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FINITE STATIONARY PHASE EXPANSIONS*

JAMES BERNHARDT

Abstract. Functions which are moment maps of Hamiltonian actions on symplectic manifolds
have the property that their stationary phase expansions have only finitely many nonzero terms and
are therefore precise rather than asymptotic. In this paper, we exhibit another type of function
which has this property and explain why in terms of equivariant cohomology and the geometry of
the spaces involved.
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Let S2™ denote the unit sphere in R?"*+!, given by
S = {(x1,29,...,Ton,2) | 212+ 22 + - F w0’ + 2% =1},

and let dV denote the standard volume form on S?" inherited from R?"*!. For any
nonzero t € R and any C*®-function f : S?* — R, the method of stationary phase
(see [3] or [4], for example) tells us that

tf dV = tf(p) 1
/Szn € Z € Q;D( )7

pGCf

where @), is a power series with coefficients depending on p and where

Cr={pe S| f(p)=0}

is the set of critical points of f.
In the particular case that f: S?" — R is the “height function”

fx1,. .. xon, 2) =2

on S?" (with critical points at z = 41), one can compute directly that

1
/ e dv = c/ (1 -2t dz = Z Q. (t7),
S2n

-1 z=%1

where c¢ is some real constant and @, is a polynomial with coefficients depending on
z. In other words, the stationary phase expansion of the height function on $2" has
only finitely many terms and is therefore precise, rather than asymptotic.

This gives rise to the main question of this paper: Where did this function come
from and why does it have this property? In the coming sections, we give an explana-
tion for why f has this property in terms of equivariant cohomology and the geometry
of §?".
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188 J. BERNHARD

1. The Duistermaat-Heckman Theorem. The Duistermaat-Heckman Theo-
rem provides examples of functions with this finite stationary phase property, namely
moment maps of Hamiltonian actions. In such examples, the manifolds involved are
symplectic and the stationary phase expansions of the moment maps are all single-
term expansions, as opposed to the multiple-term expansion associated with the height
function on S?" (which is, of course, not symplectic for n > 1). In this paper, we show
a way to generalize the Atiyah-Bott method of proving the Duistermaat-Heckman
Theorem to accomodate the example of the height function on $?". For simplicity,
we describe such a generalization only for the case of an S'- action, but the methods
involved carry over readily to the case of a torus action.

The Atiyah-Bott method of proving the Duistermaat-Heckman Theorem for a 2n-
dimensional symplectic manifold M with a Hamiltonian action by S' which has only
isolated fixed points is as follows (see [1]). If the symplectic form on M is denoted by
wand u € s*" is dual to a nonzero X € s', and if

w=w+ fu

is equivariantly closed, then the function f: M — R is called a moment map associ-
ated with w. To demonstrate that the moment map f has the finite stationary phase

property, we exponentiate w:
/ e&? _ / efuew,
M M

which, when expanded out, equals:

2 n
fu Y oY
(1) /Me <1+w—|— 2!—|— +n!)'

Removing terms which do not contain differential forms of degree 2n and integrating
directly, we are left with the integral of e/* times the symplectic volume form:

(1):/Mef”%.

On the other hand, applying the Equivariant Localization Theorem (see [1] or [2], for
example) to (1), we find that

el (Pu

peCy P
where each ¢, € R is some constant depending on p and where C is again the set of
critical points of f.

Combining the above two equations and evaluating both sides at tX (for real
t # 0) shows that the stationary phase expansion for the moment map f has only a
single term for each critical point:

n
[

;DGCf

etf(p)

—.
cpt
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2. Generalizations. The Atiyah-Bott proof of the Duistermaat-Heckman The-
orem leads us to investigate what happens if we exponentiate equivariantly closed
forms other than those arising from symplectic forms and moment maps. In particu-
lar, let M be a compact smooth (not necessarily symplectic) 2n-dimensional manifold
acted on by S! with only isolated fixed points, and let M have a non-degenerate closed
Sl-invariant 2k-form o € Q2%(M). If k and [ are positive integers with 2kl = 2n, then
a!/1!is a volume form on M.

Let us also assume that « can be “extended” to an equivariantly closed form

d=a+ap 1u+--+ a4+ fu,

where each a; € Q% (M) and f : M — R. (Here as before, X € s' is nonzero, and
u € s'" is its dual.) The form a will always have such an extension if, for example,
M has no nontrivial cohomology in dimensions less than 2k.

