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Abstract

We investigate Lie point symmetries of a system of four nonlinear second-order
ordinary differential equations (ODEs), appropriated to the geodesics of a Drinfel’d
double Lie group of the affine Lie group of R. The first integrals associated with Lie
point symmetries are obtained by utilizing the constructive method due to Wafo Soh
and Mahomed ([16]). This method deals with integrability when the symmetry vector
fields and the operator associated to the system are unconnected. In certain cases we
obtain the explicit expressions of the geodesics. We also show that the geodesics are
not complete.
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1 Introduction

Let G = Aff(R) denote the Lie group of rigid motions of the real line R. It possesses nu-
merous of interesting structures such as symplectic structure ([1], [2]), complex structure,
Kihlerian structure ([10]), affine structure ([4]), etc. From the works of Diatta and Medina
([7]), we know that G admits a left invariant symplectic structure which corresponds to a
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solution r of the classical Yang-Baxter equation. Using the solution r, one can construct
a Poisson tensor 7, on G and then a Drinfel’d double Lie group D(G,r) = D(G, ;) of the
Poisson Lie group (G,n,). The double Lie group D(G, r) encompasses the most interesting
informations about the Poisson Lie group (G, n,). As a Drinfel’d double Lie group, D(G, r)
is rich in structures. For example, it has an affine structure; that is a torsion free connection
without curvature which is constructed in [7]. The study of the geodesics of this connec-
tion (see Eq. (2.5) below) gives rise to the following system of four second-order ordinary
differential equations (ODEs):

" _ 7N\2 ’ 1
u = (u))” +2ujuy,
144 ’ 7 ’ 7
ul! =uul—-2u’u
2 172 1732 (11)

A I A T N
uy = usuy 2u2u4,

2
uy = (uy)” +2uu,

where the prime denotes differentiation with respect to the independent variable ¢.

In general, explicit solutions of a system of nonlinear ODEs are difficult to obtain. Ar-
guably, the most powerful tool to study such systems, and in general differential equations
(DEs) is due to Sophus Lie. Indeed, Lie noticed that invertible transformations leaving a
given DE invariant and forming a local one-parameter group can be described equivalently
through the vector tangent to the orbits of the group. He called this vector the symbol of the
local one parameter group and the symmetry of the underlying equation. He showed that the
set of symmetries of a DE forms a Lie algebra (an infinitesimal group in his terminology)
and that the integrability of the equation depends upon the properties of this Lie algebra.
Namely, he showed that a scalar n""-order ODE admitting an n-dimensional solvable Lie
algebra of symmetries is integrable by quadratures. Concretely, one arrives at the general
solution of the ODE by successive reduction of order (which may be view as a quadrature).
This is also equivalent to the construction of # first integrals of the underlying equation.

Symmetries are so useful that any known integration technique can be shown to be a
particular case of a general integration method based on the derivation of the continuous
group of symmetries admitted by the DE, i.e. the Lie symmetry algebra. More generally, a
symmetry is a mapping of one mathematical object into itself or into another mathematical
object that preserves some property of the object. One of the most important applications
of symmetries of DEs is to perform symmetry reduction. For partial differential equations
(PDEs) this means a reduction of the number of independent variables.

However, the Lie’s method has a major drawback. It is useless when applied to systems
of n first-order ODEs. Such systems admit an infinite number of infinitesimal symmetries,
and there is no systematic way to find these symmetries, except perhaps trivial ones such as
translations and scalings when they are admitted by the underlying system. In fact, finding
the symmetries of a system of first-order ODEs is equivalent to solving it.

First integrals are very important in the study of DEs and systems of DEs. The reason
is the following. A DE or a system of DEs can be seen under the angle of its solutions. One
can also see it under the first integrals it admits. Let A(x,u") = 0 denotes a general n"-
order system of ODEs in p independent variables x = (x!, ..., x”) and ¢ dependent variables
u=(u',...,u?) with u™ denoting the derivatives of u’s with respect to the x’s up to order n.
For a system of ODEs A(x,u™) = 0, a first integral is a function I(x,u"™) (m < n) which is
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constant on solutions. The fact that the function [ is constant on solutions is equivalent to
the statement that its total derivative vanishes on solutions, so D,/ = 0 whenever u = f(x)
solves A(x,u™) =0 (see [14, page 242]). It is well known that for a Lagrangian system,
first integrals are derived from Noether symmetries via Noether Theorem. Unfortunately,
a lot of equations of mathematical and physical interest (e.g. the system of two second-
order equations y”’ = y*> +72,7” =y, see [12]) do not come from a variational problem.
Fortunately, there are many studies which provide techniques to obtain first integrals of
(systems of) DEs. In this work, we use the approach developed by Wafo Soh and Mahomed
in [16] to determine the first integrals of the system of second-order ODEs (1.1).

The outline of this paper is the following. The second section is devoted to explaining
the origin of the system of four nonlinear second-order ODEs (1.1). In it, we prove that
the affine manifold (D(G,r),V) is not geodesically complete (Theorem 2.2). In Section 3,
we study the integrability of the system (1.1) using Lie point symmetries. Precisely, we
provide sufficient conditions for the system to be integrable by quadratures (Proposition
3.5). In Section 4, we deal with the case where the system is solvable by quadratures and
we compute the first integrals of the system (1.1) (Theorem 4.1). Section 5 is devoted to
the study of cases where the sufficient conditions of Section 3 fail. In one part of this cases
we exhibit the explicit expressions of the geodesics (Propositions 5.1, 5.2, 5.3 and 5.10). In
the other part, we give some first integrals of the system (1.1) (see Theorems 5.6 and 5.9).
We end this paper with discussions contained in Section 6.

