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Abstract

In this article, we study a coupled Cahn-Hilliard-Navier-Stokes model with delays in a
two-dimensional domain. The model consists of the Navier-Stokes equations for the velocity,
coupled with a Cahn-Hilliard model for the order (phase) parameter. We prove the existence of
an attractor using the theory of pullback attractors.
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1 Introduction

It is well accepted that the incompressible Navier-Stokes (NS) equation governs the motions of
single-phase fluids such as air or water. On the other hand, we are faced with the difficult prob-
lem of understanding the motion of binary fluid mixtures, that is fluids composed by either two
phases of the same chemical species or phases of different composition. Diffuse interface models
are well-known tools to describe the dynamics of complex (e.g., binary) fluids, [9]. For instance,
this approach is used in [1] to describe cavitation phenomena in a flowing liquid. The model consists
of the NS equation coupled with the phase-field system, [2, 9, 8, 10]. In the isothermal compressible
case, the existence of a global weak solution is proved in [7]. In the incompressible isothermal case,
neglecting chemical reactions and other forces, the model reduces to an evolution system which
governs the fluid velocity v and the order parameter ¢. This system can be written as a NS equa-
tion coupled with a convective Allen-Cahn equation, [9]. The associated initial and boundary value
problem was studied in [9] in which the authors proved that the system generated a strongly contin-
uous semigroup on a suitable phase space which possesses a global attractor. They also established
the existence of an exponential attractor. This entails that the global attractor has a finite fractal
dimension, which is estimated in [9] in terms of some model parameters. The dynamic of simple
single-phase fluids has been widely investigated although some important issues remain unresolved,
[17]. In the case of binary fluids, the analysis is even more complicate and the mathematical studied
is still at it infancy as noted in [9].

As noted in [8], the mathematical analysis of binary fluid flows is far from being well understood.
For instance, the spinodal decomposition under shear consists of a two-stage evolution of a homo-
geneous initial mixture: a phase separation stage in which some macroscopic patterns appear, then

*E-mail address: tachimt@fiu.edu



CH-NS with delays 33

a shear stage in which these patters organize themselves into parallel layers (see, e.g. [16] for ex-
perimental snapshots). This model has to take into account the chemical interactions between the
two phases at the interface, achieved using a Cahn-Hilliard approach, as well as the hydrodynamic
properties of the mixture (e.g., in the shear case), for which a Navier-Stokes equations with surface
tension terms acting at the interface are needed. When the two fluids have the same constant den-
sity, the temperature differences are negligible and the diffuse interface between the two phases has
a small but non-zero thickness, a well-known model is the so-called "Model H” (cf. [11]). This is
a system of equations where an incompressible Navier-Stokes equation for the (mean) velocity v is
coupled with a convective Cahn-Hilliard equation for the order parameter ¢, which represents the
relative concentration of one of the fluids.

In [4, 5, 6], the authors studied the NS equations in which the forcing term contains some hereditary
features. The model can be used for instance to control a system by applying a force which takes
into account not only the present state of the system, but also the history of the solutions. The
existence and uniqueness of solutions to the 2D NS equations with delays was investigated in [4]
and the asymptotic behavior of the solutions is studied in [5]. The existence of attractors for the 2D
NS equations with delays is proved in [6]. In [3], the authors studied the existence of an attractor for
the 3D Lagrangian averaged Navier-Stokes a— (3D LAN-a) model with delays. Instead of working
directly with the 3D LAN-a model, they proved the existence of attractors for an abstract delay
model and then applied the result to the 3D LAN-a model.

In this article, we study an CH-NS model with delays. We prove the existence of an attractor when
the external force contains some delays following some ideas of [6, 3]. Let us note that the coupling
between the Navier-Stokes and the Cahn-Hilliard systems makes the analysis more involved.

The article is divided as follows. In the next section, we introduce the AC-NS model with delays
and its mathematical setting. The main result appear in the third section.

2 The CH-NS model and its mathematical setting

2.1 Governing equations

In this article, we study a 2D Cahn-Hilliard-Navier-Stokes system with delays. More precisely, we
assume that the domain M of the fluid is a bounded domain in R?. Then, we consider the system

% —vAV+ (V- V) + Vp—KuVe = () + G(t, uy),
divv =0,

2.1)
%—fw-Vqs—Ay -0,

p=—€eAp+af(g),

in Mx (0, +c0).

In (2.1), the unknown functions are the velocity v = (v{,v;) of the fluid, its pressure p and the
order (phase) parameter ¢. The quantity u is the variational derivative of the following free energy
functional

F(9) = f (5907 + aF(@))as 22)
M

where, e.g., F(r) = f f(&)d(. Here, the constants v > 0, € > 0 and K > 0 correspond to the kine-
0
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matic viscosity of the fluid, the mobility constant and the capillarity (stress) coefficient respectively.
Here €, a > 0 are two physical parameters describing the interaction between the two phases. In
particular, € is related with the thickness of the interface separating the two fluids, [8].

A typical example of potential F is that of logarithmic type (see [8]). However, this potential is
often replaced by a polynomial approximation of the type F(r) = yir* —y,r2, y1,7v> being positive

constants. As noted in [8], (2.1); can be replaced by

o

ot

where p = p— K(5[V4]* + aF(¢)), since KuVe = K(5|V4* + aF(¢)) - Kdiv (V¢ & V4). The stress
tensor Vo @ V¢ is considered the main contribution modeling capillary forces due to surface tension
at the interface between the two phases of the fluid.

