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ABSOLUTELY CONTINUOUS EMBEDDINGS BETWEEN
SPACES OF FUNCTIONS

Pedro Fernández-Martínez, Antonio Manzano

Abstract: Absolute continuity of an embedding between Banach function spaces is an inter-
esting property which is closely related to compactness. In this paper we study absolutely
continuous embeddings between arbitrary Banach spaces intermediate with respect to the cou-
ple (L1(Ω), L∞(Ω)). Our results allow to check if an embedding of such spaces is absolutely
continuous. Applications related with the degree of proximity between two function spaces are
established for the case Ω = [0, 1] and Ω = [0,∞).

Keywords: absolutely continuous embedding, interpolation, quasiconcave function, Banach
lattice, proximity between function spaces.

1. Introduction

Separable Banach function spaces enjoy a compactness criterion that characterizes
compactness of a set of functions as compactness in measure besides absolute
equicontinuity of the norms (see [17], [3]). Taking this into account, when it
comes to establish compactness of an embedding Y ↪→ X between function spaces
it suffices to prove that the closure inX of BY , the closed unit ball of Y , is compact
in measure and that the elements of BY have the so-called Absolute Equicontinuity
Norm Property in X, that is to say,

∀ε > 0, ∃δ > 0 such that ∥fχD∥X < ε, for all f ∈ BY , (1.1)

if the measure of D is less than δ. When condition (1.1) is satisfied we say
the embedding Y ↪→ X is absolutely continuous (see Definition 2.1 in Section 2).

The two authors were partially supported by Ministerio de Ciencia e Innovación (MTM2010-
15814). The first author was partially supported by Región de Murcia, Fundación Séneca
08791/PI/08.

2010 Mathematics Subject Classification: primary: 46E30; secondary: 46B70, 46B42



304 Pedro Fernández-Martínez, Antonio Manzano

This relationship between compactness and absolute continuity of an embedding
Y ↪→ X led Evgeniy Pustylnik and the present authors to investigate absolutely
continuous embeddings between rearrangement invariant spaces in [11]. There we
worked on the interval [0, 1], with the Lebesgue measure, and established certain
properties of absolutely continuous embeddings connected with the fundamental
functions of the corresponding spaces.

In the present paper we continue the study of absolutely continuous embed-
dings between function spaces, but this time considering a more general context.
As known, a classical result from interpolation theory says that any rearrangement
invariant space is an intermediate space with respect to the couple (L1, L∞) (see
[12], Theorem II.4.1). Then, a natural question is to investigate absolutely con-
tinuous embeddings between more general spaces of functions, such as arbitrary
intermediate spaces with respect to (L1, L∞) (for instance, Banach lattices which
are not necessarily rearrangement invariant spaces). This is the aim of this paper.
The results we now present extend those given in [11].

Unlike the possibilities we had in [11], in the general setting of intermedi-
ate spaces we cannot make use of the good properties of rearrangement invariant
spaces. In particular, such a useful tool as the fundamental function is not avail-
able. To overcome this difficulty we use techniques based on interpolation theory.
Thus, we work with two functions defined for any intermediate space A with re-
spect to a Banach couple (A0, A1), ψ and ρ, which allow to describe in some sense
the “position” of A within the couple (A0, A1). For the relevant couple (L1, L∞)
the functions ψ and ρ, associated to an intermediate space with respect to this
couple, can be explicitly computed by using characteristic functions (see [10], The-
orem 3.2, and also [8], Lemmata 2.3 and 2.1).

The paper is organized as follows. We start by recalling some basic notions
about function spaces and interpolation theory, as well as the precise definition
of the functions ψ and ρ, in Section 2. The concept of absolutely continuous
embedding is given there too. In sections 3 and 4 we investigate the absolutely
continuous embeddings between general intermediate spaces with respect to the
couple (L1(Ω, µ), L∞(Ω, µ)), where (Ω, µ) is a σ-finite non-atomic measure space.
In particular, we give either necessary or sufficient conditions for the absolute
continuity of these embeddings in terms of functions ψ and ρ. These conditions,
formulated by means of different quotients of the functions ψ and ρ, provide simple
results that allow to check if an embedding is absolutely continuous easily. We
illustrate it with some examples. In Section 5, we give a quantitative estimate of
the degree of absolute continuity of an embedding Y ↪→ X, when X and Y are
Banach lattices intermediate for the couple (L1, L∞). Finally, in Section 6, we
use our results about absolutely continuous embeddings to draw some conclusions
concerning the degree of proximity between arbitrary intermediate spaces for the
couple (L1(Ω), L∞(Ω)), when Ω = [0, 1] and Ω = [0,∞). In both cases, it is shown
that if two intermediate spaces, Y ↪→ X, are not “very close together” then the
embedding is absolutely continuous. On the contrary, if the embedding Y ↪→ X is
not absolutely continuous, and the corresponding indices of spaces are equal, then
X and Y are “neighboring” spaces.
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2. Preliminaries

Let (A0, A1) be a Banach couple, that is, A0 and A1 are Banach spaces which are
continuously embedded in some Hausdorff topological vector space. For t > 0, the
Peetre K-functional is the norm on A0 +A1 given by

K(t, a) = K(t, a;A0, A1) = inf {∥a0∥A0 + t∥a1∥A1 ; a = a0 + a1 , ai ∈ Ai}

and the J-functional is the norm on A0 ∩A1 defined by

J(t, a) = J(t, a;A0, A1) = max {∥a∥A0 , t∥a∥A1} .

