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Abstract
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Finite Volume method (DDFV method) for 2D-flow problems in anisotropic hetero-
geneous porous media with full Neumann boundary conditions. We start with the
derivation of the discrete problem, and then we give a result of existence and unique-
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error estimates in discrete energy norms and L?-norm are investigated. Numerical tests
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1 Introduction and the model problem

From the outset, the classical finite volume methods (see for instance [9]) were designed
for ensuring the local mass conservation as well as the robustness for complex applications
(multi-phase flow in geologically complex reservoirs for instance). But the imposed geo-
metric constraints to mesh elements was an important handicap for those methods. Further-
more, the finite volume computation of anisotropic flows was a real challenge. To overcome
these difficulties, several investigators have proposed variants finite volume methods. In
these methods the key idea consists in approximating the fluxes using multi-point schemes
known in the literature as Multi-Point Flux Approximation methods (see for instance [1],
[2], [5], [8], [13], [15], [17] and [25]). The Discrete Duality Finite Volume (DDFV) meth-
ods (see for instance [6], [21], [22], [3] and [4] ) combine the advantages of the above
mentioned methods, i.e. local and global mass conservation principle, accurate for rough
grids and coefficients. The DDFV methods can be considered as finite volume methods of
new generation.

This work is a contribution to the theoretical analysis of the DDFV formulation pre-
sented in [14], [20], [18], [19], [10] and [11]. The matrix kernel analysis of our linear
system is similar to [16] and [24]. Our analysis is focused on the case of anisotropic flow in
heterogeneous media with full Neumann boundary conditions covered with a quadrilateral
grid.

Let us consider the 2D diffusion problem consisting in finding a function ¢ in Q that
satisfies the following partial differential equation associated with homogeneous Neumann
boundary conditions:

—div(D grad )= f in Q (1.1)
-Dgradp-n=g in T (1.2)

where Q is a given open square domain, I" its boundary, f and g are given functions and
n the unit normal vector} to I' outward to Q. D = D(x), with x = (x1,x)" € Q, is a full
piecewise constant matrix describing the spatial variation of the diffusion coefficients. We
assume that the matrix structure depends solely on the geological structure of Q. Let us set

Lo ={L; Lisalithologic component of Q} (1.3)
and let us consider
DL L
O':max{£+ i;LeLQ} (1.4)
DL L
11 22

where D¥ denotes the full diffusion matrix with constant coefficients corresponding to the
lithologic component L. So o is a strictly positive number that is mesh independent. As we
will see later this number plays a key role in stability analysis.

Let us formulate some basic assumptions:

eSymmetry:

V1<i,j<2 D;j(x) = Dji(x) ae. in Q (1.5
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eUniform ellipticity and boundedness:

Fymin> Ymax € R** suchthat VEeR2, £#0
(1.6)
Ymin €7 < ETD(XE < ymax P a@e. in Q

where |-| denotes the euclidian norm in R?, and where D; ;(+) are components of D. We also
suppose that f € L?(Q) and g € L?(T') and that the following compatibility condition is
satisfied:

ff(x)dx—fg(x)dT(x)zo (L.7)
o) r

Under the previous assumptions the model problem (1.1)-(1.2) possesses a unique varia-
tional solution i.e. there exists a function u defined almost everywhere (a.e.) in Q such
that:

ueV={ve H(Q); fv(x)dsz} (1.8)
Q

and

f Du(x)v(x)dx = f fx)v(x)dx — f g(x)yo(v)(x)dt VveHl(Q). (1.9)
o) o)

0Q

where 7y is the "trace” operator from H 1(Q) into L?(Q) (or onto H %(89)).

Remark 1.1. The existence and uniqueness of solution of the problem (1.1), (1.2) and (1.5)
is proved theoretically in quotient space H'!(Q)/R (see for instance [12]). So if u is this
solution then, for any ¢ € R, u = u + c is also a solution. So the constraint fgvdx =0

incorporated in the definition of V guarantees uniqueness of the solution to the problem
(1.1),(1.2)and (1.5) in V.

This paper is organized as follows. The second section deals with a finite volume for-
mulation of the model problem. Within this section we bring an affirmative answer to the
well posedness issue concerning the discrete problem. In the third section we investigate
the theoretical properties (stability and error estimates in convenient discrete norms) for the
solution of the discrete problem. The fourth section is devoted to the numerical tests.

2 A DDFYV formulation of the model problem

We are going to focus on the case of diffusion problems governed by piece wise constant
full diffusion tensors. From the practical point of view this assumption is very realistic
(see [7] and [23]). Indeed a subsurface area is made up of a collection of various geologic
formations that may be characterized at intermediate scales by averaged full permeability
tensors.

2.1 Formulation of the discrete problem

In what follows, we present the matrix form of a DDFV formulation for (1.1)-(1.2). Let
us emphasize that this method applies for any convex polygonal domain covered with an
unstructured primary grid. However we develop here the convergence analysis of that
method on Q =]0,1[> which is associated at square primary grid denoted P whose size
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ish= #, where N is a given strictly positive integer. On the other hand, we denote K; ;

11 1 a1 1 .1
. . i-5 i+%5 -5 Jj+5 i+5 i-5
the primary grid-block defined by: K; ;= |x, *,x, *[X xé z,xé | where x; * =x, *+h,

1

L1 . 1 1
J*5 j-3 .. . 3
X, 2 = X, 2 +h, f01’l,]=1,...,Nw1thxl2 =x

5 =0.
Important assumption: The discontinuities of the diffusion coefficient D lie on gridblock
interfaces and naturally divide Q into a finite number of convex sub-domains {€} g

From the boundary-value problem theory (see for instance [12]), the balance equation
(1.1)-(1.2) possesses a unique variational solution in V under the assumption (1.5)-(1.7) and
the condition f € L*(Q).

