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Abstract

We review some results about Bonnet pairs in Minkowski space obtained using
split quaternions and split complex numbers. We present also an example of Bonnet
pairs of minimal immersed time-like tori with umbilical points. Such examples do not
exists in the Euclidean space.
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1 Introduction

A pair of surfaces in Euclidean 3-dimensional space is called a Bonnet pair if they are
isometric with the same mean curvature, but are not congruent via Euclidean motions. The
problem of describing local Bonnet pairs had been solved first by Bianchi [1]. In [6] a
modern solution in terms of quaternions and quaternionic analysis is given. The integrable
systems approach [2] revealed many properties of the Bonnet pairs, but the question of
existence of compact Bonnet pairs of non-constant mean curvatures is still open [12].

The main goal of present paper is to review some results about the Bonnet pairs in
Minkowski space, obtained using the language of split quaternions and split complex num-
bers. Then we provide a simple example of Bonnet pairs of minimal time-like tori immersed
in Minkowski space. Note that such examples could not exist in the Euclidean space. More-
over, the surfaces in any Bonnet pair of Euclidean tori have no umbilical points, a property
which fails in the Minkowski space due to the example. The split quaternions form an al-
gebra isomorphic to the algebra of 2 X 2 matrices and are related to 4-dimensional spaces
equipped with indefinite metrics of signature (2,2), just like the quaternions are related to
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the 4-spaces with positive definite metric. One of the reasons behind many of the applica-
tions of split quaternions is their relation to theory of the integrable systems. The Bonnet
pairs problem is one more instance of such relation, although we don’t develop the inte-
grable systems approach here. The split quaternions have often been used in the study of
surfaces in Minkowski space, see [11], [4], [5] for recent results.

We start by describing the result of M.Magid [11] about the local classification of Bon-
net pairs for space-like and time-like surfaces. The presentation follows closely [6] and
the relation to isothermic surfaces is explained. We treat simultaneously the time-like and
the space-like surfaces and notice that the results are complete analog to the ones in the
Euclidean case.

In the last section we use split complex numbers to parametrize the domain of a time
like surface and apply this description to construct a compact examples of immersed min-
imal Bonnet tori in Minkowski space. The split complex numbers are related to complex
numbers in the same manner as the split quaternions are related to quaternions. Moreover
the conformal class of a time-like surface defines a paracomplex structure, just like the
conformal class of Riemannian metric defines a complex structure on an oriented surface.
Previously such approach to time-like surfaces has been used in [8], [9], [3], [10]. Unlike
the local theory, the example we present here suggests some essential differences from the
Euclidean case.

2 Split Quaternions

The split quaternions H are a four dimensional algebra over the real numbers with a
basis of elements {1, 1, 5,1}, satisfying the multiplicative relations

is=t, st=-—I, ti=s,
P=-1, s#=r=1.

For g = g9 + q1i + g25 + gt denote Re(q) = go and Im(q) = q1i + g2 s + g3t the real and
imaginary part of g and by g = Re(g) — Im(q) the conjugate of g. So in particular

ImH = {q € H |Re(q) = 0}.
When ¢, p € ImH' we have that

pq = Re(pg)+1Im(pg) = — < p,q>+pXuq 2.1

Here < p,q >:=a1b| —axb, — azbs3 is minus the inner product in Minkowski space R>!,
and

- s t
PXmgqg=| a1 az as
by by b3

is the corresponding cross product. For an imaginary quaternion p € ImH’, we have —p? =
IpI> = pp. Here |p|? is actually minus the norm of Minkowski three-space. Sometimes to
denote this explicitly we write —|p|*> = |p|2, = p*.
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An H valued k-form is the object
a=ap+aii+ays+ast

where each @; € A¥(V*,R) are usual real k-forms. For the purpose of this note we need k = 1
or 2.

The set of all H valued 1-forms is denonted analogously by, A'(V*,H). As in the real
valued case, there is a wedge product defined on H' valued 1-forms given by

a AB(x,y) = a(x)B(y) — a(y)B(x) 2.2)
satisfying the following identities:

aAB=-BA&
aAhB=ahAB

d(ha) =dh A a+ hda
d(ah) =dah—a Nd(h)

Denote by H., the set
H \lg € H lg; — Im(q)” = O},

Then every rotation p in R>! can be represented via split quaternions as
p(v) = A a
where v € Im(H') = R>! and A € H’. such that
A = cos(0) + u sin(6).

