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Abstract

We study deformations of Landau-Ginzburg D-branes correspond-
ing to obstructed rational curves on Calabi-Yau threefolds. We deter-
mine D-brane moduli spaces and D-brane superpotentials by evaluating
higher products up to homotopy in the Landau-Ginzburg orbifold cate-
gory. For concreteness we work out the details for lines on a perturbed
Fermat quintic. In this case we show that our results reproduce the
local analytic structure of the Hilbert scheme of curves on the threefold.

1 Introduction

D-branes wrapping holomorphic cycles in Calabi-Yau threefolds often give
rise to interesting N = 1 field theories. The low energy interactions are
specified by an effective superpotential on the space of massless fields.
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In principle, the effective tree level superpotential is determined by topolog-
ical disc correlators with an arbitrary number of boundary insertions. Its
dependence on closed string moduli is captured by topological disc correla-
tors with bulk and boundary insertions. Such correlators are typically very
hard to evaluate by direct computation, so one is often compelled to search
for alternative methods.

According to [15, 4, 50], holomorphic branes on Calabi-Yau manifolds
should be properly regarded as derived objects. In this context, the tree level
superpotential is encoded in the deformation theory of objects in the derived
category, which is in turn determined by higher A, products [46, 48, 49, 18].
This was explained in the physics literature in [42] and recently derived
from the conformal field theory point of view in [24]. Physically, this means
one has to compute the tree level effective action of holomorphic Chern-
Simons theory on a Calabi-Yau manifold. This computation is practically
untractable for compact Calabi-Yau manifolds because the gauge fixing pro-
cedure relies on the choice of a metric.

There are several alternative approaches to this problem. One can at-
tempt a direct CFT computation of boundary correlators [7, 10], but this
method has given rather restricted results so far. A more powerful approach
has been recently developed in [24]. There it has been shown that topologi-
cal disc correlators with bulk and boundary insertions are subject to a series
of algebraic constraints which can fix them completely at least for B-branes
in minimal models. We will not discuss this in detail here, although it would
be interesting to apply this method to D-branes on Calabi-Yau manifolds.
A different construction has appeared in the mathematics literature [11, 35]
where the Hilbert scheme of curves on a Calabi-Yau threefold is locally de-
scribed as the critical locus of an analytic function. Moreover, it was shown
in [11] that the analytic function in question is essentially the three-chain in-
tegral of [14] known to physicists as the membrane superpotential in MQCD
[55]. However this function is very hard to calculate for curves on compact
Calabi-Yau manifolds, even as a perturbative expansion. More conceptu-
ally, the relation between this superpotential and perturbative open string
computations is rather obscure at the present stage.

The main point of the present paper is to develop a new approach to
D-brane deformations and superpotentials based on open string Calabi-
Yau/Landau-Ginzburg correspondence. B-branes in Landau-Ginzburg orb-
ifolds can be described in terms of matrix factorizations of the Landau-
Ginzburg superpotential [28, 47, 8]. These objects form a triangulated cate-
gory in which one can perform explicit computations for the higher products
by pure algebraic manipulations. In order to illustrate this principle, we de-
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termine the higher products for Landau-Ginzburg D-branes corresponding
to obstructed curves on Calabi-Yau threefolds. However, this approach can
be very well implemented in more general situations. We also show that the
dependence of higher products on complex structure moduli is encoded in
a simple deformation of the A, structure inferred from the geometric con-
text. This data determines a D-brane superpotential up to homotopy. For
concreteness, the computations will be carried out for obstructed lines on
the Fermat quintic threefold. As a consistency test of our results, we check
that the resulting D-brane moduli space is isomorphic (as a germ of analytic
space) with the Hilbert scheme of lines on the quintic.

The paper is structured as follows. In section 2 we review some aspects
of Landau-Ginzburg/Calabi-Yau correspondence for branes, and present the
Landau-Ginzburg realization of lines on Calabi-Yau threefolds. Section 3
consists of a general discussion of higher products in the Calabi-Yau as well
as Landau-Ginzburg phase. We explain the general principles of our ap-
proach and outline a computational algorithm. The dependence on complex
structure moduli is the main theme of section 4. In section 5 we give a
detailed treatment for lines on a perturbed Fermat quintic as an illustration
of the method.

Acknowledgments We would like to thank Mike Douglas for very helpful
discussions. The work of D.-E.D. is partially supported by DOE grant DE-
FG02-96ER40949 and an Alfred P. Sloan foundation fellowship. The work
of B.F. is supported by DOE grant DE-FG02-96ER40949.

2 Landau-Ginzburg D-Branes and Curves on Calabi-
Yau Threefolds

The goal of this section is to find the Landau-Ginzburg description of D-
branes wrapping rational curves in Calabi-Yau threefolds. We will review the
Calabi-Yau/Landau-Ginzburg correspondence for D-brane categories and
explain the relevant constructions.

Since we are interested in Calabi-Yau manifolds which admit a pure
Landau-Ginzburg phase, we will restrict our considerations to hypersurfaces
in weighted projective spaces. Let X be such a hypersurface in a weighted
projective space W P"0:~%n determined by a quasihomogeneous polynomial
Wra(xo,...,xy) of degree d = wg + ...+ wy,. Using the linear sigma model
realization, one can deform the nonlinear sigma model on X to a Landau-
Ginzburg orbifold with superpotential Wr. The orbifold group is G = Z/d
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acting on the chiral fields as z;—w™izx; for ¢ = 0,...,n, where w is d-th
root of unity. For the purpose of computing the superpotential, it suffices to
consider the B-twisted topological model.

In the geometric phase the category of B-type topological branes is the
derived category D°(X). In the Landau-Ginzburg phase, the D-brane cat-
egory can be given a very elegant algebraic description in terms of matrix
factorizations of Wy [28, 47, 8]. Standard decoupling arguments suggest
that the two categories should be physically equivalent, but a rigorous math-
ematical result along these lines has not appeared so far in the literature.
Note that there must be a subtlety in formulating such an equivalence of
categories since the Landau-Ginzburg category is Z/2 graded while the de-
rived category is Z graded. Nevertheless, a physical correspondence between
certain classes of Landau-Ginzburg and geometric branes has been found in
[3]. We will review the relevant points below.

Matrix factorizations of Wy are pairs of finitely generated projective
modules Pj, Py over the polynomial ring R = Clz, ..., x,] equipped with
p1

two R-module homomorphisms P Py sothat p1pg = pop1 = Wra. In
PO

the present paper is suffices to take Py, Py to be free R-modules. It has been
shown in [28, 47] that matrix factorizations form a Z/2 graded triangulated
category Cw, .

For future reference, let us recall the construction of morphisms in Cyy, .
Given two objects P, ), one forms a Z /2 graded cochain complex (H(P, Q), D)
where

H(P,Q) = Hom(Py & Py, Q1 ® Qo) = €D Hom(P;,Q;). (1)
i,j=0,1

The grading is given by (i — j) mod 2 and the differential D is determined
by its action on degree k£ homogeneous elements

D-&=q-&—(-1)"d-p (2)

where p = p1®po : PO PRy—P1& P, ¢ = 1B qo : Q15Qo— Q15 Q. This
data defines a DG-category Pw, . [28, 47]. The D-brane category Cyw,, is
the category associated to Py, by taking the space of morphisms between
two objects (P, Q) to be the degree zero cohomology H°(H(P,Q)) of the
complex (1). We will use the shorthand notation H*(P,Q), k = 0,1 for the
cohomology groups.

For Landau-Ginzburg orbifolds, one should employ a G-equivariant ver-
sion of this construction. The modules P;, Py should be endowed with repre-
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sentations Ry, Ry of the orbifold group G so that pg, p; are G-equivariant R-
module homomorphisms. Then there is an induced G-action on the cochain
complex (1) so that D is G-equivariant. The space of morphisms in the
orbifold category Cyy,, is given by the G-fixed part of the cohomology groups
HY(P,Q).

One of the main problems of this approach is that matrix factorizations
are quite hard to construct in practice. A very efficient tool employed in [3]
is the tensor product of two factorizations. Namely, suppose

_ p1 . q1
P=\P_ " R|, Q= Q1__" Qo
Po 0
are two factorizations associated to LG polynomials U (z;), V (x;),i = 1,...,n.

Then one can construct a matrix factorization P® Q for Wyg(x;) = U(x;) +
V(z;) by taking a Z/2 graded tensor product of P, Q. More precisely,

(PoQ)1 =P ®rQo®Py®r Q1

a5 3
(P®Q)o=P ®rQo® P ®r Q1. ®)

T1
—_—

The maps (P ® Q) P®Q)y are given by

1 (
T0

I IT®q - po@l IT®q (4)
0 I®g -pol|"

The tensor product can be naturally extended to equivariant objects, as
explained in [3].

This construction is especially effective for LG superpotentials W in Fer-
mat form

d n
WL(;(xo,...,xn)::1:00—1—...4—:1:% (5)
where w;d; = d for each ¢ = 0,...,n. In this case one can construct ma-

trix factorizations of Wy by taking tensor products of one or two variable
building blocks which can be described as follows.

Consider a one variable polynomial Wy (z) = X% with d’ = d/w for
some weight w. The category Cy is generated by rank one objects of the
form

M;=| Clz)___CJ[z] |. (6)

In the orbifold theory we have to specify irreducible representations Rp, Ry
of G = Z/d on the free modules M; = My = C[z] so that the maps are



520 OBSTRUCTED D-BRANES IN LG ORBIFOLDS

equivariant. If R; is multiplication by w®, a € {0,...,d — 1}, it follows that
Ry must be multiplication by 3 = a + [. Therefore it suffices to specify one
integer o mod d. The resulting objects will be denoted by M .

For a two variable polynomial Wi (z,y) = 2% 4+ y? we can construct
similar objects
_ =1y
PT] = C[xvy] <—C[xvy] (7)
Qn(:E:y)

where 7 is a d’-th root of —1 and Q,(x,y) = (2% + y¥)/(x — ny). In the
orbifold theory objects will be labeled by an additional integer o mod d
specifying the action of G on P; = C|z, y].

Given a Landau-Ginzburg superpotential of the form (5) one can con-
struct matrix factorizations by writing it as a sum of one and two variable
polynomials and taking tensor products [3]. The resulting objects are very
interesting from a geometric point of view. In particular one can take the

tensor product of one variable building blocks M(lz)a associated to the mono-

mials xi in W. It turns out that two such objects ®;_ M § )az ?:OM%)&,
are isomorphic if > 1" ja; = > 3; mod d. Therefore we obtain a collec-
tion of Landau-Ginzburg branes E,, labeled by a single integer o = Yoo
mod d. These objects have been identified with the Gepner model fractional
branes in [3]. Analytic continuation to the geometric phase relates the F,
to a collection of sheaves E, on X obtained by restriction of an exceptional
collection on the ambient space W P%0:--»"»_ For example if X is the Fermat

quintic in P4, B, = Q%(a).