2 Origin Of The System Of Second-order ODEs (1.1)

Although not central to the main purpose of this paper, this section allows to understand the
context in which is obtained the system of ODEs (1.1).

2.1 Symplectic Form And Left Symmetric Algebra Structure On aff(R)

A Left Symmetric Algebra (LSA) structure on a vector space V is a product VXV =V,
(x,y) — xy such that (xy)z — x(yz) = (yx)z—y(xz), for all x,y,zin V. An LSA gives rise to a
Lie bracket [,] on V by [x,y] := xy —yx. Any connected Lie group with Lie algebra (V,[,])
possesses a left invariant affine structure with associated connection V,+y* := (xy)*. Here,
if z€ V, the element z* stands for the left invariant vector field associated to z. Conversely, if
V is a left invariant affine structure on a Lie group G with unit €, the formula xy := (V+y™)
gives an LSA structure on the Lie algebra G of G. In the case of a symplectic Lie group
(G,w), the connection V defined by (see [6])

w(Vey",2") =~ [x",2"]) 2.1

induces an LSA structure (x,y) — xy in G, which is compatible with the Lie bracket of G,
i.e. xy—yx=[x,y], forall x,y in G. The formula (2.1) equips G with a left invariant affine
structure.

The affine Lie group of the real line is Aff(R) = R* xR, where R* acts on R by mul-
tiplication of real numbers. The Lie algebra of Aff(R), said the affine Lie algebra, is
affR) =R? = span(ey,ez) with [e1,e2] = 2. Note by ¢} the form defined by €3 (ex) = 62, for



4 F. D. Kamano, B. Manga, and J. Tossa

k =1,2. The form wq, defined by wp(x,y) = ez([x, y]) for all x,y in aff(R), is nondegenerate
and induces a left invariant symplectic form w on Aff(R) (see [1]). As described above, the
symplectic structure w induces an affine structure V through the formula (2.1).

From now on, G stands for the affine Lie group of R while G represents its Lie algebra.

2.2 Drinfel’d Double Of (Aff(R), w) = (G, w)

Let G* stand for the dual space of G and set r := g~' : G* = G, with {(g(x),y) = wo(x,y).
Here, (,) is the duality pairing between G and G* given by (@, x) = a(x) for any @ in G* and
x in G. Since wy is nondegenerate, r is invertible. Then one can define on G* a Lie algebra
structure [, |, dual to the one on G with respect to r as follows ([7]): for any @ and 8 in G*,

[@.B] := ad, B —ad, g . (2.2)

Here, ad stands for the adjoint action of G on itself while ad* denotes the coadjoint action
of G on G*. Now, we define, on G®G", a Lie bracket [, ]p: for all (x,@) and (y,8) in G&G",

[(x,@),».B)]p = ([x,y] +ad,y— ad;x, [@,B], +adB— ad;a). 2.3)

The Lie algebra D(G,r) := (GDG",[,1p) is called the double Lie algebra of G associated
to r. Any Lie group with Lie algebra (G, r) is called a Drinfel’d double Lie group of G
associated to r.

In [11], the second author shows that R < Hj3 is a Drinfel’d double Lie group of G when
it is endowed with the following law: for all x = (¢; x2, X3, X4), ¥y = (8;y2,¥3,y4) in R=<Hz,

x-y= (t+ 3 Xy +y2e', X3+ y3+xoyse” Xy +Y4e_t)- 2.4

2.3 Left Invariant Connection And Geodesics On D(G,r)

On O(G,r), consider the left invariant affine connection V defined on any double Lie group
of a symplectic Lie group by Diatta and Medina in [7]: for all (x,a) and (v,8) in D(G, 1),

Viay 08" = (Vay +adyy,ad) , B+ad )" (2.5)
On some basis (e1,e2,e3,e4) of D(G,r), the connection is given by (see [11])

Veer=—er; Vees=ex; Vyeq=—e1—eq; Voer=—ep; Voeq=e3
Veer =€ Vees=—e3; Veer=—e1—eq; Ve er=e3; Veea=—ey

Now let y(2) = (y1(®), v2(5), v3(f), v4(r)) be a geodesic of the affine manifold (D(G, r), V); that
is Vi y(1) = 0, where (1) = ‘%(t) (differential of y with respect to ¢ at the point ). We have
the following nonlinear second-order ODEs which are geodesic equations of (D(G,r), V):

-7 -297a = 0,
Yo—v1¥2+2v173 0,
V3—v3va+2y2ys = O,
Ya—7i-2nya = O.

(2.6)

The above system is just the system (1.1) where we have set u; = y;, i; = ¥; and u = ¥;, for
any i =1,2,3,4.
About the geodesic completeness of (D(G,r), V), we first recall the following.
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Theorem 2.1 ([7]). Let H be a connected Lie group with Lie algebra by and r € A%D an
invertible solution of the Classical Yang-Baxter Equation. Consider the LSA structure in
the double Lie algebra D(b,r). The following are equivalent:

1. on every connected Lie group whose Lie algebra is D, r), the left invariant affine struc-
ture, corresponding to the LSA, is geodesically complete;

2. the Lie group H is unimodular (and solvable).

As a consequence, we have the
Theorem 2.2. The affine manifold (D(G,r),V) is not geodesically complete.

Proof. From Theorem 2.1 and the fact that G is not unimodular, it follows that the manifold
(D(G,1),V) is not geodesically complete. O

We are now going to deal with the study of the system (1.1) via the Lie point symmetry
approach developed by Wafo Soh and Mahomed in [16].

