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TWISTED MONOMIAL GAUSS SUMS MODULO PRIME
POWERS

VINCENT P1GNO, CHRISTOPHER PINNER

Abstract: We show that twisted monomial Gauss sums modulo prime powers can be evaluated
explicitly once the power is sufficiently large.
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1. Introduction

For a multiplicative character x mod ¢ and f(x) € Z[x] we define the twisted

Gauss sum
q

SO f(@),9) =Y x(@)eq(f(x))

=1

where e,(z) = €2>7@/4, We are concerned here with evaluating these sums when
f(r) = nz* is a monomial and the modulus is a prime power ¢ = p™ with m > 2. If
(¢1,492) = 1 and we write the mod ¢; g2 character as a product of mod ¢; characters
Xi, then straightforwardly

1mk,q2). (1)

S(x1x2:n2®, q142) = x1(g2)x2(01)S(x1, 05 2%, 1) S (X2, ngy ™
Hence it is usually enough to consider the case of a prime power modulus
S(x,nz®,p™). Obtaining satisfactory bounds, other than the Weil bound [17],
remains a difficult problem when m = 1 (see for example Heath-Brown and Konya-
gin [9]). For higher powers though, methods of Cochrane and Zheng [3]| can often
be used to reduce the modulus of an exponential sum and sometimes evaluate the
sum exactly.

When the modulus ¢ is squarefull, i.e. p | ¢ = p? | ¢, and (2nk,q) = 1, Zhang
and Liu [18] consider the fourth power mean value of |S(x,nz*, q)|, averaged over
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the characters x mod g,

3 |Stenat, o) = a6*(@) [[(k.p — 1) (2)

x mod gq plq

(their formula contains an additional factor when there are primes p | ¢ with
(k,p—1) = 1 due to an apparent miscount in their Lemma 5). In the quadratic
case, ‘S’ (x,nz?,q)|, He and Zhang [7] obtain similar exact expressions for the
sixth and eighth power means when ¢ is squarefull and coprime to 2n, making the
conjecture, subsequently proved by Liu and Yang [10], that

D 1SGena?, ) = 4@ 2 (g),  w(g) =) 1, (3)

x mod g plg

for any integer ¢ > 2. Similarly Guo Xiaoyan and Wang Tingting [6] consider
power means averaged over the parameter n for quadratic and cubic sums, again ¢
squarefull with (2n,q) =1 and (6n,¢) = 1 respectively, showing that for any real

>0,
q

D 1S(ena®, g = 2Dl (g), (4)
n=1
(n,q)=1
when x is the square of a primitive character mod ¢ (and zero otherwise), and

q

> I8(enat gt =21 DP(q),  wilg) = Y 1, (5)
(n,q)=1 3\;‘31

when x is the cube of a primitive character mod ¢ (and zero otherwise). These
average results all generalize to arbitrary monomials nz* and arbitrary real power
means as we show in Corollary 1.1 below.

Actually, the methods in Cochrane and Zheng [3] can be used to evaluate the
individual sums S(y,nz*, p™) directly when m > 2, (p,2nk) = 1, with no need to
average. The approach of Cochrane and Zheng involves finding a set of non-zero
critical points « satisfying a congruence, which in this case takes the simple form

rkz® + ¢ =0 mod p, (6)

(with the integers r and ¢ defined in (17) below), and reducing the exponential sum
to a sum of exponential sums, S, over the z = @ mod p . When the critical points
have multiplicity one the S, can be evaluated explicitly. For example if f(z) =z
then as observed in Cochrane and Zheng [5, §9] the critical point congruence is
simply 7z 4+ ¢ = 0 mod p. So for p odd and m > 2, if x is imprimitive there is no
critical point and S(y, z,p™) = 0, while if y is primitive there is one critical point
of multiplicity one and

S0, p™) = x(a)eyn ()™ (pi) . (@)
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where (pi) denotes the Jacobi symbol,

, if p =1 mod 4,
€ =< . (8)
1, if p™ = 3 mod 4,
and
Ra* = —¢ mod plm+1)/2 9)

with R the p-adic integer R := p~!log(1 + 7p) (a small adjustment is needed in
(9) in the case p = m = 3, see (20) below, and more generally in [3, Theorem
1.1(iii)] when p = m —t = 3). The same formula (7) occurs in Mauclaire [13] with
o* defined by x(1 + p™/2) = e,m/2(—a*) when m is even and x(1 4 p(m~1/2 4
271p™ 1) = e m+ny/2(—a*) when m is odd. Mauclaire also deals with the case
p = 2 in [14]. A variation of (7) was obtained by Odoni [15] (see also Berndt,
Evans and Williams [2, Theorems 1.6.2-1.6.4]).

