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1. Introduction

Let M be a smooth (paracompact) connected real smooth manifold of dimension
n. A linear frame v at point x € M is an ordered basis (Xi,...,X,) of the
tangent space T, (M) it will usually be identified with a linear isomorphism from
R™ onto T, (M ). The set L(M) of all linear frames at all points of M is a smooth
principal fiber bundle over M with group GL(n,R), the right action of GL(n, R)
on L(M) is given by

u-a=wuoa withu € L(M)anda € GL(n,R).

The diffeomorphism of L(M ) associated to a will be denoted R, (u) = u - a.
The canonical form 0 of L(M) is the R"-valued one-form defined by

0(Xy) :=u  (meu(Xy) for X, € Tu(L(M))

where 7 : L(M) — M in the natural projection.

In what follows we will privilege the notion of connection due to C. Ehresmann [8].
When necessary we will also use the notions of E. Cartan [2] or J.-L. Koszul [14].

A Linear connection I over M is a smooth distribution H in L(M) transverse
and supplementary to the fiber and invariant under the right action of GL(n, R),
defined above. The subspace H,,, where v is a linear frame at x € M, is called the
horizontal space in u.

It is clear that every vector X,, € T, (L(M)) can be uniquely written as X,, =
Xuu + Xyv,with X, g € H, and X,y tangent to the fiber over u.

Each ¥ € R" determines a standard horizontal vector field B(%),, defined as the
unique element of H,, such that 7, ., (B(Z),) = u(Z).
Moreover, I' defines a unique one-form w on L(M) with values in g = gl(n,R),
called the connection form. More precisely w, (X,,) is the unique A € g such that
A}, = X, v where
d
Al = —| wu-exptA
" g, P

is the fundamental vector field corresponding to A.
The connection form w satisfies the following conditions

w(A*)=A, A€y, (Ry)*w=ad(c YHw, oe€GLnR) ()

where ad denotes the adjoint representation of GL(n, R). Having a connection I"
is equivalent to have a one-form w on L(M) with values in g verifying (1). A
smooth vector field X € X(L(M)) such that w(X) = 0, is called horizontal
vector relative to I
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The curvature form () and the torsion form © of (L(M),T") are defined respec-
tively by

Qu(Xuyyu) = (dw)u(Xu,HaYu,H)y @u(XUaYu) = (de)u(Xu,H’Yu,H)

with X, Y, € T,(L(M)) and uw € L(M).

Note that 2 takes values in gl(n,R) and © in R™. The following equations are
called structure equations (also known as Cartan equations) (see [12])

(A0)u(X,¥a) = —5 (alXa)0u(¥a) — wa(F¥)0ulXu)) + OulXe, Vo)
)
(A)u(Xu, Vo) = =X, w(¥o)] + QX Vo)

Given a global (or local) diffeomorphism f of M we will denote fto the global
(or local) diffeomorphism of L(M) defined by f(u) = (fru(X1),- ., fre(Xn))
with v = (X7,...,X,,) alinear frame at x € M. The diffeomorphism fis called
the natural lift of f to L(M).

When f satisfies the condition f*w = w, it is called a global (or local) affine
transformation of (M,T).

If M is simply connected endowed with a linear connection I, it is well known
that if I is flat, that is, without curvature, the connection over M is isomorphic to
the connection I'" given by the distribution H in (M x GL(n,R), 1)) where H, is
the tangent space to M x {a} inu = (z,a) € M x GL(n,R). The connection I'’
is called the canonical flat (linear) connection over M (see [12]).

Let my : M xGL(n,R) — GL(n, R) natural projection. Notice that the connection
form of the canonical flat linear connection is given by

W' =m0t

where 67 is the left invariant one-form over GL(n,R), with values in gl(n,R)
defined by
(g-i-( A-i—) — AT

and AT € g is the left invariant vector field corresponding to A € T.GL(n, R).
The one-form 07 is called the canonical one-form over GL(n, R).

If M = G'is aLie group and the left multiplications L, (respectively right multipli-
cations R,,) are affine transformations it is said that I" is left invariant (respectively
right invariant). This means that the lift L of L, (respectively RU) preserves the
distribution H given by T'. In this case we denote the connection by I'"™ and we
will say that (G,T'") is an affine Lie group.
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It is known that having a linear connection I' over M is equivalent to having a
covariant derivative V (see [12]). Let us consider the product

XY :=VyY, X,YeZX(M). 3)

If the curvature tensor relative to V is identically zero, this product verifies the
condition

(X,)Y|Z=X(YZ)-Y(XZ), XY, Z € X(M).
If both torsion and curvature vanish identically we have
(XY)Z-X(YZ2)=(YX)Z-Y(XZ), XY, Z € X(M). @

A vector space endowed with a bilinear product satisfying Equation (4) is called a
left symmetric algebra. Left symmetric algebras are Lie algebras with the bracket
given by [X,Y]; := XY — Y X. If V is torsion free this Lie bracket agrees with
the usual Lie bracket of X(/), that is

[X,Y]=XY - YX. 5)

Recall that product (3) satisfies (fX)Y = f(XY) and X(gY) = X(9)Y +
g(XY), for all f,g € C>°(M,R), i.e., the product defined above is R-bilinear
and C*° (M, R)-linear in the first component.

If M = G is a Lie group and V = V7 is left invariant, it is well known that
(G, V™) is flat affine if and only if Product (3) turn g into a left symmetric algebra
(see [16]).