3 Integrability Of System (1.1)

The idea of S. Lie is to use the so-called Lie point symmetry vector fields to study the
integrability of (systems of) ODEs. The fundamental question one can ask is: when can we
reduce the equations to a simple quadrature? In other words, when can we find a factor A
that allows, by simple multiplication, to rewrite the equations as the total differential of an
expression I necessarily constant?

Y —w(x,y,y ...,y =0 =>(y(")—w(x,y,y', ... ,y("_l)))A =D, I=0.

The factor A, when it exists, is called an integrating factor and the function / is called a first
integral, an exact invariant or a conserved quantity. The knowledge of symmetries of the
underlying equation facilitates the search for integrating factors and first integrals.

3.1 A Basic Result

Consider a Lie group of transformations G acting on the open subset M of R” X R, asso-
ciated to a given first-order linear homogeneous PDE involving m independent variables
y=01.Y2,-...,¥m) in R™ and one dependent variable 7 in R. The solutions of the equa-
tion will be of the form f = h(y). Now let us recall the following notion which is crucial
for integrability in the case where n > 2 (see [8]): operators in n variables, X = ¢§c(x)%,
k=1,...,p <n are said to be unconnected if the rank of the matrix (q&;;(x)) is pon M.

Lemma 3.1 ([16]). A system of n p"-order ODEs xl(.p) = fi(t, x,. X Py =1, n, which
admits a pn-dimensional solvable symmetry algebra L, for which the (p — " prolonga-

. . _ 9 r 0 (r-D_9 . -1)y__0
tion of its symbols as well as A = 3 R i N + fi(t, x, ..., xP )ax‘.”‘” are

unconnected, is solvable by quadratures.
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3.2 Symmetries Of The PDE Associated To System (1.1)

From Lemma 3.1, we have the following result.

Lemma 3.2. The operator A associated to the system of ODEs (1.1) is given by
0 0 0

0 0
A= —+u — +uh— +uy— +uf— + () + 2 ) —+
o T T T g D ”‘”4)au;
p P ) 9
@l — 20 )=+ (it — 2uyui) =+ () + 2001t ) == 3.1
() uy u1u3)au,2 (u3uy u2u4)6u’3 ((u4) ulu4)6u:1 3.1

A vector field X = f(t,xl,xz,...,xn)% + 20 nl-(t,xl,xz,...,xn)a% is a Lie point sym-
metry of the PDE Af = 0 if its first prolongation XD =x+ D=1 ﬁi(t,x,-,)'ci)aijq satisfies
XM, A] = —‘;—fA, where 7; = —Z—‘fx,- + %. Let us now determine the symmetries of the
first-order and homogeneous PDE A f = 0, where A is the operator associated to the system
of second-order ODEs (1.1) and given by (3.1).

Proposition 3.3. For the operator A given by (3.1), the first-order linear homogeneous
PDE Af = 0 admits the following eight symmetries:

=9 =0 S =9 0 _ 0 _ 9 90 0
X1 =5 X2= > X3= 550 X4 = 55> X6 = 1 U3y ~Ua5 ~ W35 ~Haaa)>
g el

I N T S Ry R TN ISPy I §
X5 = Gup» X1 =1, —Uag; T Ui g7 ~ Uiy X8 =g, TUsg. tUygr +Uzgy

The non-vanishing brackets are:
[X1, X6l = X1, [X2,X7] = X3, [X3,X3] = X3, [X4,Xs] = Xu, [X5,X7] = —X4, [X7,X5] = X7.
Furthermore, the Lie algebra generated by these eight symmetries is solvable.

Proof. The proof is straightforward. The infinitesimal generators X, k = 1,2,...,8 are
obtained by applying the definition of a symmetry for the first-order PDE Af = 0. The
brackets are obtained by computing the commutators [X;, X;] = X;X; - X;X;,i,j=1,2,...,8.
Now since the basis {Xi,k=1,2,...,8} satisfies the condition [X;, X;] = Zi;l c* X, whenever

17ij
i < j, the Lie algebra, generated by the vector fields Xj, is solvable. O

Proposition 3.4. The operators {X;,i = 1,...,8} of Proposition 3.3 and the operator A given
by (3.1) are unconnected if and only if u|uy # 0, u| # uj and uju’, +uju, # 0.

Proof. Set X ={X;,i=1,...,8} and let M, be the matrix of the system {X,A}. We have

1 000 0 ¢ 0 o0 1
01 0O0O0 O 0 o0 u
001 00 O up U u,
00 010 0 -us us u,
My=10 0 0 O 1 O 0 o0 u . (3.2)
00000 -u 0 0 (u )+ 2ufuy
0000 0 —uy u uy uu,—2uju]
0000 0 —uy —uy u wu,—2uu,
00000 -uy 0 0 @) +2u,

The determinant of M} is det(M4) = u )y (uy —u})(u}uy +uu)). This determinant is nonzero
if and only if u’1 u:‘ #0, u’l * u; and u’lu’3 + u’zu:‘ # 0. O
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Hence, we have the conditions in which we can apply Lemma 3.1.

Proposition 3.5. If uju) # 0, u} # u} and ujuy + uyu) # 0, then the system of four second-
order ODEs (1.1) is solvable by quadratures.