We will denote the usual norms on A0+A1 and A0∩A1 as ∥·∥A0+A1 and ∥·∥A0∩A1 ,
instead of K(1, ·) and J(1, ·), respectively.

We say that a Banach space A is intermediate with respect to the couple
(A0, A1) if A0 ∩ A1 ↪→ A ↪→ A0 + A1, where ↪→ means continuous inclusion.
Given an intermediate space A with respect to a couple (A0, A1), we have two
functions that describe the “position” of A within the couple (A0, A1) (see [5] for
more information):

ψA(t;A0, A1) = sup{K(t, a) ; ∥a∥A = 1}

and
ρA(t;A0, A1) = inf{J(t, a) ; a ∈ A0 ∩A1, ∥a∥A = 1}.

These functions are variants of functions studied by Dmitriev [9], Pustylnik [16]
or Maligranda and Mastylo [13], among others. Clearly, the functions ψA and ρA
are strictly positive and non-decreasing, and the functions ψA(t)/t and ρA(t)/t are
non-increasing. Hence, if we put ψA(0) = ρA(0) = 0, we obtain two quasiconcave
functions. Recall that each quasiconcave function has its least concave majorant
(see, for example, [3], Proposition 2.5.10).

Given a σ-finite non-atomic measure space (Ω, µ), we shall consider Banach
spaces of measurable functions on Ω which are intermediate spaces with respect
to the couple (L1(Ω), L∞(Ω)). Note that the K- functional for this particular
couple can be easily computed through the following well-known equality (see [4],
Theorem 5.2.1):

K(t, f, L1(Ω), L∞(Ω)) =

∫ t

0

f∗(s)ds,

t > 0 and f ∈ L1(Ω) + L∞(Ω). Here f∗ stands for the non-increasing rearrange-
ment of f .

Sometimes we shall ask the intermediate space A to be a lattice, that is, when-
ever |g| 6 |f | µ-a.e. with f ∈ A and g a measurable function, then g ∈ A and
∥g∥A 6 ∥f∥A.

The associated space of A will be denoted by A′. We recall that A′ is formed
by all (classes of) measurable functions g on Ω for which

∥g∥A′ = sup
{∫

Ω

|fg|dµ ; ∥f∥A 6 1
}
<∞.
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The associated space will be termed a norming subspace of A∗, the dual space
of A, whenever

∥f∥A = sup
{∫

Ω

|fg|dµ ; g ∈ A′, ∥g∥A′ = 1
}
, for all f ∈ A.

If A′ = A∗ or A = A′′, then A′ is a norming subspace of A∗.
We also recall that a Banach lattice A is called a rearrangement invariant space

if when f ∈ A and g is equimeasurable with f , then g ∈ A and ∥f∥A = ∥g∥A. If
A is a rearrangement invariant space, the function

φA(t) = ∥χD∥A, where D ⊂ Ω with µ(D) = t,

is said to be the fundamental function of A. It turns out that

φA(t) =
t

ψA(t;L1(Ω), L∞(Ω))
=

t

ρA(t;L1(Ω), L∞(Ω))
. (2.1)

In particular, we will use later that

ψL1(Ω)∩L∞(Ω)(t) = ρL1(Ω)∩L∞(Ω)(t) = min{1, t} (2.2)

and
ψL1(Ω)+L∞(Ω)(t) = ρL1(Ω)+L∞(Ω)(t) = max{1, t}. (2.3)

Among all rearrangement invariant spaces, Lorentz and Marcinkiewicz spaces
will be specially important for us. Given a quasiconcave function φ defined on
[0,∞), the Marcinkiewicz space Mφ is defined as the collection of all (classes of)
µ-measurable functions f on Ω such that

∥f∥Mφ = sup
0<t<∞

{φ(t)
t

∫ t

0

f∗(s)ds
}
<∞.

Analogously, given a positive concave function φ defined on [0,∞) with φ(0) = 0,
the Lorentz space Λφ is formed by all (classes of) µ-measurable functions on Ω
which have finite norm

∥f∥Λφ = lim
t→0

φ(t) ∥f∥L∞ +

∫ ∞

0

f∗(s)φ
′
(s)ds.

When φ is concave, the Lorentz space Λφ and the Marcinkiewicz space Mφ are,
respectively, the smallest and the biggest rearrangement invariant spaces with
fundamental function φ. More precisely, for any rearrangement invariant space A
with fundamental function φ, it holds that

Λφ ↪→ A ↪→Mφ.

More details on function spaces can be found in the books [3] and [12].
Next we present two results established by Fernández-Cabrera in [10], The-

orem 3.2 (see also [8], Lemmata 2.3 and 2.1), that will be useful in the sequel.



