(© 2006 International Press
Adv. Theor. Math. Phys. 10 (2006) 747-757

Oriented matroid theory as a
mathematical framework for

M-theory

J.A. Nieto

Facultad de Ciencias Fisico-Matematicas de la Universidad Auténoma de
Sinaloa, 80010 Culiacan Sinaloa, Mexico

nieto@Quas.uasnet.mx

Abstract

We claim that M (atroid) theory may provide a mathematical frame-
work for an underlying description of M-theory. Duality is the key
symmetry which motivates our proposal. The definition of an oriented
matroid in terms of the Farkas property plays a central role in our formal-
ism. We outline how this definition may be carried over M-theory. As a
consequence of our analysis, we find a new type of action for extended
systems which combines dually the p-brane and its dual p*-brane.

In the references [1-5] were established a number of connections between
oriented matroid theory [6] and several ingredients of M-theory [7-9] includ-
ing D = 11 supergravity, Chern—Simons theory, string theory and p-brane
physics. The real motivation for such connections has been to implement a
kind of “duality principle” in M-theory via oriented matroid theory. As it is
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known, duality between various superstring theories was the key symmetry
to suggest the existence of an underlying M-theory which includes the five
consistent superstring theories and D = 11 supergravity. However, in spite
of several interesting proposals for describing M-theory (see ref. [10] and
references therein), the precise connection between duality and M-theory
as well as the correct definition of M-theory remains as a mystery [8]. Our
claim in this work is that oriented matroid theory may provide the necessary
mathematical tools for considering a general concept of a duality principle
and consequently may establish the bases for a definition of M-theory as a
“duality theory”.

Let us start off with the consideration of the oriented matroid concept.
There are several equivalent definitions of an oriented matroid, but perhaps
for physicists the most convenient one is in terms of the so-called chirotopes
(see ref. [6] and references therein). Namely, an oriented matroid M is a
pair (E, x), where E is a non-empty finite set and x (called chirotope) is
a mapping E" — {—1, 0, 1}, where r means the rank on F, satisfying the
following properties:

(x1) x is not identically zero,
(x2) x is alternating,
(x3) for all zy,x9,...,2r,91,Y2,...,yr € E such that

X($17$27'"axT')X(ylayQV"ayr)#07 (1)

there exists an i € {1,2,...,r} such that

X(yi7$27 cee ,xT)X(yl?y27 oy Yi—1,T1, Yit 1, - - - 7y7“)
:X(xlaxZa"'7IT‘)X(y17y25"'7y’r‘)~ (2)

Here, we assume that z1,x2,...,2, € E.

One of the reasons why physicists may become interested in this ori-
ented matroid definition is because alternating objects are very well-known
in higher dimensional supergravity and p-branes physics (see ref. [11] and
references therein). This can be clarified further if we consider the case of a
vector configuration in which case the chirotope x can be written as

X1y -y 1) = signdet (b, ..., b7) € {~1, 0, 1} (3)
for all b1, ... b € R" and for all u1,...,u, € E. In this case, expressions

(1) and (2) become connected with the Grassmann—Pliicker relations (see
ref. [6], Section 3.5). It turns out that expression (3) can also be written in



ORIENTED MATROID THEORY 749
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X(Mla R MT) = Sign ZMlmMT? (4)
where
SHLHr = gAranphl L phr, (5)

Here, €% is the completely antisymmetric symbol. Thus, if we introduce
the base wy,,wy,, . ..,w,, one discovers that (5) leads to the r-form

T

1
3= ﬁgm---wwm AWy N-es Nwy,, (6)

which can also be written as
YX=biAbyA---Ab,. (7)

Therefore, 31 can be identified as a decomposable r-form element of A, R™.
Here, A.R"™ denotes a (?)—dimensional real vector space of alternating
r-forms on R™.

In ref. [1] it was shown that a local version of (5),
Sy G (€ (8)

with 7 = p + 1, suggested by the so-called matroid bundle [12-15], allows to
establish a connection between matroids and Schild type action for p-branes
[16] (see also ref. [17]),

1 _
Sp = Q/dpﬂf(’)’ T gy = VD), 9)

where T, is a fundamental constant measuring the inertia of the p-brane, v
is a Lagrange multiplier and

gH L = MLl () - gl (€) (10)
with
V(€) = u(©) (0

where z#(&) are d + 1-scalar fields (see ref. [1] for details). One of the inter-
esting aspects of this connection is that duality becomes part of the p-brane
structure in a systematic way. In order to clarify this observation, let us
recall the definition of the dual oriented matroid M*. It turns out that there
are different equivalent forms for introducing duality in oriented matroid
theory. In terms of chirotopes the dual oriented matroid M* is defined as
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follows. First, one introduces the dual chirotope x* such that