If this is the case, we denote by w™ the corresponding connection form associated
to the connection V.

The notion of Poisson-Lie group, as well as the term quantum group, were in-
troduced by Drinfeld [6]. They derived their origins from Faddeev’s work and
his school on quantum inverse scattering, which inspired those of Sklyanin on
the Yang-Baxter equation. The Poisson groups appear in the study of completely
integrable Hamiltonian system, r-matrices, the Yang-Baxter equation, quantum in-
verse scattering, symplectic groupoids, non commutative geometry, etc. Knowing
the Lie-Poisson structures on G (see for instance [21]), would allow to study the
quantum deformations of GG. It is known that every connected Poisson-Lie group
arises from a Lie bialgebra and important class of Lie bialgebra is obtained by
solving the generalized Yang-Baxter equation.

Diatta and Medina proved in [5] that each solution 7 of the Classical Yang-Baxter
Equation on G, corresponds to a connected Lie subgroup H of T*G such that its
Lie algebra h is a Lagrangian graph in g 4 g+ and H carries a left invariant affine
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structure. They also prove that, if r is invertible, the Poisson Lie tensor 7 given by
r on G is polynomial of degree at most two and every double Lie group of (G, 7)
is endowed with an affine and a complex structures V* and .J, both left invariant
and given by r, such that V*.J = 0.

2. Flat Affine Geometry on Four-Dimensional Oscillator Lie Group

The three-dimensional Heisenberg Lie group is the real manifold H3 = R x C with
product

1
(s,w)(s',w') = (s + 8 + §Im(WW’),w + w’)

Definition 1. Let \ be a positive real number and p : R — Aut(H3) the Lie group
homomorphism given by

p(t)(s,2) = (s,€"z).
The real M-oscillator group of dimension 4, denoted by O, is the semidirect prod-
uct of Heisenberg Lie group Hs for the group (R, +) by the representation p.

The following result is known (see [17]).

Lemma 2. The Lie group O is independent of A, for A > 0.

Proof: The statement follows from the fact that the map ¢ : H3 — Hs defined by

(s, z) = (s, Z)‘T> , is an automorphism of Lie groups such that for all ¢ € R the
following diagram commutes

Hy 2% H,

A
Hy 2 (t) Hs
where p and p’ are the representations

p: R — Aut(Hs)
t = (s,eM)

Pl R — Aut(Hs)

d i
an o (s,eNH).

In the follows we denote by O the oscillator Lie group of dimension four with
A = 1. Let (eq, e1, ez, d) be the natural basis for R*. The corresponding left
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invariant vector fields are as follows:

0
+ - 7
60 N 6901
1 0 d 0
+ _ - . _ . . . _
el = <2(£L'2 sin(z4) — 3 cos(x4))> Py + (305(:104)8&62 + sin(x4) s
1 0 d ©
ey = <2(:n2 cos(xyq) + x3 sin(x4))> pr sin(:m)a—m + cos(x4)a—x3
0
+ - .
d - 8.%'4

It is directly verified that the non zero Lie brackets, except antisymmetry, are given
by

e e3] =eq, (A7, e = e5, [d7 3] =—€f. (D
Consequently the Lie algebra of the oscillator group O is the real vector space with

basis {65r , ef, e;, d ™} and bracket defined in (7). This Lie algebra will be denoted
by o.

2.1. Flat Affine Structures on O

To construct these kind of structures, we start by finding flat left invariant affine
structures on the group of isometries of the Euclidean plane F/(2), called the Eu-
clidean group. Then we use the cohomology of left symmetric algebras developed
in [19] to extend these structures to the oscillator group of dimension 4.

Notice that the oscillator group can be viewed as an extension of the Euclidean
group F/(2). This extension is given by the exact split sequence of Lie groups

{0} — (R, +) —> 0 " E(2) — {I}

where i(s) = (s,0,0), forall s € R and

cos(t) —sin(t) =
m(s,x +iy,t) = | sin(t) cos(t) y |, (s,z +1iy,t) € O
0 0 1

and the section is given by the Lie group homomorphism s : E(2) — O defined
_ . _ [cos(t) —sin(t)

by s(A4, (z,y)) = (0,z + iy, t) where A = <sin(t) cos(t) )

The Lie algebra of the Euclidean Lie group, ¢(2) = Vectr{e1, e2,d}, has Lie

bracket given by [d, e1] = ea, [d, e2] = —eq, and [e1, e2] = 0.
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Proposition 3. The following left symmetric products determine flat left invariant
non-isomorphic affine structures on the Euclidean group F(2).

e1 €s d
Fi(a) 0 0 act a e R\ {0} (8)
! €9 0 0 aey’
d|lae; +e3 —e1 +aey ad
€1 €2 d
e1rl0 0 O
Fole) 1o 0 o ©)
dleys —e1 ad
] €1 €2 d
€1 d 0 0
3 e2| 0 d 0 (10)
d €y —e€1 0
€1 €9 d
er1|er +2es —d 0 e1+ 2es —d
Fa €9 0 e1+2e9 —d 2e; +4ey —2d an
dle;+3es —d e; +4ey —2d 3eq + 1ley — 5d

Proof: Recall that finding flat left invariant affine structures on E'(2) is equivalent
to finding bilinear products on ¢(2) satisfying (4) and (5).

Let us denote by L, the endomorphism of the vector space ¢(2) defined by
Ly (b) = ab.