Absolutely continuous embeddings between spaces of functions 307

Namely, given a σ-finite non atomic measure space (Ω, µ) and an intermediate
space A with respect to (L1(Ω), L∞(Ω)), for any 0 < t < µ(Ω), it holds that

ψA(t) = ψA(t;L1(Ω), L∞(Ω)) = sup{∥χD∥A′ ; µ(D) 6 t}, (2.4)

and
ρA(t) = ρA(t;L1(Ω), L∞(Ω)) ∼ t

sup{∥χD∥A ; µ(D) 6 t}
. (2.5)

If, in addition, A′ is a norming subspace of A∗, then (2.5) turns out to be an
equality.

We note that the techniques used in [10], Theorem 3.2, also apply for a general
intermediate Banach space.

In this paper we are interested in studying absolutely continuous embeddings
between intermediate spaces with respect to the couple (L1(Ω), L∞(Ω)). We shall
pay special attention to the cases Ω = [0, 1] and Ω = [0,∞), with the usual
Lebesgue measure (that will be denoted by mes).

We finish this section stating the definition of absolutely continuous embedding.

Definition 2.1. Given two Banach spaces X and Y intermediate with respect to
the couple (L1(Ω), L∞(Ω)) such that Y ↪→ X, we say that the embedding Y ↪→ X
is absolutely continuous (a.c. for short) if the elements of the closed unit ball of
Y , BY , have the so-called Absolute Equicontinuity Norm Property in X, that is,
if for every ε > 0 there exists δ > 0 such that

∥fχD∥X < ε, for all f ∈ BY , whenever µ(D) < δ.

We want to mention that the interpolation of a more general notion like uni-
formly absolutely continuous operator has been investigated recently in [7].

3. Necessary conditions for the absolute continuity

We begin our study giving necessary conditions for the absolute continuity of an
embedding between intermediate spaces with respect (L1(Ω), L∞(Ω)). Our first
result establishes that whenever the embedding Y ↪→ X is a.c., the embedding
between the corresponding associated spaces, X ′ ↪→ Y ′, also is a.c.

Lemma 3.1. Let X and Y be Banach spaces intermediate with respect to
(L1(Ω), L∞(Ω)) such that Y ↪→ X. If the embedding Y ↪→ X is a.c., then the
associated embedding X ′ ↪→ Y ′ is a.c.

Proof. Assume that the embedding Y ↪→ X is a.c. Given ε > 0, there exists
δ > 0 such that

∥fχD∥X < ε, for all f ∈ BY and D ⊂ Ω with µ(D) < δ.

Hence, for any g ∈ BX′ , we have that

∥gχD∥Y ′ = sup
∥f∥Y 61

∫
Ω

|gχDf |dµ 6 sup
∥f∥Y 61

∥g∥X′∥fχD∥X < ε.

and thus the embedding X ′ ↪→ Y ′ is a.c. �
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Now we establish necessary conditions for an embedding to be a.c. in terms of
the functions ψ and ρ.

Theorem 3.2. Let X and Y be Banach spaces intermediate with respect to
(L1(Ω), L∞(Ω)) such that Y ↪→ X. If the embedding Y ↪→ X is a.c., then

lim
t→0

ψY (t)

ψX(t)
= 0. (3.1)

Proof. By Lemma 3.1, the embedding X ′ ↪→ Y ′ is a.c. when Y ↪→ X is a.c.
Therefore, given ε > 0, there exists δ > 0 such that for any set D ⊂ Ω with
µ(D) 6 t < δ and any function f ∈ BX′ the inequality

∥fχD∥Y ′ < ε

holds. In particular, for every set D with µ(D) 6 t < δ, we derive that∥∥∥ χD
∥χD∥X′

∥∥∥
Y ′
< ε.

Using (2.4) the theorem is proved. �

The equivalence (2.5) allows to obtain in a straight way a necessary condition
by means of the function ρ.

Theorem 3.3. Let X and Y be Banach spaces intermediate with respect to
(L1(Ω), L∞(Ω)) such that Y ↪→ X. If Y ↪→ X is an a.c. embedding, then

lim
t→0

ρY (t)

ρX(t)
= 0. (3.2)

We also get the following.

Theorem 3.4. Let X and Y be Banach spaces intermediate with respect to
(L1(Ω), L∞(Ω)) such that Y ↪→ X. If the embedding Y ↪→ X is a.c., then

lim
t→0

ρY (t)

ψX(t)
= 0. (3.3)

Proof. First note that for each D ⊂ Ω with µ(D) = t, it follows that

K(t, χD) = K(t, χD;L1(Ω), L∞(Ω)) = t

and
J(t, χD) = J(t, χD;L1(Ω), L∞(Ω)) = t.

On the other hand, given ε > 0, there exists δ > 0 such that ∥fχD∥X < ε for any
function f ∈ BY and any set D with µ(D) = t < δ. Therefore,

ρY (t)

ψX(t)
=

ρY (t)

J(t, χD)

K(t, χD)

ψX(t)
6
∥∥∥ χD
∥χD∥Y

∥∥∥
X
< ε,

and the theorem is proved. �
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For the particular case when X, Y are rearrangement invariant spaces the
conditions (3.1), (3.2) and (3.3) turn out to be condition (3.1) in [11], given by
means of the fundamental functions of the spaces X and Y :

lim
t→0

φX(t)

φY (t)
= 0.

The conditions (3.1), (3.2) and (3.3) are not equivalent, as it is shown in the
following example.