Proof. The Proposition 3.5 is a direct consequence of Proposition 3.4 and Lemma 3.1. O

4 First Integrals Of The System Of ODEs (1.1)

First integrals play an important role in the search of solutions to systems of DEs. As
mentioned, a system of DEs can be either seen through its solutions or through the first
integrals it possesses. In this section, we suppose that we are within the hypothesis of
Lemma 3.1, that is ujuy # 0, u} # uj and u] u3 +ubuy # 0. We consider the following
sequence of ideals: .El = span(Xl, LXi),i=1,...,8.0nehas L;c L, foralli=1,...,7
Step 1. We solve the system

Af=0, Xif=0,i=1,..,7. 4.1)
From X;f=0,i=1,2,3,4,5, we infer that f = F(u’l,u’z,ug,u:‘). Now, X f = 0 gives
- u’laule— u'zausz— ué(?u;F— ugaugF =0. 4.2)

. . . . du, _duy duy d
By solving (4.2) through its characteristic equations =220 M“ , we obtain that
Lll M2 u3 Lt4

|74 u’ i . . .
f =G(ay,ar,a3), where | = u_f’O‘Z = ﬁ and a3 = u—‘,l‘ Equation X7 f = 0 implies that

00,G—@30,,G =0. 4.3)
Now (4.3) leads to f = H(B,a3), where 8 = 4 u(*Jr;zu“ and a3 = Z—‘,‘ Substituting the later
1
expressions into A f = 0 yields to
az(az— 1)303H+ Basz + 1)[3(9,3[‘] =0. “4.4)

Solving of (4.4) gives f = P(So1), where So; is given by

Pas _ uiuuhu + u)

So1 = = —
(a3 - 1)* (uy —u))*

4.5)

dSon

One can readily check that XgSo; = S¢;. f we put S| = , we obtain XgS; = 1, with

B ﬁ 3 (u u3 + uzu 4)
Si=In W i) (4.6)
4~ %M
Step 2. We use the following coordinates.
0 1 2 3 4 5_ 1 .6

X=X =up, X" =up, X =u3, X' =U4, X =Up, X :u'z,x7=Sl,x8=u:1.
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In these coordinates the operators read

9 9 9 9 9
Xi= 2, Xp=-2, X3=—2, Xy=-2, Xs=——,
7007 P27 x0T gz T el T g
9 9 9 9 9 9 9
Xe=n" L 5% 69 39 A S S R
A0 Vo T o Taxs T a2 T e T ax6
6,8 8 _ ,5\4
A=80+2000+2%0,0+ |- i()(c S)ZX 8) exp(x”) |9 +2%9 + [0 +22°2%| 0,5
X X X
28 — OV 7
+ OO0 +2x0:8 £ (x xs) Sexp(x) 8x6+[(x8)2+2x5x8]6xs.
XX
We deal with the system
Af=0, Xif=0,i=1,...,6. 4.7)

From X;f =0, i=1,2,3,4,5, it comes that f = F(x>, x5, x%). Now X¢f = 0 gives
5 6 8 _
— X 8x5F—x axaF—x 6x8F—0. (48)

. . .. . 5 6 8 .
The solution of (4.8) through its characteristic equations ‘% = ‘% = ‘% is f = G(B1,62),

where 8| = jc‘—z and 3, = ;_2 If we substitute the later expression of f in Af =0, we obtain
F2(B2 — D*exp(x”)dp, G + (B2)*(1 = B2)3p,G = 0. (4.9)

The solution of (4.9) is f = H(S,), where S, satisfies X757 = 1 and is given by

X3

¥

2x°

- —l (4.10)

¥

6 8\2 68
Szzx—siexp(x7)[—(x ) +i5—6ln 5
X X X

Step 3. We consider the following coordinates:
YW=ty =u, Y =,y =us, ¥ =ua, Y =1l 0 =52,y =51,y =4,

The operators become

0 0 0 0 0 0 0 0
=g Xe= g n X3 = o5 Xa= o5 Xs = o5 Xe = 05 = o5 =y o
ay ay ay oy ay ay oy ay

A=0y+y 0, +00,2 + (00,3 +y 0 + [(ys)2 + 2y5y8] s+ [(yg)2 + 2y5y8] s,

X

where the explicit form of the terms omitted in the parentheses are not needed in subsequent
computations. We solve the system

Af=0, Xif=0,i=1,2,3,4,5. 4.11)

From X;f =0, i = 1,2,3,4,5, it comes that f = F(y°,y%). Substituting the later expression
in Af =0, we obtain

|07 +2y°y8 ]9, F +| 0% + 2% |95 F = 0. (4.12)
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t

The solution of (4.12) is f = G(S3), where S¢3 = % We have XS 03 = Sg3. We set
S3= fggs_:; Then,

5.8
Yy
Sy=In|—2|. (4.13)
0% =y%)
Step 4. The new variables are
Pt =u, P mw, =y, w2 =), =857 =5, =S,
The operators are
0 0 0 0 0
Xi=—, Xo=—, X353=—, Xu=—, X5=—.
1™ 520 27 5y 3T o2 T3 > o
Using MATHEMATICA, we obtain
1 -1
8 _ 5 SRS 5
=y’ +y°B(",S3)+ B(G”,S , 4.14
=37 +3°BO. 83 % 7o (BO”.5) (4.14)
where
1
2 3
B(’,S83) = (4.15)

3(905)2exp(28 3) + ()3 exp(3S 3) (F4 + 27y° exp(S 1))
Then it follows that
A=00+20,+002+00 +P(@,2%)04 + 0,20y,

where the terms omitted in the parentheses are not needed and where P(2,z%) and O(2,7%)
are given by

8
eXp(—2
P,7% = ZSB(zs,z**)i%

(B, +2, (4.16)

5 8
0,75 3 + 2B, ) + 2P

(BS.H) . @17

Let us show that the expressions P(2,z%) and Q(z°,7%) do not vanish. P(z°,z%) is equal to
uy which is different from zero by the hypothesis. Now, when expressed in the original
variables u] and u), 0(z°,z%) is equivalent to (u’l)2 +2ujuy. So, 0(z,z%) = 0 if and only
if (] )+ 2ujuy = 0, that is u} = —2uj as u} # 0 by the hypothesis. In this case, we have
u{ = —2u} and the first and fourth equations of the system (1.1) yield respectively to u; =0
and u) = —3(u:1)2 # 0. This is not possible and then Q(z°,z%) # 0.

