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Abstract

We construct infinite number of conserved nonlocal charges for type
IIB superstring on the AdSsxS® space in the conformal gauge with-
out assuming any k gauge fixing, and show that they satisfy the super
Yangian algebra. The resultant algebra is the same as our previous work
[8], where a special gauge was assumed in such a way that the Noether
current satisfies a flatness condition. However the flatness condition for
the Noether current of a superstring on the AdS space is broken in gen-
eral. We show that the anomalous contribution is absorbed into the cur-
rent where fermionic constraints play an essential role, and a resultant
conserved nonlocal charge has different expression satisfying the same
super Yangian algebra.
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1 Introduction and summary

Integrability of the AdS/CFT correspondence [1] has a possibility to broaden
its application range from weak to strong coupling. Yangian symmetry is
a symmetry responsible for integrable system [2,3]. Then Yangian symme-
try is widely studied for a superstring on AdS spaces [4, 5] as well as spin
chain systems [6] and CFT duals [7]. Supersymmetry is one of the guiding
principles to establish the quantum integrability. However, it has not been
confirmed yet whether nonlocal charges for a superstring on AdS spaces
satisfy the super Yangian algebra, because treatment of fermions is still not
clear. We presented a classical super Yangian algebra for a superstring on
the AdS5xS% in the canonical formulation in [8], where a special gauge was
assumed in such a way that the Noether current satisfies a flatness condition.
The existence of this k gauge is not justified yet, but this gauge is required
for the gauged coset model as a consistency condition. In this work, we have
reexamined the flatness condition to construct conserved nonlocal charges.
Then we evaluate brackets of the nonlocal charges showing that they satisfy
the super Yangian algebra as same as [8].

Our starting point is a superstring action, which has the global super-AdS
symmetry. The global invariance guarantees the existence of the Noether
current Jf satisfying 8“J5 = 0. The index R stands for right invariant
(RI). This Noether current does not satisfy the flatness condition without
assuming any s gauge fixing,

Dy=0,—2JF, [0",D.)=0, ¢¥[D, D,)]=—A4E, (1.1)
where anomalous term is bilinear of “fermionic” current qu1

= = 597, 4o]- (1.3)

!This “fermionic” current is not fermionic, but it is G-valued as

au=2(Z7'0u2) ltexmiZ "

gr = -7 0 (]U)Ea Z—l ~ 27 70 DaE Z_l,
(Jo)va 0 Day 0

= (1.2)
4o =7 ((0) (jrro)ab> 7-1.
Jo)ab

Z is a coset parameter of G/H with “global super-AdS group” G and “local Lorentz group”
H, transforming Z — gZh with g € G and h € H. In canonical formulation 7 derivative is
determined by a bracket with the Hamiltonian, so 7 components of fermionic left invariant
(LI) currents are j, and jo as familiar in a flat case. We denote = for the use of fermionic
constraints.



SUPER YANGIAN OF SUPERSTRING ON ADSs x S5 1487

Contrast to (1.1) we found a flat current by adding g, with an imaginary
coefficient as

7R R, !

Jp = Jﬂ + §€,u,uq,/7 (14)

D, =0, —2JF, [0",D,)=4E, &¥[D,,Dy)=0, (1.5)

where its conservation is broken The question is how to make conserved
nonlocal charges from these two covariant derivatives, and whether they
satisfy super Yangian algebra.

After deriving these above relations in Section 2.1, we construct a set of
infinite number of conserved nonlocal currents in Section 2.2. In Section
3.1, we construct the nonlocal charge in the form of the sum of the Bena—
Polchinski-Roiban (BPR) connection [4] and fermionic constraint in such a
way that it commutes with the fermionic constraint. The modification of
the BPR connection by Hamiltonian constraints is expected in [13]. The
property that the nonlocal charge commutes with the fermionic constraints
is crucial for the practical computation of the algebra where the Poisson
bracket is allowed to use instead of the Dirac bracket. This also confirms
the k-symmetry invariance of the super Yangian charges. In Section 3.2, we
compute the super Yangian algebra, which is the same as our previous work
with different expression of generators.

2 Super Yangian generators

In this section, we construct nonlocal charges of the AdSs x S° superstring
as super Yangian generators. At first we derive several current relations such
as flatness and conservation in the conformal gauge without assuming any
other gauge fixing. Using these relations we construct conserved nonlocal
currents.