If a bilinear product is compatible with the Lie bracket of ¢(2), the endomorphisms
L.,, L, and L; can be written, in the base (e, €2, d), as

aiz2 b1z bi3 a3 biz—1 ci3
Le, = (aij), Ley = | a22 baa bag |, Lg= | 1+ags bas co3 (12)
azz b3z bss ass b33 ¢33

where a;;, b;; and c;; are real numbers.

Moreover, if the product on ¢(2) satisfies the identity (4), the endomorphisms (12)
satisfy the system of equations

[L617L82] = 07 [Ld7 Lel] == L627 [Ld7 Lez] = _L61~

Solving the system and using the above observations we obtain the products de-
scribed in the tables. u
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2.2. Left Symmetric Algebra Cohomology

Let A be aleft symmetric algebra and M a A-bimodule. We denote by H gG (A, M)
the cohomology group of order k of A with coefficients in M. Let us consider R as
a trivial A-bimodule. A scalar two-cocycle of A is a bilinearmap f: A x A - R
verifying

flab—ba,c) = f(a,bc) — f(b,ac).

A scalar two-coboundary of A is a two-cocycle f such that f(a,b) = ¢(ab), for
some ¢ € A*. The cohomology group H2,(A,R) = Z?/B?, where Z? (respec-
tively B?) is the set of two-cocycles (respectively two-coboundaries), classifies the
left symmetric algebras extensions of A for which R is an ideal of null square
(see [19]). In particular

0 R—-RxA—-A—=0

is an exact sequence of left symmetric algebras.

Proposition 4. The second order cohomology groups of left symmetric algebras of
¢(2) corresponding to the products F1(0), F1(«a), Fa(«), F3 and Fy are respec-
tively given by

I

2
H3eq0(e(2), Reo)
2
Hggqa(e(2

(e(2) Vectg{F12 — Ea1, E + Ev1, E33}

(e(2)
H32,0(e(2)

(e(2)

(e(2)

{0}, fa#0

Vectg{E11 + E2, E12 — Ea}
Vectr{E12 — E91}

Vectg{E12 — E21 + 2E13 — Ea3}

12

0

1

€o)
€o)
€o)

)

2
Hge 4(e(2), Reg

2
Hge 3(e(2

2

R
R
R

R

I

where {E;;} denote the elementary matrices on M3y 3(R).

Proof: Let us consider the A-bimodule M = Rey as a trivial ¢(2)-bimodule, with
¢(2) = Vectg(ey, €2, d). Each of the following statements can be verified by direct
calculations.

In the algebra with product given by F7(0), the scalar two-cocycles of ¢(2) with
coefficients in M, are of the form

g =p(En + Ex) + q(Ev2 — E21) +1E31 + sEsy + tEs3
and the two-coboundaries as

f =rE3 + sEza.
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In the algebras corresponding to the products F (), with o # 0, the two-cocycles
(respectively the two-coboundaries), are given by

1 1
g=rp (Els + E31 — aE32> +4q <E23 + 5E31 + E32> +rks3
and

f = p(aE13 + ak3 — E32) + q(OéEgg + F31 + aE32) + rkss.

In the algebras with product F» () the two-cocycles (respectively the two-coboun-
daries) are written

g =t(E11 + E2) + s(Ei2 — Ea1) + rE31 + pEsa + qEs33
and
f =rE31 + pE3s + qE33.

The two-cocycles (respectively the two-coboundaries) associated to the algebra
with product F3, are given by

g =t(E11 + E22) + s(Ei12 — E91) + rEs1 + pEso
and
f=1t(En + Ex) +rEs + pEss.

Finally, the scalar two-cocycles (respectively two-coboundaries) of the left sym-
metric algebra defined by F4, are of the form

g = p(E11 + Ea + E13+ 2E33) + q(E12 — Eo1 + 2E13 — Eb3)
+r(E31 + E33) + s(E32 + 2E33)

and
[ =p(E1 + B + F13 + 2Ea3) + r(E31 + E33) + s(E32 + 2E33)
where p, q,r, s,t are real numbers.

The previous statements imply the results enunciated in the proposition. |

Each class [g] of the left symmetric two-cohomology of ¢(2) determines a left sym-
metric product in 0 = Reg x4 ¢(2) by the formula (eg, a) - (€9, b) = (g(a,b),a-b),
where g is a class representative [g]. This method and other observations lead to
the following result.
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Theorem 5. The left symmetric products on the Lie algebra o given by the follow-
ing tables determine non isomorphic flat left invariant affine connections on the
four-dimensional oscillator group

€0 €1 €9 d
eo| 0 0 0 O
]-"1(0,t, s,q) €1 0 te() qeo 0 (13)
e2| 0 —qgeg teg O
d|0 e —e1 se
€0 €1 €9 d
eo| 0 0 0 O
Fola,t,q) e1| 0 teg geg O (14)
e2| 0 —qgeg teg O
d|0 e —e ad
€0 €1 €9 d
ep| 0 0 0 0
F3(q) e1r| 0 d qeo O (15)
e2| 0 —geg d O
d|0 €2 —€1 0
.7:4(q) ‘60 €1 €9 d
eg |0 0 0 0
el 0 %61+€2—d qeo qeo + iel—i—%eg — %d
ez |0 —qeo ter+es—d —Zeg+ e +ex—d
d |0 geo+ge1+3e2—3d —deg—Je1+ea—d  —3er+Iex—3d
(16)

where t,s € [0,+00), « € R\{0} and ¢ = %-

Corollary 6. The flat left invariant affine connections on the four-dimensional os-
cillator group given by the products J (O, t,s, %) , F3 (%) and F4 (%) are geodesi-
cally complete.