Then p is a rotation about a time-like axis given by the imaginary quaternion u, with u* = —1
and angle 26. Similarly
A = cosh(0) + u sinh(0)

defines a rotation about a space-like axis u with 4> = 1 and angle 26. In either case, A1 = 1.

. . . ’
3 Conformal immersions of surfaces in H

An immersion f : M — R> where M is a domain in R?, is said to be conformal if its first
fundamental form is of the type;

Iz/l(u,v)[ (1) (1) ]

or of the type;

I:/l(u,v)[(l) _Ol }

for 1: M — R*, where the first type of immersion is named space-like, and the second
time-like. So for the partial derivatives of f, f,, f, at a point peM, we have the following;
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If f is space-like,then

< furfu>= 17 = fulyy = 1Al = 17 < fos i >

If f is time-like then

< fusfu>=fi =fulm = by = =7 == < fus v >

and for both space- and time-like f

< fus v >=0.

On forms operating over a two dimensional space with a given volume 2-form dV, the
Hodge star operator

1 1
. /\(V*,ImH,) - /\(V*,ImH,)
is defined by linearity *(aq + i@ + sas + ta3) = *ao +i* @ + 5 * @y +t * a3 and for any real-
valued 1-forms a, S,

aAB=<xa,B>dV.

Then it is known that #x = %o = —1 in the space-like case (positive definite <,>)
and *ox* =1 in the time-like case (<,> has signature (1,1)). Using * one can define an
endomorphism J € End(V) via a(JX) = *a(X) for any real-valued 1-form. Then in the
space-like case J is a complex structure, while in the time-like J?> = 1. For an immersed
surface locally there is always a canonical choice of an orientation given by the normal
vector.

The Hodge star and the identification of R>! with ImH’ allows to identify 2-forms on M
with /mH’-valued functions on 7,M. The identification for every wedge product between
two 1-forms is

(@ AB)(x) = a(x) * B(x) — xa(x)B(x) 3.1
Then bilinear forms are assumed to be expressed as their quadratic counterparts as

w(x) = w(x,Jx)

The differential of a conformal immersion at a point p € M can be thought of as the linear
map
df : TyM — T,R® ~ T, ImH

or alternatively df € /\1(TI,M, ImH). For a tangent vector x € T,M, with x = f*(a% + b%)
df(x) = (fudu+ f,dv)(x) = fua+ fub
and by abuse of notations we can identify x with the vector [a, b]T. In this notation we have:

If f is space-like, then

sdf(x)=dfoJox=—af,+bf,.
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If f is time-like, then
sdf(x)=dfoJox=af,+bf,.

It will be convenient to introduce the following notation in performing the calculations.

Notation: Let e be a number such that e = —1 for time-like f, and e = 1 for space-like

Then the above identity can be shortly written as
*df(x) = —aef, +bfy

The form *df := —ef,du+ f,dv and df o J have the same domain and image so they are
equal. Also since

0
df(f*(a)) = Ju
and
0
df(f*(a)) =fh

then
sdf(f(Z)=—-ef, and  =df(fu(2)=fu

So by an abuse of notation we will sometimes write
xfy,=ef, and  *f,=f,

with the = having the property

k% = —@

Given a conformal immersion f : M — R>!, pointwise f,, f, € ImH and together with (2.1),
we have that the Gauss map is expressed as

N = fufv :fus (3 2)
\fl® f7
It is easy to see now that for a space-like surface
IN2, = N*=-1
and for a time-like surface
IN[, =N* =1,

so that the Gauss map simply has the property
IN2, = N? = —e.

With this in place we can characterize conformal immersions through the relationship be-
tween the * map and the Gauss map N encoded in the following lemma:
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Lemma 3.1 f : M — R>! is a conformal immersion if and only if there exits N : M — H
such that
*df = Ndf (3.3)

To do this we first show that for a conformal immersion (3.3) characterizes the Gauss map,
that is:

Lemma 3.2 Let f be a conformal immersion for which (3.3) holds. Then N : M — ImH
and it is the Gauss map.