Taking tensor products of some combination of one and two variable
building blocks results in objects with different geometric interpretation.
The pattern emerging from the examples studied in [3] is the following. Pick
an arbitrary subset I C {0,...,n} so that the complement I° has an even
number of elements. Moreover, pick some arbitrary decomposition of 1° into
pairs {i,j} with d; = d; so that no two pairs share a common element and
the union of all {i,j} is I°. Denote the set of all such pairs by P. Then we
can take the tensor product

QML o &Q Pyl (8)

el (i,7)EP

It is easy to check that such objects are again classified by a single integer
a = Y 0+ Z(i’j)ep a;; mod d. These correspond to a collection of
derived objects F,, in the geometric phase which form an orbit of the Landau-
Ginzburg monodromy transformation acting on the derived category D°(X).
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Given the examples studied in [3] we conjecture that the F, can be
constructed as follows. Let F' be the subvariety of X determined by the
equations

in the ambient weighted projective space, where 7;; is a d;-th root of —1.
The structure sheaf of F' determines an object O in D?(X) supported in
degree zero. We conjecture that the F,, can be obtained (up to an overall
shift) by d — 1 successive applications of the Landau-Ginzburg monodromy
transformation My to the object Op.

For a better conceptual formulation of this conjecture, one can use the
following result of [47]. Suppose we are given a Landau-Ginzburg superpo-
tential Wrg : C""1—C with an isolated critical point at the origin. Let
So denote the fiber of Wy over 0 € C. Then the main statement of [47]
is that the D-brane category Cy,. is equivalent to the so-called category
of the singularity Dgy(Sp). Dsg(So) is constructed by taking the quotient
of the bounded derived category DP(Sp) by the full subcategory of perfect
complexes. A perfect complex is a finite complex of locally free sheaves.
If Sy were nonsingular, the quotient would be empty, since in that case
any object in D%(Sy) would have a finite locally free resolution. Therefore
Dg4(Sp) depends only on the singular points of Sy. The equivalence functor

P

Cw,o—Ds4(Sp) associates to an object ( P, Py ) the one term com-
Po

plex defined by the cokernel of p; regarded as a coherent R/Wpg-module.
For factorizations of the form (8) one can show that Coker(p) is isomorphic
to the quotient ring R/(zi, z; — 1ijZ})ier,i,j)ep- The proof is very similar to
that performed in section six of [3] for DO0-brane factorizations. Therefore
we are lead to a direct relation between the factorization I and the structure
ring of the associated geometric object. This conjecture should hold for any
Calabi-Yau hypersurface in a weighted projective space, but we do not know
a general proof. In principle, it should follow from a rigorous mathematical
relation between the Landau-Ginzburg orbifold category and D°(X) if such
a relation were explicitly known. For the purpose of this paper, we will be
content to check it for specific examples.

Note that we can formulate a more general conjecture for complete in-
tersections F' of the form

fa(xi):()a a=1,...,A (10)

in W PWwor%n which lie on X. Assuming that F' is irreducible, it follows
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from Hilbert Nullstellensatz that we must have a decomposition

A
WLG = ZQafa (11)
a=1

for some quasi-homogeneous polynomials ¢,(z;). Then we conjecture that
the Landau-Ginzburg monodromy orbit associated to F' is described at the
Landau-Ginzburg point by factorizations of the form

A fo
F—@(RZR) (12)

qa

This construction was used in [3] in order to construct deformations of the
DO0-brane in the Landau-Ginzburg category.

A check of this conjecture for a point F' = {z¢g — no1x1 = 0,20 = x3 =
x4 = 0} on the Fermat quintic was performed in [3]. The argument assumes
that the geometric interpretation of the fractional branes E,, are known and
is based on the Beilinson correspondence. More precisely, one can show that
there is an isomorphism between the endomorphism algebra

d—1
A =End (@ Ea[a]>
a=0

in the Landau-Ginzburg phase and the algebra

(@)

a=0

determined by the exceptional collection. Beilinson’s theorem implies that
any derived object F in D?(P*) is uniquely determined up to isomorphism
by the left A-module structure of the graded vector space

d—1 d—1
RHom (@ Ea,}'> = @pezHom (@ Ea,}'[k]> [k]. (13)

a=0 a=0

This allows us to determine the derived object corresponding to any Landau-
Ginzburg D-brane F' knowing the left .A-module structure of the Z/2 graded
vector space

d—1 d—1
RHom( EM,F) = P Hom( Ea[a],m;]> k. (14)

kEZ/2 a=0
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Employing the same argument, one can check the above conjecture for
other objects (8) in concrete examples. For example, one can construct the
Z/5 orbit of a line F' = {xg — no121 = 22 — n23x3 = x4 = 0} on the Fermat
quintic by taking a tensor product
2,3) 74

® M 4, (15)
The proof is very similar to the DO-brane case considered in section 5 of [3]
hence we will omit the details.

ﬁ(ovl) ® ﬁ(

701,01 723,23

To conclude this section, we will add some remarks concerning the behav-
ior of morphisms between branes under the Calabi-Yau/Landau-Ginzburg
correspondence. Given two factorizations F, F corresponding to two objects
F,F" in D*(X), one would like to know the relation between the cohomol-
ogy groups H*(F,F'), k = 0,1 and the morphism spaces Hom po ) (F, F'[1]),
[ € Z. For all examples described in this section one can check that

HO(F,F') ~ Hom o x)(F, F') & Hom py ) (F, F'[2])

o (16)
H'(F,F') =~ Hom s x(F, F'[1]) & Hom pu ) (F, F'[3)).

These relations reflect the difference in grading between the two categories.

3 D-Branes, Deformations and Higher Products

In this section we develop a computational approach to D-brane deformation
theory in the Landau-Ginzburg orbifold category. We start with a review of
deformation theory and higher products in the derived category associated
to the geometric phase. Then we set up the problem and explain the main
idea of our construction in the Landau-Ginzburg phase.

Let F be a line on a Calabi-Yau hypersurface X in a weighted projective
space. We will assume that X is smooth, at least near F. (If not, one may
have to resolve the singularities of X induced by the orbifold singularities
of the ambient space.) Physically we would like to think of F' as the world-
volume of a B-twisted brane. This means that we have a boundary B-type
topological field theory (TFT) associated to the pair (X, F'), which can be
described from two different (but equivalent) points of view.

From the point of view of [15, 4], a boundary B-topological model should
be thought of as a derived object in D’(X). In our case, this object is the
one term complex Op supported in degree zero. Moreover, since isomorphic
derived objects define isomorphic boundary TFT’s, we can replace Or by a
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locally free resolution F*°. In this formulation, the boundary chiral ring is
isomorphic to the Ext algebra

3
P Ext"(Op, Op). (17)
k=0

In particular there is a grading on physical states that assigns ghost number
k to elements in Extk(OF, OF).

The second point of view relies on the sigma model description of the
boundary TFT following [53]. In that case, one has to specify appropriate
boundary conditions for the sigma model and compute the massless spectrum
with standard boundary TFT methods [31]. In this approach one finds the
same spectrum of physical operators (17) realized as the limit of a local to
global spectral sequence with second term [31]

EYT = HP(F, A1 (Npyx))- (18)

This proves the equivalence of these two points of view. If F'is a curve, all
higher differentials are zero, and we find

Ext*(Op, Op) ~ @ HP(F,A"(Np/x)). (19)
p+q=k

Boundary topological field theories admit boundary marginal perturba-
tions which are classified by ghost number one elements in the chiral ring
(17). These are infinitesimal first order deformations of the theory induced
by perturbations of the boundary conditions keeping the underlying bulk
theory fixed. It is common knowledge that not all first order infinitesi-
mal perturbations can be integrated to finite deformations of the boundary
TFT’s. Some deformations are marginal at first order, but do not remain
marginal at higher orders. Those deformations which are marginal to all or-
ders are called exactly marginal. This phenomenon is encoded by a holomor-
phic superpotential on the space of all massless ghost number one modes.
The critical locus of the superpotential defines the local moduli space of
TFT’s as an analytic subspace of the linear space of massless modes. The
superpotential is determined in principle by topological disc correlators with
an arbitrary number of physical boundary insertions.

A short computation based on (19) shows that the infinitesimal boundary
deformations are classified by HO(F, N F/x)- Therefore they are in one to
one correspondence with infinitesimal deformations of the curve F'in X. Not
all such infinitesimal deformations are integrable to all orders. Those that
fail to be integrable to all orders are called obstructed, while the remaining
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ones are called unobstructed. Using Kuranishi theory, one can construct the
versal deformation space of the curve F in X, which is roughly the space
spanned by all unobstructed deformations. Technically, the versal moduli
space is cut out by formal power series in several variables, i.e. it is a germ
of analytic space. Alternatively, one can think of it as the formal completion
of the Hilbert scheme of curves on X at the point F'. We will loosely refer
to it as the local D-brane moduli space. The equations of the moduli space
are determined by the A, products on the endomorphism algebra of the
object O in the derived category D’(X) (see for example [18] for a good
exposition.)

Given the correspondence between physics and geometry it follows that
the D-brane superpotential should be determined by the A, structure on the
derived category. This connection can be made very precise in the framework
of string field theory [53, 42] which will be reviewed next.

3.1 Holomorphic Chern-Simons Theory

For simplicity, let us address a similar question for topological B-branes de-
scribed by a holomorphic bundle £ on X. The dynamics of off-shell open
string modes in this model is captured the holomorphic Chern-Simons action
[53] which defines a cubic string field theory. In order to write down this
action, we must regard E as a C'*° vector bundle equipped with a connection
A so that F*2(A) = 0. The off-shell boundary fields form an associative al-
gebra V = @2:0904’ (X,End(FE)), where p represents the ghost number. The
string field theory action for ghost number one states a € Q%! (X, End(FE))
takes the form

SCS(CL) = / QxTI‘ <%G5ACL + éCLS) 5 (20)
X

where 94 denotes the (0,1) part of the covariant derivative with respect
to the background connection A on E. From a physical point of view, 04
represents the BRST operator () acting on off-shell states. Since () satisfies
the graded Leibniz rule, it defines a structure of differential graded (DG)
algebra on V. Note that the massless spectrum of the theory is parameterized
by the graded vector space H = EB%:OHOJ’(X, End(F)), and the boundary
chiral ring structure is defined by the Yoneda pairing on H. The physical
on-shell operators in string field theory correspond to elements of degree one
in H, that is cohomology classes in H%!(X,End(E)).

