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Abstract

This paper is devoted to solve a multidimensional backward stochastic differential
equation with jumps in finite time horizon. Under weak monotonicity condition on the
generator and by means of suitable sequences, we prove existence and uniqueness of
solution.
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1 Introduction

It is well known that the pioneer result on Backward stochastic differential equation (BSDE
in short) was established by Pardoux and Peng [10]. Few years later the authors prove in
[11] the deep connection between such equations and parabolic partial differential equa-
tions. Since then the interest in such stochastic equations has increased thanks to the many
domains of applications. In order to study more general BSDEs, several authors interested
in relaxing the Lipschitz condition on the generator. In this way some attempts have been
done (see among others Mao [9], kobylanski [7], Lepeltier and San Martin [8]). Some au-
thors studying parabolic integral-partial differential equation (PIDE), interested in BSDEs
with Poisson Process (BSDEP in short). Among them we mention the result of Barles et al
[1] who establish a probabilistic interpretation of a solution of a PIDE. This was done by
means of a real-valued BSDEP with Lipschitzian generator.

Soon after appeared multidimensional BSDEs (MBSDE in short). Hamadéne [6] proved
an existence and uniqueness result of such equations with uniformly continuous generator
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and Fan et al [4] focused on the uniqueness of solutions of a MBSDE with linear growth
generator. Recently Fan and Jiang [3] studying a MBSDE in finite time horizon prove an
existence and uniqueness result under mild conditions on the generator. Their method based
on four steps with suitable sequences improve subsequently the known results.

In this paper we intend to extend the result establish in [3] to MBSDEs with Poisson
jumps (MBSDEP in short) introduced by a random Poisson measure independent to the
underlying Brownian motion. We prove existence and uniqueness of solution under weak
monotonicity and a growth condition on the generator. The paper is organized as follows.
We first introduce a technical assumption and establish some preliminary results in section
2. Thanks to these statements we deal with the solvability of a MBSDEP in finite time
duration in Section 3.

2 MBSDE with Poisson Jumps

2.1 Definitions and preliminary results

Let Q be a non-empty set, ¥ a o—algebra of sets of Q2 and P a probability measure defined
on 7. The triplet (Q2,7, P) defines a probability space, which is assumed to be complete.
We assume given two mutually independent processes:

e a d—dimensional Brownian motion (B;)s>0,

e arandom Poisson measure ¢ on E X R, with compensator v(dt,de) = A(de)dt

where the space E = R — {0} is equipped with its Borel field & such that {u([0,7] X A) =
(u—v)[0,¢] x A} is a martingale for any A € & satisfying 4(A) < 0. A is a o—finite measure
on & and satisfies

f (1 Ale)A(de) < oo.
E

We consider the filtration (F;);>0 given by 7, = 7‘;3 V?;” , where for any process {1;}:>0, f"t =
oin—ns, sSr<ffvN, F'= 7—‘0'7t. Here N denotes the class of P—null sets of F.

For Q € N*, | . | stands for the Euclidian norm in R€.
We consider the following sets (where E denotes the mathematical expectation with respect
to the probability measure P) and a non-random horizon time 0 < T < +oco:

o S*(R9) the space of F;—adapted cadlag processes

¥ [0,T]xQ — RC, ||‘P||§2(RQ) = E( sup |‘Pt|2) < 0.
0

<t<T

o M3(R9) the space of F,—progressively measurable processes

T
W [0,T]xQ — R4, ||\P||§W(RQ) = ]Ef ¥, % dt < 0.
0

e L%(1,R9) the space of mappings U : Q% [0,T] x E — RZ which are P ® E-measurable
such that

T
2 2
U 2oy = Ef(; Ul 2 .0 1) < o
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where P denotes the o—algebra of F,—predictable sets of Qx[0,T] and

WU 1) = fE Ui(e)l A(de).

We may often write |-| instead of || -||;2(z g 1r) fOr a sake of simplicity.
Let k > 1 and define A = R¥ x R®4 x [2(E,&,4,R¥). Notice that the space B2(RF) =
S?(RF) x M>(R*4) x £2(u, R¥) endowed with the norm
1Y, Z, Ul gy = 1Y o ey + 12105 gy + U,

is a Banach space.
Finally let S be the set of all nondecreasing and concave function ¢(-) : R, — R, satis-
fying ¢(0) = 0, ¢(s) > 0 for s > 0 and f0+ o N (u)du = +co.