Regarding the boundary conditions for these models, as in [8] we assume that the boundary condi-
tions for ¢ are the natural no-flux condition

—VvAV+(v-VIv+Vp = -Kdiv (Vo® V) + Ot — (1), (v, p)(t — 7(1))), 2.3)

Op¢ = 0pu =0, on IMX(0,00), 2.4)

where d M is the boundary of M and 7 is the outward normal to M. These conditions ensure the
mass conservation. In fact, from d,u =0 on dMx (0, ), we have the conservation of the following
quantity

1
T fM o(x,1dx, 2.5)

where | M]| stands for the Lebesgue measure of M. More precisely, we have
(p(0) = (¢(0)), V1 =2 0. (2.6)
Concerning the boundary condition for u, we assume the Dirichlet (no-slip) boundary condition
v=0, on IMx(0,c0). 2.7

Therefore we assume that there is no relative motion at the fluid-solid interface.
The initial condition is given by

u(T) = (v,9)(7) = up = (vo, $o),
(2.8)
u(®) = (v, $)(1) = H1) = (91, 92)(1) 1 € (T = h, 7),

where ug = (vo, o) and ¢ are given initial data at ¢ = 7 and in the interval (—A,0) respectively, and
h > 0is a fixed time.

The terms g(#) and G(¢,u,) are the external forcing depending eventually on the the history of the
solution u = (v, ).

2.2 Mathematical setting

We first recall from [8] a weak formulation of (2.1)-(2.8). Hereafter, we assume that the domain M
is bounded with a smooth boundary M (e.g., of class C?). We also assume that f € C3(R) satisfies

lim f(r)>0,
|r|—>+00

2.9)
IF{()) < cp(1+ P, Vre R, i=0,1,2,3,
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where ¢ is some positive constant and k € [2,+00) is fixed.
If X is a real Hilbert space with inner product (-,-)x, we will denote the induced norm by |- |x, while
X* will indicate its dual. We set

Vi={ueC’(M): divu=0in M}.

We denote by H; and V; the closure of V; in (L*(M))? and (H(l)(/\/l))2 respectively. The scalar
product in H; is denoted by (:,-);2 and the associated norm by |- |;2. Moreover, the space V; is
endowed with the scalar product

2
() = > @it Nl = ().

i=1
We now define the operator Ag by
Agv = PAv, ¥v € D(Ag) = HX(M)N V1,

where P is the Leray-Helmotz projector in L>(M) onto Hj. Then, A is a self-adjoint positive
unbounded operator in H; which is associated with the scalar product defined above. Furthermore,
A, lisa compact linear operator on Hy and |Ag - |;2 is a norm on D(Ap) that is equivalent to the
H?-norm.

Hereafter, we set

Hy, = L>(M), Va=H'(M), H=H,xH,, V=V X V,. (2.10)
We will denote by A; > 0 a positive constant such that
w7, < WP Yw e Vi, Al < JAnyl;, Yy € HA(M). .11

Then we introduce the linear nonnegative unbounded operator on L*(M)
Ang = ~Ad, Vo € D(Ay) = (¢ € HA(M), 8,6 =0, on IM), 2.12)

and we endow D(Ay) with the norm |Ay - |72 +|{-)|;2, which is equivalent to the H?—norm. Also we
define the linear positive unbounded operator on the Hilbert space L%(M) of the L%~ functions with
null mean

By¢ = —A¢, V¢ € D(By) = D(An) N LEM). (2.13)
Note that Bz_vl is a compact linear operator on L%(M). More generally, we can define B}, for any
s € R, noting that |Bj;]/2 -|;2, s >0, is an equivalent norm to the canonical H*— norm on D(Bj;//Z) C
HM)n L(Z)(M). Also note that Ay = By on D(By). If ¢ is such that ¢ — (¢) € D(Bjs\fz), we have
that IBIS\F((/) — ()2 +{P)|;2 is equivalent to the H*—norm. Moreover, we set H~ (M) = (H*(M))*,
whenever s < 0.
We introduce the bilinear operators By, B; (and their associated trilinear forms by, b ) as well as the
coupling mapping Ry, which are defined from D(Ag) X D(Ag) into H, D(Ag) X D(Ay) into L*(M),
and L>(M) x (D(Ay) N H3(M)) into H|, respectively. More precisely, we set

(Bo(u,v),w) = f [(u-V)V]-wdx = bo(u,v,w), Yu,v,w € D(Ayp),
M

(Bt 8).p) = fM (- V)olodx = b1(1,6.p), Yiu € D(Ao), b.p € D(A),

(Ro(u, ¢),w) = fM uIVé-wldx = by(w,é,u), Yw € D(Ag), ¢ € D(AN)NH> (M), u € L*(M).
(2.14)
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Note that
Ro(u, ) = Puve.
We recall that By, By and Ry satisfy the following estimates

1/2
|Bo(u, )lv; < clul VI, Yu,v € Vi,

(2.15)
Bo(u,v)lzz < clul 22 llull 2 IMIY2IAV]) 52, Vi€ Vi, v e D(Ay),
1B1(u, vz < clul 2 Null 2lgll, Yu € Vi, ¢ € Va,
2 L
(2.16)
|B1 G, )l < clul 1l 2Nl 2 ANl )2, Vu € Vi, ¢ € D(Ay),
L L
IRo(Ane.p)lv: < clAnel) 161,/ lloll, Yo € D(AN), p € V2,
(2.17)
IRo(Ane,p)I12 < clloll' 21 Anpl CIANGI 210112, V¢ € D(AN),p € D(AY).
L L H
We recall that (due to the mass conservation) we have
(1)) = ($(0)) = Mo, Vt > 0. (2.18)

Thus, up to a shift of the order parameter field, we can always assume that the mean of ¢ is zero a
the initial time and, therefore it will remain zero for all positive times. Hereafter, we assume that