We now make the additional assumption that the restriction over Q; of the exact solution
to the system (1.1)-(1.2) denoted by ¢y, , satisfies to

G, € CHQy) ¥YseS

We should look for a finite volume formulation of the problem (1.1)-(1.2) in terms of a
linear system which is derived from the elimination of auxiliary unknowns, namely in-
terface pressures, in flux balance equations over grid-blocks. This linear system involves

{ui, j}lsi,jsN and {ui 11+l }OS”SN as discrete unknowns expected to be reasonable approxi-

mations of { ; } cell center pressures) and ., 1 ., 1 cell corner pressures
(pl,] 1<i,j<N ( p ) (pl+§’]+§ 0<i, j<N ( p )
. _ P _ ity ik -
respectively, where ¢; ; = w(xl,xz) and ¢, Lipd =elx S ) with:
| .1 .1 1
i—5 i+5 Jj=75 Jjt+5
px Xt Xttt .
xlzT, X, = 2 1<i,j<N 2.1
We also adopt the following conventions:
1 1 1 1
0_ .2 +1 _ N+3 0_ .2 +1 _ N+3
Xp =X, xllv =X, 7, X=X, x12v =X, 2.2)

We now give a summary description of the procedure leading to the linear discrete
system. We integrate the balance equation (1.1) in the grid-block K; ;, commonly called a
control volume and centered at the point (x’1 , xé) Applying Ostrogradski’s theorem leads to
integrate the flux on the boundary of K; ;. This integration is performed using an adequate
quadrature formula over each half-edge of K; ;, and this leads to an expression involving the
pressure value at edge mid-points. This pressure value is dropped away thanks to the flux
continuity which is imposed over the grid-block interfaces.

Let us illustrate now our procedure for computing the fluxes across the gridblock bound-
aries. For this purpose, we consider the internal edge [Now, Noe] associated with the grid-
blocks K; ; and K; ;.1 centered respectively at C and C” (see Figure 1 below).

In what follows, the restriction of ¢ over the closure of each gridblock, denoted again
©, is supposed to be C?. From the definition of the gridblocks K; ;, it is clear that (x’i ,xé)’ ,

| L 1
i+5  j+i i-% j+i ot . . .
(x, z,xé ) (x z,xé *) and (x| ,xé 2)" are respectively the coordinates of the points C,
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Now Noe

Figure 1. The edge [Now, Noe] associated with the grid-blocks K; ; and K; ;1.

Noe, Now and No (see Figure 1 above). On the other hand, D'/ and D¥/*! denote respec-
tively the diffusion tensor of the gridblocks K; ; and K; 1.

The flux expression over the edge [Noe, Now] satisfies to the relation: (for more details
see [19])

ij _ ij ij
f[Noe,Now] [—D’]grad<p‘n] ds =2D3, [‘piaj _‘Pi,j+§] - D;, [‘Pi+§,j+§ ~ P+t

ij " (23)
- D3, Pijel ~PicL jel +th.’j

R¢

i,j

porous medium.

with

< Ch, where C depends exclusively on Q, ‘327"5 and the lithologic structure of the
2

Furthermore the flux continuity over the interface between the gridblocks K; j and K; 11
leads to the eliminating the edge mid-point pressure ¢; jol in (2.3). Hence we have the
following approximation of the flux over the edge [Noe, Now]:

. o il piit!
—Du . N~ 2222 .=, .
jENoe,Now] [ D gl"dd ¥ n] ds 1)’2124-]_)’215rl [¢la] (pz,]+1]

il il i

+ Dy D; +D5, D _
D piH P11 7P
n+Dy 2:J%3 2:J%3

Note that in the case of a boundary-edge satisfying Neumann conditions, the flux over this
edge is equal to the imposed flux leads to an easy elimination of the corresponding edge
mid-point pressure.

Let us introduce the fictitious gridblocks K;o; Ko ;i Kin+1; Kys+1,j i,j=0,...,N+
1 associated with the null permeability. The use of such fictitious gridblocks leads to a
synthetic formulation of discrete balance equation valid for any primary gridblock (without
discriminating between internal and boundary primary gridblocks): see Figure 2 below.

It is then clear that this procedure applies to the boundary of any gridblock K; ;, with
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K
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22

Figure 2.  Left: Primary grid in black lines, dual grid in red dashed lines and fictitious
gridblocks in blue lines.
Right: Degenerated dual gridblocks in red dashed lines.

1< i, j< N, and leads to the following system of relations:
J g8y
7SN ijij+l
Dy [ap,,] - ‘pw“] D301 |Pictjrl T Pisk jad

ijaj=rf ijij—1 _
+ Dy [‘pw ‘Pw—l]Jszz,zl Pisl j-L =@

TSV iji+1] _ 24
+Dy) [‘Pw ‘Pl+1,J]+D11,12 Pirlj-L ~Pirl jl 24)

iji-1j iji-1j
+D7) 1y [‘Piaj_‘Pi—Lj]"'Du,lz $iljrl —Pil L
~ fKi,, f(xydx - fmaKi’j gx)dr(x) YV 1<i,j<N

where
ij ijEl ij ijxl ijxl i
piiEl _ 2D;, D3, iije1 _ DDy +Dy Dy 2.5)
2222 ~ DY 4 piE!’ 221 ~ DY 4 piit! )
22T 27
ij pyixlj ij itlj | il i
ijixlj 2Dy, Dy, ijixlj DY\ Dy, "+ Dy, D3 (2.6)
1 - D +Diilj’ 1,12 = D 4 pitl ’
11 11 11 11

. . . L opiditlj il ijijxl _ pijijxl

Note t-hat since D is a symmetrlc tensor We have: Di7," =Dy and- D350 =Dx; -
The discrete system (2.4) is not closed since the number of unknowns is greater than the
number of equations. Indeed there are [N? + (N + 1)?] unknowns and only N? equations.

Therefore we should look for (N + 1)? supplementary equations for closing that system.

For this purpose let us introduce the dual grid 9 made of gridblocks K, Ljel defined by
_ 1 il jojtl . .
KH%J% = ]x’l,x’1 [><])€2,)c2 [for i, j=0,1,..., N where it is set
L 1 N+l L
N=x2=0, xy=x2=0, 5} =xl+2 =1, B =xl =1

Let us denote by D the generic name of dual gridblocks and xp its center. The centers
of some dual gridblocks are located on I' the domain boundary. Such dual gridblocks are
named degenerated dual gridblocks defining a set denoted by Dy, (see figure 2 above).

In the same order of idea, let us denote by V(D) the set of the vertices of the dual
gridblock D, & the set of edges associated with the dual grid D, &™ the set of edges E from
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& such that E c Q, & the set of edges E from & such that E c T, E” the set of edges from
& such that UggnE = 0D, N(D) the set of dual gridblocks sharing a common edge with
DeD.

