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F-STABILITY FOR SELF-SHRINKING SOLUTIONS TO MEAN
CURVATURE FLOW*

BEN ANDREWS', HAIZHONG LI}, AND YONG WEI$

Abstract. In this paper, we formulate the notion of the F-stability of self-shrinking solutions to
mean curvature flow in arbitrary codimension. Then we give some classifications of the F-stable self-
shrinkers in arbitrary codimension. We show that the only F-stable self-shrinking solution which is a
closed minimal submanifold in a sphere must be the shrinking sphere. We also prove that the spheres
and planes are the only F-stable self-shrinkers with parallel principal normal. In the codimension
one case, our results reduce to those of Colding and Minicozzi [6].
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1. Introduction. Self-shrinking solutions often arise as tangent flows at singu-
larities of the mean curvature flow, and so are very important in the study of mean
curvature flow. A ‘self-shrinker’ is a time-slice of a self-shrinking solution, which is
then an n-dimensional submanifold in the Euclidean space R™"? satisfying

oL
(1.1) Hz—%, zo € R"P 0 < tg € R.
0

We refer the readers to [6, 7, 8, 9, 10, 18] and the references therein for more infor-
mation on mean curvature flow and its self-shrinking solutions.

There are many interesting works about the classification of self-shrinkers in recent
years. Most recently, in the paper [6], Colding and Minicozzi studied the entropy
stability of self-shrinkers in the mean curvature flow (in the case p = 1). Given
xo € R™P and to > 0, the functional F,, ¢, is defined by

_lz—xg?

(1.2) N
M

which can be traced back to Huisken’s Monotonicity formula [8]. The critical points
of Fg, .+, are the surfaces shrinking to zo at time ¢y. The entropy functional A = A(M)
is the supremum of the F functional over zg and tg:

(1.3) AMM) = sup Footo (M).

2o ER™ TP 15>0

The entropy is non-increasing in ¢ along the mean curvature flow, and its critical
points are precisely given by self-shrinkers.
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A self-shrinker is called entropy-stable if it is a local minimum for the entropy
functional. One is more interested in the stable self-shrinkers since the unstable ones
could be perturbed away, thus may not represent generic singularities. Colding and
Minicozzi [6] showed that the shrinking spheres, cylinders and planes are the only
entropy-stable self-shrinkers under the mean curvature flow. Their proof involves
three main steps:

1. Show that entropy-stable self-shrinkers that do not split off a line must be
F-stable;
2. Show that F-stability implies mean convexity (i.e. H > 0);
3. Classify the mean convex self-shrinkers.
See the definition of F-stable in section 5.

In higher codimension case, the key step in the classification of entropy stable
self-shrinkers is also classifying the F-stable self-shrinkers. In this paper, we first
formulate the notion of the F-stability for self-shrinkers in arbitrary codimension.
In section 3 and 4, we will calculate the full first and second variation formulae of
the F-functional. The F-stability of a self-shrinker is related to the eigenvalues of a
bilinear symmetric form Z on the space of cross-sections in the normal bundle N M.
In section 5, we first show that the mean curvature vector H of a self-shrinker and the
normal part of any constant vector field in R®*? are eigenvector fields of the bilinear
symmetric form Z corresponding eigenvalues —2 and —1. Then we give an necessary
condition for closed F-stable self-shrinkers, that is {—2, —1} are the only negative
eigenvalues of the bilinear symmetric form Z.

In section 6 and 7, we classify the F-stable self-shrinkers in higher codimension.
As the codimension increases, the situation becomes more complicated. In section 6,
we prove that the sphere S"(y/n) in R"*? is the only F-stable one of the minimal
submanifolds in spheres, and our proof is inspired in part by the work of J. Simons
[15, Theorem 5.1.1] on the instability of minimal submanifolds of spheres.

THEOREM 1.1. Let M™ be a closed minimal submanifold of S**P~1(\/n) C R"*P.
If M is F-stable, then M is congruent to the n-sphere S™(y/n).

Next we consider the special case of “self-shrinkers with parallel principal normal”,
ie, Vtv = 0, where v is a unit length normal vector field parallel to the mean
curvature vector field H. While the parallel principal normal condition may seem
artificial and is not preserved under the mean curvature flow, it does include the
important examples of minimal submanifolds of the sphere S"*?~1. Using the results
of Smoczyk [16] and Li-Wei [14], we show that any F-stable self-shrinker with parallel
principal normal must be the sphere S™(y/n) or the plane R™:

THEOREM 1.2. Letx : M™ — R™P be a closed F-stable self-shrinker with parallel
principal normal. Then M™ is congruent to the sphere S™(\/n).

THEOREM 1.3. Let x : M"™ — R"™P be a complete noncompact embedded F-
stable self-shrinker with parallel principal normal, with polynomial volume growth and
without boundary. Suppose further |A|>—|A¥|? < ¢ for some constant ¢, where A =<
v, A > is the principal second fundamental form. Then M must be the plane R™.

We remark that in codimension one case, our results reduce to Colding-Minicozzi’s
results in [6].

In the last section, we relate the entropy-stability to the F-stability for self-
shrinkers in arbitrary codimension. We show that Colding-Minicozzi’s result that
an entropy-stable self-shrinker which does not split off a line is F-stable also holds
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for higher codimension. Then as Corollaries of Theorem 1.2 and 1.3, we obtain two
classification results of the entropy-stable self-shrinkers.

