian group generated by the c;
for j=1,...,N + 1, subject to N + 1 relations of the form HNH ?]l =1,
where Kj,l is an (IV +1) x (N + 1) integer-valued matrix derlved from the
last two lines of (7.29). An arbitrary element vatl c.” in H{(M) is trivial

if and only if the vector v; can be written as v; = >, K;; w; for some other
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vector w; of integers. In terms of K;;, the vanishing of Hy(M) is then
equivalent to the condition det K = +1. As one can easily verify, the latter
requirement amounts to the arithmetic condition that the Seifert invariants
(7.11) of M satisty

N
n—l-z iH = (7.30)

=1 %

Hence if h = 0 and the arithmetic condition in (7.30) holds, M is a Seifert
homology sphere.

As in Section 5.2 of [18], the present discussion will actually apply to a
slightly more general class of three-manifolds than Seifert homology spheres.
To indicate the broader class of Seifert manifolds we consider, we note that
the quantity appearing on the left of (7.30) is the Chern class of the line
V-bundle L over X associated to M,

N
b.
L)=n+>) a—] > 0, (7.31)
i1 9

where we assume without loss that M is oriented so that ¢ (L) is positive.
If the arithmetic condition on ¢;(£) in (7.30) holds, then the orders a; of
the orbifold points on ¥ are necessarily pairwise coprime,

ged(aj,ay) =1, j#j', (7.32)

and as explained for instance in Section 1 of [53], £ generates the Picard
group of line V-bundles over ¥. That is, every line V-bundle on ¥ is an
integral multiple of L.

Besides the Seifert homology sphere associated to the fundamental line
V-bundle £, we also consider the Seifert manifolds which arise from any
multiple £¢ with d > 1. The Seifert manifold M derived from £? is a quo-
tient by the cyclic group Z4 of the integral homology sphere associated to
L, and in this case, Hy (M) = Zg4. Thus, the integer d can be characterized
topologically as the order of Hy(M),

d = |Hy(M)|. (7.33)

Such Seifert manifolds are rational homology spheres, with H;(M;R) = 0.
As a simple example, if £ is the smooth line-bundle of degree one over
CP!, which describes S3, then the rational homology spheres associated to
multiples £¢ are lens spaces.
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Regardless of whether M is a Seifert homology sphere or a cyclic quotient
thereof, the vanishing of Hj(M;R) implies that the trivial connection is
isolated as a flat connection on M. Hence the trivial connection determines
a distinguished point {0} € M, whose contribution to the Chern—Simons
path integral is natural to consider under localization.

One can ask whether an analogous statement holds for the extended
moduli space M(C,«). That is, if M is a Seifert homology sphere or a
cyclic quotient thereof, does M(C, «r) contain an distinguished, isolated point
{0+} € M(C, ), whose local contribution to the Seifert loop path integral
is equally natural to consider? As our notation indicates, g, : m (M°) — G
must provide a generally non-trivial representation of the knot group m (M?),
since g.(m) lies by assumption in the generally non-trivial conjugacy class
€k = Cllexp (2ma/k)].

To answer this question, we will directly exhibit g.. We do so by the
time-tested means of following our nose.

Specializing to the case of Seifert homology spheres, we first observe that
the knot group 71 (M?) is generated by elements c;, f, and m, subject to the
relations

m,f] =[c;,f]=1, j=1,...,N,

o7 9 =1,

N

H c; = mf". (7.34)
j=1

According to (7.10), if g« determines a point in M(C,«), then g.(m) =
exp (2wUy/ k) for some Uy € O,. Without loss, we similarly parameterize the
values of g, on the generators cq,...,cy and f = c¢y41 in terms of elements
d; € g, such that p.(c;) =exp(d;) for j=1,...,N +1.

So far, we have made no assumptions about ¢,. However, as the analogue
of {0} € M, the homomorphism g, should be suitably ‘close’ to the trivial
homomorphism, for which §; = 0 for all j = 1,..., N 4+ 1. Motivated by this
observation, we initially work to first order in the parameters (d1,...,0n41)
in our attempt to construct o.

At first order, the relations among the generators in (7.34) imply corre-
sponding linear relations among the parameters (01, ..., dn1) which specify
0«. Specifically, if K;; is the (N + 1) x (N + 1) integer-valued matrix that
appeared following (7.29) in our discussion of H;(M), then Ej K;;0;,=0
for I=1,...,N, and ZjKdej =2nUy/k for =N+ 1. Since M is a
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Seifert homology sphere or a cyclic quotient thereof, the matrix K;; is non-
degenerate over R. Therefore, if Uy € O, is held fixed, the inhomogeneous
linear system for the parameters (d1,...,dn+1) has a unique solution. More-
over, by linearity, each J; for j =1,..., N + 1 is proportional to Uy as an
element of g. Explicitly, in terms of the inverse matrix (K~1); ;, we have
§; = (K Y ny1, - (27Uo/k). In particular, the elements (81, ...,0n41) all
commute, and we obtain an honest homomorphism g, : 71 (M?°) — G, even
though we began by working only to first order in (d1,...,0n+1).

Necessarily s is a reducible representation of 71 (M?), since g, is invariant
under constant gauge transformations on M which preserve Upy. Such gauge
transformations form a subgroup of G' conjugate to the stabilizer G,. Also,
any infinitesimal deformation of g, with fixed Uy must lie in the kernel
of K;;. But since K;; is non-degenerate over R, the kernel of K;; trivial.
Therefore, like the trivial flat connection on M, the reducible connection
described by o, is isolated as a flat connection on M with monodromy g, (m)
fixed by Uy € O,. Since g, derives from a maximally reducible, abelian
representation of 71 (M?°), we henceforth set g, = g1, to indicate this fact.

We are not quite done, though, since the parameter Uj still varies in the
orbit O,. As Uy varies, the homomorphism p,}, also varies, so we actually
have a family of homomorphisms parameterized by O,. However, by the
same token, constant gauge transformations on M induce the adjoint action
of G on O,. Thus in total, {p.p} represents a distinguished point in M(C, «)
isomorphic to the quotient O, /G,

{Qab} = Oa/G € M(C7 a)‘ (735)

Despite the fact that {o.p} = O, /G is naively just a point, keeping track
of both the orbit O, and the G-action on O, will be extremely important
for the localization computation in Section 7.2. To illustrate why such an
equivariant perspective is useful, let us consider the analogue for Seifert
homology spheres of the smooth fibration in (7.22).

If a =0, the orbit O, reduces to a point, and p,, describes the trivial
connection on M°. So if a/k is small, the reducible connection on M°
described by a1, is only a small deformation of the trivial connection. Via the
same reasoning as in our discussion of the symplectic fibration for N(P; \)
in Section 5.2, we then obtain the G-equivariant fibration

O0n/G — O4)G
lq. (7.36)
pt/G
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Here {0} = pt/G is the point in M corresponding to the trivial connection
on M. Since constant gauge transformations on M fix the trivial connection,
we write {0} = pt/G to indicate that {0} is equivariantly a point equipped
with the trivial action of G.

Since the base of (7.36) is the equivariant point pt/G, the total space is
just the equivariant fiber O,/G. So admittedly, the equivariant fibration
in (7.36) may appear rather formal at first glance. Nonetheless, the anal-
ogy between (7.22) and (7.36) will eventually be helpful to explain certain
similarities between localization on the smooth moduli space My(C, o) and
localization at the maximally-reducible, abelian point {g.,} = O, /G.

7.1.4 Example: torus knots in S3

Most intentionally, our discussion of the classical Seifert loop moduli space
M(C, ) has been couched in general terms. Oftentimes, though, concrete
examples can be even more illuminating. With this thought in mind, we now
turn our attention to the simplest, and also the most interesting, Seifert loop
operators.

The simplest Seifert manifold is S3, so the simplest Seifert loop operators
will wrap curves embedded as knots K C S3. Here, we meet a basic topo-
logical question. Namely, which knots can be realized as Seifert fibers of $3?
Clearly, for each locally free U(1)g action on S, we obtain a correspond-
ing knot as the generic orbit. So to approach our question in a systematic
fashion, let us consider the possible locally free U(1)g actions on S3.

We regard S? as the unit sphere in C?, which carries complex coordinates
(X,Y). For each pair of integers (p,q), we obtain a natural U(1) action on
53 under which X and Y transform with respective charges p and q,

(X.Y) < (e™?. X, e™%.Y), ged(p,q)=1. (7.37)

Here, 6 is an angular parameter on U(1), and without loss we assume
in (7.37) that p and q are relatively prime. Otherwise, if p and q share
a common factor f = ged(p,q), then a cyclic subgroup Z; of U(1) acts
trivially on S% and can be factored out.

The classification of locally free U(1)g actions on S® is now very easy to
state. So long as both p and q are non-zero, the vector field on S, which
generates the U(1) action in (7.37) is nowhere vanishing, and the action is
locally free. Conversely, as for instance in Section 1.5 of [90], every locally
free U(1)g action on S* appears as an action of the form (7.37) with some

p,q # 0.
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One interesting corollary of the classification of locally free U(1)g actions
on S is that S3 admits many distinct presentations as a Seifert manifold.
For instance, in the case p=q =1, the U(1)g action in (7.37) is actu-
ally free, and we obtain the standard Hopf presentation of S as a smooth
S-bundle over CP!, on which [X : Y] serve as homogeneous coordinates. As
we mentioned in the Introduction , here the Hopf fiber is just the unknot.

More generally, dividing S3 by the U(1)g action in (7.37), we obtain a
fibration of S3 over the weighted projective space W(CIP)Il)’q,
Sl __%‘g3
. (7.38)
WCPy, ,

Topologically, V\V(CIP);q is a genus-zero Riemann surface with two orbifold
points, of orders p and q. The orbifold points sit under the two exceptional
orbits in S? where either X or Y vanishes, and hence a corresponding cyclic
subgroup Zq or Zp in U(1)g acts trivially.

For each Seifert presentation of S? in (7.38), let us quickly compute the
associated Seifert invariants [h;n, (a1, b1), (a2, b2)], in the notation of (7.11).
Because the base > = W(C]P’%,’q is a genus-zero Riemann surface with orbifold
points of orders p and q, we obtain immediately

h=0, a=p, a=q. (7.39)

Otherwise, the remaining Seifert invariants (n, by, b2) are determined by the
arithmetic condition in (7.30) which characterizes Seifert homology spheres.
Explicitly, the condition in (7.30) becomes

b b 1
n+—+ 4+ 2= ;o 0<bi<ar, 0<by<as. (7.40)
al a9 alag

To solve (7.40), we note that because a; = p and as = q are relatively-prime,
there exist unique integers r and s such that

ps—qr=1, O0<r<p, 0<s<q. (7.41)
In terms of r and s, the unique integers (n, by, be) satisfying (7.40) are then
n=-1, bp=p-r, by=s. (7.42)

At this stage, from the explicit description of the U(1)r action in (7.37),
we see immediately that the knots that can be realized as Seifert orbits in S®
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Figure 1: The torus knots X3 2, K4 3, and X5 2.

(0

are exactly [85] the torus knots. As the name suggests, the torus knot Xp
is described by a trigonometric embedding of S! into a two-torus S' x S*,
itself embedded in S2, under which

elf (eipe,eiqe) , gcd(p,q) = 1. (7.43)

Here, 6 is an angular parameter along S', and p and q are again non-zero,
relatively prime®” integers which determine the embedding S* «— S x S*.
Our reuse of § as an angular parameter on S!' in (7.43) is no accident.
Comparing (7.37) to (7.43), we see that so long as both X,Y # 0, the torus
knot Kp ¢ is embedded in S? as a U(1)g orbit in the two-torus parameterized
by the phases of the complex coordinates X and Y.

For later use, let us quickly recall a few basic facts about the classification
of torus knots. If either p or q is equal to 1, then X 4 is equivalent to the
unknot, as we already observed for the Hopf fiber K4 1. Also, for fixed (p, q),
the knots Kp o and Kq p are equivalent under isotopy in S3. By definition,
K_p,—q agrees with X, 4 but carries the opposite orientation. Finally, X, _q
is the mirror image of Xp . All torus knots (other than the unknot) are
chiral, meaning that X, 4 is not isotopic to its mirror. Indeed, one way to
prove the latter statement is to compute the Jones polynomial for Xy 4, as
we shall do using localization in the next section.

Up to orientation and reflection, we can thus restrict attention to the
torus knots associated to distinct pairs?® p > q > 1. These knots are all
non-trivial and topologically distinct. By way of illustration, we present
in figure 1 three torus knots, which can be drawn on the plane with few
crossings, including the trefoil, which is X3 2. As hopefully clear, the set of

2"If p and q share a common factor f > 1, the map in (7.43) is a degree f covering of
the embedding determined by the reduced pair (p/f, q/f).

28We restrict attention to positive q merely to suppress the proliferation of signs in the
computations in Section 7.2.
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Seifert loop operators is a restricted but nonetheless quite interesting subset
of the possible Wilson loop operators in S3.

7.1.5 Irreducible points in M(K, o, &)

With the torus knot X q in hand, we finally want to make some remarks
about the structure of the associated Seifert loop moduli space M(XKp g, @).
At least for gauge group G = SU(2), this moduli space has been extensively
studied, and our goal here is just to sketch a few of its salient features. See
for instance [23,79] for a much more thorough analysis.

To discuss the structure of M(Kp, g, @), we first need to discuss the struc-
ture of the knot group m(S® — Kpq). Most famously, m(S% — Kpq) is
the group generated by two elements x and y subject to the single relation
xP = y9. That is,

7r1(S3 —Kpq) = <x,y | xP = yq>. (7.44)

When p =q =1 so that Xy is the unknot, 7r1(53 —K11) =2 Z is freely
generated by x =y. Otherwise, for p > q > 1, the knot group is a non-
abelian group of infinite order.

Of course, a finitely-generated group can be presented in many different
ways. Via the general description of m(M?) in (7.34), we have already
provided a distinct, Seifert set of generators and relations for the knot group
in (7.44). According to our computation of the Seifert invariants in (7.39)
and (7.42), the Seifert presentation of 71(S® — X q) is given by generators
{c1,c2, m, f} subject to relations

[maf]:[cjaf]zla Jj=12,

P =1,
cg f =1,
cico = mf L (7.45)

We recall from (7.41) that the coprime integers (r,s) satisfy ps — qr = 1.

The presentation of 71 (S — Kp q) in (7.44) is certainly simpler than the
Seifert presentation in (7.45), but the Seifert presentation has the virtue of
making manifest the meridian m, which enters the definition of M(XKp 4, a).
With a little bit of work, one can check that the Seifert presentation of
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71 (5% — Kp.q) reduces to the presentation in (7.44) under the identifications
x = cjegfd, y=cPcHP. (7.46)

The meridian m of the knot Ky, 4 is then specified in terms of the generators
x and y by

m = cicof = x™"y°. (7.47)

with r =0, s = 1), the meridian
Z.

For the special case of the unknot Xy 1
m =y is the generator of 71 (S% — K11)

R~

We are now in an excellent position to analyze the structure of the
classical moduli space M(XKp g, ), which parameterizes homomorphisms
0°: m(S% — Kpq) — G with monodromy ¢°(m) € €k According to the
presentation of 71 (S — Kp q) in (7.44), any homomorphism ¢° is uniquely
determined by its values on the generators x and y of the knot group. To
parameterize 0°, let us therefore set

o’ =X, 0°(v) =Y, (7.48)

for elements X,Y € G. In terms of X and Y, the moduli space M(Kp q, @) is
given very concretely by

M(Kp,q: ) = { (X,Y)EeGXxG|XP=Y9 X" Y ¢ c’:a/k}/G,
Cosk = Cllexp (2ma/k)]. (7.49)

As we have already observed for the general Seifert homology sphere,
M(Kp,q, ) always contains a distinguished, reducible point {p.p} = O, /G,
which fibers equivariantly via (7.36) over the trivial connection on S3. To
exhibit g,}, in the notation of (7.49), we set

X =exp (6X), Y =-exp(dY), (7.50)

where 0X and JY are elements in the Lie algebra g. According to (7.49), to
first order the logarithms dX and JY satisfy the linear relations

pPoX—qdYy =0,

2
“rdX +sdY = %Uo, Up € O,. (7.51)

If Uy is fixed, the system in (7.51) then admits the unique solution

2 2
X = %q Up, OY= %p Uo. (7.52)
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Since 6X and §Y are both proportional to Uy, the group elements X and Y
automatically commute, and we obtain a family of abelian homomorphisms
0apb labelled by Uy. These homomorphisms correspond geometrically to the
reducible point {gap} = O /G in M(Kp g, ).

If p = q = 1 so that X3 is the unknot, then m freely-generates m1(S3 —
K1,1) =2 Z, and any homomorphism g is entirely determined by its value
on m. Consequently, the reducible point {g,p} is indeed the only point in
M(Kl,l, Oé).

When K q is a non-trivial torus knot, the structure of the moduli space
M(Kp,q, ) is much more interesting. Beyond the distinguished reducible
point, M(Xp, q, ) may contain other points associated to irreducible®
homomorphisms ¢°: 71 (5% — Kp ) — G. In the case G = SU(2), the exis-
tence of such points was essentially noted long ago by Klassen [79], and their
presence depends upon the precise value of the parameter a/k.

To exhibit the irreducible points in M(Xp g, ), we first observe that
xP = y9 is automatically a central element in the knot group (9% — Kp q)-
Hence, if ¢° is irreducible, the element XP = Y9 must lie in the center
of G. For simplicity, we focus on the standard case G = SU(2), for which
XP =Y9=+1. Thus, X and Y are conjugate to elements X, Yy € SU(2)
which take the diagonal forms

e%“ 0
X0: —im, | 0§u<p7

0 er
e%v 0
Yo = e |, 0<v<q, v = u mod 2,
0 ea’

(7.53)
for some integers u and v which are equal modulo 2 as above.

We assume without loss that X = X takes precisely the diagonal form in
the first line of (7.53). Up to the action of SU(2), Y can then be parameter-
ized in terms of an angle ¢ as

) cos(%) isin(%) (7.54)
Y=09y"Y0"9y » 9o = : :
¢ ¢ ¢ isin(%) cos(%)

2When G has higher rank than SU(2), the moduli space M(Xp g, ) also generally
contains points associated to partially reducible homomorphisms ¢°, whose image lies in
a subgroup G’ such that T'C G’ € G. For the purpose of the following discussion, these
partially reducible points can be lumped together with the irreducible points.




“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 135 — #135

LOCALIZATION FOR WILSON LOOPS IN CHERN-SIMONS 135

The angle ¢ is not arbitrary but is fixed by the requirement in (7.49) that
X~7T - Y® be conjugate to the group element exp (2ra/k), where the weight «
is given explicitly by

a=" (6 _OZ) . m e Zso. (7.55)

Tracing over the entries of the conjugate elements exp (2ra/k) and X™* - Y8
with the ansatz for Y in (7.54), we obtain a trigonometric relation which
determines ¢ in terms of the integers (m, k, p, q,u, v),

cos(%) = cos<7rzr> cos(?) + sin(7rpur> sin(?) cos(¢). (7.56)

So long as ¢ is not equal to 0 or m, any solution of (7.56) describes an
irreducible homomorphism ¢°: 71 (5% — Kp q) — SU(2) with ¢°(m) € €q 4.
Geometrically, {¢°} corresponds to an isolated, smooth point in M(XKp 4, @),
distinct from the reducible point {gap} = On/G.

As one example, for the trefoil knot K3o (with r=s=1), we take
u=wv = 1. Then (7.56) reduces to the condition

m™m m

cos<7> = sin<§) cos(¢), (7.57)

which can be satisfied whenever m/k lies in the interval [%, %]

This example illustrates an important, well-known general phenomenon.
Namely, the irreducible points in M(ﬂ(nq,a) exist only when a/k >0 is
a finite, non-zero distance from the origin. In contrast, the maximally
reducible, abelian point {e,5} exists even when «/k is arbitrarily small,
as in the classical limit k& — oo with o held fixed.3°

To summarize the discussion so far, the moduli space M(Kp o, ) always
contains the distinguished, reducible point {g.} = O,/G. Depending on
the ratio a/k as well as the pair (p,q), the moduli space M(Kp g, o) may
contain additional points, which arise from irreducible, non-abelian repre-
sentations of the knot group (9% — Kp q)-

Under localization, the Seifert loop path integral for the torus knot Kp,  is
generally evaluated as a sum over contributions from the connected compo-
nents of M(iKpm a). Although evaluating the individual contribution from

39More broadly, both statements are true if X is any knot in S*, not necessarily a torus
knot.
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each component of JV[(IKPH) is relatively straightforward (such computa-
tions are the essential content of Sections 7.2 and 7.3), summing the results
over all components of M(ﬂ(nq) would appear to be a much harder task,
requiring a detailed analysis of M(pr,q) for all values of p, q, and a/k.

In fact, the situation turns out to be a good deal simpler than at first
glance, and we are able to evaluate the Seifert loop path integral for the
torus knot K,  entirely by localization at the distinguished reducible point
{oap} =2 O,/G.3! As follows from the exact expressions obtained via confor-
mal field theory, the Seifert loop path integral Z (e; Kp.a R) is an analytic
function of the coupling € = 27/k. Hence, the behavior of Z (e; pr,q,R)
for all € is determined by the behavior of Z (e; Xp.a R) for € in any neigh-
borhood of zero. But in the limit € — 0 with « held fixed, so that a/k
is arbitrarily small, the only point in the moduli space M(pr,q) is the
reducible point {g,p}. Hence by analyticity, Z (e; pr,q,R) is completely
determined under localization by the contribution from the single point

{Qab} = Oa/G'

We now turn to evaluating that contribution.

7.2 Localization at the trivial connection on a Seifert homology
sphere

In this section, we perform our first localization computation for the Seifert
loop operator. Throughout, we assume that M is a Seifert homology sphere,
or a cyclic Z4 quotient thereof. Our goal is to compute the local contribution
to the Seifert loop path integral from the reducible point {g.p} = O, /G in
the Seifert loop moduli space M(C, cv).

From the perspective of (7.36), the point {g.p} can be considered to fiber
equivariantly over the trivial connection on M. Essentially for this reason,
the localization computation at {gap} turns out to be a very natural exten-
sion of the computation in Section 5.2 of [18], where we evaluated the contri-
bution from the trivial connection to the Chern—Simons partition function.
Among the highlights of the present work, we will extract the renowned Weyl
character formula from the Seifert loop path integral. Moreover, since we
effectively treat the Seifert loop operator as a disorder operator, this compu-
tation provides a nice example of how, at least in principle, the expectation
value of a disorder operator can be evaluated beyond the leading classical
approximation.

311 thank E. Witten for remarks which substantially clarified the observations here.
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7.2.1 The results of Lawrence and Rozansky revisited

To prepare for our localization computation of the Seifert loop path integral,
let us first discuss what results to expect based upon the exact expression
for Z(e; C, R) as computed from conformal field theory. Once again, we rely
on the work of Lawrence and Rozansky in [74], where the authors provide
an exceedingly simple formula for Z(e; C, R) in the case that C is the generic
fiber of a Seifert homology sphere (or a cyclic Zg quotient thereof) and the
gauge group G is SU(2).

To express Z(e;C, R) in a manner which makes the semi-classical inter-
pretation of the Seifert loop operator manifest, we find it useful to introduce
the quantities

- 27
k42

€r

N
P= H aj if N>1, P=1 otherwise,
j=1

N
d
fo=3— - +12 > s(bj,a5). (7.58)

J=1

Here ¢, is the renormalized coupling incorporating the famous shift & — &k + 2
in the Chern—Simons level in the case G = SU(2), and s(b, a) is the Dedekind
sum,

o) = L “— NEAWNGL (750)
= — E cot| — Jcot| — ). .