Remark 2.1. One should note that:

e VD, C € D such that mes(DNC) #0, there exists two gridblocks P and L of primary
gird such that DNC = [xp, x].

o VD, C € Dy,q such that mes(DNC) # 0, there exists a unique P € P satisfying to
CND = [xp, Xcp], where xcp is the midpoint of [x¢, xp] CIPNT.

e The boundary of each dual gridblock is a union of a finite number of edges of the
form [xp, x;] or [xp, xcp]. <

Let us now look for supplementary equations that should help to close the discrete
system (2.4). For this purpose we introduce some useful notations: &, is the set of mid-
edge points (note that this set is the same for the primary and the dual grids); let D € D (be
a dual gridblock), 85 is a subset of &, made of mid-edge points lying on I'p the boundary
of D. For a given half-edge [xp,x;] of D, where Pe P and I € 85 , it is natural to introduce

3 ] the corresponding unit normal vector exterior to the half-plane from R? containing
the point xp and bordered by the straight line (xp x;), and g{; el the unit normal vector to
[xc, xp] exterior to the gridblock P € P, where C € N(D) is such that [xc, xp] is an edge
of P. Let D” denote the permeability tensor of any primary gridblock P. Then, it is easily

seen that the following decomposition holds:

DY&f sy = anDIE ) — WD, 2.7)
ng[lzmxl] :Ch(DP)ggfc,XD] _dh(DP)g[l;P,xl] 28)

where the real numbers a;,(D?), b(D?), cp(DF) and d,(DF) are given by the relations:
P P TSP ( 2P P D T3P ( 2P
ap(D”) = (g[xc,xn] ) D (g[xc,xn] )’ by(D™) = (g[XP,Xl] ) D (g[xc,xn] )

Ch(DP) = (ggfc,xn] )t D" (g[lsz,xl] )’ dh(DP) = (g[lsz,xl] )t D" (g[lsz,xl] )

Integrating the balance equation (1.1) in each dual gridblock D = K Ltk and applying
the Ostrogradski’s theorem to the left hand-side of the equality leads to diffusion flux com-
putations over the boundary of D. Thanks to a suitable quadrature formula, one derives (as

in the case of primary gridblocks) the following discrete balance equations in D = K, 1

i+ 55
ij+1,i+1j+1 A ij+1,i+1j+1 _
D11,12 Pi,j+1 — Pi+1,j+1 +A22 Pird jel TPirl 43
ij,i+lj[ ) . ] iji+lj _
DV 17 |Pirlj = ¢ij| + A Pirljrl ~Pirl -1
i+1j,i+1j+1 o o i+1j,i+1j+1
+Dy, 5) [‘PHLJ _‘Pl+1,1+1] +A} Pirljrl ~Pird jul 2.9)

i N ijij+l
+D359) [‘Pwﬂ _‘Pw]"'Au [‘Pi+§,j+§ TPl el

D)
~ f(x)dx — gdr + 3 ol g(x)dr
fKH %,jJr% jl;ﬁaKH ,j+% CEN(D)ﬁDdgg ah(DP) [xc,xp]

YV 0<i, j£N

D=
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where P € P is a primary grid accepting xp as its vertex and where we have set:

i+l ij\2 ijoijtl
AT _ _(D12 —Du)l DY +D
11 ij ij+ 2
2(D%,+D3 ")
(2.10)
o i1+l yitlj\2 i+1j | i+l
Al+1],l+l]+l _ _(Dlz : D112 )1 D /+D1
SN 5
11 2(D5V+D5 )
o i+ _ i \? ij | i+l
Azj,z+1] _ _(D2l _Dzll) D3, +D5’
T itl) 5
22 2(p}+Dy}Y)
(2.11)
i+1j+1_ ij+1\2 i ikl
AL _ (" -D8) D +Dy
22 - i1 i1+l 2
2(Dn +Dy; )

It is important to emphasize that the coeflicients above are simply null if ior j € {0, N + 1}.
Recall that the coefficients Dll‘ll”}g and DIZ‘IZ’Z"I involved in the above discrete balance equa-
tions i.e. (2.9) are defined by relations (2.5)-(2.6)

Note that the exact solution ¢ does not satisfy (2.4) and (2.9) with equalities everywhere.

We derive the discrete system from (2.4)-(2.9) replacing ¢ and ” = with v and ” = respec-
tively. Therefore the discrete problem consists in findin { ; } andSu., 1 ;
y p g ul»] 1Si,jSN ul+%,]+% 0<i jSN
real unknowns such that:
iy ijij+l _
Dy Ui ”w+1] +D55 [ui—%,ﬂ% ui+%,j+%]

i1 ijij-1
+D22’22 u,,j—u,,]_1]+D [MH_%J_%—MZ-_I . 1]

2221 Lk
AL N ] ij,i+1j _ 212
+D7 " i~ i |+ Dy, Uil j-L THigl jil (2.12)

il iji-1j 3
DY) Ui ”l-LJ]"'Du,lz [ui—%,ﬁ% u_1; ]

= fK,»,,- f(x)dx — fmaKi’j g)dr Y 1<i,j<N

L+ o ij+1,i+1j+1
Dyi 1 Wij1 = Uis1 js1 |+ Az UipLjrl ~Uip L i3

i+l ) o iji+lj
+D u,+1,j—u,,]]+A Uipd jod “Uppl i1

11,12 22

+D5 0 i = i o |+ AT [u”%ﬁ% B ”i+%’/+%] (2.13)
DU g =]+ 85 a1y =y ]|

= fKH Lk fx)dx — fmaKH%,ﬁ% gdr + CeN(g):degg Zzgg e §00T

YV 0<i, j£N
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2.2 Existence of discrete solutions and conditions for uniqueness

We are going to deal now with the existence and uniqueness of a solution for the discrete
problem (2.12)-(2.13). Let us assume that the discrete unknowns are numbered from 1 to
m = N?+ (N + 1)%. Therefore the matrix form of this discrete system may be expressed as

follows:
A B\( U\ _( Fe
(2 e e )-(5) 19
where we have set:
Uee = {u(j_l)N+i}lsi,jsN s Une = {uj(N+1)+i+l+N2}0Si’jsN (2.15)
Fee = {F(j—l)N+i} 1<ij<n  and F,. = {Fj(N+1)+i+1+N2}OSl-’jsN (2.16)

where

F(j—l)N+i = F,',j = f f(x)dx - f gxydr VY 1<i,j<N
Ki,j FﬁaK,‘j

Fivensieten? = Fipt i1 :f S(dx —f gdr
K1 j+d InoK;, 1 j+l
2772 2772
cn(DP
+ Z n P) gdr Y 0<i,j<N
ah(D ) [xc,xp]

CEN(D)ND e

A is a N?> symmetric matrix, associated to the classical grid-centered finite volume
when D(.) is diagonal i.e.D1»(.) = D»1(.) = 0.
C is a (N + 1)> symmetric matrix, associated to the classical vertex-centered finite

volume when D is diagonal.
Bisa N?x (N +1)? matrix and E is a (N + 1)> X N> matrix. The following remarks will
play a key role in what follows.