Proof: This results follows from the fact that each left symmetric algebra has right
multiplications R, of trace zero (see [9] and [16]). [

Remark 7. It is important to notice that left symmetric products
F1(0,t,s,q), Fa(a, t,q), Fs(q) and F4(q), with q # O are isomorphic respectively
to F1(0,s,t,1/2), Fo(a,t,1/2), F3(1/2) and F4(1/2).
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2.3. Double Lie Groups of the Oscillator Group O Relative to a Solution of
Classical Yang-Baxter Equation

The aim of this section is to determine the dual Lie groups of the oscillator group
O relative to solutions of the classical Yang-Baxter equation. We describe the cor-
responding double Lie groups and we exhibit flat left invariant affine structures on
them, by extending the flat affine structures on the oscillator group given in the
previous section.

Let G be a real Lie group with Lie algebra g. A solution of classical Yang-Baxter
equation (CYBE) on G, is a bivector r € A%g satisfying

[r,r] =0 a7

where [r,r] € A3g is the Schouten bracket (see [7]). The equation (17) is equiva-
lent to

a([ry(B), (M) + Blr (), r(@)]) + ([rg(@), 74(8)]) = 0

where 7y : g* — g is the linear homomorphism given by 3(ry(a)) = 7 (v, ).
Every solution r» of CYBE on G, determines a Lie algebra structure on the dual
vector space g* (see [13]), with Lie bracket given by

[067,8]7» = ad:u(ﬁ)a — ad:u(a)ﬁ.

Definition 8. The Lie algebra g*(r) := (g%, -, ]») is called dual Lie algebra of g
relative to r. We denote by G*(r) a Lie group with Lie algebra g*(r).

Notice that, if (-, -) is an orthogonal structure on g, then g*(r) has a scalar product
given by

(. 8)" = (97 (). 071 (8)) (18)

where ¢(z) = (z,-). We denote by k£* the Riemannian pseudo-metric on G*(r)
determined by (-, -)* and V* the Levi-Civita connection associated to k*.

The essential tool to be used in this section is provided by the following result

(see [1]).

Theorem 9 (Boucetta-Medina [1]). Let (G, k) be a Lie group endowed with a
bi-invariant pseudo-Riemannian metric and let v be a solution of the generalized
classical Yang-Baxter equation on G. Then, we have the following
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1. (G*(r), k") is a locally symmetric pseudo-Riemannian manifold, i.e.,
V'R=0

where R is the curvature of k*. In particular, R vanishes identically when r
is a solution of the CYBE.

2. If k* is flat then it is complete if and only if G*(r) is unimodular.
If the two conditions are verified then G*(r) is solvable.

Let r be a solution of the CYBE on G, then every Lie group of G*(r) is endowed
with a flat affine left invariant connection given by

(0% B = —ad:u(a)ﬁ

for o, 8 € g* (see for instance [4]). The real vector space D(g,r) := g @ g*(r)
endowed with the Lie bracket

[(z,a), (y, B)] = ([z,y] + adiy — adjz, [a, B, + ad; B — adya)

is called the double Lie algebra of Lie algebra g relative to r. Moreover, it is
verified that the scalar product

((z,a),(y, B)) := B(z) + a(y)

turns D(g, r) into an orthogonal Lie algebra. It is verified that g and g*(r) are
totally isotropic subalgebras of D(g, ) (see [6]). Therefore, if dim g = n, it holds
that (-, -) has signature (n,n).

Boucetta and Medina [1] determined generic solutions of the CYBE of the A-
oscillator group O) of dimension n. In the case n = 4 such solutions of the
CYBE are written as

r = aieg A el + ageg A eg + ageg Ad

for aq, a, 3 € R. The dual Lie algebra o*(r) = Vect{e{, e], e3,d*} has non
zero Lie brackets (except antisymmetry)

[667 eﬂ - _a2d* + ag@;, [687 6;] = Ckld* - 0436?
The left symmetric product compatible with the Lie bracket is given by the follow-
ing products
ep - ey = (ae] — aies, ep - €] = —aad” + ases, e+ €5 = and" — ase].
(19)

The following proposition describes the dual Lie groups of O relative to solutions
of the CYBE.
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Lemma 10. The simply connected flat affine Lie groups O*(r) corresponding to
the Lie algebras o* (1) where r = a1eg A e1 + azeg A ez + aseg A d is a solution
of the CYBE on O, are given by

1. O*(r) =R* ifr = 0.

2. O*(r) = Hz xR (direct product), if r = anegNe1 # 0 orr = azegNey #
0.

3. O*(r) = R* with product
(2,9, 2z,w)(2,y, 2, w') = (v+2'+(w—2)y'+w2'+20', y+y/, 242, w+w'),
if as = 0 and ayag # 0.
4. O*(r) = (C x R) x R with product
(z,5,t)(2, 8, t') = (z+ €% s+ 5 t+1), if ag#0.

Proof: When a1, as, a3 = 0, we obtain that o*(r) is abelian, then O*(r) = R%.
In the second case, the Lie algebra o} (r) is isomorphic to direct sum h3 @& Rd, it
follows that O*(r) = H3 x R.