Proof: First, suppose (3.3) holds. Then pointwise
#xdf =+(Ndf) = N(+df)
= NNdf = N*df = —edf

since df is pointwise injective, #* = —e implies N?> = —e. In general for N = ng + Im(N),
N? = (n(z) +2n,Im(N) + Im(N)?) =—e.So, NeRorN e ImH . If N € R then, e must be -1
and N = +1. But then we have

*df = xdf
sodfoJ ==+df and J = +Id, a contradiction. Then N € ImH . Now taking the conjugate
of *xdf = Ndf we have —xdf = Ndf and
Ndf =+df = -Ndf
SO
2Re(Ndf)=Ndf+Ndf =0

Then
<N,df >=0

By uniqueness of the Gauss map, N is the unit normal field to f. Notice that in this direction
we did not require the assumption that f be conformal.

Now, assuming f to be conformal and N to be the Gauss map, we have

(ful)
Nfy = fu{v Ju
Ve
and anti-comutation of the cross product and associativity of quaternions yields
ok
2~ e,
£ '
and similarly
(fuh) , _ Jufd _ ful?
Np =YDy Sl Sy
v fV fV

Hence at a point p

Ndf = N(f,du+ f,dv) = Nf,du+ Nf,dv=—ef,du+ f,dv=x*df =dfoJ



Bonnet Pairs of Surfaces in Minkowski Space 63

Proof of Lemma 3.1:

Again suppose (3.3) holds. Since we know N is the Gauss map, point-wise we can
consider N, f,, f, € ImH , so we have on one hand that Nf, = N x,, f, by perpendicularity
(same for f,), so that

(NLIINF) = NN fy = =N*(fufy) = efufy

Continuing through the use of (2.1) on the leftmost and rightmost sides of the previous
equation

—<Nf,,Nfy > +NfyXNf, =e(—= < fu, > +fu X f)
Note also that Nf, = —ef, and N f, = f, so that

—<—efy, fu>+—efixXfu=e(—=<fu.r >+fuX L)

Then by bilinearity
e(< fur v > +fuX ) = e(—= < fus /v > +fuX f)

and
2< fu, fr>=0

which gives one property of the conformality. For the second, remembering the anti com-
mutativity between N and f,, f,,, we have

< fu’fu >= —€N2 < fuafu >=—-e< _NfuaNfu >=-e< efw_efv >

So
< fur fu>= 63 <fu.fh>=e<fi,fr >

and f is a conformal immersion. If we assume conformality we have by lemma 3.2 that
indeed equation (3.3) holds.

4 Conformal decomposition and mean curvature

For any H' valued 1-form on M we can decompose it into its conformal and anti-conformal
parts via

1
a, = z(af—eN*oz)

and

1
a_ = §(a+eN*a/)

For the conformal part we see

1
*Qy = 5(*& —eN **xq)

= %(—EN2 xa—eN(—e)a)
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= N%((—e)za —eN?xa)

= Na+
and a similar calculation gives us, *a_ = —Nea_ for the anti-conformal part. So together we
have
a=a,+a_ *ay==xNa “4.1)

Now from equation (3.3) we can see that
d+df =dNdf =dN ANdf+ Nddf
and by (3.1)
=dNx*df —+dNdf = dNNdf —+«dNdf = (dANN —=dN)d f

= (dNN —*dN(—eN*)df) = (dN + e« dNN)Ndf

Since N? is a real number then

d(N*)=0
hence
dNN = —NdN.
Continuing from above
dxdf =(dN—-exNdN)Ndf =2(dN,)Ndf 4.2)

The left hand side is /mH valued, then so is the right, which implies
Re((dN,)Ndf)=0=<dN,,Ndf > (4.3)

Now at a point p of M, and for a given vector v € T\, M, we can think of df as simply an
imaginary quaternion. We can represent it as a f,, + 8f, where @, € R and depend on p and
v. Noting this we observe
<df,Ndf >= —Re(dfNdf)
= —Re(Ndf?)

and since df? is a real number and N is imaginary
<df,Ndf>=0

At a point p € M and vector v e T,M, Ndf, dN, and df yield forms in the cotangent plane
of f. Thus the previous calculation and (4.3) imply that dNV, and df are parallel, or there
exists a function H : M — R such that

dN, = Hdf.