S O= e — a a

For sake of brevity, we also introduce the analytic functions

P = (2smn(2)) 7 TT (s (12).

j=1 J

GO () = - (d) 22 (7.60)

ZE P €

Last but not least, we introduce the character chj(z) for the irreducible
representation j of SU(2) with dimension j,

sinh(j 2)

()= 2 (D2 4 o (-3)2 4 o (3)2 L o—U-Dz (761
ch;(2) Snh(2) e +e +---te +e (7.61)
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According to the results of [74], the Seifert loop path integral on M can
then be written exactly as

exp [*F — 3 (6o + (>~ 1)P) ]
4vP
1

.
(S L) e fove

N Reo [ i(5) F2) exp [GO(2)]
t=1 1- exp <_%:"T Z>

z=2mit

}. (7.62)
z=—2mil

Here, CW for [ = 0,...,d — 1 denote a set of contours in the complex plane
over which we evaluate the integrals in the first line of (7.62). In particular,
C© is the diagonal line contour through the origin,

O =¥ xR, (7.63)

and the other contours C®) for [ > 0 are diagonal line contours parallel to
C® running through the stationary phase point of the integrand, given
by z = —4ril (P/d). Also, “Res” denotes the residue of the given analytic
function evaluated at the given point. Our formula for Z(e; C, j) in (7.62) is a
marginal extension of the corresponding formula in [74], where the authors
focus attention on torus knots in S3. However, (7.62) follows very easily
from general results in [74]. A bit later, we will indeed specialize (7.62) to
the particular case of torus knots.

We now wish to point out a few interesting features of (7.62) from the
perspective of non-abelian localization.

First, if j = 1 is the trivial representation, ch;(z) becomes the identity,
and the formula for Z(¢; C,j) in (7.62) immediately reduces to a correspond-
ing formula for the Chern—Simons partition function Z(¢) exhibited in Sec-
tion 5.2 of [18]. In the case of the partition function, each summand in
(7.62) is naturally identified with the contribution to Z(e) from an associ-
ated component in the moduli space M of flat connections on M. Briefly,
the d integrals over the contours CY) appearing in the second line of (7.62)
represent the local contributions to Z(e) from the d reducible flat connec-
tions on M, and the remaining residues in the final two lines of (7.62) can
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be identified with the contributions to Z(e) from irreducible flat connections
on M.

Second and perhaps more remarkably, we see from the formula in (7.62)
that Z(e; C,j) has exactly the same structure as Z(e) even when j is non-
trivial. Again, Z(€; C,j) appears as a sum of terms associated to each com-
ponent in the moduli space M, and the Seifert loop operator is universally
described on each component by the character ch;. Of the terms in (7.62),
the contour integral for [ = 0 represents the contribution from the trivial
connection, which is given explicitly by

exp [30 — 1 2 e
20609y = (-1) 21 4(92%0 P el

1 z 7 d . Z\\2—-N
X o C(O)dz chj<§> exp [4@ <P> zQ} (2 sinh <§>>
N
x H (2 sinh (22)) . (7.64)
j=1 J

Of course, the Seifert loop path integral does not localize on the mod-
uli space M but on its extended cousin M(C, «), so the apparent struc-
ture in (7.62) deserves further explanation. Although the formula (7.62) for
Z(e; C,j) is valid for arbitrary values of € and j, its semi-classical interpreta-
tion holds in the particular regime ¢ — 0 with j held fixed. In that regime,
the parameter «a/k is small, and each component of M(C, «) fibers over a
corresponding component of M, with fiber O,. Pushing down over O, we
then identify the contributions from such fibered components of M(C, a)
with contributions from M, just as in (7.62). Indeed, the major result in
this section is to reproduce the particular term in (7.64) by localization at
the distinguished reducible point {o.p} = O, /G, which fibers over the trivial
connection {0} on the Seifert homology sphere M.

The preceding limit for the parameters € and j should be contrasted with
the alternative semi-classical limit in which € is taken to zero with the prod-
uct €j held fixed. Equivalently, the Chern—Simons level k goes to infinity with
a/k non-zero and finite. In the latter limit, relevant for the generalized vol-
ume conjecture [86], the moduli space M(C, «) can have components which
do not fiber over components of M, as we exhibited explicitly for torus knots
Kp.q C S% at the end of Section 7.1. The contributions to Z(e; C,j) from
the additional, non-fibered components in M(C, &) then become visible only
when the exact expression in (7.62) is rewritten in an asymptotic form com-
patible with the stationary-phase approximation at finite (non-zero) values
for a/k. See for example the “Main Theorem” in [45], where such an asymp-
totic expansion is carried out for torus knots in S%.
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Finally, the phase of Z(¢; C, j) in (7.62) is quite subtle. This phase depends
upon both a two-framing of the manifold M as well as a framing of the curve
C. By definition, a two-framing of M is a trivialization of the direct sum
TM @& TM of two copies of the tangent bundle TM. As explained in [13],
a canonical choice (up to homotopy) of two-framing exists for each three-
manifold.

Similarly, a framing of the curve C is specified by non-vanishing normal
vector field on C. Such a vector field determines a small displacement C’ of
C inside M, as would be used for instance in a point-splitting regularization
of the Wilson loop operator. If M is a homology sphere, Alexander duality
(see for instance Theorem 3.44 in [71]) implies that Hy(M?;Z) = Z is freely
generated by the meridian m of C. In this case, C also carries a canoni-
cal framing, determined by the condition that C’ and C have zero linking
number inside M, where the linking number is defined by 1k(C’,C) = [C]
in H(M°;Z).

Since M carries a canonical two-framing and C' carries a canonical fram-
ing, Z(¢;C,j) can be presented with a definite phase, as given in (7.62).
The phase of Z(e;C,j) that arises naturally when we define Chern—Simons
theory via localization actually differs from the canonical phase, and we
discuss this fact at the end of the section.

7.2.2 Special case: the Jones polynomial of a torus knot

To gain a bit more insight into the empirical formula (7.62) for Z(e; C,j),
let us again specialize to the case of torus knots X 4 in S3.

With the Seifert invariants given in (7.39) and (7.42), the formula for
Z(€;C,j) becomes

Z(€§J<p,q7j)
exp |51~ 1(2 + 24+ pa(j? - 1))e, |

= (-1
(—1) 54
X 1/ dzch-<f>sinh =z sinh = ex L L 22
27i Jeo) I\2 2p 2q) P |16, \ pq

. 2pq—1 .
+ 1 sin sin ex t .
<k+2> ;; (=1) P a) 2pq

(7.65)

In passing from (7.62) to (7.65), we have explicitly evaluated the phase
0o in (7.58) for the Seifert presentation of S® with fiber Kp . Here we use
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two arithmetic properties of the Dedekind sum s( -, -) that enters 6. First,
as follows more or less directly from the definition in (7.59),

s(p—r,p) =s(q,p), s(s,q) =s(p,q), ps—qr=1 (7.66)

Much more non-trivially, we also use Dedekind reciprocity, which states that

12pq [8(1),61) +s(q,p)| =p*+a*-3pa+1, ged(p,q)=1. (7.67)

See Section 3.8 of [6] for an elementary (but by no means obvious) proof of
Dedekind reciprocity. Together, we apply (7.66) and (7.67) to compute 6
as

_rP. q

1
0p=3——+12|s(p—r,p) +s(s,q)| ==+ 7.68
0 ba [s( ) +5(s,q)] 2 o (7.68)

We have also evaluated the residues appearing in the empirical formula
for Z(e; C, R). These residues appear in the sum over ¢ in (7.65), in terms
of which we decompose Z(¢; Kp q.j) as

Z(e; Kp,q,j) = Z(e; UCRq,j) ‘{0} + Z(e; j{ij)reS’ (7.69)

where

Z(&;Xp.q:J) }{0}

exp |2~ L(2+ 34 pq (2 - 1))

= (-1)

v P4
1 z z z i 1
— dz ch;( =) sinh( =— |} sinh( — — ) 22
<o [ et (3)sin <2p)sm (201) exp [4@ (pq)z},
(7.70)

and
Z(e; pr,q,j)reS

exp |4 - L2+ 24 pa (2 - 1) e

=D VP

. 2pq—1 .
. “1)t) gin (7Y gin( T Zinlk+2)
X <k:+2> tzz; (—1) sm<p sin q exp 2pq ).

(7.71)
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As we have already mentioned, Z(e;Xp q,J) can be naturally inter-

‘{0}
preted as the contribution to the Seifert loop path integral from the reducible
point {gab} in the extended moduli space M(Xp q,j). Equivalently, via

equivariant pushdown in the fibration (7.36), Z(; Kp,q;j)} (0} is the contri-

bution from the trivial connection {0} on S3. But in the relevant semi-
classical limit, for which € — 0 with j fixed, {gap} is indeed the only point in
M(Kp,q,j). Hence, our localization result for the Seifert loop path integral
implies that the additional, oscillatory Gaussian sum in (7.71) must actually
vanish,

Z(e;ﬂprq,j)res =0, gcd(p,q) =1 (7.72)

As a small check, we verify this statement directly in Appendix B.

After applying the vanishing result (7.72) from Appendix B, we obtain
a wonderfully compact formula3? for the expectation value of an arbitrary
Wilson loop operator wrapping the torus knot Kpq in S* and decorated
with the irreducible SU(2) representation j,

Z(&Xpa ) = Z(e?jcp a-J) ‘{o}7
1 im p q
T (244 -1
~ sripa ™ a0 g rpal )|
X /dm ch; (e%r f smh< T :E) smh(e T x)
. 2 2

X exp {_ (k;f) (pq)]. (7.73)

In writing (7.73), we have rotated the contour C(0) = e x R to the real axis
and substituted e, = 27/(k + 2), so that (7.73) appears as a simple general-
ization of the corresponding formula (1.8) for the unknot

O=%X11.

The expression for Z(e; Kp q,j) in (7.73) has several remarkable proper-
ties, which also provide an independent check that (7.73) is correct. First,
if j =1, then all dependence on p and q cancels between the prefactor and
the integral over x in (7.73), and our formula for Z(e; Kp q,j) reproduces

32 A related formula appears in Lemma 1 of [76].
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the standard result for the SU(2) Chern—Simons partition function on S2,

Z(k) = \/gsin <k I 2). (7.74)

Second, if either p,q =1 and the other is an arbitrary non-zero inte-
ger, then Xp q is equivalent to the unknot. As one can verify, (7.73) still
reproduces the expected result for Z(k; (0, j) in that more general case,

2 T3
Pt <k+2>' (7.75)

Finally, the integral over z in (7.73) is just a sum of Gaussian integrals,
which can be evaluated explicitly as

1 2 -1 1 1
Z(€Kpaq,j) = 5 \/ m aG* 1) Z ilipa—zlp

% [t—%(l*q-i-l) _ t%(l*q—f—l)}

Z(k;O.J) =

ori
L=2l—j74+1, t=exp (—ki;). (7.76)

The sum over [ in (7.76) arises from the sum (7.61) over exponentials in the
character ch;, and we have introduced the standard variable t that appears
in the Jones polynomial.

When j = 2, the sum in (7.76) must reproduce the Jones polynomial of
the torus knot X, 4. Concretely,

2
k+2

t3(Pa—p—q-1) [1 + Pt P+l tq'H} . (7.77)

| =

Z(e;ﬂ(pyq, 2) =

The Jones polynomial Vi(t) for a knot K is generally proportional to
Z (e; X, 2). However, Vi(t) is conventionally normalized so that for the
unknot, V5 (t) = 1. Rescaling (7.77) by Z(€;%K1,1,2), we find

Z(&;Kpq,2) t3(P—1)(a-1)
1) = ’ e — 14+ tPTa _ p+1 _ tq+1 ) )
pr)q( ) Z(G; Kl,l; 2) 1-— t2 |: T t (7 78)

This formula for the Jones polynomial of a torus knot is a classic result
that goes back to Jones himself [68], and early after Witten’s foundational
work [105], the same result was obtained in [73,80] using the Hamiltonian
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formulation of Chern—Simons theory. Among the many motivations for this
paper, one is to explain how Vi, _(t) can be alternatively computed using
non-abelian localization, as we now discuss.

7.2.3 A symplectic model for O, C A,

In the remainder of this section, we wish to apply the non-abelian local-
ization formula in (6.31) to compute directly the contribution from the
reducible point {gap} = O, /G in M(C, «) to the Seifert loop path integral.
Though we presented the corresponding empirical result (7.64) of Lawrence
and Rozansky for the special case G = SU(2), no extra effort is required to
treat the case of an arbitrary compact, connected, simply connected, and
simple Lie group G, as we shall do here. See also [81] for work extending
the results of [74] to arbitrary G.

Of course, in order to apply the non-abelian localization formula to our
problem, we first need to determine the local symplectic geometry in an
equivariant neighborhood of the orbit O, embedded as a finite-dimensional
submanifold of the infinite-dimensional product A, = A x eLO,,

On C Ay = Ax eLO,,. (7.79)

Following the ansatz in Section 6.2, we model an equivariant neighborhood
N of O, C A, on a symplectic fibration of the general form

F* — N
lpr, (7.80)
On/G

where the fiber F¢ is itself the total space of a homogeneous vector bundle
over a quotient H/H. Specifically, in complete correspondence to (6.21),

o =Hxmy (b @ EF), bE=honie s (7.81)

Here H{ is the subgroup of the Hamiltonian group H which preserves

points in O, and we recall from Section 4.3 that we have already identified
‘H to be

H=U(1)g x Go. (7.82)

So to specify the geometry of F* in (7.81), we are left to determine H§ as
well as the vector spaces (£, Ef).
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The local model for F¢, which describes a neighborhood of O, in A, turns
out to be a natural generalization of the model we applied in Section 5.2
of [18] to describe a neighborhood of the trivial connection {0} in A. Both
to compare with our previous work and to economize the present discussion,
let us therefore quickly recall the analogous data (Hy, &, 1) which specify
the local model describing a neighborhood of {0} € A. With these data in
hand, the extension to (Hg, £y, EY) will be more or less straightforward.

First, under the action of the Hamiltonian group H, the trivial connection
on M is fixed by the subgroup

Hy=U()g x G x U(1), (7.83)

where G is identified with the group of constant gauge transformations on M.
To play the roles of Ey and E; in the abstract symplectic model of Section
6.2, we also introduce vector spaces (£y,E1). Both & and & turn out to be
quite delicate to determine, and we refer the reader to Section 5.1 of [18]
for a complete discussion. Suffice it to say, & and & are given by certain
direct sums of Dolbeault cohomology groups,

o =PHE, g2 (L'aL™),
t>1
S =PH;Z. g0 (L' oL™)). (7.84)

t>1

Here ¥ is the Riemann surface (or more generally orbifold) sitting at the
base of M, and L is the line bundle over 3 associated to the Seifert presen-
tation of M. In general, both H%(E, g® (L'® L)) and H%(Z, g® (L'
E*t)) are non-vanishing for arbitrarily large t, so & and &; have infinite
dimension.

To describe a neighborhood of O, C A, we must modify both Hy in (7.83)
and (&, &) in (7.84). Clearly, the stabilizer H§ of a point in O, will only be
a subgroup of the stabilizer Hy for the trivial connection. As we noted fol-
lowing (7.34), points in O, are represented by reducible connections which
are preserved by constant gauge transformations in G, C GG. These connec-
tions are also invariant under the U(1)g action on M, so immediately

HE =U(l)gr x Go x U(1)7. (7.85)

By way of illustration, we recall that if « is regular, then G, =T is a
maximal torus of G. At the other extreme, if @ =0, then G, = G and H{
reduces to Hy.
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We are left to specify the vector spaces (£, £f) in (7.81). By construction,
the vector spaces (&, &1) in (7.84) already provide a local model for the
normal directions to O, C A, = A x eLO, which lie along A. To account
further for the symplectic geometry of the loopspace LO,, we need only
enlarge & and &; slightly. We discuss the required modifications in turn.

As we explained in Section 4.3 of [18] and briefly indicated in Section
6.2, the role of Ej in the abstract model for F' is to control the symplec-
tic structure on a neighborhood of H/Hy C F. In essence, the possible
symplectic models for the embedding of H/Hj inside F' interpolate from a
cotangent model, for which H/Hj is embedded as the zero section of the
cotangent bundle T*(H/Hy), to a coadjoint model, for which H/Hj carries
the coadjoint symplectic form and no cotangent fibers are present in F. In
the cotangent model, Fy is trivial, and in the coadjoint model, Ey coin-
cides with the holomorphic tangent space to H/Hj at the identity, as we
illustrated in (6.47).

In the case at hand, since H contains a copy of Hy, the homogeneous
space H/H{ sitting at the base of I contains a copy of

Hy/HS = G)Gq = O,. (7.86)

So we see that H/H§ already contains a copy of the orbit O, on which we
localize. However, we also know that O, must carry the canonical coad-
joint symplectic form. According to the abstract symplectic model sketched
above, if O, C H/H§ is to carry the coadjoint symplectic form, the vector
space £, which enters (7.81) must include the holomorphic tangent space
g9 to O, as a summand.

Otherwise, the original vector space & in (7.84) already encodes the cor-
rect symplectic form on the remaining directions normal to O, inside H/H§'.
Hence the new vector space £ is given merely by the direct sum

ES =& @ g0, (7.87)

1,0)

For future reference, we recall from (4.23) that g9 is given concretely by

the following sum of rootspaces eg C gc,

g = P e BeR (7.88)
(B,0)>0

When « is regular, g0 = g+ is the entire positive rootspace.
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Having identified the analogue of Ej in the abstract symplectic model, we
now consider E7. The role of E; in the symplectic model for F' is to describe
whatever directions are normal to H/H, beyond those already captured in
the interpolating fiber b+ = S by © Ey. In the case at hand, the vector
space &1 in (7.84) already encodes such directions normal to O, C A x eLO,
inside A. So, we are left to consider the other directions normal to O, inside
the loopspace LO,,.

In general, the tangent space at a point [U] € LO,, corresponding to a
given map U: C — O, is the space of sections of the pullback U*(T'O,).
Localizing on O,, we are interested in the special case that U(r) = Uy is
constant. In that case, U*(T'O,) can be identified up to the action of G as
the trivial bundle on C' with fiber g & g,. The tangent space to LO, at a
point in O, is then isomorphic to the space of maps 60U : C — g & g,.

By assumption, C is a Seifert fiber of M and hence is preserved under
the action of U(1)g. We can thus decompose the map 6U into eigenmodes
of the Lie derivative £y along the vector field R,

—+o00
U= Y U, (7.89)

t=—o0
such that each eigenmode dU; satisfies

Of course, (7.89) is nothing more than an infinitesimal version of the decom-
position of U into Fourier modes along C'.

The constant eigenmode 6Uj describes tangent directions to Oy, itself, and
we have already accounted for these directions with the summand g(1:%) ¢ &g
In contrast, the eigenmodes §U; with ¢ # 0 describe non-trivial normal direc-
tions to O, inside LO,. Thus, the normal fiber N, to O, embedded in
LO,, consists of a countable sum of copies of g © g,, graded by the non-zero
integer t.

Of course, g © g, is a real vector space. As we discussed in Section 4.3,
the loopspace LO,, carries a complex structure induced pointwise from the
complex structure on O,. So as a complex vector space,

No=EP [g,ﬁl’o) ® g(_lg‘”]. (7.91)

t>1



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 148 — #148

148 CHRIS BEASLEY

Here, the subscript on each copy of g(+?)

in (7.90).

indicates the Fourier eigenvalue

Since the role of £ is to account for directions normal to O, in both A
and LO,, one might guess that £ is given by the direct sum & & N,. To
the first approximation this guess is correct, but we must be careful about
the choice of complex structure on £7'.

According to the convention in (6.23), the complex structure on the
abstract vector space Ej in the non-abelian localization formula (6.31) is
defined so that —ivyg acts with strictly negative eigenvalues on a holomor-
phic basis of Fy. This convention is opposite to the convention in (4.23),
which defines the complex structure on Oy, since g% is defined to be the
positive eigenspace of —i« under the adjoint action. To account for the
relative sign in our two conventions, we define £ using not N, in (7.91) but
rather the conjugate vector space N,

- 0,1 0,1
No=EP [gg ) g >]. (7.92)
t>1
Here, g% is the anti-holomorphic tangent space to @, which is spanned

by the rootspaces e_g associated to negative roots —3 < 0 of G,

g =P e BeR (7.93)
(B,a)>0

So if we are careful about the complex structure,
EY =& O N,. (7.94)

As will be clear in our later computations, the appearance of N, as opposed
to N, in (7.94) is actually crucial for the interpretation of the Seifert loop
operator as the character associated to the representation R.

Altogether, (7.85), (7.87), and (7.94) specify the local symplectic model
for the embedding O, C A,.
7.2.4 Non-abelian localization on O, /G

With the symplectic model for F* in hand, we now apply the non-abelian
localization formula in (6.31) to the Seifert loop path integral. Since {o,p} =
0,/G is a point, the path integral immediately reduces via (6.41) to an
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integral over the finite-dimensional Lie algebra h = R @ g, @ R of the sta-

bilizer H,
= o ][] e £ vy
0a/G  Vol(Gq) ho L2 det 2 | ga det 27 leg

<exp [=i0,0) ~ 5 (0.0)] (7.99)

Z(e; C, R)

Here, 1 is an element in the algebra hJ. Since the group H§ = U(1)g X
Gq x U(1)z decomposes as a product, we frequently write ¢ in terms of
components

Y= (p,$,0) ERDga BR, (7.96)

where p and a generate U(1)gr and U(1)z respectively, and ¢ is an element
of ga.

In arriving at the expression for Z(e; C, R)‘O Ve in (7.95), we have mul-
tiplied the result obtained directly from (6.41) by

Vol[U(1)g] - Vol[U(1)] - 2rre, (7.97)

which accounts for the prefactor involving € in (7.95). The same multiplica-
tive factor appears in Section 5 of [18], for precisely the same reason. For
sake of brevity, we refer the interested reader to the discussion surrounding
(5.10) of [18] for a simple explanation of how this normalization factor arises.

In the remainder of this section, most of our effort will be devoted to
evaluating the determinants of 1 € hf acting on the infinite-dimensional
vector spaces £F and £7'. However, let us first make the argument of the
exponential in (7.95) a bit more explicit.

By definition, o € hg is the dual of the value of the moment map p
evaluated at the point a € O,. According to (4.105), u is generally given on
Aa by

1
</L7 (pa¢>a)> :a_p/ /{/\T‘I'|:2 £RA/\A—|-604(9_1£R9) el
M

—/ n/\Tr(ngA)—f—/ de ATr(¢ A). (7.98)
M M

Points in O, correspond to classical configurations of (A, U) which are anni-
hilated by £x and satisfy F4 = 0, so only the first and last terms in (7.98)
contribute when p is evaluated at points in O,.
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We compute directly the last term in (7.98) to be

/Mdn/\Tr(¢A) :/ kA Tr(¢ Fa),

M
= —e/ kA oc Tr(a @),
M
= —¢ Tr(a ¢) =€ <O¢7 ¢> (799)

In deducing the first equality of (7.99), we integrate by parts with ¢ € g,
constant, and in the second equality, we use that Fq4 = Fq4 + ea - dc =0 at
the point o € O,. Of course, up to the factor of €, we recognize the last
expression in (7.99) as nothing more than the moment map (4.18) for the
action of G on the coadjoint orbit O,.

From (7.98) and (7.99) we thereby obtain

(Y0, %) = (s (p, &, @)‘aeo =a+c(a,0). (7.100)

o

We also recall from (3.38) that the norm of v is given by

(Y, ) = — /M KAdK Tr(q52) — 2pa,

d 2
=5 Tr(¢°) — 2pa. (7.101)
In passing to the second line of (7.101), we use the description of dx in (3.19)
along with the identity in (7.30) to compute the integral [, kAdk = d/P,
where d is defined in (7.33) and P is defined in (7.58). Via (7.100) and (7.101),
the integral over b then takes the more explicit form

Z(e; C, R)
Ou/G
—1
_ (2me) dp] [d¢] [da 1 Y
“ 0623 g 39 L) 5] det(mr ) o (2 )
X exp {—ia —ie{a, ) + g (g) Tr(¢?) + iepa]. (7.102)

Let us make one final simplification of (7.102) before we proceed to honest
calculations. As we have seen, the vector bundles £§ and £ both decom-
pose into summands associated to the respective factors in the product
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Ay = A x eLO,, so that
E=E@g!Y, =& oN,. (7.103)

Consequently, in any natural regularization, we can factorize the ratio of
determinants appearing in (7.102) as

-1
) =e(A) - e(LO,), (7.104)
£f

where we introduce the separate ratios

-1
>det<¢ ) |
P 2 &
-1
| )) det<;fw> | (7.105)
91’0 «

The integral in (7.102) immediately becomes

o™ W6 oy 27 L3 [37] <20

X exp [—ia —ie{a, @) + % (g) Tr(¢?) + iepa]. (7.106)

™

e(A) = det<2w

™

e(L(’)a) = det ( E

Z(e; C, R)

The essence of localization on O, /G now lies in evaluating e (X) and e (LOa) .