X BT — (1,0, 1} (12)

and
(r1, 02, .y Tp_y) — x(2), b, ... 2))sign(zy, mo, .oy Ty, 2, 2, L 2,
(13)
where (2,25, ...,2]) means some permutation of E\(x1,z9,...,Tn—r) and
sign(x1, T, ..., Tp_p, Ty, Th, ..., T0) (14)
is the parity of the number of inversions of (1,2,...,n). It is not difficult to

see that, as in the case of ordinary matroids [18], every oriented matroid
M(E, x) has an associated unique dual M*(E, x*). Furthermore, it is
found that M** = M (see ref. [6], Section 3.4). Assuming that similar
duality result should go over a matroid bundle scenario, one finds that the
object ot Fr+1(€) associated with the chirotope x of M(§) should imply
an identification of the dual of g#1"#r+1(¢) in the form

1
RSy eTa (15)

where the dual *oHr+27'Hd+1 ig associated with the chirotope x* of the dual
oriented matroid M*(§). Here, *gHr+2Hd+1 ig given by

* O—Np+2"‘ﬂd+1 =

* hp 2 pde1 ed””m&d“l’g::; (&)-- Ugj-tll (©); (16)
where
vh (&) = Oaa(§). (7

In order for (16) and (17) to make sense, it is necessary to consider that
locally the fiber bundle (B, F, G), with base space B, fiber F' and struc-
tural group G, is parametrized by coordinates & = (£%,£%). Moreover, the
variables vf(€) and v4(§) should be associated with the horizontal part
H¢ (&) and the vertical part Ve(€) of the tangent bundle T¢ (&), respectively.
Of course, we have that v (§) and v4 (€) satisfy the orthogonality condition
Hgu = 0. (18)

Ya
From the point of view of ordinary oriented matroid theory, these observa-
tions on duality must be connected with a total vector space R corres-
ponding to T¢(€), a subspace L C R4 corresponding to He(€) and the
orthogonal complement L+ corresponding to V¢(€). Thus, just as (He(E),
Ve(€)) determine the structure of T¢(€), the dual pair (L, L1) determines
the structure of total space R4t!. Therefore, it may result very convenient
to be able to introduce the concept of an oriented matroid in terms of the
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structure (L, L*) rather than only in terms of the subspace L. If this is
possible then one should be able to make a direct transition

(L, L) — (He (), Ve(£)), (19)

and in this way to ensure from the beginning the duality symmetry. Surpris-
ingly, the mathematicians have already considered an equivalent definition
of an oriented matroid in terms of an analog structure to the pair (L, L1).
Such a definition used the concept of Farkas property, which we shall proceed
now to discuss briefly (see ref. [19] for details).

But before we address the Farkas property (Lemma) it turns out necessary
to introduce the sign vector concept. Let E # & be a finite set. An element
X € {+,—,0}F is called a sign vector. The positive, negative and zero
parts of X are denoted by X+, X~ and X, respectively. Further, we define
supp X = X U X ™. Consider two sets S and S’ of signed vectors. The pair
(5,9") is said to have the Farkas property , if Ve € E either

(a) 3 X eS, ecsupp X and X >0

or
(b)3Y eSS ecsuppY and Y >0

but not both. Here, X > 0 means that X has a positive (4) or a zero (0)
entry in every coordinate. Observe that (S5, S’) has the Farkas property if
and only if (57, 5) has it.

Let S be a set of signed vectors, and let I and J denote disjoint subsets
of E. Then

S\I/J={X|3X€S, X;=0, X;=% X=X on E\(JUJ)} (20)

is called a minor of S (obtained by deleting I and contracting .J). Here, the
symbol “x” denotes and arbitrary value. If S and S’ are sets of sign vectors
on E, then (S\I/J,S’\J/I) is called minor of (S5, S5’). Similarly,

S={X|3XeS, X;=-X;, Xp\g = XE\I} (21)

is called the reorientation of S on I. Further, (1S, 5’) is the reorientation
of (9,5") on I. Moreover, S is symmetric if S = —5, where —S is the set of
signed vectors which are opposite to the signed vectors of S.

With these definitions at hand, we are ready to give an alternative but
equivalent definition of an oriented matroid. Let E # & be a finite set and
let S and S’ be two sets of sign vectors. Then the pair (5, S') is called an
oriented matroid on FE, if [19]:

(F1) S and " are symmetric and
(F'2) every reorientation of every minor of (S, S’) has the Farkas property.
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From this definition follows that (5,S5’) is an oriented matroid if and only
if (§',8) is an oriented matroid, and also that every minor and every
reorientation of an oriented matroid is an oriented matroid again.

