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ALGEBRAIC INDEPENDENCE OF RECIPROCAL SUMS OF
POWERS OF CERTAIN FIBONACCI-TYPE NUMBERS

PETER BUNDSCHUH, KEIJO VAANANEN

Abstract: The Fibonacci-type numbers in the title look like Ry, = g17{*+g27v4 and S, = h177 +
h2vy for any n € Z, where the g’s, h’s, and ~’s are given algebraic numbers satisfying certain
natural conditions. For fixed k € Zx¢, and for fixed non-zero periodic sequences (ay), (by), (cr)
of algebraic numbers, the algebraic independence of the series

’ /
—, , ((6,m,7) € Z X Lo x Zx1)
Z T 2 Gy 2 G

is studied. Here the main tool is Mahler’s method which reduces the investigation of the algebraic
independence of numbers (over Q) to that of functions (over the rational function field) if they
satisfy certain types of functional equations.

Keywords: algebraic independence of numbers, Mahler’s method, algebraic independence of
functions.

1. Introduction and main results

Take a binary linear recurrence (R,,) € ZYo defined by
Rn+2 == ARn+1 +BRn (n: 0,1,...), (1)

where A, B € Z\ {0}, A := A% + 4B > 0, and not both of Ry, Ry € Z vanishing.
Consider, for ¢ € Z,k,m,r € N,r > 2, series of the form

> @)

’
where (by)n>0 is a sequence of algebraic numbers, and ), -, is taken over those
=

h € Ny for which kr" + ¢ > 0 and Ry,n_, # 0.
Systematic studies on the transcendence of examples of special series of type (2),
based on the arithmetic properties of solutions of certain functional equations in
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several variables, began with Mahler around 1930 and seriously continued in the
mid-1990s with the work of Becker and Tépfer [1]. As main result, in the particu-
lar case m = 1, (by,) periodic but not identically vanishing, and the extra condition
that A is not a perfect square, these authors succeeded in completely characteriz-
ing when (2) is algebraic.

Shortly later, Nishioka and her school obtained comprehensive results on the
arithmetic nature of series of type (2). In particular, not only transcendence but
also questions on the algebraic independence of sums of type (2) were studied. For
instance, in the particular situation m = 1, (R,,)»>0 is not a geometric progression,
(br) is a linear recurrence (but without the above extra condition on A), Nishioka
[8] fully determined the two exceptional cases, where the sums

oo

by
2 Ripny

(tez)

are algebraically dependent. Notice that here k,7 € N,r > 2 are fixed. Under
the same hypotheses, but the one on (b;) now strengthened to the effect that this
sequence is periodic and not identically zero, Nishioka [9] characterized the single
exceptional case, where the sums

by
= Brn e

o0

(leZ, reN, r=2)

are algebraically dependent; here only k € N is fixed.

Whereas Nishioka’s papers [8, 9] discussed right before considered only the case
m =1 of (2), Nishioka, Tanaka and Toshimitsu [10] allowed general m € N at the
cost of restricting B to 1 or —1. Their main result, Theorem 1.1, reads as follows.
Let (by,) be a non-zero periodic sequence of algebraic numbers, and assume k € N
to be fixed. Then the numbers

oo

b
SNl (teZ, mreN, r>2) (3)
h—0 (erh+f)m

are algebraically independent except in the following case. If Ry, = 0 for some

Ly € Z (see the remark below) and (by) is constant, then 6y := Z,;20 bh/Rian e,
is algebraic, and the numbers (3), except 6, are algebraically independent.

Before stating our own results, we make the following remark. Assume that an
integer recurrence (R,,) satisfies (1), has (Rg, R1) # (0,0),AB # 0,A > 0 (as at
the very beginning), and is not a geometric progression. Then we know that the
two distinct non-zero real roots 71, ¥o of the companion polynomial X? — AX — B
of (1) may be assumed to satisfy |y1] > max(1,|y2|). Further, with g; := (R —
Y2Ro0)/ (11 —2), 92 1= (R — 71 Ro)/(v2 — 71), we know

R, = 177 + 9275 (n € Np),

where g1g2 # 0 since (R,,) is not a geometric progression. We may also define R,
for all n € Z by this formula.
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This simple consideration motivates our next procedure. Namely, let v; and
~2 be non-zero algebraic numbers satisfying |y;| > max(1, |y2]), and define

R, = 17! + 9279y Sn =l + hoyy (neZ),

where g1, g2, h1, ho are non-zero algebraic numbers. Moreover, let Q := (g1h2)/(g2h1).
In particular, the special choice (R,) = (Fy,), (Sn) = (L) with F,, L,, the ordi-
nary Fibonacci and Lucas numbers, respectively, yields 2 = —1. Next, for fixed

k € N, we introduce for £ € Z, m,r € N,r > 2 the three series

- ap = / b, = / Cp,
Qr:=) —7s Rerm:= > Strm = > (4)
P il ;;) (R )™ ; (Skrh0)™

where (ap)n>0, (br)r>0 and (cp)n>0 are non-zero periodic sequences of algebraic
numbers.
In the following results, we consider three cases:

i) 1 and 7, are multiplicatively independent,
ii) the product 172 is 1 or —1,
iii) v1 = £9", 72 = £4” with an algebraic 7, |y| > 1 and k,v € Z satisfying
k > max(0, v).

Of course, in the (mutually not exclusive) cases ii) and iii), 71 and 7, are multi-
plicatively dependent.

Theorem 1. Assume that Q = 6(vy1/72)" with some {1 € Z and |6] = 1,0 # 1.
Then the numbers

Qra R@,T,ma Sé,r,m (é € Za me N, r €N \{l}a r ¢ 22N71) (5)
are algebraically independent in cases i) and ii).

We note that, in the case ii), [4, Theorem 2| gives algebraic independence of
QT7 Rf,r,la Sl,r,l (EEZ, TEN\{l})

except in four explicitly given special cases. Some extra condition like r ¢ 22N~1
is needed for m > 2, see |2, Theorem 2 and Remark 5].

For the following corollary, we denote by Fy . n, and Lg, , ,, the numbers Ry , v,
and Sy, in (4) if R, and S, are replaced by F,, and L, respectively.