REMARK 1.1. After we submitted the preprint of this paper to arXiv, we learned
that Yng-Ing Lee and Yang-Kai Lue [11] also obtained the second variation formula
“Theorem 4.1” of the F-functional independently. Moreover, they showed that the
closed Lagrangian self-shrinkers given by Anciaux are F-unstable.

Acknowledgment. The authors would like to thank the referee for helpful com-
ments.

2. F-functional and self-shrinking solutions to mean curvature flow. In
this section, we recall the F-functional, Huisken’s monotonicity formula, self-shrinking
solutions and singularities of the mean curvature flow. Most of the material here is
stated in Huisken and Colding-Minicozzi’s paper for the hypersurface case, but it also
holds for arbitrary codimension without any change in the proof.

Let z : M"™ x [0,T) — R™? be a one-parameter family of submanifolds in R"*?,
which is called a mean curvature flow if the position vector = evolves in the direction
of the mean curvature vector H, i.e.,

ox

(2.1) - =1

Define @, ;o) (x,t) = (4m(to — 1))~ 2 exp(— Lf(;)x_“g) Huisken proved the following

monotonicity formula for the mean curvature flow [8]:

d
(2.2) E/ q)(mo,to)(xvt)d:ut = _/
M, M

A solution of (2.1) is called self-shrinking about (xo, to) if it satisfies

(x — o)t 2

H4+ -
=0

fI)(I07t0)(a:, t)d,ut.

(z — 20)*

A submanifold is said to be a self-shrinker if it is the time ¢ = 0 slice of a solution
which is self-shrinking about (z, ). That is, we call a submanifold x : M"™ — R"*?
satisfying

(z — x0)*

(2.4) H=- TR

a self-shrinker. The F-functional is defined as

_lz—zg|?

]:10;150 (Mt) :(47Tt0)7% / e o dyy
M,

=/ D@ (20,10 (@, 0)d iy
M,

:/ q)(zo,thrt)(xa t)dps-

t

It is easy to see that F-functional is invariant under scalings, i.e., for any a > 0, we
have

]:amo,oﬂto (aMt) = ‘on-,to(Mt)'
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Moreover, Huisken’s monotonicity formula (2.2) implies for ¢ > s,

Foto(My) :/ D (2, t0+4) (T, T)dput

t

S/ D (g, t0+1) (@5 8)dpss

= / q)(wo,to—i-t—s) ({E, O)d,us

s

:]:wo,to-l-t—S(MS)'
The entropy of a submanifold is defined as the supremum of the F-functional

(25) )\(Mt) = sup ]:107% (Mt)

20 ERMHP 14>0

Then for any small positive constant €, there exists a pair (xg,to) such that

AMM) — € < Fug o (M),
and therefore,

AMy) — € < Fagto(My) < Fagtort—s(Ms) < AN Ms).
Since ¢ is arbitrary, we have
A(My) < M Msy), (t > s).

We summarize the result in the following proposition.

PROPOSITION 2.1 (Lemma 1.11 in [6]). The entropy A(M,) defined in (2.5) is
non-increasing in t under the mean curvature flow.

Self-shrinkers play an important role in the study of mean curvature flow, since
they describe all the possible tangent flows at a given singularity of a mean curvature
flow. Huisken [8] first used the monotonicity formula to prove that the flow is asymp-
totically self-similar near type-I singularities. Later Ilmanen and White extended
Huisken’s formula to weak solutions and proved asymptotic self-similarity for tangent
flows at all singularities (see [10]), in the following sense:

At a given singularity (xo,to) of the mean curvature flow, we can blow up by
setting M} = Cj(Mc;2t+t0 — xg). That is, by first translating M; in space-time to
move (xg,tp) to (0,0) and then taking a sequence of parabolic dilations (z,t) —
(¢cjz, c3t) with ¢;j — oo. By using Huisken’s monotonicity formula and the standard

compactness theorem, we can extract a subsequence of MtJ 's converging weakly to
a limiting flow, which will be called a tangent flow at (zg,tp). A tangent flow will
achieve equality in the monotonicity formula, and will be a self-shrinking solution to
the mean curvature flow.

By using Huisken’s monotonicity formula, Colding-Minicozzi proved that

PROPOSITION 2.2 ([6]). Any time-slice of a tangent flow at a given singularity
has polynomial volume growth.

We say that a submanifold M™ in R"*? has polynomial volume growth if there
exist constants C' and d such that for all » > 1, there holds

Vol(B(r) N M) < Cr,
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where B, denotes an Euclidean ball with radius r. The proposition says that any
self-shrinker which arises as the blow up at a given singularity in the mean curvature
flow must have polynomial volume growth.

3. The first variation of F-functional. In this section, we will give a varia-
tional characterization of self-shrinkers. Let M™ be a submanifold in R®*P. In the
following computations we will often work with a smooth local orthonormal frame
field {e;, eq} for R™*P along M such that e; € TM and e, € NM. Throughout the
paper, we adopt the convention that latin indices range from 1 to n and greek ones
from n + 1 to n + p.

We say M, C R""? is a variation of M if it is given by a one parameter family
of immersions X, : M — R with X, equal to the identity. The vector field
% |s=0 Xs = V is called the variation vector field. We only consider the normal
variation vector field V', which can be expressed as V =Y V%,,.