Two sign vectors X and Y are orthogonal, denoted by X 1 Y, if
(XTNYNHUX NY ) #£0«<= (XTNYHUu(X nY™). (22)
The set
St={X|X 18}, (23)

where X 1 S means that X 1 Y for every Y € 5, is called the orthogonal
complement of §. If §’ C S+ then we say that S and S’ are orthogonal. If
(S,S") is an oriented matroid then two important results follow, namely S
and S’ are orthogonal and (S, S*) is also an oriented matroid.

A collection C of sign vectors on the set E is the set of signed circuits of
an oriented matroid on E if and only if satisfies the following axioms:

(C0) C # 2,

(C1) C is symmetric,

(C2) forall X,)Y € C,if X CY, then X =Y or X = Y,
(

C3) forall X)Y € C, X # —Y and e € XT NY ", there is a Z such that
e#supp Z, Zt CXTuUYtand Z- C X UY".

Now, it can be proved that if (S, S”) is an oriented matroid then S satisfies
the axioms (C0)—(C3). Indeed, it can be proved that the axioms (F'1)—(F2)
and (C0)—(C3) provide equivalent definitions of an oriented matroid (see
ref. [19]).

The key link between the definition of an oriented matroid in terms of a
chirotope (x1)-(x3) and circuits (C0)—(C3) is provided by the relation

C(acz) = (—1)6((%1, e s Li—1, Li41y- - 7-757—4—1); (24)
where {x1,...,2,} is a basis of M and
C cA{xy,. .., zr, Tps1}- (25)

Thus, although it is not straightforward to prove that the definitions
(x1)—(x3) and (C0)—(C3) are equivalent, the relation (24) gives an idea
of the key step in such a proof. Consequently, we may conclude that (x1)-
(x3), (C0)—(C3) and (F1)—(F2) are three equivalent definitions of the same
structure: an oriented matroid.
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Now, assume that (S, S*) is an oriented matroid. One question that
arises is: can (S, S*) be realizable in terms of the pair (L, L") of dual vector
spaces, where L, L+ C R%1? The answer is, of course not always. This
means that the oriented matroid concept is more general than the concept
of a vector space. In fact, one can prove that a dual pair of realizable
oriented matroids on E corresponds to a pair of orthogonal subspaces in
R Moreover, one may also ask a related question: Is it possible to
connect (L, L) with a fiber bundle structure £(B, F,G)? Matroid bundle
seems to give an affirmative answer to this question. In fact, the main
idea of a matroid bundle is to replace the fiber F' by an oriented matroid
M(EY), where £ are local coordinates on the base manifold B. However,
this prescription is focused more on the definitions (x1)—(x3) and (C0)—
(C3) of an oriented matroid rather than on the definition (F'1)-(F2). But
considering the equivalence between the three definitions (x1)—(x3), (C0)-
(C3) and (F'1)—(F2), one should expect a definition for a matroid bundle in
terms of the Farkas structure (F'1)—(F2). Our conjecture is that the tangent
bundle T'(€) would be the central tool to achieve this goal. The reason is
that T'(€) naturally admits the splitting

Te(€) = He(€) @ Ve(£), (26)

in terms of the horizontal H¢(€) and vertical Vg(E) subspaces of T'(E).
In fact, one may think that the object (H¢(E),Ve(€)) constitutes a local
version of the pair of complementary subspaces (L, L*). Therefore, just as
the matroid bundle concept considers the transition M — M(£%), based on
any of the definitions (x1)-(x3) and (C0)-(C3), one may assume that the
equivalent definition for a matroid bundle in terms of the definition (F'1)—
(F'2) should provide the transition (L, L) — (H¢(£), Ve(£)). For physicists,
this kind of scenario is not completely new since in Kaluza—Klein theory
through the so-called spontaneous compactification mechanism, the vector
space R4 (or a manifold) is locally considered as a fiber bundle B x F and
as a consequence the tangent bundle T¢ (&) splits as in (26).

What could the connection between the matroid bundle theory in terms of
the pair (S, S*+) and M-theory be? Let us assume that the starting point in
M-theory is a duality principle based on the dual symmetry contained in the
Farkas property (F1)—(F2), then one should expect that the pair (S, S™)
plays a basic role in the partition function associated with any proposed
M-theory, which we symbolically write as

Z(S’,Si) = /DXexp(S(S’SL)). (27)

As a consequence, due to the Farkas property one ensures a duality symmetry
in (27) not only at the level of the full space (S, S*), but also for any sub-
space (S\I/J,S'\J/I) corresponding to any reoriented minor of (S,S%).
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In other words, the partition function

Z(S\I/1,5M\J/T) = /DX exp(S(s\1/.7,5\J/1)) (28)

must also contain the dual symmetry. This suggests a split of the full
partition function Z(g g1y in terms of fundamental minors Z(s\7/7,51\5/1)-
In fact, this conclusion is closely related to the oriented matroid result

(M1 & Ma)" = Mj @& M;, (29)

where M1 @ My is the direct sum of two oriented matroids M; and My
and M™* denotes the dual of M.