Corollary 1. The numbers
Qr, Foryms Loyr,m  (L€Z, meN, r e N\ {1}, r ¢ 2271

are algebraically independent, where @, is defined as in (4) with the particular

71 = (1+5)/2.
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This gives a partial generalization of [3, Theorem 7] for all r ¢ 22N~1. But note
that this Theorem 7 is also valid for r € 22N~1 except for r = 2. Moreover, also
here [4, Theorem 1] implies algebraic independence of

QT‘a FZ,T,la Lé,r,l (8627 TGN\{I})

unless (by,) is constant. In this special case Fy 2 1 is algebraic, but all other numbers
are algebraically independent.

Theorem 2. In the cases i) and ii), the numbers
Qr, Re,rom (eZ, meN, reN\{1}) (6)

are algebraically independent except in the following situation. In case ii) there
exists an by € Z with Ry, = 0, and the sequence (by,) is constant. Then Ry, 21 is
algebraic but all other numbers in (6) are algebraically independent.

Clearly, Theorem 2 fully contains [10, Theorem 1.1] quoted above since the
hypothesis B = £1 there is equivalent to y;y2 = £1 describing just our case ii).

Theorem 3. Let the assumptions of Theorem 1 hold. Then, in case iii), the
numbers

o0

Q=Y . Rivms Stistirm (LE€Z, £# L, meN,reN\1},r¢ 22
Y

h=0

(7)
are algebraically independent. Here £y € 7 satisfies ’glggl('yl/vg)["‘ = 1 if such
an integer exists; otherwise the condition ¢ # fy has to be omitted. Further, the
numbers

v Rerm (Lez, t#+1t, meN, re N\{1}) (8)
are algebraically independent.

The preceding Theorems 1 and 3 concern the case || = |y; /72| for some
{1 € Z. If this condition is not satisfied, then we obtain analogously to Theorem
2 the following result.

Theorem 4. Assume that |Q| & |y1/72|%. Then, in cases i) and ii), the numbers
Qr7 R&r,ma SZ,T,m (€€Z7 m€N7 TGN\{1}> (9>

are algebraically independent except if, in case ii), there exists an by € Z with
Ry, = 0 and (bp)n>o is constant (or Sg, = 0 and (cp)n>o s constant). In this
special case, Ry, 21 (or Sey, 2,1, respectively) is algebraic but all other numbers in
(9) are algebraically independent. In case iii), the numbers

Q:, R v m, Sg’r}m (ZEZ, m €N, TEN\{l}) (10)

are algebraically independent except if there exists an g € Z such that
|glg;1(71/72)£0{ =1or |h1h2_1(’}/1/"}/2)lo| = 1. In such a case, one has to omit all
numbers Ry, rm (07 Sty, r.m, respectively) with v > 2,m > 1 from (10), and then
the remaining numbers are algebraically independent.
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To compare our results briefly with previous results in the literature, it appears
that numbers of the type @, are never included in the statements. Also the
occurrence of two moderately interrelated types of series (2), namely Ry, ., and
Se¢,r,m in Theorems 1, 3, 4 and Corollary 1, seems to be new (apart from our
results [3, Theorems 7 and 8] and [4, Theorem 2]). On the other hand, there are
two papers [5, 6] investigating the arithmetical nature of series of the form

oo

I by,
hz:; (Rirnge + )™’ an
generalizing (2), where ¢ is a fixed algebraic number. In [5, Theorems 1.2 and 1.3]
and [6, Theorem 1.1], the authors establish, in the case m = 1 but for various
algebraic sequences (by), the precise conditions for (11) to be algebraic. In [6,
Theorem 1.2] one can find a first result on algebraic independence of sums of type
(11), again only for m = 1. Clearly, this remark points in a possible direction of
further research.

The main ideas of the proofs of our results are based on the works [3], [9] and
[10]. First, in Section 2, we consider linear independence of Mahler-type functions
related to the results, and then the algebraic independence of these functions.
After that, [9, Corollary of Theorem 4] (in case i)) or [10, Lemma 2.1] (in cases
ii) and iii)) can be applied to obtain algebraic independence of function values
with different » > 2. In the final Section 5, the connection of the numbers in our
theorems with such function values implies the validity of Theorems 1-4.

2. Linear independence of functions

In our first lemma, we are interested in the Mahler-type functions

oo

Fi(z) == Z a
h=0

where r > 2 is an integer, a # 0 is a complex number, A;(z),B;(z) €
Clz] \ {0}, A;(0) = 0, By(z) = 1, and, for any ¢ > 1, A;(z) and B;(z) are coprime,
and the B;(z) are distinct, non-constant, and monic. Clearly

Al T‘h
Lh), i=O71,...7m,
BZ‘(ZT )

Ai(2) )
aF;(2") = Fi(z) — Bz(z) , 1=0,1,...,m.
Lemma 1. Assume that t1,...,t, and u are positive integers. For each i =
1,...,m, let B;i(z) be a polynomial having exactly t; distinct zeros and assume

that all these zeros have the same absolute value w; > 0. Assume further that the
polynomial By,4+1(2) has exactly u distinct zeros all having absolute value 1. If
wi# 1 foralli=1,...,m, w; #wj fori#j and (r —1)t; > t; for alli,j, then

9(2) == coFo(z) + - + e (2) + cmy1Fmy1(2)

with (cg, ..., Cmt+1) # 0 is rational if and only if c; = -+ = ¢, = 0 and g1(2) :=
coFo(2) + emi1Fm+1(z) is rational.
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Proof. The function g(z) satisfies the functional equation

1(2) Am(2) Am1(2)

Bi(z) "Bz "' Bui(2)

N

ag(z") = g(2) — coAo(z) — &1 (12)

We assume that g(z) is a rational function, say ¢g(z) = P(z)/Q(z), with coprime
polynomials P(z) and Q(z). If (¢1,...,¢m) # 0, then g(z) has a pole of absolute
value # 1. Assuming that there exists a pole of absolute value > 1, let p be such
a pole with maximal absolute value. Then |p| = w; with some 1 <4 < m. Now p
is not a pole of g(z"), so the assumptions of our lemma together with (12) imply
that all ¢; distinct zeros of B;(z), say a;, (v =1,...,t;), are poles of g(z), and
therefore rt; numbers (/a;, are poles of g(z"). By the assumption w; # w; for
i # j, the function ag(z") — g(z) has exactly ¢; poles of the same absolute value w;
(if ¢j # 0), and therefore at least rt; —t; > t; of the above y/a;, are poles of g(z)
(assuming y/w; = w;). Let these be q1,...,q, with v > ¢;. The rv numbers {/q;
are poles of ¢g(2"), and again at least rv — ¢y > t¢; of these are poles of g(z). By
repeating this, we get a contradiction. The same argument works also if g(z) has a
pole of absolute value < 1. Therefore (ci,...,¢,) = 0 proving our Lemma 1. W