In this context, the superpotential can be thought of as the tree level
effective action for physical massless modes ® € H%!(X,End(E)) [53, 42],
and can be computed as follows. For perturbative computations, we have to
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fix a metric on the Calabi-Yau threefold X and a hermitian structure on £
so that A is a unitary connection. Then, applying the Hodge Theorem, we
can decompose the space of off-shell states into a direct sum

V=Im(Q) & A®Im(Q"), (21)

where A denotes the space of harmonic forms which are in one-to-one cor-
respondence with BRST cohomology classes in H. Any off-shell field a can
be accordingly written as

a=o+ o, (22)

where ® can be expanded in a basis of harmonic representatives w;

@Zz%wi, (23)

and ®,, takes values in Im(Q) @ Im(QT). We also impose the gauge fixing
condition QT®,, = 0 in order to eliminate the gauge degrees of freedom pa-
rameterized by Im(Q). After gauge fixing, ®,, is an off-shell field in Tm(QT).
We will refer to ® as a massless field and to ®,, as a massive field. The
effective action for the massless modes is obtained by substituting (22) into
(20) and integrating out the massive modes ®,, at tree level. The resulting
superpotential is a generating functional for tree level Feynman diagrams
with arbitrary combinations of massless fields on the external legs. In the
topological string theory, the tree level diagrams can be regarded as disc cor-
relators receiving contributions from degenerate discs mapping to infinitely
thin ribbon graphs in the target space X [53].

From a mathematical point of view, Chern-Simons tree level diagrams
can be expressed in terms of higher A, products m, : H®"—H, n > 1
[46, 42] satisfying certain generalized associativity conditions. To recall some
background [36], note that a strong A, structure on a Z-graded vector space
V = @,ezV? is defined by a sequence of linear maps m,, : VE"—V of degree
2 —n, n > 1, satisfying the generalized associativity conditions

Z(_l)rJrstmu (H®r R ms ® ]I®t) —0. (24)

The sum in the left hand side of (24) runs over all decompositions n =
r+s+t,and u =r+t+ 1. This means for example that m% = 0, hence m,
defines a differential on V. Moreover,

mlfmg:'mg(’m1®ﬂ+ﬂ®m1),

hence m; satisfies the graded Leibniz rule with respect to the multiplication
defined by msy. The next equation in (24) imposes a generalized associativity
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condition on mg and so on. Note that if the formulae (24) are applied to
elements, one has additional signs following from the Koszul sign rule

(fog)(=ey) =(-1)%f(z)®g(y)

where g,  denote the degrees of g and respectively x. Finally, note that an
associative DG algebra is an Ay-algebra in which all higher products m,,,
n > 3 vanish, and msy is associative. At the opposite end of the spectrum,
we have minimal A,.-algebras, which are characterized by mq = 0.

In our case, one can define a minimal Ay structure on H by apply-
ing the construction of [46, 48, 49]. Note that the restriction Q[p ot
Im(Q")—Im(Q) is invertible, and let Q! denote the inverse. Also, let
7w V—Im(Q) denote the projection operator defined by the Hodge decom-
position (21) and set § = Q7 '7 : V—Im(QT). Then one first defines the
multilinear maps [46] A, : V¥"—V, n > 2 by

Xo(a1,a2) = ay - az

Anar, .. an) = (—1)"1 [m,l(al,...,an,l)} Can — (—1)"1g, - [5An,1(a2,...,an)}

- Z (_1)k+(171)((~11+...(~1n) |:(5)\]€(0/1, <o 7a/€):| : |:5)\l(ak+17 R 7an)] )
k+l=n.k,1>2
(25)
where a denotes the ghost number of a € V. The products m,, : H®"—H
are defined by
mq =0, my, = P\, (26)

where P : V— A ~ H denotes the projection operator onto the subspace A
in the Hodge decomposition (21).

These products encode the higher order obstructions in the deformation
theory of the holomorphic bundle E [18]. More precisely, one can formally
represent the versal moduli space of the bundle E as the zero locus of a
system of formal power series of the form

Z(_l)n(n—l—l)ﬂmn(@@n) -0 (27)

n>1

where ® € H%!(X End(E)). For a rigorous construction, one has to in-
troduce a suitable metric topology on H%!(X,End(E)) so that the series
(27). is convergent in a small neighborhood of the origin. Then the versal
moduli space can be constructed as a germ of analytic space. Alternatively,
we can work purely algebraically interpreting (27) as the defining equations
of a formal scheme [23] (ch. II sect 9.)
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On physical grounds, one should be able to represent the moduli space
as the critical locus of a holomorphic superpotential defined on the space
of physical massless modes. Such a function need not a priori exist for an
arbitrary A, structure. However, the Ay, structures arising in string field
theory satisfy a cyclicity condition [20]

(1, M (D1, )y = (—1)" (D) iy (Do, Bpsy)). (28)

with respect to the nondegenerate bilinear form
(®,U) = / Qx Tr (PV). (29)
X

The superpotential is then given by [42]

(_1)n(n+1)/2
n+1

W(g) =

n>2

/ QxTr (© m, (2%")) . (30)
X

One can check that the critical set of W is determined by the equations (27).

By construction, the products m,, and the superpotential (30) depend
on the gauge fixing data, i.e. the metric on X and the hermitian structure
on E. On general grounds, all such choices should be equivalent from a
physical point of view. In technical terms, the correct statement is that two
A structures corresponding to different gauge fixing data should be quasi-
isomorphic [20]. Since this is an important point, let us spell out some details
here. An A..-morphism between two A, structures m/, : V®"—V and
m, : VE"—V is specified by a sequence of maps f,, : V¥"—V subject to
the constraints

DY) (T @m @ 1) = (=1)Tme (fiu @ fir @ fiy @ @ fi,).

(31)
The sum in the left hand side of (31) runs over all decompositions n =
r+s+t, and u =r +t+ 1. The sum in the right hand side runs over all
1 <7 < n and all decompositions n = i; +--- +i,, and ¢ = (r — 1)(i; —
D4+ (r—2)(ia—1)+---+2(iy—2 — 1) + (i,—1 — 1). By spelling out the first
condition, we find that fim} = mq fi, that is fi is a morphism of complexes.
The second condition implies that f; commutes with multiplication mo up
to a homotopy transformation defined by f, and so on. A morphism {f,}
is called a quasi-isomorphism if f; is a quasi-isomorphism of complexes i.e.
it induces an isomorphism in cohomology. Moreover a morphism {f,} is a
homotopy equivalence if it admits an A..-inverse. One can prove that an
A morphism is a homotopy equivalence if and only if f; : V—V is the
identity [18]. In particular, any quasi-isomorphism of minimal A, structures
is a homotopy equivalence.
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The physical applications of these concepts to string field theory have
been explained in [20, 42]. In our particular case, we have a topological open
string field theory specified by the holomorphic Chern-Simons functional
(20). The off-shell open string states form a DG-algebra (V, Q) with respect
to the boundary operator product expansion which reduces to multiplication
of differential forms. The higher order products m, : H®"——H define
a minimal A, structure on the space of massless fields, which is quasi-
isomorphic to the original DG-algebra. Since the later structure is minimal,
(H,m,,) is called a minimal model of (V,Q). To understand the physical
content of this statement, note that one can construct a non-associative
string field theory of massless modes with action functional (30). The quasi-
isomorphism of A,.-structures implies that the two open string field theories
are physically equivalent [20]. In particular it was shown in [42] that the two
theories have the same local moduli space of vacua.

Returning to the dependence of higher products on gauge fixing data, one
can show that two different choices result in homotopic equivalent minimal
Ao structures (H,my,), (H,m!,). Aslong as we are working in the framework
of topological open string field theory, there is no preferred choice, and one
can describe the same physics using any minimal model. In particular, one
may have different superpotentials (30) describing the same moduli space.

Although conceptually clear, the above construction is not very suitable
for explicit computations. The main difficulty resides in the fact that the
operator 6 must be written in terms of Green’s functions for the Laplace
operator on Calabi-Yau manifolds. Moreover, we are interested in holomor-
phic branes supported on curves in X rather than vector bundles F—X.
In order to construct the string field theory in that case, we have to em-
ploy a graded version of Chern-Simons theory [13] associated to a locally
free resolution of the curve. In principle higher products can be similarly
constructed for graded Chern-Simons theory, but the computations would
be practically intractable. Some explicit calculations for A-branes on tori
can be found in [45], but the present situation is much more complicated.
Another computation of a higher order product using linear sigma model
techniques has been performed in [16]. In the next subsection we will dis-
cuss an alternative approach to this problem based on the Landau-Ginzburg
description of holomorphic branes.

3.2 Higher Products in Landau-Ginzburg Orbifold Categories

Note that in principle we do not need the whole Hodge Theory machinery in
order to construct a minimal model of a given DG-algebra (V, Q) [46]. The



530 OBSTRUCTED D-BRANES IN LG ORBIFOLDS

essential elements of this construction are a
i) a linear subspace A C V of cohomology representatives, and

i7) an odd linear map 0 : V—) mapping A to itself so that P = I —
(@, ] : V—V is a projector onto \A.

Given this data, the formulae (25), (26) define an A-structure on H ~ A.
This structure is quasi-isomorphic to the original DG-algebra (V, Q) if 62 = 0
and P6 = 0 [49]. In the geometric phase discussed above it is hard to
imagine an abstract non-metric dependent gauge fixing condition. However
standard decoupling arguments [7] suggest that the topological boundary
correlators should be independent of Kéhler moduli. Therefore it would
be very interesting to find an alternative construction of higher products
depending only on complex structure moduli.

The main point of the present paper is to exhibit such an explicit con-
struction for higher products in the Landau-Ginzburg phase. At the Landau-
Ginzburg orbifold point B-twisted branes are realized as equivariant matrix

factorizations of the LG potential. In order to fix ideas suppose we are given
_ p1

such a brane P = ( P Py, Ry, Ro), where Rq, Ry are representations
o

of the orbifold group G. For future reference it is helpful to represent the
free modules Py, Py as P = Ey ®c Clzo,...,x,], Py = Ey @c Clzo, ..., zy],
where Ey, Ey are complex vector spaces. The endomorphisms of P are de-
fined by the cohomology of the G-equivariant Z/2 graded differential algebra
(1). In the following we will denote this algebra by (C, D). We will also use
the notation C'? for the degree one and respectively zero components. In
conclusion, we are presented with a differential graded algebra (C, D), albeit
in a Z/2 graded equivariant form.

In order to obtain the gauge fixing data (i) and (i¢), first note that
C is a free graded R-module (where R is the ring of polynomials in n +
1 variables,) and D is an R-module homomorphism. Therefore one can
find a set of representatives of cohomology classes using algebraic methods,
such as Grobner bases of ideals. This step is especially easy if the matrix
factorization P is a tensor product of one and two variable blocks as in
section two. Therefore we can grant the existence of a finite-dimensional
subspace A C C of cohomology representatives.