We can check that the function H is the mean curvature of f. To see this note that NV, and
N, are tangent vectors and

N, =af,+Bfy
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N, =vf.+0f,.
By standard arguments

< wau >=—=< N7fuv >=< Nuafv >,

so together with

<Ny, fi>=B<fi,fr >
<Nv’fu >=7<fuefu >

we arrive at
B< fusfu>=vy < fufo>
and
Bfi =vely.
From here
B=ey.

Applying this to the 1-form dN., component-wise we have
2dN, =dN —eN =dN
and since *dN = *(N,du+ N,dv) = (N,du+ N,dv)oJ = —eN,du+ N,dv then
2dN, = (N, + N,)du—eN(—eN, + N,)dv
=(N,+NN,)du+ (N, —eNN,)dv
which in terms of the vectors, @,f3,y,6 from above simplifies to
2dN, = (@ +0) fu+B—ey)fi)du+((B-ey)fu+(@+0)f,)dv.
So from above we have
2dN, = (a+0) fydu+ (a + o) f,dv
or

(a+0)

dN+ = 2

af

_ (a+o0)
and H = .

The expression for mean curvature in terms of the partial derivatives of f and N for

conformal immersion is ([8] pg 74):

H,:1<Nu,fu><fv,fv>+<Nv,fv><fu,fu>

2 < fusfu>< for fio>
_ 1<Nufu> D+ <N fi> (5D
S 2 £ '

Using
<Ny, fu>=a < fu, fu>
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<Ny, fy>=0c<fi,f, >

this will simplify to

, (a+0)
H = ,
2
so H=H’ and
dN, = Hdf 4.4)
where H is the mean curvature.
Finally we conclude that
dN =Hdf +w 4.5)

where we set w = dN_ the anti-conformal part of dN. Also recalling (4.2) we can write
dxdf = 2(Hdf)Ndf = —2HN|df|* (4.6)

Differentiating (4.5) we get
0=dHAdf +dw

and by (3.1)
0=dH+df —+dHdf + dw,

hence
dw = (xdH -dHN)df 4.7

In a similar way one can see that it is the Codazzi equation.

S Spin equivalence

Two conformal immersions f, f : M — R are called spin-equivalent if there exists A :
M — H, such that

df =dfa 5.1)

Here H., is the set of split quaternions with non-vanishing norm.

Note that for a simply connected domain any two conformal immersions are spin-
equivalent: since df and df are conformal 1-forms pointwise they can be mapped into
each other by a rotation and scaling. The description of rotations in Section 2 automatically
makes them a special case of spin transform. In fact the spin transform consists of a rotation
and a scaling, or simply a real multiple of one of the above rotations. So that for a general
spin transform about a time-like or space-like axis

A=117>0

and A is constant if and only if £ can be obtained from f by a Euclidean motion and scaling.
If in addition |1| = 1, then f and f are congruent immersions.



Bonnet Pairs of Surfaces in Minkowski Space 67

Locally, one can start with a given reference immersion f : M — R and obtain new spin
equivalent immersions by solving

ddf =0=d(AdfA) =dANdfA—Adf AdA
by first property of the wedge product
=dAANdfA+dANdfA
since dA = dA and because df is ImH -valued we have
0=diINdfl-dANdfL
so dAAdfAis real valued and dAAdfA e A*(M,R). On the other hand
df Nxdf(x,Jx)=df x=df —=df =df

= —edf? — (xdf)* = —ed > — (NdfNdf)
= —edf*+ NNdfdf
= —edf? —edf? = -2eldf|?
is also in /\{(M,R). Because dim(M)=2, dim( A%(M,R)) = 1, so for any a,8 € A*(M,R)
there exists p : M — R such that @ = p 8. This provides us with the equation

dANdfA=p (=2eldf]?)

or

- i , i
AANdFA(=—=) = =20 eld f|? —
f (IAIZ) o eldf] bE

and _

—_ ’ A

dANdSf = =20 2eld f|P —

f==2p 2eldf] bE

If we let p = —2p /|22
dANdSf = epldf* A

and if we conjugate
df Add = epdfa (5.2)

Identifying the right hand side of (5.2) with its quadratic form via (3.1) we have
epdf?A =df «dAd—Ndfdd =

=df «dA+dfNdA = df(+dA+ NdQ) = epd f*A.