Moreover (due to the straightforward relationship between the « satisfying (6))
for general f(x) = nz*, (2nk,p) = 1, m > 2, the }_ S, arising in Cochrane and
Zheng’s method will, with a little work, still simplify down to a single term of
modulus (k,p — 1)p™/2. When p | k though the critical points are multiple roots
so the method is not directly applicable. However we show here that Cochrane
and Zheng’s method can be adjusted to deal with p | k. Additionally our approach
reduces to finding a single solution of a certain characteristic equation (18) or (19),
avoiding the need to sum as with the original S,,.

Working mod p™ we write

f(z) = nx”pt, p1tn, (10)

and define
d=(v,p—1). (11)

Analogous to the squarefull condition in [6], [7], [10] and [18] we shall assume that
m>t+2 (12)

Theorem 1.1. Let p be an odd prime, x be a character mod p™ and suppose that
(10) and (12) hold.

If x is the dpt-th power of a primitive character mod p™ and an appropriate
characteristic equation (18) or (19) has a solution then

‘S(x, na " p™)| = dp”

where

1, ift+1 <242,
T:{m , ift+l<m + (13)

mot, i 24+2< m.

Otherwise S(X,nx”ﬂ’t,pm) =0.
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Theorem 1.1 is an immediate consequence of Theorem 2.1 where we state an
t
explicit formula for S(x,nz ,p™). The corresponding result for p = 2 is given
n (39). Averaging over the n or x we imediately obtain:

Corollary 1.1. Under the same hypotheses of Theorem 1.1. For any real b > 0,

2
S ISt p) = () sty (14)

x mod p™
and when x is a dpt-th power of a primitive character mod p™

"
S 1SGenam ) = (@) AP preinoci ey )
(=1

The corresponding results for composite moduli (including (2-5)) then follow
immediately from the multiplicativity (1). Since Theorem 1.1 shows that the
[S(x, nx“’pt, p™)| can assume only one nonzero value, power means are somewhat
artificial here, with (14) and (15) amounting only to a count on the number of
non-zero cases (we include them for comparison with results in the literature and
to emphasize that the restriction to certain integer power means is unnecessary).

The condition (12) is appropriate here. For ¢ > m the exponent reduces by
Euler’s Theorem and as shown in the proof of Theorem 2.1 (see (27)) when m =
t + 1 the sum is zero unless x is a mod p character, in which case it reduces to
a Heilbronn type mod p sum

S(x,nz ™", ' p™") =p™” 12){ (naz"?" 1).

For m = 2 and d = 1 these are the classical Heilbronn sums, bounded us-
ing the Stepanov method by Heath-Brown [8] and Heath-Brown and Konyagin
[9], extended by Puchta [16] and improved by Malykhin [11] to deal with d =
(Vap - 1) >1

p—1

Z ep2 (na?)

=1
We note that their methods would allow the inclusion of a mod p character x.
Obtaining exact values seems unlikely for these types of sum. In [12] Malykhin
considers the general case m > 2, for example obtaining

p—1
m—1
E epm (nx” )
x=1

We have assumed here that p{n. If p | n and y is a primitive character mod

< dl/Z p7/8.

< C(m)p1—1/32-5’"*3.

p™ then S(x, na P’ ,p™) = 0 as can be seen from the proof of Theorem 2.1 (if p | n
and p 1 ¢ then the characteristic equation (24) or (29) will have no solution). If
p | n and y is a mod p™~! character then plainly we can reduce to a mod p™~1
sum.
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2. Preliminaries

Suppose that p is an odd prime and a is a primitive root mod p' for all I. We
define the integers r(1), p1 (1), by

a?®) =1+ r()p, (16)
and the integers r and ¢ by

ri=r(1),  x(a) =e(c/o(p™)), (17)

where e(y) = €. Note that y is a primitive character mod p™ if and only if
pfe.