(o7

For the functional F;, ;, defined in the introduction, we say that M is a critical
point for Fy, . if it is critical with respect to all normal variations in M and all
variations in x¢ and t9. Let x4 and t, be variations of xy and to with z;, = y and
ty = h. Recall that the volume element of My C R™? is given by

det
dps = +/det g(x, s)dz = Mduo.

det g(z,0)
We define the function

det g(z, s)

J(z,s) = ,
(z:5) det g(z,0)

and denote hf; the components of the second fundamental form of M in R™**P in a

aphB

given frame. Let H be the mean curvature of M C R™*P, and write 0ap5 = >_ hiihi;,

]

then we have (cf. [13])

(3.1) J'(2,0) = — (V. H),
(3.2) J"(@,0) =[VVP =3 oagVOVE +(V, H)?
o,
+ div(Vy V)T — (Vv V, H),

where V1, div, V denote the normal connection of the normal bundle, the divergence
on M and connection on R™"?, respectively.

Next, we denote the integrand of the functional F_ ¢ (M) by

_lz—=zs)?

I(s) = (47rt5)7%e it
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then by a direct calculation, we get

(3.3) I'(0) =I(0) <—<I;:O,V—y>+h<%—2—7;)>.

1(0) =1(0) [(—ﬁ — 30 gy BBl >)

2to 412 2t
T — Zo,, T — Zo /
3.4 - V—y) — V-
(3.4) () V=w) =5 (V=)
2 2
prele= 2ol oy e ol _3,]
( 42 2t0) ( 412 2t0)

From (3.1) and (3.3), we obtain the following first variation formula:

LEMMA 3.1. Let My C R™P be a variation of M with normal variation vector
field My =V. If x5 and ts are variations of o and to with xfy =y and t;, = h, then
the first variation of F is equal to

0

Fl == ]:xs,ts(MS)
ds s=0
L
= (4nty)~ 2 / [— <H+ M,V>
M 2ty
|z — x> n (x — x0,y) | _lz=zal?
3.5 [ (I L B UL P eV Y
(3.5) +( 4¢3 2t0+ 2ty € oo

Proof. From (3.1) and (3.3), we have

F = / (I'J + 1) duo
M

=(4to) "% /M [_ <H J oo ;tiO)L , V>

_ 2 _ |z—xg|?
T h (% _ %> N @Tfqu =
0 0 0

|

Equations (3.2) and (3.4) will be used in the next section to calculate the second
variation.

From the first variation formula (3.5), we can see that if M is a critical point of
F, then it must satisfy

We will show that the converse is also true, that is a self-shrinker must be a critical
point of the functional F. For simplicity, we only consider zg = 0 and tg = %, ie.,
the self-shrinker equation is

(3.6) H=—zt.
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In the study of self-shrinkers, the following elliptic operator was first introduced
by Colding-Minicozzi! (see (3.7) in [6]):

|z|2

(3.7) L=A— (&, V() =T dive 7 V),

where A, V and div denote the Laplacian, gradient and divergent operator on the
self-shrinker respectively, and (-, -) denotes the standard inner product in R**?. We
apply the operator £ on some natural geometric quantities and obtain the following
basic equations. (cf. [3, 6, 14])

LEMMA 3.2. Let x : M™ — R"*P be an n-dimensional complete self-shrinker,
then

(3.8) L{z,w) =— (z,w),
(39) 5 Clal? =n ~|af?,

where x s the position vector and w is any constant vector.

The operator L is self-adjoint in a weighted L? space. The next two results were
proved by Colding-Minicozzi [6] for hypersurface self-shrinkers but can be stated in
the same way for self-shrinkers in arbitrary codimension.

LEMMA 3.3. If M™ C R*"*P is a submanifold, u is a C' function with compact
support, and v is a C? function, then

(3.10) /M u(ﬁv)e_# = /M<Vv, Vu)e™ ‘m2‘2.

COROLLARY 3.4. Suppose that M™ C R"™ is a complete submanifold without
boundary. If u and v are C* functions with

(E2
/ ([uVo| + |Vul|[Vou| + |u£v|)e*% < +o0,
M

then we get

(3.11) /M u(ﬁv)e_g =— /M<Vv, Vu)e™ ‘12‘2.

We apply the self-adjointness of £ to obtain the following two results. The proof is
simple and similar to that in Colding-Minicozzi’s paper (see Lemma 3.25 and Corollary
3.34 in [6]).

LEMMA 3.5. Let x : M™ — R""P be an n-dimensional complete submanifold
satisfying the self-shrinker equation (3.6), with polynomial volume growth. Let w €

INote that our notation differs from Colding-Minicozzi’s. The difference is due to the different
normalization of the self-shrinker equation (3.6), which is not essential.
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R™P be a constant vector. Then

(3.12) /M (j2]? —n) e F =0,

z|2 z|2
(3.13) / we T =0 = / z|z|?e” 3 ,
M M

2
|z

(3.14) /M (Jz[* = n(n+2)+2/H*) e~ 2 =0.