To proceed next, consider the short exact sequences of graded R-modules

O—>Z—>Ci>[)’+1—>0 (32)

0—B—Z—H—0,
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where H denotes the graded cohomology space of D. We can also regard
(32) as exact sequences of infinite dimensional complex vector spaces. Note
however that since we are dealing with polynomials in several variables, we
will only have to consider linear combinations of finitely many basis elements.
A short exact sequence of complex vector spaces is always split, therefore we
can choose splittings v : B—C and p : H—Z so that we have the direct
sum decompositions

C=Z®Im(y), Z =B ®Im(p). (33)

Note that Im(p) is in fact the subspace A of cohomology representatives
introduced in the last paragraph. Therefore we can write C as a direct sum

C=BdAdImy. (34)

By construction, the projection . C—Im(v) is given by Tm(y) =
vy D where mp : C—B denotes the projection onto B. Also by construc-
tion, Dy = 1. Let § : C—C be given by the composition § = ymg. Then
one can easily compute

I—(D§+0D)=1— Dyrg — ymgD

(35)
=0—-mp— Thm(y) = TA;

where 74 : C— A denotes the projection onto A. Since § also preserves A,
we can conclude that we have all the required ingredients for the construction
of higher order products. In orbifold theories this construction needs to
be performed in an equivariant setting, but this brings in no additional
complications.

The discussion is of course too abstract at this point since one has to
make explicit choices of splittings in order to perform concrete computa-
tions. However, note that the D-brane moduli space is determined by higher
products m, (®%") = w4\, (P?") evaluated on cohomology representatives
®. For tensor product matrix factorizations one can obtain a canonical set
of cohomology representatives by taking tensor products of one and/or two
variable morphisms. Moreover, the splittings =, p can be chosen to be com-
patible with the tensor product of morphisms. Therefore the computation
is effectively broken into one and two variable pieces which are very easy to
handle. We will discuss concrete examples in detail in section five.

Finally, note that this approach does not make use of all elements of
a string field theory. In particular we did not have to use a nondegener-
ate bilinear form on the space of open string morphisms at any step of the
construction, although such a form exists and is given by a residue pairing
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[30]. Therefore the resulting Ao, coefficients are not guaranteed to satisfy
the cyclicity property, and one cannot a priori write down a superpotential.
This will be the case with the examples discussed in section five. However,
all physical information is encoded in the A, structure up to homotopy.
Therefore it suffices to find a homotopy transformation which makes a su-
perpotential manifest. Such transformations will also play a key role in the
comparison of D-brane moduli spaces between the Calabi-Yau and Landau-
Ginzburg phase. In principle one could try to construct a string field theory
using the residue pairing of [30] and define cyclic Ao-products. Such an
approach would be more complicated at the computational level, so we will
leave it for future work.

4 Complex Structure Deformations

In this section, we consider both open and closed string marginal perturba-
tions of the boundary B-models. It is well known that closed string marginal
perturbations correspond to complex structure deformations in the geomet-
ric phase. Moreover, they are exactly marginal since complex structure
deformations of Calabi-Yau threefolds are unobstructed. However we can
have disc level couplings between bulk and boundary marginal operators
which result in a nontrivial dependence of the open string superpotential on
the closed string moduli. It was shown in [24] that such effects deform the
strong A.o-structure associated to a boundary CFT to a weak A, struc-
ture depending on closed string moduli. Here we will develop a constructive
approach to these deformations by extending the above considerations to
families of Landau-Ginzburg models.

Let us first discuss the geometric situation. An open-closed topological
B-model is determined in our case by a pair (X, F') where X is a Calabi-
Yau threefold and F' is a rational curve on X. Therefore the local moduli
space of open-closed TFTs is isomorphic to the versal deformation space
P of the pair (X, F). The forgetful map (X, F)—X induces a projection
7w : P— M from P to the versal deformation space M of X.

In the following we will consider only Calabi-Yau hypersurfaces X in
weighted projective spaces. We also restrict to complex structure deforma-
tions corresponding to linear deformations of the defining equation of X in
the ambient toric variety. Therefore let us consider an m-parameter family
X —T of Calabi-Yau hypersurfaces in weighted projective space W PW0:--%n
parameterized by the linear space T' = C™. The total space X can be re-
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garded as a hypersurface in W P%0»-%n x T defined by the equation
WLg(xo, - ,:L'n) + thl(.’/U(), o ,iL'm) + ...+ tme(JZo, o ,iL'm) =0 (36)

where Gy(z;),...,Gn(x;), i = 0,...,n are quasihomogeneous polynomial
perturbations. By eventually restricting to an open subset of T, we can
find a classifying map x : T—M for the family X'/T. Our problem is to
determine the restriction Pr = P ®aq T of the versal moduli space of pairs
to T. Loosely speaking this is the local moduli space of pairs (X, F') so
that X is a point in 7. This point of view is more convenient for practical
applications since we can avoid working with large numbers of moduli by
choosing T" to be a low dimensional slice in the moduli space of X.

The problem can be further simplified by noting that any point Pr is
represented by a curve F; on some fiber of X; of X' /T. Therefore any defor-
mation of the pair (X, F') gives rise to a deformation of F' in the total space
of the family X'. Conversely, any deformation F’ of F' in X must be con-
tained in some fiber AX; since the base T is a linear space. Hence we obtain
a one-to-one map between Pr and the versal deformation space of F' in the
total space X. By construction this map is holomorphic, therefore the two
moduli spaces are isomorphic as germs of analytic spaces. This argument
effectively reduces the problem to deformation of curves in the higher dimen-
sional space X. Our plan is to find the defining equations of the deformation
space by extending our previous construction of higher products to families.

Let us first analyze infinitesimal first order deformations of ' in X. The
normal bundle of F' in X fits in the short exact sequence

0—Npyx —Npjx— (Nx/x) p —0 (37)

where the last term Ny, is isomorphic to the trivial line bundle Nx/y =~
Ox. Therefore Ng/y is an extension of Op by the rank two bundle N/ x.
Such extensions are parameterized by Extl(OF,NF/X) ~ H(F, Np/x)-
More precisely, consider the long exact sequence associated to (37) which
reads in part

0—HO(F, Ny x)—H(F, N/ ) —H(F, Op)— H'(F, Ng/x)— - -

(38)
The extension class is parameterized by §(1) € H'(F, Ng/x). If this class
is trivial, the extension is split and we have HY(F, Np/x) =~ HO(F, Np/x) @
HY(F,OF). In this case we obtain an extra infinitesimal deformation of F
in X corresponding to infinitesimal displacements in the normal direction to
the central fiber X. Such infinitesimal deformations will be called horizontal
in the following. If §(1) # 0, the extension is nontrivial, and F' has no
horizontal infinitesimal deformations in X.
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We can find a more effective characterization of the extension class by
looking at infinitesimal deformations of F' in the ambient weighted projective
space as in [2]. For simplicity we will consider a one parameter family of
Calabi-Yau hypersurfaces X; of the form

Wia(xo, ..., zn) +tG(xo, ..., x,) = 0. (39)
Let
fa(zo,...,xy) =0, a=1,...,A (40)

be the defining equations of F' in the weighted projective space. It follows
from Hilbert Nullstellensatz that F' lies on X if and only if Wi belongs to
the ideal generated by the f,, that is if and only if

A
Wie = fata (41)
a=1
for some quasi-homogeneous polynomials q,(xg,...,z,). A first order de-

formation F; of F' in the ambient weighted projective space is given by an
infinitesimal perturbation of the equations (40)

falzo, ... xn) + tga(xo, ..., xy) = 0. (42)

Here t is an infinitesimal first order parameter t> = 0. The deformed curve
(39) lies on the deformed hypersurface (39) if and only if we can write

A
Wie +1G = Z(fa + tga)(Qa + tq:z) (43)
a=1
for some quasi-homogeneous polynomials ¢/, (xo, . .., x,). Using the condition
t2 = 0 we find
G = Z Qafa + gaQa . (44)
a=1

It follows that F; lies on X; if and only if G belongs to the ideal generated by
(fa»49a)a=1,...a. However note that Fy lies on X; if and only if the extension
(37) is trivial according to the above paragraph. Therefore we can conclude
that the extension (37) is trivial if and only if the image G of G in the
quotient ring Clzo, ..., %n]/(fa, qq) is trivial.

Let us now move on to the Landau-Ginzburg phase. According to section
two, the complete intersection (40) corresponds to a matrix factorization of
Wi of the form

A fa
F= @( (20, ..., ]—>C[x0,...,xn]>. (45)

a=1 da
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Note that the cokernel of this factorization is isomorphic to the structure
ring of F' as Clxo, ..., zp]-modules.

The family X corresponds to family of Landau-Ginzburg models with
superpotential (36). In order to construct a Landau-Ginzburg model for
the curve F' embedded in the total space of the family we have to treat
t1,...,tn as dynamical variables rather than parameters. Then a complete
intersection F' in W P%0»-%n x T contained in X must be described by a
matrix factorization of the form

_ $1
F=|FA___F
%0

over the polynomial ring Clxg, ..., zp,t1,. .., ty] so that Coker(¢;) is isomor-
phic to the structure ring of F' as Clxg, ..., Zp,t1,...,ty]-modules. Such a
factorization can be simply constructed as the tensor product

. l1 tm,
F=F® ( C[xi,tj] C[Cvi,tj] ) [N < C[$i,t]’] C[:ci,tj] ) (46)
G1 Gm

where ¢ = 0,...,n, j = 1,...,m. It is straightforward to check that this
factorization has the right cokernel proceeding as in section 6 of [3].

For future reference, let us show that the space of infinitesimal defor-
mations of F in the Landau-Ginzburg category is isomorphic to the space
of infinitesimal deformations of F' in X. For simplicity we restrict again
to one-parameter deformations in which case we have a single t-dependent
factor in (46). Infinitesimal deformations of F in the Landau-Ginzburg cat-
egory are parameterized by the space of odd endomorphisms H'(F,F). It
is straightforward to check that there is an embedding

0—HYF,F) L HYF,F) (47)

defined by taking tensor products by the identity endomorphism of the ¢-
dependent factor in (46). The main questions is to determine the cokernel
of the map (47) and compare the outcome to the geometric result.

In order to answer this question, we have to write down the Z/2 graded
morphism complex for the object F and determine its cohomology. We have
included the details of this computation in appendix A. The answer can be
most conveniently formulated in terms of the differential morphism complex
(C, D) associated to the object F. The cokernel of (47) is parameterized by
equivalence classes of pairs (3,¢) € CY @ C! subject to the conditions

D-¢=GB, D-B=0. (48)



536 OBSTRUCTED D-BRANES IN LG ORBIFOLDS

The equivalence relation on such pairs is defined by (3,&) ~ (5,€) if
3 -pBeB’, ¢—¢ez’. (49)

This means that 3 is a representative of a bosonic endomorphism in H(F, F)
and ¢ is a trivialization of the cocycle GG defined up to addition of a closed
element.