We first observe that S(x, nx'”’t,pm) = 0 if y is not a yp‘th power of a charac-
ter. An alternative proof of this result will occur during the proof of Theorem 2.1
below.

Lemma 2.1. For any odd prime p, multiplicative character x mod p™ and integer
n, the sum S(x,nz®, p™) = 0 unless x = x} for some mod p™ character ;.

Proof. Taking z = a?®")/(#:¢(®™)) we have z¥ = 1 and

S na®, p™) =Y x(@)epm (na®) =Y x(zx)epm (n(z2)*) = x(2)S (x, na®, p™).
=1 =1

Hence if S(x,nz®, p™) # 0 we must have y(a)?®")/(k:¢(™) = y(2) =1 and

x(a) = e (c(k, ¢(p™))/o(pP™))

for some integer ¢’. So y is the (k, ¢(p™))th power of a character mod p™. Solving
the linear equation

kx = c(k,¢(p™)) mod ¢(p™)
for some integer ¢; we can equivalently write
x(a) = e(c1k/¢(p™))
and x = x¥ where x; is the mod p™ character with x;(a) = e (c1/p(p™)). |

If  is the yptth power of a character x; and c; an integer such that

xi(a) = e(ci/o(p™))

then our final characteristic equation will take one of the two following forms
(depending on the size of t relative to m).
Case I: Whent+1<m < 2t+2

¢ +rnz =0 mod p™ 1, ri=r({t+1). (18)
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Case II: When 2t +2 <m

1 4+ ronz? =0 mod prtetl ro:=r(t+s+1), (19)

s::max{o, [%W —t—l}.

Expressions simplify slightly in Case II if we use the stronger congruence

where

c1 + rgna:'”’t =0 mod p[%], r3i=1 ({%—D , (20)
except for p = 3, m = 3, t = 0 when we need ¢; + r3nz” = —3c¢;73 mod 9.

Notice that, since z¥ and z*¢(»™)) run through the same set of values mod p™,
SO nat, pm) = SO g (RO pmy, (21)

and so one can always reduce to a monomial nz®" with d | p— 1, though we shall
not assume this here.

Theorem 2.1. For p an odd prime, t € Z, t > 0, let

fl@)y=na",  ptny.

Case I: Suppose that t +1 <m < 2t + 2. If x is a dp'-th power of a primitive
character and the characteristic equation (18) has a solution « then

S(x, f(x),p™) = dp™ 'x(a)epm (f(e)).

Otherwise, S(x, f(z),p™) = 0.
Case II: Suppose that 2t + 2 < m. If x is a dpt-th power power of a primitive
character and (19) has a solution then

S(x, f(@),p™) = dp Tix(a)epm (f(a)) (;,T,;cl> & (22)

where « is a solution of (20), and r and € are as in (17) and (8). Otherwise

S(x f(x),p™) = 0.

Note in Case II we can use a solution « to the weaker congruence (19) if we
include in (22) an additional factor

epm,—Zt—25—2(_272/3171/B§) (23)

where, writing c1 + rona? = A ptTs+L, By := —2" oy, By := Ay — B1. Here and
throughout ! denotes the multiplicative inverse of x mod p™.
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3. Proof of Theorem 2.1

We start by rewriting the sum in terms of our primitive root a

p™ o(p™)

Stona™ p™) = 3 x(@)epn 2™ ) = 3 x(aF)epm (nat?").
z=1 k=1
plz

We set v = dv’, where recall d = (v,p — 1), and let ¢ be an integer such that

o= (ggm) = (7=mm)

Case I: Suppose that t4+1<m <2t + 2.
Welet u=1,...,dp™ ! and let v run through an interval I of % consecutive

integers so that k = uE=L 4 v sums over ¢(p™) consecutive integers and
o(p™) ap™ ! ) .
o
D xlah)epm(nat) = 37 37 x(@ T epm (nal ST
k=1 vel u=1
= ZX epm na’yp ’U)
vel

X Z <d — 1) epm (nawt” (apt(pfl)ylu — 1)) .
p

Since 2(t + 1) > m the binomial expansion gives
aP (= 7u _q — 1+ rlptﬂ)"’/“ —1=~"urip™*! mod p™

and the inner sum becomes

m—1
R u(e+ rlpt'yna'”’t”) 1
Z € dpm—l = dp

u=1

if v satisfies .
¢+ riptyna™ ¥ = 0 mod dp™ !, (24)

and zero otherwise. So we must examine when (24) has solutions.