Any such @ can be exponentiated and integrated as in the Atiyah-Bott proof
of the Duistermaat-Heckman Theorem. This time, however, there are additional
complications. We have

~ k k—1
/ % — / efu ea-l—ak,lu—i-----l—alu ,
M M

which, when expanded out, equals:

/ efu’ (1 + (atag_qu+---+ aluk_l)
M

(a+ap_ju+ -+ aguf—1)?

2) + o +ee).

As was the case with (1), we can evaluate (2) by applying the Equivariant Local-
ization Theorem to obtain:

of (P)u*

(2)= )

b)
cpu™
;DGCf P

where each ¢, € R is again some constant depending on p.

Removing the terms in (2) which do not contain differential forms of degree 2n
as we did before does not leave only the volume form this time though. Rather, we
have that

M

1
i1+-tij=n J:
where 41, ...,%; are positive integers and with the convention that aj = «a. It is not

. o 1 e
apparent in general what contribution these “cross-terms” =0y Qi+ w*~" make
J

to the integral.

3. The constant curvature case. In the particular case where M has constant
curvature and where « is the nonzero Euler class of M, we now show how to compute
the contribution of the above cross-terms to the integral. These extra restrictions
rule out nearly everything but S2", however, so it is hoped that the methods involved
in computing the contribution of the cross-terms will be found applicable in a wider
setting, as we discuss in Section 6.
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To compute the contribution of the cross-terms, we first introduce some notation.
Let M be any compact, smooth 2n-dimensional manifold with nonzero Euler class
and with an action by S which has only isolated fixed points. As before, let X € s!
be nonzero and let u € 5'* be dual to X. Also assume that V : T(TM) — I'(T*M ®
TM) is an S'-invariant connection on M with (necessarily S!-invariant) curvature
R € Q*(M;End(TM)).

The equivariant Euler class of M then (see [2], for example) is given by

R+ ulL

(3) >?=Pfaff( ) = Xn + Xn_1u 4 -+ x1u" "+ xou™,

where the map L can be described as follows. Any element Y € s! induces a vector
field on M given by

exp(—tY) - p)

V(o) = 4 .

for any p € M. If £ denotes the Lie derivative, then the map L is defined by
L(Y)=Ly - Vs

for any Y € s'.
Note that by the definition given in (3), we have that

® N

is the ordinary Euler class of M, and that

™

(5) =0 _Pfaff<2£>.

By the same definition, we also have that x; € Q% (M) for each j =0,1,...,n.
To compute the contribution of the cross-terms in (2) in the case where o = ¥,
we use the following lemma.

LEMMA 3.1. If M has constant curvature, then the coefficients of u in the expan-
sion (3) for X satisfy the following relationships:

k+ D) (k+1)! (2k)! (21)!
= k!)k:!(l! Il ()Zk(+;l)(! SR

for any k,l € {1,...,n} such that k+1 <n.

In the interest of clarity and brevity of exposition, we postpone the proof of
Lemma 3.1 to Section 4. We proceed now to the main theorem of this paper.

THEOREM 3.2. If M has constant curvature with Fuler class x given by Equa-
tion (4), and if f is the function defined by Equation (5), then the stationary phase

expansion of
foe
M

relative to the parameter t has only finitely many non-zero terms.
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Proof. Proceeding to exponentiate the equivariant Euler class ¥ as we did the

forms @ and a above, we find that if My denotes the zero set of the vector field X ,
then the Equivariant Localization Theorem gives us that

ooy 2nre,
/Me _Z f(p)un

PEMo

_ Z f((ig):n (er"-i-xw"*l-i-m-i-xn)’p
pEMo

= Z f(éz):nef(p)u”,
pEMo

using again that, since the fixed points of the action are isolated, the equivariant Euler
f(p)u"
(2m)n

The zero set My of X is equal to the set Cf of critical points of f, however. Since
df = t5x2, then Cy D My, and since df is Sl-invariant, it must vanish only on entire
orbits, so C¢ consists only of entire orbits. By assumption, the function f has only
isolated fixed points though, so we must have C'y C My as well.

Now expanding the expression for eX, we obtain

[ = [ et
M M

n 1
= [ S 1+ Cau™ X)) + 5 G T
" 21

class of the normal bundle of a fixed point p € My is simply

1 _
"'+Xn)2+"'+ﬁ(xlun 1+"'+Xn)n)

u” u™
(6) = /M el (Xn + ? Z X1 Xj2 T

Jitj2=n

2n (n—1)n

U u

ET > Xjn X Xgs + o X1"> ;
© jitiztis=n '

where the indices j,, in the summations all range from 1 to n. The series terminates
because since x; € Q27(M)%, then y,;"*! vanishes for j > 1. Also, the terms which
do not contain 2n-forms are removed since they contribute nothing to the integral, as
M is 2n-dimensional.