7.2.5 Evaluating e (7[)

Of the determinants in (7.105), e(A) is by far the more delicate to compute.

Thankfully, we have already evaluated e(.A) in (5.90) of [18], where we used
the standard, but slightly ad hoc, technique of zeta/eta-function regulariza-
tion to define the infinite products of eigenvalues of ¢ acting on & and &;.

Because the central generator a of U(1)z acts trivially, e(.A) depends only
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on the generators (p, ¢) of U(1)r X G4 and is given by33

e(A) = exp (-Z;r 770(0)) (( \f)) exp [417552 <g> TT(¢2)]
oo (5] (5]
Ag = dimG, Ap=dimT. (7.107)

Here, we recall that T' C G is a maximal torus, and in writing this formula for
e(A), we assume without loss that ¢ lies in the associated Cartan subalgebra
t. Each > 0 is then a positive root of G, and (-, -) is the canonical dual
pairing.

One very interesting feature of e(A) is the appearance of a phase pro-
portional to Tr(¢?) in the second line of (7.107). This phase also involves
the dual Coxeter number ¢4 of the Lie algebra g, which for convenience we
take to be simply-laced.?* As we discussed in detail in [18], the ¢-dependent
phase in e(A) ultimately leads to the famous quantum shift k — k + ¢4 in
the Chern—Simons level. We will shortly encounter a closely related quan-
tum effect when we compute e(LO,).

Finally, 70(0) in (7.107) is a rather subtle constant that arises when we
introduce an eta-function to define the phase of e(A). In the simplest case
that M is a circle bundle of degree n over a smooth Riemann surface X, we
computed 79(0) in (5.83) of [18] to be

nAg
6

no(0) = — , X smooth, (7.108)

independent of the genus of X.

On the other hand, to describe a non-trivial torus knot Kp  C S3, we
consider a Seifert structure on S for which the base ¥ = W’(CIP’1 p,q 1S & non-
trivial orbifold. As we ultimately wish to compare the empirical formula
for Z(e;Kp,q.§) in (7.73) with precise results of localization, we need to
determine the value of 79(0) in the orbifold case as well.

Here, we are in luck. By construction, 79(0) is the eta-invariant associated
to a certain “adiabatic” Dirac operator considered by Nicolaescu [89] in the

33Strictly speaking, we computed e(A) in [18] for the case that ¢ lies in the Lie algebra
of G, as opposed to the subgroup Go C G, but the result in [18] immediately specializes.

34See (5.88) of [18] for a description of the ¢-dependent phase which does not require
g to be simply-laced.
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context of Seiberg—Witten theory on a four-manifold bounding the Seifert
manifold M. According to Proposition 1.4 of [89], the value of 79(0) for a
general Seifert manifold M is given by

Ag

N
m(0) = == | —er(£) +12 > s(bj,ag) ] - (7.109)
j=1

In (7.109), £ is the line V-bundle associated to the Seifert presentation of
M. Explicitly in terms of Seifert invariants,

ol

N
b,
L) = E = A1
Cl( ) n+j_1 aj ) (7 O)

where the final equality in (7.110) holds when M is a Seifert homology sphere
or a cyclic Zg4 quotient thereof.

Of particular note, the general formula (7.109) for 70(0) now involves the
Dedekind sum s(bj,a;). The appearance of such a complicated arithmetic
object in a one-loop determinant may seem rather mysterious, but it is
crucial if we are to make contact with empirical formulae such as (7.64),
in which the Dedekind sum enters through the phase 6y. That said, at the
moment we do not wish to divert the exposition to review the complete
derivation of (7.109). Instead, we refer the interested reader to Appendix C
for a self-contained computation of the adiabatic eta-invariant 70(0).

7.2.6 Evaluating e(LO,)

We are left to evaluate the product of determinants associated to the free

loopspace LO,,
-1
>det<w ) o amy
gt 27 |%.

Eventually these determinants, along with the moment map on O, which
enters the argument of the exponential in (7.106), will determine the invari-
ant function of ¢ which represents the Seifert loop operator under localiza-
tion at the trivial connection on M.

e(LOa) = det ( %
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According to (4.86), the vector field generated by an arbitrary element
¥ = (p, ¢, a) in the Lie algebra of the Hamiltonian group H is given on LO,, by

Upon restriction to the stabilizer hy = R ® g, @ R, the generator ¢ con-
sequently acts on both the finite-dimensional vector space g9 and the
infinite-dimensional vector space N, as the first-order differential operator

Dpg) =pL£r + 9, -] (7.113)

In complete analogy to the evaluation of e(.A) in Section 5.2 of [18] (see also
Appendix C), we now compute the respective determinants of D(y,¢) acting

on g% and N,.

We begin by evaluating the numerator of (7.111), which is merely a finite-
dimensional determinant. Elements in g(*%) represent holomorphic tangent
vectors to O, embedded as the space of constant maps in LO,. Hence the
Lie derivative £y annihilates g%, so trivially

D
det ﬂ = det Z@d) ,
2T g(l’O) 27 g(l,o)

:det<w ) , D E ga- (7.114)
g(1,0)

2

To compute the latter determinant in (7.114), we assume without loss
that ¢ lies in the Cartan subalgebra t C g, associated to a maximal torus
T C Go.»> With this assumption, the adjoint action of ¢ is diagonalized in
terms of the roots 3 of g as [¢, zg] = i (B, ¢) 3, where xg is an element of
the rootspace eg. Thus,

[, -] _ <i )
det = ,
( o gw) w},}»o 5 (51 0)
i\ (A6—26,)/2
= (2,7_‘_) : H <5+7 ¢>7
(B4,2)>0
Ag =dimG, Ag, =dimG,. (7.115)

35If the weight o happens to be regular, then g, =t is automatically such a Cartan
subalgebra.
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As indicated, the products in (7.115) run over those roots 31 whose asso-
ciated rootspaces lie in the holomorphic tangent space 9(1,0) to O,. Equiv-
alently, each root [y satisfies (04, a) > 0. Of course, if « is regular, the
latter inequality just says that S > 0 is a positive root. At the opposite
extreme, for a = 0 and g9 empty, the product over B+ is trivial.

Because the dimension of the normal bundle to O, inside LO,, is infinite,
we must work somewhat harder to evaluate the denominator in (7.111).
We recall that A, decomposes as a direct sum of anti-holomorphic tangent

spaces ggo’l) upon which £y acts with eigenvalue —2mit,

No=P {gﬁo’” @ g@;”] (7.116)
t>1
Diagonalizing the action of ¢ on each summand ggo’l), we write the deter-

minant of D, 4) acting on N, formally as the product

D
det(dj)):det(w‘ )7
2 Na 2T Noa

11 I |(-w- o).

t;éO (ﬁ+,a)>0
im _
—exp (=3 00, ) % T[22

t>1

< ] (1—(%)3. (7.117)

(ﬂ+7 Oé)>0

In the second line of (7.117), we express the determinant of ¢ acting on ggo’l)

as a product over positive roots §4 > 0, with a crucial sign relative to the
analogous determinant in (7.115) to account for the exchange g,ﬁlvO) — gio’l).
In the final line of (7.117), we then encode the phase of the determinant
through a function §(p, ¢) generally depending upon both p and ¢. Oth-
erwise, the terms which appear explicitly in the product over the Fourier

mode t represent the norm.

As often the case for functional determinants, the norm in (7.117) is much
easier to evaluate than the phase d(p, ¢), so we will compute the norm first.
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To evaluate the product over ¢, we recall the well-known identity

Sin.fix) - tl;[l <1 - 7:5;) : (7.118)
implying
Hl (1 B <<ﬁ27+ft§>> 2) - <ﬂi?¢) Si“<<5§})¢>>- (7.119)

Just as for the computation in (5.65) of [18], we then use the Riemann
zeta-function ((s) to define the trivial but infinite products

H p(AG_AGa) — eXp [(AG — AGQ) lnp . C(O)] — p_(AG_AG(X)/27
>1

[[ 11780 = exp [-(A¢ =~ Ag,) - ¢'(0)] = (2m){Be2ea)/2(7.120)
t>1

Canceling overall factors of p from (7.119) and (7.120), we obtain
det E‘ = (2m)(Be=2Ga)/2 exp _im §(p, @)
27 N 2

< I |ty a(552) e

(/6+7a)>0
Our remaining task is to compute the phase §(p, ¢) in (7.117). Naively,
0(p, @) is given by the sum

(B+, )

S(p.g) ~ Y Y sien(AtBy)), A By) =t+ ;;p (7.122)

t#o (ﬁ-‘rv Of)>0

We have not written the expression in (7.122) with an equality because the
sum over eigenvalues A(t, 3) is ill-defined without a regulator. To make sense
of (7.122), we follow the philosophy of [14] and introduce an eta-function
associated to the spectrum of Dy, 4. We thus set

Spey() =D > sign(A(t,54)) |AE 8] (7.123)
t#0 (B+,a)>0

Here s is a complex parameter. When the real part of s is sufficiently large,
the sum in (7.123) is absolutely convergent, so that J, 4)(s) is defined in
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that case. Otherwise, d(,4)(s) is defined by analytic continuation in the
s-plane. Assuming that §, 4)(s) remains finite as s — 0, we then take

5(p, ) = S0y (0).- (7.124)

To evaluate d, 4)(s) near s = 0, we first expand the sum in (7.123) as

=2 2 <t+<ﬁ+,¢> Iy M'

t21 (By,a)>0 2mp t21 (By,a)>0 2mp
(7.125)
Here we assume that p and ¢ satisfy
<6+7 ¢>
< — <1 7.126
=< (7.126)

for each root B4 appearing in the sum. Otherwise, when the quantity
in (7.126) shifts by an integer, the phase exp(—imd(p,¢)/2) is multiplied
by a sign +1, depending upon the parity of the shift. This sign effectively
removes the absolute value bars | - | appearing in (7.121), so that the deter-
minant of D, 4y depends analytically on p and ¢ as one might naively expect.

We now apply the binomial expansion to the denominators in (7.125) to
obtain

Y Y H (D) ¥ oso(mm)

t>1 (ﬁJr Oc >0 t>1 (ﬁ+ Oc >0
(7.127)

In the process of expanding (7.125), we collect into O(1/t*+2) all terms for
which the sum over t is absolutely convergent near s = 0. As a result, when
we evaluate ¢, 4)(s) at s = 0, the last term in (7.127) vanishes.

On the other hand, we note that

2
3 Z tsfl.(g:p@)—_sg(us). 3 w;;)@, (7.128)
(B4,0)>0

=1 (4.0

where ( is again the Riemann zeta-function. Because ((1 + s) has a sim-
ple pole with unit residue at s = 0, we see that (7.128) makes a non-zero
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contribution to d(, 4)(0). Specifically,

2 (pl, ¢)
p

Sip.p)(0) = — mod 2, (7.129)

where we introduce the generalized Weyl vector

p[a}:% > By (7.130)

(ﬁ+7 a)>0

If « is regular, the sum which defines pl® runs over all positive roots
of g, and pl® = p is the distinguished weight which appeared previously
in (7.27). This observation motivates the otherwise extraneous factor of
1/2 in the definition of plol. Otherwise, if « is not regular, the sum which
defines pl® runs over only the subset of positive roots whose corresponding
rootspaces lie in g(t9. In this situation, p[‘"] need not be a weight of G,
as for instance when G = SU(3) and « is the weight of the fundamental
representation 3. Trivially, in the extreme case o = 0, then p[a] =0 as well.

Finally, we emphasize that our computation of d, 4)(0) is strictly valid
modulo 2, due to the assumption in (7.126). As we mentioned before, a com-
plete formula for ¢, 4)(0) also includes locally-constant terms which vanish
mod 2 and which compensate for the absolute value bars | - | appearing
in (7.121).

Physically, the non-trivial value for d, 4)(0) in (7.129) can be understood
as a finite renormalization effect, due to the divergence in the naive sum
over eigenvalues in (7.122). In complete analogy to the ¢-dependent phase
appearing in (7.107), the determinant of ¢ = D, 4y acting on N, acquires
a similar ¢-dependent quantum phase,

o]
det<;fr‘Na> _ (2m)(B6-B6a)/2 gy (i M)

p
X sin . (7.131)

Taking the ratio between the determinants in (7.115) and (7.131), we see
that e(LO,) is given succinctly by

1 (AGiAGa)
) exp

e(LO) = <2W

; [o]
%(AG’ - Ag,) -1 .9) p’ ¢>]
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< 1 <ﬂ+,¢>2.[28m<<5;ﬁ>]_1’

(5+7O‘)>0
Ag =dimG, Ag, = dimGh. (7.132)

7.2.7 Simplifying the integral over hg

As manifest in (7.107) and (7.132), neither e(A) nor e(LO,) depends upon
the variable a, which parameterizes the Lie algebra of U(1)z. Because U(1)z
acts in a completely trivial fashion on A, the result could hardly have been
otherwise. Yet this observation does have an important consequence.

We recall from (7.106) that the local contribution from {gan} = O, /G to
the Seifert loop path integral is given by

o0 V) o 27 (2] 3] <0 <20

X exp [—ia “iela, @) + 126 <g> Tr(¢?) + iepa]. (7.133)

Z(e; C, R)

Since a enters the integrand of (7.133) only linearly in the argument of
the exponential, we can immediately integrate over a using the elementary
identity

+o00
/ dy exp (—izy) = 27w 0(x). (7.134)

— 00

Hence, the integral over a yields a delta-function 2wd(1 — ep).

Next, we use the delta-function to perform the integral over p, thereby
setting p = 1/e. In the process, the prefactor of 2me which appears in the nor-
malization of (7.133) is canceled, and the integral over R & g, @ R reduces
to an integral over g, alone,

Z(e; C, R)

Ou /G

= exp [—1; <170( )—* (Ae = Aca) )] Vol(Ga) ( >AT

[ o) e [t o) 4 5 () (14 52 10
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<[l [2 Sin<6 @. ¢>>r-w ﬁ [2 Sin(e <2ﬂa,j¢>ﬂ

Here we have substituted the expressions for e(A) and e(LO,) in (7.107)
and (7.132). Also, as a word of caution, we emphasize that the products
over  and (1 in (7.135) run over distinct sets of roots whenever « is not
regular.

Let us simplify (7.135) a bit further.

If the weight « is regular, then g, = t, and the integral in (7.135) automat-
ically runs over the Cartan subalgebra of G. More generally, to reduce (7.135)
to an integral over t even when « is not regular, we note that the integrand
is a function on g, which is invariant under the adjoint action of G,. This
invariance ultimately follows from the trivial invariance of « under the Weyl
group 20, of G,. Here we think of 20, as a subgroup of the Weyl group 20 of
G, and we note that 20, preserves the set of roots 3 satisfying (54, ) > 0.
Hence both pl® and the product over roots 3y in the last line of (7.135) are
invariant under 20,. The remaining terms in the integrand of (7.135) are
manifestly invariant under 20, from which we deduce invariance under the
group G-

Since the integrand of (7.135) is invariant under the adjoint action of G4,
we can apply the Weyl integral formula to reduce the integral from g, to t.
In its infinitesimal version, the Weyl integral formula generally states that
if f is a function on a Lie algebra g invariant under the adjoint action of a
group G, then

/ [d¢] f(6) = Mﬂlﬁ\ :;jg; / [de] (8. 4)° f(9). (7.136)

g t B8>0

Here |20] is the order of the Weyl group of G, and the product over pos-
itive roots (3 of G appearing on the right in (7.136) is a Jacobian factor
generalizing the classical van der Monde determinant.

In the case at hand, we want to apply the Weyl integral formula (7.136)
not for G but for G,. The roots of G, are precisely those roots 8, of G
orthogonal to « in the invariant metric on t*, such that

(BL,a) =0. (7.137)
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Consequently, when we apply the Weyl integral formula to reduce the inte-
gral in (7.135) from g, to t, the Weyl Jacobian for G, conspires to cancel
against the following product of factors in (7.135):

[HBe2 I Bne’= ] Bre ™ (7.138)
6>0 (B4,0)>0 B1L>0
implying
Z(e; C, R) 0./G

im

o |5 (w0~ 306 - 86.) ) | a1 <$)A
X /t[d¢] exp {—i {a+pld, p) + 216 (g) Tr(cf)]

T () I ()

>0 j=1

-1
< 1 [mm(Wﬂ . (7.139)
(B+,)>0

In passing to (7.139), we have performed a change of variables ¢ — € ¢ to
remove extraneous factors of €. In the process, we introduce the renormalized
coupling e,

2T

: (7.140)

€ =

to absorb the explicit shift in the coefficient of Tr(¢?) that arises from e(A)
in (7.107). Also, as hopefully clear, |20,| denotes the order of the Weyl
group of G,. If G, =T is abelian, then 20, is trivial and |20,| = 1.

As a small check, if a =0, so that no Wilson loop operator is actually
present in the path integral, the expression for Z(e; C, R)‘O e in (7.139)

directly reduces to the expression in (5.97) of [18] for the local contribution
Z(e)| (0} from the trivial connection to the Chern—Simons partition function.

Following [18], we now make two further substitutions to relate the for-
mula in (7.139) to the empirical result in (7.64). First, we rotate the contour
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i

of integration from t =t x Rto t x e 4. Second, we make a change of vari-
ables ¢ — i¢. Hence,

Z(e; C, R)
On/G
B i 1 (=1)Bca-A1)/2 /1 \AT
= (-5 m0) oy v ()

Dl i fos(52)]

8>0 j=1

-1
< ] [%mh(@)] : (7.141)
(B+,a)>0

This contour integral should be compared to (5.99) in [18], to which (7.141)
reduces when a = plo) = 0.

7.2.8 The Seifert loop operator as a character

We now arrive at the second main result of this paper — the interpreta-
tion of the Seifert loop operator as a character of G, via the Weyl character
formula. The appearance of the character formula in the context of localiza-
tion on the loopspace LO, is not so surprising, given the classic Atiyah—Bott
derivation [15] of the character formula from index theory on O, and the
general relation between index theory on a manifold and localization on its
loopspace [9,38]. Nonetheless, the emergence of the character formula from
the Seifert loop path integral is quite satisfying. See also [5,99] for earlier
and somewhat more direct quantum mechanical derivations of the character
formula.

To start, let us quickly recall the essentials of the character formula. See
for instance Section 24 of [52] for a more thorough introduction to the Weyl
character formula and a few of its mathematical applications.

We first introduce some notation. For each weight a of G, we define an
alternating function A, on the Cartan subalgebra t C g by

Aa(g) =D (-D)velvad get (7.142)

weW
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Here the sum runs over all elements w in the Weyl group 20 of G,
with a sign (—1)" defined as follows. Because t carries a metric invari-
ant under 2, each element w € 2 acts as an orthogonal transformation
with respect to any orthonormal basis of t. Given such a basis, we then set
(=1)¥ = detw = £1, depending upon whether w preserves or reverses the
orientation of t. As usual, w -« indicates the image of o under the dual
action of 20 on t*. Last but not least, because of the sign (—1)* appearing
in (7.142), A, is alternating under the Weyl action on t,

Ap(w-d) = (=1)" Au(¢), w € . (7.143)

In terms of A,, the character chy associated to each irreducible represen-
tation R of G has a remarkably simple description. As a function on the
maximal torus T' C G, the character is given by the ratio

Aa+P(¢)
Ap(9)

As throughout, « is the highest weight of R, and p is the Weyl vector (7.27)
given by half the sum of the positive roots of G.

chr(e?) = e?eT. (7.144)

Though we will not prove the character formula here, let us make a few
basic comments about it. First, because A, is alternating under 20, the
ratio appearing on the right of (7.144) is invariant under 20, as required
of any character when restricted to 1. Second, because p is a weight of
G (a slightly non-trivial fact), the expression for chp in (7.144) is well-
defined as a function on 7', just as for the discussion surrounding (4.29).
Finally, the character formula in (7.144) is manifestly correct in the special
case a = 0, for which R is trivial and chg = 1. Also, when G = SU(2) and
0 = Zsy acting by reflection, one can readily check that (7.144) reproduces
the formula for ch; in (7.61) with a suitable choice of coordinate on t = R.

Let us now interpret our result (7.141) for Z(¢; C, R) !Oa/G in light of the

character formula. This interpretation is slightly more straightforward when
« is a regular weight of GG, so we specialize to the regular case first.

When « is regular, Go = T, |204] = 1, and pl* reduces to the Weyl vector
p itself. Also, the product over roots [ satisfying (84, a) > 0 in (7.141) is
simply the product over all positive roots 3 > 0 of G. As a result, the final
factor in the integrand of (7.141) reduces to the Weyl denominator A,

A0)=1] 2sinh<<”3’2¢>> . (7.145)

B>0
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See Lemma 24.3 of [52] for a proof of this well-known product formula for
the Weyl denominator. Thus for regular weights,

Z(e; C, R)

04/G

e [5000)] vy (175)
ol 7 0 [ n8) -5 (5) )
T [pon( 2] I fesnn(2Y], e rsr

£>0 J=1
(7.146)

To simplify (7.146) further, we make an elementary observation regarding
discrete symmetries. By definition, the measure [d¢] in the contour integral
is invariant under the Weyl group 20 of G. Moreover, the integrand of (7.146)
can generally be decomposed as a sum of terms, each of which transforms in
a one-dimensional representation of 20. Then since [d¢] is Weyl invariant,
only the Weyl invariant piece of the integrand actually contributes to the
integral over ¢.

Now, of the various factors in that integrand, the quadratic function
Tr(¢?) appearing in the argument of the exponential in (7.146) is obviously
Weyl invariant. Since 20 is generated by reflections in the root lattice of G,
the expression in the last line of (7.146) is also Weyl invariant, as it arises
from a product over all positive roots # > 0 of the even function

Fs(o) = {2sinh(<ﬂ’2¢>)r]v]]:v[ { ( 2@?)},

Fg(¢) = Fg(—¢) = F_5(¢). (7.147)

So in the integrand of (7.146), we are left to consider the factor

Sa(¢) = “A)

(7.148)

By construction, the Weyl denominator A,(¢) is alternating under 20.
Therefore, only the alternating piece of the numerator exp [—{(a + p, ¢)] in
Sa(¢) actually contributes to the contour integral over ¢ in (7.146). We
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immediately recognize that alternating piece to be

A{e—<o¢+07¢)} = le z;n(_l)we(w.(oc-&-/)%—(ﬁ)’
we
1

~lag|

_ (—1)@c-An)2 ml]' Aasp(9). (7.149)

Aa+p(_¢)a

Here A[-] denotes anti-symmetrization under 20, and we have been careful
to divide by the order of 20 to ensure that the anti-symmetrization in (7.149)
is properly normalized. Also, the overall sign (—1)(A¢=A7)/2 i the last line
of (7.149) accounts for reflecting —¢ to ¢ in the argument of A,y,, just as
in (7.143).36

Without loss, we replace S, (¢) in the integrand of (7.146) with the Weyl-
invariant function

qw (_1)(Ac—AT)/2
Sa() F5 (=1) B -AX:&;?). (7.150)

Via the character formula in (7.144), we finally obtain the following elegant
result for the contribution of {g.,} = O, /G to the Seifert loop path integral,

Z(e; C, R)

04 /G

_ exp [ZTUO(O)]M;”(—D\%G(;?T)M (i\%)AT

< [ lasian(e®) exp [ () (62
< I [2 sinh <<ﬁ’;¢>>]2_N ﬂ [2 sinh (Mﬂ .« regular.