Example 3.5. Consider the interval [0,∞) with the Lebesgue measure. We denote
by A the space of measurable functions on [0,∞) such that

∥f∥A =
∑
n>0

∥f∥L1[2n,2n+1) + sup
n>0

∥f∥L∞[2n+1,2n+2).

It is clear that L1[0,∞) ∩ L∞[0,∞) ↪→ A ↪→ L1[0,∞) + L∞[0,∞). Indeed, if
f ∈ L1[0,∞) ∩ L∞[0,∞),

∥f∥A =
∑
n>0

∥f∥L1[2n,2n+1) + sup
n>0

∥f∥L∞[2n+1,2n+2)

6 ∥f∥L1[0,∞) + ∥f∥L∞[0,∞) 6 2∥f∥L1[0,∞)∩L∞[0,∞).

Analogously, if f ∈ A, let

f0(s) =

{
f(s), if s ∈ [2n, 2n+ 1) for n > 0,

0 in other case,

and

f1(s) =

{
f(s), if s ∈ [2n+ 1, 2n+ 2) for n > 0,

0 in other case.

Then,

∥f∥L1[0,∞)+L∞[0,∞) 6 ∥f0∥L1[0,∞) + ∥f1∥L∞[0,∞)

=
∑
n>0

∥f∥L1[2n,2n+1) + sup
n>0

∥f∥L∞[2n+1,2n+2) = ∥f∥A.

Note that A is not a rearrangement invariant space, because χ[0,1/2] and
χ[1,3/2] are equimeasurable functions, but their norms are not equal.

On the other hand, if D ⊂ [0,∞) with mes(D) 6 t, for each n > 0, we have

∥χD∥L1[2n,2n+1) 6
∫ min{1,t}

0

ds,
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and so

∥χD∥A =
∑
n>0

∥χD∥L1[2n,2n+1) + sup
n>0

∥χD∥L∞[2n+1,2n+2)

6
([ t

2

]
+ 1
)∫ min{1,t}

0

ds+ 1 6 t

2
+ 2 6 t+ 2,

where [x] stands for the integer part of the real number x. Therefore,

t

t+ 2
6 t

sup{∥χD∥A;mes(D) 6 t}
.

Moreover, for each 0 < t < 1,

sup{∥χD∥A;mes(D) 6 t} > ∥χG∥A, with G =
[
0,
t

2

)
∪
[
2− t

2
, 2
)
.

In consequence,

sup{∥χD∥A;mes(D) 6 t} > ∥χ[0, t2 )
∥L1[0,1) + ∥χ[2− t

2 ,2)
∥L∞[1,2) =

t

2
+ 1

and hence
t

sup{∥χD∥A;mes(D) 6 t}
6 2

t

t+ 2
.

The equivalence (2.5) implies that

ρA(t) ∼
t

t+ 2
, 0 < t < 1.

Now let us get an estimate for the function ψA(t). We know by (2.4) that

ψA(t) = sup{∥χD∥A′ ; mes(D) 6 t}.

Let D ⊂ [0,∞) such that mes(D) 6 t. Given f ∈ A, with ∥f∥A 6 1, put

f0(s) =

{
f(s), if s ∈ [2n, 2n+ 1) for n > 0,

0 in other case,

and

f1(s) =

{
f(s), if s ∈ [2n+ 1, 2n+ 2) for n > 0,

0 in other case.

Then ∫ ∞

0

|f(s)χD(s)|ds 6
∫ ∞

0

|f0(s)χD(s)|ds+
∫ ∞

0

|f1(s)χD(s)|ds

6
∑
n>0

∥f0∥L1[2n,2n+1)

+ sup
n>0

∥f1∥L∞[2n+1,2n+2)

∫ ∞

0

χD(s)ds

6 ∥f∥A(1 + t) 6 1 + t.
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Thus

∥χD∥A′ = sup
{∫ ∞

0

|f(s)χD(s)|ds ; ∥f∥A 6 1
}
6 1 + t,

and we have that ψA(t) 6 1 + t. In addition, given 0 < t < 1, it holds that

ψA(t) = sup{∥χD∥A′ ; mes(D) 6 t} > ∥χG∥A′ , with G =
[
0,
t

2

)
∪
[
2− t

2
, 2
)
.

But

∥χG∥A′ = sup
{∫ ∞

0

|f(s)χG(s)|ds ; ∥f∥A 6 1
}
>
∫ ∞

0

1

t
χ[0, t2 )

(s)χG(s)ds =
1

2

and

∥χG∥A′ = sup
{∫ ∞

0

|f(s)χG(s)|ds ; ∥f∥A 6 1
}
>
∫ ∞

0

χ[1,2)(s)χG(s)ds =
t

2
.

Hence 1 + t 6 4ψA(t) holds, and so

ψA(t) ∼ 1 + t, 0 < t < 1.

Using the former estimates for the functions ψA and ρA, we can derive that nei-
ther L1[0,∞)∩L∞[0,∞) ↪→ A nor A ↪→ L1[0,∞)+L∞[0,∞) are a.c. embeddings.
In fact, it follows from (2.2) that

lim
t→0

ψL1[0,∞)∩L∞[0,∞)(t)

ψA(t)
= lim
t→0

ρL1[0,∞)∩L∞[0,∞)(t)

ψA(t)
= 0,

but

lim
t→0

ρL1[0,∞)∩L∞[0,∞)(t)

ρA(t)
> 0.