Since d | rlpt'yna"’pt”, in order to have a solution we must have d | ¢ . Similarly,
since p { r1yn and t < m — 1, we must have that p’||c. So x is a dp'th power of
a primitive character. Letting ¢ = ¢/ptd and v = dy’ reduces our congruence to

¢ +r1y'na™? =0 mod p™ L. (25)

Hence (25) has no solution and S(x,nz?®",p™) = 0 if there is no solution to the
characteristic equation

¢ +r1y'n2z™ =0 mod pm 1. (26)
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If this equation has a solution a@ = a" we take I to be an interval containing
t t

vp. Solutions v to (25) must then satisfy v = @ *° mod p™ "1, that is

yptv = yptvg mod p™~t=2(p — 1). Since t > m — t — 2 this reduces to

v = v mod (p—1)/d,

and we have exactly the one solution v = vy in our range for v.
Hence
t —
S(x,na? ,p™) = dp™ x(@)epm (f(a)).

Writing ¢ = ypte; mod ¢(p™) we have ¢’ = ¢y’ mod p™~*~! and so the charac-

teristic equation (26) can be written equivalently in the form (18).
Note: If m = t+1 the same analysis gives p™~! | ¢ and y is a mod p character,
and the sum reduces to

SO na?™ ™, p™) = pm Y x(@)epm (na?” ). (27)

Case II: Suppose that 2t + 2 < m.

We now let s = max{[%] —¢—1,0}, u=1,...,dp™ "' and let v run through
an interval I of p*(2 1) consecutive integers Where d := (v,p—1) as before. Letting
k = up® (P~ L) 4+ v we are still summing over ¢(p™) consecutive terms and

¢(pm) m s—1
Z X(ak)epm na’”p Z Z ups(pT_le)epm(na(ups(pT_le)wt)
k=1 vel u=1
dpm s—1 cu
=) ¥ e(gte) 09
vel u=1

X epm (na’”’t“ (apHs(p*l)'Y/“ — 1)) .
Expanding binomially, observing that 3(¢ + s + 1) > m, we obtain

=Y g (1 +r pt+s+1)“f v

2 2t+25+2

= uy'rop S 1 27y (uy) — 1)r3 mod p™

and the inner sum becomes

dp™ 1 u (C + rgvna'”’t“pt + 27 2 (uy — 1)na7pt”p2t+*"'+1)

Z ¢ dpmfsfl

u=1

We now let w = 1, ...,dp*"***t! and y = 1, ..., p" 27252 noting that m — 2t —
25 — 2 > 0 with equality only when m = 4, t = 0. Hence if u = wp™ 272572 4y
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we again sum over dp™ °~! consecutive integers and we can split the v sum as a
product S1(v)Sa(v) of a y sum and a w sum, where
m—2t—2s—2 yptvut —1.,.2 r_ yptv, 2t+s+1
P y | ¢+ royna? Vpt + 27 yr5(yy' — 1)na"P Up

Sl (U) = Z € dpm—s—l ’

y=1
and
ap?ert [ <c + r2,yna7ptvpt)
Sa(v) = Z e dp2t+s+1
w=1
Now Sa(v) = dp**+s+1 if
c+ ’yrgnapt”’”pt = 0 mod dp? s, (29)

and S5 (v) = 0 otherwise. So again we must examine when (29) has solutions. Right
away we see that in order to have a solution p'||c and d | ¢, so our congruence
reduces to

cd + Vlrgnapt'“’ =0 mod p'Tst! (30)

where ¢ = ¢/dpt, p{ ¢’ and x is a dp'th power of a primitive character. Thus if the
characteristic equation

¢ +~'ranz™ =0 mod pitst! (31)

has no solution we have S(x, nz'”’t,pm) = 0. If it has a solution o = a® we again
choose I to be an interval containing vg. Hence if v is a solution to (30) then
a™?'v = g% mod pttt1 | that is yp'v = yplvg mod piT(p — 1) reducing to

v =w mod p°(p —1)/d.