We can now use Lemma 3.1 to complete the proof of the theorem. Computing
directly from the relations in the lemma, we find that for any j1,...,jm € {1,...,n}
such that j1 + - + jm, = n, we have

271 2im\ (20\ " .
Wil Jm n

If we introduce the notation

e, 2 G- (G0

Jittime1=n
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then, substituting this into the expression above for the integral of the exponential of
the equivariant Euler class, we obtain

/ 652 — / efun (Xn + bluann Feet bnilu(nfl)nfnflxn)
M M
- / efunx+ blun/ efu"fx 4t bnilu(nfl)n/ efu”fnilxl
M M M

Combining this with the expression we obtained for the same integral by localization,
we have

2 n n n n
Z (W)nef(”)“ :/ el x+b1u"/ efv fx+
f(p)u M M

pECf

._.+bn71u(n71)n/ efunfnflxl
M

We now “evaluate” both sides of this equation at t'/"X. Since u(t'/"X) = t'/™ this
gives

2m)" .
Z mef(p)t:/ eftx+b1t/ eftfx+-~-+bn,1t”’1/ eftfn-ly
M M

ey fo)t M
b ()
M ot \Ju
81171
AR T ft
on otn—1 </Me X>

8 an—l
=(14+bt—+-+b,_1t" " Fty.
< Folg O 6tn—1)/Me X

Now the stationary phase expansion of e'f integrated against the Euler class of
M is, as usual, of the form

o0
/ iy =3 O3 ¢ i,
M =0

pECf

where the ¢, ; € R are constants depending on p and j. Putting this in for the integral
on the right side of the previous equation, we have

o~

Z (27T)nef(p)t — <1 +b1t2+
e, ) ot

on—1 0 )
- =] DI W
§=0

pECf
0
= 14 bt —
> < + bt

pECf

B 81171 e iy
e b t" 18t"—1> SN ",
j=0
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Comparing coefficients on both sides of the equation, we find that all the constants
cp,; must vanish for suitably large j.

Therefore, the stationary phase expansion has only finitely many nonzero terms.
After we prove Lemma 3.1 then, the proof of Theorem 3.2 will be complete.

4. Proof of Lemma 3.1. We now compute the Pfaffian in Equation (3) above at
a point p € M. Since L is skew-symmetric, then with a suitable choice of orthonormal
basis dx!,...,8z%" for T, M, the matrix of L is of the form

0 X\
- 0

where some of the \;’s are possibly equal to zero.

Before we describe what R looks like with respect to this basis, we give a definition,
using the notation that

1 if 41,..., 72y is an even permutation of 1,...,2m
ghtrmtzm = ¢ 1 if 4y,...,149,, is an odd permutation of 1,...,2m
0 if 41,...,49,, are not all distinct.

DEFINITION 4.1. Let A = (a;5) be a 2mx2m matriz. We say that A has Property
@ if for any integers i1, 42, ... ,i2m between 1 and 2m,

_ i
Qiyig Gigiy * " Qigyy_ying, = € - 012034 A2m—1,2m-

The Pfaffian of a matrix A with Property ® is equal to

1 2m
— 182 %2m . g . .
Pfaﬁ(A) = W E € Ay ip Aigiy Qigrm_1i2m
inyeizm=1
(2m)!

= WGMGM ©ra2m—1,2m-

We note also that if A has Property ®, then any minor obtained by removing rows
i1,...,12; and the corresponding columns i1, ..., 42, has Property ® as well.

If M has constant curvature, then, relative to the orthonormal basis dz?, ..., 9x*"
at p, the matrix for R has Property ®. This holds because, if M has constant curvature
k, then for any vectors vy, v2, vs,va € Tp M,

<R(1}1, UQ)U35 1)4> = K’(<’025 1)3><’Ul, 1}4> - <vla 1}3><’02, 1}4>),
so the (7, 7)-th entry in the matrix for R at p is given by
Tij = md:vidacj,

where dz',...,dz*" € Ty M is the dual basis to oxl, ... 07"
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Using this property of R, we can now compute Pfaff(R + uL) at p. To help in
writing it out, we introduce the following notation: for any k € {1,...,n}, we let Ij
and Jj represent “complementary” ordered multi-indices, in the sense that

I;g:{il,...,in_k} with 47 <o < -+ <y,
JkZ{jl,...,jk}Withjl < Jo < -+ < Jk,
IkﬂJk:(b, and IkUJk:{l,...,n}.