Remark 2.1. Notice that for any « € S, there exists a positive constant A such that «x(x) <
A(x+1), xeR,.

Given g : Qx[0,T] x A — R* a jointly measurable function and & € L*(F7,R¥) the set
of all R¥—valued, square integrable and ¥7—measurable random vectors, we are interested
in the MBSDEP with parameters (£,g,7T):

T T T
Y, = §+f g, G),)dr—f Z,dB,—f f U,(e)u(dr,de), 0<t<T, (2.1)
t t t E
where ®, stands for the triple (Y,,Z,, U,).
For instance let us precise the notion of solution to eq.(2.1).

Definition 2.2. A triplet of processes (Y;,Z;, Uy)o<i<r is called a solution to eq.(2.1), if
(Y., Z;, Uy) € B2(RF) and it satisfies eq.(2.1).

Now, let us introduce the following Proposition 2.3, which will play an important role
in the proof of our main result. In stating it, the following assumption on the generator g is
useful:

(A): dPxdrae., Y(y,zu)€RFxRP4 xRk,
0,8, 1,,z,u)) < Yy +alyl(zl + lul) + Iyler

where a > 0, ¢, is a non-negative and (7;)-progressively measurable process satisfying

T
E[f Qrdt
0

and ¢ is a nondecreasing concave function from R to itself with (0) = 0.

< 400

Proposition 2.3. Assume that g satisfies the assumption (A) and let (Yy,Z;,U)o<i<T be a
solution to the MBSDEP (2.1). Then for any 0 > 0, there exists a constant ¢ > 0 depending

only on a and 0 such that, forany 0 <u<t<T,
T
f f U(e)|*A(de)ds
t JE

T
f Z,12ds
t
T
f go%d s
t

T
< eI {cEan | Ful+c f WELY,PIFDds + éE
t

E[sup Y, | Ful +E Fu|+E

t<r<T

7

)

2.2)
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|? reads to

Proof. Applying It6’s formula to |Y,

T T T
i+ f 1Z,ds + f f Us)PAde)ds+ > (AY)? =1¢P +2 f (Y;,8(5,0,))ds
t t E t

t<s<T
T T
- 2f (Y, ZdBy) —2f f(Ys, Us(e)u(ds,de)y, 0<t<T.
t t E

By the assumption (A) and the inequality 2ab < 6a® + b /6 for any 6 > 0, we have
2(Y;.8(5.0))) < Y(Y,*) +2alY (1 Z| + U)) + 21 Yl
2
b

1
< YY) + (4a? + 1460)| Y, + Taca* 5(|zs|2 +UP)

Thus it follows from eq.(2.3) and (2.4) that forany 0 <u <t < T,

1 [ ’ 2 ’ 2
-E f \1Z,1%ds + f f \Us(e)PA(de)ds
2 t t E

where forO<u<r<T,

- u

Fu| <X

T
X! = B[|€7F,] + (4a” + 1466) f E[sup v, * (Fu}ds
t

s<r<T
T 5 902
2 YY S
f, ( (TP + 1469)"5

From the Burkhélder-Davis-Gundy inequality, the process {M, = fot(YS,stB s)}
fact a uniformly integrable martingale. Indeed for any 0 < u <t < T, we have

T i T 3
f (Y, Z:dBy) (sup |Yr|2) ( f |zs|2ds)
r 1<r<T t
T
+36]E[ f 1Z,|*ds
t

+E

7

ZE[ sup Fu| <6E 7,

t<r<T

1
< —E[ sup V> | Fu

t<r<T

7

Similarly for the discontinuous martingale, we have
2E[ sup

T
f f (Y, Uy(@ds.de))
t<r<T |Jr E
i T 3
(sup |Yr|2) ( f f |Ux<e)|zﬂ(de>ds)
<r<T t E
T
+36E[ f f |Us(e)* A(de)ds
t E

Taking in account (2.4) and (2.7), we deduce from eq.(2.3)

T T
f 1Z,ds f f Us(e)PA(de)ds f}
t t E

T T
< 2Xg+72E[ f \Z|*ds +72E[ f f |Us(e)* A(de)d s
t t E

7|

< 6E Fu

1
< —E[sup Y, [* | 7o

t<r<T

7

E[Sup Y, | Fu|+E Ful +E

t<r<T

Fu

O<t<

¢

2.3)

2.4)

(2.5)

is in

(2.6)

Q2.7)

(2.8)
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Hence combining the above inequality and (2.5), we obtain
f(o < 146X

T
= 146E[|€]|F,] + 146(4a? + 1460) f f(s)ds+E
t

T ()02
f (2921,//(|Ys|2) + ?S)ds
t

7

where f(f) stands for the left hand side of (2.8).
Applying Fubini’s theorem and Jensen’s inequality, inequality (2.2) follows from Gron-
wall’s lemma. O

In what follows we investigate our main subject.