=12 |2
(3.15) / (z,w)2e™ :/ lwT [2e= %
M M

COROLLARY 3.6. Let M be as in Lemma 3.5, then

(3.16) / (> = n)® —2n]e™ 2 =—2 [ |[HPe .
M M

Now we are in the position to show that (M, g, o) is a critical point of F if and
only if M is a critical point of Fy, -
(xfxg)J‘
T 2t

THEOREM 3.7. M is a critical point for F if and only if H =
g € R™P and ty > 0.

for some

Proof. Without loss of generality, we only show this for xo = 0 and ty = % When
zo = 0 and to = 3, the first variation formula (3.5) becomes

2
[z

11 F = [ (V) bl )+ )

If M is a critical point for F, then it is obvious that M satisfies H = —2. Conversely,
if M satisfies H = —2, then equations (3.12) and (3.13) imply the last two terms in
(3.17) vanish for every h and every y. Therefore M is a critical point of F. O

The equations (3.14), (3.15) and Corollary 3.6 will be used in the next section
when we compute the second variation of the functional F at a critical point.

4. The second variation of F-functional. In this section, we calculate the
second variation formula for the functional F,,+, when M is a critical point.

THEOREM 4.1. Suppose M is a critical point of the functional F, and M is
complete with polynomial volume growth. If My C R™P is a normal variation of M,
Ts,ts are variations of xo and ty with

My=1V, =Y, ty = h,

then for xo =0 and ty = %, we have the second variation formula

'7:1/ = 8_22 ‘Fws;ts (MS)
ds%|,_,
=(2m)"% / [|VLV|2 =Y oapVVE — |V
M

a,p

z 2
(4.1) —2R2[H|? — 4h{H, V) + 2(y, V) — |y ? | e~ = dpu.
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REMARK 4.1. For normal vector field V = Y Ve, we define the operator L+
by
(4.2) (LEV)™ = ATV — (2, e)VE+ > 0agVP + 7V,
aff

where ALV and V4 denote the component of A*V and V1V for the normal vector

field V on M (cf. [2, 3, 12, 14]). Then the second variation formula (4.1) can be
rewritten as

F' =(2r)" % /M [—(V, LV — 202 H? — 4h(H,V)

=2

2 du.

(4.1 2y v) - |yﬂe-

Proof of Theorem 4.1. Since M is a critical point of Fg, +,, it follows from the
first variation formula that

(v — o)+

2tg

|I—$0|2 n _\W;wo\z
- o 1 o dp=0
/M< 412 2% )¢ W

T —x9 _lz—=zol?
e %o du=0.
/M 2ty

H+ =0,

Then from the equations (3.1) - (3.4), we have the second variation of F, ¢, at the
critical point M as following:

F = / (I"J+20'J + 1J")du
M

= (47to) "% / VIV =Y oagVeVP +div (Vv V)" = (Vv V, H)
M a,B

(4.3) +h(M ")/—<(x_x0>/,v—y>—<m,vvv>

42 2 2to 2to

2
v —x0)2 n x — Xo _ lz—aq|?
h|—s——— — —_— o dp.
+( ( 4t3 2to * 2to v ) e T du

The third and fourth integrals on the right hand side of (4.3) can be rewritten as

lz—=zq|2

(4rto) /M (div (Fy V)T — (Vv V, H)) e T du

_ L w—wg?
— (drto)~ % / (Zveﬁvw ei>+<@vv,M>> g
Mo\

2t
n — — T — — L _Jz—= \2
= (4mto)” 2 / ((va’ %> +{(VvV, %)) e~ o du
M 0 0
= (477150)*%/ (VyV, ﬂﬁlﬂa
M 2to
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and can be canceled with the seventh integral of (4.3). The fifth term is given by

<|x—x0|2 n )I_ (x —xo,V — ) _h<|x—x0|2—nt0)

42 2t 212 213

For the sixth term, we have

T — To /_V—y hx—xo
2t T 2t 22

Then for g = 0 and tp = %, the second variation formula (4.3) becomes

F'=(2m)7% /M <|VLV|2 =Y oapVeV?

a,p

+ 4,V = y) — 40 (2 = 5) = |V =y

FR(Je —n) 4 (25)? + 2 (2 — n) <x,y>>e

Using the equations (3.12) - (3.15), and Corollary 3.6, we get

F'=(2m)"* /M {WLVF =3 agVVE — V|2 — 217 H|?
o

* 2
A Y) + 20 V) = B e

|

When p = 1, that is for hypersurface case, we have the following immediate
corollary,

COROLLARY 4.2 (Theorem 4.14 in [6]). Suppose M is a critical point of the

functional F, and M is complete, with polynomial volume growth. If My C R" is q
normal variation of M, xs,ts are variations of xoy and to with

M(S = fent1, 336 =Y, t6 =h,
then for xo =0 and tg = %, we have the second variation formula

2
|z

> dp,

F'~(am) % [ |=gLp - 2P~ ghlH] 20 eni) — e
M
where L is the stability operator defined as

Lf=Af (V) +[APf + f

for smooth function f on M.
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5. F-stability and eigenvalues of Z. In this section, we give the definition of
F-stability for the critical point of the F functional, then consider two eigenvector
fields corresponding to the bilinear symmetric form Z on the cross-sections in the nor-
mal bundle NM and give a characterization of F-stability in terms of the eigenvalues
of T.

DEFINITION 5.1. A critical point M for F, 4, is F-stable if for every compactly
supported normal variation V' of M, there exist variations x, of x¢ and ts of tg that
make F”’ > 0 at s = 0.

In the remaining of this paper, without loss of generality, we only consider the
case zo = 0,%) = % The self-shrinker equation (2.4) is equivalent to

(5.1) H=—zt,
or in terms of the components
(5.2) H = —(z,eq), n+l1<a<n+p.