For |df|> # 0 we may divide by df point-wise as a quaternion, and we have
(*dA+ Nd2Q) = epdf (5.3)

This can be stated as



68 G. Grantcharov and R. Salom

Lemma 5.1 If f, f : M — R are spin-equivalent via df = AdfA then A : M — H, satisfies
(5.3).

Next we see how the Gauss map N, the induced metric, and the mean curvature H are
related through spin transformations of conformal maps.

Lemma 5.2 Let f, f : M — R3 be spin-equivalent via df = AdfA. Then

1)N = A"'NA where N is the oriented normal to f
2)ldfI* = 1aMd f1?

3)I:I= % where p : M — R is given by (5.3)

Proof: For 1) we have d f = #(1d f1) and
Ndf = AxdfA=ANdfA

NAdfA=ANdfA

Since A and A are invertible and for |d f|> # 0 we have
NA=AN

From here by multiplication with 2~! = # on the right

For part 2) again a calculation gives us
dfP? = 12dfaP

= (AdfAAdf ) = [AdfP.

We can easily see that projection onto the conformal part is linear:
(aa+bB);: = aay + b,
and that the spin transform preserves the conformal part
Aa)d = (Aad),.
Then

(Hdf +®)s = (@N)s = (dA'N)4
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so that
Hdf = (A 'NA+ 27 YdNA+ A7 Nda),.
If we note that since d(17'2) = d(1) = 0, then dA~'21 = —17'dA, we can simplify the above
as
Hdf = (-2 "dAA'NA+ A7V dNA+ A7 Nd2), =
1

= AN (=dA'N+ Ndaa H,a+ e

(AdN; Q)
1
>
By (4.4) on the right we must find the conformal part of (NdAA™ ' —dAA"'N), so

+Hdf = 7N (=dAA ' N+ NdAX™Y, A+ — (HAdfA)
2ANdAN = dAIN), = NdAU = dAr ' N —eN? «dar™ + eN «dA"'N

= NdAAT"' —dA'N +%dA7" +eN «dAA™'N
employing equation (5.3)

= NdAA™" —dAA'N + (epd f — NdAA™") + eN(epd f — NdAA™ N

= NdAA™' —dAA" N + (epd f — NdAA™") + eNpd f +dAA" )N

=2epdf
So we finally arrive at
- 1 - epdf 1 p
Hdf = 7 (epd f)A+ — (Hdf) = +—(Hd
[ =27 epd )+ s (HAf) = S + o (HA)
hence H
_ +
=22
|2

From this last theorem we can derive the following corollary:

Corollary 5.1 Let f, f : M — R3 be spin-equivalent via df = Adf A, Then the following
are equivalent:

DH\df| = Hldf

2)df AdA =0, equivalent to, *dA1+ NdA =0

Proof: We check that H|d f| = H|df|iff H(df>)"/? = H|df|iff H(A*|df1>)/? = H|df) iff
H+ep=H.
Hence p =0, which is equivalent to

df Ndd=epdf*a1=0.
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6 Isothermic Surfaces and Bonnet Pairs

Definition 1: A conformal immersion is isothermic if there exists a non-zero ImH val-
ued anti-conformal 1-form, 7, such that d7 = 0 but t7 # 0 and *7+ N1 = 0 which is equivalent
to df At =0. Here actually T = df*, where f* is the dual surface to f.

Definition 2: Two conformal immersions form a Bonnet pair if |d f P=|df?and H=H
but are not congruent.

Now we state a theorem classifying such Bonnet pairs on a simply connected domain.

Theorem 6.1 Let M be simply connected and f : M — R> be isothermic with dual sur-
face f*: M — R3. Choose r € R,, a € ImH, with r* > (f* +a)?, and let 1. = +r+ f* +a.
Then the spin transforms f. : M — R> given by df. = A.dfA. form a Bonnet pair.
Conversely, every Bonnet pair arises from a 3-parameter family (determined up to scalings)
of isothermic surfaces where the three parameters account for Euclidean rotations of the
partners in the Bonnet pair.