3 Existence and uniqueness of solution

Let us introduce the following assumptions on the generator g. We say that g satisfies
assumptions (H) if the following hold :

e (H1): g satisfies the weak monotonicity condition in y, i.e., there exists x € S such that
dP x dt-a.e, Vy1,y> € R,z e R* iy e R,

V1 =2, 8(8,1,1,2.u) — (8, 1,2, 2, 1)) < k(|y1 = y2I?).

e (H2): dP x dt-a.e., Yz € R the function y+— g(8,t,y,z,u) is continuous.
e (H3): g has a general growth with respect to y, i.e., dP X dt-a.e,

VyeRF,  |g(p,1,,0,0)| < |g(8,0,0,0)| + ¢(Iy])

where ¢ : R* — R* is an increasing continuous function.
o (H4): g is Lipschitz continuous in (z, %) uniformly with respect to (g,7,y), i.e., there exists
a constant 8 > 0 such that dP x dr-a.e, y € R¥, z1,20 € R4y, u € R

1g(@,t,y,21,u1) — 8(8,1,, 22, u2)| < B(|z1 — 22| + U1 — uz)).

T
e (HS): The integrability condition holds a.s. E f lg(8,1,0,0, 0)|2dt < 400,

0
We recall the following result which will be useful in the proof of uniqueness. This one is
a consequence of Lemma 3.6 in [9].

Lemma 3.1 (Bihari’s inequality). Let T > 0, u,v continuous non-negative functions on
[0,T] and H : Ry — R, continuous and nondecreasing such that H(r) > 0 for r > 0 sat-
isfying

ds

— =4
o+ H(s)

If
u(t) < f v($)H(u(s))ds, 0<t<T,
0

thenu(t)=0forall0<t<T.
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We are now in position to give our main result:

Theorem 3.2. Let ¢ € L*(F7,RY). If g satisfies the assumptions (H), then the MBSDEP
(2.1) with parameters (¢,T,g) has a unique solution.

Proof. (i) Uniqueness. Let (Y!,Z!, U')o<<1, i = 1,2 be two solutions of the MBSDEP (2.1).

|20 4
We consider the function g defined by
V(y.z,0) € RXROXRE, g5, y.z,u) = g(s.y+ Y],z + ZLu+ UD = g(5. Y7, 21, UY)

s g

and for 6 € {Y,Z, U} we define § = 61’\—22.’\
It is easily seen that the triple (Y;,Z;, U;)o<i<r 18 a solution to the following MBSDEP
with parameters (0,7,g):

T T T
Y, = f (s, Y, Zy, Uy)ds — f ZdB,— f f Us(eu(ds,de), 0<t<T. (3.1
t t t E
It follows from (H1) and (H4) that dP X dt-a.e.,

V(y,z,u) € REXRIXRE (y,3(s,y,2,u)) < k(y1?) +BIyl(Iz] + u]).

Then the generator g of the MBSDEP (3.1) satisfies the assumption (A) with

Yy(w)=«k(u), a=p, and ¢ =0.

Thus, it follows from Proposition 2.3 with # = 0 and 6 = 1 that there exists a constant ¢ > 0

depending only on 5 and T such that, for0<¢< T,
T —_
f f IUS(e)Iz/l(de)ds]
t JE

T —_—
f ZPds
t
T —_—
Scf K(E[ sup IY,IZ])ds.
t s<r<T

Bihari’s inequality implies that, forany 0 <t < T,

T T
f 1Z,Pds f f IUs(e)IZ/l(de)ds] =0.
t t E

Uniqueness follows.