Now, we deal with the system

Af=0, X;f=0,i=1,2734. (4.18)
From X;f =0, i=1,2,3,4, it comes that f = F(z*,z%). Then, Af =0 gives

P2, 204F + Q2,250 F = 0. (4.19)
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Equation (4.19) leads to the already normalized solution

P, s
S.=74— 7.
! 0(z,2%)

(4.20)

Step 5. We now have the coordinates
vO:t, vl =uy, vzzuz, v3=u3, v4=S4, vszu'l, v6:S2, v7=Sl, v8=S3.

In these coordinates we have

0 0 0 0

50 2=W, 3=W,XzL:ﬁ,A:(?Vo+v5(')v|+()8V2+D(v5,v8)6v3+Q(v5,v8)8vs,

X1 =

where, with the change of variables, o, W) is given by (4.17); and

[P(v5 vg)]3 [P(v5 v8)]2
D(v5 , vS) = +2) exp(v7) - v(’P(v5 ,V8) + exp(v7) F 6exp(v7)—
(V5)2 VS
4
5.8 5
POS )| [PO7 9 -]
7 5.8 ’ 7
+6exp(v')P(v’,v )xln‘ 5 PSP exp(v'), “4.21)
where P(v,v®) is given by (4.16). The system we deal with is
Af=0, Xif=0,i=1,2,3. (4.22)

The equations X;f =0, i = 1,2,3 imply that f = F(v3, v5). Then Af = 0 reads
DO V5 F + 00, va s F = 0. (4.23)

Equation (4.23) admits the normalized solution
Ss=v— | —=—=dv>. (4.24)

Step 6. We use the following coordinates:

0

w’ =t, w1=u1,w2=u2, w3=Ss, w4=S4, w

=u/1,W6=Sz, W7=S1,W8=S3.

We have the following operators :

= i, X, = i, X3 9 A= By + w2, + 1w WD, + 0w, wh)d, 5,
owo ow!

X = o

where the expression I(w>,w?) is given by

[roswof

I(w5,w8) = w5w6¢exp(w i6exp(w7)P(w5,w8)
POv wd)| 2w5)? 7
6w exp(w’)In| LW | o 2007)7exp(w) (4.25)
wd P(w3,w8)
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P(w’,w®) and Q(w’,w?) being defined as in (4.16) and (4.17). We deal with the system
Af=0, Xif=0,i=1,2. (4.26)
From X;f = 0,i = 1,2 we have f = F(v*,»°). Then Af = 0 implies that
IW> . w*)d,2F + 0w, w)d, s F = 0. (4.27)

The solution of the later is the already normalized function
Se=w?— | ———=dw’. (4.28)

Step 7. The new variables are
CIOZI, 611 =up, 612256, q3 =Ss, q4=S4, qszu'l, q6=S2, q7:S1, q8:S3.

The operators are

0 0 5 5 8
Xl:a_qo’ X2:a—q1, A=6q0+q aql"‘Q(q »q )aq5~
The system is
Af=0, Xif=0. (4.29)

From X, f = 0, we deduce that f = F(g',4°). Then equation A f = 0 becomes
P0,F+0(q,q%)0,5F =0. (4.30)

The solution of the later equation is

Sd 5
S7=ql—fﬁ. 4.31)

It is readily verified that X,S7 = 1.
Step 8. In this final step we use the coordinates

P=tr' =8, r=8¢r=Ss, =84, 1 =uj, =8, r=5r=5;.
In terms of these coordinates the operators are
X1 =080, A=00+00, s (4.32)
and the equation A f = 0 implies that
doF +0@,rdsF =0, (4.33)

for f = F(r°,7). The integration of (4.33) leads to

_0_ 1 5
Sg=1r fQ(rs’rg)dr, (4.34)

where Q(r°,r®) is defined as in (4.17). It is easy to see that X;Sg = 1.
In summary, we have the
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Theorem 4.1. If v/ u (v —u))(uju} + ujuy) # 0, then the system (1.1) is solvable by quadra-
tures and admits the following height first integrals:

’ a ’ ’ ’ ’ ’ ’ 2 ’ ’ ’
_ (s +up ey ) _ = buy _ uy | _ 2wy
S1=In | So = 7 +exp(S1)[ (”1) + 7 6In v 7 |
_ A _ P},S3) , , _ D@wy.S3) ,
Sy=InG2ry) Se=us— ] gursydu,  Ss=uws— | gursydn
_ _ I(Lt S3) , _ _ u du1 . dul
Se=u= | gursyditys  S71=1~ | gursys Ss=1- ] g sy

where P(u},S3), Q(u},S3), D(u},S3), 1(u},S3) are respectively given by (4.16), (4.17),
(4.21), (4.25) and where we replace the variables 2,0, w by u’l and 78, v8, wd by Ss.

5 Cases where the symmetry vector fields and the operator A
are connected

In this section, we study the cases where the symmetry vector fields X;, i =1,2,...,8 and the
operator A are connected; that is the cases where det(My) = u u 4(u 4 ul)(u u3 + uéu;) =0.