We now begin to consider the special class of the above functions

Yula, z) = Zahz‘”h (p=1,...,7m—=1), (13)
h=0
00 h
2" ™
Yo.mla,z) = ah(?) (LeZ, m=1), (14)
"o z4" =y

where a and all o, are non-zero complex numbers. The functions v,(a,z) and
vr.m(a, z) satisty the functional equations

T ‘s Z m
(0,27) = (0,2) = 2 aprn(e ) = enlan) — (5o0) " (15)

Lemma 2. Let L and M be positive integers. Assume that |ag| = 1, and
lag, | # |ag,| for br # Lo If ¢y, com are complex numbers, not all zero, then

the function

r—1

L M
C,/y“(a, z) + Z Z Cf,mgoé,m(aa 2) (16)

1 ¢=—L m=1

T
Il

is rational if and only if cppm, =0 for all{ #0,m =1,..., M, and the function

r—1 M
Z CuYu (a, Z) + Z CO,m@O,m(aﬂ Z) (17)
p=1 m=1

is rational.



Algebraic independence of reciprocal sums of powers of certain Fibonacci-type numbers 53

Proof. If g(z) denotes the function (16), then

T Z m
ag(z") = g(z) = A=) = 3. > cem( )
zZ° — Qy
{=—Lm=1
where A(z2) := c12+ -+ + ¢._12" 1. We may now use Lemma 1 with t, = 2 for
all £ having some non-zero ¢y ,, which gives ¢y, =0 forall £ #0,m =1,..., M.
This proves Lemma 2. |

Lemma 3. Ifr > 3, then the function (17) is not rational. If r = 2 and a ¢ 22V,
then the function (17) is not rational except in the case a = 1,a9 = 1. In that
special case, po1(1,2) is rational, but the functions v1(1, z) and vom(1,2) (m =
2,..., M) are linearly independent over C modulo C(z).

Proof. Let now g(z) denote the function (17), where at least one of the coefficients
Cus Co,m 1S non-zero, and assume g(z) € C(z). Then

M
' < m

ag(=") = g(=) = A(2) m_lcO,m(Zz ) (18)
where A(z) is the same polynomial as in the proof of Lemma 2. If all ¢g,, = 0,
then A(z) # 0 and we have a contradiction. So let m = My be the greatest m
such that cp,, # 0. Clearly, all poles w of g(z) satisfy |w| = 1. Further, if ¢
is the number of distinct poles, then tr < t+ 2 or ¢t < 2/(r — 1). Thus we get
a contradiction if r > 4.

In the case r = 3, g(z) may have one pole w. Then g(z®) has poles with
arguments 7/3,7/3 4+ 27/3,7/3 + 47 /3, where 0 < 7 = argw < 2m. The right-
hand side of (18) has possible poles with arguments 7, ¢/2, ¢/2+ 7, where 0 < ¢ =
arg ag < 27, a contradiction.

Next let r = 2, a9 = 1. If g(2) has a pole w # 1, take such a pole with minimal
argw = 7,0 < 7 < 27. Then 7/2 = 7, a contradiction. Thus the only possible pole
of g(2) is 2 = 1 and g(z) = P(2)/(z — 1)V, P(1) # 0. Now (18) implies N = M
and

aP(2?) = P(2)(z + 1)V — A(2)(z* — D)V — Z comz™ (22 = )N,

This gives
aP(1) = P(1)2Y —¢on, aP(1) = —(=1)Neo N

Since P(1) # 0, we get a(1 — (—1)Y) = 2V, If N is even, we have a contradiction.
If N is odd, we get a = 2V =1, By our assumption a ¢ 22, we have a contradiction
if N > 1. In the case N =1, we get a = 1, and we know that ¢ 1(1, z) € C(2),
see [8, Lemma 4|. Omitting ¢ 1(1, z) from g(z) in this special case, then N > 1,
and we have a contradiction as we saw just before.
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Let then 7 = 2,9 # 1. Then 0 < argag = ¢ < 2m. As noticed before,
the number of distinct poles of g(z) is < 2. By comparing the poles on both
sides of (18), we see that g(z) must have two distinct poles, say wi,ws, with
0<argw; =7 < argws = 7o < 2m. Now the comparision of poles on both sides
of (18) gives only the one possibility 71 = 0,72 = ¢ = 7. This leaves us with the
functional equation

ag(=%) = 9(:) = A = Y com( 7))
where
P() P(£1) #0.

Thus N =T = M, and

N
aP(z*) = P(2) (2 + DN —A(2)(z* = 1D)N — (2 =)V Z comz™ (22 + )N

implying aP(1) = P(1)2V¥, aP(1) = P(-1)2N, aP(-1) = —coni™(-2)V,
aP(=1) = —con(=9)N(=2)N. Thus, a = 2V, P(1) = P(—1) and, by the last
two equations, N is even, which is impossible since we assumed a ¢ 22V |

We next study dependence relations of the functions (13), (14) and

e} rh m
Aem(a, z) = ahzi teZ, m=>=1), 19
() =3 (wi=g) ) (19)
which again satisfy
z m
arem(a,z") = Aem(a, 2) — <z2 — ﬁe> . (20)

If o, | # |Be,| for £1,€s, we can apply Lemmas 2 and 3. In the case |ay| =
|Be|, e # Be, we prove the following results.