2a
B8>0 j=1 J

(7.151)

As claimed, all dependence on the weight a has been subsumed into the
character chg, which represents the Seifert loop operator under localization
on 0,/G.

36The same sign under reflection can be seen directly, for instance, in the Weyl denom-
inator formula (7.145).
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7.2.9 A remark on equivariant pushdown

Before we proceed further, let us make one theoretical remark about the
interpretation of the Seifert loop operator as the character chp. Although
this remark is not strictly necessary, it nicely foreshadows certain aspects of
the computation that we will perform in Section 7.3.

As in (7.36), we consider the distinguished abelian connection {gap} =
O, /G to fiber equivariantly over the trivial connection {0} = pt/G,

04/G
lq . (7.152)
pt/G

When « is regular, localization on O, = G/T naturally produces an element
of the equivariant cohomology ring

He(0a) = Ho(G/T) = Hr(pt), (7.153)

which we recognize to be the ring of functions on the Cartan subalgebra
t C g. Indeed, the particular function on t, which we obtain via localization is
precisely the integrand of (7.146). Given the equivariant fibration in (7.152),
we can then push the result of localization on {gan} € M(C, ) down to the
point {0} € M. But what does this equivariant pushdown mean?

Just as in (7.153), localization at the point {0} naturally produces an
element of H (pt), which is the ring of invariant functions on the Lie algebra
g. As well-known, the ring of invariant functions on g is isomorphic to the
ring of Weyl-invariant functions on t, so that

HE (pt) = Hy(pt)™. (7.154)

The pushdown q.: H5(On) — HE(pt) is then simply symmetrization under
27, exactly as in (7.150). So from the theoretical perspective, the character
chp that represents the Seifert loop operator in (7.151) should not really be
interpreted as the result of localization at the point {o.p} € M(C, «), but
rather as the result of localization at { g, } followed by equivariant pushdown
to {0} € M.

7.2.10 Extension to irregular weights

So far, we have assumed the weight a > 0 to be regular. For instance, if
G = SU(2), then all non-zero weights are regular, and (7.151) reproduces
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the empirical result in (7.64), at least up to an overall phase which we discuss
at the end of this section.

However, for groups other than SU(2), some weights are inevitably irreg-
ular. As an elementary example, the weight associated to the fundamental
(r 4+ 1)-dimensional representation of SU(r + 1) is not regular when r > 1.
We certainly want to consider Wilson loops such as those associated to the
fundamental representation of SU(r + 1), so let us quickly consider what
happens to the preceding analysis when « is an irregular weight.

To start, we decompose the roots § of G into two sets, consisting of
roots By for which (54, a) # 0 and roots #, for which (5, ,a) =0, just as
n (7.138). The set of roots 3, is empty when « is regular, and the set of
roots 3 runs over all roots when o vanishes. The Weyl denominator A,
in (7.145) then factorizes as a product over each set,

A =1 I 2sinh<<ﬂ+’ > II 2sin <m’¢>> . (7.155)

(ﬁ+ ,Oé) >0 ﬁJ— >0

Using (7.155), we rewrite the general contour integral in (7.141) as

Z(e; C, R)

Ou /G

ool ol 2 )

g /£><C(0) 4ol g, H 2 Smh<<m’¢>) exp | ~(a + )]

¢
X exp [—2; (g) Tr(¢2)] H [2 sinh<<ﬁ’2¢>)]2N

B>0

« ﬁ [z sinh<<§£>>] . (7.156)

Once again, we wish to tease the character chr out of the integrand
n (7.156). To do so, let us introduce the following function of ¢,

Ba(¢) = e+ 9 ] [QSinh(wé’ ¢>>}, (7.157)

B1>0
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in terms of which we write the factor in the second line of (7.156) as

Gy = S —(atple] 1T 2s <ﬁb¢>> ’

81>0

_ (—1)Bea-Br)/2, ]m_ (7.158)

By the same symmetry argument as before, only the Weyl-invariant com-
ponent of S, (¢), or equivalently the alternating component of B, (¢), con-
tributes to the contour integral over ¢.

The function B,(¢) turns out to have some nice properties, which make
evaluating its alternating component under 2J particularly easy. For instance,
in the extreme case that « vanishes, p[a] vanishes as well, and the product
over 3, in (7.157) runs over all roots of G. Via the denominator formula
n (7.145), Bo(¢) then reduces to A,(¢), as required for (7.156) to repro-
duce the contribution from the trivial connection on M to Chern—Simons
partition function.

More generally, B, (¢) satisfies an identity, which extends the denominator
formula in (7.145). According to this extended denominator formula, B, (¢)
can be rewritten as an alternating sum over elements w’ of the Weyl group
2., of the stabilizer G, so that

Ba(d) = > (—1)W eitr)o), (7.159)

w’ €Ny,

When « is regular, the Weyl group 20, is trivial, and the statement in (7.159)
is immediate. Otherwise, 20, is non-trivial for irregular weights, in which
case the identity in (7.159) has non-trivial content. Though we spare the
reader the details, (7.159) can be proven in exactly the same way as the
Weyl denominator formula, to which (7.159) reduces when o = 0. For sake
of completeness, we sketch such a proof in Appendix D.

Given the identity in (7.159), the alternating component of B, (¢) is easy
to evaluate. Clearly,

A[Ba(9)] = !ml > (1) Ba(w-9),
1)ww) o ((ww')-(atp), &)
= DIDINC ’

weWw' €W,
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— 2 a0 = Bol y @), (1160)

w’' €Wy, ’m|

In complete analogy to (7.150), we apply the identity in (7.160) to sym-
metrize S, (¢) under 20,

1%

Sa(@) o (—1)Ba=hca)/2. |Wa| Aatp(d)

W[ A(e)

(7.161)
The sign on the right in (7.161) again arises after a reflection from —¢ to ¢
in the argument of A, .

Via the character formula (7.144), the contour integral in (7.156) then
becomes

im ] L (C@eTAnz (g A
o=~ 5m0) Ty (ivr)

)] ()
2-N N
ﬂl;[o[Qsmh(w (b))] 1 [25 h< 52@)]7

” (7.162)

Z(e; C, R)

exactly as in the regular case (7.151). So regardless of whether « is regular
or irregular, the Seifert loop operator reduces to the character chyp under
localization on {gap} = O, /G and subsequent pushdown to the trivial con-
nection {0} on M.

7.2.11 On framings and the phase of Z(e; C, R)

We finally wish to discuss the phase of our result (7.162) for the local con-
tribution from {g.p} = O, /G to Z(e; C, R). This discussion extends related
remarks at the very end of Section 5.2 in [18] concerning the phase of the
partition function Z(e).

With no essential loss, we specialize to the case G = SU(2), for which we
can make a precise comparison between (7.162) and the result of Lawrence
and Rozansky in (7.64). After parameterizing ¢ € t = R in terms of a coor-
dinate z via ¢ = (i/2) diag(z, —z), we easily see that the localization result
in (7.162) agrees exactly with the corresponding empirical result in (7.64),
at least up to a phase. However, the phases of the expressions in (7.162)
and (7.64) do differ.
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To be precise, in the case G = SU(2) with R = j, the ratio exp (i0¥)
between the canonical phase in (7.64) and the phase in (7.162) is given by

im

exp (i00) = exp [4 <k:f—2> 00] - exp {2(;?2) (72 -1)P|,

d N
90 =3 - E + 12 Z S(bj,aj),
7=1
N
P= H a; if N>1, P=1 otherwise. (7.163)
j=1

In computing §¥, we have used the expression (7.109) for 70(0) in the case
that M is a Seifert homology sphere, or a cyclic Z; quotient thereof. Most
significantly, we write exp (i 6¥) in (7.163) as a product of two factors, the
first proportional to 6y and the second proportional to P. As we now explain,
these factors are associated to the respective choices of framing for the Seifert
manifold M and the embedded curve C C M.

In general, under a shift in the framing of M by s units, the phase of
Z(e; C, R) transforms as

Z(e;C, R) — exp [lf; s} -Z(e;C,R), s€Z,
kAg
=—7 Ag=dimdG. 7.164
“Thte T (7.164)

Here, the constant ¢ is the central charge of the current algebra for G at
level k. Similarly, under a shift in the framing of C' by ¢ units, the phase of
Z(e; C, R) transforms as

Z(e;C,R) N exp [2rihgt]- Z(e;C,R), t€Z,
(o, a0+ 2p)

hr = .
BT 0k + ¢)

(7.165)

Here hp is the conformal weight of the current algebra primary associated
to the representation R.37

Because of the intrinsic ambiguity in the phase of Z(¢; C, R) under shifts
in the framing of the pair (M, C'), we need only check that the relative phase

37 As throughout, o in (7.165) is the highest weight of R, p is the Weyl vector for G,
¢q is the dual Coxeter number, and (-, -) = —Tr(-) is the invariant metric on g = g*.
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exp (16V¥) between the formulae in (7.64) and (7.162) can be absorbed with
suitable choices of s and ¢ in (7.164) and (7.165). For the case at hand, with
G = SU(2) and R = j, the central charge ¢ and the weight hr become

3k 2 -1
= N =l 7.166
“Trkr2 T4k +2) (7.166)

Comparing to (7.163), we see immediately that the relative phase takes the
requisite form

exp (10¥) = exp [qrzc s] -exp [2mihr t], (7.167)

provided we set
s=16y t=—P. (7.168)

Although apparently resolving the phase discrepancy in (7.163), this obser-
vation begs two immediate questions. First, at no stage of the localization
computation did we actually specify a framing for (M, C). So how did we
manage to produce a definite phase for Z(¢; C, R) at all?

Second and perhaps more technically, although the parameter g = 3 — d
is integral when the Riemann surface ¥ at the base of M is smooth, 6
is typically only rational when X carries a non-trivial orbifold structure.
For instance, in the case of the Seifert fibration of S over ¥ = WCIP’%)’q,
we computed 6y in (7.68) to be 6y = (p/q) + (q/p), which is certainly
not an integer in general. (When d =p =q =1, corresponding to the
smooth, degree one fibration of S over CP!, we note the trivial equality
p=3—d= 2+ 3 =2) Sohow are we to make sense of the shift (7.168)

in framing by s = 0y units when X is an orbifold?
We address these questions in turn.

We largely answered the first question at the end of Section 5.2 in [18],
for which the crucial observation is the following. If M is a Seifert manifold
equipped with a locally free U(1)g action, then M possesses a pair of distin-
guished “two-framings”. By definition, a two-framing of M is a trivialization
of the direct sum TM®? = TM @ TM of two copies of the tangent bundle
TM. By way of comparison, a framing of M is just a trivialization of T'M
itself. Like an honest framing, a two-framing of M suffices to determine a
definite phase for the Chern—Simons partition function Z(e).

The first of the distinguished two-framings on M was introduced by
Atiyah [13] and is very well-known. The Atiyah two-framing & is defined
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for any compact, oriented three-manifold M, not necessarily Seifert, and is
characterized up to homotopy by the following property: if W is any ori-
ented four-manifold with boundary M, then the signature o(W) of W is
given by o(W) = & p1 (TW®2, &), where p; (TW®2 &) is the relative Pon-
trjagin class computed using the boundary trivialization by &. When M is
endowed with the Atiyah two-framing, the Chern—Simons partition function
Z(€) can always be presented with a canonical phase, as appears for instance
in the empirical formulae for Z(¢) in [74,81].

The second two-framing, introduced in [18], exists only when M admits
a Seifert fibration 7 : M — X. Briefly, the Seifert two-framing £ is defined
as follows. By assumption, M is equipped with a nowhere-vanishing vector
field R which generates the given action by U(1)g. Therefore R determines
a rank-one subbundle [R] of TM. The Seifert manifold M is also equipped
with an invariant contact form x, which satisfies (k, R) = 1. Thus the kernel
of x is complementary to R in each fiber of TM, and T'M decomposes as the
direct sum TM = [R] @ ker(x). Equivalently,

TM®? =~ [R] @ [R] @ ker(k) @ ker(k). (7.169)

Via the isomorphism in (7.169), we obtain a trivialization of TM%? from
any trivialization of the rank-four bundle ker(x) @ ker(x). The essential
step in the construction of the Seifert two-framing B is then to show that a
natural trivialization, unique up to homotopy, exists for ker(x) @ ker(x). In
a nutshell, ker(k) @ ker(x) is the pullback of a corresponding bundle on 3,
and the bundle on ¥ admits a natural trivialization as a Spin(4)-bundle for
dimensional reasons — specifically, the vanishing of the homotopy groups
m;(Spin(4)) for ¢ < 3.

For further details on the construction of 3, we refer the interested reader
to Section 5.2 of [18]. Later on, we will say a bit more about the Seifert
two-framing in the special case of the fibration 7 : 3 — W(CIF’%,’q.

On a general Seifert manifold M, the homotopy types of the respective
Atiyah and Seifert two-framings are distinct, & # 3, leading to two different
but equally natural ways to define a phase for the partition function Z(e).
As we mentioned, empirical results such as (7.64) are presented with the
phase defined by the Atiyah two-framing &. On the other hand, when Z(e)
is computed using localization, one might expect the result to appear with
the phase determined by the Seifert two-framing . At least when the base ¥
of M is smooth, with no orbifold points, we directly checked this expectation
in [18], where we verified that s = 6y =3 — d in (7.168) correctly accounts
for the shift in framing from & to 8.
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At the end of this section, we reconsider the situation when X is an
orbifold. However, before we indulge in orbifold technicalities, let us discuss
the framing of the knot C' C M, which is the essentially new ingredient at
present.

7.2.12 The Seifert framing on C

By definition, a framing of C is given by the choice of a non-vanishing
normal vector field along C' C M. Such a normal vector field determines a
new curve C’ which is a small displacement of C along the vector field. The
pair (C,C"), along with the two-framing of M, then determines a definite
phase for the Wilson loop path integral Z(e; C, R).

Most important here, if C' is an arbitrary curve embedded in an integral
homology sphere M, then C' admits a canonical framing. This framing is
fixed up to homotopy by the condition that C' and its displacement C’ have
zero linking number inside M,

Ik(C,C") = 0, (7.170)

where the linking number in a general homology sphere is defined by the
homology class of C’ in the complement of C' (or vice versa),

k(C,C") = [C") € Hy(M°Z) =7, M°=M —C. (7.171)

If M is an integral homology sphere, Hy(M?;Z) is freely-generated by the
meridian m of C, from which we obtain the essential isomorphism
H{(M°,Z) = Zin (7.171). In particular, when C carries the canonical fram-
ing (7.170), the class of C’ is trivial in Hy(M? Z).

The canonical framing (7.170) of C' is roughly analogous to the Atiyah
two-framing & of M, insofar as both are defined whether or not the pair
(M, C) is Seifert. On the other hand, when M is Seifert and C C M is
a generic Seifert fiber, we have the option to introduce a homotopically
distinct Seifert framing on C analogous to the Seifert two-framing (5 on
M. Up to homotopy, the Seifert framing on C is uniquely characterized by
the condition that it be invariant under the Seifert U(1)g action. Such an
invariant framing on C clearly exists, but for sake of completeness we spell
out its construction explicitly.

To construct the Seifert framing, we first pick a basepoint on C and a non-
vanishing normal vector vy # 0 in the fiber of the normal bundle N¢/y, at
that point. To be concrete, let us parameterize C' with a periodic coordinate
T ~ 7+ 1, so that 7 = 0 corresponds to the basepoint at which vy is defined.
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By assumption, C' is a generic orbit of U(1)g, which therefore acts freely
on a neighborhood of C' in M. In particular, each point of C is associated
to a unique element of U(1)g, and we are welcome to use the periodic coor-
dinate 7 on C' to parameterize the group U(1)g itself. In this way we obtain
a family of maps f7: M — M, parameterized by 7 € [0,1), which describe
the action of U(1)r on M. Each map f™ automatically induces a pushfor-
ward f7:TM — TM on the tangent bundle TM. Since each f7 also pre-
serves the orbit C, we obtain by restriction a pushforward f7 } o TC—TC
acting on tangent vectors to C itself. Hence f7 also induces a pushfor-
ward f*T‘C: Neyamr — Neyy on the normal bundle Ngjpy associated to the
embedding C C M.

We now use these pushforward maps on N¢ /s to extend the normal vector
vy defined at the basepoint 7 =0 to an invariant, non-vanishing normal
vector field vg defined everywhere on C. To define vg for all 7, we simply
set vr(1) = fT ’ C(l/o). By construction, vy is invariant under the action of
U(1)gr on C. Since each f] is a fiberwise isomorphism in a neighborhood
of C' C M, the normal vector vg(7) is also non-vanishing for all 7. Finally,
the only choices in our construction of vg were the choices of 1y and the
parameter 7, so the Seifert framing of C' is unique up to homotopy.

The Seifert framing on C' is defined for any Seifert manifold M, whether
or not M is a homology sphere. Consequently, using the Seifert two-framing
on M and the Seifert framing on C, we can always present the Seifert loop
path integral Z(e; C, R) with a canonical phase, which we naturally expect
to appear in computations of Z(e; C, R) by non-abelian localization.

As a check, let us compare the Seifert framing of C' embedded in an
integral homology sphere M to the canonical framing in (7.170), for which
C and its displacement C’ have zero linking number. In the case of the
Seifert framing, both C' and the normal vector field v are invariant under
U(1)g, so the displacement Cy of C along vy is naturally invariant as well.
Thus like C itself, Cy is a Seifert fiber of M.

In general, the linking number of two Seifert fibers in M is non-zero.
Hence, the canonical framing in (7.170) is related to the Seifert framing by
a shift of ¢t =1k (C, C’,’a) units. To make a quantitative comparison between
the canonical and the Seifert framings, we are left to compute the linking
number 1k (C, Cf) for two Seifert fibers of M.

According to the definition in (7.171), the linking number lk(C, C,’z) is
given by the homology class of Cf in the complement M° = M — C, where
the class of C} is to be measured as an appropriate multiple of the class of
the meridian m of C. Of course, H1(M?;7Z) is the abelianization of w1 (M?),
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and in (7.34) we have already provided an explicit description of 7 (M?°) via
generators {c;,f,m}, j =1,..., N, and relations
m,f] =[c;,f]=1, j=1,...,N,

c?ﬂ' =

N

[ ci=mf- (7.172)
j=1

In interpreting (7.172), we recall that f corresponds to the Seifert fiber of
M, so we identify Cy = f.

Abelianizing the relations in (7.172), we directly obtain

-1

f=m=", P=]]a= n+zﬁ . (7.173)

In the latter formula for P, we use the arithmetic condition (7.30) satisfied
by the Seifert invariants of the integral homology sphere M. As a rela-
tion between homology classes [f] = [C}] and [m], the identity in (7.173) is
perhaps better written additively as

[f] = [Ck] = —P - [m] € H (M Z). (7.174)
Consequently,
t=1k(C,Cy) = —P, (7.175)
exactly as we found previously in (7.168).
7.2.13 Further remarks on the Seifert two-framing

To complete our analysis of phases and framings, we finally consider the
potentially fractional assignment s = 6y in (7.168), relevant when the base
> of M is an orbifold. As a first step, let us elaborate slightly upon the
paradox posed by this result.

We recall that a framing of M is a trivialization of T'M. Concretely, such
a trivialization is given by three smooth, non-vanishing vector fields which
provide an oriented basis for the tangent space at each point of M. Any two
such framings are related by a smooth map h: M — SO(3), which takes one
trivialization pointwise to the other. Up to continuous deformations, the
difference between the given framings is then measured by the homotopy
class of the map h.
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We actually want to consider not framings but two-framings, which are
given by trivializations of the sum TM®2 = TM & TM. The bundle TM®?
carries a natural spin structure, induced from the diagonal embedding
SO(3) C SO(3) x SO(3) € SO(6), and any two trivializations of TM®? as
a Spin(6)-bundle are related by a smooth map h: M — Spin(6). Again, up
to continuous deformations, the difference between the given two-framings
as trivializations of TM%®? is measured by the homotopy class of the
map h.

By standard arguments, the homotopy class of h takes values in 73
(Spin(6)) = Z. We naturally want to identify the parameter s =  in (7.168)
with the class [h] € m3(Spin(6)) which measures the difference between the
Atiyah two-framing & and the Seifert two-framing 3 on M. If the base ¥ of
M is a smooth Riemann surface, then g = 3 — d is indeed an integer, and
we have already checked in Section 5.2 of [18] that the identification 6y = [h]
is correct. But if 6 is fractional, as can happen when X has orbifold points,
then s = 6y cannot correspond to the homotopy class of any smooth map
h : M — Spin(6).

This paradox has a natural resolution: the Seifert two-framing 3 is not
necessarily smooth when ¥ is an orbifold. By this statement, we mean that
the vector fields on M which describe the trivialization of T'M D2 associ-
ated to 0 are not themselves smooth but have singularities along the excep-
tional fibers of M which sit over orbifold points of 3. As a result, the map
h: M — Spin(6) relating the smooth, Atiyah two-framing & to the Seifert
two-framing (3 also has singularities, and the class [h] need not be integral.
Apparently, despite the orbifold singularities that may occur along excep-
tional fibers in M, the Seifert two-framing 3 still suffices to fix the phase of
Z(e;C, R), as we will see in the example below.

According to our earlier sketch, the construction of B relies upon the exis-
tence of a natural trivialization for a certain Spin(4)-bundle over ¥. When
> has orbifold points, the presence of orbifold singularities in the trivial-
ization over X is perhaps not terribly surprising. Nonetheless, to illustrate
precisely the relation between orbifold points of ¥ and singularities of (3,
let us analyze the Seifert two-framing for the very simple Seifert fibration
7:8% = WCIP’II)’q.

We recall that the parameter s = 6y for the Seifert fibration of S over
Y= WC}P’;Q is given by

bo=2+2, ged(p,q) =1. (7.176)
a P
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So 6y is fractional in all but the special case p = q = 1, for which ¥ = CP*
is smooth. Beyond merely establishing that 3 is singular whenever 6 is
fractional, we would also like to understand why 6y takes the particular
value in (7.176).

One might worry that the quantitative, technical analysis of singular two-
framings on even a three-manifold as simple as S could become rather
involved. To sidestep many potential complications arising from singularities
in 3, we follow a slightly indirect approach, adapted to the presentation of
53 via surgery on 52 x S!. Besides its concreteness, the analysis of 3 via
surgery also makes clear the relation between the fractions in (7.176) and
the orbifold points of orders p and q in W(CIP’%W.

We first recall that S% = T" Us T can be presented topologically as a union
of solid tori 77 and T' which are glued together along their boundaries by
a non-trivial element ¢ in the mapping class group SL(2,7Z) of the two-
torus S' x S'. As standard, J acts on the lattice Hy(S' x S1;,Z) 2 Z & Z;
to describe ¢ as a matrix, we pick a basis {m, l} for this lattice as follows.
We identify S' x S with the boundary of T'= D? x S', where D? is the
unit disk in R?. The meridian m is then given by the boundary of D?, and
the longitude 1 is given by the S! fiber over any point on that boundary.
Equivalently, if we parameterize D? with polar coordinates (r,¢) and S*
with a periodic coordinate 7 ~ 7 + 1, the meridian m is parameterized by
p, and the longitude 1 is parameterized by 7.

If § were trivial in SL(2,Z), then 7" Us T would simply be the aforemen-
tioned product S? x S', where S? arises by gluing together the respective
D? factors in T and T”. To obtain S? instead of S? x S, we take § to have
the form

§=T°.S-T* abeZ. (7.177)

Here, S and T are the standard generators of SL(2,7Z),

sz<(1) 61> T:<é i) (7.178)

and (a,b) are arbitrary integers (possibly zero).

