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THE p-ADIC DIAPHONY OF THE HALTON SEQUENCE

FRIEDRICH PILLICHSHAMMER

Abstract: The p-adic diaphony as introduced by Hellekalek is a quantitative measure for the
irregularity of distribution of a sequence in the unit cube. In this paper we show how this notion
of diaphony can be interpreted as worst-case integration error in a certain reproducing kernel
Hilbert space. Our main result is an upper bound on the p-adic diaphony of the Halton sequence.
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1. Introduction

In many applications, like numerical integration using Monte Carlo or quasi-Monte
Carlo algorithms, where random number generators or low discrepancy sequences
are used, the success of the algorithm often depends on the distribution properties
of the underlying point set. Consequently various measures for the irregularity of
the distribution of sequences in the unit cube have been introduced and analyzed.
Some of them stem from numerical integration where the worst-case integration
error has been analyzed, others are based in geometrical concepts or on specific
function systems, see, for example, [3, 4, 10, 11, 12].

For a function space 7 of functions f defined on [0, 1} With norm | - || the

worst-case error e(.#,w) using a quasi-Monte Carlo rule & Zn o f(x) based on
a sequence w = (&, )nen, it the unit cube [0,1)%, is given by

H,W) = f(x)de — — flzn)|- 1
e(,w) nfi% /[01]5( x Z x (1)
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For a given function space and norm, this worst-case error then only depends
on the sequence used. In some cases this worst-case error can be related to the
discrepancy of the sequence which is a geometric measure for the irregularity of
the distribution of a sequence, see [3, 9, 13].

In this paper we deal with a further measure of the irregularity of distribution
which is called diaphony and which is based on certain function systems. The
classical diaphony introduced by Zinterhof [14] (see also [4, Definition 1.29] or [10,
Exercise 5.27, p. 162]) is based on the trigonometric function system. Later the
concept of dyadic diaphony, which is based on Walsh functions in base b = 2,
was introduced by Hellekalek and Leeb [8]. This concept has been generalized
by Grozdanov and Stoilova [5] to general integer bases b > 2. Although these
diaphonies are quantitative measures for the irregularity of distribution of arbitrary
sequences each of them is particularly suited to analyze a special class of sequences.
For example, the classical diaphony is suitable to analyze (na)-sequences and
lattice point sets and the diaphony based on Walsh functions is especially useful
to analyze (t, s)-sequences and (¢, m, s)-nets in suitable bases.

Quite recently Hellekalek [7] introduced a further notion of diaphony which is
based on the p-adic function system. This notion of so-called p-adic diaphony is
especially useful to analyze distribution properties of the Halton sequence.

The exact definition of the the p-adic function system and of p-adic diaphony
according to [7] will be presented in the next section. In Section 3 we show how the
p-adic diaphony can be interpreted as the worst-case integration error of functions
from a certain reproducing kernel Hilbert space. The main result of this paper
is presented in Section 4 where we estimate the p-adic diaphony of the Halton
sequence.

2. Definition of p-adic diaphony

In this section we present the definition of p-adic diaphony as introduced by
Hellekalek [7]. Before we do so we need to introduce some notation. We follow
[7, Section 2] and [6, Section 2].

Let P denote the set of prime numbers. For p € P we define the set of p-adic
numbers as the set of formal sums

Zp—{z—z,zrpr : 2, €{0,...,p—1} foralerNo}.
r=0

The set Ny of non-negative integers is a subset of Z,,. For two non-negative integers
Y, 2 € Ly, the sum y+ z € Z,, is defined as the usual sum of integers. The addition
can be extended to all p-adic numbers and, with this addition, Z, forms an abelian
group.

Define the so-called Monna-map ¢, : Z,, — [0,1) by

6p(2) = 2" (mod 1).
r=0
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We also define the inverse gb;‘ :10,1) — Z, by

o0 o0
ot (z p> S
r=0 r=0

where we always use the finite p-adic representation for p-adic rationals in [0, 1).
For k € Ny we can define characters xy : Z, — {c € C : |¢| = 1} of Z,, by

xk(2) = exp(2migy(k)z).

These functions satisfy xx(y+2) = xx(¥)xx(2), X£(0) = 1, x0(2) = 1, xx(2)x1(2) =

X (6 (k) + (1) (mod 1)) (2)-
Let v, : [0,1) = {c € C : |c| = 1} where

() = Xk (85 (2)).