(ii) Existence. The proof of the existence part will be split into four steps:

Step 1: Let us consider the following condition :

(B1): for a given pair of processes (V,W) € ME(RFXdY % £2QI, R¥) there exists K > 0 such
that

]E[ sup Y, |+E +E

t<r<T

]E[ sup |Y,|+E +E

t<r<T

dP-as, |2 <K, dPxdtae., |g(t0,0,0)<Kand |Vi+|W|<K. (3.2

We intend to prove that under the assumptions (H) and condition (B1) there exists a
unique solution to the following MBSDEP:

T T T
Yi=¢&+ f 8(s, Y5, Vs, Wo)ds — f ZdB; - f Us(e)u(ds,de). (3.3)
t t t
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Let ¢ € C*(RK,R,) s.t. ka Y(y) = 1, with the closed unit ball as compact support. For an
integer n > 1 and (@,t,y) € Q% [0,T] x R¥, we set

gn(t,y, Vi, W)) = nfg(t,, Vi, W)  yi(ny). (3.4)

Then, g, is an (F;)-progressively mesurable process and for any y € R¥, we have

u
gn(t9ya Vt’ Wt) = fk g(tay_ ;,Vt’ Wt) *l//(”)d”
R

" 3.5)
- f gty = Vo W u)d
{w:lul<1} n
It follows from assumptions (H3), (H4) and condition (B1) that
Yy eRE, 18y, Vi, W)l < 1g(1,,0,0)| +1g(t.y. Vi, Wy) — g(2..0,0)| (3.6)

< K1 +p8)+a(yD

Hence from eq.(3.4), we can show that n > 1, g, is locally Lipschitz in y. Furthermore, for
anyn>1landye R, it follows from eq.(3.5) and (3.6) that dP x dt-a.e.,

lgn(t,y, Vi, Wpl < K(1+8) + ¢(ly)) (3.7

Now, for some large enough integer r > O which will be chosen later, let 6, be a smooth
function such that

0<6,<1, 06,(y)=1, for |y|<r and 6,(y) =0 as soon as |[y| > r+ 1.

Then for any integer n > 1, the function gfl(t,y) = 0,(y)gn(t,y,V:, W,) is globally Lipschitz
in y. Indeed, let us pick (y,y’) € RK x R%. If [y| > r+ 1 and |y’| > r + 1, then the statement is
trivially satisfied and thus we reduce to the case |y’| < r+ 1. Note that g, is locally Lipschitz
in y and 6, is globally Lipschitz in y. It follows from (3.7) that there exist two positive
constants Cy and C; such that dP x dr-a.e.,

182, y) = g8t <16, )NIgn(t,y, Vis W) = gu(t, Y, Vi, W)
+ |9r()’)_9r(y’)”gn(tay/, Vta Wt)l
<Cily-y'I+Co(K+BK +p(r+ 1)ly—y'| :==Cly—y'I.

From Theorem 2.1 in [1], we know that for any n > 1, the following MBSDEP

T T T
Y=g+ f g0(s, Y")ds f Z!dB, - f f Ul (e)(ds, de). (3.8)
t t t E

has a unique solution (Y}, Z}', U )o<<T.
Furthermore from (3.5) and (H1), we deduce that for any integer n > 1 and (y;,y2) € RExRX,

<y1 _y27 gn(t7y19Vt9 Wt)_gn(tayZ’ V[7 WI))

u u
< fk<yl _)’Z,g(t,yl - ;,Vl" WZ)_g(t’yz_ ;’VI’WI)>w(M)du
R

< [ <1 =yaPwtodu =t =P (39
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Moreover foranyn > 1 and y € R, combining (3.9) and (3.7) we have dP X dt-a.e.,

<y’g}6/)1(t5y)> = Qr(yxy, gn(t’y’ Vt’ Wt) - gl’l(t’ 0’ Vt’ Wl‘)) + gr(y)<ya gn(t50’ Vt’ Wt)>
< k(y1?) + [YI(K (1 +B) + ¢(0)).
This implies that the generator gﬁ of the MBSDEP (3.8) satisfies the assumption (A) with

Y(uw)=«k(u), a=0, and ¢, = K(1+p)+¢(0).

Hence applying Proposition 2.3 (with 8 = 1) and taking in account condition (B1), we de-
duce that there exists a constant ¢ > 0 depending only on 7 such that, for n > 1 and any

O0<u<t<T,
f 12" %ds | F, f f \U"(e)A(de)ds | T, ]

<cK’+c¢ f KENY"PIFuDds + c(K + BK + ¢(0))*T
t

7

E[Y!P|F.]+E .| +E

Furthermore, by Remark 2.1 and Gronwall’s lemma, we deduce that

T T
f VAR f f |U"(e)[* A(de)ds
t t E

< (cK* + cAT + c(K(1 +B8) + ¢(0))°T) x eAT := 12,

E[Y"F,]+E +E

Fu

Substituting u = ¢ in the previous inequality it follows that, for any n > 1,

T
f f |U§’(e)|2/l(de)ds}3r2. (3.10)
t E

By (3.8) and (3.10), we conclude that (¥}, Z, U}')o<i<t solves the following MBSDEP:

=§+f gn(s, Yy, Vs, W) — fZ"dB fo"(e),u(ds de). (3.11)

In the sequel, we shall show that {(Y}',Z}", U )o<i<1},5; is a Cauchy sequence in the Banach
space B2(R¥). To this end we define for any integers n,m and ¢ € {Y,Z, U}, Sm = g —
6™. Thus the triplet (?,n’m,zn’m, (’J\,n’m)ogg is solution to the MBSDEP with parameters
0,7,g"):

T T
Y"'" f g (s, Y"’" Vs WS)—f Zf’mst—f fU;”m(e)ﬁ(ds,de), (3.12)
t t E

where

T
VO<t<T, |Y'|<r and EU 1Z"ds|+E
t

?’m(s,y, Vs, Ws) = gn(s,y"' Y;n, Vs, Ws)_gm(sa Y;n,v Ws)’ ye Rk, 0<s<T.
It follows from (3.9) that for any y € R¥,

<y7:gw’m(tay7 Vta Wt) = <y7gn(tay+ Yma Vl‘a WZ)_gn(ts Y[’n’ Vt7 WZ)>
+<y9gn(t’Y;n’ VtaWZ‘)_gm(tsY[mvvt’Wt)>
SK(|Y|2)+|)’”gn(t, Y;navl’ Wl‘)_gm(t’ Y;,VL,V[,W,)L



Multidimensional BSDE with Poisson Jumps in Finite Time Horizon 29

We deduce that the generator g"" of the MBSDEP (3.12) satisfies the assumption (A) with
‘r//(u) =K(M), CZZO and ()Dt = |gﬂ(t, th’vt’ Wt)_gm(t’ Y[m’ VI9 Wt)l'

Hence applying Proposition 2.3 (with u = 0 and 6 = 1), there exists a constant ¢ > 0 depend-

ing only on T such that for0<¢<T,
T —_
f f |U§”m(e)|2/l(de)ds}
t JE

TA
f 12" 2 ds
t
T —
sf K(E[Sup |Yf’m|2])ds (3.13)
t s<r<T

T
f (|8n(S, Y;n, Vs, Wy) —gm(S, Y;n’ Vs, Ws)l)zds] .
0

]E[ sup [Y*"?|+E +E

t<r<T

+cE

On the other part, from eq.(3.5) we have forn,m>1and0<s<T,

1905, Y, Vs, Wy) = g, Y7, Vi, W) < f HS ()

{u:|ul<1}

where
™ () = (s, Y’vn —u/n, Vs, Ws)—g(s, Y’sn —ufm, Vs, W)|.

By (H2) and (3.10), we derive that for any u € R¥,
dPxdt-ae., H"™Ww)—0 as n,m— oo.

Moreover from (3.6) and (3.10), we have for any 0 < s < T and u € R such that |u| <
1, "™ *(u) < 2(K +BK + ¢(r+ 1)). This implies in particular
lgn(s, Y2, Ve, Wo) — gim(s, Y, Vi, W) < 2(K + 8K + ¢(r + 1)).

sLg o sLg o

Applying Lebesgue’s dominated convergence theorem twice, we obtain

n,m—oo

T
lim E[ f 18a(5, Y, Vi, W) = gn(s, Y Vi, Ws>|2ds] =0. (3.14)
0

Let us set for 0 <7 < T, f(z) = limsup,, ., f""(t) where f""(¢) stands for the left hand
side of (3.13). Then the function f is well defined by (3.10). Taking the lim sup in (3.13)
and combining Fatou’s lemma, (3.14) and the properties (essentially monotonicity and con-
tinuity) of x we deduce that

T
YO<t<T, f(t)Scf k(f(s))ds.

Bihari’s inequality implies that

lim {E[ sup Ilﬁ"ml2 +E +E

n,m—0co t<r<T

T T
f |Z§l’m|2ds f f |U?’m(e)|2/l(de)ds]} =0.
! t E
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As a consequence, we derive that {(Y}',Z]", U ;’)ogg}nzl is a Cauchy sequence in the Banach
space B2(RM. Let (Y,,Z,U Ho<t<r be the limit process of the sequence {(Y/',Z}', U, f)ogg}nz |
in B2(R¥). Taking the limit in uniform convergence in probability in (3.11) and combining
(3.7), (3.10) and assumptions (H2), we deduce by Lebesgue’s dominated convergence the-
orem that (Y;,Z;, U,) solves the MBSDEP (3.3).