If a3 = 0, the Lie algebra o*(r) is isomorphic to Lie algebra

Rd* xgm

central extension of abelian algebra m = Vectr{eg, €], €5} by means of the scalar
two-cocycle g of m defined by

gleg e1) = =1, gleg,e3) =1, glefe) =0, (i,5) # (0,1),(0,2). (20)
Then, the Lie group O*(r) with Lie algebra o*(r) is R* with product
(z,y,z,w)(2", ¢, 2 w') = (@ +2"+(w—2)y +wz' + 20", y+¢/, 2+ 2, w+w').
For a3 # 0, we obtain that o*(r) is isomorphic to Lie algebra Vectr{ fo, f1, f2, d}

[d, f1] = a3 fa, [d, fa] = —azf1.

It follows that
0*(7“) = VectR{fl, fg} XgRd ® R fy

where d € End(Vectg{f1, fo}). It verifies that O*(r) = (C x R) x R with the
product

(5,2,t)(s', 2/, t") = (s+ 5, 24+€9% t+t)), forall (s, zt), (s, 2, t') € O*(r).
|
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Theorem 11. The Lie groups O*(r) defined by each solution of the CYBE are
endowed with a flat left invariant Lorentz metric, a symplectic form and a flat
affine left invariant connection.

Proof: Theorem (9) implies that O*(r) admits a flat left invariant Lorentz metric.
Moreover, this metric is given by the scalar product on 0*(r) defined by (18) and
the left symmetric product is given by (19). It can be verified that the corresponding
connection is the Levi-Civita connection.

A symplectic form on Lie group O*(r) is given by the non degenerate scalar two-
cocycle of the algebra o* as follows

w(el, e3) = w(ep,d*) =1, Vectr{e], e5 L, Vectr{es, d*}
for z,y, z € 0*(r). The formula
W($y, Z) = —W(y7 [J:) Z]) (21)

defines a left symmetric product compatible with the Lie bracket of 0*(r).
The non zero products defined by (21) are given by

€pes = —ase], eje] = —asd”, eses = —asd”
k% * * k% *
€p€np = — 269 — (X1€, €p€1 = 3€4.
The theorem follows from the above statements. [ |

Remark 12. The left symmetric product on o*(r) given in (21) defines a complete
flat affine left invariant connection on O*(r) which is not compatible with the sym-
plectic form w.

Remark 13 (Double Lie Groups of the Oscillator). The double Lie algebra of o
relative to a solution r of the CYBE given above, correspond to the vector space

D(o,7) = 0" & 0 = Vectg{ep, e1.€2,d, €5, €], €5,d" }
with Lie brackets (non zero and except antisymmetries)

[e1, €]
[e2, €1]
€]
]

—Qi2e] + e

*
= —ages — €5, [ea, 5] = ager + €], d,

4,

[61, €2

—aad” +04362, leg, € a1d* — asze]

[d €9

—areg — e, [eg,e

ol = €]

—Q3€eg — d*, [ ] = (¥\2€Q — * [ ] as3eq + d
1] = 2]
| = ]

[d €1
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3. Development of Flat Affine Manifold

This section is devoted to the description of the developing map corresponding
to each flat affine left invariant structure on Aff(R) found in [18] and to each flat
affine structure on the oscillator group O exhibited in Section 2. The method we
will apply has been introduced by Koszul in [15].

Proposition 14. Let (M, V) be a simply connected flat affine manifold of dimen-
sion n. Then there exist an affine immersion D : (M,V) — (R",V°) and a
Lie group homomorphism A : Aff(M, V) — Aff(R"™, V) such that the following
diagram commutes

M -2 re

lF MF) (22)

Moreover, A is an immersion.

Proof: Let p € M and v € T,(M). For a curve « of class C! on M such that
a(0) = p there exist a unique smooth vector field X («) along « that is parallel
relative to V such that X («),, = v. Since M is connected and it has an affine atlas,
i.e., the transition maps are local affine transformations of open sets of R, we can
extend X («) to a smooth vector field X of M such that X = v, and VX" = 0.

Let n be a differential one-form on M with values in T, (M) such that n(X") = v.
We shall see that 7 is closed. Notice that

(V)(X",Y) =Y (n(X") =n(Vy X®) =0
forall Y € X(M). It follows that V) = 0 and therefore

(V) (X,Y) — (V) (Y, X)

Y(n(X)) —=n(VyX) = X(n(Y)) +n(VxY)
Y(n(X)) = X(n(Y)) —=n(VyX — VxY)
Y(n(X)) — X(n(Y)) —n([Y; X])
2dn(Y, X)

forall X,Y € X(M).
Since M is simply connected, there exist a unique differential map D from M in

T,(M) such that dD = 7. In fact, taking a smooth curve 7 in M from p to g, it
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follows from Stokes’s theorem that fT 1 does not depend of the curve. Hence the
following vector is well defined

D(z) :/ 7. (23)
p

Now we will show that D is an affine immersion from M in T},(M). Let o(¢) be a
smooth curve on M, since

a(t)(n(e(t))) = n(V o (1))

it follows that o is a geodesic if and only if (5 (¢)) is constant. Then the geodesics
of M are curves o such that the map 7 o ¢ is constant.