As will be of use momentarily, let us review how the form of ¢ in (7.177)
arises. We regard S° as the unit sphere embedded in C?, parameterized by
complex coordinates (X, Y) satisfying | X|? + |Y|? = 1. In these coordinates,
the solid tori 7 and 7" in the decomposition S? = T" Us T' are given without
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loss by the respective subsets of S3 below,?®

T = {(X,Y) € S|[X]? < ;} T = {(X,Y) e S|Y]P < ;}
(7.179)

In terms of the topological identification T = D? x S, the disk D? is param-
eterized up to an overall rescaling by the complex variable X, and the S!
fiber is parameterized by the phase of the non-vanishing complex variable
Y. Thus on the boundary of T, where |X|?> = |Y|?> = 1/2, the phase of X
is identified with ¢, and the phase of Y is identified with 7. In the other
solid torus T”, the roles of X and Y are reversed. The exchange X < Y in
passing from T to 7" is then accomplished by the generator S in (7.177).

Otherwise, the choice of the pair (a,b) is related to the possibility to
perform Dehn twists by T € SL(2,7Z) on the boundaries of T and 7". Our
description of § as a matrix relies upon the choice of the particular basis
{m, l} for H1(0T;Z). The meridian m is canonically determined, at least up
to sign, as the generator of the kernel of the natural map from H;(0T;Z) =
Z&Zto H(T;Z) = 7Z. But any I = T*(1l) =1+ a-m is equally good as a
complementary basis element for H;(0T;Z). As a result, the possible twists
by T¢ and T? acting on the respective boundaries of T and 7" do not change
the topology of the union S =717 Us T.

However, the parameters a and b are far from irrelevant, since these data
determine a definite two-framing on S3. As carefully explained for instance
n [51], the solid tori 7" and T” can each be endowed with a standard two-
framing, which restricts on the boundary to the product two-framing deter-
mined by the vector fields 9/0¢ and 9/07. These standard two-framings
on T and 7" then determine a corresponding two-framing on S® = 7" Us T
after gluing by 9.

We now wish to relate the two-framing on S° determined by ¢ to both
the Atiyah two-framing & and the Seifert two-framing .

The relation to the Atiyah two-framing & is well-known. Briefly, with the
conventions in (7.177), the Atiyah two-framing & is described by any pair
(a,b) such that a + b= 0. Else, each Dehn twist by T shifts the standard
two-framing on the solid torus by one unit, and the gluing under § gener-
ally produces the two-framing on S which is shifted by a total s =a + b
units relative to &. Once again, s = [h] is the homotopy class of the map

38The choice of the symmetric bound for | X|? and |Y|? by 1/2, as opposed to any other
parameters z and 1 — x in the unit interval, is inessential.
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h: M — Spin(6) which measures the difference between & and the two-
framing induced by §. That said, throughout the present analysis, we will
really only keep track of the magnitude of s, not the overall sign. Finally, as
a small check that the overall shift by s = a + b units is correct, we consider
the case b = —a. Then § = T~*-S - T is conjugate to S in SL(2,Z), and
the two-framing determined by § necessarily agrees with the two-framing
determined by S alone.

We are left to describe the Seifert two-framing 3 similarly in terms of
surgery under 8. As before, 3 is constructed as a trivialization of T'M®2
using the evident isomorphism

TM® = [R] @ [R] @ ker(k) & ker(k), (7.180)

along with a certain natural trivialization of the rank-four bundle ker(x) ®
ker(k). At first glance, one might worry that a detailed knowledge of the
vector fields on S responsible for trivializing ker(x) @ ker(x) would be nec-
essary to describe 8 via surgery. However, all we really need to know is
that the trivialization of TM®? associated to § involves the non-vanishing,
Seifert vector field R. In the current example, if S® is parameterized by
complex coordinates (X,Y) satisfying |X|? + |Y|? = 1, then U(1)g acts on
X and Y with respective charges p and q. The generating vector field R is
then given explicitly by

i 0 0 — 0 — 0
“o [PApx tar ~d

R —~-pPX=-qY—=|. 7.181
oy 0X oY ( )

Upon restriction, § determines a two-framing on each of the solid tori
T and T" specified as subsets of S3 in (7.179). So to characterize 3 under
surgery, we need only compare these induced two-framings on T and T’
to the standard two-framing. We first perform the comparison on T’; the
comparison on 7" is entirely similar.

As we mentioned earlier, the standard two-framing on 7 = D? x S!
restricts on the boundary 0T = S x S! to the product two-framing by the
non-vanishing vector fields {8/ 0p, 0/ 87} which generate rotations in each
S1 factor. Equivalently, the standard two-framing identifies twice the tan-
gent bundle of S* x S! with the sum

T(S x S1yo2 = [;fp] ® [;p] ® [;T] ® [;)T] . (7.182)

Just as in (7.180), [ -] indicates the trivial line bundle generated by the given
vector field.
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In contrast, if we restrict the Seifert two-framing § to the boundary of
T, we obtain a different trivialization, now involving the Seifert vector field
R. Up to homotopy, the Seifert two-framing @ identifies twice the tangent
bundle of S! x S' with the sum

T(8! x 51)@2§ ISELSEINEILE (7.183)

Here RT is a non-vanishing vector field on S' x S' which generates the ortho-
complement to R as determined by any convenient metric. (The homotopy
class of the trivialization does not depend on the continuous choice of the
metric on St x S1.)

Again up to homotopy, any two-framing on the solid torus 7" is related to
the standard two-framing by the repeated action of the Dehn twist T on the
boundary. To relate the respective trivializations in (7.182) and (7.183), we
recall that ¢ is identified on 9T with the phase of the coordinate X, and 7
is identified with the phase of the coordinate Y. Hence, R in (7.181) is given
on the boundary of T' by

0 0
R= p% + Ay (7.184)

Further, with a suitable choice of metric on dT', we can always arrange that
Rt = 3/0¢. The trivialization (7.183) induced by 3 on 97 then becomes

oot 2o R () o5 ()]

To facilitate the comparison between (7.182) and (7.185), we have rescaled
R in (7.184) by an overall factor of 1/q. Of course, such a scaling has no
effect on the line bundle generated by R.

Under a general twist by T¢, the line bundles in the standard product
trivialization (7.182) transform as

0| T [0 O] 1o [0 0
— — — — —. 7.186
[390] o [5@] ’ {37] o [37 HL@@] (7-1%6)
From (7.186), we see immediately that T® for a = p/q formally takes the

standard two-framing in (7.182) to the induced Seifert two-framing in (7.185).

Now, if p = q =1, then T* = T is the usual Dehn twist, which takes one
smooth two-framing on T to another, shifted by one unit. Otherwise, for
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relatively-prime pairs p > q > 1, the Seifert two-framing B on T is related
to the standard two-framing via the fractional twist TP/94. Such a fractional
Dehn twist does not really make sense on a smooth three-manifold, but it
does make sense on a three-dimensional orbifold. Indeed, the exceptional
fiber given by X = 0 in T sits precisely over the orbifold point of order q in
the base of the fibration 7 : S% — W(CIP’%,,q, from which the denominator in
the exponent a = p/q arises.?® Clearly as promised, the fractional twist by
TP/4 on the standard two-framing creates orbifold singularities in 3 along
the exceptional fiber.

On the complementary torus 7”, the same analysis applies after an
exchange of the coordinates X and Y. Equivalently, because X and Y
are distinguished only by their charges under U(1)g, we simply exchange
p and q. Thus a twist by T? for b = q/p takes the standard two-framing
on T" to the induced Seifert two-framing B In total, we deduce that the
difference between the Seifert two-framing 3 and the Atiyah two-framing &
on the union S$% =T’ Us T is given by the sum

s=at+b=24+9 (7.187)
q p

exactly as in (7.176).

7.3 The Seifert loop operator as a Chern character

To conclude our analysis of Chern—Simons gauge theory on a Seifert three-
manifold M, we now extend our work in Section 7.2 to describe the coho-
mology class of the Seifert loop operator Wx(C') on any smooth component
My in the moduli space of flat connections on M. Though the discussion
here will be self-contained, the results in this section also build upon those
in Section 5.3 of [18].

Mostly as a means to streamline the exposition, let us immediately make
a few simplifying assumptions. First, we assume throughout that M is the
total space of a circle bundle of degree n > 1 over a smooth (non-orbifold)

39Let us briefly check that X = 0 sits over the orbifold point of order q, as opposed to
p, in WC]P’%,H. Since |Y| # 0 in T, we can partially fix a slice for the action of U(1)g by
imposing the condition that Y = |Y| be real and positive. But since Y transforms with
charge q > 1 under U(1)g, the condition Y = |Y| still leaves unfixed a cyclic subgroup
Zq C U(1)r, whose generator acts on X as X — (P - X, ¢ =exp (27i/q). So under the
quotient by Zq, the point corresponding to X =0 in W(CIP’]l,yq is an orbifold point of
order q.
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Riemann surface ¥ of genus h > 1,

St M
17 genus(X) =h > 1. (7.188)
by

So unlike the examples in Section 7.2, for which orbifold points in genus zero
were crucial, 3 now has no orbifold points.

Second, because our current focus is on topology rather than group theory,
we restrict attention to the familiar case that the Chern—Simons gauge group
is G = SU(r 4 1). Similarly, for the irreducible representation R, we assume
that the highest weight « > 0 of R is regular. Hence, the stabilizer of o under
the adjoint action is Go =T = U(1)", and the coadjoint orbit O, = G/T is
the complete flag manifold. Explicitly, again using the identification t = t*,
we write

a=idiag(a,...,ar41), a1+ +arp1 =0, (7.189)
in terms of which the regularity condition o > 0 becomes
a1 > Qo> > > Qg (7.190)

Later, we will want to characterize the diagonal entries (7.189) of « in a
slightly more invariant fashion. As in (5.55), we therefore introduce the
basic generating weights {&;1, . ,&JTH} of SU(r + 1), in terms of which «
can be expanded as

a=a1w)+ -+ Ayl Opt1- (7191)

Finally, we assume without loss that the representation R is integrable
in the current algebra for G at level k. This assumption implies that the
highest weight o > 0 of R is bounded in terms of the highest root 9 of G
by (¢, ) = a1 — ap41 < k. Actually, for technical reasons that will become
clear, we need to assume that « satisfies the slightly stronger, strict bound
(¥, ) < k. As we indicated in Section 7.1, the strict bound on « is concep-
tually the ‘bare’ version of the integrability condition expressed in the form
(U, o+ p) < k+¢q.

In actuality, neither the restriction on G nor R is particularly essential, as
exemplified by the preceding computation for general (G, R) in Section 7.2.
Moreover, the result we eventually obtain for the cohomology class which
describes the Seifert loop operator Wr(C') on My will have a natural meaning
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for arbitrary pairs (G, R). Nonetheless, we prefer to phrase the discussion
here in the language of holomorphic vector bundles, as opposed to bundles
with arbitrary structure group, and we prefer to avoid the small complica-
tions, such as in the discussion surrounding (7.156), which arise when « is
not regular.

The computation of the Seifert loop class on My, through straightforward,
is slightly involved. Rather than plunge into that computation straightaway,
let us first present our eventual result, which is perhaps more illuminating
than the computation itself. Indeed, the class in H*(Mg) which describes
the Seifert loop operator Wgr(C) under localization is not hard to guess,
provided we note the following clues.

To start, the Seifert loop operator is defined solely by the choice of R and
the point p € 3 over which C sits as a Seifert fiber of M, so the Seifert loop
class can depend a priori only upon these data. Moreover, since the isotopy
class of the embedding C' C M is invariant under continuous deformations
of p, the Seifert loop class can really only depend upon the discrete choice
of R.

Let us now ask — what are the natural cohomology classes to consider
on Mgy?

The answer to this question is particularly clear if we recall from Section
7.1 the identification (7.20) of moduli spaces

Mo = N(P), (7.192)

where if(P) is a finite, unramified cover of the moduli space N(P) param-
eterizing flat connections on a principal Gaq (= G/Z(G))-bundle P over ¥.
Here the topology of P is determined by the central fiberwise holonomy
o(f) € Z2(G), constant for all points in My, of the corresponding irreducible
flat G-connection on M. For technical simplicity, we assume throughout that
¢ = o(f)™ in (7.18) generates the center Z(G) = Zy+1, in which case N(P)
is smooth, and the cover N(P) — N(P) has degree |Z(G)|*" = (r + 1)?" for
G=5SU(r+1).

As in Section 5.2, when N(P) is smooth, a universal bundle V exists as a
holomorphic vector bundle of rank r 4+ 1 over the product ¥ x N(P),

crtl — v
) (7.193)
Y xN(P)
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In this situation, the characteristic classes of V define natural cohomology
classes on ¥ x N(P), and those characteristic classes can be evaluated on
homology classes of ¥ to obtain associated classes on N(P) alone. From
the perspective of gauge theory, these Atiyah—Bott classes (introduced in
Section 9 of [12]) are the natural, God-given cohomology classes on N(P),
and as demonstrated in Theorem 9.11 of [12], they suffice to generate mul-
tiplicatively the integral cohomology ring H *(N(P); Z).

With this philosophy and the identification My = N(P), we see that
the natural cohomology classes to consider on My are the pullbacks under
the covering map N(P) — N(P) of the Atiyah—Bott classes on N(P). To
avoid cluttering the notation any further, we will not attempt to distinguish
between cohomology classes on N(P) and their pullbacks to Mg = N(P).

As we mentioned above, each Atiyah—Bott class is defined by evaluating
a given characteristic class of V on a given homology class of . For the reqg-
uisite homology class, we have already noted that the Seifert loop operator
involves the choice of a point p € 3. The Atiyah-Bott classes on N(P) asso-
ciated to the homology class of p are then simply the characteristic classes
of the bundle V restricted to {p} x N(P),

Vp = VpyxnNp), (7.194)

as appeared already in (5.43).

We are finally left to guess which characteristic class of V,, actually describes
the Seifert loop operator Wgr(C') under localization on M. This character-
istic class must somehow incorporate the choice of the representation R, for
which there is a more-or-less evident way to proceed.

Via the Chern—Weil homomorphism, the characteristic classes of a bun-
dle with structure group G are determined by invariant functions on the Lie
algebra g, or equivalently, by Weyl-invariant functions on the Cartan sub-
algebra t. When M is a Seifert homology sphere, we have already demon-
strated in Section 7.2 that the Seifert loop operator Wr(C') reduces at the
trivial connection {0} = pt/G to the character chp,

WR(C)| 4y = chr (e?) € Hy(p)™, ¢et, (7.195)

interpreted here as a Weyl-invariant function of ¢ € t. So for localization on
Mo = N(P), the most natural — and certainly most elegant — possibility is
that the Seifert loop operator Wr(C') reduces to the characteristic class of
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V,, determined by the same character chp,

Wr(O)|,, = chr(Vp) € HY(My). (7.196)

Mo

In the remainder of this paper, our goal will be to demonstrate the identi-
fication in (7.196) directly, by a localization computation on My very similar
to the computation in Section 7.2. However, before we even begin to com-
pute, let us first provide a more concrete description of the characteristic
class chr(V),), as we will encounter it in practice.

In general, any characteristic class of holomorphic vector bundle can
be expressed as a symmetric function of its Chern roots. With a certain
malice aforethought, we were careful to provide a complete description of
the Chern roots of V), at the end of Section 5.2. As we reviewed there,
the extended moduli space N(P;\) for regular A > 0 serves as a canonical
splitting manifold for V,,, such that under the fibration

210_\ — N(P; \)
L W) <1, (7.197)

the pullback q*V, decomposes smoothly into a direct sum of line bundles
over N(P; A),

TV, =P L, (7.198)
j=1

Hence, the total Chern class of V), satisfies

r+1
ae(Vp) =[] U +w), w=eal(L;) e H(NP;N);Z), (7.199)
j=1
and {ul, . ,ur+1} realize the Chern roots of V,,.

To encode the Chern roots in a slightly more invariant fashion, we collect
them into a single degree-two class u on N(P;\) which is valued in the
Cartan subalgebra of SU(r + 1),

u=idiag(ur, -, upp1) € HAN(P;A); Z) @ t. (7.200)
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The individual Chern roots can then be extracted from u using the basic
weights {@1,...,&p41} in (5.55),

uj =(@j,u), j=1,...,r+1 (7.201)

With the conventions in (5.59), each u; restricts fiberwise on Oy to the
invariant two-form

l/@j

uj|OA:—27r, j=1,...,r+1. (7.202)

Under the Chern—Weil homomorphism, the degree-two class u in (7.200)
plays exactly the role of the variable ¢ € t appearing in (7.195). As a result,
the characteristic class chp (Vp) is given explicitly in terms of u by

Aatp (u)

chR(Vp) = chR(eu) = A

(7.203)

Just as in (7.142), A, (u) is defined for each weight « via an alternating sum
over the Weyl group 20,

Ag(w) = D (~1)welwew, (7.204)
weWW

and in passing to the latter expression for chp (Vp) in (7.203), we apply the
Weyl character formula. Finally, we abuse notation slightly in (7.203). Most
literally, chp (Vp) is a class downstairs on N(P), whereas chpr (e“) is a class
upstairs on the splitting manifold N(P;\). So more correctly, we should
write g*chp (Vp) = chp (e “), recalling from (7.199) that any symmetric func-
tion of the Chern roots {ul, e ,wH} is the pullback from a corresponding
characteristic class on N(P). We will henceforth avoid such pedantries, and
we will not distinguish between characteristic classes of V,, on N(P) and their
pullbacks written in terms of u on N(P; \).

The characteristic class chp (Vp) admits yet another description as the
Chern character of a universal bundle \75' associated to the representation
R. Here V[ is the restriction to {p} x N(P) of a universal bundle V¥ with
fiber R over ¥ x N(P),

R — VR
. (7.205)
X xN(P)



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 187 — #187

LOCALIZATION FOR WILSON LOOPS IN CHERN-SIMONS 187

If R is the fundamental, (r + 1)-dimensional representation of SU(r + 1),
then V is the standard universal bundle V appearing in (7.193). Other-
wise, at least for the familiar example G = SU(r + 1), the associated bundle
VE can be constructed algebraically from appropriate symmetric and anti-
symmetric tensor powers of V.

By definition, if F is a complex vector bundle with Chern roots e; for
j=1,...,tk E, the Chern character ch(FE) is given by the sum of exponen-
tials

rk B
1
ch(E) = Z exp (e;), exp(ej)=1+e;+ 56? +-e (7.206)
j=1

As throughout, the exponential in (7.206) is to be understood by the indi-
cated Taylor series, which eventually terminates at some finite order due
to the nilpotency of the e;. On the other hand, the Chern roots of the
associated bundle Vﬁ are by construction the eigenvalues of u acting as an
element of t on the representation R. So tautologically, the Chern character
of Vﬁ is given by

Ch(Vﬁ) = TrR(eu) = chR(eu),
= chpr(Vp). (7.207)

From the K-theory perspective adopted in [101], the alternative description
of the Seifert loop class as the Chern character ch(\?g) is possibly more
natural.

7.3.1 Warm-up: index theory and the Seifert loop operator on
Sl x ¥

In order to analyze the Seifert loop path integral via non-abelian localization,
we must assume that the degree n of the bundle S* = M - ¥ is non-
zero. Otherwise, if n = 0 and M = S' x ¥, the construction of the invariant
contact form k in Section 3.2 fails — see especially (3.14) — and our analysis
of Chern—Simons theory via localization does not apply.

Regardless, localization or no, Chern—Simons gauge theory simplifies dra-
matically on a three-manifold which is a product S' x ¥. In this situation,
as we quickly review below, the Seifert loop path integral Z(e; C, R) merely
computes the dimension of a certain Hilbert space, which is constructed geo-
metrically as the space of holomorphic sections of a prequantum line bundle
over N(P;\). Since our identification (7.196) of the Seifert loop class as the
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character chp (Vp) is independent of the degree n, one might wonder whether
that identification can be understood more easily in the special case n = 0.

Somewhat remarkably, this question has already been answered by Jeffrey
in work [65] that substantially predates the current paper. (See also [58] for
a related follow-up.) Indeed, many of the most important ideas required
to analyze the Seifert loop path integral for general degree n > 1 already
appear for the somewhat degenerate case n = 0. Therefore, as a very useful
prelude to our localization computations, let us first discuss the Seifert loop
path integral on M = S x ¥, closely following the relevant portions of [65].

By way of comparison and contrast, we consider simultaneously both
the partition function Z(e) and the Seifert loop path integral Z(e; C, R) for
Chern-Simons theory at level k on M = S x . The curve C associated to
the Seifert loop operator is then given by C' = S! x {p}, where p is a point
on .

When M = S x ¥ factorizes, Chern-Simons theory on M can be imme-
diately analyzed via canonical quantization in the Hamiltonian formalism,
just as we applied to the Wilson loop operator itself in Section 4.1. In
the Hamiltonian formalism, we interpret the S' factor of M as a periodic,
Euclidean “time”. According to the standard axioms of quantum field the-
ory, the Chern—Simons partition function Z(€) on M is then generally given
by a quantum mechanical trace of the form

Z(€) = Traqr) P exp <—17§1H>, M=S!'x¥. (7.208)

Here H(k) is the finite-dimensional Hilbert space obtained by quantizing
Chern—Simons theory at level k£ on ¥, and H is the Hamiltonian which
acts on H (k) to generate infinitesimal translations around S'. Because the
Chern—Simons action is purely topological, the Hamiltonian vanishes,

H=0. (7.209)
Hence Z(e) reduces to the trace of the identity operator on H(k),
Z(€) = Troy 1 = dimg H(k), (7.210)

and the Chern-Simons path integral on S' x ¥ simply computes the dimen-
sion of the Hilbert space H(k).

For the Seifert loop path integral, the axiomatic reasoning, which leads
to (7.210) remains valid. Again, Z(¢; C, R) is given by the dimension of a



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 189 — #189

LOCALIZATION FOR WILSON LOOPS IN CHERN-SIMONS 189

Hilbert space,
Z(€6,C, R) = Try((;a) 1 = dime H(k; ), (7.211)

where H(k; ) is now obtained by quantizing Chern—Simons theory at level
k in the presence of the Seifert loop operator Wg(C') which punctures ¥ at
the point p.

As nicely reviewed in [10], each of the Hilbert spaces H(k) and H(k; «)
can be constructed geometrically as the space of holomorphic sections of a
certain prequantum line bundle over the appropriate classical phase space
of Chern—Simons theory. In the case of H(k), the relevant phase space is
just the moduli space N(P) of flat connections on ¥, so that*’

(k) = H%(N(P),L’g) . (7.212)

Here the prequantum line bundle L’g is the kth power of the basic line bundle
Lo, which generates the Picard group of N(P) and whose first Chern class
is represented on N(P) by

1

We recall that €2 is the symplectic form appearing in (2.2). With our
normalization conventions, the periods of € are given by integral multiples
of 472, so the normalization factor in (7.213) ensures that Qg is an integral
generator of H(N(P);Z) = Z.

The geometric description of H(k; ) may be only marginally less familiar.
As we have seen in Section 5.1, classical solutions of Chern—Simons theory in
the presence of the Seifert loop operator Wx(C') are described on ¥ by the
extended moduli space N(P; A), where the parameter A is fixed as in (7.17)
by the ratio

A= (7.214)

a
=

“0The following caveat is in order.If the Chern-Simons gauge group G is simply-
connected, then the G-bundle P on ¥ is topologically trivial, and N(P) has singularities at
points corresponding to reducible flat connections on . At present, we proceed somewhat
formally and ignore singularities in N(P). Lest the reader worry, when we return to this
discussion in the context of localization, P will be non-trivial and N(P) will be smooth.
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Hence, the Hilbert space H(k; ) which describes the Seifert loop operator
is constructed by quantizing a new phase space, namely N(P; \),

H(k: ) H%(N(P; A), ng@) , (7.215)

where L&k) is the requisite prequantum line bundle over N(P; \).

Unlike the prequantum line bundle L’g which defines the Hilbert space

H(k), the line bundle L((f) is not generally the kth power of any more basic
line bundle on N(P; \). However, again up to factors of 2x, the first Chern

class of L((lk) is still represented on N(P;\) by the kth multiple of the sym-
plectic form €2 in (5.32),

k
e (L&k)) = 5 = ka0 + (@), (7.216)

Here, along with the elementary identification in (7.214), we use the descrip-
tion (5.65) of Q) in terms of the Chern roots u of V,,. This description of 2
is valid so long as the symplectic fibration q : N(P;A) — N(P) in (7.197) is
itself valid, for which we require the strict integrability bound (¢, @) < k on
the weight a.