Remark 2.2.
Z F,-,j:ff(x)dx—fng =0
1<i,j<N Q r
Z Fi+1§’j+% :fgf(x)dx—frgd?' =0. ¢
0<i,j<N
Remark 2.3.
cp(DP)
gx)ydr=0. ©
Z Z ah(DP) [xc,xp]

DeD CeN(DINDyeq
Remark 2.4. Setting

A B

M:[E c

— _ N2 2
]_(M‘Yp)ls‘v,pSm’ m=N"+(N+1)".

The matrix A, B, C, E and M satisfy the following properties:



10 A. Kinfack Jeutsa, A. Njifenjou and J. Nganhou

1. M is symmetric matrix

N? (N+1)?
2.V 1<s<N* Y A,=0 and 3 By, =0
p=1 p=1
N? (N+1)?
3.V 1<s<(N+1» Y Ep=0 and Y C;,=0
p=1 p=1
4.
m
l1<s<m Z = 2.17)
p:

Proposition 2.5. Let A . and A, be two vectors of R™ such that

1if1 <s<N?
0 otherwise

TifN*>+1<s<m
0 otherwise

(Ace)s = { and (Aye)g = {

. Then dim(Ker(M)) = 2 and the family of vectors {A.., A,.} defines a basis of Ker(M). <

Proof. First remark that the vectors A.. and A, are in Ker(M) and that: for any v € R™
v € Ker(M) implies v' Mv = 0. It remains to show that v/ Mv = 0 implies v € Ker(M).

Step 1: We show that there exist a real number p only depending on € such that

v, U, ][ 2 g H ll]] > p (i)’ (2.18)

where

(2.19)

* f—
lunly o = Z {[ui+%,j+%_ui—%,j+l] "‘[ U j+1 ”u]

1<i<N

1<j<N-1

) 2
+ Z [”i+1,j_”i,j] +[”i+%,j+% Uil ]——]

Let us emphasize that notation |-|T r will be made clear in Section 3.
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Multiplying (2.12) by u; j and (2.13) by u;
(2.15) are utilized)

il el and summing leads to (here notations

vt Ut ][ b H ll]] ]:RHSI+RHS2+RHS3 (2.20)
vc
where we have set
RHS1= 3 DL, U; ] +Al]l]+1 [u- Ll — UL 1]2
(N 2222 [ j+1 T Hi,j i+5,j+5 -, j+%
1<j<N-1 (2.21)

ijij+1 _ o
+2D555 [ui+%,j+% ui—%,j+%][ui,j+l ”w]}

2
_ iji+lj 111+l] _
RHS2 = 1<i<ZN_1{D11,11 i1~ ”lj] +4; [ Uil jil ui+%,j—%]

1<j<N (2.22)
iji+lj
+ 2D1112 [ z+§,j+§_”i+§,j—§][”i+1,j_”i,j]}
N 2 X 2
— 1j
RHS3 = Zvu[”%,jé Ut ; %] +Z [MN+2]+ TUnyL ]——]
j=1 j=1
N 2 X 2
i1
+ZV’22[%_H MHH] + ),V [H el T Ui %,N+%]
i=1 i=1
where
kj rykj kj
- DD} —(D
v\l = lk(. 2 VI<j<N k=1,N
2D
and
. leDzk _ le
vik = = ,k( ) 1<i<N k=1,N
2D%,

Let us note DY/*! and D'#*1J/ the homogenized symmetric permeability tensors

which appear respectively into the left hand-side of (2.21) and (2.22). It is easy
to check that

i+1j lj
det(D*1y = ﬁ x det(D') + o % det(D™17) (2.23)
Dy +Dy, ntPn
and
lj ij+1
det(DHitly = W X det(D7*1) + ﬁ X det(D'7) (2.24)
22 22 22 22

Due to the positive definiteness of D(x) and the relations (2.23) and (2.24) the sym-
metric matrices D'*/*! and D'**1J are positive definite. Therefore each of these
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. . . . [ij+1 jji+1]

matrices possesses two strictly positive eigenvalues. Let 1*%/"" and 1"/ be respec-
. X . min min

tively their lowest eigenvalues. So we have

2 )
ijij+1 .
RHS1 > Z A {[”i+%,j+%_ui—%,j+%] +[ui’j+1—ul,]]
1<i<N
1<j<N-1

S 2 2
iji+1j o _
RHS2 2 Z Arin {[uiﬂaj_u”f] +[”i+%,]~+% u”%aj—%]

1<i<N-1
1<j<N

N 2 2
> 1 — . 11— .
RS 320 ) [ jog =g g | ooy e
=1

N 2 2
+BZ [ui_%,% _ui+%,%] +[”i+%,N+% _ui—%,N+%]

where

ol ON
5 = mln{lg}lsl}v(vu),lg}g}v(vu )} >0
_ . . V,'N . ViN
B mm{lrsl}lsr}v( ) 12}1;}\7( 22)} >0
Thus

RHS1+RHS2+RHS3

Qi 2 72
min Uipd b TU L gL U g — Ui

1<i<N
1<j<N-1

iji+1] 2 2
3R | P N PR

1<i<N-1
1<j<N

N 2 2
| IFNESTR i PRSI

j=1

N 2 2
+ﬁ2{[%_%,%—ui+%,%] +[ui+%,N+%_ui—%,N+%] }

i=1

> p (s )’

v

where

. . (ij+1 .
p=min{B,6, min /lgu’; , min
1<i<N 1<i<N-1

1<j<N-1 1<j<N

iji+1j
/lmin

is actually a real positive number depending exclusively on the geological structure
of the medium. According to what precedes we have

2
YMy=0=0<p(M; ) <O=]l; =0
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Step 2:

Proposition 2.6. The discrete problem (2.12)-(2.13) possesses an infinite number of solutions.