Also, for any such multi-indices, we let R(/+) denote the 2k x 2k minor of
R obtained by removing all the rows and columns corresponding to those

which are occupied by A;,...,A,, , in L, ie. rows 23 — 1,...,20,—p — 1,
241,...,2ip— as well as the corresponding columns 2i; — 1,...,2i,_; — 1,
201,y 20

In this notation then,

Pfaff(R + uL) = Pfaff(R) + u Y _ \;, Plaff(RV"-1))
Jn-1

+u® > Ny Ai, Phaff(RYn=2)) 4
Jn72

Fu Y TN Ay e A, PRAE(RYY) 4 um A Ay - A,

Since R has Property ®, then the 2k x 2k minors R(/*) have Property ® as well,
meaning that

(2k)!

ok L. okt Firg2Tisda  Tiok 172k

Pfaff(R\/*)) =

Substituting this into the equation above, we obtain

Pfaff(R + ulL) = Pfaff( )

(2n — 2)
+U72n = 1)1 E )\117“2;1 1,251 72j2—1,242 " T2jn—1—1,2jn—1

5 (2n—4)!
+u 72,1 2= 2] Z Aiy Niy 721 1,251 722 —1,252 * " T2 —2—1,2jn—2
n 2
" 1 2!
+-F 21112)‘11)‘12" in—172j1—1,2j51 +u™ A1A2 - Ap.

That is, if we now insert the factor of 1/27 into the Pfaffian and denote the “near-
diagonal” element ro5_1 25 of the matrix for R by

Pk = T2k—1,2k,

then we obtain an expression for the coefficient x of u"=*

- R+ ulL
class x = Pfaff( tu ), namely

™

in the equivariant Euler

Xk 27’1’ "2kk| Z iy Aig i kPj1Pja """ P
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Multiplying two of these coefficients together (and using Property ®), we find that

(k+D! (k+D!(2k)! 2D)!' Az,
KU RN T (2K + 21)! PR

XEX1 =

for any k,l € {1,...,n} such that k + [ < n. Noting that

L_|p> AN,

) = Praft (52 ) = 22

then completes the proof of the lemma. O

This then completes the proof of Theorem 3.2. O

5. The explicit computation on S2". As mentioned in the introduction, the
original question, posed by Bott, motivating this paper was why does the height func-
tion z on S* have the property that e'* has a finite stationary phase expansion? As
demonstrated in the previous section, this property follows from the constant curva-
ture of S2". We compute this explicitly here, so let S?* C R?"*+1 where R?"*! has

coordinates x', z2,...,2%", 2, and

SQn — {(CCl,xQ, o ,I2n,z) c R2n+1 | (:El)Q 4 (:EQ)Q Lt (:CQn)2 —|—22 — 1}

Then S! acts on S?" by rotating the first n planes in R?"*! (the k-th plane being
the 22*~122*_plane) with weights A1, A2,..., \,. An infinitesimal generator for this
action is given by

)Z' _ )\1(1’181}2 _ $26$1) R )\n(x2n—lax2n _ x2nax2n—1)7

and we define u € ™ to be the dual of X € s*. We also define

1/1 1
9 i —((El d(E2 _ $2 d(El) + . + _(:6277,71 d(E2n _ :L,Qn dw2n71) .
2\ \1 An

Then 6 has the following properties:
1
L0 = 5(1 —2%)
9 = Sde' de® 4+ - 4 da? e
A1 A

n

Lgd@ = zdz.

The equivariant Euler class of S2" relative to this action then is given by

A A, 20+ D) ( on
X:

0(do)" ' dz + (d@)%)

(2m)™ n! 2n+1 2n+1
Ao A 2n=1)!! (2n—2 neo 1 o1
+ G =1) <2n— 19(d9) dz + o — 1(d9) z ] u

Ao A (2n=3)!! (2n—4 ne3
2mm (n—2)! (2n—39(d9) I

A An 31 (2 1 D VRS
oy AT Ry g i) oy LA
T e <3 #t3 Z> R e

~—~

(d@)"—2z> u? +

~—



196 J. BERNHARD

This can be exponentiated as in the previous section to show that the stationary phase
expansion of the function e'* (integrated against the Euler class) is finite.

Another, perhaps more direct, way to show this is by using a “tail” for the
equivariant Euler class other than the usual one obtained from the equivariant cur-
vature. From the above expression for the Euler class x (the de Rham 2n-form term
in the equivariant Euler class) on S?", we obtain

AL An (20— 1)

@ (1] (do)" ' dz.