Analogously, by (2.3),

lim
t→0

ρA(t)

ρL1[0,∞)+L∞[0,∞)(t)
= lim
t→0

ρA(t)

ψL1[0,∞)+L∞[0,∞)(t)
= 0,

but

lim
t→0

ψA(t)

ψL1[0,∞)+L∞[0,∞)(t)
> 0.

A similar example for the case of the interval [0, 1] can be obtained using the
intermediate space considered in [8], Example 2.4.

In addition, none of the conditions (3.1), (3.2) and (3.3) are sufficient to guar-
antee an a.c. embedding, not even when both spaces are rearrangement invariant
spaces.
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Example 3.6. For p > 1, let Mt1/p be the Marcinkiewicz space on [0, 1] with
fundamental function φM

t1/p
(t) = t1/p and Ap be the space consisting of all mea-

surable functions f on [0, 1] for which the quasi-norm

∥f∥Ap = sup
0<t<1

(
log

e

t

)−1
∫ 1

t

s1/pf∗(s)
ds

s

is finite. It can be checked that Mt1/p ↪→ Ap is not an a.c. embedding (see [11],
Example 3.4). However,

lim
t→0

ψM
t1/p

(t)

ψAp(t)
= lim
t→0

ρM
t1/p

(t)

ρAp(t)
= lim
t→0

ρM
t1/p

(t)

ψAp(t)
= lim
t→0

φAp(t)

φM
t1/p

(t)
= 0.

4. Sufficient conditions for the absolute continuity

In this section we provide sufficient conditions to assure the absolute continuity
of an embedding between Banach spaces that are intermediate with respect to
(L1(Ω), L∞(Ω)). The next result due to Pustylnik [15] (see also [14], Theorems
1.4.8 and 1.4.9.) will be useful for our aim. For the sake of completeness, we show
the proof established in [14].

Theorem 4.1. Let A be a Banach space intermediate with respect to the couple
(L1(Ω), L∞(Ω)). Let θ(t) = t/ψA(t) and let γ(t) be the least concave majorant of
the function t/ρA(t). Then

Λγ ↪→ A ↪→Mθ,

with embedding constants no greater than one.

Proof. Since K(t, f ;L1(Ω), L∞(Ω)) =
∫ t
0
f∗(s)ds, for any f ∈ A, it holds that

∥f∥Mθ
= sup

0<t<∞

{θ(t)
t

∫ t

0

f∗(s)ds
}
= sup

0<t<∞

{K(t, f)

ψA(t)

}
6 ∥f∥A.

Hence, the embedding A ↪→Mθ holds.
On the other hand, for every D ⊂ Ω with µ(D) = t, we have that

∥χD∥A 6 J(t, χD)

ρA(t)
=

max{∥χD∥L1(Ω), t∥χD∥L∞(Ω)}
ρA(t)

=
t

ρA(t)
6 γ(t) = ∥χD∥Λγ .

The proof can be finished using analogous arguments to [12], Theorem II.5.5. �

Next we establish sufficient conditions to guarantee an a.c. embedding.

Theorem 4.2. Let X and Y be Banach spaces intermediate with respect to
(L1(Ω), L∞(Ω)). If limt→0 t/ρX(t) = 0 and∫ µ(Ω)

0

ψY (t)

tρX(t)
dt <∞,

then Y ↪→ X is a.c.
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Proof. Using Theorem 4.1, we consider the Marcinkiewicz space Mθ such that
Y ↪→ Mθ, where θ(t) = t/ψY (t). Analogously, let γ(t) be the least concave
majorant of the function t/ρX(t) and Λγ be the Lorentz space satisfying Λγ ↪→
X. By hypothesis, given any ε > 0 there is 0 < δ < µ(Ω) such that (see [3],
Lemma 1.3.4) ∫ δ

0

ψY (t)

tρX(t)
dt < ε.

Now, using that γ is a concave function (and thus γ′(t) 6 γ(t)/t), we have that
for any set D with µ(D) < δ and any function f ∈ BMθ

,

∥fχD∥Λγ = lim
t→0

γ(t) · ∥f∥L∞(Ω) +

∫ ∞

0

(fχD)
∗(t)γ

′
(t)dt

=

∫ ∞

0

(fχD)
∗(t)γ

′
(t)dt 6

∫ ∞

0

f∗(t)χ∗
D(t)

γ(t)

t
dt

.
∫ µ(D)

0

ψY (t)

tρX(t)
dt < ε.

This proves the embedding Mθ ↪→ Λγ is a.c. Therefore, the embedding Y ↪→ X
is also a.c. �

Remark 4.3. We note that if A is a rearrangement invariant space intermediate
with respect to a Banach couple (A0, A1), then limt→0 t/ρA(t) = 0 holds whenever
A is not continuously embedded into A∼

1 , the Gagliardo completion of A1 in the
sum A0 + A1 (see [5], Lemma 3.8 (ii)). In particular, if X is a rearrangement
invariant space on Ω, then X is an intermediate space with respect to the cou-
ple (L1(Ω), L∞(Ω)), and so limt→0 t/ρX(t) = 0 whenever X is not continuously
embedded into L∞(Ω).