2.1 Flat currents for AdSsxS® superstring

The notation follows from [8]. We use the Roiban—Siegel action for a super-
string on AdS5xS® [9], which is based on a coset G/H with G = GL(4[4)
and H = [Sp(4)GL(1)]?. A coset parameter Zp;" which is transformed as
Z — gZh with g € G and h € H. LI currents are denoted by

JG' .0'
(J5) A" = (271 a0, 20" = (3 :; > : (2.1)
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where notation of components of supermatrices are in footnote? . The
canonical conjugate to Zy* is T4 satisfying [Zy4, TN }p = (—)4086%).
The bracket is the graded Poisson bracket [A, B}p = g—’;g—ﬁ — (=) )g—ﬁg—g,
and should not be confused with the commutator of matrices [A, B] = AB —
BA. The LI supercovariant derivative is given as

D D
DAB:HAMZMB:<D D). (2.3)

The Hamiltonian of the system in the conformal gauge is given
by [10]

1 _ _
== [ don | JUDP + (3.2 4 (D) - (3,)
+(DJo ~ Din + ini)|. (2.4
We use full GL(4|4) parameters Z);4 by gauging H components, so Z4 is
constrained by H-gauge symmetry. In addition, fermionic constraints exist

whose half generate the x-symmetry. H-gauge constraints and fermionic
constraints are

1 _
Fal; = E1/4Da13 + §E_1/4(ja)ga = 0,

_ _ 1
Fab — E_1/4Dab + §E1/4(j0)bd — 0, (25)

with E = sdetZ. Poisson brackets between these constraints and Hamilton-
ian in (2.4) are zero.

2 A supermatrix is denoted by boldfaced letters for bosonic components and small letters
for fermionic components as

Mar — May  mg; M, = (M) + (M) JrlQ trM (2.2)
am= L ) Man= (M) + (M) + 10 |

with symmetric part (ab), traceless-antisymmetric part (ab), and trace part trM =
Q°M,;, respectively. Qap is antisymmetric Sp(4)? invariant metric.
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Equations of motions are determined by the Poisson bracket with the
Hamiltonian in (2.4) as 9,0 = [0, H],

_ (D) -
0.2 = |Z,Hlp = Z <_jg <D>> . (2.6)

The 7 derivative of LI currents in (2.1) and (2.3) are given as

0r(D) = 05 (J5) +[(Jo), (Jo)],  0-(D) = 96 (Jo) + [(Jo), (Jo)] ,
8T<‘]0> = 80<D> + [(Ja)v <D>] ’ 8T<ja> U<D> + [(ja)v <D>] )
8Tj0'/2 =0,D+JsD — Dja + {]cr< > <D>]a}/27
8730/2 = aaD + jaD - DJO’ + {.70’<D> <D>]a}/2' (2'7)

In general, the right-hand side of the first line contains bilinear of fermionic

currents (j,D) — (Djy); however, it vanishes in this case by fermionic
constraint and its antisymmetric property. For example, (joD) ~ (js )"

(ja)b)l_)e@a = 0.

The Noether current, which is RI, is given by

JE=711=2DZ71,
gt —o, JR = 2.8
a a {Jf =Z(J,+A)Z~ 1o Z(JEz-1 (28)

with
Ja l .a A _l .0'
<JO.L> = <1_.> 2;7 y A= 1= %j s
QJU <Ja> _§]U A

—A=(J,)+ 10, trdg,
(7 ) 1 b 3 (2.9)

—A = (J5) + 1 trd,.

The bosonic part of A is gauge field for gauged H-symmetry of the coset
G/H, whereas fermionic part of A is reflection of the fermionic constraint
so is not able to gauge away.

In order to calculate the flatness condition of the Noether current, the
following relation is used from (2.7) and (2.9) as:

0, (J) = 9,D + [D, A] [(g 107) , <J§>} e, (2.10)

=10 o) G o)l
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In the previous paper, £ was absent, since the fermionic constraints make
&= (§(av)s f(a,;)) to be elements of H, which might be gauged away con-
sistently. In this paper, we keep this term and recalculate the conserved
nonlocal currents and the super Yangian algebra. The flatness condition is
broken by the £ term as

O JE — 0, J8 —2(JRJE — Ry = Zz¢z7 1. (2.11)

This flatness anomaly is recognized as E in (1.3) by the use of the fermionic
constraints in (2.5),

%ZAZ%@ﬂfﬁﬂ”:E
On the other hand, we found a modified current in (1.4), which is flat?
Or JE — 0, JE —2(JEJE — JEJE) =0, (2.12)
but it is not conserved
IR = —2iZ. (2.13)

The fact that conservation anomaly = in (2.13) is the same function appeared
in the flatness anomaly in (2.11) leads to another nontrivial flat current

0rGs — 05Gr + 4rqs — Goqr = 0. (2.14)
But it is not conserved
aTqT - 80610 = 2(J7I-%QT - QTJE - J;%QU + QUJ(E)- (215)

The flatness of g, is essential to construct nonlocal currents, where the
flatness anomaly in (2.11) is converted into divergence of a current as

1 1
0 (8~ ar) = 0 (1 Jar) =20RIE- IR 2a0)

This modified flatness condition is nothing but the conservation law of the
first-level nonlocal current.