For comparison to the geometric result, we have to keep in mind that
morphism spaces in the Landau-Ginzburg orbifold category correspond to
graded sums of morphism spaces in the derived category as explained in
section two, equation (16). Therefore H'(F,F) should be compared to the
direct sum

@ Ext*(Op)x, Op/x) ~H°(F, A" (Ng)x)) & HO(F, A*(Np/x))e
k=1,3 (50)
H'(F, AO(NF/X)) @ H'(F, AQ(NF/X))'

Let us first assume that the extension (37) is split, that is the image G of G
in the quotient ring Clxz;]/Ir is trivial. Then Np/x ~ Np,x @ Of and we
can evaluate (50) obtaining

P Ext"(Opx, Op/x) ~H(F, Np/x) ® H' (F,A*(Np)x))
k=1,3 (51)

HY(F,0p) & H'(F, Ng/x).
Note that in the right hand side of (51) we have

HO(Fa NF/X) ®H1(F7 AQ(NF/X)) = @ Eth(OF/XaoF/X) = Hl(Faﬁ)
k=1,3

H(F,0p) @ H'(F, Np/x) ~ @ Ext*(Op/x, Opx) ~ H'(F,F).
k=0,2

(52)
Therefore, if G = 0, we obtain one extra odd endomorphism for each even
endomorphism of O in D?(X). Moreover, if we take 8 = I in equation
(48), the resulting condition G' = D - £ is equivalent to G = 0. This follows
from the explicit form of the differential D on the morphism complex of
the factorization (45). According to equations (48) (49) if this condition
is satisfied we obtain one extra fermionic endomorphism Z of F for each
bosonic endomorphism 3 of F. In conclusion if G = 0, there is a precise
one-to-one correspondence between endomorphisms of F in the Landau-
Ginzburg category and derived endomorphisms of F. If G # 0, we can show
by a similar reasoning that the two results also agree. This is a remarkable
confirmation of our construction.
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In the remaining part of this section we will determine the versal defor-
mation space of F by constructing higher products in the Landau-Ginzburg
orbifold category of the deformed superpotential (39). Then we will show
that this construction is encoded in a simple deformation of the A, structure
associated to the initial object F.

From now on we will work under the assumption G = 0, so that we
have exactly one horizontal deformation corresponding to the cohomology
class = found in appendix A. In principle higher order products on the endo-
morphism algebra H (F,F) can be constructed following the steps described
in section 3.2, since we are now reduced to a similar problem in a higher
dimensional set-up. Namely we have to fix a set K of cohomology repre-
sentatives in the morphism complex (H(F,F), D) and find an odd operator
A : H(F,F)—H(F,F) satisfying conditions (i), (i7) of section 3.2. Then
the higher products are determined by the equations (25) (26).

The infinitesimal deformations of F we are interested in are precisely
those corresponding to infinitesimal deformations of F' in X. They can be
parameterized by a= + A where A is a cocycle of the form ® ® I with &
a cohomology representative for the morphism complex (H!(F, F), D) as in
(23) and « is a complex parameter. Recall that the 1; in (23) parametrize
infinitesimal deformations of the brane F' which correspond to deformations
of the curve F' in the fixed threefold X. The complex parameter o param-
eterizes infinitesimal horizontal deformations along the base of the family.
Therefore it should be regarded as a closed string modulus. In this con-
struction closed string moduli are realized as open string moduli in a higher
dimensional model.

As shown in appendix A, all products of the form ZA, AZ, =2 and A? lie
in the image of the tensor product map

0—H(F,F)-2LHO(F, 7). (53)

Then the problem can be considerably simplified by choosing A so that it re-
stricts to @l on HY(F, F)®I C H(F, F). (Recall that 6 : HO(F, F)—H(F, F)
is the odd morphism used in the construction of the products m,, in the pre-
vious section.) Making such a choice for A, it follows from the defining
relations (25) (26) that the products pu, : HY(F,F)*"—H"(F,F) take
values in H°(F, F) ® I when evaluated on elements of the form aZ + A.

The equations of the moduli space can be formally written as

ST (=12, ((0F + M) = 0. (54)

n>1
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By expanding in powers of «, and collecting the terms, this equation can be
rewritten in the form

Z(_l)n(n+1)/2mg(A®n) -0 (55)
n>0
where
me(A®") = Z (£)a* g (B)EF0, A, (B)EF A, A, (B)®F)  (56)

kOv---ykn

This is a familiar construction in the theory of A, algebras [19] Prop. 13.40
(see also [24, 43] for some applications to physics.) Given any strong A
algebra m,, : V€"—V and a cochain b € V one can define a series of
deformed products

mb(a1,...,a,) = Z () k(0270 ay, b2F ag, ... a,, b%Fm)  (57)
Korooiin

which form a structure of weak A, algebra. In particular mf may be

nonzero. In this context this construction encodes the behavior of open string
higher products under closed string complex structure deformations. Note
that all products in the right hand side of (56) take values in HO(F,F) ®1,
therefore they can be regarded as linear maps m& : HY(F, F)*"—H"(F, F).
This is a deformation of the original A, structure. Although we have fo-
cused on odd cohomology classes, one can write similar formulae for even
cohomology classes paying special attention to signs. We will not give more
details here. Note also that multivariable closed string deformation can be
treated along the same lines.

5 A Concrete Example — Lines on The Fermat
Quintic

In this section we apply our construction to lines on the Fermat quintic
threefold X. The Landau-Ginzburg orbifold is given by the superpotential
Wia = acg + ...+ :1:;? with a G = Z/5 orbifold projection z;—wz;, w® = 1.
We consider lines F' on X determined by the linear equations

xo — no1z1 = 0, x9 — na3xs = 0, x4 =0 (58)

where n3; = 133 = —1. The associated Landau-Ginzburg brane is a tensor
product factorization of Wy of the form
F=PUV o P2 071" (59)

701 123
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in the notation of section 2.

For computational purposes, it is very convenient to write the tensor
product (3) (4) in terms of free boundary fermions, as explained in section 3
of [3]. We introduce a set of anticommuting variables satisfying the algebra

{7, 13} = {Ta,Tg} =0 and {Ta, T3} = dap a,f=1,2,3.
(60)
Then the map f = f1 D fo: F1 ® Fo—F1 ® Fy can be expressed as a linear
combination

f = (zo —no121)m1 + Quoy T1 + (T2 — 12323) T2 + Qupoy T2 + w473 + 473, (61)

where @), has been defined below (7). By choosing a suitable representation
of the complex Clifford algebra one can recover the block matrix expres-
sions for (fo, f1). In this formulation the cochains in the morphism com-
plex H(F,F) can be written as linear combinations of monomials 7/7/ =

H3 Wé(aﬁaj @ With polynomial coefficients

a=1
= & ()7, (62)
1,J

where I(a), J(a) take values 0,1. The Z/2 grading is given by Zizl(l(a) —
J(a)) mod 2 and the differential D is given by the graded commutator

D=1f, 1 (63)

In the absence of an orbifold projection, the endomorphism algebra of
the morphism spaces H*(F, F) can be determined in terms of the morphisms
spaces of the individual factors using the algebraic Kiinneth formula [3]. In
terms of free fermions, this means that the cohomology representatives of
the morphism complex (H(F, F), D) can be written as

3 3
I (o) =J(
o=Jle=11 > ®rwis@m7 (64)
o=l a=l1(a)J(a)

The &, are cohomology representatives for physical morphisms of the in-
dividual factors. For future reference we denote by D(® the corresponding
differentials. In the presence of an orbifold projection, we have to project
onto invariant morphisms. An efficient implementation of the orbifold pro-
jection can be achieved by assigning morphisms charges corresponding to
irreducible representations of the orbifold group G = Z/5. Then we keep
only morphisms of charge 0 mod 5. We have defined the action of the orb-
ifold group on the fields z; such that each of them is assigned charge 1. If



540 OBSTRUCTED D-BRANES IN LG ORBIFOLDS

we further require that f given in (61) be neutral, the charges of 7, and 7,
are fixed to be respectively —1 and 1.

Let us now explicitly construct the endomorphisms. We begin by study-
ing the cohomology of D). Using the anticommutation relations (60), and
making a linear change of variables

1, 1
Yo = 5("7011950 + 1), YL = 5(% — N0171),
we find that DM acts on generic bosonic and fermionic morphisms as

DW - (aymi 7y + biftymy) = (b1 — a1) {2 Y171 — (l/il + 103, Y1y + 5n0, yg)ﬁl}

DW - (symy + t171) = 26141 + 51 (yil + 1075, y7Y5 + 57 yé) :

(65)
where ay, b1, t; and s; are polynomials in yp and y;. Here, our notation
is as follows: the coefficients that appear in morphisms in the k-th fac-
tor are denoted (ag, by) for the bosons and (sg, tx) for the fermions. All
fermionic morphisms that satisfy the closedness condition are necessarily
exact, so there are no nontrivial fermionic morphisms in the cohomology of
DM There are instead nontrivial bosonic morphisms, of the form

a1(7T17_T1 + 7_Tl7T1) = qaql with ay € C[yo]/yé .

This result also holds for the cohomology of D® | with yy and y; replaced
by
1, 1

Y2 = 5("723 T2 + 963), Yys = 5(3«“2 — 12323).

In the following for simplicity we will consider an object with 17 = 191 = 193 .

Next, we consider the cohomology of D®). The action on bosonic and
fermionic morphisms is

D(3) . (a37T37_T3 + b37_Tg7T3) = (b3 — ag) [.21?4 Ty — xﬁi 7_T3] (66)
DB . (s3ms + t3T3) =tz x4 + S3 xﬁi ,

where now all the coefficients are polynomials in z4. In this case we find
only one bosonic morphism, the identity, and one fermionic morphism, of
the form

T3 — Cciﬁ'g .

Now we can construct the endomorphisms of F by taking tensor products
as explained above. If we further project onto operators of charge 0 mod 5,
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we are finally left with three bosonic and three fermionic endomorphisms:

I S:yo(ﬂ'g—.’ﬂzﬁ'g)
U=ysys1 T = ya (73 — 2373) (67)
V=ydysl U-5=V-T=yy; (n3 — x}73)

This agrees with the geometric result

Ext’(F,F) = C, Ext?(F,F) = C?
FF (68)

Ext!(F,F) = C?, Ext3(F,F) = C,

taking into account equations (16). A more refined comparison with the ge-
ometric morphisms can be obtained by constructing an explicit isomorphism
between the derived modules (13) and (14) as in section five of [3]. Without
giving the full details here, the outcome is that the first two fermions in (67)
can be identified with generators of Ext!(F, '), while the third fermion can
be identified with a generator of Ext?(F, F).