Proof: Given that f is isothermic implies
df NdAdr =df Nd(zr+ " +a)
=df Ndf”
=dfat=0

which by Corollary 5.1 implies
H.ldf:| = Hldf|

and
. = (£r+ ff+a)(zr + f* +a)

=(#r+(ff+a)(xr-(f" +a)
=P —(f*+a)’.
Since r is chosen so that % > ( [+ a)?, we have
[+ =]

so that
ldfel? = AedfA2)* = (Al f1? = | fP?

hence
dfl> = ldfI*.

Since we just saw that H.|df.| = H|df|, we have that also

H+ = H_.



Bonnet Pairs of Surfaces in Minkowski Space 71

If f,, f- were congruent then there would be a constant ¢ € ImH, such that
df-=qdfiq

By df. = 1.dfA; wehave,df =A7;'2_df,A;'A_. This would in turn imply that f* itself
is constant, and so df* = 0 = 7, which contradicts the fact that f is isothermic. So indeed
[+, f- form a Bonnet pair.

Conversely given a Bonnet pair f. by conformality in a simply connected domain, their
exits A : M — H., such that
df. =Adf-A

Since |df,|> = |df-*> and |A]> > 0, by lemma 5.2 || = 1. By Corollary 5.1 df. AdA=0. Now
we seek an isothermic surface f : M — ImH for which d f. = A.dfA. where A, = +r+ f*+a
as before. This would indicate that 1 = A~! 1., since

-A_=r+f+a=2a,
then we have the equation, A = =A=' 2_, which implies
—A-A=A_
—AA+A-=A_+A_=2Re(1_)=-2r
A(1=-)=-2r
A =2r(A-17!

so that f* = r—a+2r(1—1)"'. We can guarantee that (1 — 1) vanishes nowhere by multi-
plying A by a unit quaternion, inducing a rotation of the Bonnet pair with respect to each
other. Now

2Re(f*)=f*+ fr=r—a+2r(A-1D)" +r+a+2r(1-1)"!

=2r(l+(A-D"+(-1)1)

B “E—r,uz((/l—l)(?l—lni—n/l—l)
2 -
- |1_"/u2(u—1)

and [A> = 1 = A1 implies Re(f*) =0, so f* is purely imaginary. Setting
df =(A-Ddf-(1-1)
we have
df Ndf* =2rdf Ad(A—-1)""

and again using the fact that (1—1)"1(1—1) = 1 we may write d(A—1)"" = —=(1—1)"1dA(1 -
1)~!. So that
df Ndf* =(A-Ddf-(A-DAQA-1Ddaa-1™!
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since norms of quaternions commute freely in this expression we may write
A-D7Ydf(A-DA@A=Ddaa-1)7"

or
A-DNdf-A-DA@A-DdAa-1"

So lets compute now df_(1— 1) A (A— 1)dA. Distribution and bilinearity yield
df- A=1)AQ=1DdA = df- AN AdA—df- AAdA—df-AAdA+df- AdA.
Using spin equivalence, i.e df-1 = A"'df,, and d(A12) = 0, together with d f. AdA =0 yield
df Adf* =0

as required. So f : M — R? is isothermic with dual surface f*, and f. are spin transforms
viade =xr+f*+a.

7 Time-like Bonnet pairs and split complex numbers

In the previous sections we showed that the local theory of Bonnet pairs in Minkowski
space parallels the one in Euclidean space. Most of the theory of global space-like Bonnet
pairs is the same as in the Euclidean case, so we consider here the time-like surfaces (called
also Lorentzian). It is known that the formulation of the Gauss and Codazzi equations in
the Euclidean space can be simplified if complex coordinate patch is used. In this section
we provide a formulation of the time-like Bonnet pairs in terms of the so-called split com-
plex numbers (called also para-complex and hyperbolic complex numbers). Split complex
numbers have been used for describing Weierstrass representation and Bjorling problem for
minimal time-like surfaces, [8], [9], [10], [3]. Our formulation is close to [2] for the Bonnet
pairs in the Euclidean space. It allows one to construct a simple compact time-like Bonnet
pairs of minimal tori in Minkowski space.