L)}X =
Using that
d (9 (dg)" 2 dz) = (d§)" " dz,

and continuing in a similar fashion with forms of lower de Rham degree, we obtain
another equivariant extension of the Euler class:

1
-~ A )\n(2n—|—1)..< 2n 0(d0)"dz +

(d@)%) +

XT e Tl o+ 1 o+ 1
A An (20— 1N B
6(do)" % d
Grr oo )T Az u
— I
A1 )A" (2n 1))"'9 (d9)" 3 (1 — 22)dz u® +

— ))"6‘ (dO)"* (1 — 232 dz u® +

A An (20— 1)
9n=2 (27)" (n—1)!

P

0(dh)° (1 — 25" 2dz u" ' +

This extension has the advantage that, since there is a dz in each middle term, we
can obtain directly an equivariant extension for the class e**x:

e A1 A (2n+ 1N

uz _ 2n n—1 n
(%) =~ nl (2n—l— podo)" ™ dz + 5o (d6) 2) +
€A1 Ap (2n — DN ne2
G o1 0(do)" “dz u+

€A1 An (20— 1
2 (2m)»  (n—1)!
€A1 Ap (2n — DN 4
22 2m)m (n—1)!

euz;\l A (2n— 1)1
2n=2 (2m)" (n —1)!
A A, (2n— 1) zeuC _ s2yn—1 "
271 (2n)" (n— 1)) (/0 =< d<> '

Relative to this action, the equivariant Euler class of the normal bundle to the
fixed point at z = 11is (2m) ™A1+ -+ Ay w™, and at z = —1 it is —(27) " Ay -+ A, u™.

+ 0(df)° (1 —22)"2dz "' +




FINITE STATIONARY PHASE EXPANSIONS 197

Applying the Equivariant Localization Theorem to the equivariantly closed form

(e“#x) then, we have

[ g ([ )

Evaluating both sides on tX (and also evaluating the integrals by multiplying out the
factor (1 —¢?)"~! and integrating term by term), we obtain an explicit expression for
the stationary phase expansion of e*? integrated against the Euler class of S2".

This equivariant extension then demonstrates the finite length of the stationary
phase expansion of e¢'?, but it can also be used to demonstrate the fact that the
stationary phase expansion of the function

A A (2n =1 /Z 1
= 1-¢)"d
f(Z) 2n71(2ﬂ-)n (n _ 1)| 0 ( < ) C
has only one term. For this, one can follow the Atiyah-Bott procedure and exponenti-
ate the above equivariant extension of the equivariant Euler class. Since each term in
this extension except for the de Rham 2n-form and de Rham 0-form terms contains a

factor of dz, all the “cross-terms” introduced by the exponentiation vanish. In other
words, using this extension for X, we have that

/S% X = /S (14 (X —u" ).

Applying the Equivariant Localization Theorem then yields

wipy __ @m" ) anr-
/S%e X /\1~-~/\nu"(e e ).

Evaluating both sides at t'/" X, we obtain a one-term stationary phase expansion for
e'f relative to the Euler class.

How to generalize this, however, is not at present apparent. One possibility is
that nontrivial cohomology in dimensions lower than the form to be exponentiated
is an obstruction to finding an extension with the property that all terms except the
highest and lowest degree de Rham terms are divisible by some particular 1-form.

6. Conclusion. We have now given a geometric reason for the finiteness of the
stationary phase expansion of the height function on S?". While we have not explicitly
produced a wide class of examples of functions which are not moment maps but which
have the finite stationary phase expansion property, it is hoped that the techniques
involved in demonstrating the finiteness of the stationary phase expansion of the
height function on S?" can be adapted to produce a wider class of functions with
finite stationary phase expansions.

In particular, a key aspect of the method used to prove Lemma 3.1 is that the
computation showing the relationships among the terms of the equivariant Euler class
has been done entirely locally. In verifying the relationships at each point individually
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rather than globally all at once, matrices for L and R could be written down and the
computation could be carried out.

It is not apparent at this point what the most general conditions on M are that
bring about similar relationships among the terms of the equivariant Euler class. We
have shown that constant curvature is sufficient, but it may be a more stringent
condition than is necessary. Perhaps the method of proof used here can be adapted
to be more widely applicable.

We also do not have a geometric explanation yet for the finiteness of the stationary
phase expansion of the function

10 =gt O ([ o).

As was mentioned, this function has a single-term stationary phase expansion, and
there should be a geometric explanation for this fact as well.

In addition, if there are other functions which have finite stationary phase expan-
sions and which arise as the O-form part of an equivariant extension of a nondegenerate
2k-form, then there is another, larger, question: do such equivariant extensions of non-
degenerate 2k-foms act similarly to symplectic forms and moment maps in other ways
as well? An affirmative answer to this question would lead to higher-dimensional
analogues of sympletic forms and moment maps.
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