In order to be able to compute the products A, we still need to define an
odd operator § : H(F, F)—H(F, F) as explained in section three. Roughly
speaking this involves two steps: a projection onto exact cochains followed
by a choice of trivialization of exact cochains with respect to D. In fact,
we will only need to evaluate ¢ explicitly on D-closed bosonic morphisms,
which have a simple form: they are polynomials multiplying the identity. If
a morphism of this form contains any nonzero powers of x4, it is exact and
(66) shows that we can choose a trivialization

5(P(y0,...y3,x4) ac4]l) = P(yo,...Yy3,24) T3 (69)

where P denotes a generic polynomial. If the morphism is independent of
x4, but it contains any powers of the variables y; and y3, then it is still
exact and it can be trivialized (using (65)) as

1

§(P(yo, .- -y3)yr 1) :P(yOw--yS)?a (70)

and analogously with y; replaced by y3 and 71 replaced by 7. Finally, a
polynomial that only depends on the variables yy and y; is exact if it is of
degree 4 or higher in either gy or yo . In this case

5(P(yo,y2) Yo I) = P(yo, y2) (—gm + (n3 y1yg + 1—77011?) 7?1) (71)

and similarly for #3. In principle we can extend the construction of § to

more general cochains by linearity, but we do not need to do this here.
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Consider an arbitrary linear combination of fermionic endomorphisms of
the form

® =1 S+ T = (yoth1 + y2¥2) (w3 — zi73). (72)

We next determine the products \,, m, introduced in section 3 using the
defining relations (25) (26) and the anticommutation relations (60). At the
first step we find

A2 (@F%) = % = —(yo 1 + Y2 1h2)” 2. (73)

We see from (69) that this is exact. Thus dAg(®%?) = —(yo V1 +y2 ¥2)? 23 73
and mgy = 0. Similar calculations yield the following formulae for the remain-
ing higher products up to order fifteen. For example we have

A3(@9) = {a, 602} = —(yoth1 + y2 ¥02)* 2]
m3(2%) =0, X3 = —(yo 1 + y22)” 2473
M (@) = —{a, 003} — 0X20Xa = (o1 + y2 ¥2)* 74
ma(®%) =0, 6Xs = (Yotb1 + y2)* 73 (74)
As(®25) = {a, Mg} — {6Ag, 6o} = (yo b1 + 2 a)°
ms(09°) = 1047 3 yi 3 + 1097 ¢35 45 s
=10 (L3 YR U + o 3 V).

Using (71) we can write

X5 (D9°) = (47 yo + 512 ya) [—gm + (773 y1yg + %yi‘)) 771] 75)
75
+ (45 y2 + 545101 o) [—gm + (773 Y3y + %yg) 772]
Since 6A5(®®?) anticommutes with ®, the next non-zero product is
Ao(€1%) = 0Xs - 65 = — g(lb? Yo + 59itba y2)” (773 y1yg + 1%3/%)
N5 4 2(3 2, 1M 3 (76)
- 5(% Y2 + 5311 yo) (77 Ysya + Eyg) :

This projects to zero in cohomology because y; and y3 are exact. The next
non-zero product is A15(®®'%) and this time we obtain a non trivial element
in cohomology:

3 5 3 5
@15y _ (2 13,2 ° 112 3 92 13,2, 2 12 3
mis(0%19) = (S ot v + Su? vl ) U+ (S udt el + S el?ud) v ()

Proceeding similarly, one could compute in principle products of arbitrarily
high order. Next we perform similar computations in the presence of closed
string perturbations using the method developed in section four.
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5.1 Lines on a Perturbed Fermat Quintic

We now add a one-parameter perturbation to the superpotential of the form
Wra(zo, ..., w4,t) = x5 + ... + a5 +tG(wo, ... ,24), (78)

with G(x;) a homogeneous polynomial of degree 5. As explained in section
four, the complex parameter ¢ should be promoted to a dynamical variable,
obtaining a higher dimensional Landau-Ginzburg model. The object F in-
troduced in section four takes the form

—(0,1 (2,3 —(4 N,
P P oY @ | Clai,t) - )C[:cl-,t] . (79)

Although this object is constructed as a tensor product, in this case it is not
possible to determine its endomorphisms applying the Kiinneth formula.
The reason is that, taken separately, the perturbation ¢tG(z;) does not have
isolated critical points. Therefore the space of endomorphisms of the last
factor in (79) is infinite dimensional. Instead one has to perform a direct
analysis as in appendix A. In addition to fermionic morphisms obtained by
multiplying H'(F, F) by the identity, we obtain one extra generator = if
the perturbation G is a trivial bosonic cochain in the complex (H(F, F), D).
Moreover, = corresponds to a horizontal deformation of the curve F' in the
total space of the family (78). There are other generators as well, but they
correspond to higher Ext elements in the geometric phase.

In terms of free fermions, the differential D in the deformed theory is
defined as in (68), with f replaced by

fi=f+tm+ G($i)ﬁ'4.

Here we have introduced a fourth pair of fermionic variables (4, 74) so that
now the indices «, # in (60) run from 1 to 4. These have orbifold charge
zero. In this notation,

—_
—_——

= =G T T4,

with D - ¢ = G. We should note that this additional morphism has by
construction orbifold charge zero and it is thus a true endomorphism in the
orbifolded theory. Note that = does not depend explicitly on ¢, although
t is a dynamical variable. However, one can check that an infinitesimal
deformation of F parameterized by aZ is equivalent in the geometric phase
to shift t—t 4+ «. Therefore o should be thought of as a closed string
modulus, as also explained in section 4.
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Let us now consider an example and compute the products m, for a
particular choice of perturbation. We take

2,2
G =xoxy1],

and in this case, one can check using (71) that the new fermionic endomor-
phism is of the form
B = xq 22 x4 T3 — T4 (80)

The deformed products m& (#®™) can be determined recursively as explained
in section 4. The contributions to the m¢ that are indepedent of o remain
the same as before. The nonzero a-dependent contributions up to order
nine, are

m3 (@) = an® (V1 U + 26102 V)

mi(@91) = —a® 1 (249, U + 4 V) (81)
(@) — o T (4§ U + 20301 V).
100

In principle, such computations can be performed up to arbitrarily high
order.

At this point we should think about the physical meaning of our results.

As anticipated in the concluding remarks to section 3, the moduli space
equations

Z(_l)n(n—l—l)ﬂmn(q)@n) -0

n>1
are not integrable i.e. the resulting analytic space cannot be written as
the critical locus of a superpotential W. This problem occurs because with
our choice of §, the resulting higher products do not satisfy the cyclicity
condition with respect to a nondegenerate bilinear form on open string states.
However the A, products do encode the physical information needed for
writing down a D-brane superpotential, except that we have to perform
homotopy transformations to make it manifest. We will do this explicitly
after constructing D-brane moduli spaces in the geometric phase. Then we
will show that the geometric and non-geometric moduli spaces agree up to
homotopy transformations.

5.2 The Hibert Scheme of Lines on The Quintic

a) Undeformed Case

We will first consider the Hilbert scheme of lines on the Fermat quintic
X. According to [2] the Hilbert scheme of lines on X has fifty irreducible
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components, each component being isomorphic to a quintic curve in P2. The
corresponding families of lines on X span fifty cones C;; determined by the

equations
4

€Ty — nijxj = O, Z CCZ =0 (82)
k=0,k+£i,j
where i # j and 77% = —1. There are ten possible choices for the pair (i, j)

and five independent choices for 7;; giving fifty components as stated above.
Note that each of these components is a cone with apex V; = {z; = n,z; =
1,z =0,k #1,j} over the quintic curve Zi:()’k#m z3 = 0 in the projective
plane z; = x; = 0. These cones are not disjoint; for example C;; and Cy
with (4,7) # (k,1) (as unordered pairs) share a common line

x; —ni;x; =0, T — My = 0, Ty =0 form #1475, k, 1. (83)

Without loss of generality, we can take i = 0,7 = 1,k =2,l =3,m =4 in
(83). We denote by F the line

xo — no1x1 =0, x9 — na3xg = 0, x4 = 0. (84)

Our goal is to determine the local analytic type of the Hilbert scheme at the
point F.

The Hilbert scheme of lines on a quintic hypersurface can be represented
as a complete intersection in the Grassmannian G(2,5) of lines in P4 [22].
Here we would like to write down local equations on the Hilbert scheme in
a suitable affine open subset U C G(2,5) containing F. There is a standard
construction for such affine open subsets [21, 22]. Lines in P* are in one-to-
one correspondence with two-planes in C%. In particular the line (83) is the
projectivization of the two plane Ar spanned by the vectors

U1 = [77017 1707070] ) Vg = [070777237 170] . (85)

Choose a complementary 3-plane A% which intersects Ar only at the origin.
The open subset U is defined to be the subset of G(2,5) consisting of all
planes A complementary to A%. This means that ANAS, = {0}, and AGAS =
C®. Moreover, one can choose basis vectors vy (A), vo(A) for each plane A € U
of the form

v12(A) = AN (AR +v12) (86)

This defines a system of affine coordinates on U. We take A}, to be generated
by

v3 =1[0,1,0,0,0], vy =1[0,0,0,1,0, w5 =1[0,0,0,0,1]. (87)
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Then it follows by some elementary linear algebra that U is isomorphic to C,
and one can define affine coordinates (a1, 81,71, @2, f2,72) on U by choosing

v1(A) = [no1, 01,0, B1, 7, vo(A) = [0, a2, 123, B2, V2] (88)

Therefore an arbitrary plane A € U has the following parametric form
[To(u,v), ..., 24(u,v)] = [Mo1u, a1u + agv, ne3v, Bru + Fov, y1u + Y2v] (89)

where (u,v) € C? are complex parameters. The condition for a line pa-
rameterized by a point (a1, (1,71, @2, f2,72) to lie on the Fermat quintic is
that

—u® + (aqu + ozgv)5 — 0+ (Bru+ 521))5 + (mu+ ’ygv)‘r’ =0 (90)

for any (u,v) € C%. By expanding the binomials in (90) we find that the

local equations of the Hilbert scheme in U are
ol + 07 +97 ~1=0
ajag + BB+ 7v2 =0
afad + G105 + 7175 =0
afad + F105 + i =0
arah + 1By + 1y =0
as+ B3+ —1=0.