Thus there exists two constant real numbers 8 and y such that
VI<S<N? (veo);=0 and VN2 +1<s<m (vyo)y=p
For 1 < s < N?

N? m
(MV)‘Y = ZA‘vp(Vcc)p"' Z Bx,p—N2 (ch)p
p=1

p=N2+1
(N+1)?

N2
= 0> Ap+u D By=0
p=1 p=1
andfor N>2+1<s<m

(Mv),

N? m
Z Esp (Vcc)p + Z Cs,p—N2 (ch)p
p=1

p=N2+1
(N+1)?

A2
= 0) Ep+u ), Cyp=0
p=1 p=1

by using the remark 2.4. Therefore Mv =0 and v € Ker(M).
Deduce from Step 1 that for v e R™:

VMy =0 36,u € R such that v = A + A, (2.25)
For all v € R™,v' Mv = 0 implies (according to Step1) that

d6,u eR such that v =0A.. +uA,, (2.26)

Reversely, if v satisfies (2.26) then Mv = 0 thanks to Remark 2.4. From Step 1 we
deduce that v'Mv = 0. Then dim(Ker(M)) = 2 and the family of vectors {A.c, Ayc}
defines a basis of Ker(M). The proof of Proposition 2.5 is ended.

O

Proof. 1t is based upon the discrete version of Fredholm Alternative and Remark 2.2. O

Proposition 2.7. There is a unique vector of u, € R™ satisfying the discrete equations
(2.12)-(2.13) together with the following constraints

> me;(P) > uy=0 (2.27)
PeP xPeT
> me‘;(T) > u"y=0. o (2.28)

TeT xTerT

<&
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Proof. 1t suffices to show that for v € R™
[ VMv =0 and v satisfies (2.27)-(2.28)] = v =0.
Consider v € R™ such that for all v € R™ v/ Mv = 0. Then (according to what precedes):

d6,u € R such that v =0A.. + uA,.
If v satisfies (2.27) and (2.28) then
0+4u=0 and 0+2u=0

Therefore 8 = u = 0 and thus v = 0. O

3 Stability and error estimates

In what precedes we have shown the existence and uniqueness of a solution to the discrete
problem (2.12)-(2.13) with the constraints (2.27)-(2.28). In what follows we derive from
that solution some approximate solutions for the model problem (1.1)-(1.2).

3.1 A piecewise constant approximate solution

Let us start with introducing a new grid £ made up of rhombi recovering Q as indicated in
Figure 3 below. With the grid L is associated a space E(L) made up of functions v defined

Figure 3.  An example of grid £ made up of rhombi associated with a primary square
mesh.

almost every in Q such that v is constant in LN, for any L € L. We equip the space E(L)
with the following discrete H 1(Q) norm:

1
2

Vv e B(L) Wlecs) = (3.1)

2
E (Axv)2 +(f V dx)
Q

seV(L)

where V(L) is the set of vertices associated with the grid £ and where we have set:

2
Ay = Z v — vkl

L,KeL such that
Ignlp={s}

with I'r denoting the boundary of any mesh element E. Let S ,(£) be the subspace of E(L)
made up of functions v that satisfy to (2.27)-(2.28). S;(L) is not empty as it contains the
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cell-wise constant function corresponding to the solution to the discrete problem (2.12)-
(2.13). In what follows this function is denoted by u, and is called “piecewise constant
approximate solution” to the model problem.

Remark 3.1. The discrete H' semi-norm
1

2

> awy?

seV(L)

Vi |v|j;’£ = (3.2)

defines a norm over S (L) and this norm is equivalent to the discrete H' norm defined by
relation (3.1).

3.2 A piecewise linear approximate solution

One can easily define a piecewise linear approximate solution for the model problem (1.1)-
(1.2) by using an adequate triangulation 7~ of the domain Q ( see Figure 4 below). As in
P, finite element theory this solution denoted by ug is continuous over Q= [0,1]%x[0,1].
Recall that the quadrature formulae (2.27) is exact for functions of class P over triangular
elements from 7. Since ug is in H'(Q), it is clear that us satisfies to the constraint (1.8)
which is imposed to the exact solution i.e.

zweV:WEH%&\fwmw:O} (3.3)
Q

Figure 4. Triangulation of the domain associated with the primary grid

3.3 Stability of the piecewise constant approximate solution

Let us start with the following important remark.

Remark 3.2. One can prove that there exists a constant C without dependence on the spatial
discretization such that (see [9]):

Vv e E(L) Mz ) < ClVIG - © (34)

An immediate consequence of the preceding remark is that the mappings

2
Z (Axv)2+(f vdx)
Q

seV(L)

1
2

”V”E(L) = (3.5)
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and

IVlllee) = (3.6)

Z (Axv)2+fv2dx

seV(L) Q

define two equivalent norms over the space E(L).
Let us introduce now two projection operators defined as follows:

veE(L) s Tpv =" = {vp)pep € E(P)
and
ve E(L) — Tpv=vP = (vplpep € E(D)

where E(P) and E(D) are respectively the spaces of constant functions over primary and
dual grid blocks. These spaces are endowed respectively with the following norms:

1

Mlegy=| >. >0 wk—wil? (3.7)

i€l(L) K,LeP with
ielgNI'y

and

D=

Mleoy=| D, > Iwke—wie? (3.8)

iel(£) K*,L*€D with
i€l e AL+

where /(L) is the set of gridblock centres with respect to the grid L.
Remark 3.3. Note that:

1

W= {7+ 2| ¥y e ECO. (3.9)

and that
Mz < Wleey 2l < Mlew — Yve EL) (3.10)

These obvious relations play a key-role in what follows. <&

The following result ([9]) plays a central role in the proof of the stability of the piece-
wise constant approximate solution to the model problem.

Lemma 3.4. Let ¥ be a rectangular grid defined over Q and E(F) the space of functions
v defined on Q such that v|y is a constant for all M € F. For every v € E(F), define:
[Yo(V)] (x) = v for almost every (in the sense of 1D-Lebesgue measure) x € U NTyy , where
M is a gridblock from F adjacent to the domain boundary I'. Then we have

“70(V)||L2(F) < CIMlg@) YveEF)

where 1

Yv e E(F). <&

2
Z (Axv)2+(f vdx)
Q

seV(F)

Mg =




Convergence analysis on quadrilateral grids of a DDFV method ... 17

All the ingredients are gathered for proving the following important result.