So we have only the solution v = vg in I and so by (28)

S(x,na™, p™) = x(a*)epm (f(a®))S1(vo)Sa(vo)
= dp”" T x(a)epm (f (@))S1(vo). (32)

When m =4, t =0, plainly S1(vg) = 1. Otherwise writing
¢+ ~'ronaP 70 = \pttstl 8 = =271yl 8y = A+ 27 1rod,
observing that 3t +2s +2 > m — s — 1 and that y; = y + 2726, ', runs through

a complete set of residues mod p™~2!=25=2 as y does, we can rewrite S; (vg) in terms
of a classical, readily evaluated (see for example Apostol [1, §9.10 and Exercise 8.16]
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or Berndt, Evans and Williams [2, Theorem 1.5.2]), quadratic Gauss sum:

pm,—Zt—QS—Z 1 , ,
y(A=2""ra(yy = 1)c
S1(vo) = Z € ( ( m—2t2—25—2 )>

y=1 4

m—2t—2s—2

P 51y° + day
- Z € pm—2t—2s-2

y=1

m—2t—2s—2

_ (2ot T T e _ i
- pm72t72572 pm72t72872

y1=1

(- 225163 ) (8) 50
pm—2t—25—2 pm ’
with € as given in (8).
Thus by (32)

S(x, f(z),p™) = dp%"’tx(a)epm(f(oz))epmfztfzsﬁ(—2_26f1§§) (;;) e (33)

if v is a dp’th power of a primitive character and c’—l—’y’rgnxpt"Y =0 mod p'***! has
a solution a, and S(x, f(z),p™) = 0 otherwise. Replacing ¢’ = ¢;9’ mod p™~—¢~!

we have A = A7/, 6, = 517/27 8o = 4By mod p™t~1, with (%) _ <%) _

(%) . Thus we obtain (22) with the additional factor (23). It remains to show
that if we use a solution « to (19) satisfying the stronger congruence (20) then
this additional factor is 1.

Plainly we can assume that 2(s+¢+1) < m < 3(s+t+1) and [ 2] < 2(s+t+1)
with equality only when s =¢ =0 and m = 3. We first note that

Ty = To — 2717"% stt+l 371Ti2’>p2(s+t+1) m

p mod pl %1,

where the last term vanishes unless p = 3, m = 3 and ¢ = 0. To see this observe
that

m [5]-smtm
14 rgpl 51 = (14 rop* )P i

=1+rpl 21+ %r%p(%“““ (p[%*”*l - 1)
n %Tgp(%1+2(s+t+1) <p[%.|fsftfl _ 1)
(17713 o e

=1 —&-p[%] <r2 — 27 lpZps it 4 3_1r§p2(s+t+l)) mod pQ[%W.
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In particular r3 = ro mod p****1. Hence if « is a solution to (19), which also
satisfies (20),

1 + rona?®’ = Apstttl 1 4 r3na? = — 371 r2p2 ) mod p(%w,
then
ci(rs —rg) = pititt (7’2)\1 + 613717“5’]05““) mod p(%L
and

—27 eire = A mod p[%]ﬂ*t*l.

Hence f§; = 0 mod P[%1 T and epm-ai-2e-2 (—272p;'B3) = 1.
Finally we need to verify that a solution a"® to (19) guarantees a solution a”
of (20). Since r3 = ry mod p*+itl

t
1+ rgna’ P = \ptttt

for some integer \. Taking v = vy + h¢ (p*™') we have
sttt
c1+ Tgna”pt =c1+ Tgna””pt ahre (P )

— AP 4 gngto?! (14 rop* T — 1)

= pstitl <)\ + rgnavowt’yrgh> mod p2s+t+D

and choosing h with A + r2na®?’ yh = —¢; 37 1r2pst+1 mod p[%]*sftfl gives
the required solution. |

4. Proof of Corollary 1.1

From Theorem 2.1 we know that if S(X,naﬂpt,pm) is non zero then y must be
a dp'th power of a primitive character mod p™, and there must be a solution to
a characteristic equation (26) or (31),

¢ +1'ynz"™ =0 mod p", (34)

where ¢ = cdpt < ¢(p™), (nc’,p) = 1, and r’ and k depend on the range of t.
If such is the case then |S(x,nxwt,pm)\ = dp™. Thus to prove Corollary 1.1 we
simply count the y (i.e. count the ¢’) or n that give us solutions. Writing in terms
of our primitive root = a”, —r’'y'n = a¥, ¢/ = a*?, (34) becomes,