Lemma 4. Let r > 3, and assume that L, M and oy are as in Lemma 2, By =
deag, |0p) = 1,80 # 1 for all £ € Z. If ¢y Com, de,m are complex numbers, not all
zero, then the function

r—1 L M L M
Z CuYp (aa Z) + Z Z CemPel,m (a, Z) + Z Z dé,m/\é,m(a) Z) (21)
p=1

f=—Lm=1 (=—Lm=1
is rational if and only if copm = 0,dgm =0 for all £ £ 0,m =1,..., M, and the
following sum is rational:

r—1 M M

Z cuvula, z) + Z co,m¥o,m(a, z) + Z do,mAo,m(a, z). (22)

p=1 m=1 m=1
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Proof. Assume that (21) is rational, and let g(z) denote this sum. Then

o) = 9() — A — 3 fcz,m(zg =) - 3 de(zQ )

{=—L m=1 {=—L m=1

where A(z) = c1z + -+ + ¢,—12" "1 If, for all £ # 0, we have either ¢;,, = 0 or
deym = 0,(m = 1,..., M), then the claim follows as in Lemma 2. Assume now
that, for some ¢ # 0, there exist non-zero numbers c¢ ar,,d¢ ar,, and take here
My, M> maximal with this property. Then

M1 IVIQ

> Cf’m(zzi) + Z d"m( 2 _ )m T (22— a4)§1(82 — B)M

m=1

where P(z) # 0 is a polynomial prime to (22 — ay)(2? — 3¢). Thus, we may
apply Lemma 1 with ¢, = 2 or 4 for all £ having non-trivial c¢ », d¢,m, which gives
a contradiction. Thus, ¢y = dp, = 0 for all £ # 0,m = 1,..., M, proving
Lemma 4. |

Lemma 5. Let the assumptions of Lemma 4 hold and assume a ¢ £3Y. Then the
sum (22) is not rational.

Proof. If g(z) denotes the function (22), then

ag(=") = g(= ZCOm(ZZ ao) Zdom( - O)m. (23)

m=1

By virtue of Lemma 3, we may suppose that at least one of ¢y ,,, m = 1,..., M, and
similarly, at least one of dg ,,,, m = 1,..., M, does not vanish, and let co r,, do,m,
have maximal m-values with this property.

This time, we get the upper bound ¢ < 4/(r — 1) for the number of distinct
poles of g(z). Thus, we need to consider only the values r = 3,4,5 and ¢ < 2 if
r =3, and ¢t = 1 otherwise. By comparing the arguments of the possible poles on
both sides of (23), we immediately get a contradiction if r = 5.

Assume now r = 4, and let w denote the pole of g(z) with 0 < argw = 7 < 2.
The arguments of the poles on the left-hand side of (23) are 7/4+j7/2,7 =0,...,3,
and the arguments of the possible poles on the right-hand side are 7, ¢1/2, ¢1/2+
T, $2/2,p2 + m, where ¢ = min(arg o, arg 5y), p2 = max(arg ag,arg fp), 0 <
@1 < ¢o < 2m. This is only possible if 7 = 2¢1,¢2 = ¢1 + 7 and 7 = 7/4 + jn /2
with some j = 0,...,3. Thus, we have three possibilities, 7 = 0,27/3, or 47/3.
Without loss of generality, we may assume arg ag = ¢1. To simplify the notations,
let us denote ag = &, co,;m, = Cimy, Ao, = Ay Since w = a?, (23) is now of the form

Mo

) Zd (22+a)m (29)

PG P() A(Z)fcm(

(2’4 _ a2)N (Z _ OJQ)N
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with P(a?) # 0. In the cases ¢1 = 0,27/3, we have o® = 1 giving 22 — a =
(z — a?)(z + a?), and in the case ¢; = 7/3,0% = —1,22 + a = (z — a?)(z + a?).
Therefore, by comparing the orders of poles above, we get M; = My = N in all
three cases. If ¢1 = 0 or 27/3, then (24) implies

aP(z") = P(2)((z + ®)(z* + @)V = A(2)(z" — a*)¥

N N
_ (22 +a)NZ szm(z2 _ a)N—m _ (22 _ a)NZ dmzm(z2 + a)N—m.
m=1 m=1
At z = +a?, we get
aP(a?) = P(a?)4Y — (2a)Vena?V, aP(a?) = —(2a)N ey (=1)N

giving a(1 — (=1)") = 4¥_ whence N is odd. Further, let ¢ be the solutions of
22 = —a. Then, at z = £(,

aP(az) = f(fQQ)NdNCN, aP(az) = 7(72a)NdN(f()N.

Since N is odd, we get the contradiction aP(a?) = 0.

Similarly, we get a contradiction in the third case ¢; = 7/3.

Assume now 7 = 3. Then ¢t < 2, and we immediately see that we must have
t = 2. Let w; and wy be the distinct poles of g(z) with arguments 0 < 7, <
To < 27, respectively. The arguments of the poles on the left-hand side of (23) are
T1/34 527 /3,72/3 + j27/3,7 = 0, 1,2, and the arguments of the possible poles on
the right-hand side are 79,72, $1/2, ¢1/2 + 7, 2 /2, 2 /2 + 7, where ¢; and ¢, are
as above.

If 71 = 0, then comparision of the arguments of the poles gives us one possibility,
where ¢ = 21/3, ¢y = 47w/3,71 = 0,75 = w. By denoting § = e™/3, we get
2 —1=E-1)=z-0)(z-0),22+1=(2+1)(z—-0)(z—0,2%2—ay =
(z —0)(z — 0%), 22 — By = (2 — 0)(z — 6°), where we assumed (without loss of
generality) ¢ = arg ag, ¢2 = arg fy. Now (23) takes the shape

P(2?) B P(z) l z m
Tyl e o ey A D DL (e ),
Mo m
_mz:ldm((z - 92)(2—05)>

with P(£1) # 0. By comparing the orders of poles, we obtain N =T = M; = M,
which then yields

aP(1) = P(1)((1 = 6)(1 —6*)(1 — 64 (1 — 6°))N = P(1)3".

Since P(1) # 0, this contradicts our assumption a ¢ 3.
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In the case 71 > 0, we have also one possibility, ¢1 = 7/3,¢2 = 57/3, 71 =
/2,79 = 31/2. By (23),
P(z%) P(z)
= —A
N i P R
M, .
> on(ag) Z (=)
where P(+i) # 0. As before, N =T = M; = M5 and
a?P(i) = aP(—i)3" = P(i)3*",

which contradicts our assumption a ¢ +3", whence our Lemma 5. |

We next consider the functions

o] wrh

(o) = S (i )" ez ma ),
= Z(n—u)r —ay
o KT‘h
zZ m
Yem(a,2) =Y ah(m) (e, m=1),
h=0

where k,v € Z satisfy k > max(0, v).