®Our notation is €€, = 65, €° = €0 = 1. Then € quq, = —€..q"q".
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2.2 Conservation of nonlocal currents

Conserved nonlocal currents are constructed quite analogous to the inductive
method by Brezin, Izykson, Zinn-Justin and Zuber [12] (BIZZ) with our non-
flat covariant derivative D, in (1.1). The zeroth level of conserved current
is the Noether current (Jp), = Jf. It can be written as Jf = €,,0"X0. Let

us set y_1 = —% in such a way that (Jo), = Dux—1. According to the BIZZ
procedure the first-level conserved current includes D, xo. This term is not
conserved

1 _ 1 y
ot (DuXO) = —§€W [DH,D,,] X-1=22X-1= 18“ (euvq ),

but the anomalous term is converted into divergence of a current. The
obtained conserved current is

1
(J1)u(o) = Duxo + §ewq”x71

e <JR - iq) (o) — 27%(0) / Cdol (SR (o)) (2.17)
= au(jl)u = 07

where xo(0) = [ do’ JR (o) is used. The integration path, denoted by
[ and [?, must be chosen to make well-defined functions where a cut in a
closed string worldsheet is required [8, 11].

The second-level conserved current includes D, x1 with () = €uw0X1,
which is not conserved

1
o (DNX1) = ot <_2€uuql/X0> .
The conserved current is obtained as

1
(\72)#(0) = D,qu + §€uquX0

() o 219
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4R (0) / do’ (JB)-(o") / do” (JR), (o)
= 6“(j2)u =0.
It is straightforward to check 9; [(J2); = 0 directly by (2.15) and (2.16).

In induction there exists a potential y, for a conserved current,

8“(~7n)u =0,
(jn)u = E/Ll/aVXTL (n > 0) (2.19)

with 0*x, = —e"(Jn),. Acting D, on x, and converting an anomalous
term into a divergence of current give an infinite number of conserved
currents as 0"(J,), = 0. Conserved currents can be constructed as

[n/2]
(jn—l—l),u, = D,LLXn + 56;“/(]” Z Ap—1-21Xn—1-215 (220)
=0
with ap—1 =1, ap—3=1/4, ap_5=1/8, ap_—7=5/64,..., and a,_1_9’s

are determined perturbatively. The obtained conserved nonlocal currents
are given by

(ohulo) = I (o).
o) = (17 Ja) (@) +290) [ ao’ (177 (&)

(o) = (47 q)# 20 (77— jlq> [ a0ty o)
1
i

sz/ do’ <JR q>g(0’)

vagg [ ()0 [ )

.

q

(2.21)

There exists infinite number of the conserved nonlocal charges @, =
Jdo(F,)-. There is ambiguity of functions of Qo; so we begin with

= [ ds (7). = [as (18- Jar) 0

_/ do’/g do’ [TE (o), JE(0")]
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— [ do (s~ ) @

B % / da/ do’ e(o — o) [ (o), J7 ()], (2.22)

with (o0 — ') = 0(c — ¢') — 0(c’ — o).

It is noted that our Noether current and the first-level nonlocal charge
are equal to ones obtained by Bena et al. [4] with use of constraints? . It is
unclear whether all other nonlocal charges coincide.

3 Super Yangian algebra

In this section, we compute classical algebra among nonlocal charges
obtained as super Yangian generators in the previous section. The Green—
Schwarz-type superstring has fermionic second class constraints, which forces
to use the Dirac bracket for the algebra computation. For an operator
that commute with the second class constraints its Dirac bracket with any
operator reduces to its Poisson bracket. At first we will find a nonlocal
charge in such a way that it commutes with the fermionic constraints. Then
algebra is calculated by the Poisson bracket. The gauge invariance of these
generators is also confirmed as expected.