P t —
(@) =a" 7" mod p~,

which is equivalent to
v =v1 —vg mod ¢(p”).
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This linear congruence in v has a solution when

(vpt, d(p™)) = d(p', p=1) = dpminim—t-21)

dpmnﬁsn% values of ¢ mod p” (or likewise values

of n mod p*) that yield solutions.

divides v; — vg. So we have

m m—k—t—1
Note that ¢’ ranges from 1 to % =prP (p—1)

P E———F——2, giving

(b(pﬁ) pm—n—t—l(p — 1) _ ¢2(p) max{m—2¢t—2,0}
dpmin{m7t72,t} d d2 p

’s that will allow a solution to our characteristic equation, and (14) is clear.
Similarly n ranges over the terms relatively prime to p from 1 to p™ = p"(p™ %),

¢(pﬁ) m—k __ QS(p) max{m—t—1,t+1}
dpmin{m—t—2,t} d p ’
P

giving (15). |

5. Whenp=2,m>6

We now examine the case when p = 2 and m > 6, giving sums of the form

277'1
S(x, mﬂ?ﬂm) = Z x(z)eam (nmwt)
=1

where y is a character mod 2™, n and v are odd, and ¢ > 0. Since 22" =1

mod 2™ for any odd x we shall assume that
t<m—2.

When dealing with these sums the methods are nearly the same except that we
need two generators, ¢ and —1, to generate all of Z%... Even so, this case is
actually simpler computation-wise. As for odd p we can also immediately say that
S(x,nx*,2™) = 0 unless x = x} for some character y; mod 2™. The proof of this
is almost the same the proof of Lemma 2.1 (we get the same relation for x(a) and,
when m > 2 and the second generator —1 is needed, taking z = —1 in the same
argument gives y(—1) =1 if k is even).

Here we write
c
o - ()

and define the odd integer » and when ¢ > 1 the odd integer r; by

22 + 2l a2 =1+ 72012, (35)
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We will have S(x, nth“/, 2™) = 0 unless ¢ = 2¢¢/ with ¢ odd, and our characteristic
equation will take the form

¢+ nryz®? =0 mod 2L %1, (36)

We first evaluate the sums

t
g FYegm (na®1?).

Lemma 5.1. Suppose that ¢ = 2t¢’ with ¢ odd. If 0 <t < [%1 — 2 and (36) has
a solution o = a®° then

S(n) = 2LE 1+ (a)egm (a7 ),

where
1, if m is even,
- y—1 ’ 37
v {1 + (=) TN if mis odd, (37)
with \ defined by
¢ +nrya?? = a2l (38)

If[2] —2<t<m—2andd +nryy =0 mod 2™ 27" then

S(n) = 2™ 2e (2%) .

Otherwise S(n) =

Proof.
Z ( e 2) eam (na"?").
If t +2 > [2] then
na? = n (141242 = 0 (1471 572%) mod 27,

and
27n72

n k(c 4 nriy2t
s =e(55) 3 o ().
k=1

The sum is 2™~ 2 if ¢ + nr;72" = 0 mod 2™~ 2 (and zero otherwise). This only
occurs when ¢ = 2¢¢/, ¢ odd, with ¢/ +nr1y =0 mod 2™ *2.

m

Suppose now that ¢ < [2] — 2. We write k = u2rﬂ7_t_2 + v where v runs

2
through an interval I of length 2[%21-*=2 and w = 1,...,2l% /%, Using (35) and
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expanding binomially gives

QL%J‘Fﬁ

m [H1—t—2 t
(w2212 L v)e na(¥? ? +v)r2
s =Y 3 o) e (M

vel wu=1

2L%J+f

nav"?' cu na?v? (1+ ralzlywy — 1)
2m 2_:1 “\olzI+t ) € m
a2 2l B+ u (c + nm/2ta“72t)
v
ZX(“ Je om Z € olZ I+t

vel u=1

Il
N
>
=

<
=

So as in our previous cases we end up with a sum over a full set of residues and
the inner sum is zero unless

c+ nr’y?ta”72t =0 mod 2L% 1+,

In order to have a solution plainly ¢ = 2¢¢’ for some odd ¢, reducing our congruence
to .
¢ + nrya®? =0 mod 27,

Thus S(n) = 0 unless we have a solution o = a" to our characteristic equation
(36). We take I to be the interval [vg,vo + 2/ % 17*=2]. If a¥ is another solution
then plainly

172" = vp72" mod ol% -2,
and

v = vy mod 2LF1 -2,

When m is even | | = [%] and we only have the solution v in our range for v,
and .
S(n) = 2% Tty (a)egm (na??).