Consider an ordered pairs of real numbers with the usual addition but with multiplica-
tion (a,b).(c,d) = (ac+ bd,ad + bc). Denote by 7 the pair (0,1) and then the product is the
same as the product of (a + 7b)(c + 7d) extended by bilinearity and with the property 72 = 1.
One can see that this multiplication is commutative. The set C’ = {u + 7v|u,v € R} with this
multiplication and the usual addition forms an algebra it elements are called split complex
numbers. Split complex numbers can be regarded naturally as a commutative subalgebra of
the split quaternions. Similarly the split complex number z = u — v is called conjugate to
z=u+7v and zZ = u* —v2. To use further this notations, we introduce

o 10 o0 10 0
e~ 2o o @ 2 e
A function f: C’ — C’ with % = f; = 01is called split holomorphic.

Let F : M — R>! be an immersion and consider R>! as the real part of (C’). Then the
second partial derivatives of F satisfy 4F,, = Fy, + Fy, —27F,, and 4F z = F,,,, — F\y. It is
straightforward to see that F' is conformal and time-like if and only if

<F,F,>=<F3F;>=0
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and
< F F* >= —1 eW
8z 2

for a real function w, so the induced metric is given by g = ¢"”dzdz. The normal vector N
satisfies
<F, ,N>=<Fz,N>=0,<N,N>=1

In particular F_, Fz, N are independent in (C’)* and are orthogonal with respect to the her-
mitian metric defined by <,>. Then the equations for the second derivatives become:

Fo=w,F,+QN

1
Fz=~¢"HN
Z 26

N,=-HF,-2¢"QF:
N: = —HF:—2¢""QF

and the Gauss-Codazzi equations, obtained from F;, = F,;, are given by:

1
W+ EHzew 210%™ =0

1
Qz = EHZEW

Note that Q =< F_.,N > (dz)? is quadratic differential, independent of the change of coor-
dinates, called the Hopf differential.

Suppose now that we have a Bonnet pair F1,F,. Then Hy = Hy = H and w| = wy = w,
so for the Hopf diferentials we have

0
Z(©Q-0)=0
82( 1 =)

and
Q1% = Q)

Then, in the same way as in the Euclidean case [2], there are split-holomorphic function
h and real valued function «, such that Q = %h(‘raf -1),Q = %h(‘ra +1). Note that (©; —
Q1)(dz)?> = h(dz)? is a split-holomorphic quadratic differential.

The Gauss-Codazzi equations become:

1 1
W+ EHzew - 5|h|2(1 —a?e™ =0

1
%ha’g = EHZeW

Notice that for any real-valued function f, the functions f. = (1 £7)f(u ¥ v) are split-
holomorphic and |f:|*> = 0. Also for any split-holomorphic function /& = h + thy h; and
hy satisfy the equation (h;); = 0,i = 1,2. Now we can see that quadruple of functions
(H,a,h,w) where H =0, @ = const # 0, h - any nonconstant split-holomorphic function
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with |h|> = 0, and w satisfying w_z = 0, satisfy the Gauss-Codazzi equations and give rise to
a Bonnet pair. So based on this we consider an example of a Bonnet pair of time-like tori.

Example. An immersed torus M is given by a map F which is doubly-periodic. Con-
sider the simplest case where both periods are 27: F(u+2n,v) = F(u,v+2m) = F(u,v). Then
the functions H, @, h,w are also 2r-doubly periodic. The converse is also true - if H,a,h,w
are periodic and satisfy the Gauss-Codazzi equations, then there exists a unique surface,
up to a Euclidean motion and with given H, @, h,w which is given by periodic F. Take for
example H =0, h=(1+71)sin(u—v), @« = 1 +7, and w = cos(u + v). These functions give
rise to solution of the equations above. Notice that the corresponding Bonnet pair F1, F;
has H| = H, =0 and is a pair of minimal immersed time-like tori in RZ!. Also the points in
which /4 = (1 + 7)sin(u +v) = 0 are umbilical, in contrast to the Euclidean space.
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