Step 2: In this step, we intend to remove the bounded condition required on the process
(Vi, Wpo<i<r in Step 1. To this end we introduce the condition:
(B2): for a given pair of processes (V,W) € MRy x £2(a, R¥), there exists K > 0 such
that

dP-as., |£|<K, and dPxdtae., |g(¢,0,0,0) <K, (3.15)

Let us prove that under condition (B2), there exists a unique solution to MBSDEP (3.3).
For any integer n > 1 and z € R¥4 we consider the function qn(2) = zn/(|zl V n). Then we
have

V(z,u) € R¥IXRY,  1gu(2)]+ 1gn()] < (2] +ub) An.

It follows from Step 1 that for any n > 1, there exists a solution (Y},Z}', U} )o<;<7 to the
following MBSDEP

T T T
Yi=¢+ f 805, Y1.qu(Vy),qu(Wy)ds - f Z!dB, - f f Ul(e)ids,de).  (3.16)
t t t E

Similarly, we shall show that {(Y}',Z}", U}"Jo<i<t },», solution to (3.16) is a Cauchy sequence
in B2(R¥). Using the notations introduced in Step 1, we derive that the triplet (?t"’m, Z”m, ﬁfm )o<i<T
solves the MBSDEP

T T T
Y = f (s, Y Vs, Wo)ds —f Z?"dBg —f f U™ (e)u(ds,de), (3.17)
t t t E
where forany 0 < s < T,

?’m(S,y, Vi, Wy) = g(S,y + Y;n’ Qn(Vs)’ Qn(Ws)) - g(S,y + Y;n, Qm(Vs)’ Qm(Ws)), ye Rk-

By standard computations, it follows from (H1) and (H4) that for any y € Rk, dPx dt -a.e.,

3.8 (1, Vi, W)Y < k(1) +BIYIga(Ve) = gVl + gn(Wy) = gm(WI]
Hence the generator g™ of the MBSDEP (3.17) satisfies the assumption (A) with

Y) =«kw), a=0 and ¢ =pBlga(V)) =gVl +1gn(Wr) = gm(WI].

It follows from Proposition 2.3 with u = 0 and 6 = 1 that there exists a constant ¢ > 0

depending only on 7 such thatfor0 <t < T,
T —_
f f |U§”’”(e)|2/1(de)ds}
t JE

TA
f \Zp"ds
t
T —_—
< f K(E[Sup |Y;”’"|2Dds (3.18)
t s<r<T

T
+ CﬂzE [‘f(; (lCIn(Vs) - Qm(Vs)l + IC]n(Ws) - Qm(Ws)l)z ds} .

E[ sup [V | +E +E

t<r<T
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Since « € S, applying Gronwall’s lemma we obtain forany 0 <t < 7T and n,m > 1,

T T
f 12" 2d s f fE IU?’m(e)IZ/l(de)ds]
t t

T
< (cAT +2cﬁ2E[ f (V| +Wy)ds )XeCAT.
0

E[ sup [Y*"?|+E +E

t<r<T

Taking the lim sup in (3.18) with respect to n,m combined with Fatou’s lemma, the mono-
tonicity and continuity of x and Bihari’s inequality, we deduce that

{(YT,Z}, UMo<i<t},5 is a Cauchy sequence in B2(RM.

Let (Y;,Z:, Upo<i<r be the limit process of the sequence {(¥}',Z}', U )o<i<1},; in B2(RM.
Taking the limit in uniform convergence in probability in (3.16) in view of (H2), (H4), we
deduce by Lebesgue’s dominated convergence theorem that (¥}, Z;, U;)o<;<r solves the MB-
SDEP (3.3).

Step 3: We shall prove that given & € L*(F7,RF), if condition (B2) introduced in (3.15)
holds, then there exists a unique solution to the MBSDEP (2.1).
Using Step 2, we consider now the well defined sequence (Y}',Z}', U}'),>0 given by

=0,22=0,U%=0,
T T T ~ (3.19)
=&+ f g(s, Y™, 7 U Nds - f Z"dB, - f f U'(e)u(ds,de), n> 1.
t t t E

By assumptions (H1) and (H4), we have for any y € R¥, dP x dr-a.e,

0.8t .2 Uy = (g1, 20 UMY - g(1,0,207 U Y)
+(y,8(t,0,27~ 1, U y)
< k(y) +yl(lg(2,0,0,0)| + B1Z | + U]
This implies that the generator g of the MBSDEP (3.19) satisfies the assumption (A) with
W) =«kw), a=0 and ¢ =|g(t,0,0,0)|+B(1Z"" |+ |U*).