Theorem 3.5. (Stability result)

Let us assume that the data f and g are sufficiently regular and satisfy to the compatibility
condition (1.7). Then the piecewise constant approximate solution to the model problem
(1.1)-(1.2) obeys to the following inequality:

gl gy < C[I1f 2+ Igllizy |

or equivalently
|ML|T,L < C[||f||L2(Q) + ||g||L2(r)]

where the strictly positive number C represents diverse constants mesh independent. <

Proof.
A B U _ Fe.
[Uce UVC][ E C ][ U, ] =[Ue ch][ F,, ] (3.1D

LHS =[U,. ch][ A B H Uce ]

E C || U,
F

RHS =[U,, ch][ «e ]
FVC

From the step 1 of the proof of Proposition 2.5 we know that the left hand side of (3.11)
satisfies to the following inequality:

p(lunl? ;)" < LHS (3.12)

In addition, the right hand side of (3.11) obeys to the following relation

RHS = fo(x)updx+2ff(x)updx
P D

PeP DeD

+ Z f gupdr(x)— Z f g(updr(x)
pep VINTp DepVINIDp
N il
Dy,
+ Wi L1 —Up 1 1| == gdr
P 2°2 2°2 D22 K,’]ﬁr
N iN
+ u —u & dr (3.13)
i+ LN+ TU L N L DiN 8 .
i=1 20 JKinn'
N 1j
+ Z Uiy ., 1—UL . 1 &f gdt
A 207 | pil
=1 Dy Jxior
N 1j
+ Z Un, 1 1L — Uy, 1 1]&f gdr
N+3,j-5 N+3,j+5 j
| 2:J72 2:Jt72 D1212 Ky;T

~.
Il
—_
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where the convention that the integral term is zero if 'NI'p or 'NI'p are empty sets. Recall
that $ and D are respectively the (set of gridblocks defining the) primary grid and the (set of
gridblocks defining the) dual grid. By a double application of Cauchy-Schwarz inequality
and thanks to Remark 3.1 and Remark 3.3 one can see that on one hand we have

prf(x)updx+Zfo(x)uDdx

PeP DeD

< V2Ufll2e lunl; (3.14)

and

dr(x) - d
Z fr ﬁFPg(JC)up 7(x) Z f 8(Xupdr(x)

Pep Dep¥TNIp
< gl [[rol o)1 o, + el ol o)1)
< Cllglem [0 || gp) + Cllglza [0 o, (.15

IA

C”g”LZ(r) |Mh|i.£

where C represents diverse strictly positive number mesh independent. On the other hand,
we have

IA

N
(rz mes(K; ﬂF)|u.

11
. =22
i=1

IA

omes()

N Y12 [ N

2
E (”i—%é‘”ﬁ%,%) 2 ‘f gdr
i=1 ; KjnI'

o mes(D)llgll 2 lunl| , (3.16)

IA

where o a real positive number given by (1.4). From the above estimates it follows that
RHS < C[lIfll2) + lgll2 | lunl} (3.17)
Thanks to (3.12) and (3.17) we get
unl} £ < C[Ilf N2 +lIghz) |-

This ends the proof. O

3.4 Error estimates for piecewise constant/linear solutions

Theorem 3.6. (Error estimates for piecewise constant solution u )

Under the assumptions (1.5)-(1.7) and the condition f € L*>(Q), the unique variational
solution to the model problem (1.1)-(1.2) is such that its restriction to any primary gridblock
P € P lies in C2(P) and the error function &, = @j, — uy obeys to the following inequalities:

lenll 2y + lenly , < Ch (3.18)
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where C represents diverse positive constants mesh independent. Recall that uy = {un}ner

and ¢, = {@(xN)}ner, Xn being the center of the gridblock, N € L and h being the size of
L o

Proof. Taking account truncation errors, the equations (2.12)-(2.13) are transformed as fol-
lows :

i ijij+1
Dy ul»J_ul»]+1]+D22,21 [ui—%,j+%_ui+%,j+%]

TSN ijij—1 _
+ D55, |Uij ”w—l]"'Dzz,zl [ui+%,j—% ui—%,j—%]

TSV ] iji+1] _
+D " i~ i g+ Dy, Upplj L —U Ll (3.19)
LDy ']+Dij,i—1j _

1,11 |Mij ~ Hi-1,j 1,02 |Micdjed UL L

= [ fdx + ¥ kRS, ¥ 1<ij<N
0] a]

KGE,”I'

L+ o ij+1,i+1j+1
Dy 1 Ui je1 = Uirljr1 |+ A5 UppLjl ~Uip L 3

i+l ) o iji+lj
+D u,+1,j—u,,]]+A Uipd jod “Uppl i1

11,12 22
L+l o i+1ji+1j+1
+D22,21 ul+l,j_ul+l,j+l]+All ui+%,j+% _ui+%,j+%
(3.20)
NV . ijij+1
+D555) ”w“_”ld]"'Au [ui+%,j+%_ui—%,j+%]
cn(DP)
= f(x)dx — gdr + D — g(x)dr
fKH%,jJr% ﬁhaKH%,ﬁ% CeEN(DINDye ap(D") J[xc,xp]
+ Y hR®, | forall 0< i, j<N
ecE. | .. T2Jt3
i+5.+%

where E; ; and E;, L j+L are sets of edges associated respectively with K; ; and K;, Ljsl s
and where R} i and R; Ll denote the truncation error associated with the approximation
of the flux over the edges ¢;; and e,, Ljel respectively. Moreover, under the assumption
¢ € C? over the closure of primary grid-blocks, the truncation error satisfy the following
inequalities :

Ri il= Ch and R°

D |
l+§,j+§

<Ch (3.21)

In what follows, the notation R, will be used to denote the truncation error for the approx-
imation of the flux over the edge ex of any control volume K. Due to the conservatively
property of the proposed finite volume formulation, we have

© + R=0 (3.22)
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where K and [ are two adjacent control volumes such that e = 'x NI7;.
Let us define a function g;, almost everywhere in Q in the following way:

en(x)=¢gr if xelnt(L) with Le L (3.23)

where we have set €7 = ¢; —uy, for all L € L. Note that the element L of the additive mesh

L is necessary centered on a point whose cartesian coordinates are of the form (x"l,xé) or
i+% j+'§ . .