Lemma 6. If the assumptions of Lemma 4 are valid, and if c,,cem,dem are
complex numbers, not all zero, then the function

r—1
Z C/f)/u(af z Z Z CemTem a Z Z Z d@ mYe,m CL Z)
p=1

0<[4|<L m=1 0<]¢|< L m=1

s not rational. Moreover, if r =2 and c1, ¢y are complex numbers, not all zero,
then the following function is not rational:

c1v(a, 2) E E Co.mTem(a, z).

0<]4|<L m=1

Proof. The proof is a similar application of Lemma 1 as the proof of Lemma 4,
but this time we have t, = k — v or 2(k — v), hence (r — 1)t; > t; for all » > 3.
When dealing with the second claim, we have t, = k — v for all £, and Lemma 1
applies also if r = 2. |

3. Algebraic independence of functions

For a sequence (ap)p>0 of complex numbers, we denote by (aglj))hgo,j € N, the
sequences

(agbl)):(a(halw")? ( @ )) (CLO’O alao a2707"')7
(@) = (a0,0,0,a1,0,0,a5,0,0...),
By [10, Lemmas 2.7 and 2.8], these sequences have the following properties:
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a) If (an)n>o0 is a periodic sequence, not identically zero, then the sequences

(agf))h%] (j = 1) are linearly independent over C.
b) If (an)r>0 is a periodic sequence with period length greater than 1, then

(1), (ag));@o (j = 1) are linearly independent over C, (1) being the obvious
constant sequence.

The following lemma will be needed (see [10, p.106]).

Lemma 7. Let p be a positive integer, (Br)n>0 a periodic sequence with period
length dividing p, and let R(z) be the quotient of two polynomials in z = (z1,...,2x)
such that the numerator vanishes at the origin of C™ but the denominator does not.
Further, define

£(2) =3 BuR(="™).
h=0

Then, for any s € N,
Fri(Z77) = fr(2) + Rr(2)
holds for j = 1,..., s with rational functions R, ;(z). (Note here 2% = (2¥,...,zF)).

Proof. According to the definition of f,.(2), we have f.i(2) = 3,5, BhR(szh),
hence

ot > P31/ 3)p)
L) =Y BuR(TTT)

h=0
- rj;’ - rﬂ;’
= 2 BipBRET) = ) BiRGET)
h=(s!/j)p h=h(j)

(with h(j) := (s!/j)p € N), and this equals f,;(z) up to addition by a rational
function. |

Let now t1,t9,t3 € N, and suppose
Qk;)X(Z)E(C(Zl,...,Zn) (k:1v2a37X:1a7tk)7

where the numerators vanish at the origin but the denominators do not. Then we
define

> h
frx(a,z) = E a" g (27) (k=1,2,3; x=1,...,tg). (25)
h=0

Further, let (bgn)n>o (K = 1,2,3) be non-zero periodic sequences of complex
numbers with period lengths py, respectively, put p := lem(p1, p2, p3), and denote

Fror(2) = brnaen(2")  (k=1,23;x=1,....t). (26)
h=0

By following ideas of [10, pp.106-107], we can now prove
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Lemma 8. If, for any root of unity (, the functions (25) formed with a = ¢ are
linearly independent over C modulo C(z1,...,2,), then the functions

fk,x,rj(z) (]6N,k:172737 X:L"';tk)
are algebraically independent over C(zy, ..., zn).

Proof. Assume, on the contrary, that there exists an s € N such that the functions

Jrxri (2) (G=1,...,8 k=1,2,3; x=1,...,t)

are algebraically dependent. By Lemma 7, we may apply |7, Corollary of Theorem
3.2.1], whence these functions are linearly dependent over C modulo C(z1, ..., z,).
Thus, there exist complex numbers ay . ;, not all zero, such that

3 tr s
Z) - Z Z Z ak7X7jfk’Xx’fj (Z) € C(zlv sy ZTL)
k=1x=1j=1
Since
S i (2 Z D (2 Z b,(jzlqk NES)
we obtain
3 tx o0 s ‘ X
Gz =) (Z%x,jb;(f,%)qm(z’ ).
k=1x=1h=0 j=1

Here all sequences
S
(4)
( Z ak,xdbk,h) h>0
i=1 g

are periodic with period lengths dividing s!p, and therefore there exist complex
numbers Ay, ; such that, for all A > 0,

slp—1

ZakX]bkjh = Z Akxzw (27)

with a primitive (s!p)-th root of unity w. By property a) from the beginning of
this section, not all Ay, ; vanish. Thus, G(z) has the form

3 tr slp—1 slp—1
z) = Z Z Z Akyifix (W' z) = Z Gi(z) € C(21,. .., 2n), (28)
k=1x=1 i=0 i=0

where
3

tr
Gi(2) == Z Z Apxifen (W', 2).

k=1x=1
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Here

WGi(2") — Gi(2) € C(z1y - -+, 2n)-

Let now J := {i: 0 < ¢ < slp— 1 and at least one Ay, , # 0}. As noted above,
J is not empty. By applying again [7, Corollary of Theorem 3.2.1] to the functions
G;(z),i € J, it follows that there exists an iy € J such that G;,(z) € C(zy, ..., z,)
(note that the w’ are distinct). By our hypothesis on the linear independence of the
fie (W™, 2), we get the contradiction that all Ay, , ;, vanish, proving Lemma 8. W

For z := (21, 22) we now define roots of unity ¢, and «y, 8; as in Lemma 4,

(G 2) Zch R (o) Zch(rf{h )"

—Qy

(29)

rP m
Ve (€, 2) Zch( i ) (B=1,..,r =L, —L<L<Lim=1,...,M).

rn

Lemma 9. If r > 3, then the functions (29) are linearly independent over C
modulo C(z1,22). If r = 2, then the same holds for the functions t1 2((,z) and

Ug.2.m (Cu Z) .