The first and second covariant derivatives of H have the following components (cf.
3, 14))

(5.3) HS =) hi(x,e;),
J
(54 Ay = 3l e+ 0y = S
k
(5.5) AYH* =3 (z,ex)HG + H* = oapH”.
k B

Let x : M™ — R"™P be a closed self-shrinker. For two normal vector fields
V,W e T'(NM), we set

Z(V, W) :/ (<v¢v, VW) = > aagVeWw? —(v, W>)e‘§””2du
M
of

:—/ (V, L W)e =l gy,
M

From standard facts about elliptic differential operators, we see that Z is a symmetric
bilinear form on the space of cross-sections in N M, which may be diagonalized with
respect to the weighted L? inner product

(V, W), = / (v, We Hel
M

and has distinct real eigenvalues {y; } such that p; < po < psz < --- = +00. Moreover,
the dimension of each eigenspace is finite. In the sequel, we denote W,,; the eigenspace
corresponding to the eigenvalue p;.

PROPOSITION 5.1. Let x : M™ — R"*P be a closed self-shrinker. Then the mean

curvature vector H = " H%,, and the normal part y* = Y (y,eq)eq of a constant
[e3%

«
vector field y € R"™P satisfy

LtH =2H, Ltyt=qy*

3
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where the operator L+ defined in (4.2). Therefore H and y* are eigenvector fields of
I, and HEW_,, y= € W_;.

Proof. By the definition of Lt the equation (5.5) implies
(LY*H)* =2H*, n+1<a<n+p.

So we have L*H = 2H. For a constant vector field y € R"*P, set y® = (y,e,). We
have y§ = —h%(y,q) and

Aty” %y, e5) Zgaﬁ y,es)

= @ en) by €;) Zaagy
k
= Z T, ek Zaagy
k

It follows that (Lty*)® =y and then Lty' = y*. Therefore

I(H,H)=—2(H,H),,
Iy y ) =~y e
ie, HEW_ o, yt eW_;.0
Now we derive the following necessary condition for closed F-stable self-shrinkers:

PROPOSITION 5.2. Suppose x : M™ — R""P is q closed F-stable self-shrinker,
then {—2,—1} are the only negative eigenvalues of the bilinear symmetric form I.

Proof. We prove the theorem by a contradiction. Suppose there exists another
eigenvector field V- € NM of Z corresponding to the eigenvalue p < 0 and p # —2, —1.
Since the eigenvector fields corresponding to different eigenvalues are orthogonal with
respect to the weighted L? inner product, we have

/ (H, V)e_%‘””‘2du =0, / (y*, V>e_%lwlzdu =0,
M M

for any constant vector field y € R”*?. Then put V into the second variation formula
(4.1"), we have

F'=(2m)"% / —(V,L*V) = 20°|H[?
M

CAR(HL VY + 2y, V) |yL|2}e-%'w'2du

—@nt [ v rtvy - o - IyLIQ}eézzdu
M L

< (2m) EZ(V,V)

<0

for any choice of h € R and y € R™*P. This implies M™ is F-unstable. 0
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6. F-stability for closed self-shrinkers. In higher codimension, the study of
F-stability of self-shrinkers becomes complicated as the codimension increases. First
we will prove the n-sphere S"(y/n) in R"*? is F-stable.

PROPOSITION 6.1. The n-sphere x : S™(y/n) — R"P is F-stable as a self-
shrinker.

Proof. Choose orthonormal basis {en+1, " ,€ntp—1,€n+p} of the normal bun-
dle of S™(y/n) such that e,y, is parallel to the mean curvature vector H, and

€nt1," " ,Entp—1 are constant vector fields in R"*P. e, is parallel in the normal
bundle, i.e., V+ep4p, = 0. The second fundamental form satisfies [A|? = Y (h{SF)? =

0,J
1, and hf; = 0 for @ # n + p. The position vector  and the mean curvature vector
H satisfy H = —z and |H|? = |z|? = n.

For any variation vector field V' =" V%e,. Since the position vector  in normal
on S"(y/n), we have (x,er)=0 for all 1 < k < n. It follows that the second variation

formula (4.1) becomes

Fr=(emtet

[—V"+PLVV"+P — 2nh? — 4/nhV P
M

2V Py engp) — (Wsenip) + D <|vva|2 — Ve
a#n+p

+2(y,Vea) - <y,ea>2>}du,

where V denotes the gradient of functions on S™(y/n), the operator L, = A + 2 acts
on smooth functions on S™(y/n).

Recall that the eigenvalues of A on the sphere S"(y/n) are given by (see [5])

B+ (n—-1)k

M =
n

Clearly, the constant functions are eigenfunctions corresponding to the zero eigenvalue
o = 0. Note that the position vector z satisfies Az = H = —z, so for any constant

vector z € R™"P, we have

T

_A<Z7€H+P> = A<Zv %> = <Zaen+p>a

ie., (z,enyp) are eigenfunction of A corresponding to the first eigenvalue p; = 1.
Now we choose a € R a constant real number and z € R™P a constant vector such
that