We have 7u(2)7(2) = Vet (5, 0+ 6, (1) (mod 1) (&) A0 T(2) = Vi g, (k) (mod 1) ()-
We call v the k-th p-adic function.

For p = (p1,...,ps) € P°, k = (k1,...,ks) € Nj and for & = (z1,...,25) €
[0,1)% define the k-th p-adic function by

() = H% (4)-

Remark 1 (ONB property). It has been shown by Hellekalek |7, Corollary 3.10]
that the system {7y : k € N§} is an orthonormal basis of Ls([0,1]%).

For p = (p1,...,ps) € P® and for k = (ki1,...,ks) € Nj we put pp(k) =
11 pp, (kj) where for p € P we put p,(0) = 1 and p,(k) = p~* for k € N
satisfying p* < k < p'*! for some t € Ny.

Now we can state the formal definition of p-adic diaphony according to
Hellekalek [7].

Definition 1 (Hellekalek [7]). Let s € N and p € P*. The p-adic diaphony of
a sequence w = (L )nen, in [0,1)* is defined as

e = ——= 3 k)|

9p — keNZ\{0}

H

ilng
2
5

where op :=[[]_,(pi + 1).

Note that the p-adic diaphony is normalized, i.e., for any sequence w and for
any N € N we have 0 < Fy(w) < 1. It has been shown in [7, Theorem 3.14] that
the p-adic diaphony is a quantitative measure for the irregularity of distribution
modulo one of a sequence. In fact, a sequence w is uniformly distributed modulo
one if and only if limy_, o Fn(w) = 0. In [7, Theorem 3.16] it has been shown that
for p = (p,...,p) the p-adic diaphony of a regular lattice consisting of N = p9®
elements is of order (log N)'/2/N'/*. In Section 4 we will show that the p-dic
diaphony of the first N elements of the Halton sequence is of order (log N)*/2/N.
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3. The p-adic diaphony and quasi-Monte Carlo integration

Define the function

pemy pr (y)

keNg

Then we can write the p-adic diaphony as

1/2
FN(w) = <O'p1—1 < 1+7 Z Kps xnawm)>> . (2)

n,m=0

We define an inner product by

)p.s = Z Pp(k)ilf(k)ﬁa

kENg

with k = (k1,...,ks) and

Flk) = /[0 N F(@) (@) dz.

A norm is given by || f||p,s == ([, f>1/2 (In the sequel we omit the index s whenever

s =1.) Now K, s can be shown to be the reproducing kernel of the function space
Hop s =K Q...Q I,

which is the s-fold tensor product of function spaces of the form
Ay =+ |Ifllp < oo}

From the general theory of reproducing kernel Hilbert spaces (see, for example, [1])
it is known that it suffices to prove this for the one-dimensional case. Let

)= pplk) i)k (y)
k=0

and note that we have K,(z,y) = K,(y,z). In fact, the kernel K, is a real
Fnction 08 2050 =74 a1 (5) 20 ) = 65 =004 (10 D)
Hence Kp(z,y) = K, (v,

WehaveK( )ij as

1K, ()12 = pr =1+p<oo.

Further we have

(K (y))p =D Fk)me(y) = F(v).

k=0
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Therefore K, is the reproducing kernel of the space J%,. Since

Kp,s(a:ay) = HK 'i(xi’yi)
=1

it follows that K,  is the reproducing kernel of 77, ..
Using [3, Proposition 2.11] it follows that the squared worst-case integration
error of functions from 77,  is given by

N-1
1
X (M 5, w) = —1+ N2 Z Ky o(@n, Tm). (3)

n,m=0
Combining (2) and (3) we obtain the following result.

Proposition 1. Let s € N and p € P°. Then the worst-case integration error in
Hp.s and the p-adic diaphony of a sequence w in [0,1)* are related by

e(Hp,s,w) = 1/op — 1Fn(w).

We now show that the reproducing kernel K, can be written in a concise form.
Let e(x) := exp(2rwiz). Note that for z € [0,1) and n € Z we have e(z+n) = e(x).
We have vo(z) = 1. For k = ko +- -+ kep® € Nand z = x1p L +aop™2+--- €
[0,1) we have
@) = (o™ + -+ kap™2 1) (w1 + 2p + )
1 1
=e <p(f‘60371 + ot ReZg1) + o+ paHnaxl) .