We want to find the analytic type of this variety at the point F' given by

a; = 1,60 =0,11 = 0,ap = 0,08, = 1,7 = 0. Let us first perform the
coordinate change

o =a; — 1, ) Pi=B, Fi=m (92)
w=ay,  fe=P—-1 Y=

so that the new coordinate system is centered at F. The equations (91)
become

&+ 20% + 20t + &+ ¢ (aF + 5 +40) =0

Gy + (401 + 633 + 481 + &) @ + B(1+ Bo) + 317> = 0

(1+a@)%a5 + B7(1+ B2)” + 7175 = 0

(1+a)%a3 + B (1 + B2)* +7135 = 0

B+ (482 + 683 + 475 + 51) B + (1+@0)a3 + 5175 = 0

(93)

- e o~ 1 o~
Bot 283 + 28+ B+ - (B+ B +733) =0
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We denote by Hy,..., Hg the polynomials defined by the left hand side of
the above equations so that Z = (Hy,..., Hg) is the defining ideal of the
Hilbert scheme in U. The local ring of the Hilbert scheme at the point F' is
the localization of the quotient ring

Q = Clay, B1,71, @2, B2, 32) /T

with respect to the maximal ideal mp C Q. The later is generated by the
images of ag, Blﬁl, Qo, 52, Y2 in Q, therefore Q,,, is isomorphic to the ring
of fractions of the form 5, where g € Q \ mp. The local analytic ring of
the variety (93) at F' is given by the mp-adic completion of Q,,,. This is
isomorphic to the quotient ring

C[[&laﬁlv?la&%g%?ﬂ]/j'

where C[[ay, Blﬁl, s, Bg, 72]] is the ring of formal power series in six vari-
ables and 7 is the ideal generated in it by the polynomials (93). Let us
perform the coordinate change

$1 = a1 + 287 + 2a3 + af + %(al + 537,
b = dis + (401 + 602 + 435 + &) as + BE1 + Ba),
p1=P1+ (432 + 603 + 4053 + B3)1 + da(1 + ), (94)
pr= Do+ 20 + 98 + B+ 2@+ ),
Y1 =71, Y2="2
This is a nonsingular coordinate change in the ring of power series because its

Jacobian matrix is nonsingular at the origin. Up to degree five, the inverse
transformation reads

_ 399 1
m:¢1—2¢%+6¢§—21¢%+?¢§’—gpiur...,

o = ¢ — A1 + 18022 — 8430 — pi + 39991 b2 + 4d1pT + 15pipa + ...,
B = p1 — 4p1p2 + 18p1p5 — @3 — 84p1p + 399p1p5 + Adspy + 1515 + .. .,

3. 399 1
B = pr =203+ 6p3 = 20p3 + “p3 — 203 +
(95)
We can rewrite the first and last two equations in (93) as
1 5 A
¢1 + gwl = 0, ¢2 +¢1¢2 B 07
(96)

1
p2 + 3w3 =0, p1+1s =0.
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Substituting these in the remaining two equations in (93) we obtain the
equations describing the local analytic structure of the moduli space

Y33 + 3 + iPd — 3% + iBys — 23dT + B2 + 2yfsT — Syddt + .. =0,

VIS + il — 1Py + PTes® — 200 TY8 + Ts® — 3PS + 24 ¥ +( w%)w%?’ +..=0.
97

b) Deformed Case

The above computation can be fairly easily extended to the relative
Hilbert scheme of lines associated to a family of quintic hypersurfaces. Let X
be such an m-parameter family of parameterized by T" = C™. The defining
equations of X in P* x T are of the form

e+ 4.y 0Gi(x) + .+t Go(x) = 0. (98)
Consider the curve F' C X determined by the equations
ro =111 = 0, x2—1n3w3 = 0, x4 =0, ty=...=ty, =0.(99)

Obviously, F'is embedded in the central fiber Ay. We would like to determine
the analytic type at F' of the relative Hilbert scheme of lines for the family
(98). Since the parameter space is a linear space, this is equivalent to finding
the local analytic structure of the Hilbert scheme of lines in the total space
X at F.

We will proceed by analogy with the previous case. The Hilbert scheme
in question can now be represented as a complete intersection in G(2,5) x T'.
Its local defining equations in U x T follow from a condition of the form

—u® + (qu + azv)® —v° + (Bru + Bov)® 4+ (y1u 4+ 12v)° + K (t1, ..., tm,u,v) =0,
(100)
for any values of (u,v) € C?. Here K(ti,...,tm,u,v) is a polynomial ob-
tained by substituting (89) in the perturbation G = t1G1(z)+. ..+t G ().
By expanding all terms in (100), we obtain a system of polynomial equations
which determine the ideal of the Hilbert scheme in C[ay, 81,1, 2, B2, V2] X T.

For concreteness let us consider a one-parameter family defined by the
perturbation G = xoxgx?l. Then the local equations of the relative Hilbert
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scheme in the neighborhood U become
~ ~ I T
a1+2a%—|—2a‘z’—|—0/11—|—g(0z1 +ﬂf+’yir’) =0,
Gy + (481 + 637 + 437 + a1a + G (1 + o) + 7152 =0,

~ ~ ~ ~ ~ o~ N o t_
B+ (4B + 6033 + 463 + [3) 1 + ds(1 + a1) + 7175 — =75 =0,

5
] 72 =3z, L5 3 s (101)
B2 + 285 + 205 +ﬂ2+g(a2+ﬂz +75) =0,
"~ a9 ~ ~ L t
(L+a)%a3 + Bi(1+ B)* + 417 — 757 =0,
N9 ~ ~ ™ t_
(1+a1)%as + BT (1+ B2)® + 37175 — =172 = 0.

We perform the same coordinate change as described in (94) and rewrite the
first four equations in (101) as

b1+ 9T =0, 6+ Pla =0,
(102)

1 t
P2 + gwé =0, p1— gwg + Y195 = 0.

Substituting now in the last two equations in (101) and using (95), we obtain
the following equations

t3
125

t t? 2t t?
— Ui + ooy YT — Sl + ol R £ =0,

t 32
— VL T + oYl — Sl Ui 4. =0,

(103)

5.3 Homotopy Transformations — Landau-Ginzburg Phase

Let us recall our results for higher products in Landau-Ginzburg phase. For
simplicity, we shall denote H* = H¥(F, F), k= 0,1 as in section 3.

a) Undeformed Case

After a trivial rescaling, we have
ms(®F°) = YisU + yivsV
3 1 3
s (0917) = (—w%%% + Zw%w?) U+ (—

100 100

1
Yo vl + Zwé’w%?) V.
(104)
We would like to prove that all products m,,, n > 5 can be set to zero by

performing homotopy transformations. That is the A, structure (104) is
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homotopic equivalent to a new structure defined by m/, : H*"—H, n > 1
so that

feeny ) ms, ifn=25
my (27) = { 0, otherwise (105)

Since we do not have closed formulae for all the products m,,, we will only
check this claim up to degree fifteen. Recall that a homotopy transfor-
mation between two A, structures is given by a sequence of linear maps
fn : H®"—H of degree 1 —n, fi; =1, so that

DT (T @m @ I1%) =Y (=1)7my (fiy, ® fiy @ fi, ® - @ fi,).

(106)
The sum in the left hand side of (106) runs over all decompositions n =
r+s+t, and u =r +t+ 1. The sum in the right hand side runs over all
1 <r < n and all decompositions n =i +---+1i,, and o = (r —1)(i; — 1) +
(r—2)(ia— 1)+ -+ 2(iy—2 — 1) + (i,—1 — 1). In addition, when applying
these formulae to elements, we have to take into account the Koszul sign
rule

(fog)rey) =(-1)7f(z)®gy), (107)

where g,  denote the degrees of g and respectively x.

For a more transparent understanding of the homotopy transformations
(106) let us study their action on n-uples of the form (1S + o1, ..., 1S + o T).
Note that f;, (1S + T, ..., Y1S + 1oT) takes values in odd cohomology
since all arguments are odd and the degree of f;, is 1 — i5. Taking into
account the signs, it follows that the right hand side of (106) represents the
effect of a field redefinition of the form

D — D+ fo( D, D)+ ...+ fuD,..., D)+ ... (108)

on the products m,(®,...,®). To interpret the terms in the left hand side,
recall that the moduli space is defined by

D (=)D 2y, (8%1) = 0. (109)

n>1

Moreover, homotopic equivalent A, structures should produce isomorphic
moduli spaces. As explained above, the terms in the right hand side take
into account the effect of automorphisms of the ring of formal power series
C[[Y1,12]]. Apart from ring automorphisms, the analytic type of the moduli
space should also be invariant under a change of generators in the ideal
defined by (109). Such transformations on ideal generators are encoded in
the left hand side of (106).



S.K. ASHOK, E. DELL’AQUILA AND D.-E. DIACONESCU 551

In the following we will show that in the undeformed case the higher
products can be set in the form (105) up to degree fifteen using only field
redefinitions of the form (108). Let us write

Jo (1S 4+ 2T)¥™) = (W1, 12)S + (1, 92)T, n > 2 (110)

where p, (11, %2), ¢, (11, 12) are arbitrary homogeneous polynomials in (1)1, ¢2)
of degree n. We also assume that the f, act trivially on even elements so
that (106) yields

my, (V1S + o T)%") Zmr Fir (1S 4+ D)), oL fi (1S + ¢ T)™M))

(111)

Taking into account the sign rule (107) all terms in the right hand side of
equation (106) have sign + when evaluated on fermionic elements.

Then some straightforward linear algebra shows that we can choose p,, =
gn = 0 for 2 < n < 10. Setting m/)y to zero, we obtain the following linear
equations for p11, q11

3¢ivspi1 + 2¢3haqy = — <100¢%3?/’2 + ¢1 )
(112)

201ap11 + 3ivaqi = — <100 Sp7 + ¢2¢ )

which has the unique solution

P
500

V2

10
500 (41¢ —69¢Y7").

(113)
Proceeding similarly, we can in principle set all the higher order products
to zero unless at some order, the resulting linear system has no polynomial
solutions. We do not know if such an obstruction arises, but we conjecture
that it is absent.

P11 (Y1, 1h2) = ——(4191% — 69y3"), q11(Y1,12) =

b) Deformed Case

We rescale again the Ao, coefficients by a trivial constant factor, and we
also set n = —1 for simplicity. Then we obtain

m (89%) = — 15 (VU + 20142V )
@) = & (2 U 4 g4V

my ( )—E< Yy U + 1y )

mg(®%%) = ¢{y3U + i3V

3
Q 6 2 4
1000 ( 2U + QW”IV)'

(114)

mg (%) =
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In this case it is straightforward to check that any homotopy transformation
will leave the first two products unchanged, that is

M@ =mf (@) =0, @) = m§ (@) = — (VU + 20142V ).
(115)

Next, we will try to set all higher order products except mg(®®*) to
zero by analogy with the undeformed case. The third product is zero, so
we do not have to perform any transformation in degree two i.e. fo = 0.
The fourth product is more interesting. Making equations (106) explicit and
using (115) we obtain

mlg(q)’ ¢7 ¢7 q)) + f3(mg(q)7 q))a (13, @) - f3((1>7 mg(¢7 q))a (I>) + f3((1>7 q)a mg((ba q))) =
mg (2, @, @, @) + my (f3(P, @, @), @) + m3 (P, f3(¢, P, P)).

(116)
Writing again

S3 (1S +12T)®") = p3(v1,1h2)S + q3(¥1, ¥2)T (117)

we can evaluate

« (6] «
my(f3(®, P, ®), P) +m3 (P, f3(2,P,P)) = —gp:ﬂﬁlU — —p3aV — EQS¢1V-

5
(118)
Then the right hand side of equation (116) becomes
© g — o ) U+ (St~ Cpn — Zaun ) V (119)
o5 V201 = FP3v1 50 V2 T P2 T 5B )

while the left hand side reads

m'y (D, P, P, ®) + f3 (—%w%U — %¢1¢2V,¢1S + T Y0 S + ng) + permutations.
(120)

Note that the term —%£g311V that appears in (118) can be absorbed in the

definition of f3(m2(®,®),®,®) in (120) and we can set g3 = 0. Now it is

clear that in order to eliminate the term g—; Y3V in m$(®®*) we have to

choose

b= St 21
Then formula (119) reduces to

a? g

%wzwlU- (122)

This term can be removed by a judicious choice of f3 in (120) and we can
set m/{(®%4) = 0.
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Proceeding similarlgy, it is straightforward to maintain m's (®®°%) =
mg(®®°) by choosing f; = 0. However, the degree six product is more
interesting. Taking into account fo = f; = 0, the right hand side of (106)
bcomes

m (@9°) + mg (9, f3(9%%)) + mg (@, f3(2%), @%7) +.