(¢(1)) =(¢(0)) =0, V£ > 0. (2.19)

We set
Y = Hi x D(B)/?). (2.20)

The space Y is a complete metric space with respect to the norm
. =KW, + el Vel .21

We define the Hilbert space V by
V =V xD(By), (2.22)

endowed with the scalar products whose associated norm is

v @)% = VI + Byl (2.23)

Now we make the following assumptions on the external force G. Hereafter, for a given Banach
space X, we denote by Cy, Lf( and My respectively the spaces

Cx = C%(=h,0;X), L3 = L*(=h,0;X), Mx = X x L. (2.24)
The space My is endowed with the norm
2 2 0 2
NGt Dy, = Nuallx + f 19(s)llxdss. (2.25)
~h

Firstfor T > 7, u: (tr—h,T) — Y and t € (7,T), we denote by u, the function defined on (-4, 0) by

u(s) = u(t+s) for s € (-h,0). (2.26)
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We suppose that

G:RxCy, — H, (2.27)
satisfies
for any v € Cp,, t € R+ G(t,v) is measurable, (2.28)
forany t € R, G(1,0) =0, (2.29)
AL, >0, s.t. Vie R, Yu,v € Cpq,
(2.30)
1G(1,u) = G(1, V)2 < Lellu = vllcy, »
JImy > 0,Co >0, s.t. Ym € [0,mgl, v <t < T, u,v€Cor—h,T; Hy)
, , 2.31)
f "1G(5.15) - G5, v < C f " lu(s) ~ v(s)Rads,
T ™—h
For u € CO(t - h,T; H,) we define the mapping G, by
Gu: [T]— H,
(2.32)
1— Gu(1) = G(t,u).
Note that
G, is measurable and G, € L™ (7, T; Hy). (2.33)
Now we define the mapping G by
G: C't-hT;H)— L*x,T;H))
(2.34)

Mng,

which has a unique extension to a uniformly continuous mapping G defined from L>(t — h,T; Hy)
into L2(1,T; H)).

Hereafter we will denote G(t, u;) = G(u)(¢) for u € L*(t—h,T; H}). Therefore, VYt € [,T1,u,v € L*(1 -
h,T;H), we have

[ 1660 -6wokds < [ - as (2.35)
T T=h

‘We assume that
uo = (vo,¢0) € Y, € L%, g€ L7 (R;V})

loc

and G : R XCp, — H, satisfies (2.27)-(2.31).
Using the notations above, we rewrite (2.1), (2.4), (2.7)-(2.5) as (see [8] for the details)

% +vAv+ Bo(v,v) = KRo(eAng, §) = g(1) + G (1, v1),

fz—f +ANpu+B1(v,0) =0, u = eAnd+af(9), (2.36)

1, )(1) = (o, ¢0) (v, $)(1) = 9(1) = (91,92)(1), 1 € (T—h, 7).
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Remark 2.1. In the weak formulation (2.36), the term uV¢ is replaced by eAxV¢. This is justified
since f (¢)V¢ is the gradient F(¢) and can be incorporated into the pressure gradient, see [8] for
details. For the sake of convenience, as in [8] we will replace u in (2.36)3 by i = u —{u), that is
o =€eAnd+af(@)—a(f(¢)), ae.in Mx(0,+0c0). Obviously we have (a(r)) =0 V¢ > 0.

Definition 2.2. A pair (v,¢) is called a weak solution to (2.36) if

d¢
a
and (v, ) satisfies (2.36); and (2.36)3 in V| and V7 respectively.

For (vo,¢0) € V, a weak solution (v,¢) is called a strong solution on the time interval [0,7] if in
addition to (3.51), it satisfies

v, ¢) € C(r,T);Y)NL*([1,T); V), % e L[, T); V), e L[, T); V3) (2.37)

veC([r,T); Vi) NL*(1,T;D(Ag)), ¢ € C([t,T); D(AN)) N L2 (1, T; D(An) N H>(M)). (2.38)

In the case when the delay terms 7 and G are zero, the weak formulation of (2.36) was proposed
and studied in [9, 8], and the existence and uniqueness of solution was proved. The CH-NS with
delay is studied in [15], where the author proved the existence and uniqueness of weak and strong
solutions. In particular, the following result can be proved as Theorem 3.1 in [15].

Theorem 2.3. Let ug = (vo,¢o) €Y, e L%, ge leoc(‘R;Vi") and assume that G : R XxCy, — H,
satisfies (2.27)-(2.31). Then, for each 7 € ‘R,

(1) there exists a unique solution u = (v, ) to (2.36) that belongs to the space C([t,+0);Y).

(2) If g € L> (R;H)) and uy = (vo,do) € V, then the solution u = (v,$) is a strong solution. In

loc

particular, if & € Cy and uy = (vo,¢o) = H(0), then u = (v,¢) € C([T — h,+0); V).
Proof. See [15]. O

Hereafter, to simplify the notation, we set K = 1.

3 Ecxistence of an attractor

3.1 Preliminaries on pullback attractors

We first recall some results on the theory of pullback attractors as developed in [12, 13]. For more
details, the reader is referred to [6, 3, 12, 13].

It is well known that for non-autonomous differential equations, the initial time is as important as
the final one. Therefore the classical semigroup property of autonomous dynamical systems is no
longer available. Instead of a one time-dependent map S (¢), we need to use a two-parameter process
U(t,7) on a complete metric space X. Hereafter U (¢, )y denotes the value of the solution at the time
t which was equal to the initial value i at the time 7.