(x1 , X, ) £ 1s a generic name of &; ; or Sl jrd-

Remark 3.77. From the relation (3.22) we see that the function g is actually in the space

E(Z) . This function expresses the error in some sense (i.e. the difference between the exact

and the weak approximate solution u;) and certain estimates of this error are given in what

follows -

We immediately should show that the following quantities {s,-, j}1< i j< N

and {sH%’ j+%}l<i o are a solution of a discrete problem of the form (2.12)-(2.13).

Subtracting (2.12) from (3.19) and (2.13) from (3.20), and reordering the terms yields:

Jaj+l o L ijij+1
D355 81,1_‘9w+1]+D22,21 Eilj+l T

1 a1
l+§,j+§:|

jijij—1 ijij—1
+ Dl] '/ &ij —8,',]'_1] +Dl] .

2222 2221 8i+%,j—%_8i—%,j—%]
RSV P iji+lj B
+DV 1|8 8,+1,,]+D1L12 Eipl jol =&l jyl (3.24)
) P ']+Dij,i—1j _
1,11 |8 ~&i-1,j 1,12 |G-l el &L L
= X hRS, ¥ 1<ij<N
KGE,”I' J
and
LR iji+1j+1 B
D11,12 Eij+1 — Eirl, j+1 +A22 8i+%,j+% 8i+%,j+%
LT iji+lj
Dy 7 |gin—&ij| Ay Eipljel 8L L
i+1j,i+1j+1 i+1ji+1j+1
+D5) 51 Eitl,j _”i+1,j+1] +A}) Civl jel 7€ 3 jal (3.25)

iy i+1ji+1j+1 _
+D3551 |8i+ ‘91,J]+A11 Eipljpl =& L il

= hR¢ | forall 1<i, jSN-1
et Rirkied J
it5.Jt%
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Multiplying (3.24) by &; ; and (3.25) by ¢;, Lt and summing over i, j and reordering
the terms of the left hand side after summation side by side of the results obtained, leads to
the following inequality, thanks to (1.6) and (3.22):

21

vl ) <

-5+
1<j<N-1

1111
ij+1 i3 55 g
h ( J i, )R?l{lj or : —&. . R¢ 2
13‘21\7 BTl i i=3.+3 Sty

1
2

1<j<N

i+

R 1l 1. 1.1
el Lj el+§jiz’l+§j+§
+ h (8"—8- )R +lE, 1. 1—&,1 .1 R
1<i<zlv—l { b l+l’] LJ l+§’]_§ l+§’]+§

N -3 Ll i~ine L i dne L
224272 N+t Nty
+ hile. 11—€.,11|R® +lE._1 1—&..1 1 |R
zz‘l {( -3, l+§,—) z—%% i-3,N+3 i+3,N+3 ; %’NJF%
N 1. 11:.1 1. 1 1.1
22272 N2 Nty
+ Zh{(gl 1L —&1 L)Re . +(8 1. 1—&Ey, 1 ; l)R.
j=1 272 22 ) L Nt+3.j=3  “N+3.J+3 ) ir i N-1L
where KLl =T NI
Therefore

2
7(|<9h|ih) <h )y a;;
1<i<N, T<j<N-1

|3i,j A |8i—%,j+% 8yl jyl

|

+h Z b,’j

Eij— & ~|+ Eipl i L—=& 1 1]
1<i<N-T. 1<j<N | i+1,j i+5,J-5 i+3,j+3
N
+hi§1 Cirlgict =&t 1| TGyt |8t vyt _8i+%,N+%]
N
h 2 Cilepit e POt et = o|

where we have set, for ] <i<N and 0<j<N-1:

aij :max{R,-,j s Ri—%,j+%}
with

RK

R; i = max |R¢ .
L] P i,j

,R. , | =max
=2:J%3 e

e
R, .

2:J2

forl1<i<N-1and1<j<N:

bi,j :max{R,-,j s Ri+%,j—%}
with

— 4 —
R,-,j = meax|Ri’j|, Ri+%,j—l =

max
e

Re

1. 1
2,77
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for1 <i<N andk€{0,N}:

for1 < j<N andke{0,N}:

RS | .

1
k+3.j-2

C,.1 . 1 =max
k+3.j=3 ¢

By applications of Cauchy-Schwarz inequality we have:

2
® 2 2
7(|8h|1,h) < 2h[ 2 a,’j+ 2 b,’j
1<i<N, T<jsN-1 " 1<i<n-T, 1<j<n "

(3.26)
v 1

N 2
+3 (C,z’l +C2 )+ 3 (Czlz,j+C12V+%,j)] lenl} ,

S\ TNy ) S
Therefore, we deduce thanks to (3.21) that if ¢ € C? (E) for any grid-block K, we have

lenl} < Ch (3.27)

where C is a positive real number depending exclusively on ¢, Q and y.
Thanks to (3.4), we have

llenllzzi) < VC h

O

An L>—Error estimate can be derived for the piecewise linear approximate solution to
the model problem (1.1)-(1.2).

Proposition 3.8. (L>—Error estimate for piecewise linear solution )
Under the same assumptions as those of Theorem 3.6, the difference between the exact solu-
tion ¢ and the piecewise linear approximate solution ug satisfies to the following estimate:

llp— urll2) < Ch (3.28)

where C represents a positive constant which is mesh independent. o

4 Test simulation

We deal in what follows with a test case of diffusion problems in anisotropic heterogeneous
media.



Convergence analysis on quadrilateral grids of a DDFV method ... 23

Notations

o nunkw: number of unknowns
e nnmat: number of nonzero terms in the matrix

o sumflux the discrete flux balance, that is: sumflux = flux0+ fluxl + fluyO+ fluyl,
where flux0, fluxl, fluyO and fluyl are respectively the outward numerical fluxes
through the boundaries x =0, x =1,y =0and y = 1 (for instance flux0 is an approxi-
mation of fx -0 KVu-nds)and sumf =Y g7 |K| f(xg) where xg denotes some point
of the control volume K. Note that the residual sum flux is a measure of the global
conservativity of the scheme.

e umin: value of the minimum of the approximate solution.
e umax: value of the maximum of the approximate solution.

e enerl, ener2, where enerl and ener2 are approximations of the energy following
the two expressions

E; :fKVu-Vudx, E; =fKVu-n uds
Q r

Let us denote by u the exact solution, by 7 the mesh and by us = (ug)kes the piecewise
constant approximate solution.

e erl2, relative discrete L? norm of the error, that is, for instance:

1/2
3 K] (u(xg) —ug)* )
KeT
erl2 = 3
Y IKlu(xx)
KeT

e ergrad relative L norm of the error on the gradient, if available

e ratiol2: fori > 2,

In(erl2(i)) — In(erl2(i— 1))
In(numkw(i)) — In(numkw(i — 1))

ratiol2(i) = -2

e ratiograd: fori > 2, same formula as above with ergrad instead of erl2.

o erflx0, erfix1, erfly0, erflyl relative error between flux0, fluxl, fluy0, fluyl and
the corresponding flux of the exact solution:

flux0+fx:0KVu‘n ds
fx:OKV”‘” ds

erfix0 =
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e ocvl2 order of convergence of the method for the L? norm of the solution as defined
by errl2 with respect to the mesh size:

D= In(erl2(imax)) — In(erl2(imax —1))

N T n(h(imax)) — In(h(imax —1))

where h is the maximum of the diameter of the control volume.
e ocvenerdisc order of convergence of the method for the norm ||.||g ) defined by (3.1).

e ocvgradl2 order of convergence of the method in the L? norm of the gradient as
defined by ergradl2 with respect to the mesh size, same formula as above with ergrad
instead of er/2.

Test problem
We consider a diffusion problem formulated as (1.1)-(1.2), where the permeability tensor is
defined as:
1 0
b= ( 0 10° )
Consider
f=2n)*(10° — 107)sin(27ry) exp(—27x107/2)
and

—2710° cos(2my)exp(—27x1073/2) if 0<x<1 and y=1
3 —271073/2sin(2ny)exp(=27x107/%) if x=0 and 0<y<]I
71 2710752 sinny)exp(—272x107/%) if x=1 and 0<y<l1
27110° cos(2my)exp(=27x10™/2) if 0<x<1 and y=0

.1

The exact solution
@(x,y) = sinry)e 2 VI/1I0* o Q =10, 1[x]0, 1[.

of the problem (1.1)-(1.2) satisfies the following null average condition

fap(x)dx =0
o)

and the following compatibility condition is checked

f Fdx— f )y (x) = 0.
Q r

Let us consider the following square meshes (see for instance the figure below) The ap-
proximate solution of the problem (1.1)-(1.2) satisfies the following discrete null average

conditions:
4

ZUP+2 Z Up +4 Z UD+2ZUD,-:O

PEP DeDext DeDim‘ i=1
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Up1 Upz

Figure 5. A primary mesh (full black lines) and the dual mesh (dotted red lines), including
cell-points and vertices respectively in black and red colors.

and

1 1 1
Z Up+5 Z Up+=(Upr+Up3)+ —(Up1 +Ups) =0
: 2 3 6
peDin peDe

where D™ is the subset of D made up cells strictly included into Q and D is the subset
of O made up cells having only an adjacent edge with the boundary of Q.

Comments about numerical simulations:

Numerical simulations of a diffusion phenomenon governed by full Neumann boundary
conditions together with the permeability tensor defined above have been performed.

For that purpose we have utilized the Discrete Duality Finite Volumes exposed and analyzed
in this work. The different quantities arising from computations confirm our theoretical re-
sults, namely error estimates given in Theorem 3.6 and Proposition3.8 (see Table 1 - (d)
below).

Indeed, according to these results a convergence of order one at least was expected for both
L*-norm and the discrete energy norm ||.|[gr). We have obtained much better in terms of
order of convergence: a quadratic convergence for L?>-norm and a quasi-quadratic conver-
gence for the discrete energy norm ||.[|g(y).

Note that there is no contradictions between the theoretical results and the numerical com-
putations obtained here. In fact the theoretical results are established for a permeability
tensor with piecewise constant coefficients. In this case study the physical medium is taken
to be homogeneous.

Let us emphasize the fact the Discrete Duality Finite Volume method under consideration
here has shown a strong capability for honoring the mass balance law as depicted in Table 1:
(a), (b) and (c) below. Since our Finite Volume Scheme is conservative, the results from
Tables 4.3: (a), (b) and (c) were expected.
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i Fluocd Flucl Fluoc Fluyl enerl ener? eraen enerdisc
1 6.2 2E00 | -6.22E00 OEDD OEDD 4. 15E01 1.12FE01 7 30E-01 2 9900
2 6.22E00 | -6.22E00 -5.82E-11 -5.82E-11 3.09E01 2.22E01 2.31E-01 3.23E-01
3 6.22E00 | -6.22E00 OB OB J.62EO 3.37EO1 &6 F7FE-OZ 2 23E-01
4 6.2 2E00 | -6.22E00 OEDD OEDD 3.80E 01 3.73E01 1.81E-0Z2 6. 04EE-O2
5 6.22E00 | -6.22E00 -2.128E-11 OEDD 3.85E01 2.82E01 2.67E-O3 1.71E-02
(a)
oo 2 ocwgradl2 ocvenardisc
2. DEDD 102030 1.82E00
[b)
i erf luxl erfluxl erf lusc erfluyl Erflm wmin umax
1 1. 43E-16 1. 43E-16 AEDD 1EOO 4. 14E-01 -1.79EQD 1.79E0D
2 1 43E-1& OEDD 5.11E02 1.O2EQ2 2 37E-O2 -1.04E00 1.04E0D
E 1.43E-16 1.43E-16 AEQOD 1EQOD S.66E-03 -1.01EQ0O 1.0 B0
& -0EDD OB 1B 1EOO 4.7 2E-02 -1EDO 1E00
= -0EDD OB 1. 26E02 1EOO 4 ZAF-03 -1EDO 1E00
[c)
i ko nmat sumflux erl2 ergrad Raticl2 Atiog rad
1 21 &8 OEDD 4. 7E-01 1.62E-01 OEDD DEOD
2 57 236 -1.16E-10 1.06E-01 7.69E-02 2. 99E00 | 6. 1EDD
2 177 260 OEDD 2.59E-02 2.48E-02 2.48E00 | ZEQOQ
< 609 3260 QEDD & 44E-02 1.97E-03 2. 25E00 | 3.72E-01
5 2241 12662 -2.128E-11 1.96E-02 1.96E-02 21200 | 3.72E-03
[d)

Table 1. Diverse numerical results for the test problem:

(a) is devoted to flux and energy computations combined with error on energy computations;
(b) is dealing with error on flux computations and min-max principle validation;

(c) is concerned with numerical flux balance;

(d) is giving orders of convergence for L?>-norm and for the discrete energy norm ||.|| E(L)-
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