Proof. Assume that there exist complex numbers a,,, by m, ¢¢,m, not all zero, such
that

r—1 L M
) = Z ap,t,u,,'r(<7 Z) + Z Z (bE,muZ,r,m (C7 Z) + cf,mvé,r,m(C7 Z)) S C(zh Z2)~
p=1

l=—Lm=1

By [7, Lemma 3.3.10], there exist polynomials A(z1, z2), B(21, 22) € Clz1, 2] such

that
A(Zl, ZQ)

G(ZlazQ) = B(Zl 22) )

B(0,0) # 0.

By choosing z; = z, 2o = 22, Lemmas 4 and 5 lead to a contradiction for all r > 3.
Let r = 2, and assume that

9(2) == ait12(¢, 2) Z Z be.mue,2,m(C,2) € Clz1, 22)

{=—Lm=1
with non-trivial complex coefficients. Again

A(Zl, 22)

B ) B(0,0) # 0.

g(z1,22) =

Thus the choice z; = z, 2o = 22 leads to

9(2'722) =aim <7 Z Z bE mgofm <7 ) ( )

{=—Lm=1
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By Lemma 2, by ,,, = 0 holds for all £ #0,m =1,..., M, implying

9(z) = a1t12(¢, 2) + Z bo,mu0,2,m (¢, 2) € C(z1, 22).

m=1

Now the choice z; = 2z = 2 gives

9°(2) == g(z,2) € C(2),

satisfying

z m
(%)) ) '
Now, comparing the possible poles on both sides, we see that the only possibility

is ag = —1, g*(2) = P(2)/(z — 1)V with P(1) # 0 and N being the maximal
m € {1,..., M} satisfying by, # 0. Thus,

M
(6" (=) = g"(x) —arz = Y bon
m=1

(P(*)=P)(z+ 1N —a12(z> = 1)V — (z = 1)V Z bo.mz"(z + 1N

m=1
which gives ¢ = 2"V, a contradiction. This proves Lemma 9. |

Next, let us define

oo n z,,. m
z) = Z apzy’ Ug,rm (2) ZZZ bh(%) ;
h=0
o] Z{h m
vpn(2) = Y en( =)
29 - 52,7"

h=0

fory=1,....,r—1, £ € Z, m € N. Then Lemmas 8 and 9 immediately give the
following.

Lemma F1. Assume that r > 3, that oy, and B, satisfy the conditions on oy
and B¢ in Lemma 4, and that oy i = o, Beri = Bey for any j € N. Then the
functions

tu,rj (Z)’ uf,r17m(z)7 vf,rj,m(z) (/1‘ = ]-7 s, T 1, Le Za jam € N)

are algebraically independent over C(z1,22). If r = 2, the same holds for the
Junctions tq 25 (2) and ug 25 m(2).

To prepare the case y172 = =1, we consider the functions of one variable

Vo (2 Zath (p=1,...,r=1), (31)
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o0 ,r,h

z m

<pg77.7m(z) = bh(f) (é S Z, r,m e N, T 2 2), (32)
h=o ~ aer
00 Zrh m

)\l,r,m(z) = Zch(ZQTh — B@ ) (é S Z, r,m e N, r> 2) (33)
h=0 o

Using Lemmas 4, 5 and 8, we obtain

Lemma F2. Assume r > 3, and let oy, and By, satisfy the conditions of Lemma
F1. Then the functions

Y,ri (Z)a (pf,rf,m(z)a )‘Z,rf,m(z) (,u = 1a cees T 17 le Z, jam € N) (34)
are algebraically independent over C(z).

Lemma F3. Assumer > 2, let oy, satisfy the conditions on oy in Lemma 2, and
let og i := ayy for all j € N. Then the functions

Vu,ri (2), Peri m(2) (w=1,....7r—=1,£€Z, jymeN) (35)

are algebraically independent over C(z) except if r = 2 and (by) is constant and
ap2 = 1. In this special case, o 2.1(z) € C(z), but all other functions in (35) are
algebraically independent over C(z).

Proof. Lemma F3 is a special case of Lemma F2 if r > 3. Assume now r = 2.
We may apply the proof of Lemma 8, where (b1,5) = (an), (b2,n) = (bn), f1,1(a, 2) =
Y(a,z) (with v = 2),fi10i(2) = mpei(2) (b Lj =2 1), fox(a,2)
(t2 = (2L 4+ 1)M) are the functions ¢y m(a,z) (L < ¢ < L,m=1,...,M) with
r =2, and fa, 2(2) are the functions @p o m(2) (L << L,m=1,...,M), and
all functions with k£ = 3 are omitted (all a3, ; = 0). In particular, let g 1(a, z) =
fgvl(a, Z) and @07271(2’) = f27172(2). Assume also that @0,271(2) = f27172(2) is omit-
ted if (bp,) is constant and a2 =1, s0 ag,1,1 = 0 in this case.

In the case ag 2 # 1, we get a contradiction as in Lemma 8 by using Lemmas 2
and 3. If ago =1, then f21(1,2) = ¢o,1(1,2) € C(2), and thus (28) yields

slp—1
G(2) = Agnofaa(l,2) = Y Gi(2) € C(2),
i=0
where G} (z) = G;(z) for i € N but G§(z) = Go(2) — A2.1.0/2,1(1,2). We now
define J* as J in the proof of Lemma 8, but this time A5 ; ¢ is replaced by 0 in
this definition (thus we may have 0 € J but 0 ¢ J*). If J* is not empty, we

get a contradiction as in the proof of Lemma 8. Therefore we now deduce that
Akmi =0 for all (k,m,i) # (2,1,0). Thus, Az 10 # 0 and, by (27),

Zazlvﬂ'bg) = A2,1,O (h S N()).
j=1
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If (by,)n>0 is not constant, then the sequences (bg));@o (1 <j<s)and (1)p>0 are
linearly dependent contrary to property b) from the beginning of this section. If
(bn)n>o is constant, then az 11 = 0, and hence (bg));@o (2<j<s)and (1)px0
are linearly dependent contrary to property a). Thus, Lemma F3 holds. |

We finally need to consider the functions

oo I{’l“h
z m
. = B S SE— >
xea’ﬁ’m(z) hz_obh(z(ﬁ_yﬁah _ a&r) (é S Z? T7m S Na Tz 2)7
o zm“h m
= —_—— 2 .
Ye,rm(2) Z ch(z(nfz/)r”' — Bf,r) (leZ, r,meN, r>2)

=

By Lemmas 6 and 8, we obtain the following.