Vﬂ+p = fO +a+ <Zven+P>a

with fo in the space spanned by all the eigenfunctions for u(k > 2) of A on S™(y/n).
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By the orthogonality of the different eigenspaces, we have
/ (—V"*pLUV”“’ — 2nh? — 4y/nh VP
M
+ 2vn+p <y7 en+p> - <y7 en+p>2> dM
= [ (= Fo(Afo+ 270) = 2o + VAR = (x4 en)? )
M
2
> [ (28 2at VAN = = poenis)?
M

which can be made nonnegative by choosing h = —a/+/n and
n+p—1 n+p—1
Y- Z <y7 ea>ea =z = Z <Z, ea>eo¢-
a=n+1 a=n-+1
On the other hand, since eq,a = n+1,--- ,n +p — 1 are constant vectors in R" "7,

if for some a £ n +p, V* is constant function, then we can choose (y, e,) = V' such
that

/ (|VVO‘|2 — Vo2 420y, V) — (y,ea>2) dp = 0.
M

If V* is not a constant, since the first eigenvalue of A on sphere S™(y/n) is 1 = 1,
by choosing (y, e,) = 0, we can obtain

/ (|VV“|2 — V2 + 2(y, Veq) — (y, ea>2) dp
M

:/ (|vva|2 - |V“|2) dp > 0.
M

The vector y we chosen as above is a constant vector in R™P, because all of
Z,€nt1," " s Entp—1 are constant vectors in R™*P, Tt follows that for any variation vec-
tor field V', we can choose constant real number i € R and constant vector y € R"*?
such that F” > 0, this means that the sphere S"(y/n) is F-stable. O

Conversely, we want to determine which closed self-shrinkers are F-stable. In
general, this is complicated in the higher codimension. In the following, we will
consider the special situation, “self-shrinkers with parallel principal normal”.

THEOREM 6.2. Letx : M™ — R"™"P be a closed F-stable self-shrinker with parallel
principal normal. Then M™ is a minimal submanifold in the sphere S**P=1(\/n).

Proof. If |H| # 0 on M, then by Smoczyk’s classification theorem [16] on closed
self-shrinker with parallel principal normal, M™ is a minimal submanifold in the sphere
S+ ().

If H vanishes somewhere on M, we will show that M is F-unstable, and therefore
contradicts with the assumption. The F-unstable means that there exists a variation
V € NM such that for any variation y of 9 = 0 and h of tg = %, we always have
F" < 0. To prove M is F-unstable, we choose the variation vector field V' = fe,yp
with f a smooth function on M with e, 4, parallel to the mean curvature vector H.
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Since V+e,4, = 0, for this vector V' = fe,4,, the second variation formula (4.1)
becomes

F' = (2m)"% / [—fLVf —2h%|H|? — 4hf(H, enip)
M
(6.1) +21 (Y, entp) — |yL|2]e—§|w|2dM7
where the operator L, is defined as

Lof=Af = (&, V)+|ZPf + f,

with [Z]? = Y (h{5"P)2. Since en, is parallel to H, we can write H by

2]
H = ZHQSQ = <Ha en+p>en+p7

ie., H* = 0for a # n+pand H""P = (H, e,4p). Note that H* are the components of
the tensor field H, and (H, ep4p) is just a function on M. Recall that for submanifold
with parallel principal normal, we have (cf. [14])

H?:O, H%:O,a;ﬁn—kp,

H,TH) = (H, entp) i, Hz;_p = (H, entp),ij-
Combing with equation (5.5) gives

(6.2) L,(H, €n+p> = 2(H, €n+p>7
Ly, entp) = (Y, entp), YE R™*P.

The elliptic differential operator L, is self-adjoint with respect to the weighted L2
inner product, then standard spectral theory gives that L, has real eigenvalues
p1 < pg < -+ — +o00, and there are orthonormal basis {uy} for the weighted L2
space with L,ur = —pugur. The eigenfunctions corresponding to different eigenvalues
are orthogonal with respect to the weighted L? inner product. Any eigenfunction cor-
responding to the smallest eigenvalue p; does not change sign. Therefore (6.2) and
(6.3) imply (H, entp), (Y, entp) are eigenfunction of L, corresponding to eigenvalues
—2 and —1 respectively.

Since (H, e,,4p) vanishes somewhere on M, then —2 is not the smallest eigenvalue
of the elliptic operator L,. Thus there is a positive function f with —L,f = uf
(u < —2). Then f is orthogonal to (H, e,1p) and (y, en4p) for y € R™ P, ie.,

/ F(H enp)e™ 2" dp = 0, / Py, enip)e™ 21 dp =0,
M M
Substituting these into (6.1) gives

Fr—(en)y [ (2 =2 R e He <o

for any choice of h and y. This means M is F-unstable, contradicts with the hypothesis
of the theorem. O
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REMARK 6.1. From the proof of Theorem 6.2, we can see that for closed self-

shrinker with parallel principal normal, if there is another negative eigenvalue p #
—1,-20of L,, i.e.,

_Ll/f:,ufv ‘u7£—17—27'u<0
for some eigenfunction f, then M is F-unstable.

In general, not all the minimal submanifolds of spheres are F-stable self-shrinkers.
In the following, we will show that the only F-stable one is the sphere S"(y/n). The
key observation is that the F-stability is closely related to stability as a minimal
surface of the sphere, and our argument is related to the argument of Simons [15,
Theorem 5.1.1] on instability of minimal submanifolds of spheres.

THEOREM 6.3. Let M™ be a closed minimal submanifold of S**P~1(\/n) C R**P.
If M is F-stable, then M is the n-sphere S™(v/n).