For a geodesic o(t) on (M, V) we have the following

o(0) o(t) o(0) t o (0)
D(o(t)) = / -t /U(O)n= / n+ /U(O)n(a(t))dt=77(0(t))t+ / 0

Hence, D(o(t)) is a line on T,(M), i.e., D : (M,V) — (T,M, V) is an affine
map. Since dD = 7, the rank of D is constant and equal to n = dim M in every
point, thats means D is an immersion.

Next we will prove that the following map is a Lie group homomorphism
A AfF(M, V) — Aff(R™, VY), F~ (Qp,Lp).

We will see that this map is well defined. Let L (v) = u = F, p-1(,) (Xlﬂi_l(p)),
with v € T,(M), and Qr = D(F(p)). Since VF,(X") = 0 we have that
F,(X") = X", which means that L is R-linear.

Now, we will show that A(F o G) = A(F) o A(G) forall F,G € Aff(M,V).
It directly follows from definition that L, = L o Lg. Moreover

Qroc = D(F(G(p))) = /17, where 7 is a curve from p to F'(G(p))

T

= / n+ / n, with « a curve from p to F'(p)
a o

and o is a curve from F'(p) to F(G(p)) (24)

:D(F(p))+/1m@n’ £ is a curve from p to G(p))

~ Qe+ [ Py
B
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On the other hand
(Lron)p(X,) = Lr(np(Xy)) = Lr(v) =u
= Nrp)(Xy) (25)
= Npp) (Fep(Xy)) = (Fn)p(Xp).
It follows that [ s F*n = Lp(Qg), hence, from (24) we get that A is a group
homomorphism.

Now notice that for ¢ € M we have
D(F(q)) = /w, where 7 is a curve from p to F'(q)
-

=Qr + Lr(D(q)) = A(F)(D(q))
that is, the diagram (22) is a commutative.

Finally we prove that A is an immersion. First notice that the following diagram is
commutative
AfF(M, V) —2— Aff(R", V)

l‘b l\p (26)

LM —2— LR
where ® maps an affine transformation F' of (M, V) in the linear frame ﬁ(uo)
with ug a linear frame of M at p fixed and ¥ maps the affine transformation 7' of
(R™, V°) in the linear frame T'(u1 ) with u; = D(ug) linear frame of R™ at 0. Since
® and ¥ are embeddings (see page 42 [11]), they are, in particular, immersions.
Moreover as D is immersion its natural lift is also an immersion. Therefore A is
an immersion. |

The map D : M — T,,(M) defined in the previous proposition is called developing
map of (M, V) at p.

For the following proposition we will consider M = Aff(R)q with the flat affine
structures V() and V1 () respectively given by Fa(«) and F(«) (see [18]).

Proposition 15. The corresponding developing maps of Aff(R)o with values in
aff(R) relative to V(o) and V1(«) are respectively given by

(é(xa -1, 2%y+1)— O%H(axa‘*'l + 1)) ifa#0,—-1

Dy o(z,y) = (1—&, l—j;y—l—{—ln:n) ifa=-1

(In(z) , y) ifa=0



112 Andrés Villabén

(é(aza -1), y+ 5@ — az) +1> ifa#0,1
Dl,a($7y) =

(r—1,y+1+z(lnz—1)) ifa=1.

Proof:

1. Let X be a smooth vector field on Aff(R)g such that V(a)X = 0. The
following identities can be verified

VQ(a)efX = 0, VQ(CV)@;X = 0. (27)

Solving (27) with initial conditions X, g) = (a,b) € g, we have

0 0
_ 11—« o —«
X =ax . + b+ aalz —y—1))x y

It is easy to verify that the closed one-form 7 on Aff(R) with values in g
such that n(X) = (a, b), is given by

n= (a;o‘*ldx, aly —z + 1Dz tda + z%dy) .

Taking the curve 7(¢) = (1 + (x — 1)t, yt), with ¢ € [0, 1], the developing
map is written as follows

a) ifa#0,—1

Do o(x,y) = /n

_ /O (L4 (@ - D))" (e — 1)dt, ae - 1)(y—z+1)
xt(1+ (z — 1)) + (1 + (z — 1)t))%y dt)

(az®tt 4 1)) .

« a+1

b) For the case « = —1
Dy, —1(,y) =/77

N Ya—y—1)(z—1)t y
_</0 (1+(x—1)t)2dt’/0 TESCEE dt+1+(m—1)tdt)

1 1
:(1—,—1—y—1—|—lnx).
x x
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c) whena =0
Dao(z,y) = (In(z) , y).
2. If X € X(Aff(R)o) such that X(; ) = (a,b) € g, and
Vl(o‘)er =0, Vl(a)e;X =0

it can be verified that X is as follows

0 0
11—« aq l—-a _ . :
az % 5 + (b + 2% (x 1)) 3y ifa#1
X =
0 0 :
a%—i—(b—alnx)a—y ifa=1.

Hence the one-form 7 on Aff(R)g verifying n(X) = (a, b), is given by
(m“_ldaj , =25z = 1)dz + dy) ifa#1
77 =
(dz , Inzdz + dy) ifa=1.

Therefore, the developing map is as follows

Dio(z,y) = /77

(é(azo‘—l% y+%(:ca—ozx)—l—l) ifa 40,1

a—1

(z—1,y+1+z(lnz—-1)) ifa=1.
|

From now on we will denote by V (¢, s), Va(a,t), V3 and V4 the flat affine con-
nections on O respectively given by the products F1(0,t,s,1/2), Fa(a,t,1/2),
f3(1/2) and ./."4(1/2).