In the case of p-branes physics one may think as follows. Let us associate
the pi-brane and po-brane with the matroids M and Mj respectively, then
the corresponding partition functions

T, = / DX exp(S),) (30)
and
Zpty = / DX exp(Sy,) (31)

should lead to the dual symmetry Z = Z* of the total partition function
Z = ZmyZpm,- Here, the actions Sy, and S, are determined by (9). Due to
the equivalence between (x1)—(x3) and (F'1)—(F2), one should expect that
the similar conclusion must be true using an action for p-branes based on
the Farkas property, which we symbolically write as S, 1), where pt =
d—p—1. But once again a question emerges: what could the form of
S(p,pt) be? This action should contain the invariance S, ,1) = St ;) and
for that reason one should expect that the action S(m, 1y would combine
the objects g#1"Fp+1 and *gtrt2Hdt+1 which are related according to (15).
In analogy to (9), one discovers that the simplest possibility seems to be
Sppt)

1

dtlep —1 _puie X 2
= Q(d‘f'l)'/d T (y et brrike2 P o iy Oppyorpars — V1)

(32)

We observe that the integrand in this action is over the whole fiber bundle
space €. The reason for this is that according to (10) and (16) o#1 " Frt1 is
defined over the horizontal space H¢(E) whereas 0y, 5.y, is defined over
the vertical space Vg(£), and therefore the integrand in (32) must be over
the dimension of the tangent bundle T¢ (&), which is equal to d + 1.
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Using (15), it is not difficult to see that the action S, 1) can be written
in any of the alternative ways:

1 _
Som = gy | €O s =) (3

or

1

200 = 3 1)

d - 2
/d Hf(’y Lt ptipt2+ 41 O o pras —’yTp). (34)
We observe that in general we have z#(£%,£%). Therefore, in order to derive
the action (9) from (33) we need to assume z#(£%,£%) = f(£%)xH(£9), so that
we can integrate out the coordinates £*. We observe, however, that in Athis
case the action Sy, vanishes. Similarly, if we assume that z#(£%,¢£%) =

g(£M)xH(£%) then action (32) leads to a p'-brane action, but the p-brane
action S,y vanishes. This means that the action (32) is more general
than the actions (33) and (34). It is interesting to observe that in the case
d + 1 = 2n the action (32) can be reduced to the Zaikov self-dual action [20],
which has been studied in some detail by Castro [21].

In order to clarify the meaning of (32), let us assume that the action S,
corresponds to a 1-brane, with d +1 = 8. In this case the dual action 5,1
corresponds to a 5-brane action. But, the interesting aspect of (32) is that
S(p,pt) combines both the 1-brane and 5-brane in a unified way. Thus, the
corresponding partition function

Zis sty = [ DX exp(S15)(S,54) (35)
should describe the quantum dynamics of both the 1-brane and 5-brane.

Let us make some final comments. Just as duality is a concept of
fundamental importance in M-theory the same is true for oriented matroid
theory. In fact, all objects defined in oriented matroid theory can be dual-
ized. In particular since M** = M, an oriented matroid M can be defined
either directly or dually. Due to this duality features of oriented matroid the-
ory, perhaps a more appropriate name for matroid theory should be ‘duality
theory’. In view of the duality definition (12)—(14), in terms of chirotopes, it
becomes evident that oriented matroid may provide the mathematical frame-
work for implementing a duality principle in M-theory. This conjecture
becomes more evident using the Farkas definition of an oriented matroid.
This suggests a partition function for M-theory which automatically ensures
the duality symmetry not only for the dual space (S, S*) but for any minor
of (S,5%) as well. These observations lead us to discover the action (32)
which dually combines both the p-brane and its dual p-brane.
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Yet one may wonder whether the action (32) is unique. As we mentioned
just below expression (14), every oriented matroid M(E,y) has an asso-
ciated unique dual M*(E,x*) and M** = M (see ref. [6], Section 3.4).
This implies that starting with o,...,,,, we find that the dual chirotope
*Oppiopay, 18 Unique and vice versa starting with *oy, ..., , We discover
that the chirotopes oy, ..., is unique. Thus, the action (32) is constructed
with two unique chirotopes oy, ..., and *o,, 5.y, - It remains to be seen
whether the combination of 0y, .....,,,, and *o,, ..., given in (32) is unique.
First observe that the indices of the combination o, ..., 1 *Op,i0mpgy €0
from p; to pgy1. This means that one requires a completely antisymmetric
object with d + 1 indices. Thus, one can associate such an object with a
chirotope with d + 1 indices. Considering a ground set of the form E;z,1 =
{1,...,d+ 1}, one discovers that the object et Hptitp+2Hi+1l ig the
required chirotope which is unique (see ref. [1]).
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