As a direct consequence of Theorem 4.2 and the equalities (2.2) and (2.3) we
obtain the following corollaries.

Corollary 4.4. Let X be a Banach space of measurable functions on [0, 1] such
that L∞[0, 1] ↪→ X ↪→ L1[0, 1].

a) If
∫ 1

0
1

ρX(t)dt <∞, then L∞[0, 1] ↪→ X is an a.c. embedding.

b) If
∫ 1

0
ψX(t)
t dt <∞, then X ↪→ L1[0, 1] is an a.c. embedding.

Corollary 4.5. Let X be a Banach space of measurable functions on [0,∞) such
that L1[0,∞) ∩ L∞[0,∞) ↪→ X ↪→ L1[0,∞) + L∞[0,∞).

a) If
∫∞
0

min{1,t}
tρX(t) dt <∞, then L1[0,∞)∩L∞[0,∞) ↪→ X is an a.c. embedding.

b) If
∫∞
0

ψX(t)
tmax{1,t}dt <∞, then X ↪→ L1[0,∞)+L∞[0,∞) is an a.c. embedding.
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With the aim of showing another example, we recall that the Cesáro function
space Cesp[0,∞), 1 < p < ∞, consists of the classes of Lebesgue measurable
functions on [0,∞) such that

∥f∥Cesp[0,∞) =

[ ∫ ∞

0

( 1
x

∫ x

0

|f(t)|dt
)p
dx

]1/p
<∞.

The structure, geometry and other properties of these spaces have been studied
by Astashkin and Maligranda in recent papers (see [2] and references therein). In
particular, these authors have shown in [2], Theorem 1, that Cesp[0,∞) is not
a rearrangement invariant space.

Example 4.6. For 0 < a <∞, we denote by Cesp[0,∞)|[0,a] the subspace formed
by those functions of Cesp[0,∞) with support in [0, a]. According to [2], Theo-
rem 1, the embeddings

L∞[0, a] ↪→ Lp[0, a] ↪→ Cesp[0,∞)|[0,a] ↪→ L1[0, a]

are continuous and so Cesp[0,∞)|[0,a] is an intermediate space with respect to
(L1[0, a], L∞[0, a]).

Let us give an estimate of the functions ρCesp[0,∞)|[0,a]
and ψCesp[0,∞)|[0,a]

. As-
sume that 0 < t < a. A straightforward computation yields that

sup{∥χG∥Cesp[0,∞)|[0,a]
; mes(G) 6 t} =

( p

p− 1

)1/p
t1/p.

Then, by (2.5), we have that

ρCesp[0,∞)|[0,a]
(t) ∼ t1−1/p.

In order to estimate ψCesp[0,∞)|[0,a]
(t) we shall use (2.4). Namely, for any subset

G with mes(G) 6 t, it follows from [2], Theorem 2, that

∥χG∥(Cesp[0,∞)|[0,a])′ = ∥χGχ[0,a]∥(Cesp[0,∞))′ 6 p′∥χ̃[0,a]∥Lp′ [0,∞),

where p′ = p
p−1 and

χ̃[0,a](s) = ess sup
u∈[s,∞)

χ[0,a](u) =

{
1, if s < a,

0, if s > a.

Thus, we get that ψCesp[0,∞)|[0,a]
(t) 6 p′a1/p

′
. Furthermore, applying again [2],

Theorem 2, we have

ψCesp[0,∞)|[0,a]
(t) > ∥χ[a−t,a]∥(Cesp[0,∞)|[0,a])′

= ∥χ[a−t,a]∥(Cesp[0,∞))′ >
1

8
∥χ̃[a−t,a]∥Lp′ [0,∞) =

1

8
a1/p

′
,
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since

χ̃[a−t,a](s) = ess sup
u∈[s,∞)

χ[a−t,a](u) =

{
1, if s < a,

0, if s > a.

Therefore,
ψCesp[0,∞)|[0,a]

(t) ∼ a1−1/p.

We derive from Theorem 4.2 that the embedding L∞[0, a] ↪→ Cesp[0,∞)|[0,a] is
a.c. On the other hand, Theorem 3.2 yields that Cesp[0,∞)|[0,a] ↪→ L1[0, a] is not
an a.c. embedding. We also note that Lp[0, a] ↪→ Cesp[0,∞)|[0,a] is not absolutely
continuous, by Theorem 3.3.

5. Absolute continuity: a quantitative estimate

Let X,Y be Banach spaces intermediate with respect to (L1(Ω), L∞(Ω)) such that
Y ↪→ X. We put, for each 0 < h < µ(Ω),

σY,X(h) = sup
f∈BY

sup
D⊂Ω, µ(D)6h

∥fχD∥X .

In order to guarantee that σY,X(h) is finite for every h, we shall assume that the
spaces are lattices (in fact, it is enough to assume that Y is a lattice).