Definition 3.1. Let X be a complete metric space. A family of mappings {U(z,7),t,7€ R,t > 1} C
CY(X,X) is said to be a process (or a two-parameter semigroup) in X if

Ui, nU(r,r)=U(t,r)forallt>1t>r,
3.1)
U(t,7)=1d forall t.

The process U(:,) is said to be continuous if the mapping (¢,7) — U(¢,7)x is continuous for all x € X.



CH-NS with delays 39

As in the standard theory of attractors, we are interested to invariant sets. Since the system is
non-autonomous, these sets also depend on the time. Hereafter, if A, B C X, dist(A, B) denotes the
Hausdorf semi-distance between the subsets A and B defined by:

dist(A, B) = sup ingd(a, b). 3.2)

acA a<

Definition 3.2. The family of subsets {8(#)};cx C X is said to be (pullback) absorbing with respect
to the process U if, for all # € R and all D c X bounded, there exists Tp(z) > 0 such that

U(t,t—s)D c B(t) for all s > Tp(s). 3.3)
The absorption is said to be uniform if 7»(#) does not depend on the variable z.

Definition 3.3. A family of compact sets {A(#)},cx is said to be a (global) pullback attractor for the
process U if, for all T € R, it satisfies:

U(t,7)A(t) = A¢) for all 1 > 7,
(3.4)
limy—e dist(U (2,7 — $)D, A(7)) = 0 for all bounded subsets D c X.

The pullback attractor {A(¢)},cx is said to be uniform if the attraction property is uniform in time,
1.e;
lim supdist(U(¢,t— s)D, A(t)) = 0 for all bounded subsets D C X. 3.5

§—00 eR

Definition 3.4. A family of compact sets {{A(f)};ex is said to be a (global) forward attractor for the
process U if, for all T € R, it satisfies:

U(t, 7)A(t) = A(r) for all £ > T,
(3.6)
limg_, dist(U(t,7)D, A(t)) = 0 for all bounded subsets D C X.

The forward attractor {A(#)},cx is said to be uniform if the attraction property is uniform in time,
i.€;
lim supdist(U(¢ + 7,7)D, A(t)) = 0 for all bounded subsets D C X. (3.7

S0 reR
The following result is given in [6, 3].
Theorem 3.5. Let U(t,7) be a two-parameter process such that U(t,7) : X — X is continuous for

all t > 7. If there exists a family of compact (pullback) absorbing sets {B(t)};ex , then there exists a
pullback attractor {A(t)}en, and A(t) C B(t) for all t € R. Furthermore,

At) = U /\(D,t), (3.8)
DcX
bounded

where

/\(D, 1) = ﬂ U U(t,t - s)D. (3.9)

neN s=n
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3.2 Construction of the associated processes

Forte R, up=(vo,¢0) € Y and ¥ € L%(, hereafter we will denote by u(.; 7, (ug,3)) = (v, d)(.; T, (g, 3))
the unique solution to (2.36), which belongs to

L, T;V)NLX(r=h,T,Y)NC(1,T;Y), VT > 1. (3.10)

To study the long-time behavior of (2.36), we define the processes U = U(¢t,7) and S = S(¢,7) as
follows.
Fort <1, U(t,7) and S (¢, 7) are given by:

Ut,7): Cy —Cy

3.11)
9 +— U1, 7) = us(57,(30),9)).
St1): My — My
(3.12)
(uo, ) ¥ S (1,7)(uo, D) = (u(t; 7, (o, 3)), (3 7, (o, 1))).
For 7 < t, we define the mappings U(z,7) by:
Utr): My — L3
(3.13)
(o, ) —> U (1, 1) (uo, 9 = us(:; 7, (o, 9)).
Then it is clear that for T < ¢, we have
U(t,7)¢ = U1, 7)(0),9), ¥ € Cy,
(3.14)
S, 7)o, ?) = (u(t; 7, (uo, M), U1, 7)o, 9)), ¥(uo,?) € My.
Remark 3.6. If we define the mapping j by
j: Cy —YXxCy
(3.15)
¥ — j(@) = (30),9),
then
S (t,7)(up, ) = j(U(t, ) (o, ), Y(uo, ) € My, t >T+h. (3.16)

Note that for (ug,9) € My, U(t,7)(ug, ) € Cy provided that ¢ > 7+ h.

Lemma 3.7. Let (ug, ), (itg,9) € My be two initial data for (2.36), where uy = (vo, ¢o), iig = (¥, o).
Let (v, 9)(-) = u(-) = u(-,7, (uo,9)), (7, ¢)(-) = ia(-) = ii(-; 7, (i, 3)) be the corresponding solutions given
by Theorem 2.3. Then for all t > T, we have

t
lu(t) — a(Dl < (c§||ﬂ - ’9”%% +|ug — ao@) X exp ( f (Cs+ T(s))ds), (3.17)
where

1) = vl + (1 +11gIPIANGI7, + PP + Q1 (ler 1@l (1 +|AngL, +1ANGI,),

¢ > 0is a constant and Q1 = Q(:,-) monotone non decreasing function independent of the time and
the initial data. Moreover for all t > T+ h, we have

!
Nty — i3, < (Cﬁllﬁ—ﬂlli%( +|u0—ft0|%{)><exp( f (C§+‘r(s))ds). (3.18)
T



CH-NS with delays 41
Proof. Let us set (w,y) = (v,¢) — (¥, 9), i = eAny + a(f(¢1) — f(#2)). Then (w,y) satisfies

D+ yAgw + Bo(v,w) + Bo(w, 7) — Ro(€Anth, @) — Ro(€And, )

=G(t,v) -G, 7y), (3.19)

AWy Ani+ Bi(w.9) + Bi(.0) = 0, fi = fi— (.