4Correspondence with their notation is the following; For example, Noether current in
their notation is given by

1
)@y —5(edsa)
2 z ZDZ~' = ZII
—5(Jo)va  (Jr) b 1.
P+ lq’ = 2 e = JBR = (Jo)aby Hoab
2 1 H 7z 2 Z-1
8 (Jo)ary =5 (I )ba Loy
Z1 4 z~! 5Joab (Jo) (ab)
—§(Jr)ba (o) (ab)

(J‘r)<ab) = Dab, (JT)(EI;> = D&B? (JU)Ea = _jcaf, = 2Da§, (Ja—)ba = _jo'ab = QDab

with use of H-gauge constraints and fermionic constraints in (2.5).
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3.1 Invariance of super Yangian generators

Let us examine invariance of super Yangian generators:

Qo = /do JE (o), (3.1)

Q1 :/da (Jf qo> —/ da/ do’ (o — o) [JE (o), JE(0")] .

At first let us confirm the H-gauge invariance of the super Yangian charges.
The H-gauge constraints in the first line of (2.5) generating two Sp(4)’s and
two GL(1)’s transformations are

¢i = {(D(ab))7 (D(z_zl;))’ trD, tI‘D}. (32)
It is easy to confirm that H-invariance of @Q)’s

[Qo, ¢i}p = [Q1,¢i}p = 0. (3.3)

Next let us examine the fermionic constraints in the second and third lines
of (2.5) whose half is first class generating the xk-symmetry and another half
is second class. It is obvious that [Qo, F}p = [Qo, F'}p = 0 since F, F are
made of LI currents. Then the Dirac bracket between Qo with any operator
O is equal to its Poisson bracket, [Qo, O}pirac = [Qo, O}p.

However the F-invariance of @)1 is not realized by itself. It turns out that
fermionic constraints must be added to the nonlocal charge ()1 in such a
way that a Dirac bracket of Ql with any operator are equal to its Poisson
bracket as

. T
Q1=Q1+/doZ<FT F >Zl(0_)

A L4 DT
:/ do {Z’Z‘1+Z<_lj+DT 4‘7; )Z—l(a)}
L / do / do’ (o — o")JE(0), JR(0")]. (3.4)
= [Q1, F}p = [Q1, F}p = 0= [Q1, O}virac = [Q1, O}p.
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3.2 Super Yangian algebra

Now let us calculate the super Yangian algebra. From now on we denote Ql
by @i for simpler notational although, fermionic constraints in (3.4) must
be taken into account for evaluation of brackets.

We obtain the classical super Yangian algebra:

YN1s637Qor™ — 67 Qoar™ ],

YN somr Q™ — 67 Qim™], (3.5)
YV 1563 Qar™ — 67 Qans™

45(Qor"Qor™ Qom™ — Qo™ Quar®F Qup™)),

[Qoa™, Qo™ }p = (-
[Qom™, Q1" }p = (—
[@in™, Qi }p = (-

+

where
Qan™ =3Qom™ + /(.72)TMN (3.6)

with Grassmann sign factor s = (—)(N+E+M+L)  The resultant algebra is
the same as [8] but expression of the charge in (3.6) and (2.21) is different.
Details of the computation are given in the appendix.

The Serre relation is followed from (3.5); so we showed that the nonlocal
charge in (3.4) together with the Noether charge in (3.1) satisfy the super
Yangian algebra.
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Appendix
Appendix A Nonlocal currents

The second-level conserved current includes D,x1 with (J1), = €.,0"x1
which is not conserved

o (DMX1) = *EuV,D,u (DI/XO - iAJVXfl)
=2Ex0 + 1" Dy (AJyx-1)
_2
44
2
=4 {0" (—=2AJ.x0) + 2AJ,0"x0} — 1" AT (Jo)y

[0, Dulxo — i€ AT, Dyx—1

2 v : 17
=5 {o" (—2AT,x0) — 26" AT, JE} — it AT, T}
=i0" (AJuxo) -
It is denoted by AJ, = %ewq”.