(@), 05%) + m§ (f5(9%7), f5(2%) = (250w2 -ty ).

(123)
The left hand side of (106) reduces to
m'g (%) + Y (=1)"f5 (2% @ m§ (@, D), %) =
r+t=4
(124)
(I)®6 (I)®r _g 2r7 E (I,®t )
r;f( TR0 — SV, o)

It is clear that we can remove the term %ngv from (123) by a judicious
choice of f5. However, since f5 is linear we cannot change the term %ng
because the coefficient of ¥ in (124) is zero. This is an obstruction prevent-
ing us from setting m/g (®®°) to 0. Therefore, up to order six, the deformed
Ao structure (114) can be set in the form

m'5(@9%) =~ (VU + 201 vaV)
m's (9%%) = (¢1¢2U+7/)1¢2V)) (125)
m§(@%%) = 2y,

In principle we can carry out this algorithm up to arbitrarily high order.
Note that a priori there is no canonical form for the A, coefficients. For
example, by making different homotopy transformations one can set the Ao,
structure in the form

m'5(0%%) = — (ViU + 261 aV)

2
m'y (®%1) = g—o (413U + V) (126)
m'5(2%%) = (V13U + viyiv))
m'g (®%9) = 0.

However the important lesson we should draw from this computation is that
the higher products contain non homotopically trivial a-dependent terms
beyond the leading order n = 2. Presumably, this information should be
properly encoded in certain homotopy invariants of the A, structure. We
will leave this question for future work.
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Note also that in the original form the moduli space (109) cannot be rep-
resented as the critical locus of a D-brane superpotential W (1)1, 19). How-
ever the moduli space associated to the Ay structure (125) can be written
as the critical locus of

043

7
TR (127)

1
W (e, ) = Suied — Toutvn +

at least up to order seven. Alternatively, using the products (126) instead
we find

L 55 a o ao? 4
W (W, 0n) = g0t — fouvs — Zsundd + .. (128)

Note that the leading term in this expression was conjectured in [7] starting
from enumerative considerations. See also [12, 35]. Here we have derived it
from Landau-Ginzburg considerations together with the first two homotopi-
cally nontrivial closed string corrections.

The fact that the superpotential is only uniquely defined up to homotopy
transformations may seem puzzling from a physical point of view. However,
recall that so far we have been working exclusively in the framework of
topological string theory. In a full fledged superstring theory, we would also
have to specify a kinetic term and a measure on the space of massless fields.
Usually most physical situations would require a specific canonical form for
these quantities, in which case the superpotential will also be uniquely de-
termined!. We hope to address this problem elsewhere.

To conclude this subsection, note that the above homotopy transforma-
tions are equivalent to a change of basis in the moduli space ideal (109)
followed by an invertible coordinate transformation. Let us write the equa-
tions (109) in the form e; = ea = 0 where

er = 03— Syt g+ 2y

PR a0 Tas e 000 2 (129)
3,2 & o 40’y

€2 =11 — g¥ihe + oo + pptavn +

Now perform the following transformation

(%
6/1 = €1 + E@Z)geg

o2 (130)
eh = ey + %Tﬂ%%el-

"We thank Mike Douglas for a very useful discussion on this point.
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We obtain

o a? 303
6,1:¢%¢%—E¢%+%¢%¢l+m¢g+--- (131)
131

= U3t — S + S+
2 — 2 1 5 192 50 2 e e e e
Next, after change of variables of the form
~ a ~, ~
lbl:lbl-i-mlb%—i‘--- Py =Pa+ ... (132)

formula (131) becomes

/7J3J2_gl;2+04_31;6+
~ A~ a~~
e§:¢%¢%—3¢1¢2+--- :

This is in agreement with (125). In the following we will carry out a sim-
ilar algorithm for the moduli space equations in the geometric phase, and
show that they agree with the Landau-Ginzburg results up to homotopy
transformations.

5.4 Homotopy Transformations — Calabi-Yau Phase

a) Undeformed Case

Proceeding as above, let us write the equations (97) giving the generators
of the moduli space ideal in the form e; = eo = 0, where

er = YPUSHUT YR+ Y — Ui+ S - 20 TS+ 20T BT+

e2 = YTUBHUTUS — U U3+ PT U 200 TS+ U = BU Y+ 20 TS T
Let us perform now the following coordinate transformation

437 394 T

1 =1 = 200+ 200 o — GO - l® — i + Ol - e
b i+ S T s 10 g B0 gagis 2L g,

PR CIARAr, SR LA e AL B Rt
S Aty s R L Ly AL L

(134)
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We now obtain s
e1 = Pis +
= Piys +
Although we can not prove that all the terms of degree higher vanish, we
conjecture that that is true.

(135)

b) Deformed Case

We write now the equations (103) for the generators of the moduli space

ideal in the deformed case as e = e = 0, where

t 3¢
ef = — gl + vivd + 125% S5 V1vs + vis +

t t2 2t t2
€ = —Eunty + oet + UTYE — TUnh + oy + UfYE +
We first perform a change of variables of the form
~ t ~ ~
Y1 =11+ g%)’a o = 1o. (136)

We obtain

2507/)2 + ¢1¢2 + 7/)17/)2 (137)

o~y 1~

Eﬁ - %1#1?/)% + P05 +

t~ ~ ~o ~ ~ ~
€5 = — Ui +UTYF + Y05 +

Next, we perform the following change of generators

U t"‘" U
d d 2,d d d
1 =4~ g% €y = €. (138)

The new generators are given by

d = ?/)1 +¢1¢2 + 7/)2 + ¢1¢2 ‘H/)l?/b
250 (139)

62 = —glbl% + ¢1¢2 + ¢1¢2 +

We now perform the coordinate change

~ - ~ er By 10~o~
wl::w14—2w1w34-szw34-7;w%w;
5~p~a 15~ ~
;‘I’?‘I’% - 7‘1/1‘113

N B B (140)
Py = Wy — 20§ —
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and obtain the following expressions for the generators

, t ~ 0~ 3~
d 2 3,2 6
=——U NV —
€1 10 1 + 1 2+ 250 2+ 5 (141)

) b oa o
el :—3\111\112+\1/§\I/§+... .

This result is in agreement with (133) therefore providing strong evidence
for the equivalence of the two approaches.

A Horizontal Deformations in Landau-Ginzburg
Families

In this appendix we present a detailed derivation of the odd morphism space
HY(F,F), which plays an important role in section four. For simplicity we
consider a one parameter deformation Wy + tG of the Landau-Ginzburg
model. Recall that F denotes a tensor product factorization of the deformed
superpotential of the form

F=Fo (C[xi,t] _t>C[xi,t]> (142)
G

where t is regarded as a dynamical variable. Let us denote the second factor
in the right hand side of (142) by M;. We will also write the factorization
F of Wi in the form

_ f1
F= <F1 F()) (143)
fo

where Fy, F are free R-modules of equal rank and fy, fi are R-module ho-
momorphisms so that f1fo = fifo = Wrg. Recall that R = Clzy,...,z,].
The tensor product factorization takes the form

o é1
F = <f1 (_f0> (144)
%0

where F1,Fo, ¢1,¢0 are R[t]-modules and respectively R[t]-module homo-
morphisms. Using the general formulae (3) and (4) we have

Fi=F ®g R[t] @ Fy®pr R[t]

(145)
Fo = Fy®gr R[t] ® F1 ®g R[t].
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The maps ¢1, @9 can be written as block matrices

G |t f
¢1—[f1 _(;] ¢0—[f1 _g} (146)

with respect to the direct sum decomposition (145).

The cochains in the morphism complex H(F, F) can be similarly written
in block form. Even cochains are pairs of R[t]-module homomorphisms A :
Fi1—F1, B : Fo—Fp which can be written as

A11 A10 | [ Bll BIO :|
A= . B= . 147
[ Aogr Ao | Bo1 Boo (147)
Odd cochains are pairs (T,S), T : F1—Fp, S : Fo—F; of the form
T Tio | S11 Sio }
T := , S = . 148
[ Tor Too | [ Sor Soo (148)

The differential D in the deformed theory is given by

D(A, B) = (A¢o — ¢poB, —p1A + Bér)
D(T, S) = (¢0T + S¢1,T¢0 + ¢1S)

We want to determine the odd cohomology of this complex. We can use
the equivalence relation (7,S5) ~ (T",5") < (T',5") — (T,S) € Im(D) to
set (7,95) in a special form. Namely we can take Si1,S01,710,Z00 to be
independent of . Note that this is not a single valued parameterization of
the coset space H!(F, F)/Im(D). The cochains of this form are still subject
to residual equivalence relations which will be made more explicit below.

(149)

Substituting (147) and (149) in the D-closure condition D(T,S) = 0 we
find that
Soo=T11=0 (150)
and

So1 = Ton, S10 =To (151)

must also be independent on T'. Moreover we have

foToo + S11fo =0

Toof1 + f1.511 =0

GS11 + folor +Tiof1 =0

— GToo + f1T10 + To1fo = 0.

(152)

Regarding ﬂ_:_(—SH,TOO) and & = (T10,To1) as cochains in the morphism
complex H(F, F'), we can rewrite (152) as

G)B=D-¢ D-B=0. (153)
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where D is the differential of the undeformed theory. This is equation (48)
in section four. The residual equivalence relations take the form

B~ p &0~ fcImD)

¢~ e — ¢ eKer(D). (154)

These are precisely the equivalence relations stated below (48).

Now suppose [ = [ and G is trivializable, that is G = D-¢ for a fermionic
cochain {. Then the pair (&,1) determines an odd cohomology representative
= € H'(F, F) which reads

. 0 T10 I TlO

(& &) la ) 1
in block fo_rm. As explained in section four, the equations of the local moduli
space of F are determined by higher products evaluated on fermionic mor-

phisms of the form Z+A, where A € H'(F, F) is a cohomology representative
in the image of the embedding

(1]

0—H'(F, F)-ZLH(F, 7). (156)

Morphisms in the image of (156) can be written in block form as

(TR B

where ® = (u,p) € H'(F, F). Then it is straightforward to check by matrix
multiplication that all products of the form ZA, A=, =2, A? lie in the image
of the embedding map

0—H(F, F)-ZLHOF, 7). (158)
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