Multiplying (3.19); by w, (3.19)3 and (3.19); respectively by Ayt + e£Any (with & > 0 sufficiently
small to be selected in the sequel) and eAny, respectively, we derive as in [14, 9] that

e2¢

% AW+ (1= NI + AN < YWY + G, v) = Gt P, (3.20)
where ¢ = ¢ is a constant that depends only on M and
() = w3,
1(1) = clVIP + (1 +IBIMANGL, + 72, 1171 (3.21)

+ Q1B Bl (A +|ANG1, +|ANGI,).
It follows from (2.31) that (for ¢ > 1) (with & small enough such that 1 —c& > 0)
!
y(t) < (c§||z9 - ﬂ||i%{ + | — ao@) X exp ( f (Cs + T(s))ds), (3.22)

!

and (3.17) is proved. Note that f T(s)ds < oo.

Now we assume that ¢ > 7+ A. ThTen for £ € [-h,0], we have

B 1+
Wi+ < (cgnﬂ—ﬁniz +|Mo—ﬁo|%()><exp( f (o5 +'r(s>>ds)
¥ T

(3.23)
< (21912, +luo— ol ) xexp ( f e T(s))ds).
Therefore .
lludllg,, < (c§||ﬁ - 5@{ +ug— ao@) X exp ( fT (C;+ T(s))ds), (3.24)
and (3.18) is proved. O

We now prove that U(.,.) and S(.,.) are continuous processes.

Lemma 3.8. The mappings U and S are processes. Moreover, U(t,7) : Cy — Cy and S (t,7) :
My — My are continuous for t > 1.

Proof. We proceed as in [6, 3]. From the uniqueness of solutions to (2.36), we conclude that U and
S are processes. To prove the second part of the lemma, we consider two solutions u(-) and i(-) to
(2.36) corresponding to the initial data (:(0),®) and (30),3) respectively. Then from (3.17), we
have

lu(t) - @D < (Czh+ DI DG, X exp ( f (C+ ‘Y’(s))ds) : (3.25)
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forallt > 7.
For 7—h <t <, we also have

u(®) — () = Nt —1) -t -7), (3.26)
which gives
!
lu(t)— () < (Cah+ DI -, x exp( f (Cs+ T(s))ds) , 3.27)
T-h
forallt>71—h.
Finally we obtain
!
lluy = 4|l < (Cah+ DI -G, x exp( f (C;+ T(s))ds), (3.28)
-h

for all ¢ > 7, which shows that U(¢,7) is continuous.
For the continuity of S we note that for ¢ > 7 + A, if (ug,?), (iig, 9 € My, and u(.) and @(.) are the
corresponding solutions, then for # > 7+ i, we have (see (3.18))

0
=), = f I+ )=+ Ol de

0
< f sup u(t+s)— i(t + s)3d¢ (3.29)
—h s€[—h,0]

!
< h(C§||ﬁ— ﬂ||i%{ +lug — ao@) X exp( f (C:+ ‘r(s))ds).
For v <t <7+ h, we also have

0
el = f lur+0) =+ 0

(3.30)
< ((Cgh + 1|9 - ﬁni%( + hlug — ao@) X exp( f t(cg + T(s))ds).
Then for ¢ > 7 we derive
lluts — ﬁt”ig, < ((Cf,h + D9 - ﬁni%( + hlug — ao@)) X exp f t(cg +7(s))ds (3.31)
and the continuity of S follows from (3.17). O

Lemma 3.9. The mappings U(t,7) : Cy — Cvy and S (t,7) : My — My are continuous for t > 7.

Proof. The proof is similar to that of Lemma 3.3. O

3.3 Absorbing set in Cy and My

In this part, we prove that for v large enough, there exists a family of absorbing sets in Cy and My
for the processes U(.,.) and S(.,.).
We first recall from [6, 3] the following result.
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Lemma 3.10. Assume that the family of bounded sets { B(t)};e in Cy is absorbing (resp. attracting)
for the family of mappings {U(t,7),t > t}. Then

1) the family {B(t)},en is absorbing (resp. attracting) for the process U(_.,.),

2) the family of bounded sets j(B(t));,e in Y X Cy is absorbing (resp. attracting) for the process
SC,.).

Proof. See [6, 3]. O
Theorem 3.11. We assume that (2.27)-(2.34) are satisfied. For v large enough such lyay > C,,
where a is defined in (3.39) below and Ay > 0 is the constant defined in (2.11). Then, there ex-

ists a family {B(t)},ex of bounded absorbing sets in Cy for the family of mappings {U(t,7),t > 7).
Moreover;, B(t) = By ¥t € R, where By C Cy is bounded.

Proof. We set i = u—{u). By multiplying (2.36); by v, (2.36)3 by 2¢¢, € > 0 and adding the resulting
equations, we derive as in [9] that

dE
’n +kE(t) = AN (D), (3.32)
where
E@®) = (v, ¢)(0)5 +2a(F($(1)), 1) 2 + Ce, (3.33)
and

A0 = =2VIVIP + kVI7, = 2IVul?, = 26 = el VP17,
+2a [K(F($) = f($)p, D12 = (€ = )(f(@)p, 2] + 26, )2 (3.34)

+2(v,8(1) + G(t,v)) + (D)2, + &C...

Here C, = 2aaCp| M| > 0, where CF is a constant large enough in order to ensure thatE is nonneg-
ative (note that F is bounded from below by a constant independent of @ and €) From (3.61), we

have
clfIA +1yD) <2f()y+cy,

”

FO)~ @y <cpy’+c, (3.35)

26,0)12 < VAL, +ECMMIVSL,,

for any y € R, where ¢ f,c*,c,f and c,f’ are positive, sufficiently large constants that depend only on

f.