Let a € N and 0 <[ < p be fixed, then

(+1)p?—1
> @) =e(l (@aprp -+ ap )
k=Ilp>
p—1 p—1
X Z e(kozip™") Z e(k1 (z2p™ " +21p77))
ko=0 k1=0
p—1
X e Z (kg1 (zap™ 4+ 21p7?))
fia71=0
_ Jellzapp M p® ifxy = =2, =0,
~]o otherwise.
Hence
(I+1)p®—1 _ .
- ~Jell(zars = Yar)p™ " )p* 1 =y1,. . Ta = Ya,
S e = |
Py 0 otherwise.
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Now we obtain

p—1(I+1)p*—1

p(@.9) fHZ Y > wle

I=1 k=lpo

If x = y, then we have

»(2,Y) —1+Z QaZP =1+p.
aO

If x # y, more precisely, if z; =y, fori =1,...,99 —1 and z;, # v,,, then we have

R~ -1yt «
Kp(xay) =1+ (Z 2(10 ) Ze Lig — yzo 1))

2a
a=0 p =1

Using the definition

() = {p . o=y, | | (4)

p—pTo(p+1) ifxy, #yi, and z; =y; fori=1,... 69 — 1,
we have
Kp(l'vy) =1 + ep(xay)

The function 6, can easily be computed and therefore also the reproducing kernels
K, and K, s, respectively, can easily be computed. Together with (2) we obtain
the following computable formula for the p-adic diaphony.

Proposition 2. Let s € N and p € P°. The p-adic diaphony of a sequence
w = (Xn)nen, i [0,1)°, where &, = (Tn1,...,%ns) for n € Ny, can be written as

s 1/2
(s (e o))

n,m=0:=1

where ), is defined by (4).

Remark 2. Note that K,(z,y) = Kya(z,y) where Ky, is a reproducing kernel
for the so-called Wash space. We refer to [2] for an exact definition and for some
background. Hence it follows from [2] and from our considerations here that for
p=(p,...,p) the p-adic diaphony and the diaphony based on Walsh functions in
base b = p coincide.
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4. The p-adic diaphony of the Halton sequence

In this section we present the main result of this paper. We analyze the p-adic
diaphony of the Halton sequence. The s-dimensional Halton sequence in pairwise
different prime bases p1,...,ps is defined by @, = (¢p, (n),. .., ¢p,(n)) for n € Ny.

Theorem 1. Let w be the Halton sequence in pairwise different prime bases
P1,---,Ps- Then for any N € N we have

(log N)* | d(p,s)

Fi(w) < elp,s) oyt + S22,

where ¢(p, ) = gp1_1 %2 (H‘;:l (1 + 210};% )) and d(p, s) = 2s maxi<;i<s Pi-

For the proof of Theorem 1 we need the following lemma:

Lemma 1. Let w = (z,)nen, be the Halton sequence in pairwise different prime
bases p1,...,ps. Then for any N € N and any k € N§\ {0} we have
1

N—1
| S —
2_ wlon)| € =y

where ||z|| denotes the distance to the nearest integer of a real x, i.e., |z| =
min(z — |z],1 - (z — |z])).

Proof. Again we use the notation e(z) := exp(2wix). Since p1,...,ps are pairwise
different prime numbers it follows that Zj‘:l bp; (kj) & Z. Hence we have

N-1

- - d eI 6y, () — 1
nz::O’Yk(mn) = Z e n;d)pj(kj) = e(ijl ¢p,(k])) 1

n=0

and further

N—1
D len)| < 3 2 = — 81
ne0 |e(Zj:1 bp; (k) — 1] | sin(m Zj:l Op; (Kj))]
1
ST~ - u
H Zj:l ¢pj(kj)||
For the proof of Theorem 1 we need some further notation: forg = (¢1,...,9s) €
N* let
Ap(g) ={k = (k1,...,ks) €N : 0 < k; < p? forall 1 <i< s}
and let

Aplg) = {k = (k1 k) €NT 2 1<y < pf* forall 1 < < s}
Furthermore, let Aj(g) = Ap(g) \ {0}
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Now we give the proof of Theorem 1.