Lemma F4. Assume r > 3, and let oy, Bo,r satisfy the conditions of Lemma F1.
Then the functions

Y,ri (Z)v mé,rj,m(z)7 yl,rj,m(z) (H = la BRI A 13 te Z\{O}7 j:m € N) (36)

are algebraically independent over C(z). If r = 2, the same assertion holds for the
functions 1.2 (=), 2031 m(2)-

Remark. Note that, in [9], the author is able to remove the condition ¢ # 0, if
m = 1 and the functions v, i (2), y¢,i.1(2) are omitted.

4. Algebraic independence of function values
For the following consideration, along the lines of [10], we define
R:={reN:r#£a" witha,neN, n>2}.

Then, according to [10, p. 105], N\{1} = {r/ : r € R,j € N} and logr;/logrs ¢ Q
for distinct r1,75 € R.

Let r1,...,1+ € R,3 < r < --- <1y, and let Ry := {ro,71,...,7:}, where
ro =2 or rg = 4. Then logr;/logry ¢ Q holds for ¢ # k. Thus, by using Lemma 7
and [10, Lemma 2.1] or [9, Corollary of Theorem 4|, we may consider our functions
with r € Rl.

Now, let L, M and s be positive integers. Assume that, for each r € R1, we have
non-zero algebraic numbers oy ., B¢, (—L < £ < L) as in Lemmas F1-F3 above. If
a and § are algebraic numbers with 0 < |«|, |8] < 1, then we may choose an hg € N
in such a way that max(|a|, |ﬂ|)2h0 < min(|ayg |, |Ber| : —L <€ < Lyr € Ry). If
the functions

Tu,r(zl7z2)7 UE,r,m(31722)7 Ve,r,m(21,22)7 Fp,,r(z)7
(I)Z,r,m(z)a AZ,r,m(Z)v X@,T,m(z)a n,r,m(z)
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are defined as in (30)—(34) and (36) above but now with summation starting from
hg, then all numbers

Tp,,rj (Oé,ﬂ)7 Ué,rj,m(avﬂ)a ‘/E,ern(aaﬂ)a Fu,rj (a)a
(bl,rj,m(a)v Aé,rf,m(a)v Xl,rj,m(a)v }/l,rj,m(a)

with
reRy, 1<pu<<r—1, —-L<I{<LKL, 1<j<s, 1<m<M (37)

are defined. For these numbers, we can state the following results.

Theorem F1. Assume ro =4, and let oy, Be,r satisfy the conditions of Lemma
F1. Then the numbers

Tl,rj(aaﬂ)a Ué,rj,m(avﬁ)7 ‘/Z,rj,m(avﬁ)
(reRi,—L<ILKLI<j<s,1<m< M) (38)

are algebraically independent if o and 8 are multiplicatively independent. Further,
the numbers

F,u,rj (Oé), (I)Z,rj,m(a)v A@,N ,m(a) (39)
with (37) are algebraically independent.

Theorem F2. Let g = 2 and oy, satisfy the conditions of Lemma F2. Then the
numbers

Tl,rj(aaﬂ)a UZ,N,m(a7B) (TERl,—LgegL,lgj<8,1<m<M)
(40)
are algebraically independent if a and 3 are multiplicatively independent. Also the
numbers

F,u,rj (Oé), (I’E,rf,m(a) (41)

with (37) are algebraically independent if a2 # 1. If (by) is not a constant se-
quence, then the same holds in the case a2 = 1. If (by,) is constant and ag2 =1,
then the number ®g2.1(a) is algebraic but all other numbers in (41) are alge-
braically independent.

Theorem F3. Assume ro =4, and let oy, Be,r satisfy the conditions of Lemma
F1. Then the numbers

F,u,rj (04), XZ,rj,m (Ot), Yl,rj,m (Oé)
(reRL1I<pu<m0<|f|<L1<j<s1<m<M) (42)

are algebraically independent. If ro = 2, then the same assertion holds for the
numbers T, i (a), Xy i m(a).
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The proofs of these results are similar, using the corresponding Lemmas F1-F4
above. Therefore, we give here only a proof for Theorem F1.

Proof of Theorem F1. We begin by applying Lemma 7 to the functions

Tyri(z1,22),  Uppim(21,22)s Vi m(21, 22)

with r, p, ¢, j,m as in (37). This gives a system of functional equations of the
type used in [9, Corollary of Theorem 4|. Further, logr; ? /1og rzlp ¢ Q holds for
distinct 7;, 7, € Rq. Therefore, by [9, Corollary of Theorem 4], to prove Theorem
F1, it is enough to show that, for a given r € R, the functions
T;m'j (217 22)7 Uf,rj,m(zh 22)7 Vé,rﬂ',m(zh 22)
(I<pu<r, - LKL, 1<j<s, 1<m<M)

are algebraically independent over C(z1, 22). Thus, Lemma F1 implies the validity
of the first part of Theorem F1. The proof of the second part is similar. We just
replace [9, Corollary of Theorem 4] by [10, Lemma 2.1], and then use Lemma F2.

[ |

5. Proof of Theorems 1-4

We first introduce some preliminaries. By the definition of R, and S,,, we get

Th Th _
Rynio = Doyt ((o/m)F" —dew),  Dep = 9278, dow = —g195  (m1/72)",
(43)
h —
)kr - el,r); EZ,T = hQ'YSa Eor = _hth 1(71/72)£~
(44)

h
Sirn it = Eooy¥ ((y2/m

Note here that dy s, e i, Dgri and Ey,; (j € N) do not depend on j, and |dy,,|
and |es,| do not depend on 7. The condition || ¢ |v1/v2|% gives |de, | # |€sy.r|
for £1, 5. Further, the condition Q = §(71/72)%* means that dgr = 0eg, 44, for all
¢,r. In particular, we then have |dg | = |eg, ¢, for all £,r.

To prove Theorems 1-3, we divide our consideration into three cases: i) 77 and
~2 are multiplicatively independent, ii) v1ve2 = +1, iii) v3 = £7%,v2 = £+ with
k,v € Z satisfying x > max(0,v). The cases i), ii) will lead to Theorems 1, 2, and
case iii) to Theorem 3.