5.1 Casel: u’l =0

In this case the system (1.1) becomes:
ur=c, uf=0, uf=uf(ut-2uh), uj=ul) (5.1)
where ¢ is an arbitrary constant. The resolution of this system is straightforward. We have:
Proposition 5.1. The curve y : R — D(G,r), t = y(t) = (u1(£), up(t), uz(t), us(t)) defined by
y(t) = (01 ,Cot+c3, 20t +cgIn|t+cyql+c7, —In|t +c4] + 05), (5.2)

where c; e R,i=1,2,...,7, is a geodesic of (D(G,r),V). This geodesic is not complete since
it is not defined for t = —cy

52 Case2:u;=0
The system (1.1) becomes
uy = (u'l)z, uy =uy(uh—2uy), uy =0, wus=gq, (5.3)
where ¢ is an arbitrary constant. And we have the following result.
Proposition 5.2. The curve y : R — D(G,r), t = y(t) = (u1(t), ux(t), uz(t), us(t)) defined by
7(t) = (=Inlt+gal + g5, —2q21 + e Inlt+qal + 7,21 + 43, 41 ), (5.4)

where g; € R,i=1,2,...,7 and t # —q4, is a non complete geodesic of (D(G,r),V).
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53 Case3:uj=u;#0
In this case the system (1.1) becomes

uy =3(u] )2, wy =uy(uh—2uy), uy =ui(uy—2u}), uy=uj. (5.5)
This leads to the following result.

Proposition 5.3. The curve y : R — D(G,r), t = y(t) = (u1(t), uz(t), uz(t), us(t)) defined by

ui(® = —1InPt+k|+ko,
() = LkaGr+k)d + LkeInf3r+ k| + (ks +k7), 5.6)
w(t) = LkaGr+k)i - LkeIn3r+ k| + L (ks — ky), '
ug( = —3Inl3t+k|+ks,
where k; e R,i=1,2,....,7 and t + —%kl, is a non complete geodesic of (D(G,r),V).
54 Case4: uju} +ujuy =0, u; # uy, ujuy # 0.
541 uwi=u,=0
Then the system becomes
ul =) +2ululy, wr=p1, uz=pa, oy = Wl)+2ulul, (5.7
where p1, p» € R. We now consider the following system
u = )+ 2, w) = (uf)? +2u . (5.8)
Lemma 5.4. If u| # uy and u\u, # 0, then the system (5.8) is solvable by quadratures.
Proof. The operator A; associated to this system is given by
0 ’ ’ 0 7\2 ’o 0 \2 ’o 0
Al = E +uy a_ul + u46_u4 + ((l/tl) + 2”1144)6—”,1 + ((l/t4) + 2M1M4)6—u;. (59)

The first-order linear homogeneous PDE A, f = 0 admits the following four symmetries:

_ 0 _ 0 _ 0 _ 4.0 7 9 7 9
X[—(Tt, Xz—%, X3—m, X4—t5—ulm—u4m.
The non-vanishing bracket is: [X;,X4] = X;. Furthermore, the Lie algebra generated by
these four symmetries is solvable, since the basis {Xy,k = 1,...,4} satisfies the condition
(X, X;]= i: cijk whenever i < j. The matrix My, of the system {X;,A;,i=1,...,4}is

100 ¢ 1
010 0 )

Msyy={ 0 0 1 0 ), : (5.10)
0 0 0 —u (u))*+2uju
0 0 0 -u, (u2)2+2u’1u:‘

The determinant of My, is det(My,) = u] u:t(u:1 —u}). By the hypothesis, det(M,,) # 0 and
then the system {X;,A;,i = 1,...,4} is unconnected. We conclude with Lemma 3.1. O
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Now let us determine the first integrals of the system (5.8). We have

Lemma 5.5. If u| # uj and u\u, # 0, the system (5.8) admits the following first integrals:

P’(ul,h) “f d g e f dul
Q' (u J1> == o IV RN TN Y

where P'(u},J1) and Q'(u},J1) are non-vanishing expressions depending only on u| and J.

Iy
M1M4

Jl =In PETEEIC)
(M4_M1)3

,Jo =

Proof. Consider the ideals £; = span(Xy,...,Xj), i=1,2,3,4. Wehave £; c £;;1,i=1,2,3.
Step 1. We solve the system

Af=0,X;f=0i=1,23. (5.11)

Equations X;f =0, 7= 1,2,3 imply that f = F(u},u}). Substituting the later expression of f
in Ay f =0 yields to

| ) + 20 | 0 F + [ () + 201 u;] du,F = 0. (5.12)