According to Theorem 9.12 in [12], N(P) is simply-connected. Via the
symplectic fibration in (7.197), N(P; \) is simply-connected as well. Hence,

our expression for the Chern class of L% in (7.216) suffices to determine the
line bundle itself. To be precise, since {1y represents the Chern class of the
generating line bundle £y on N(P), and since each Chern root u; represents
the Chern class of the splitting line bundle £; in (7.198), the sum in (7.216)

implies that L(ak) is given by the tensor product

r+1
L = g of @ () L7, (7.217)
j=1
where a; for j =1,...,r 4 1 are the components of a in (7.191). The quan-

tization of v as a weight of SU(r + 1) is necessary to ensure that the tensor
product of line bundles L;xj in (7.217) is well-defined. To check that the
T4l
J=173

, where we eliminate the redundant bundle L, 1

tensor product is sensible, we observe that the product ® can be

Laj*ar-t—l
J
via the relation L,41 = ®7_, L;l, which follows from the elementary iden-

tity @1 + - - - + @p41 = 0. In our conventions, with a > 0 a positive weight of
SU(r + 1), the differences o — a1 € Zsg for j = 1,..., 7 are then strictly

rewritten as ®7_;
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positive integers, and no fractional powers of line bundles appear in the
tensor product ®j_; L?rarﬂ_

To summarize, for Chern—Simons theory on M = S x 3, both Z(e) and

Z(€e;C, R) count holomorphic sections of appropriate prequantum line bun-
dles on N(P) and N(P;\),

Z(e) = dime HY (N(P), L’é),

r4+1
Z(e;C,R) = dim¢c Hy [ N(P; ), "L @ Q) L7 | - (7.218)
j=1

Crucially, for both prequantum line bundles appearing in (7.218), the
higher Dolbeault cohomology vanishes. As noted for instance in Section 11
of [64], the vanishing of Hg(N(P),L’S) for ¢ > 0 follows from the Kodaira
vanishing theorem, in combination with the identification of the canonical
bundle of N(P) as £;2. The vanishing of H%(N(P; )\),L&k)) for ¢ >0 is
apparently a bit more subtle, but it has been proven by Teleman in (9.6)
of [102]. As a result, both Z(¢) and Z(¢; C, R) are alternatively given by the
holomorphic Euler characters

r+1
Z(&C,R) = x [ N(P;N), a* L5 @ Q) L7 | . (7.219)
j=1

Let us recall one basic fact about the holomorphic Euler character. In gen-
eral, if F is a holomorphic vector bundle over a compact complex manifold
X, the holomorphic Euler character x(X, E) is defined by the alternating
sum

X(X,E) = (-1)¢ dime HY(X, E). (7.220)
q

The Atiyah-Singer index theorem, in its Hirzebruch—Riemann—Roch form,
then provides an entirely cohomological description for the Euler character,

X(X,E) = /X ch(E) - Td(X). (7.221)

We have already encountered the Chern character ch(F) in (7.206). Other-
wise, Td(X) is the Todd class of X. Explicitly, if z; for j =1,...,dim¢c X
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are the Chern roots of the complex tangent bundle of X, such that

dime X

cX)=J] A+=), (7.222)

j=1
then Td(X) is given by the product

dime X

Td(X)= ]

j=1

Lj
—_ .22
1 —exp (—z;) (7.223)

Applying the Hirzebruch-Riemann-Roch formula in (7.221) to (7.219), we
thereby express Z(e) and Z(e; C, R) as integrals over the respective moduli
spaces N(P) and N(P; \),

2(e) = /N &P [£] - TAONP)),

Z(e;C,R) = /

exp {k q Qo + (a,uﬁ - Td(N(P; N)). (7.224)
N(P;N)

In obtaining (7.224), we trivially note that ch(E) = exp [¢1(F)| when E is a
line bundle, and we substitute for the respective Chern classes using (7.213)
and (7.216).

Although (7.224) provides the sought-after cohomological description for
Z(e;C, R), we still need to tease out a description of the Seifert loop class
itself,

WR(C)\N( p) € H*(N(P)). (7.225)

Intuitively, the Seifert loop class WR(C)‘N(P) should play the same role

in the presentation of Z(e; C, R) as an integral over the finite-dimensional
moduli space N(P) that the Seifert loop operator Wr(C) itself plays in the
full Seifert loop path integral over the infinite-dimensional affine space A of
connections,

1 1 \%¢
X exp [216 /MTr (A/\dA 4 zA/\A/\A)],

2
e = % Ag = dimg. (7.226)
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Here the Seifert loop path integral (7.226) is obtained by multiplying the
exponential of the Chern—Simons action by the operator Wgr(C), interpreted
as a classical functional of the connection A.

Similarly, the Seifert loop class will be characterized as the element of
H*(N(P)) by which we multiply the index theory integrand of Z(e) in (7.224)
to obtain a corresponding cohomological formula for Z(e; C, R),

Z(e;C,R) = /N ) Wr(C)|py - exp [k Qo] - TA(N(P)). (7.227)

Crucially, Z(e;C, R) is expressed in (7.227) as an integral over the basic
moduli space N(P), as opposed to the extended moduli space N(P;\). To
compute the Seifert loop class, we must therefore push the index density on
N(P; ) in (7.224) down to N(P) by integrating over the fiber 2rO_} of the
map q : N(P;A) — N(P),

Z(6;C, R) = /N (P)q*[exp (ka0 + (a,w)) - Ta(N(Pi )| . (7.228)

After simplifying the expression in (7.228) and comparing the result to
(7.227), we ultimately determine WR(C)‘N( P As will be clear, this calcu-

lation nicely parallels the more elementary manipulations leading to (7.151)
in Section 7.2.

To begin to simplify (7.228), let us express the Todd class of N(P; ) in
a more revealing form. In general, for any holomorphic fibration of smooth
complex manifolds

F— X
1=, (7.229)
B
the Todd class of X factorizes as
Td(X) = Td(F) - #* Td(B). (7.230)

As standard, the factorization in (7.230) follows from the corresponding
exact sequence of bundles

0—TF —TX ™ TB — 0, (7.231)

along with the manifestly multiplicative definition (7.223) of Td(X) as a
product over the individual Chern roots of the holomorphic tangent bun-
dle TX. For the fibration q: N(P;\) — N(P) with the natural complex
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structures on all spaces involved, we obtain
Td(N(P; X)) = Td(O-,) - q" TA(N(P)). (7.232)

Let us make a comment, not inessential, about the appearance of O_) as
opposed to Oy in (7.232). According to (7.197), the fiber of the map q is
symplectically the orbit 2rO_y. For the purpose of computing the fiberwise
Todd class, the overall normalization of the orbit by 27 is irrelevant, so we
have dropped that normalization in (7.232). However, if we are going to
be careful about signs and orientations, the distinction between A\ and —A
in (7.232) is important.

According to (4.23), when A > 0 is positive, the complex structure on Oy
compatible with the symplectic form v} is such that the holomorphic tangent
space to Oy at the identity is given by g% = g, . the positive rootspace
of g. However, because the sign of the symplectic form on O_) is reversed
relative to O, the compatible complex structure on O_) is also reversed.
That is, the holomorphic tangent space to O_) at the identity is given by
the negative rootspace g_ (for a fixed splitting gc© tc = g+@® g—). So even
though O, and O_) agree at the level of topology, they carry opposite
complex structures. Eventually, this distinction will be manifested through
various signs in Td(O_ ,\) relative to Td(OA), associated to the exchange

g4+ g—-
Via (7.232), the index density on N(P; \) itself factorizes, implying

exp [{a,w)] - TA(0-) - a*(exp [k 0] TAN(P)) ).
(7.233)

zcm) - |

N(P;\)

In particular, comparing to (7.224), we see the pullback of the index density
on N(P) appears as the final factor in the integrand of (7.233). Trivially,
terms which pull back from the base N(P) do not contribute to the integral
over the fiber of N(P;\). Consequently, the Seifert loop class in (7.227) is
given by the pushdown of the first two factors in the integrand of (7.233),

WR(C)|N(P) = q.Sa(u) € H*(N(P)), (7.234)
where we set
Sa(u) = exp [(a,u)] - Td(O-)). (7.235)

Evaluating ¢S (u) will be easy as soon as we determine the Todd class of
the orbit O_). We accomplish this task directly, by computing the Chern
roots of O_) and then applying the definition in (7.223).
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Let us first make a simple observation about signs. If x; for j =1,...,
dimc O, are the Chern roots of the coadjoint orbit O, with the standard
complex structure in (4.23),

dimc Oy
c(0y) = ] @+, (7.236)

J=1

then the Chern roots of the conjugate orbit O_y, which carries the opposite

complex structure, are given by —z; for j = 1,...,dimc Oy,
dim¢ Oy
c(0_) = [ == (7.237)
j=1

Because of this relation, we have decided to phrase our initial discussion in
terms of the more familiar Chern roots x; of O). We then reverse signs to
compute the Chern roots of O_,.

The computation of the Chern roots of the complete flag manifold Oy =
G/T is a classic result, so we will be brief. See Section 14.2 of [59] for a
textbook discussion. Because () is a homogeneous space for G, the Chern
roots of O, are determined by any smooth splitting of the holomorphic
tangent space g(10) = g+ at the identity. The obvious splitting at hand is
the eigenspace decomposition of g under the action of the maximal torus T,

o=@ es BeR (7.238)
B>0

where eg is the one-dimensional rootspace associated to the root 3 of G.
Each rootspace eg then varies globally over Oy =2 G/T as the fiber of the
corresponding homogeneous line bundle £(3), as in (4.32). So via the split-
ting in (7.238), the Chern classes of the line bundles £(5) for all > 0 realize
the Chern roots of O,

(03 =TI [1+ea(e®)]. ale®) =52 (7.239)

350 2

Equivalently, after reversing signs to account for the reversal of complex
structure on O_y,

c(0) = [T [1 - ei(2®)]- (7.240)

6>0
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As a check, if G = SU(2), then Oy = CP!. Previously in the example in
Section 4.1, we identified the line bundle of degree m on CP! with the homo-
geneous line bundle S(m d)), where @ > 0 is the highest weight of the funda-
mental, two-dimensional representation of SU(2). Observing that f =2w
in (7.239), we obtain the standard result that the first Chern class of CP*
has degree two.

To compute Td(O_,) as a class on N(P;\), we now express the Chern
class of each line bundle £(3) in terms of the fiberwise components of the
fundamental Chern roots u of V,. According to (4.35) and (5.59),

ai(£(8)) = % = —(B,u) (7.241)

N

Substituting into (7.240), we then obtain the simple result

c(0-y) =11 (1 + <ﬁ,u>), (7.242)

3>0
where the signs in (7.240) and (7.241) nicely cancel.

Consequently,
(B, w)
1 —exp [—(8,w)]’
e</67u>/2
_;:[o Zsimh((B,u)yz)

Td(0-,) =[]

B8>0

e (pu) 1
= ) ﬂ[[o Bow), p=5 g} B. (7.243)

The second equality in (7.243) is an elementary algebraic identity, and in
passing to the last line of (7.243), we apply the Weyl denominator
formula (7.145) for A,,.

With this description of Td(O_j,), the class S,(u) in (7.235) becomes

e (atpu)
So(u) = WO g} (B,u). (7.244)

To finish our computation of the Seifert loop class WR(C’)‘N( p)» We are left
to push S, (u) down to N(P) under the map q : N(P;\) — N(P).



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 197 — #197

LOCALIZATION FOR WILSON LOOPS IN CHERN-SIMONS 197

To orient the reader, let us quickly recall how pushdown works. See
Section 6 of [25] for a more thorough discussion in the special case of vector
bundles. As in (7.229), we suppose that we have a smooth fibration of
compact manifolds F — X 5 B.*! Locally, with respect to a given trivial-
ization over a patch of B, any differential form ) on X can be written as a
finite sum of terms

b= TN, (7.245)

where each &(;) is a differential form on B, and each n; is a vertical differ-
ential form on X. That is, 7;) has components only along the fiber F, or
equivalently, the contraction of ;) with any horizontal tangent vector along
B vanishes.

As a map from differential forms on X to differential forms on B, the
pushdown 7, is given by the naive operation of integrating each vertical
component 7;) of ¢ fiberwise over F,

Tu) = Z 0 '/F??(i)' (7.246)

By definition, if 7y has no component of top degree on F, the integral
over F' is set to zero. As in Section 6 of [25], one can check that the
operation in (7.246) does not depend upon the particular choice of local
trivialization used to obtain the fiberwise decomposition of 1 in (7.245),
so long as the trivialization respects the relative orientations of X and
F. Hence m, is well-defined globally on X. Moreover, m, commutes with
the exterior derivative d and thus induces a map on de Rham cohomology
T H*(X) — H*~4mF(B) where we observe that the integration in (7.246)
reduces the degree of a form on X by the dimension of F.

We now return to the specific problem of computing the pushdown .S, (u),
for which the essential step is simply to write S, (1) in the form (7.245). Let
us therefore consider the Weyl action by permutations on the entries of
u = idiag(uy,...,up41). Because (ui,...,u,41) are the Chern roots of the
bundle V), over N(P), any symmetric function of (ui,...,u,41) is tauto-
logically the pullback from N(P) of a corresponding function of the Chern
classes of V).

On the other hand, as we have already seen in (7.242), the fiberwise
components of the classes (3, u) for all § > 0 represent the Chern roots of

4'We phrase the discussion here in the context of differential topology, and we do not
necessarily assume that F', X, and B are complex manifolds.
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O_,. Let us focus attention on the product over (3, u) occurring as the final
factor in (7.244), for which we introduce the shorthand

n=[] Buw). (7.247)

B8>0
This differential form 1 on N(P; \) has two important features.

First, since the Weyl group 2 is generated by reflections in the simple
roots, 7 is manifestly alternating under the action of 20.

Second, 7 restricts to a non-vanishing top-form on each fiber of N(P; \).
For this claim, we note that each Chern root u; restricts via (5.59) to an
invariant two-form on O_j, so 7 is also invariant. As a result, n will be
non-vanishing on O_) so long as the integral of n over O_) is itself non-
vanishing. But the product of Chern roots in (7.247) represents the top
Chern class of O_j, so the fiberwise integral of  computes the topological
Euler character xiop of O_\ = G/T,

/O n= Xtop(G/T)7
— |21, (7.248)

As we review at the conclusion of this discussion, for any compact simple Lie
group G, the Euler character of G/T is given by the order of the Weyl group
20, which is certainly non-zero. In the case G = SU(r + 1) of present rele-
vance, 20 is the symmetric group acting by permutations on {ui, ..., w41},
so 2] = (r+ 1)L

As apparent from these observations, in any fiberwise decomposition of
Sq(u) as in (7.245), each top-degree vertical form appearing in the decompo-
sition must be proportional to i and is thus alternating under 20. Otherwise,
each horizontal form which pulls back from N(P) under q* is automatically
invariant under 20. Consequently, in the fiberwise decomposition of S, (u),
only those summands which are themselves alternating under 2J can con-
tribute under the pushdown q.

To pick out the alternating piece of

e <Oé+p,u>

S =R

-1, (7.249)

we note that both 7 and A,(u) are already alternating. So the alternating
piece of S, (u) is obtained by anti-symmetrizing the remaining exponential



“ATMP-17-1-A1-BEA” — 2013/5/15 — 19:32 — page 199 — #199

LOCALIZATION FOR WILSON LOOPS IN CHERN-SIMONS 199

factor exactly as in (7.149),

we
_ ’ijMp(u). (7.250)
Thus we write So(u) as
Salu) = |;U| A“*g’ft‘;) S
|w|q *chr(Vp) - (7.251)

“,oum

where the indicate terms which are annihilated by q., and in the
second line of (7.251) we apply the character formula as in (7.203).

Finally, integrating n over the fiber of N(P;\) via (7.248), we obtain
the promised result (7.196) for the Seifert loop class on N(P), albeit in the
special case n = 0,

WR(C)‘N(p) = q*Sa(u)a
1

= @ChR(Vp) '/0;77
= chr(V,). (7.252)

In passing to the last line of (7.252), we see that integral of n over O_) pre-
cisely cancels the factor 1/|20| which appears under the anti-symmetrization

n (7.250).

Equivalently via (7.227),
Z(e;C,R) = / chr(Vp) - exp [k Qo] - Td(N(P)). (7.253)
N(P)

To tie up a loose end, let us quickly sketch a computation of the Euler
character of G/T. One approach, valid for any compact simple Lie group, is
to use the Bruhat decomposition of the complex group G¢. In a nutshell (see
Section 23.4 of [52] for details), the Bruhat decomposition of G¢ provides a
distinguished covering of G/T' by disjoint open affine cells, each cell being
labeled by an element of the Weyl group 20 of G. As a concrete example,
if G = SU(2), 2 = Zy, and G/T = CP!, the Bruhat decomposition implies
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the cellular presentation CP' = {pt} U D? where D? is the open disc real-
izing the complement of the given point. Since each Bruhat cell generally
has even dimension, the Euler character simply counts the number of cells,
which is given by |20].

For the special case G = SU(r + 1), the Euler character of G/T can also
be computed by more elementary means. For each rank r» > 1, we have the
standard fiber bundle

SU(r) — SU(r +1)
: (7.254)
827"-1—1

Dividing SU(r + 1) in (7.254) by the maximal torus 7' = U(1)", we obtain

SU(r) /U1~ — SU(r +1)/U(1)"
(7.255)
S2r+1/U(1) ~ CPr

Because we are about to compute the Euler character inductively in r, let
us set

X, =SU(r)/U@1) L (7.256)

The fibration in (7.255), together with the multiplicativity of the Euler char-
acter, then implies

= Xtop (Xr) - (r + 1). (7.257)

Trivially, X is a point, so that Xiop(X1) = 1. The relation in (7.257) thus
yields by induction

Xtop (Xrt1) = (r+ 1)1 = |20], G =SU(r+1). (7.258)

7.3.2 A symplectic model for localization on My (C’, a)

The identification (7.252) of the Seifert loop class with the character
chp (Vp) is certainly an elegant result, but one might wonder whether this
identification is somehow special to Chern—Simons theory on the product
St x . After all, only in this case does the Seifert loop path integral
Z(€e; C, R) compute a quantity as simple as the dimension of a Hilbert space,
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an observation which provided the starting point (7.211) for the preceding
analysis. Indeed, given the intricacies of that analysis, one might question
whether the Seifert loop operator still reduces to the character chgr (Vp) even
when M is the total space of a non-trivial S'-bundle over ¥ of positive degree
n > 1.

To complete our analysis of Chern—Simons gauge theory on Seifert man-
ifolds, we now establish the universal description (7.196) of the Seifert loop
class as chg (Vp) for all degrees n > 1. In essence, our strategy is direct —
we apply the general non-abelian localization formula in (6.31) to the Seifert
loop path integral on M. Rather than plunge immediately into details, how-
ever, let us quickly indicate the structure of that localization computation,
which has two main steps.

According to our discussion of the classical Seifert loop operator in
Section 7.1, the Seifert loop path integral localizes onto the extended moduli
space M(C, a) of flat connections on M with fixed monodromy around the
meridian of C, as in (7.10). For the first step in our computation, we use the
localization formula in (6.31) to reduce the Seifert loop path integral over
the infinite-dimensional space A, = A x eLO, to the integral of an appro-
priate de Rham cohomology class [du] on each smooth component My (C, «)
of the moduli space M(C, a). Schematically,

ZECR) = o [ 1) € HOCm), (1259)

where the class [du] generally depends upon the discrete parameters (n, k, «)
which specify respectively the degree of the S'-bundle, the Chern-Simons
level, and the highest weight of the irreducible representation R. As will
hopefully be clear, the computation of [du| closely resembles the localization
computation on O, in Section 7.2.

According to (7.196), the universal identification of the Seifert loop class
with the character chp (Vp) is to hold on each smooth component My of the
basic moduli space M of flat connections, as opposed to the extended moduli
space M(C,«). For the second step in our calculation, we therefore push
the class [dpu] on My(C, ) down to My via the map q : Mo(C, o) — My in
the symplectic fibration (7.22) of moduli spaces. Not surprisingly, given the
identifications

Mo = N(P), Mo(C,a) 2N(P;\), A= % (7.260)
the pushdown under g, proceeds along exactly the same lines as the previous
index theory computation for the Seifert loop operator on M = S' x X. So
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for the second step in the computation, in which we push [du] down to My,
we effectively recycle the results of Jeffrey in [65].

Of the two main steps in our calculation of the Seifert loop class, only
the first step, the localization computation of [du] on My(C, «), requires
additional work.

To make use of the general formula in (6.31) for localization on My (C, o),
we must first specify the symplectic model for a small neighborhood in
A, = A x eLO, of any pair (Acl, Ud) which satisfies the classical equations
of motion in (7.9) and thereby represents a point in Mo(C, ). Since we
assume Mo(C, ) to be smooth, A is an irreducible flat connection on the
knot complement M? = M — C, and the only gauge transformations, which
fix the pair (Acl, Ud) are constant gauge transformations taking values in the
center Z(G) = Zy41 of the simply connected gauge group G = SU(r + 1). Of
course, here we note that the center of G always acts trivially in the adjoint
representation.

Without loss, we additionally assume that the pair (Acl, Ud) is invariant
under the Seifert action by U(1)g on M. Hence the covariant derivative
determined by A, commutes with the Lie derivative £x,

[da,, £&r] =0, (7.261)

and the fluctuating modes of the fields (A, U ) about the basepoint (Acl, Ucl)
admit a covariant Fourier decomposition with respect to U(1)g. For the
defect field U, which we mostly focus on here, we will make the covariant
Fourier decomposition explicit in a moment.

Following the ansatz in Section 6.2, we again model an equivariant neigh-
borhood N of the point (Acl, Ud) € A, on a symplectic fibration of the
general form

lpr , (7.262)

where F¢ is the total space of a homogeneous vector bundle over a quotient
H/Hg,

5o =Hxpy (b5 @E0), br=ponios. (7.263)
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Here H§ is the stabilizer of the point (Acl, Ud) in the full Hamiltonian group
H =U(1)g x Go, (7.264)

and (58‘, 510‘) are vector spaces upon which H§ acts.

As in Section 7.2, we are left to identify H§, £, and £f* in the canonical
local model (7.263) for F*.

First, since the pair (Ad, Ucl) is irreducible and invariant under U (1)g,
the stabilizer H§ C 'H is given immediately by the product

HS =U(L)g x 2(G) x U(1)z = Ho, (7.265)

where we recall that the central U(1)z C Gy acts trivially on all of A,. As
indicated in (7.265), because H§ does not in fact depend upon « (so long as
a > 0 is regular), we abbreviate H§' = Hy throughout the following analysis.

As for the vector spaces (58‘, Ef‘), we proceed in close analogy to the
discussion surrounding the similar identifications in (7.87) and (7.94) of
Section 7.2. Since we consider a neighborhood of (Acl, Ucl) in the product
Ao = A X €LO,, both £ and £ decompose a priori into pair of subspaces,
one subspace associated to the affine space A and one subspace associated
to the loopspace LO,. In the case o = 0, for which LO, reduces to a point,
we have already determined in Section 5.1 of [18] the summands associated
to A alone,

&=P Hg(z, ad(P) ® (L' @ L"*)),
t>1

&= Hg(z, ad(P)® (L' @ ﬁ*t)). (7.266)

t>1

The pair (50, 51) in (7.266) should be compared to the corresponding pair
in (7.84), for which we have merely replaced the Lie algebra g of G with
the adjoint bundle ad(P) over X. As throughout, P is the principal Gaq-
bundle appearing in the diffeomorphism My = N(P), and L is the positive
line bundle over > whose unit-circle bundle describes the Seifert manifold M.