The quantity σY,X(h) was introduced by J. Appell and E. De Pascale [1] in
the context of Lp-spaces. The properties of the function σY,X in the setting of
general rearrangement invariant spaces have been recently investigated by Evgeniy
Pustylnik and the present authors in [11], showing in particular that σY,X yields
a quantitative estimate of the degree of absolute continuity for the embedding
Y ↪→ X between two rearrangement invariant spaces.

Next, we reproduce some important properties of this function that continue
being valid for Banach lattices intermediate with respect to the couple
(L1(Ω), L∞(Ω)):

P1) The function σY,X is positive and increasing.
P2) Let CY,X stand for the embedding constant of Y ↪→ X. It holds that

sup0<h<µ(Ω) σY,X(h) = CY,X .
P3) The embedding Y ↪→ X is a.c. if and only if inf0<h<µ(Ω) σY,X(h) = 0.
P4) If Z ↪→ Y ↪→ X, then σZ,X(h) 6 σZ,Y (h)σY,X(h).
P5) It holds that σX′,Y ′(h) 6 σY,X(h) and equality is fulfilled if X and Y have

the Fatou property.

The proofs of these properties are easy. For instance, let CY,X be the embedding
constant of Y ↪→ X. Then, for all f ∈ BY and any set D with µ(D) = h, it holds
that ∥fχD∥X 6 CY,X∥fχD∥Y 6 CY,X and so sup0<h<µ(Ω) σY,X(h) 6 CY,X . The
following argument yields the converse inequality. Given ε > 0, there is g ∈ BY
such that ∥g∥X > CY,X − ε. Hence

sup
0<h<µ(Ω)

σY,X(h) > sup
0<h<µ(Ω)

sup
D⊂Ω, µ(D)=h

∥gχD∥X = ∥g∥X > CY,X − ε,

and thus property P2) is proved.
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Next theorem provides an estimate of the function σY,X .

Theorem 5.1. Let X,Y be Banach lattices intermediate with respect to the couple
(L1(Ω), L∞(Ω)). If limt→0 t/ρX(t) = 0 and

∫ µ(Ω)

0
ψY (t)
tρX(t) dt <∞, then

σY,X(h) .
∫ h

0

ψY (t)

tρX(t)
dt, 0 < h < µ(Ω).

Proof. Reasoning as in the proof of Theorem 4.2, we can establish the inclusions

Y ↪→Mθ ↪→ Λγ ↪→ X,

where θ(t) = t/ψY (t) and γ(t) is the least concave majorant of the function
t/ρX(t). Moreover,

σMθ,Λγ (h) .
∫ h

0

ψY (t)

tρX(t)
dt, for any 0 < h < µ(Ω).

On the other hand, using property P2),

σY,Mθ
(h) 6 1 and σΛγ ,X(h) 6 1.

Then, by property P4),

σY,X(h) 6 σMθ,Λγ (h) .
∫ h

0

ψY (t)

tρX(t)
dt, 0 < h < µ(Ω).

�

6. Applications

The function σY,X(h) was computed in [11] for the case of Lp-spaces on the interval
[0, 1] with the Lebesgue measure. Precisely, for p > q, it holds that

σLp,Lq (h) = h
1
q−

1
p , h > 0.

In particular, this estimate shows that the embedding

Lp[0, 1] ↪→ Lq[0, 1] (6.1)

is a.c. (see property P3) above).
We recall that if E is a Banach space intermediate with respect to the couple

(L1[0, 1], L∞[0, 1]), the inclusion indices of E are defined by:

δE = sup{p > 1; E ↪→ Lp[0, 1]} and γE = inf{p 6 ∞; Lp[0, 1] ↪→ E}.

Combining the absolute continuity of the embedding (6.1) together with the
definition of inclusion indices, we obtain the following.
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Theorem 6.1. Let X and Y be Banach spaces of measurable functions on [0, 1]
such that

L∞[0, 1] ↪→ Y ↪→ X ↪→ L1[0, 1].

If γX < δY , then Y ↪→ X is a.c.

As a consequence, we can estimate the degree of proximity between intermedi-
ate spaces for the couple (L1[0, 1], L∞[0, 1]) whose inclusion is not a.c.

Theorem 6.2. Let X and Y be Banach spaces of measurable functions on [0, 1]
such that

L∞[0, 1] ↪→ Y ↪→ X ↪→ L1[0, 1].

Assume that δY = γY and δX = γX . If the embedding Y ↪→ X is not a.c., then
one of the following holds:

(i) L∞[0, 1] ⊆ Y ⊆ X ⊆
∩

16q<∞ Lq[0, 1],

(ii)
∪

1<q6∞ Lq[0, 1] ⊆ Y ⊆ X ⊆ L1[0, 1],

(iii)
∪
p<q6∞ Lq[0, 1] ⊆ Y ⊆ X ⊆

∩
16q<p Lq[0, 1], for some 1 < p <∞.

Proof. If γX < δY , then the embedding Y ↪→ X would be a.c. Hence, it must be
δY 6 γX . On the other hand, since Y ↪→ X, it follows that γX 6 γY . Then

δY = γY = δX = γX .