From [9], we also note that

M) < = = KCu M IVOIP = IVDI7, = coa(€ =) (LF (@O 1 +1¢(0)]) 12

~[£Q2~£CaMIe™) — k(1 +2ae” ¢ IMD]el VY], (3.36)

—1y,2 2 -1 2 2
+07 gl + v, + C UG V)E, + Cehl, +c1,

where C,, depends on the shape of M, but not its size and c; is given by
c1 = 2kaCrl M|+ 2ac M|+ cpalé = ) MI. (3.37)
Let us choose x € (0,1) as

k= min{v2C, M), eQC M) £(1 + 20 CulMic)) ™. (3.38)
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From now on, ¢; will denote a positive constant independent on the initial data and on time. Let us

set

a1 =v—=KkCylM, a3 = [£Q - ECuIMle™) = k(1 + 20 L IMD]e.

As
ajd; > 2C R

we can choose o > 0 such that
ajd; > ch +0.

Then from (3.33)-(3.38), we derive that

dE +KE(®) + a1 VI +aallpOI +c3(f (@), 1 +0))2

+2AVuDI, < o718l + o}, + C GV, + Celvly, +c1.

Let D c My be bounded and let d > 0 such that

|(vo, po)I3 + ||ﬁ||§§ <d, Y((vo,¢0),®) € D.

(3.39)

(3.40)

Let ((vo,¢0),®) € D and 7 € R. Let us set u(.) = u(.;7, (ug,3)),up = (vo,Po). Then from (3.40), we

have

dt =
Now let m € [0, mg] such that
a1y >2C, +o+m.

Then

mt dE(1)
dt

% (e™E(t)) = me™E(t) + e <eMo! Igli2

+e" (m— (@11 = (o +CONIE, + C3 G A V)R, ) + e
Therefore (using (2.31) and (3.42))

!
e”"E(t)—emTE(T)sfems(0_1|g|i2+c1)ds
T

!

" ((m= (a1 = (o + CNVIE, + C4 16 vl ) ds

+
—

emt —11,12 ’ ms 2
<Tr (o |g|L2+c1)+Cg erI(s—1)lyds
-h

+
™

¢ (m+Cy = (@141 = (o + Co)vIZ, ) ds

em . 1.2 mr ’ 2
< G lgl, +e) +Cge [9(s)lyds,
—h

which gives

mt
E(t) < (0 Vg2, +¢1) + (Qo(d) + Cod®)e ™™, Vi 2 7.
m

< —(@1d1 = (T +CV7, + 0 g, + C G vl +ci.

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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Note that E(t) < Qo(|(vo, $o)lv) < Qo(d?).
Now, for t > 7+ h and s € [-h,0] we have

e_mt —11,12 72 32\ ,—mt—ms ,mt
E(t+s) <5707 Igl5, +c1)+(Qo(d™) +Cod™)e e
3.46
em . 1.2 ) 2N —mt h (340
< G (o gl + ) +(Qo(d”) + Cod )e ™™ e e,

which gives
mt
a3, < S0 Igs + 1)+ (Qo(d) + CydPe ™™™, it > T+ . (3.47)
: m
Finally we derive that
1Tt t =)o, DG, =g, <o'm™Igl7, +cim™ +(Qo(@) +Cod®)e ™™ ™ ™, i, 5> h. (3.48)

Let

Py = Z%mt(a‘llgliz +c1). (3.49)
Then, there exists T (f) (= Tp) > h such that for s > T (¢) and (ug, ) € My, we have

10,1 = 5)(uo, Dllc, < Py (3.50)
Therefore, the balls B(t) = B¢, (0,5y) form an absorbing family for the mappings U (%, 7). O

Corollary 3.12. The assumptions are the same as in Theorem 3.11. There exists a family {B(t)};ex
of bounded absorbing sets in Cy for the process U(.,.), which is given by B(t) = By = B¢, (0, py) for
all t € R. Moreover, if B(t) = By(0,py) X BL%{(O,hl/ZpY) C My forall t € R, then {B(t)},ex forms a
family of bounded absorbing sets for the process S (.,.).

Proof. The first part follows from Theorem 3.11 and Lemma 3.10. For the second part, we proceed
as in [6, 3]. Since

il < Allwli, (3.51)
and
J(B®) ={(0),9), ¢ € Bc,(0,pv)}, (3.52)
we have
J(B®) € Be, (0,p7) X B2 (0,h'*py) = B(@). (3.53)
This implies that {B(7)},cx is absorbing for the process S (.,.). O

3.4 Absorbing set in Cvy

In this part, we prove that for v large enough, there exists a family of absorbing sets in Cy for the
family of mappings {U(t,7), t > 7).

Theorem 3.13. The assumptions are the same as in Theorem 3.11. For D C Cy, let Tp = T jp),
where Tj(D) is the absorbing time corresponding to the set By in Theorem 3.6. There exist ﬁ%,, B1. B>
such that for any bounded set D ¢ My, we have

10, = $)(uo, DG, = max (i + 2,1 =s, (o, NG <%,

I+1p
f (Aov(ot = 5. (0, D)2, + AR B(0 1 = 5., (0, D)2 + AN B0t = 5. (g, P} )dor - (3-34)
t

+1

<PBilta—tl+p2,
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forall s>Tp+1+h,teR, (up,®) € D, t1,t2 € [-h,0].

Proof Let D ¢ My be a bounded set and let d > 0 such that
o, DI, < d, ¥(uo,®) € D.