In induction there exists a potential y, for a conserved current,

8N(~7n)u =0,
(Jn)p = €u0"xn (n >0) (A.1)

with 0x, = —e"(Jn), because of notation e*e,, = dp. Acting Dy, on xn
and canceling the anomalies by the anomalous term AJ, as (1.4) give an
infinite number of conserved currents as 0*(J,), = 0

(jS)u =Duxz — iAJ,u(Xl + iX—l)v

(j4)u =Duxs — iAJ,u(XQ + %XO)’

(T5)u = Duxa — iATu(x3 + 1x1 + §X-1),
(J6)u = Duxs — iAJu(xa + fX2 + §X0);

In this way, conserved currents can be constructed as

[n/2]
(jn+1)u = Dan - IAJM Z An—1-21Xn—1-21, (Az)
=0

with ap—1 =1, apn—3 =1/4, ap—5 =1/8, an—7 =5/64,... and a,_1_9;’s are
determined perturbatively.
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Appendix B Fermionic constraint invariance of nonlocal
charge

The definition of the Poisson bracket in the footnote 2 gives convenient

formula:
[/StrH\Ill,/strZ\IIQ} = /str\Ill\Ilg.
P

In order to compute the Poisson bracket between the nonlocal charge (1 in
(2.22) and fermionic constraints F, F' in (2.5), we take supertrace with some
parameters, a constant parameter A for Q1 and a local parameter A\(o) for
F,F, as

[strQlA, / do StrF(a)/\(a)} ,

StrF (o)A (0) = Str (F(U) ; (”)) (A(U) A(0')>.

A charge has an ambiguity of the fermionic constraints so we examine the
following candidate:

Q= [ do (I = Yan)(o) ;[ do [ do' o = (o), I

il
+c/doZ<FT F >Z1.

In appendices, we use Ql and ()1 separately in order to stress a role of the
fermionic constraints. The Poisson bracket between the local term in Q4
and F' is computed as

[/ do (JE — iqg)(a),/ do StrF)\]P
= [ 2] = (P - o) 27 B

with

P S € DR VS N T
J, q Z<§/4 <j>>z = Z((JM)Z 1.
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The Poisson bracket of the nonlocal term and F' is computed as

[—; / do / do’ (o — o) [TE(0), JE(')] / do StrF/\}

= —/da Z|D,\Tz71, (B.2)

These terms are canceled by the fermionic constraint as the third term in Ql

[/Z(FT FT) Z—l,/ do StrF)\L

_z ([(D>,/\T} — 3N + KFT FT) )\D Z7' (BA)

As a result the Poisson bracket is given by

Q1, [ do StrF(a)A\(o)| = Z [ (c—1)[(D),A\T] + (1 —¢) [(I), ]
o -2 (

1 ;. _
- [D ’fermi +§JL7T ‘fermiv/\T]) Z 17

=0 for ¢ =1, (B.5)

where both H-gauge and fermionic constraints are used. The Dirac bracket
of Q1 is equal to the Poisson bracket

[Q1. O}pirac = [Q1, O}p. (B.6)

Appendix C Derivation of super Yangian algebra

Analogous to the previous computation it is convenient to multiply param-
eters as

[Stl“ QlA , str le]p.



SUPER YANGIAN OF SUPERSTRING ON ADSs x S5 1499

The super Yangian generator Q1 in (3.4) has H-gauge symmetry, which
allows a gauge A = A = 0 for simpler computation as

Q1= Q1-1+ Q1-2,
A ! r7— _lj—’—DT —
Qllz/dU {ZZI_‘_Z(_}J—I—DT ! >Z1(J)}a
Qr2 = —;/ dO’/ do’ e(o — o) [JE (o), JE(o")]. (C.1)

The Poisson bracket between two Ql_l’s is
[Stl‘ Ql—lAvstr Ql—lE}P = / str D |bose [)\T ’fermiaO'T ’fermi]

with A = Z71AZ and ¢ = Z71XZ. The Poisson bracket between Ql_l and
Q12 is

[str Ql_lA,str QI_QZ] + [Str@l_gA,Strél_lz]p

= / str <<4J5 E%) [2,A] = D |pose [N |fermir 0" |fermi]>
+2/da/da’ str KJCIE - iqg> (a),JE(a')] (o —o)[S,Al, (C.2)

where constraints are set to be zero on the right-hand side. Adding up these
terms give

[str Q1-1A,str Q1_1]p + [strQ1_1A, strQ1_2X]p + [strQ_2A, strQ1_1X]p

:/ str (4]5—iq7> [, A

42 / do / do’ str Kff - iqg> (a),JE(a')] (o — o)[%, Al (C.3)

The bracket between two Ql,g’s is the same as our previous result. Extract-
ing parameters from the above we get the same final answer as before

Q™ Q1% = (—)V[s05 Q2 — 6Y Qans™

+45(Qoz” Qor™ Qoar™ — Qo™ Quar®F Qop™)),

where

Qo™ =3Qom™ + /(jQ)TMN'
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