Proposition 16. The corresponding developing maps of oscillator O relative to
the flat affine connections V1(t, s), Va(a,t), V3 and V 4 are respectively

t S
D1y s(z1, 22,23, 24) = (931 + 5(953 +23) + 556421, T2, T3, 964)

¢ 1
Dy,04(x1, 22,23, 24) = (1’1 + 5(963 +13), @, @3, a(ea"’c4 — 1))

1
D3 (1, 9, 13, 14) = (:m, T2, T3, w4+ (73 +x§))
D4 - (FlaF27F37F4)
where F;, 1 = 1,2, 3,4 are detailed at the end of the proof.
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Proof:

1. Let X € X(O) such that X (g ,00) = (a1, a2, a3, a4) with
Va(o,t) X =0,  Va(o,)e X =0,  i=0,1,2

where (eg , ef, 62+ ,d ™) is the basis of left invariant vector fields on O defined

in (6).
These equations define a system of partial differential equations whose so-
lutions determine the vector field

0 0
X = (Cll — agtxy — a3t333)87xl + a267x2 + CL387$3 + a4e_(m487x4-

It is easy to verify that the one-form 7 such that n(X) = a with a in o, is
written
n = (dzy + tzodws + txzdrs, dxs, dzs, e*dxy).

Hence the developing map is as follows

DQ,a,t(x17x27x37x4) :/77

T

1 . ) )
- </ wydr + tadrdr + tx%rdr,/ 902d7“,/ xgdr,/ :U4e°‘“7"dr)
0 0 0 ;

t 1
= (:vl + (22 4 23), @9, 3, — (e — 1))
2 «
2. The smooth vector field X on O such that X (g 0,0) = (a1, a2, a3, as) with
Vi(t,s)X = 0, can be written as
0 0

0
X = (a1 — astxy — agtrs — a4sx4)a—xl + a2(9702 + aga—x?) + a48—x4-

On the other hand, the one-form on O such that n(X) = (a1, a2, as,a4) € o,
is given by

n = (dxy + tzedxs + trsdrs + sxaday, dxe, dzs, dxy).

Taking a smooth curve 7 on O like 7(r) = (z17, zor, w37, T47) With 1 €
[0, 1], we obtain the developing map

Dl,t7s($1,$2,$3,1‘4) :/77

T

1 1 1 1
= </ T1dr + tfngrdr + tx%rdr + sa:?lrdr,/ mgdr,/ :rrgdr,/ :L'4d’l“>
0 0 0 0

t 5
= (w1 4+ 5(@3 +a) +

2
2 Ty, T2, T3, .T4).
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3. Let X be a smooth vector field on O satistying X g,0,0) = (a1, a2, a3, as)
and

Vy s X =0, V3ueX=0 =012

whose solutions determine the vector field
0

0 0
X=a17—+ay;— Fr

oz 2oz, T o, T

The one-form 71, which n(X) = (a1, ae, as, ay4) € o, is written

+ as (ag — agzo — azxz)=—

n = (dzy,dzg, dzs, vodxs + z3das + day).

As a consequence we get that the developing map of (O, V3) is given by

D3(x1, 22, x3,24) = /

</ :L'ldT/ ZL’Qd’I“/ :Egd’f’/ $2r+1:3r+1:4dr>

= (331, T2, T3, T4+ = ($2+$3))

2

4. Finally, we calculate the developing map for (O, V). A smooth vector field
X on O that is parallel relative to V4 with X (g 00y = (a1, a2, a3, as) has
the form

X :( ~ o sin(z4) + “ cos(zq) — %1‘2 - —1‘3 + a4)e
2 2 2
L . as as .y
+ <a5 sin(x4) + ag cos(zq) + DR R )e
+ (G7sin(w4) + dg cos(w4) + azze — dox3 + a4)ey
+ (ay sin(zy4) + a9 cos(wy) — agre + aoxz — a4) dt
where
i =2 +as + b az = a3z +a
1= 3t 2 =a3+ a4
. u ; + 24
az = —ag — — s =a; + — + —
3 275 1= ot o+
. 1( as + st 3a4> . 1 ( + 3 )
as = - — = +as+— a a a
57 5 5 3t 6 =5\t 4
0~ — @ @ Ne — + ?wﬁ +
a7 = 5 as 4 ag = —ag 9 a4
as
ag =a2 — —
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On the other hand, the one-form on O with values in o such that n(X) =
<a17 az,as, a4) is n= (wh w2, W3, W4) where

wy =dz; + %((1 —x3) cos(xq) + (1 + z2) sin(xg) — %)dxg
L ((1 4 z2) cos(zq) + (x3 — 1) sin(z4) — 1)dzs

2
1 3 I3 i) 1 . 5
(5 o= 5) costaa) + (5 +aa = 3) sinfaa) 7 ) da

_l’_

_|_

wy = %((1 + x2) cos(x4) + (% + 373) sin(xq) + 1) dzs

+ }((1 + J:g) cos(x4) — (z2 + 1) sin(zg) — %)dxi’:

2\\2
1 3
+ 5((1 + % + xg) cos(z4) + (xg — g — 1) sin(z4) — 1)d3:4

w3 = ((xg — 1) cos(zq) + (g + 333) sin(zq) + 1)dx2

4 ((g + 373) cos(z4) + (1 — x2) sin(xyg) — %)dm

+ ((1 + % + mg) cos(zq) + <% — X2 + Z) sin(x4) — 1>d$4

wy = ((1 — x9) cos(xyq) — (1 + 333) sin(x4) — 1)d952

2
+ (% - (% + a:3> cos(x4) + (w2 — 1) sin(x4))da;3
+ (1 — (% + mg) cos(zq) + <w2 — % — Z) sin(x4)>da:4.