The solution of (5.12) is f = G(Jo1), where Jy; = We have X4Jo1 = Jo1. We set

(uy—u )3

fdJ‘” Then,
u
Jy=In|———|. (5.13)
(M4 - “1)
Using MATHEMATICA, we obtain
’ ’ ) Dl 1 Y -1
u4=u1+ulB (Ml,Jl)im[B (ul,.]l)] , (514)
where
1
/ ’ 2
B'(u},J1) = . (5.15)
3 (9(u’1 2exp(2Jp) + \/(u’l Y exp(3Jy) (¢4 +27u exp(Jy )))
Step 2. The new variables are
x0=t, x! =u, x2:u3, X =u;, x4=J1‘
The operators are
=2 =2 o0 A —h.+x00 + P (3,304 + Q' (3, xH0
1= ax()’ 2= axl’ 3 a 2, 1= xo xl £ 24 B )755
where P’(x3,x*) and Q’(x3, x*) are given by
/i3 4 3,03 a4y exp(=x?) 3 4171, 3
P xY = xB(x,x)iT[B(x,x)] +10, (5.16)
2x3 exp(—x* -1
03, = 3032 +2(3)2B03, Y + %(X) (B2 61
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As shown above for Q, the expression Q’(x*, x*) # 0. We deal with the system
A1f=0, Xif=0,i=1,2. (5.18)
From X;f =0, i = 1,2 it comes that f = F(x%,x*). Then A; f = 0 gives
P (3, xH0 2 F+ Q' (x>, xH9 s F = 0. (5.19)
The solution of the equation (5.19) is the already normalized function
Jr=x*— % x. (5.20)
Step 3. We deal with the coordinates
Y=o, y=w, Y=uw y=h y=1.
In these coordinates, we have
0 0 3 re 3 4
X = P Xp = pe A1 =0y +y 0 + Q' (y7,y")0,s.
The system is
Aif=0, X;f=0. (5.21)
From X, f = 0, we deduce that f = F(y',y?*). Then, equation A f = 0 becomes
YOF+Q (7, yhsF =0. (5.22)
The solution of the later equation is the normalized function
1 ydy’
5= [ g
Step 4. In this final step we use the coordinates
L=t d=w, ZF=uh D=4 =
In terms of these coordinates the operators are
X =00, A1=00+0Q(3,2H0,s (5.23)
and A f = 0 implies that
00F +Q' (2, 7H0:F =0, (5.24)
for f = F(z°,2%). We have the following solution of (5.24):
Ji=2"- f mdﬁ (5.25)
We have X J4 = 1. O

Combining Lemmas 5.4 and 5.5, we obtain the following result.
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Theorem 5.6. If u’ u3 +u2u4 =0, u * u4, u’ u4 + 0 and u3 = u2 =0, then

1. us(t) = po and uy(t) = py, for all t €R, where p1,p2 €R;

2. the system formed by the first and the fourth equations of (1.1) is solvable by quadratures
and admits the following four first integrals:

J P’(ul,Jl) J f ] f du|
) du’, u av’,
2" 0w, TN oyt T orw

where P'(u',J1), Q'(u},J1) are expressions depending only on u| and J.

’ o,
u1u4

Ji=In|—4—
() —up)?

542 u,#0,u,#0

In this case we have u|u} = —uu) and the system (1.1) becomes

1" 1N\2 ’ 7 "no_ 17 ’ 7 "o 1 ’ 7 1" 1N\2 ’ o7
ui =) +2u uy, wy =ujuy—2uuy, Uy = sy +2u s, wy = ()" +2uquy. (5.26)

By the change of variables u = u|,v = u},w = u} and z = u}, the system (5.26) becomes

’ / / ’

Yousog Louvon Yoo, foziom (5.27)
u \% w Z

Equations (5.27) lead to v = aju, 7 = aow which can be writing as
Wy =aquy, Uy =l (5.28)

When coupled with equation u|u} = —upuy, equation (5.28) gives uju(1 +ajaz) = 0, that
is 1+ ajaz = 0, since ujuy # 0. Now the first and the third equations of (5.26) become:

uy = (u'l)2 +2mouuy, Uy = az(u3) +2u Uy, (5.29)
Lemma 5.7. Ifu| # 0, u}, # 0 and u} # axu, the system (5.29) is solvable by quadratures.

Proof. The operator A, associated to the system of ODEs (5.29) is given by

a ’ ’ a ’ 77 a
o e s (0200”4 2) 2

’ ’ 7 a
+((u])2+2a/2u1u3)— R
3

A =
2 ou

(5.30)
For the operator A given by (5.30), the first-order linear homogeneous PDE A, f = 0 admits
the following four symmetries:
X 0 X 0 X 0 X t(? , 0 , 0
= —, = —, = —, =l— U — —Ur—.

Yo T w7 w T e o P o
The non-vanishing bracket is: [X;,X4] = X;. Furthermore, the Lie algebra generated by
these four symmetries is solvable, since the basis {Xi,k = 1,2,...,4} satisfies the condition
[Xi, X;] = Z] ! c* X whenever i < Jj- The matrix of the system {X,,Az,z =1,2,3,4} is

k=1"1ij
1 0 0 ¢ 1
010 O u
Mpy,={0 0 1 O uj . (5.31)
0 0 0 - (u’l)2 +2pu U,
0 0 0 —uf ax(ul)®+2uju

The determinant of My, is det(Ma,) = uju}(axu — u}). O
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Lemma 5.8. Ifu| # 0, u} # 0 and u}| # ayu, then the system (5.29) has the following four

first integrals:
P (u, 1)du’ w du’
,12=M4—f,,1—,11,13=u1—f,,—1,duﬁ,14=t—f,,—,1,
Q (ulall) Q (u]all) Q (ulall)

where P"(u'l,I 1) and Q”(u'l,l 1) are expressions depending only on u and 1.

.
u,u
11=1n 13

’ _ . 7\3
(uf—uy)

Proof. In the conditions listed in Lemma 5.8, det(M,,) # 0 and the symmetry vector fields
Xi, i =1,2,3,4 and A, are unconnected. We consider the ideals £; = span(Xy,...,Xj),
i=1,2,3,4. One has L; Cc L;;q,foralli=1,2,3.

Step 1. We solve the system

A f =0, Xif=0,i=1,2,3. (5.32)

From X;f =0, i=1,2,3, we infer that f = F(u},u}). Now, if we substitute the later expres-
sion of fin A, f =0, we have

| ) + 2000 | Dy F + | aa Wy +2ui 0t | 0,1, F = 0. (5.33)

The solution of (5.33) is f = G(Iy;), where Ip; = (azzl—g); We have X41p; = Ip;. So, we set
3 1
L = f d,{)—‘)ll which leads to the following expression:

’ 7

Uiy
I =1 3 (5.34)
(aquf —u))
Using MATHEMATICA, one obtains
vy — L 8”1 (5.35)
a1 T 3@ expp ‘
where
1
3
144 ’ 2
B"(uy, 1) = . (5.36)

3 (9(u’1)2 exp(21}) + \/(u’l )3 exp(311) (¥4 +27uj exp(ly )))

Step 2. The new variables are

L=t x=u, P=u, x3=u'1,x4=11.