Given (7.266), our job here is only to capture the additional symplectic
geometry in F*, which derives from the loopspace LO,. As in Section 7.2,
we identify the tangent space to LO, at the point [Ucl] with the space of
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maps 06U : C — g © t, and again we decompose dU into eigenmodes of £ as

—+00
U= > 6U, £r0U;=—2rit U, (7.267)

t=—00

Here, in identifying each eigenmode §U; geometrically with a map from C' to
g © t, we trivialize both the line bundle £ and the adjoint bundle ad(P) at
the basepoint p € ¥ under the Seifert fiber C' C M. For this reason, and in
contrast to the description of (50, 51) in (7.266), neither the adjoint bundle
ad(P) nor the line bundle £ play any role in (7.267).

Now, in the description (7.87) of £§ in Section 7.2, we were careful to
include as an additional summand a copy of g(t:? to account for directions
tangent to the orbit O, C LO, parameterizing constant loops. However for
the case at hand, O, already appears (up to normalization) as a submanifold
of the extended moduli space My(C, ) sitting at the base of the symplectic
fibration in (7.262). Thus for localization on My (C, «), we do not need to
account separately for O, in the vector space £§. With nothing further to
include, £ is given simply by

& =&, a>0 regular. (7.268)

Otherwise, via the Fourier decomposition in (7.267), the normal directions
to O inside LO, are given by a countable sum of copies of g &t graded
by the non-zero integer ¢ # 0. As in (7.91), we introduce the holomorphic
normal bundle N, for the embedding O, C LO,,

No =P [gil’o) o g0 (7.269)

t>1

Once more, in the process of identifying £{*, we must be careful about the
complex structure on N,. Repeating verbatim the discussion which sur-
rounds the corresponding presentation of £f* in (7.94), we see that consis-
tency with the convention in (6.23) requires that we identify £ as the direct
sum of & in (7.266) with the conjugate normal bundle

No=EP [gﬁo’l) @ g‘ff’]. (7.270)

t>1
Hence

Er =& ®N,. (7.271)
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Together, (7.265), (7.268), and (7.271) specify the symplectic model for
localization on My (C, ).

7.3.3 Non-abelian localization on My (C, o)

We now possess all the ingredients required to apply the non-abelian local-
ization formula in (6.31) to compute the cohomology class [du] in (7.259).

Immediately,

2

41 o Mo(C, ), £8
] ] e )

X exp [QA +ien® —ia + iepa} . (7.272)

(2me) [
Z(e;C, R =
( ) ‘Mo(C,a) |Z(G)| Jooxmo(Cra) L27

Here the prefactor involving € arises for the same reason as the corresponding
prefactor in (7.95). Otherwise, the semiclassical contribution to Z (e; C, R)
from My (C, o) reduces to an integral over the abelian Lie algebra hp 2 R ® R
of the stabilizer Hy, as well as an integral over My(C, «) itself. Following
the notation in Section 3, we parameterize hy with coordinates (p,a).

As for the integrand in (7.272), beyond the ratio of equivariant Euler
classes associated to (86", Sf‘), we recognize in the argument of the exponen-
tial the equivariant symplectic form [Q A — ia] on My(C, ), as appears more
generally in the first line of (6.35). Similarly, [n@ + pa] is the equivariant
characteristic class of degree four on M (C, «) appearing in the second line
of (6.35). The same degree-four class enters the localization computation
in Section 5.3 of [18], and according to the discussion there, © is given
concretely in terms of the Chern roots u of V,, by

O =~ (wu) € H' (Mo(C,0)). (7.273)

Since © is manifestly a symmetric function of the Chern roots, © is the
pullback from My of a corresponding degree-four characteristic class of the
universal bundle V,,. Again, we find it convenient to abuse notation slightly,
and we will not usually attempt to distinguish © as a characteristic class on
My from its pullback (7.273) to the splitting manifold My (C, ).

The attentive reader may note that © is multiplied in (7.272) by a factor
+in. The +i arises trivially from the +¢ that multiplies the Chern—Simons
action in the original path integral. Otherwise, as we observed previously
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in (5.110) of [18], the degree n arises from the geometric identity

/ H/\dHTI"(¢2) —n/ wTr(<;52), (7.274)
M

b
where ¢ is any element in the Lie algebra of Gy, which pulls back from
Y, and w is a unit-volume symplectic form on ¥ satisfying dk = n7*(w).

Under localization on My = N(P), the quadratic function of ¢ on the right
of (7.274) reduces to n ©, from which the factor of n in (7.272) arises.

As in Section 7.2, our main task here is to evaluate the ratio of equi-
variant Euler classes associated to the bundles (£§,&f) over My(C, ).
Using the multiplicative property of the Euler class and the identification
E¥ =& ® N, in (7.271), we immediately factor the ratio in (7.272) as

eHO(MO(C,a),c‘Ig‘) . eH0<M0,50) | .
eHO(MO(C,a),Ef‘> — eH0<M0,51) eHO(MO(C,a),Na)'

(7.275)

In obtaining (7.275), we observe that & and &; are defined in (7.266) as
equivariant bundles on Mgy which pull back to My(C, a), implying that the
ratio of Euler classes pulls back as well.

Evaluating the ratio of equivariant Euler classes associated to & and &;
on My turns out to be fairly tricky. Luckily, in (5.168) of [18] we have already
computed that ratio. For sake of brevity, we merely state the answer,

€Hy <Mo, 50) ir T iné
S — e [T m(0) + T e () + 5 6
€H0<M0, 51) p ™
dim¢ My -
J
X _—
jl_Il 2sinh(7w;/p)
nA
m0(0) = ——¢ < (7.276)
Here w; for j = 1,...,dim¢c My are the Chern roots of the complex tangent
bundle of My, so that
dime My dime Mo
cMo)= J[ Q+=), ady)= > = (7.277)
j=1 j=1

and we recall from (7.108) the expression for the constant 79 (0).
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Given (7.276), the only new calculation required is to evaluate the equi-
variant Euler class of the bundle N, in (7.270) as it fibers equivariantly
over My(C, «). According to the general description in (6.39), the equivari-
ant Euler class of A/, is given by the formal product

6H0<M0(C'a ) HH —itp 4+ (B,u)) . (7.278)

t#0 >0

Here, the dependence on p arises exactly as for the corresponding determi-
nant in (7.117). Otherwise, as 3 > 0 ranges over the positive roots of G, the

two-forms ((,u) represent the Chern roots of each summand 9(01 C N,
as it fibers over My(C, «). Not coincidentally, we encountered the same
Chern roots in the index theory computation on M = St x ¥, as in (7.242)
and (7.243).

To make sense of the infinite product in (7.278), we must regularize it
in some way. See the remarks beginning at (5.150) in [18] for a general
discussion of the ways in which (7.278) can be reasonably defined. For
sake of time, we proceed here in a more ad hoc fashion and simply use
zeta/eta-function regularization to define the respective norm and phase of
the product in (7.278).

Thankfully, the evaluation of the product in (7.278) using zeta/eta-
function regularization is also a calculation which we have, in effect, already
accomplished. In (7.117) of Section 7.2, we encountered a product which is
formally identical to the product in (7.278), provided we make the natural
Chern—Weil substitution

¢ — 2miw. (7.279)

The computation of the equivariant Euler class of the bundle N, then
proceeds along exactly the same lines which led previously to the formula
n (7.131). So either by a direct computation completely analogous to the
computation following (7.117) (which we omit), or just by substituting 27iu
for ¢ in our previous result (7.131), we obtain

eHO(Mo(C, o) NQ) - (_27r<§, u>) 1 <ﬁ72u> sinh<7f(% u>) :

£5>0
(7.280)

where p is the usual Weyl vector.
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Combining the formulae in (7.276) and (7.280), we see that the ratio of
equivariant Euler classes in (7.275) becomes

eHO(J\/[g (C.a), 53)
eHO(Mg (C, a),éf“)

Cexp (T 2m(p,u) | (5.
= p( 2770(0)+ » > HQsinh(ﬂ<ﬁau>/p)

B8>0
X q" T er (M) + 228 dinﬁm i (7.281)
exp | —c . — . (7.
d P p N T o2 i 2sinh(7ww;/p)

Of particular note, the ratio in (7.281) depends only on the coordinate p, not
a, in the Lie algebra hg =2 R & R. We could have predicted this occurrence at
the outset, since a parameterizes the Lie algebra of the central U(1)z which
acts trivially on A,. Just as in Section 7.2, the integral over a in (7.272)
then yields a delta-function 27 6(1 — ep), and the integral over the remaining
coordinate p amounts to setting p = 1/¢ in (7.281).

Thus we express Z(€; C, R) }Mo (Ca) solely as an integral over the classical
Seifert loop moduli space My(C, ),

Z(e; C, R) ‘N&)(C,a)

= (@ °* (~3m0)

(B,u)
X 2 + p, : 3
/Mo(aa) exp< TE <a P u>> };[0 2smh(7T€<ﬂ,u>)
i dim¢ My .
x q* |exp <Q+W601(M0) “6”(1 + 2¢f)®> 1 m
i J

(7.282)

Since we eventually want to push the integrand in (7.282) down to My,
we have been careful to factor out those classes which manifestly pull back
from My under q*. In particular, when obtaining (7.282), we have used the
symplectic decomposition

O\ =q" Q4+ 2me (a,uy, A =a/k, (7.283)

as follows directly from (5.65) upon setting € = 27/k.
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To make the cohomological interpretation of (7.282) more transparent,
let us rescale each element in the cohomology ring of My (C, «) by a factor
(2776)_‘7/ 2 where ¢ is the degree of the given class. For instance, the Chern
roots w; and u, each of degree two, scale by

u— —u (7.284)

To preserve the value of the integral over My(C, o), we simultaneously scale
the integral itself by an overall factor (2me)?, where d = dim¢c Mo(C, ).
After this change of variables to clear away extraneous factors of e,
Z(e;C,R) ‘ZMO(C,a) becomes

Z(e; C, R) ‘Mo(C,a)

1 T e latpu)
=z * (“570) [ o B I

N 1 1 .n ~
X g [exp (27re Q+ 5 C1(M0) + 147T26r @)A(Mo)] s (7.285)

where we recall the definition of the renormalized coupling

&= i”é . (7.286)
g
The expression for Z(e; C, R)| Mo(C.a) I (7.285) deserves a number of com-

ments. First, we recognize in the integral over My(C, ) our friend the Weyl
denominator A,(u),

A =T] 251nh(<ﬂ72u>) : (7.287)

B8>0

Second, we see that the integrand of (7.285) contains the A-genus of Mo. In
general, if X is a smooth complex manifold, the ﬁ—genus of X is given by
the following product over the Chern roots x; for j =1,...,dimc X of the
complex tangent bundle T'X,

dim¢ X

~ .

AX) = — (7.288)
]];Il 2sinh(z;/2)
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Directly upon specialization,

dim¢ My
~ o
AMo) = S B— (7.289)
]1;[1 2sinh(cww;/2)

The alert reader may also recognize the A\—genus of the orbit O_) (with
A = a/k) appearing as a factor in (7.285),

A(0-y) = ek 113w (7.290)
P B>0

In comparing the general definition (7.288) of the g—genus to (7.290), we
recall that the classes (3,u) as § > 0 ranges over the positive roots of G are
precisely the Chern roots of O_j.

The appearance of the A—genus of the orbit O_j in (7.285) is no accident.
Just as in (7.197), we have a holomorphic fibration of complex manifolds

27O0_\ — My(C, )
lq . A= % (7.291)

The description of the g—genus in (7.288), like the description of the Todd
class in (7.223), is manifestly multiplicative. Hence the fibration of My (C, )
over My in (7.291) implies the relation

A(Mo(C, ) = A(O-,) - A(My). (7.292)

The individual factors in (7.289) and (7.290) therefore combine in the inte-

grand of (7.285) to describe the A-genus of the extended moduli space
MQ(C, a).

Given the secret appearance of E(MO(C, a)) in the integrand of

Z(€; C, R)|M0(C’a)
over My (C, a) in terms of natural classes on the extended moduli space. In
addition to the identities in (7.283) and (7.292), we note that the first Chern

, let us work backwards a bit to express the entire integral
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class of Mo(C, o) is given by the sum

c1 (MO(C’,a)) = q*cl (M ) + (O_A)

Mo) + 3 (B,u) = a*cr(Mo) + 2 (p,u),  (7.293)
B8>0

as enters the argument of the exponentials in (7.285). Using (7.283), (7.292),
and (7.293), we then rewrite Z(¢; C, R)‘MO(C o) I terms of classes defined

intrinsically on Mo (C, av),

Z(e; C, R)‘Mo(C,a) = |Z(1G)\ exp (—i;no(())> /Mo(c,a) A\(MO(C, a))

1 ]. . n *
X exp [2“ Qs+ 5 (MO(C, a)) + 147T2€rq O].
(7.294)

We emphasize above that the degree-four characteristic class © pulls back
from My under the map q : My(C, o) — M.

The integral over My(C, o) in (7 294) should be compared to the expres-
sion for the partition function Z(e |Mo (5.172) of [18],

e, = 377 = (5 m) [ Ao

1
X exp [ Q4+ 101(3\/[0) rio @]. (7.295)

2me 2 A2

Just as for the cohomological formulae in (7.224), we see that the respective
contributions from the extended moduli space My(C, a) to Z(e;C, R) and
from the basic moduli space My to Z(e) are structurally identical, insofar as
the same characteristic classes appear in the respective integrands of each. In
hindsight, the beautiful correlation between (7.294) and (7.295) was bound
to occur, since in both cases we apply the same localization formula in the
same smooth setting. The structural agreement between (7.294) and (7.295)
therefore provides an additional check on our computations.

Finally, returning our attention to (7.285), we note that the renormalized
coupling €, naturally appears in the coefficient of ©® when we rescale the
integral in (7.282). Indeed, based upon our experience with Chern—Simons
theory, we expect the integrand in (7.285) to depend on the Chern—Simons
level k£ only through the renormalized coupling €., as opposed to the bare
coupling €.
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To recast our result (7.285) entirely in terms of €, we apply a theo-
rem of Drezet and Narasimhan [44] which determines ¢1(Mp) in the case
G =SU(r +1) to be

1
c1 (M[}) = 2(7’ + 1) Qo, Qo= HQ (7296)

Since ¢g = r 4 1 as well, the local contribution from My(C, «) to Z(e; C, R)
becomes

1 17T e<a+p7u>
seon), = e Two) [ S T
( )‘MO(C:Q) 1Z2(G))| p< 2770( )> Mo(Cra) Ap(W) ﬁgow )

xq" [exp (2;@ (Q+i;r€)>> -A\(Mg)} . (7.297)

and all dependence on k has been absorbed into the renormalized coupling e, .

According to (7.259), the integrand in (7.297) is the class [du] €
H*(Mo(C, a)) which describes the local contribution from Mq(C, @) to the
Seifert loop path integral Z(e; C, R),

1 im
[du] = ZG) O (-2?70(0)>
e latpu)

A, () I 6w o [exp (27; (Q+12";@)> -E(Mo)} .

B>0
(7.298)

X

To obtain a cohomological formula for the Seifert loop class itself, we are
left to push [du] down to My via the map q : My(C, o) — My in (7.291).

7.3.4 Pushdown to My and relation to index theory

Like the pair of expressions in (7.294) and (7.295), the integral over My (C, )
in (7.297) should be compared to the corresponding localization result for
the partition function Z(e)|y, in (5.174) of [18],

29|, = ’Z(lG)’ exp (—i;rno(o)> /MO exp [27; (Q+12:‘T@)] L A(My).
(7.299)

The Seifert loop class Wr(C)| i, 18 then the element of H*(Mo) such that the
pushdown q.[dp] is given by the product of WR(C)‘MO with the integrand
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of the partition function Z(e)|y, in (7.299), such that
Z (& C, R)‘ S exp <—i7r?70(0)>
Mo |2(G)] 2

X/ WR(C)‘MO' exp [2;€r <Q+z;r@>} - A(Mo).
e (7.300)

Comparing the Seifert integrand [du] € H*(Mo(C, a)) in (7.298) to the pre-
ceding formula (7.300) for Z(e; C, R)|,, we deduce

WR(C) Mo = q*Sa<u)a Sa(u) = Ap(u) ’ H <ﬂ7u>' (7'301)

The class S, (u) in (7.301) is precisely the same class that appeared pre-
viously in (7.244) when we considered the Seifert loop operator in Chern—
Simons theory on 5~'1 x 3. Moreover, under the identification of moduli
spaces Mo(C,a) = N(P;\) and My = N(P), the calculation of the push-
down q.S,(u) proceeds just as before. So without further ado, recycling
the result in (7.252), we find the promised general description for the Seifert

loop class,

WR(C’)‘M) = chp(V,). (7.302)
Equivalently,
Z(e; C, R)‘Mo = \Z(lG)] exp <—i§770(0)) /Mo ChR(Vp)
X exp [zm <Q + i;@)] - A(Mo). (7.303)

The expression for Z(e; C, R) ‘Mo in (7.303) is very similar to the cohomo-

logical formula (7.253) derived from the index theorem when M = S x X.
To make the relation to (7.253) more transparent, we recall that the Todd
class and the A-genus of a complex manifold X generally satisfy the relation

Td(X) = exp [; cl(X)] CA(X), (7.304)

as follows directly by comparison of the formulae in (7.223) and (7.288).
This identity, applied to A(Mp) in (7.285), implies that the contribution
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from My to Z(e; C, R) can be alternatively presented as

Z(e; C, R)‘Mo = \Z(lG)] exp <—1;T770(0)> /Mo ChR(Vp)

X exp [l{:Qo+i

n
. @} - Td (M), (7.305)

Under the identification My = N(P), the integrand of (7.305) now manifestly
reproduces the index density in (7.253) when n = 0. Otherwise, if n > 0,
our localization formula for Z(e; C, R) ‘JV[() amounts to a surprisingly simple
deformation away from the index theory result.

7.3.5 The Yang—Mills limit of the Seifert loop operator

Given the smooth Seifert fibration S' = M 5 % of degree n > 0, another
interesting regime in which to consider the Seifert loop path integral
Z(e;C, R) is the limit n — co. Intuitively, as n becomes large, the non-
trivial Fourier modes of the gauge field A along the circle fiber of M decou-
ple, and Chern—Simons theory on M effectively reduces to Yang—Mills theory
on ¥. In this limit, according to the discussion surrounding (5.2), we expect
the Seifert loop operator Wg(C) to reduce to the Yang—Mills monodromy
operator Vy(p), where A = a/k.

To check the latter statement, let us quickly apply non-abelian localiza-
tion to the monodromy operator path integral Z(eym;p,A). Here to avoid
confusion with the Chern—Simons coupling parameter € = 27 /k, we intro-
duce a distinct notation €y, = gim for the Yang—Mills coupling.

As we demonstrated in (5.19), Z(eym;p, A) takes the canonical form deter-
mined by the Hamiltonian action of G(P) on the symplectic space A(P)y =
A(P) x 2rOy. When G(P) acts freely near the vanishing locus of the
moment map pu = Fy4 in A(P)y, the extended moduli space N(P; \) is smooth,
and the very simple version (6.40) of the non-abelian localization formula
applies. Immediately by (6.40),

Z(eym;p, )\) ‘N(P;/\) = / exp [Q)\ + eym@]. (7.306)

N(P;A)

Again, Q) is the symplectic form on N(P;\) in (5.65), and © is the degree-
four characteristic class of V), in (7.273).

If one wishes, the integrand in (7.306) can be pushed down to N(P) to
describe the monodromy operator Vy(p) as a class on N(P). For sake of
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brevity, we will not do so here. We refer the interested reader to [106] and
to [21] for a more detailed analysis of Z (eym; D, )\) in the special case €y, = 0,
for which the integral in (7.306) merely computes the symplectic volume of
N(P; N).

We now compare our localization result for Z(e; C, R) in (7.282) to the
Yang-Mills formula in (7.306). To obtain a sensible limit for Z(e; C, R) as
n goes to infinity, we take the parameters k,a to infinity with the ratios
eym = n/k and X\ = «o/k held fixed,

n
k

n, k, « — 00, €m=

: )\:% fixed. (7.307)

To obtain a finite result in the limit (7.307), we also scale Z(¢; C, R) by an
overall prefactor (2m¢)?, where d = dim¢ Mo (C, o),

Z(e;C,R) — (2me)? Z(e; C, R). (7.308)

Under this scaling, the products over the Chern roots (3, u) and w; in (7.282)
reduce to the identity, and the respective quantum shifts by ¢; and p both

vanish. With the final identification Mo (C, ) = N(P; \), the localization
formula for Chern—Simons theory in (7.282) then reproduces the Yang—Mills
formula in (7.306), at least up to overall normalization.
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Appendix A Index of notation

da=d+ A
Fp=dA+ ANA

= — [, Tr(6ANSA)

OB QLE ~DE
w7 .
‘ [\ ~—
~— 3
~
>

K
h
n
[

£(0)

A= AJS

Q=—- fM m/\Tr((SA/\(sA)

Go
(- +)

hin; (a1, b1),. .., (an, bN)]

compact oriented three-manifold

gauge field

Chern—Simons level

Chern—Simons partition function

Riemann surface, possibly with orbifold
points

closed oriented curve

compact, connected, simple Lie group, often
simply-connected

irreducible representation of G

Wilson loop operator

Wilson loop path integral

Lie algebra of GG

negative-definite invariant form on g

principal G-bundle over X

affine space of connections on P

group of gauge transformations on P

covariant derivative

curvature of A

symplectic form on X

symplectic form on A(P)

canonical dual pairing on a vector space

moment map

invariant quadratic form on a vector space

affine space of connections on M

group of gauge transformations acting on A

(bare) Chern—Simons coupling

group of shift symmetries acting on A

Chern—Simons functional

contact form on M

genus of X

degree of the bundle S' 5% M 5 %

Seifert invariants of M

(orbifold) line bundle over ¥ associated to the
Seifert presentation of M

quotient of A by &

symplectic form on A

identity component of G

cocycle on the Lie algebra of G
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LG = Map(S',G)
Lg = Map(S", g)

Go N
U(l)z C Go
U(1)r

R

£Lr

H= U(l)R X go
R

R CR
aetr =t
TCG
tCyg

AETL
OyCyg

G\ CG@G
amcyg

0 =g ldg
@,\ = —TI‘(AQ)
I/)\:d@)\

dJ
gc=9®C
tc=t®C
B et

Cy

es C gco te
o= gy
g@V=g_

Iyt = Hom(T,U(1)) C t*
Leochar = Hom (U(1),T) C t
Fcort ct

U:C — O,
csa(-)

LO,

dc

M
M°=M-C
m e m(M°)

€y = Clfexp (27\)]

loop group of G

Lie algebra of LG

central extension of Gy defined by ¢( -, -)

central U(1) subgroup of Gy

locally free, Seifert U(1) acting on M

vector field on M generating U(1)g

Lie derivative along R

Hamiltonian group acting on A

set, of roots of G

positive/negative roots of G

highest weight of the representation R

maximal torus

Cartan subalgebra

element of t

adjoint orbit through A

stabilizer of A

Lie algebra of G

left-invariant Cartan form on G

pre-symplectic one-form on G

coadjoint symplectic form on O

invariant complex structure on O,

complexification of g

complexification of t

root of G

positive Weyl chamber

rootspace associated to 3

holomorphic tangent space to Oy

anti-holomorphic tangent space to O)

weight lattice of G

cocharacter lattice of G

coroot lattice of GG; identical to I'¢ochar When
G is simply-connected

sigma model field on C' with target O,

topological, Chern—Simons-type action for U

free (unbased) loopspace of O,

two-form with delta-function support which is
Poincaré dual to C ¢ M

moduli space of flat connections on M

complement of C' C M

meridian of C

conjugacy class in G containing A =
exp(2m )
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M(C, )
Fa=Fa+e(gag )éc
Ay = A x eLO,
To

Q=0+ €Y,
Va(p)

P

waﬁ =2 x I‘cochar
Z(e;p, \)

G

D+CC+
9

A(P))\ = .A(P) X 0271—)\

Q)\ =0 + 27TV)\
N(P)

N(P;\) = N(P;p, \)