For (up, ) € D, let u(-) = u(.;to — s, (uo,®)) where tg € R is fixed and s > T
We derive from (3.40) that (by integrating between ¢ and ¢+ 1, for ¢ > 0 and s > Tp)

t+1 t+1

E(t+1)—E@) +« f E(r)dr+(a; — (0 +C)A7h f Iv(P|Pdr

t t

r+1 1+1

v f V(D Padr < 0~ gPs +c1 +C! f Gt v Radr

1 t+1
sU—1|g|§2+c1+C—gc§ f V()7 dr

t—h

t r+1
<o 'gl, +ar +cgf |v(r)|izdr+Cgf ()%, dr,
t—h t
which gives

1+1 t+1
@=@+2605") [ vofadrs [ FaIRar
t t
!
<o gl +c1+Cy f ((v(r)2,dr + E(1)
t—h

!
- 2
<o 1|g|i2+cl+Cgf ||Mr||ch’”+E(f)
t—h

<o Ygl, +c1+ Cehpi + Qo(3).

Therefore if v is large enough such that

aq —(0'+2Cg)/11_1 >0,

then .
+
[ iR+ a0 R < o, vez
t
where
To =7 (0718l + 1 + Cehpy + Q0(pY))
and

«1 =min(1,a; — (0 +2Co)A7H.

From y = eAn¢ + af(¢), we also have (fort > g )

r+1 1+1
& f AR dr < ¢ f (ViR +alA Y F @) dr

t+1
<o f (VAL + Qo))

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)
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which gives
141 32 ) . )
f |Ay ") 2dr < cJv + Qo(Py). (3.62)
t
It follows from (3.59) and (3.62) that

t+1
[ o +143200R < B e (3.63)
t

where Iy = cly + Qo(ﬁ%{,).

Note that (3.58) implies that we can choose m € [0,mg] such that (3.42) is satisfied.

For r > 1y, taking the inner product in H; of (2.36); with 2Agv, the inner product in L*(M) of (2.36),
and (2.36)3 with 2A2 vt2L B3 @ (£ > 0 small enough) and 26A12\,¢> respectively. Adding the resulting
equalities gives (see [8] for the details)

LY 4 29\Agv L, +20elA% 1, + 2By, = 2K (Ro(eAnd. §). Agv) 2

—20(AN(f (@) = (f($)), BNf1) — 2 B1 (u, $), A3 $)
(3.64)

~2(Bo(v,v), Agv) 2 + (8 + Gt ur), Agv) 2 + 24 Bnfi, A3 )

+20L (BN (f(®) = (f($)N). AL )2,
where
Y1) = VOIP + elAndD17,. Vi > 1.

Using the estimates of [8] for the nonlinear terms appearing in (2.36), we can check that Y(z)
satisfies

Y AW, + SIBL 0L, + 2~ (e +a)1IByil,
(3.65)
<Y(NOY (@) +11(),
where
W) = eIV IANGL, + V2, IV + Q1181 (1 +IANG1,),
(3.66)
T(0) = c(L+ I3, +IVBL, +1gl, +1G 1, v)I7,).
‘We note that
t+1 t+1 ,
f Y(s)ds =a; < oo, f T(s)ds =a, < oo,
t t
(3.67)

t+1 5
f Y(s)ds = az = Iy, < oo,
t

t+1 1+
f G(s.vo)lhads < L2 f () dr
t _

<I? f V2,dr+L; f ()2, dr
t (3.68)

! 1+
<L} ft_ hIIu,IIédeL; f ()7, dr

222 7222 _ "
< hLops + Lopy = a,.

and
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Therefore
Y1) < (a3 +ap)e™ Eﬁ%,, Yi>to+1,
where
a = a’2 +a; + clgliz.
Letting
u(-) = u(31=s,(ug, %)),
we obtain

ludl, <p%. Vs> Tp+1+h.

Now, multiplying (2.36), by Aqub and using (2.36)3, we derive that

4y
d—tl +2elA3 012, < 2aKAY F(9). A )+ 2KAL > Bi (v, ), AY ),
where
Yi(0) = 1437612,

Note that

2KAN Bi(v,0), AN 9)] < 214\ B1 (v, )| 214001 2

< §IAYP12, + VAoVl 2 IBIIAN L2 + W2 VI AN 12 1AY 2,
and

2a[(AY F(8). AN ) < SIAY 012, +clf " (@) AN 0P,
+elf @)AN DANGL, +|f (@AY o1,
< SR, + 0a(IAngDIAL 1.

It follows from (3.73)-(3.75) that

dy,
— =+ elAY ol <Th ),

where

I1(1) = Qa(IANGDIAY 812, + clVIIAVI IBIA NG 2 + V2 VAN G| 2 1A N 2.

It follows from the Gronwall lemma that

3/2
AN B2, < c1, Vi > 1.

I+1p

(3.69)

(3.70)

3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

For the bound on f (|A0v|i2 + |A12\,q§|i2 + IAISV/ZqSIiZ)dr, we proceed as follows. From (3.65) and

1+

(3.76), we have

dy dY,

VAoV, + el AL 2, + €AY B2, < ——— — == + Y)Y (1) + I1(1) + T (9).

dt dt

(3.79)
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Then for s > Tp+ 1+ h and 1,1, € [h,0] with t; > #;, we derive from (3.69) and (3.79) that

1+1p
f (MAVEs + A2, + AT 202, )dr < Y(i+1y)
15

+1

I+
HYi(t+ 1)+ f (EY () + 1) + Ty (r)dr (3.80)

+1
Sﬁ%/+d’1|l2—l‘1|+d’2+C1,
which gives (3.54),. O

Corollary 3.14. The assumptions and the notations are the same as in Theorems 3.11 and 3.13.
There exist p%,, B1, B2 such that for any bounded set D C Cy we have

7 2 _ . 2 2
WUt =)o, Dllc, = (nax u(t+ 4,1 =5, j(I}> < Py

1+1p
f Agv(or 1= 5, JODE +143 gl 1= 5, JO.)do (3.81)
1+

<Biltr—ti|+Ba,

foralls>Tp+1+h,teR, (up,¥) € D, 11,1, € [—h,0].
Moreover, the family {Bg(t)};ex, where By(t) = Bs = Be,(0,pv) X BLV(O,hl/ 2pv) is absorbing for
S(,.).