When m is odd we note that 2L%/=*=2 is half the range of v and we have two

L%

solutions a@ = a" and a Plugging these in, using that a? =
1+ 2L%] for some odd ' when m > 6, and expanding binomially, we get

Jeam (n(avot2 T )7?)

vo2l B Tt2

J—t—2

S() = 2L (ya)egn (n(@) ) + xla*2
=231\ (a)egm (na™?)
y (1 n X(GQL%J—t—Q)eQM (navofﬂf <(1 Fral By 1))

= 2l5 I+ (a)egm (na??")

J TLT/’)/QL%JGUOT’Y 4 7(72*1)n(r/)22m—1av072t
><<1+e<2w]>e< om

) . . / ! 0072
_ 2L7J+tx(a)€2m(na72 ) (1 + (—1)713 (W)) .
2
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We note that a2 2 '~ =1+ r2/%1 = (1+7r2l%1)2 = (azt%kz)2 giving us that
P = — ()22lF T = —9lB]T1 pod 20 %,

Plugging this in for v’ we get

¢ + nr'yavor?' B ¢ + nryavor? —nyaor? (A c'r
€ NE3 = 3 ¢ 2 —\2)\7 )

(using the characteristic equation and that L%J > 2) and the claimed result fol-
lows. |

Theorem 5.1. Suppose that x is a 2'th power of a primitive character mod 2™.
Ifogt< [%W — 2 and (36) has a solution « then, with ¢ as in (37),

, 0, if t=0
S , A/2t72m _ 2L7j+t+6 " ~2! 7 5= ) ’
(a2 x(@)ezn (na™ )y Ly
If[2]—2<t<m—2and d +nriy =0 mod 2"~ then
S(x,nm'yzt,Qm) =9m~le (2%) .
Otherwise S(x,nz??,2m) = 0.
Thus for m > 6 the non-zero values satisfy
m, if t=0,
Sena'®, 2| =27, r=dm i1, i 0<t<[3]-2 (39)
m—1, if {%172<t<m72.

Proof. We start by writing the sum in terms of the generators, —1 and a, of Z3.

S(X,nx’ﬂt,gm ZX x)egm (na? N

1 2m— 2

=3 3 X1 )ern (n((~1)¥a*)*)

w=0 k=1
= S(n) + x(~1)S((~1)*'n)

If t =0 then )
S(x,na?,2™) = 5(n) + x(=1)S(—n).

By the lemma each S(%n) is zero unless (36) has a solution . A solution will be
either of the form o = a" or —a (since m > 6 we can not have solutions of both
forms). By Lemma 5.1, in the first case S(—n) = 0 and

S(x,nz"?,2™) = S(n) = 2% x(a)eam (na) .
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In the second case S(n) =0 and

S na??,2™) = x(=1)S(—n) = x(~1)2-% ) x(~a)eam (—n(—a) )¢

Ift>0 \
S(x, na™,2™) = S(n) + x(=1)S(n)

Thus if x(—1) = —1 our sum is zero. Otherwise
S(x,na?®,2™) = 25(n)

and the result follows from the lemma. |

6. Weil type bounds

From Theorem 1.2 one immediately obtains a Weil type bound for monomial sums

|1S(x,na®, p™)| < (k, d(p™))p™? (40)

when p is odd, p t n and x is a multiplicative character modulo p™. When p = 2
an additional factor of 2 is needed. Cochrane and Zheng [4] have shown that such
bounds do not hold for binomial sums. Multiplicativity then gives

1S(x,na®, )| < TT (k,0(0™)a"? < (K, $(9)* '/

p™|lg

for general odd modulus. The bound (40) can also be seen more directly. From
Lemma 2.1 and observation (21) we can write any non-zero sum in the form
S(X’fl,nmkl,pm) where k; = (k, ¢(p™)), and using a sum over the k; characters x
mod p™ with x} = xo to pick out the ki-st powers,

prn
SO et ™) = | 3 Y awepn (m)| < ka2,

xF1=xo u=1
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