Hence applying Proposition 2.3 (with § = 328% and u = 0), we deduce that there exists a
constant ¢ > 0 depending only on 8 such that for 0 <z < T,

T T
E f 12" ds f f IUZ?(e)IZ/l(de)ds]
t t E

T
< e"(T_t)M(t)+ce"(T_’)f ( [ sup |Y, Iz])ds

s<r<T

c(T 1)
[ f 1201 2ds + f f % l(e)lz/l(de)ds]

where, thanks to condition (B2), we have

E[ sup |Y"? +E

t<r<T

M) = cB[|€] + — f 12(s,0,0,0)ds| < M. (3.20)

A
|~

~———
i

16,82 [ MRT:»
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Letus set Ty = max{T —In2/c,T —In2/(2cA),0}. Then for T} <t < T, we have the inequal-
ities
eC(T—[) < 2’ eZCA(T—l) S 2

and forany n > 1,

E[sup Y| +E +E
t<r<T

T
f f IU?(e)lle(de)ds]
t E

sup |Yr|2])ds

s<r<T

T
f 12" %ds
t
T
S2M+cf K(E
t
T T
f 12" Pds + f f IU?_I(e)IZ/l(de)ds].
t t E
Remark 2.1 and Gronwall’s lemma yields for 7) <t < T,
T T
f 12" ds f f |U§l(e)|2/l(de)ds]
t t E
T T
f 12" 2d s + f f U™ (e)* A(de)ds
t t E
T T
[ etpass [ [ IU?‘l(e)lz/l(de)ds],
1 t E

which implies by induction that foranyn>1and T; <t < T,

T
f |Z"ds
t

In the same spirit, we have for Ty <t < T,

1
+-E
4

E| sup |Y'*|+E +E

t<r<T

1
< (2M+ 2¢AT + ZE

) x eZcA(T—t)

1
<4M +4cAT + EE

+E +E

T
f f IU?(e)Iz/l(de)ds] <8M+8cAT.  (3.21)
t E

E[ sup |v7P?
t<r<T

T T T
Y= f (s, Y™ dls — f Z"MdB, — f f U™ (e)i(ds, de) (3.22)
t t t E
where
2" (s, y) = g(s,y+ Y;”,Z;’_l, U?_l) —g(s, Y;",Z’s"_l, U;”_l), ye RE0<s<T.

We deduce from assumptions (H1) and (H4) that for any y € R,

(y,:g;"vm(t,y)) < K(|y|2) +,8|y|(|Z,”‘1 _Z,m_1| + |Utn_1 B U[m—ll)
= k(P +BIYIGZ "+ (T ),

Then the generator g"" of the MBSDEP (3.22) satisfies the assumption (A) with

W) =ku), a=0 and ¢ =p4Z""" U
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It follows from Proposition 2.3 with 6 = 168 and u = 0 that there exists a constant y > 0

depending only on 5 such that for 77 <t < T,
T T~
f 12" 2d s f f IU?’m(e)|2/l(de)ds]
t t E
sup |?f’m|2])ds

T
<y T f K(E
t s<r<T

eV T-0 T __ T .
+— E[ f 2 s + f f |U?‘1’m-1<e>|za<de>ds].
t t E

We can assume that y = ¢. Let us recall 71 = max{T —In2/c,T —In2/(2cA),0}. Then for

any T <t <T, we have
T T .
f 12" 2d s f f IU?’m(e)Iz/l(de)ds}
t t E
T —_—
sch K(E[ sup |Yf’m|2])ds
t s<r<T
T T .
f Z 12 s + f f IU?_I’m_l(e)lz/l(de)ds}.
t t E

Hence in view of (3.21), taking the lim sup in the above inequality and using Fatou’s lemma,
the monotonicity and continuity of « and Bihari’s inequality, we prove that {(Y]',Z, U}")}
is a Cauchy sequence in the Banach space 8*(R).