Proof. The proof is similar to that of Corollary 3.12. O

3.5 Existence of the pullback attractor

In this part, we prove that U(.,.) and S(.,.) have a unique uniformly bounded pullback attractor in
Cy and My respectively.

Theorem 3.15. There exists a unique uniformly bounded attractor {Acy(t)},en for the process
O(.,.) in Cy and a unique uniformly bounded attractor {Ap,(t)},ex for the process S(.,.) in My.
Furthermore these attractors satisfy

Am, (1) €Y XCy, Am, (1) = j(Ac, (1)), Yt € R. (3.82)

Proof. We proceed as in [6, 3]. Let us set B2(f) = By = B, (0, pv) for all # € R. Then {Ba(f)},c is a
family of bounded set in Cy and uniformly absorbing for U(.,.). Let us set B> = j(B,). Then, there
exists ng =Tp, +1+h >0 such that

U(t,t—s)By C By, Vi€ R, s> Ty, . (3.83)
Now let us set
Bs(f) = U U(t,t—5)B> By  Cy. (3.84)
SZTB'z

Then {B3(¢)} is a family of uniformly bounded sets in Cy which is (uniformly) absorbing for Ug,.).
Let us prove that (B3(?)) is relatively compact in Cy.
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Step 1. First for #; € [-h,0], the set

L U 0= 96 (3.85)

SZTEQ ¥€B,
is relatively compact in Y. In fact, for #; € [-h,0], ¢ € R, the set
{u(t+1n,1-s5, j@), s > T, 0 € By} (3.86)

is relatively compact in Y since it is bounded in V and the injection of V in Y is compact.
Step 2. Let us now prove that the set

U Ut,t - 5)B, (3.87)

SZTgZ

is equi-continuous. We proceed as in [6, 3] and we note that for 7 € R, 1,1, € [-h,0], s > TBZ and
9 € B, we have

10(t,1=5)( @) = Ut,1= ) @) @)ly = lu(t+11,1 =5, j(9) —ut + 12,1 =5, j(P)ly.  (3.88)

Now let us denote u(.) = u(.;t—s, j(¢})). From (2.36);, we have

I+1p , 1+ ,
f Vrdr| < f WV ()| 2dr
1+ t

+1
I+t
< f (VAov(D)l 2 +1Bo(v, V)12 + €|Ro(ANG, D)l 2 + 1812 +1G(E, v, 2) dr
t

+1

V(E+1) —v(t+ )2 =

L2

I+t
3/2
< lglzl — 11l + f (MA0v()lp2 + clAov(P) 2 Vil + celAn gl 2 1A% 2612 + Lellvilic,, ) dr
t

+1

I+

153 1+t
3/2
Aov(r ) cel = oy [ 1o ar

t+1

<lglp2lt =t + (v +cpv)lta —tlll/zf

1+

<lglp2lta — 1]+ (v + €+ cov)lta — 1|2 (Bilta — t1] + Ba) + cpyltr — 11l

(3.89)
From (2.36),, we also have
12 I+t 12 I+1) 12
AN (@t + 1) =t + )2 = f AN (ndr| < f AN¢ (l2dr
+h L2 t+h
R sp 12 3/2
< [ (o + AN B0+ W ) ar
+h
I+1p 1+1) 3.90
<clty -1 f AN ¢, dr + f (MIT21A0V Nl 2 An gl P dr G20
1+t 1+t

1+1)
+e f (W 52V AN g1 1A @(r)],5 + Q2(1ANGl2)IAY ¢z ) dr
t

+1

< clty =112 (Bilt2 — 111+ Ba)ov + 1 Qapv)lt2 — 1.
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It follows from (3.89) and (3.90) that the set

U U(t,t—5)B, (3.91)

s ngz

is equi-continuous.

It follows from Step 1, Step 2 and the Ascoli-Arzela theorem that B3(¥) is relatively compact in Y.
The proves that {B3(f)},ex (where the closure is taken in Cy) is a family of compact absorbing set
in Cy for the process U(-,-). Consequently, it is also a family of compact (uniformly) absorbing
sets for the process U(:,-) in Cy. Moreover, {j(B3(?)};ex is also a family of compact (uniformly)
absorbing sets for the process S (-,-) in My, which ensures the existence of the pullback attractors
the processes. O

3.6 Example of a forcing term with variable delays

In this part, we give an example of a delay term G that satisfies (2.27)-(2.31). We assume that the
delay term is given by

G(t,ve) = Go(W(t —p(1)), (3.92)

where Go : R? — R? satisfies
G0(0) =0, |Go(uw) —Go(Wlx2 < Lilu—vlx2, (3.93)
for some fixed constant L; > 0. We assume that p € C'[0, +0), o) =0, V>0, h=supp(t) € (0, +c0),
pr= supp,(t) < 1. We can prove as in [4] that this situation is within our frameworkt;id (2.27)-(2.31)

t>0 )
are all satisfied.
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