S
0°:m(X°) — G

¥ =% —{p} —{q}
0% :m (X)) — G
N(P; \)

Qa Q)\

CHRIS BEASLEY

moduli space of flat connections on M° with holo-
nomy around m in &,

generalized curvature in the presence of Wx(C)

symplectic space associated to Z(e; C, R)

coadjoint symplectic form on LO, induced from
Va

pre-symplectic one-form on LG such that
T, =02,

symplectic form on A,

monodromy operator inserted at p € X with
parameter \ € t

Weyl group of G

affine Weyl group of G

monodromy operator path integral

simply-connected form of the Yang—Mills gauge
group G

center of é, respectively G

two-form with delta-function support which is
Poincaré dual to p € &

fundamental Weyl alcove

highest root of G

symplectic space associated to Z(e;p, \)

symplectic form on A(P)y

moduli space of flat connections on the G-bundle
P over ¥

moduli space of flat connections on P with mon-
odromy at p in €y = Cllexp (27)\)]

punctured Riemann surface

homomorphism from the fundamental group of
3°to G

doubly-punctured Riemann surface

homomorphism from the fundamental group of
3% to G

unramified, degree |G:G|?" cover of N(P;\)

symplectic forms on N(P) and N(P;\) induced
from those on A(P) and A(P)y

closed two-form on N(P;\) which restricts fiber-
wise to vy, on Oy

centralizer of the element A in G

universal bundle over ¥ x N(P)

restriction of V to {p} x N(P) for pe ¥
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Lij=1,...,r+1

u; = c1(Ly)

Wy e ey Wril

u = idiag(ug,---

X
Q
H

Ag

b

h*

p: X —b*
eeR

S =5 (u, 1)
V(o)
D=d+1 LV (4)
Hiy(X)

J: TX —-TX
ccX
HyCcH

ho
M=C/H

Y0 € by = bo

’ ur+1)

F=H %, (b & Er)

EyCh

ht=hoh ok

Eq

Z(e)]
e

M

219

splitting line for the pullback of V, to N(P; \)

Chern root of V,

standard generators for the weight lattice of
SU(r+1), withwo; +---+@&p11 =0

element of H2(N(P;)\);Z)®t encoding the
Chern roots of V,

symplectic manifold

symplectic form on X

connected Lie group acting in a Hamiltonian
fashion on X

(real) dimension of H

Lie algebra of H

dual of b

moment map for H acting on X

coupling parameter

norm-square of moment map

vector field on X determined by action of ¢ € b

BRST operator/Cartan differential

H-equivariant cohomology ring of X with coef-
ficients in R

almost-complex structure on X compatible with
Q

connected component in the critical locus of
S =3(u,p) on X

stabilizer at an arbitrary basepoint on C

Lie algebra of Hy

smooth quotient of C by H

value of the moment map p at the basepoint on
C

symplectic fiber over M in a neighborhood of
CcX

subspace of f, preserved under the adjoint action
of hg, on which vy acts non-degenerately

orthocomplement to ho & Ey inside b

symplectic vector space on which Hy acts in
a Hamiltonian fashion and - acts non-
degenerately

local contribution to Z(e) from C C X

degree-four characteristic class on M derived
from —%(¢,$) under the Chern-Weil homo-

morphism
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ero(M, Eo), er(M, Er)

Ag =dimG

Ag, =dim Gy

ag, by, ¢ € 7T1(M)
fe 7['1(M)

God = G/Z(G)
Mo

MO(C7 Ol)

q:N(P;\) — N(P)
q: My(C,a) = My
Cy
p= %Zg>o B

= [H1(M))|

Oab : M (M°) — G

Kp.a
er =271/(k + &)

P= vazl aj

s(b,a)

J

chj(z) = sinh(jz)/sinh(z)
CO =e7 xR

CW =CO) —4rmil (P/d)

Res(f )’Z o
Z(€; Kp,q»J)

Z(e;xp,qhi)’{(]}
Z(ﬁ;jcp,qyj)ros

Vac(t)
t = exp [—2mi/(k + 2)]

CHRIS BEASLEY

Hy-equivariant Euler classes of the complex
vector bundles over M associated to Ey and
E

dimension of G

dimension of Gy C G

generators derived from cycles in the orbifold
base 3 of the Seifert manifold M

generator associated to the circle fiber of the
Seifert manifold M

adjoint form of the simply-connected group G

smooth component of M

smooth component of M(C, «)

symplectic fibration of smooth moduli spaces

symplectic fibration of smooth moduli spaces

dual Coxeter number of g

Weyl vector of G

order of Hyi(M) when M is a rational homol-
ogy sphere

maximally reducible, abelian representation
of ™1 (MO)

(p, q)-torus knot in 3

renormalized Chern—Simons coupling

product of orders of orbifold points on X

Dedekind sum

irreducible representation of SU(2) with
dimension j

character for the SU(2) representation j

diagonal contour through the origin

shifted contour

residue of the function f(z) at z = zp

SU(2) Wilson loop path integral for the torus
knot Kp q C 53 decorated with the repre-
sentation j

contribution to Z(e;Xp q,j) from the trivial
connection on S3

residue contribution to Z(e; Kp q,J)

Jones polynomial of the knot K

formal variable in Vi

— 2013/5/15 — 19:32 — page 220 — #220
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F*=H Xpug (hL &) Ela) symplectic fiber describing a neighborhood
of O, C A,

H§ =U(1)r x Go x U(1)z stabilizer in H of a point in O,

hY 2RP g, PR
(&, €7)

bt =hohsols
(507 51)

Lie algebra of H

infinite-dimensional complex vector spaces
which determine F¢

orthocomplement to h§ & £ inside b

infinite-dimensional complex vector spaces
which describe a neighborhood of

{0} e A

No =Dy [g,ﬁl"” & g(_lgo)] graded normal bundle to O, inside LO,

No=B,>, [gﬁ”’” ® g(,ot’l)} conjugate of Ny,

Z (e; C, R) ‘Oa e local contribution to the Seifert loop path
integral from the point {g.p} = O, /G

e(A), e(LO,) equivariant Euler classes associated to
the normal directions to O, inside
A x eLO,

n0(0) adiabatic eta-invariant on the Seifert man-
ifold M

plol = % > generalized Weyl vector

(B,a)>0

Ao = T pem (1) e

alternating sum of exponentials

chp character of the representation R of G

B. generalized Weyl denominator

! Atiyah two-framing on M

B Seifert two-framing on M

k(C,C") linking number of curves C' and C’ in the
integral homology sphere M

S, T standard generators of SL(2,Z)

Vi associated universal bundle with fiber R
over 3 x N(P)

ch(E) Chern character of a complex vector bundle
E

H(k) Hilbert space of Chern-Simons theory at
level k on X

Lo line bundle generating the Picard group of
N(P)

Qo = Q/4r? first Chern class of L

H(k; o) Hilbert space of Chern-Simons theory at

level k with a Wilson line decorated by
« puncturing X
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I prequantum line bundle over N(P; \) for A = a/k

X(X, E) Euler character of a holomorphic vector bundle E
over a complex manifold X

Td(X) Todd class of X

Xtop topological Euler character

[du] € HS(Mo(C,a)) de Rham class on  Mo(C,a) describing
Z(e;C, R) ‘JV&)(C,O[) under localization

O =—3(u,u) degree-four characteristic class of V),

A(X) A-genus of a complex manifold X

€ym = g§m two-dimensional Yang-Mills coupling parameter

Appendix B Vanishing lemma for a Gaussian sum

In this appendix, we consider the Gaussian sum which appears in Z (e; Kp.a
J) o I (7.71),

pa ! mt mt ik
1= —1)tU+D sin<) sin() ex <_rt2>,
> (-1 = <) P

P 2pq
k, = k+2. (B.1)

We recall that p and q are positive, relatively prime integers which label
the torus knot Kp, o, and j is the dimension of the irreducible SU(2) repre-
sentation j.

Our goal is now to show that I = 0. The proof is elementary, but as often
the case with arithmetic arguments of this sort, the proof does require a
tiny bit of work. For instance, I need not vanish if ged(p, q) > 1, as one can
easily verify in examples.

To start, since p and q are relatively-prime, there exist unique integers r
and s such that

ps—qr=1, 0<s<q, 0<r<p, (B.2)
or
1
s_r_ - (B.3)
a P Pa
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Hence the sum in (B.1) can be immediately rewritten as

pat mt it irk,s irk,r
I = —1)tu+ sin<) sin() exp<_ L t2) exp< . t2>.
2 D q 2q 2p

t=0 p
(B.4)

We include the summand for ¢ = 0 without loss (since that term trivially
vanishes), and we note that the summand of (B.4) is otherwise manifestly
periodic in ¢ with period 2pq.

Let us expand each sine in (B.4) as a sum of exponentials, so that

[=10H 4 1) =) _ =), (B.5)
where
(++) 1 t(j+1) —iﬂ'k'r,«s 2 i iﬂ'krr 2 i
1 = Z —— (=)' exp| ——t° £ —t | exp t°+ —t .
7 4 2q q 2p P
2pq
(B.6)

As the summand in I&H) depends only on the value of £ modulo 2pq, we
regard the sum in (B.6) as running over elements of the cyclic group Zapg.
We note that trivially

T0H) = 1) ) = =) (B.7)

where these identifications follow by sending ¢ +— —t in (B.6). To prove that
I vanishes, we will similarly demonstrate that

T = &), (B.8)

Our argument depends on the value of k. mod*? p. Without loss, we
assume that p > 1, since I vanishes trivially if p = 1. We now consider two
cases, depending upon whether or not k, is relatively-prime to p.

Let us first assume that
ged(kr,p) =d > 1, (B.9)

so that p and k, are not relatively-prime. We therefore introduce the
reduced integer p = p/d. On one hand, a overall shift ¢ — ¢ + 2pq in the

42The roles of p and q are entirely symmetric, but we will focus on p for concreteness.
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sum over elements of Zsapq trivially leaves I (%) invariant. On the other
hand, under this shift the summand of (B.6) transforms with the phase
¢ = exp(£27miq/d), where the sign in ¢ is determined by the sign in the
term exp(+int/p) in (B.6). Thus

JEER) — ¢ &), (B.10)
Finally, since d divides p and gecd(p,q) = 1, the integers d and q must

themselves be relatively-prime. Thus ¢ # 1, and B.10 implies that each of
the four summands I**) separately vanishes when (B.9) holds.

We are left to consider the case that p and k, are relatively prime,
ged(ky,p) = 1. (B.11)
In this case, there again exist positive integers a and b such that
ak,—bp=1, 0<a<p, 0<b<k,. (B.12)

That is, a defines an inverse for k. mod p, so that k. ! = @ mod p. Similarly,
according to (B.2), q~! = —r mod p.

We now consider shifting the summation variable ¢ in [ () by ¢t +
2 qa. Under this shift, the factors (—1)*U+1) and exp [(—iﬂk‘rs t2 + 27 t) /Qq]
appearing in the summand of (B.6) are invariant, but

exp<wt2 + ”Tt) — () eXp<Mt2 - ”Tt>, (B.13)
2p p p p
where
2mi 2 2
C(t) = exp ?(krrqat—i-krrq a +qa) ,
o
= exp [—mt]. (B.14)
p

In passing to the second line of (B.14), we recall that k. a =1 mod p and
qr = —1 mod p. As a result,

7+

1 - —irk,s im irk,r ir
= —Z (=)D ¢(t) ex (’”t2 + t> ex <”t2 + t>,
> G (D) exp( 5 4 T ) e 4
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1 . —irk,s im irk,r im
= — = (=1)tU+D) exp(rt2 + t) exp<rt2 - t)
Z 4 =1 2q q 2p p

tEZqu

=+, (B.15)

So via (B.5) and (B.7), the Gaussian sum I vanishes when p and q are
relatively-prime.

Appendix C The adiabatic eta-invariant on a Seifert
manifold

In this appendix, we explain how the adiabatic eta-invariant 7(0) is defined
and computed on a general Seifert three-manifold M. Although the discus-
sion here will be reasonably self-contained, it will also be only a sketch, and
we refer the reader to Section 5.2 of [18] along with [89] for further details.

As usual for computations of functional determinants, we introduce an
eta-function [14] to define the phase of the formal expression in (7.105),

v
£0> det (27_{_

Concretely, the generator i acts on elements of both & and &; as the first-
order differential operator®3

o(A) = det(w

-1
5 ) , Yv=(p,d,a) eRS gy @R, (C.1)
T &1

Doy =pLr+ (¢, -] (C.2)

If £ is the line bundle over X associated to the Seifert manifold M, then £x
acts on sections of £! with eigenvalue —2mit. Hence e(A) can be written
concretely as a product over the non-zero eigenvalues of £ as

X(£)

e(A) = [ det <—itp + ”;ﬁ) (C.3)

t£0

g

In (C.3) we correctly account for the ratio of determinants associated to &
and & by introducing the Euler character

X(£") = dimg HY(S, L") — dime HE(S, £Y). (C.4)

43We note that the sign of ¢ in D(p,4) is opposite to the corresponding sign in [18], a
difference which can be traced to our convention in (2.5).
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Without loss, we take ¢ to lie in a Cartan subalgebra t C g. As standard,
we diagonalize the adjoint action of ¢ on g by introducing the roots 3 € t*.
By definition, if x5 is an element of the associated rootspace eg C gc, then
(¢, 28] =i (B, ¢) x3. Hence in terms of the roots £,

PR 50 B Y R v (B9 _ dim
det< tp+ >L (—itp)® H<1 > A¢ = dim G,

27 3 2mip
— (_itp)Ac _ M ’
= (—itp) 51;[0 (1 < 2t ) ) , (C.5)

where in the second line of (C.5) we rewrite the product over all roots as a
product over only the positive roots 5 > 0.

Using (C.5), we express e(A) as

e(A) =exp<—i;n) AT |e2e 11 (1 - <<2ﬂ£9>>2>

t>1 £5>0

X(L8)+x(L7Y)

(C.6)

In this appendix, we are most interested in the phase exp(—%n), which
involves an infinite product of factors +i. The norm of e(A) is relatively
straightforward to evaluate, as done in Section 5.2 of [18] using zeta-function

regularization.

At least formally, the phase 7 in (C.6) is given by the difference

n ~ Z sign(Xg)) — Z sign (A1), (C.7)

A0)#0 A1) #0

where Ag) and A1) range over the eigenvalues of the operator %M.D(p’@
acting respectively on & and &;. These eigenvalues are real, but they do
not generally have a definite sign.

We are careful not to write (C.7) with an equality, because the sums
appearing on the right in (C.7) are ill-defined without a regulator. To reg-
ulate these sums, we introduce the eta-function

Moy (8) = D, sign (No)) Aol = D siegn (Aqy) Aoy~ (C8)
A(0)#0 A1)y7#0
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Here, s is a complex variable. When the real part of s is sufficiently large,
the sums in (C.8) are absolutely convergent, so that 7, 4)(s) is defined in
that case. Otherwise, 77(p,¢)<3> is defined by analytic continuation in the
s-plane. Assuming that the limit s — 0 exists, we then set

1N = Np,g)(0). (C.9)

As shown in Section 5.2 of [18], 7, ¢)(s) retains a non-trivial dependence
on p and ¢ even in the limit s — 0, due to divergences in the naive sums
n (C.7). Specifically,

T ©) = m(0) ~ 525 () TP (©10)

where ¢y is the dual Coxeter number of the simply-laced Lie algebra g.
The constant 19(0) in (C.10) is given by the value at s =0 of the (p, ¢)-
independent eta-function

ZZ (L) sign(t) |t|~%,

t£0 B

-y ¥ X(£9 = x(£7) (C.11)

To remedy the small omission in [18], we now provide a general computation
of 19(0), following the proof of Proposition 1.4 in [89].

C.1 Evaluating 70(0)

By assumption, £ is the orbifold line bundle, which describes the Seifert
manifold M with Seifert invariants

|:h; n; (al,bl),...,(aN,bN) y gcd(aj,bj) = 1. (C.12)

Here h is the genus of the orbifold ¥, and n = deg(£) is the degree of L.
Just as for line bundles on a smooth Riemann surface, the Riemann—Roch
theorem for orbifolds [77] states that the Euler character x(£) is given in
terms of the degree and the genus by

X(£)=n+1-nh, (C.13)
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and similarly
x(L') = deg(£) +1 — h. (C.14)

From (C.14), we see that the difference of Euler characters appearing
in (C.11) is independent of h and given by

3(t) = x(L") = x(£7") = deg(L") — deg(L™). (C.15)

If £ is a line bundle of degree d over a smooth Riemann surface, then
deg(L') = td, and §(t) = 2td. However, on an orbifold the degree is not
generally multiplicative,

deg(L') # t deg(L), (C.16)

and 0(t) is a more complicated arithmetic function which we must compute.

If £ is characterized by isotropy invariants b; on ¥ as in (C.12), then £
(

is characterized by isotropy invariants bjt) determined by the conditions

bg.t) =tbjmodaj, 0 < bgt) < aj. (C.17)

In particular,
p® ‘b
g, 19
aj aj

144

where { - } denotes the fractional** part of the given argument.

Now, unlike the degree, the first Chern class is multiplicative even for
orbifold line bundles,

c1(LY) =tei(L). (C.19)
We also recall that the first Chern class of £! is given by

N b(t)
i (C.20)
aj;

c1(Lh) = deg(Lh) + Z -
j=1

“For x € R, {2} denotes the element in the interval [0, 1) such that  — {x} € Z.
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From (C.18) and (C.19) we therefore obtain

2 [t
h = - — 21
o) = 1:(2) - {2} (1)
implying
N

tb; tb;
§(t) =2tei (L) — HJ} — {—j}] . (C.22)

; a; a;

Let us introduce another function ((-)) related to { -} by

{z} -1 ifreR-Z
= . C.23
(@) {0 ifeez (C.23)

Clearly (x +1)) = ((z)) and (—=z)) = —(z)). In terms of ((-)), the sum
in (C.22) can be rewritten as

N

tb;
i(t) = — g —1]. .
(t)=2tci (L) —2 } << o )) (C.24)
J=1
Thus no(s) is given explicitly by
N

mo(s) = 2A¢ g ctls(_ﬁl) -3 (<taij>> tls . (C.25)

i=1

In passing to (C.25) from (C.11), we simply replace the sum over all roots
B (including those trivial roots associated to the Cartan subalgebra itself)
by the prefactor Ag = dimG.

To evaluate ng(s) at s =0, we use the Hurwitz zeta-function ((s,a),
defined by the sum

(sa)= 3 (mia) (C.26)

m=0

Here s is a complex variable, and a is a real parameter in the interval
0 < a < 1. As before, when the real part of s is sufficiently large, the sum
in (C.26) is absolutely convergent. Otherwise, ((s,a) is defined by analytic
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continuation in the s-plane. Clearly if a = 1, then ((s,1) = ((s) reduces to
the standard Riemann zeta-function.

The Hurwitz zeta-function plays a role in evaluating (C.25) for the fol-
lowing elementary reason. If f is any periodic function with integral period
L € Z, then

o f(t) _ = l+mL
L
-y L(l ( l). (C.27)

~+~
=
~

In passing to the second line in (C.27), we use the assumption f(I +mL) =
f(1) and the definition of ((s,a) in (C.26).

Since the function f;(t) = <( )) is invariant under the shift ¢t — ¢ + a;,
we apply the identity in (C.27) to obtain

[asry

N a;—

mo(s) = 2A¢ [e1(£) (s = 1) = >

=i <<lal; ));;C(&alj) . (C.28)

Naively, the sum in (C.28) runs over [ = 1, ..., a;, but the summand vanishes
identically when | = a;, so we omit that term.

To evaluate ny(s) at s =0, we recall that {(—1) = —1/12 and ((0,a) =
1/2 — a. See for instance Section 12 of [7] for a proof of the latter identity.
Consequently, again using the function ((-)) in (C.23),

w0 =2 ooy 3 (D) (2)] e

j=1 I=1

Finally, as explained for instance in Section 3 of [6], the Dedekind sum
s(b,a) can be described not only trigonometrically as in (7.59) but also
arithmetically in terms of ((-)) as

anS(EN(E) e
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Hence

A

10(0) = ?G —e1(L) +12Y " s(bj,a))| - (C.31)

For the Seifert homology spheres considered in Section 7.2, ¢1(£) = d/P, so
we obtain the formula for 70(0) in (7.109).

Appendix D A note on the extended denominator formula

In this appendix, we establish the slight extension of the Weyl denomi-
nator formula needed to identify the two expressions for B,(¢) in (7.157)
and (7.159).

Briefly, the extended denominator formula states

Z (=1)® e {w(atn), @)

wGQHa

— e<a+p[a]7¢> . H |:2 Slnh<<ﬁl2’¢>):| R ¢ et (Dl)

81>0

Here a > 0 is a positive weight of G, p is the standard Weyl vector given
by half the sum of the positive roots of GG, and the alternating sum on the
left side of (D.1) runs over elements of the Weyl group 20, of the stabilizer
Go C G of a under the adjoint action of G. If « is regular so that G, =T
is a maximal torus, then 2, is trivial by convention.

On the right side of (D.1), pl! is defined as in (7.130) by

=1 Y g (D.2)

(6+ ,Oé)>0

where the sum runs over all roots 54 of G such that (04+,«) > 0. If « is
regular, pl® is therefore the standard Weyl vector p. At the other extreme,
if v = 0, then pl®) = 0 as well. Finally, the product on the right side of (D.1)
runs over all positive roots 3, > 0 of G such that (5,,a) = 0. For future
reference, we note that the roots 3| are precisely the roots of G,. When «
is regular, the product over 8, > 0 is taken to be 1. With this convention,
the identity in (D.1) holds trivially for regular weights.
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At the opposite extreme, for o = pl® = 0, the identity in (D.1) reduces
to the standard product formula for the Weyl denominator A,

Agle) =Y (el ro =T] [QSinh<%@>] , et (DJ3)

weW 6>0

where the sum in (D.3) runs over the full Weyl group 20 of G and the
product runs over all positive roots 3 > 0.

Our proof of the extended denominator formula (D.1) is an immediate
generalization of the proof of (D.3) offered in Lemma 24.3 of [52]. Nonethe-
less, for sake of completeness we reproduce that argument here.

Let us first introduce some temporary notation for the left and right sides
of (D.1),

BOL e Z (_1)’[1) ew'(a+p)7

weWy,

B = el T [2 sinh(%)] : (D.4)

B1>0

where for sake of brevity we omit the variable ¢ € t henceforth.

Clearly B,, is alternating under the action of 20,. We also observe that B
is alternating under 25,. By definition, o and p[a] are invariant under 20,
and the product [[5 . [2sinh(8,/2)] otherwise appearing in B is alternat-
ing. Here we recall that 20, is generated by reflections in the simple roots
of G,. Hence the quotient B, /B is invariant under 20,

Next, we observe trivially that

B = olatrll) exp %Z B |- H (l—e_ﬁl>

B1>0 B1>0
= elotr) . H (1 - e_m) , (D.5)
B1>0
where we use the identity
1
— plol =
p=p+5 > AL (D.6)

B1>0
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Inverting the latter expression for B in (D.5), we find

i e —mﬁﬁ] : (D.7)

m=0

B! = ¢ —(atn) . H
B1>0

where we use the standard series presentation for 1/ (1 — e_m). So as a
formal series, the quotient B, /B becomes

I

wEWey B1>0

3 e—mfﬂ] : (D.8)
0

m=

In arriving at (D.8), we use that w- (a4 p) =a+w- p, as « is invariant
under 20,.

We now observe that (w - p — p) < 0 is strictly negative for all non-trivial
elements w € W,. Thus the expression on the right in (D.8) is a sum of
exponentials, all of whose arguments, if non-trivial, are strictly negative
weights of G,.%% On the other hand, the sum of exponentials in (D.8) is by
construction invariant under 2J,. Since 2, acts simply transitively on the
Weyl chambers of G, these two observations are consistent only if B, /B is
constant as a function on t.

Finally, comparing the leading terms of the sum and product in (D.4), we
easily verify that B, = B.
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