The operators become

0 0 0
= —, X, = —_—, X2 = —,
0x0 27 ot 37 x2

where P”(x3,x*) and Q" (x3, x*) are given by

X Ay =00 + 30,1 + P(>,xH32 + 0(x*, XM 5,

4 _ 3
P'E.xY) = x3B"(x3,x4)iM(B”(xS,x4)) 2 (5.37)
3(an)? s

2x3 exp(—x4)

o (B/(3xh) . (5.38)

3 4+ 200 () B (13, xh =

Q//(x3’ X4)
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One can verify that Q”(x?, x*) # 0. We deal with the system
A f=0, X;f=0,i=1,2.
From X;f =0, i=1,2, it comes that f = F(x2,x%). Then Ay f =0 gives
P, xM0 o F + Q" (x*,xhd s F = 0.

The solution of the equation (5.40) is the normalized solution

o P”(x3,x4) 3
L =x f—Q”(x3,x4)dx .

Step 3. We consider the coordinates
Y=t Y=u,y =us, ¥y =D, y* =1,.

In these coordinates we have

o 0 3 e 3 4
X1=g5% X275 A2= 00 170, + 07070y,
The system is

From X f = 0, we deduce that f = F(y',y?). Then, equation A, f = 0 becomes

YO F+Q"(y, ¥y F = 0.

The solution of the later is already normalized and is given by

L=y - f M
Q" (.
Step 4. Now we use the coordinates:
L=t d=w, F=h =h =1.
In terms of these coordinates the operators become
X1 =00, Ay=00+0Q" (7,705

Now equation A, f = 0 implies that

00F +Q"(2,29)05F =0,

for f = F(z°,2%). Integrating (5.46), we obtain the following solution normalized

1
L= f s
MR o ZTPl e

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)
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Finally, we have the following result.

Theorem 5.9. Ifu u’3 +uyuy =0, u) #u), wjuy #0, u} #0, u) # 0 and u| # azug, then

1. ux(t) = —a%ul(t) + p1 and uy(t) = apus(t) + p2, where pi,pr € R;

2. the system u| = (u] )+ 2aouiul, uy = az(ug)2 +2u 1)y is solvable by quadratures and has
the following four first integrals:

/ fP”(u’l,Il)du’l / f u i f du}
h=uw————— L=u— | —————duj, ly=t— | ———,
Q,,(Ml,ll) Q (ulall) ! Q (ul,ll)

where P"(u},1y) and Q"' (u', 1) are expressions depending only on u\ and I.

’ ’
Uity

I =1In Y 53
(M3—M1)3

Now we examine the case where det(M,,) = 0, that is the case where u| = @,uj. In this
case, X;, i = 1,2,3,4 and A, are connected. Then, the second equation of (5.29) becomes
uy = 3a/2(u’3)2. The later equation integrates to

1
uz(t) = ——In|3art +q| +ry, (5.48)
3ap
where ri € R. It comes from u| = a,u) that u; = asuz + 1), (5, € R). That is

1
ur(t) = —§ln|3a/2t+q|+r2, (5.49)

where r, € R. Now, from (5.28) and the equality aja, = —1, we deduce that there exists
r3,r4 in R such that

1 1
ur(t) = — InBant + gl +r3, us(t) = —=——1InBast+q|+ra. (5.50)
3an 3an

So we have proved the following.

Proposition 5.10. If u|u’, + ujuy = 0, u} # u), ujuy # 0, u} # 0, u, # 0 and u| = axuy for
some ay € R*, then the curve vy : t — (u1(1),us(t), uz(t), us(t)) given by

1 1 1 1
y(t)=\—=In|3ast + g|+ry;—=—— In|3art + g|+r1; — In|3azt + g|+r3;—=—— In|3aat + g|+14],
3 3ap RI%) 3ar

where r1,r,13,14,q €R, is a geodesic of D(G,V). This geodesic is not complete as it is not
defined for t = —xL

3an°

6 Discussions

The system of four second-order ODEs (1.1), which admits an 8-dimensional symmetry Lie
algebra is solvable by quadratures. By studying the conditions of Lemma 3.1 due to Wafo
Soh and Mahomed ([16]) and related to the integrability of the system (1.1), two cases
arise. In the first case, the symmetry generators of the system and the equations vector
field (the operator associated to the system) are unconnected. In this case, the system (1.1)
is reducible to quadratures and the eight first integrals are found, although not completely
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explicit. The second situation corresponds to cases where the conditions of Lemma 3.1 are
not satisfied. In these cases, the geodesics of the Drinfel’d double of the affine Lie group of
R are sometimes completely determined and they are not complete as they are not defined
for all ¢ in R. This confirms Theorem 2.2 which states that the affine manifold (D(G,r),V)
is not geodesically complete. In this second situation, we also meet the cases where we
are just able to find the explicit expressions of only two components of the geodesics; the
others two components being characterized by the first integrals of the system of ODEs they
satisfy.

Ultimately, the integration of the system (1.1) is very delicate. The use of Lie theory
can make steps towards obtaining solutions, or at least the first integrals, of the system. For
this purpose, the method of Wafo Soh and Mahomed has been helpful.
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