Let δY = p. If p = ∞, we obtain (i). When p = 1, (ii) holds. If 1 < p < ∞, then
we have (iii). �

The indices δE and γE above were defined, with the help of the scale of
Lebesgue spaces {Lp[0, 1]}16p6∞, for an intermediate space E with respect to
the couple (L1[0, 1], L∞[0, 1]). Recently, Cobos, Fernández-Cabrera, Hernández
and Sánchez in [6] have extended this notion by considering indices defined by an
abstract interpolation scale. Next we recall their precise definition. Let (A0, A1)
be an ordered couple, A0 ↪→ A1, and consider the complex interpolation scale
for this couple, {Aθ}06θ61, where Aθ = (A0, A1)[θ] (we refer to [4] and [12] for
a comprehensive information about the complex interpolation method).

Definition 6.3. Given any intermediate space A with respect to the ordered couple
(A0, A1), the indices of A relative to the scale {Aθ}06θ61 are defined by

δA = sup
{ 1

1− θ
: Aθ ↪→ A

}
and γA = inf

{ 1

1− θ
: A ↪→ Aθ

}
.

Since A0 ↪→ A1, it follows from the properties of the complex interpolation
method that Aθ0 ↪→ Aθ1 if and only if θ0 < θ1, and so 1 6 δA 6 γA 6 ∞. On
the other hand, in the case of an intermediate space A with respect to the couple
(L1[0, 1], L∞[0, 1]) the indices δA, γA do not coincide with the indices δA, γA used
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before, but 1/δA + 1/γA = 1 and 1/γA + 1/δA = 1 (hence, δA = γA if and only if
δA = γA). These and other properties about the indices δA and γA can be found
in [6].

We shall use the notion of indices defined by an abstract interpolation scale
to estimate the grade of proximity between two intermediate spaces with respect
to (L1(Ω), L∞(Ω)), in the case of the unbounded interval Ω = [0,∞) with the
Lebesgue measure.

It is well-known that if A0 = L1[0,∞) ∩ L∞[0,∞) and A1 = L1[0,∞) +
L∞[0,∞), then

Aθ = (A0, A1)[θ] =

{
Lp[0,∞) ∩ Lp′ [0,∞), 1

p = 1− θ if 0 < θ 6 1/2,

Lp[0,∞) + Lp′ [0,∞), 1
p = 1− θ if 1/2 6 θ < 1,

where 1/p+ 1/p′ = 1.
Moreover, the embeddings between spaces of this interpolation scale are always
a.c. embeddings. Actually, the spaces {Aθ}0<θ<1 are rearrangement invariant
spaces with the following fundamental functions:

φLp∩Lp′ (t) = max{t1/p, t1/p
′
}, t > 0,

φLp+Lp′ (t) = min{t1/p, t1/p
′
}, t > 0.

Clearly, there are three different possibilities for the embedding Aθ0 ↪→ Aθ1 with
respect to the position of the space L2[0,∞):

A0 ↪→ Aθ0 ↪→ Aθ1 ↪→ L2[0,∞) ↪→ A1, (a)
A0 ↪→ Aθ0 ↪→ L2[0,∞) ↪→ Aθ1 ↪→ A1, (b)
A0 ↪→ L2[0,∞) ↪→ Aθ0 ↪→ Aθ1 ↪→ A1. (c)

Thus, checking that the embedding Aθ0 ↪→ Aθ1 is a.c. amounts as much as checking
that the corresponding embedding

Lp[0,∞) ∩ Lp′ [0,∞) ↪→ Lq[0,∞) ∩ Lq′ [0,∞), p < q 6 2, (a’)
Lp[0,∞) ∩ Lp′ [0,∞) ↪→ Lq[0,∞) + Lq′ [0,∞), p 6 2 < q, (b’)
Lp[0,∞) + Lp′ [0,∞) ↪→ Lq[0,∞) + Lq′ [0,∞), 2 6 p < q, (c’)

is a.c., which follows from Theorem 4.2. Therefore, the next result holds.

Theorem 6.4. Let X and Y be Banach spaces of measurable functions on [0,∞)
such that

L1[0,∞) ∩ L∞[0,∞) ↪→ Y ↪→ X ↪→ L1[0,∞) + L∞[0,∞).

If γY < δX , then the embedding Y ↪→ X is a.c.
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The last result of this paper follows from a similar argument to the one of
Theorem 6.2.

Theorem 6.5. Let X and Y be Banach spaces of measurable functions on [0,∞)
such that

L1[0,∞) ∩ L∞[0,∞) ↪→ Y ↪→ X ↪→ L1[0,∞) + L∞[0,∞).

Assume δY = γY and δX = γX . If the embedding Y ↪→ X is not a.c., then one of
the following claims holds:

(i) L1 ∩ L∞ ⊆ Y ⊆ X ⊆
(∩

1<p62 Lp ∩ Lp′
)∩(∩

2<p6∞ Lp + Lp′

)
.

(ii)
(∪

16p62 Lp ∩ Lp′
)∪(∪

2<p<∞ Lp + Lp′

)
⊆ Y ⊆ X ⊆ L1 + L∞.

(iii) For some 1 < q <∞,( ∪
p<q

16p62

Lp ∩ Lp′
)∪( ∪

p<q
2<p

Lp + Lp′

)
⊆ Y ⊆ X

⊆
( ∩
q<p
p62

Lp ∩ Lp′
)∩( ∩

q<p
2<p6∞

Lp + Lp′

)
.
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