Proof. Let x : M™ — S"*P=1(\/n) be a closed minimal submanifold, then H =
—z and |H|? = |z|*> = n. Then at each point we have the orthogonal decomposition

R"*P = Re @ T,M ® N,M, where N,M is the normal bundle as a submanifold of
Sntp—t,

We choose the variation vector field
(64) V(,T) = WNwM(Z),

where z € R™""? is a constant vector and 7y, s is the orthogonal projection. From
the computation in Proposition 5.1, the second variation formula (4.1") becomes (in a
local orthonormal frame e, where e1,...,e, span T M, €nq1, ..., €nqip—1 span N M,
and ey, is proportional to x)

F' —(2m) R 3 /M<_ S (2, ea)? — 2nh?

a#n+p
12 Y (geal(eea) - IyLIQ)du
a#n+p
=—(2m) 2 ¥ / ( > <z—y,ea>2+2nh2+<y,en+p>2)du
M a#n+p

n

:—(2ﬂ)7%67§/ ('”NIM(Z—y)|2+2nh2+<y,£>2> dp.
M |~”U|

If M is F-stable, then for any such z there must exist some h € R and constant vector
y € R™P such that F” > 0. It follows from the above variation formula that h = 0,
and we necessarily have

(6.5) (y,) =0, and z—yeRxdT,. M,

for every z € M.
Let V be the subspace of R"*? defined by

V={yeR"?:(y z)=0,forall z € M}.

For y € V we also have (y,v) = 0 for any v € T, M, by differentiating the equation
(y,v) = 0. Therefore V is orthogonal to Rz & T, M, and so V is a subspace of N, M.
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In particular V' has dimension at most p — 1. Furthermore, if V' has dimension p — 1
then we have M C S"*P~1 N VL, which is an n-dimensional sphere. It then follows
by connectedness that M is itself a totally geodesic n-dimensional sphere in S*+7P~1,

Now fix # € M. For any z € R"™P_ equation (6.5) implies that there exists y € V'
with z —y € Re @ T, M, so that z € V & Rz & T,, M. Since z is arbitrary, we have
R*"? =V @ Rx @ T, M, from which it follows that V' has dimension at least p — 1.
Therefore V has dimension exactly p — 1 and M is the n-sphere S"*P~1 N VL. This
completes the proof. O

Theorem 1.2 follows from Proposition 6.1 and Theorems 6.2, 6.3.

7. F-stability for complete noncompact self-shrinker. In this section, we
suppose x : M™ — R™*? is a complete noncompact self-shrinker with parallel principal
normal and polynomial volume growth. We will show that the only F-stable one is
the plane R". First we have the following two lemmas.

LEMMA 7.1. Let N* be a closed minimal submanifold in S¥+tP=1(\/k), then x :
M"™ = N¥ x R"=F — R"*P s F-unstable as a self-shrinker.

Proof. We choose local orthonormal frame {e,} for the normal bundle of M
such that e, 1, is proportional to the mean curvature vector /. We set the variation
vector V' = fenqp, we want to find some function f with compact support such that
the second variation F” is negative for every choice of h and y. Since V=+e, 4, = 0,
|H|? = |21 = k and |Z]? = Z(h;;+p)2 = 1, as derived in the previous section, we

@]
have the second variation formula

F' =(2m)" % /M [—le,f — 2kh? — 4VEkhf

(1) 2 ey} =
where the operator L, is defined as
Lyf =Af = (2, Vf)+2f.

Let x1 be the coordinate function corresponding to the first coordinate in the
R™~*_ then Lemma 3.2 implies

(72) EIl = —Z, L,,xl =X1.

Since M has polynomial volume growth, it follows from the self-adjointness of £ in
the weighted L2 space that

(7.3) 0:/ ﬁxlefé‘z‘zdﬂz—/ zre 217 dp.
M M

For any constant vector y € R"*P, we know that (y, e,,1,) is an eigenfunction of Ay
on the N* factor (cf. [17]). Let 2’ = (z1,- -+ ,2,_x) be the coordinates of R"~* then
(Y, entp) is independent of ’. Moreover, it follows from the Fubini’s theorem that for
any bounded function ¢(z') on R" %

(7.4) | ot euspe e du=o.
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Now we suppose ¢;(z’) is a cutoff function on R"~* which is equal to one on B;,
and zero outside Bj 1, where B; denotes the Euclidean ball in R"~* with radius j.
Then we choose f; = ¢;x1 which has compact support in M, and set the variation
vector V = fjenqp, it follows from (7.1) and (7.4) that

n

F'=(2m)"= / [_ijufj — 2kh* — 4\/Ehfj — |yL|2] e_%l’”|2du.
M
Let j — oo, by using (7.2) and (7.3), the dominated convergence theorem gives

lim / —ijUfJe_%ILEPdM: _/ |x1|26_%|lﬂ|2du
M M

Jj—o0

lim fje_%lwﬁdu =0.

j—o0 M

Therefore, for j sufficiently large, we have
11 1 —n 2 —1|z)?
Fr<—s@m [ e,
2 M

which is negative no matter what values of y and h which we choose. 0
REMARK 7.1. For the hypersurface case, lemma 7.1 says that Sk(\/E) x R**
R"*+1 is F-unstable, which was shown by Colding-Minicozzi (see [6, §11]).

LEMMA 7.2. Let x : M™ — R™"P be a complete noncompact self-shrinker with
parallel principal normal. If H vanishes somewhere but not identically, then M 1is
F-unstable.