Therefore, the corresponding developing map has the following components

1 1
Fi(xy, 20,23, 74) = 1 — — (22 + 524 + 2) — — (22374 + 23)
4 4%‘4

sin(zy4)
4a3
cos(xy)
B 41’4

(223 + 22224 (w4 +2) 4203 — w3(24— 6) 4+ 327)

(233% + 2x9zy + (203 — 1) (23 + 2m4))
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2, .2
xy (23 +23)
FQ(xla xr2,x3, $4) - T4

2 223
1
+ §(4x2 —2x3 + 2(x2 + 223 + 2) sin(zy)

+ (4zg — 4x3 + 3) cos(x4) — 3)

(cos(zq) — 1)

+ 4;34 ((223 + z3(223 + 3)) sin(z4) + 4x3(cos(z4) — 1))

x%—kx% dxog —2x3 — 7 X9

F 9 9 9 = ( - 7)
3(21, w2, 73, 24) 12 + 1 o cos(z4)

sin(zy4)
214

+ (223 + 22(24 — 4) + 2(z3(z3 + T4 + 2) + 24))

2 2
T5+ T 7T —2x x
— 23y 222 oz —
xy 4 x4

2 5 2 2
$34+ - x2;:21m3 - xg) cos(zy)

2, .2

2 —

_ (:BQ R Tk B S $3) sin(z4)
T4 T4 2

x5 + 23 n 23— 5

2
xy 4

Fy(x1, 20,23, 24) = (

+ x4 — x9.

4. Symplectic Invariant Geometry on the Lie Group Aff(R)

In what follows we consider the group of affine transformations of real line G :=
Aff(R) as a symplectic Lie group. On the natural coordinates of G the left invariant
symplectic form it is written as w™ = —x%dm A dy.

The following result (see [18]) will be an important tool in this section.

Proposition 17. There exits two left invariant symplectic flat affine, non isomor-
phic, connections V1 and Vo on Aff(R). These connections correspond to the left
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symmetric products on g = aff(R) given by the following tables

e e | 1 e
1 1
er|—er e er|—er ze
; 202 (28)
€9 0 0 €9 —%62 0

Recall that a symplectomorphism of (M, w) is a diffeomorphism f of M such that
ffw = w, i.e., a diffeomorphism which preserves the symplectic form w. An easy
calculation shows the following

Lemma 18. A diffeomorphism f = (f1, f2) of the manifold Aff(R)q is a symplec-
tomorphism relative to w™ if and only if it verifies the differential equation

o805 _ohon _ ()
or 0y Oy 0z \z)

In particular the following maps are (functionally independent) symplectomor-
phism

flz,y) = <7awey aey> witha > 0, p(y) € C*®andp > 0. (29)
’ 1+ aze¥p(y) ’ ’ ’
ey
— (e¥
g(x,y) = (e ;S ) (30)

)2
h(z,y) = (p(x) , W + l(x)), with p(z),l(z) € C*®andp > 0. (31)

The previous lemma implies the following.

Proposition 19. Let V1 and Vo be the connections given by the products (28).
Then the maps
F(z,y) = (az, —bz™' + ay + d)

and
G(z,y) = (am, —2b\/x + ay + d)

where a,b,d are real numbers with a > 0, are symplectomorphisms and affine
transformations relatively to (G, V1) and respectively (Go, V).

We finish by computing the Hess connection associated to a Lagrangian bi-foliation
of Aff(R) and we show that each of these connections is flat.
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Proposition 20. There are on (G, w™) two transversal Lagrangian foliations given
respectively by F; = ]Rej, 1 = 1,2. The Hess connection associated to this bifo-
lation (F1 and F3) is a flat affine and Lorentz connection.

Proof: The formula w(ab,c) = —w(b, [a,c]) defines on the vector space g =
aff(R) a left symmetric product compatible with Lie bracket given by following
table

(32)

Clearly Re; and Rey are transversal Lagrangian Lie subalgebras of (g, w). Recall
that the Hess connection associated to F; and F3 (see [10]) is defined by

Vik, xn(Y1,Y2) = (X1 0 Y1 + [Xo, V1)1, X2 © Y + [X1, Ya]o)

where [, ]; is the projection on the i—foliation and ® is the product given by (32).
A direct computation shows that this connection correspond to bilinear product on
g given by

(33)

From the fact that
Le1 © L62 - Lez o Le1 = L[el,eg] = Lez

where L, is the endomorphism L., (a) = e; % a, it follows that (33) defines a left
invariant flat affine connection on Aff(R).

Moreover, since [e1, ea] = e1xea —eaxe; we get that the connection VH is torsion
free.

Let (-, - ) denote the left invariant Lorentz metric on Aff(IR) associated to the scalar
product on g determined by (ej,e2) = 1 and (e;,¢;) = 0, ¢ = 1,2, an easy
calculation shows that

<€i*@j7ek> + (6]‘,62‘ *€k> =0

for all 4,j,k = 1,2. Therefore the Hess connection on Aff(R) is a Lorentzian
connection. |
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