Proof. It isshown in [7, Proof of Theorem 3.24| that for arbitrary g = (¢1, . .

N*% we have

1 1= ’ op — 0p(g)
Ff(w) < p— Z pp(k) N Z Ye(@n)| + 1707_1)17
P T keaz(e) n=0 P
where
op(g) = [[(pi +1—p;7%).
i=1
Let
| N2 2
S= Y )|y O wlen)
keAx(g) n=0

From Lemma 1 we obtain

1 pp(k)
S<3E X :
2 s 12
N2 o 1 22521 2 (RS

Hjeu Pp; (kj)
2 2 122 en @ ()12

0#uClsl ku€Ap, (gy,)

. gs) €

()

where [s] :={1,...,s} and for u C [s] and k = (ki,...,ks) we write ky = (kj);eu

and analogously for p, and g,,.
We show that

HJGuppJ
2 1> e @, (k) ||2\ ngpj

ku€Ap, (9,) Jeu

W.lo.g. we may assume that u = {1,...,t} =: [¢t]. Then we have

H;::l Pp; (kj)
2 ) 1325y b, ()|

k[tlezp[t]
gi—1 gi—1 'u.1+l _1 ut+1

=> - Z Z Z ||z]1¢p,<j>u2'

U= =0 Ut = Opl
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We show that

pit 1 f 9

> oy < Tl )
| IS op G2~ 3 A5

k=it ke=ppt | 2ei=1 PPN i=1

Any k; € {p}”,... phit

,p;" —1} has pj-adic expansion of the form k; = rj0+r;,1p;+

/ij,gp? +--+ Iij7ujp7;j with k., # 0 and hence we have
_ Kjo Kiw, _ A
Gy h) = S0y T

J

uJJrl

Note that 4; € {1,...,p,

—1}. Hence we have

u1+ 1 u1+1
Z Z 2
k1_p ky= p HZ] 1¢P;( )H
i N S (I A -
<D > X
< . e
A=1 A=1 ||j=1P;
-2
it o1 pitt ¢ 1
S SR S [ D3Pt § Frioen [
- p t Uj-‘rl
Ai=1 A=1 j=1 =t Hj:lpj
i#]

putt — 1}, such that

Assume for 1 < 7 < p;

< t there are A;, Bj € {1,.

ZA Hpu’+1 *ZB Hpu”_l (mod I_Ipu]+1

7#7

Then for any index jg € {1,...,

t

(A, = By,) [[ »7 "' =

i=1
i#30

Since ged(pj,,pi) = 1 for any @ # jo it follows that A;, — B;, =0 (mod p’

7¢J
t} we have

¢
Z (B; — Aj) ;‘JH =0 (mod p?(f”“).

j=1 i=1
J#io i£]

win+1
i )-
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But since |4, — Bj,| < pum+ it follows that A;, = Bj,. Hence it follows that

pittio1 ottt 1 H;”:lpyﬁlfl a -2
k1 =pil ko—p't ||Z _1 Py, (k)1 p— szlp;.”
2
a
- Z W
3Tt j=1P;

1<<H]1]

-2
a
ws u+1< H] 110;’

u;+1
sITizip? <a<ITjo,p,

t

21 D SR

G711

J=1 1<a< Ht lp

1

2

t u;i+1

w41 w41 . A —
%Hl 7 <a<ITi, p,” (H]:1P] a)

2]:[ 2uJ+QZ :%2 : p?uj-&-Q

a= 1 j=1

_|_

and hence (8) is shown.
Inserting (8) into (7) gives

Z Hz 1Pp](k T f[gpQ
< = D5
ki€, HZ] VO (kI3 ST

and hence (6) is shown.

Now, inserting (6) into (5) gives
21 2 1 2 9
S<oe 2 Heri =5 |1+ 1 0+ap)

0#uCls] jeu j=1

Now we have

F2(w) < -1+ ] (1 +gp?) | + 22
op—13 N2 J[[l ;) op— 1
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Choosing g; = [2log, N| we obtain

)

2p3 log N) Op SMaX1igs Pi

1 721 s
F? < — [ -1 1
vw) < 2 3 N2 +j1_[1< - log p; +Up—l N2

1 w2 [ 2p? log N)®  2smax;cics Pi
< T (o 2 (log A )’ I<i<aP
op—13 i1 log p; N N
and the result follows. [ |
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