Proof. We will follow the argument in Colding-Minicozzi IT’s paper [6] closely to
show that there exists a variation such that F" is negative for every choice of h and y.
Here we only give the outline, the reader can refer [6] for the details of the argument.

For a complete noncompact self-shrinker M™ in R™*? with parallel principal nor-
mal, we have the second variation formula

F :(271')’% / [—le,f — 2hz|H|2 —4hf(H, enyip)
M
e
with the operator L, defined by

Lof =Af = (&, V) +|Zf + f.

Since M is noncompact, there may not be the first eigenvalue for L,. However, we
can still define the bottom of the spectrum p; by

o (VAP —12P 2 = 1) e =i dp

=in ,

S Jag e3P dp

where the infimum is taken over all smooth functions with compact support. By
using the standard density arguments and the dominated convergence theorem, we
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can show that we get the same u; by taking the infimum over all Lipschitz functions
f satisfying

(7.5) |19+ 12R ) e  d < .

If u1 # —oo, it can be proved that there is a positive function v on M with
L,u = —pyu. And furthermore, if v is in the weighted W12 space (that is both v and
Vo are in the weighted L? space) and L,v = —pujv, then v = cu for some constant
ce R

Recall that (H,e,y,) satisfies

LV<H5 en+p> = 2<Ha en+p>,

and it can be easily checked that (H,e,+p) satisfies the condition (7.5), so we get
w1 < —2. But (H,entp) vanishes somewhere by the assumption of our Lemma,
therefore pup < —2.

Then we can show that the lowest eigenfunction on a sufficiently large ball is
almost orthogonal to (H,e,4p). By using this fact, we can construct a variation to
get the instability. Precisely, there exists a R so that if R > R and f is a Dirichlet
eigenfunction for the first eigenvalue p;(Bgr), then for any h € R and any y € R"*?
we have

/ [‘f Lyf = 20°[H[* = Ahf(H, en )
MNBgr
+2f(y, en+p> - |yL|2] ei%mzd,u < 0.

If we fix a R > R, f is a Dirichlet eigenfunction for the first eigenvalue p1(Bg) and
set V = fen+p. Then for this variation vector V, F" is negative for every choice of h
and y and this completes the proof. 0

Now we are in the position to prove Theorem 1.3.

Proof of Theorem 1.3. If the mean curvature vector H does not vanish anywhere,
then the assumption of our theorem and Theorem 1.1 in [14] (see also [16, Theorem
1.3]) give that M™ = N* x R"~%. Tt follows from lemma 7.1 that M™ is F-unstable.
If the mean curvature vector H vanishes somewhere but not identically, then Lemma
7.2 also implies M™ is F-unstable. So H must vanish identically, and therefore M™
is the plane R™. O

8. Entropy stable self-shrinkers. Finally, in the last section, we relate the
entropy-stability to the F-stability of self-shrinkers with higher codimension. We
note that in the previous two sections, we have added the condition “with parallel
principal normal” on the self-shrinker. The condition is not preserved by the mean
curvature flow and seems artificial, but it includes the important examples of minimal
submanifolds in the sphere.

In [6], Colding and Minicozzi proved that entropy stable self-shrinkers that do not
split off a line must be F-stable. In the higher codimension case, we also have the same
result. This follows from the same argument of Colding-Minicozzi, with some small
changes of notation in the first and second variation formulas of the F-functional. We
omit the details of the proof.



776 B. ANDREWS, H. LI, AND Y. WEI

PROPOSITION 8.1. Suppose x : M™ — R"P 4s a smooth complete self-shrinker
without boundary, with polynomial volume growth, and does mot split off a line iso-
metrically. If M is F-unstable, then there is a compactly supported variation My of
M such that the entropy satisfies A\(Ms) < A(M) for s # 0.

Combining Theorem 1.2, 1.3 and Proposition 8.1 gives the following classifications
of entropy stable self-shrinkers.

COROLLARY 8.2. Suppose that M™ is an n-dimensional closed self-shrinker with
parallel principal normal in R™P, but not the n-sphere S™(y/n). Then M can be
perturbed to an arbitrarily close submanifold M™ C R"*P such that N\(M) < A\(M).

Proof. Since M™ is a closed self-shrinker with parallel principal normal in R**?,
but not the n-sphere S™(y/n). Theorem 1.2 implies M is F-unstable. On the other
hand, M clearly does not split off a line, so Proposition 8.1 gives that it is entropy
unstable. O

COROLLARY 8.3. Suppose M™ is a complete noncompact self-shrinker in R*TP
with parallel principal normal, with polynomial volume growth and without boundary.
If |A|?> — |A¥|? < ¢ for some constant ¢ on M and M is not equal to S*(vVk) x R"™F,
then M can be perturbed to an arbitrarily close submanifold M™ C R™? such that
M) < A\(M).

Proof. To prove it, suppose that M"™ = N* x R* % ¢ R*P where N* is a
self-shrinker in R**P with parallel principal normal and does not split off another
line isometrically. By the assumption, N* is not the sphere S¥(v/k). From Theorem
1.3, Proposition 8.1 and Corollary 8.2 we conclude that N*¥ can be perturbed to
an arbitrarily close N* such that Agisn(N) < Agrss(N). Note that by a direct
calculation, for M™ = N*¥ x R"~* where N* C R**P we have the following fact (see
[6, equation 11.10]):

F

x,to

(M) =F

where 2’ is the projection of  to R¥*?. Then the Corollary follows easily from the
definition of entropy. O
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