Let (Y;,Z;, Ur)r,<i<7 be the limit of this sequence. Taking the limit in uniform convergence
in probability in (3.19), in view of (H2)-(H4), we deduce by Lebesgue’s dominated con-
vergence theorem that (Y;,Z;, U;)r,<;<7 1s a solution to the MBSDEP (2.1) on the interval
[T1,T]. Note that T — T is a positive number and depends only on 8 and A. We can repeat
the above procedure in finite steps to obtain a solution to the MBSDEP with parameters
¢, T,g)on [T,,T1],[T3,T>],..., and then on [0, T].

E[ sup [Y*"?|+E +E

t<r<T

E[ sup [Y*"?|+E +E

t<r<T

1
+-E
4

n>1

Step 4 : We shall prove that for ¢ € L>(F7,R*) there exists a unique solution to the MBSDEP
(2.1) with parameters (£,T,g). To this end we consider the sequences (g,),>1 and (£,)u>1
defined as follows:

For an integer n > 1, let (where the function g,(x) is defined in the previous step)

{fn = gu(&), (323

gn(t’ Yt’Zh Ul) = g(h Yl"le UI)_g(t’O’OaO)+qu (g(t,O,an))

It easily seen that
|Enl <, € <€ and |g,(2,0,0,0)| <n.

By Lebesgue’s dominated convergence theorem and assumption (HS), we have

T
B[jgn &7 =0 and E[ [ e 0.0.00-g0.0.0Pa =0, G2
0
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By Step 3, for any n > 1, let (Y}',Z}', U")r, <<t denotes the unique solution to the following
MBSDEP :

T T T
Yl =&+ f gn(s, Yy, Z, US)ds — f ZidBg— f f U"(e)u(ds, de). (3.25)
t t t E

Putting E"’m = &, — &, and using the same notations as in the previous steps, we have for any
0<t<T,

=n,m

T T

Y, "=y f s, Y,z U s - f Z, " dB,
t t
T

(3.26)
- f f T, eds, de)
¢ JE
where for (y,z,u) € RF x R¥*4 x R the generator g™ defined by
(s, y,zu) = gu(s,y+ Yy 2+ Z  u+ UY) — gn(s, Y, Z0, U
can be rewritten as
sy ) = gu(s,y+ Y 2+ Z8 u+ U — gu(s,y+ Yy 2+ Z) u+ UY)
+gm(s,y+ YV 2+ Z u+ UL — gu(s, YU, Z, UD). 3.27)

Thanks to this representation and eq.(3.23), it follows from (H1) and (H4)
38" (53,2, 1)1 (8(2,0,0,0)) = gn(g(1,0,0,0))] + x(lyI*) + Blyl(Iz] + |ul)
Then the generator g of MBSDEP (3.26) satisfies the assumption (A) with
Y(u) =), a=p and ¢ =|g.(g(2,0,0,0)) - gn(g(2,0,0,0))|.

Applying Proposition 2.3 (with # = 0 and 6 = 1) that there exists a constant ¢ > 0 depending
only on T and B such thatfor0 <t < T,

T T
E|sup |Y,|+E f 1z, Pds|+E f f IUAYn’m(e)Iz/l(de)ds]
<r<T t t E
- T ——n,m
<E[[g""?]+c f K(E[ sup 1Y, |2])ds (3.28)
t s<r<T

T

+cE fo (an(g(t,O,O,O))—qm(g(t,O,O,O))I)zdS]-

Using once again Remark 2.1 and Gronwall’s lemma, we deduce that for 0 < ¢ < T and

n,m>1,
T —~n,m T ——n,m
f Z"" s f f o <e>|2a<de>ds]
t t E

T
< (4cE[|§|2] +cAT +4cE [ f 12(s,0,0,0)[*ds )XeCAT.
0

E[ sup If/\,n’ml2 +E +E

t<r<T
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Hence in view of (3.24), by taking the limsup in (3.28) with respect to n,m and using
Fatou’s lemma, the monotonicity and continuity of « and Bihari’s inequality we prove that
{(Y,”,Z,", up), sst},M is a Cauchy sequence in the Banach space 8%(RX).

Let (Y;,Z;, U;)o<;<r be the limit process of the sequence (Y, 2}, UNo<i<r},»,- Taking the
limit in uniform convergence in probability in (3.25), and using the assumptio_ns (H2)-(H4),
we deduce by Lebesgue’s dominated convergence theorem that (Y;,Z;, Uy)o<;<7 solves the
MBSDEP (2.1) with parameters (£,7,g). This completes the proof. O
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