Case i). Assume that the numbers (5) in Theorem 1 are algebraically depen-
dent. Then there exist a finite set Ro C N\ {1} and positive integers Lo, M such
that the numbers

Q’l“) Rl,r,mv Sf,r,m (T € RO» _LO < l < LOv 1<m< M)

are algebraically dependent. Since we assumed r ¢ 228~1 there exist a finite set
R1 with 4 € R4 as above and a positive integer s such that Rog C {r? : r € R1,1 <
Jj < s}. We choose oy, = dgyte,r, Ber = €p,+09+0r for £ € Z if some £y with
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|de, | = 1 exists; otherwise we choose £y = 0. Let L = Lo + |¢1| + |[¢o|, and choose
ho such that

— h, .
(max(jy1] 7%, [y2/7[))*" < min(lar.], 1B-1.1)-

According to Theorem F1, the numbers

Tl,rj (aaﬂ)v Uﬂ,rj,m(avﬁ)v ‘/Z,Tj,m(avﬁ)
(TGRD 7L<€<L7 lgjgsa 1<m<M)
are algebraically independent. Since, by (43) and (44),

ho—1

a —
Qr - Z 7hh = Tl,r(’h kv (’72/71)k)a (45)
kr
h=0 1
hofll bh . » .
Repon = Y o = Dy "Uemtyiran (0175 (72/m)"), (46)
= (Ripnye)™ ’
ho—l/ en . » .
Sé,r,m - Z o \m Elr foflffoﬂ‘,m('?/l a('72/71) )7 (47)
= (Skrne)™ ’

we have a contradiction to the assumption from the beginning of the proof. To
show that the numbers (6) are algebraically independent, we just take ro = 2 in
the above proof and use Theorem F2 (omitting the numbers Sy ;.. ).

Case ii). In this case, y2 = d9/v1, 00 = £1 holds, and the equations (43) and
(44) now take the shape

h _ h _
Ripngs = Do (072%™ —dyy), Doy = 089275, dor = =08 9195 7%,

2kr" k 0 kr-+£ —1,.2¢
- 6€,r)a Eor =060 "hava, €0 =—05 " hihy 7.

hoo_
Sgrne = Eeevt” (47

The condition Q = 6(vy1/72)8 = 55517f€1 means that dg, = e 10, |der| =
les, o] for all £, r.

To prove the algebraic independence of the numbers (5), or of the numbers (6),
we may now repeat the above proof in case i) and note that, in this case, (45)—(47)
have the form

ap _
Qr — Z Tk Lye( %),
h=0 /1
ho—1
RZ,T,m - Z /bihm - Dz_;nq)é—fo,r,m(’h_k)a
h=0 (erh+f) ’
ho—1

cn _ _
Strm— Y o = B Aty —ty rm ("),
h—0 (Skrh'-i-é) ’
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Furthermore, note that the condition R,, = 0 is equivalent to a2 = dg, 2 = 1.
Thus, Theorems 1 and 2 are proved.
Case iii). By denoting v1 = 017", v2 = 027", we now have

h h
Rk’?“h-‘r@ _ Dé,r")/km‘ (,Yk(ufm)r o d@,r); Dé,r _ 5l2cr+292,yu€7
_ _ ok D)
df,r = _(6152)kr+29192 IV(R V)ea Skrh+£ = EZ,T’YMW (’yk( Rt e@,’r‘)7
Eé,r _ 5§r+€h27u5’ eor = 7(5152)kr+lh1h2—17(n71/)€'

In this case, the condition Q = §(v1/72) = §(5102) 1y~ means once more
that do, = deg, 10, |der| = e, ¢, for all £,r. Note also that |dg, | = 1 if and

only if [g1g5 " (11/72)"| =
Again, as in case i) above,

ho—1 an
Q: - Z krh = 177(77]6)7
h=0 v
b
R — T = D Xt rm (V)
r,m }; (erh+€)m o 0,7ym 3
ho—l/ cn
SZ,r,m - Z W = EZ:nYVE—Zl—KO,r,m(’Yiky
h—0 krh+2

The validity of Theorem 3 now follows from Theorem F3.

Acknowledgement. The authors are grateful to the referee for suggestions im-
proving the readability of the work.

References

[1] P.-G. Becker, T. Topfer, Transcendency results for sums of reciprocals of lin-
ear recurrences, Math. Nachr. 168 (1994) 5-17.

[2] P. Bundschuh, K. Vi#nanen, Some arithmetical results on reciprocal sums of
certain Fibonacci-type numbers, Southeast Asian Bull. Math. (to appear).

[3] P. Bundschuh, K. Vaanéinen, Algebraic independence of certain Mahler func-
tions and of their values, J. Aust. Math. Soc. 98 (2015) 289-310.

[4] P. Bundschuh, K. V&&ninen, Algebraic independence of reciprocal sums of
certain Fibonacci-type numbers, arXiv:1403.5510v1 [math. NT] (2014).

[5] D. Duverney, T. Kanoko, T. Tanaka, Transcendence of certain reciprocal sums
of linear recurrences, Monatsh. Math. 137 (2002) 115-128.

[6] T. Kanoko, T. Kurosawa, I. Shiokawa, Transcendence of reciprocal sums of
binary recurrences, Monatsh. Math. 157 (2009) 323-334.

[7] K. Nishioka, Mahler Functions and Transcendence, LNM 1631 (Springer,
Berlin et al., 1996).



68 Peter Bundschuh, Keijo Vaénénen

[8] K. Nishioka, Algebraic independence of reciprocal sums of binary recurrences,
Monatsh. Math. 123 (1997) 135-148.
[9] K. Nishioka, Algebraic independence of reciprocal sums of binary recurrences
II, Monatsh. Math. 136 (2002) 123-141.
[10] K. Nishioka, T. Tanaka, T. Toshimitsu, Algebraic independence of sums of
reciprocals of the Fibonacci numbers, Math. Nachr. 202 (1999) 97-108.

Addresses: Peter Bundschuh: Mathematisches Institut, Universitat zu Koéln, Weyertal 86-90,
50931 Koln, Germany;

Keijo Vadnanen: Department of Mathematical Sciences, University of Oulu, P. O. Box
3000, 90014 Oulu, Finland.
E-mail: pb@math.uni-koeln.de, keijo.vaananen@oulu.fi

Received: 28 October 2014; revised: 29 April 2015





