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JESMANOWICZ’ CONJECTURE ON EXPONENTIAL
DIOPHANTINE EQUATIONS
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Abstract: Let (a,b,c) be a primitive Pythagorean triple such that a? + b2 = ¢? with even b. In
1956, L. JeSmanowicz conjectured that the equation a® +b¥ = ¢* has only the solution (z,y, z) =
(2,2,2) in positive integers. In this paper, we give various new results on this conjecture. In
particular, we prove that if the equation has a solution (z,y, z) with even z, z then /2 and z/2
are odd.
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1. Introduction

Let N,Z be the sets of positive integers and integers, respectively. Let a,b,c be
relatively prime positive integers greater than 1. In this paper, we consider the
solutions of the equation

a® + b =c?, z,y,z € N. (1.1)

We say that this is an exponential Diophantine equation. A triple (a,b,c) is
called a primitive Pythagorean triple if a® + b = c2. In the history of exponential
Diophantine equations, the consideration of such triples is the oldest and cele-
brated problem. Sierpinski treated the case (a,b,¢) = (3,4,5) and showed that
the corresponding equation (1.1) has only the solution (x,y,z) = (2,2,2) (see
[Si]). Continuing the work of Sierpinski, Jesmanowicz showed in 1956 that the
equation (1.1) has no solution other than (z,y, z) = (2,2,2) for each of the cases
(a,b,c) = (5,12,13), (7,24,25), (9,40,41) and (11,60,61), and he proposed the
following (see [Je]).

Conjecture 1.1. Let (a,b,c) be a primitive Pythagorean triple such that a®+b* =
c?. Then the equation (1.1) has only the solution (z,y, z) = (2,2,2).
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It is well-known that, for any primitive Pythagorean triple (a,b,c) such that
a®? 4+ b? = ¢? with even b, there exist integers m,n such that

a=m?—n?, b=2mn, c=m?+n?,
where m > n > 0, ged(m,n) = 1, m Z n (mod 2). We will always consider the
above expressions and the solutions of the equation

(m? —n?)* + (2mn)?¥ = (m? + n?)?, z,y,z € N. (1.2)

A number of other special cases of Conjecture 1.1 have since been settled. After
the work of JeSmanowicz, Lu proved the conjecture when n = 1 (see [Lu]). In 1965,
Dem’janenko extended earlier results in several papers ([Ko, Ko2|, [Pol) by proving
the conjecture to be true whenever m —n =1 (see [De|) . In general, this problem
has not yet been solved. For other known results, see [DC], [Le, Le2, Le3, Le4],
[Miy], [Ta], [TA, TA2, TA3].

It is crucially important to know divisibility properties of solutions z,y, z, in
particular, parities of them. There are some simple conditions to ensure evenness
of z,y,z given by [Cal, [DC2| (also see Lemmas 2.1-2.3 below). We denote by
a the 2-adic valuation of mn. Then, for the case a < 3, we often observe that
x,y, z are all even only under assumptions on m,n modulo 8. Most known results
on Conjecture 1.1 concern the case « = 1. In particular, if « = 1 and x,y, z are
all even, then it is easily seen that y = 2, and the conjecture holds (see [GL]).
For example, we know from [Ca| that the case where m =1 (mod 8) and n =6
(mod 8) implies (z,y, z) = (2,2,2). For the case a > 1, see [DC2|, [Miy].

In this paper, we give various new results concerning the case a > 1. We
will use some upper bounds for solutions of exponential equations from Scott
[Sc], Mignotte [Mi|, and a good upper bound which can be obtained under the
assumption that z,y, z are all even.

To state our results, we introduce the following notation which has already
been defined by the author in [Miy]. Note that we may assume that n > 1 by [Lu].
We define integers o > 1,0 > 2,e = £1 and odd integers i > 1,5 > 1 as follows.

m = 2%, n=2j+e if m is even, (1.3)
m=2%+e, n=2% if m is odd. -

In what follows, we consider the above forms of m,n. This preparation plays
important roles to examine parities of three variables x,y, z.

First, by elementary considerations and an upper bound for exponential vari-
ables due to Scott, and Scott and Styer (see [Sc], [SS]), we prove the following.

Theorem 1.2. Assume that m is even. If 222=8=1 > (28] + ¢), then Conjec-
ture 1.1 holds. In particular, if m is a power of 2, then Conjecture 1.1 holds.

Next, by results on generalized Fermat equations due to Poonen [Poo|, Bruin
[Br2], Darmon and Merel [DM] (see Lemmas 4.5 and 6.3 below), we prove the
following result.
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Theorem 1.3. Assume that o« > 5,e = —1 and that 3o < B+1 <273 or 8 < a.
If logmax(i,j) < 2976, then Conjecture 1.1 holds.

The following result can be regarded as a more or less generalization of the
results of Ko [Ko, Ko2|, Podsypanin [Po|, and Dem’janenko [De| which assert that
the conjecture holds when n+1 = m. Note that n+1 = m implies that 2a = G+1.

Theorem 1.4. Assume that 2a # f+1,e = —1 and m > 23n. Ifn+1 is divisible
by lem, p2 P where p runs over all odd prime factors of m, then Conjecture 1.1
holds.

Finally, using many results on generalized Fermat equations (see Section 6),
we prove the main result of this paper.

Theorem 1.5. Let (z,y,z) be a solution of (1.2). Assume that x and z are even.
Put x =2X,2=27Z with X,Z > 1. Then

(i) X and Z are odd.

(ii) If2a=p0+1,then X =Z =1 and y = 2.

By (ii) in Theorem 1.5, we can generalize our previous result (Theorem 1.5 in
[Miy|) as follows.

Corollary 1.6. Let m,n be expressed as (1.3). Assume that o > 2. Then Con-
jecture 1.1 holds if m,n are expressed as one of the following forms.

m = 2%, n=2%"1;41, where j =1 (mod 4),
m = 2%, n=2%"1_1, where j = —1 (mod 4),
m=2%"1 -1, n=2%, where j = —1  (mod 4).

2. Sufficient conditions for evenness of solutions

It is crucially important to know divisibility properties of solutions for Conjecture
1.1, in particular, parities of them. In this section, we prepare some lemmas to
determine parities of solutions. In what follows, let (z,y, z) be a solution of (1.2).
Note that the following three lemmas have been used in many papers. For their
proofs, see, for example, [Miy].

Lemma 2.1. z is even if one of the following holds.

(i) There exists a divisor d of m such that d Z1 (mod 4).
(ii) n =2 (mod 4).

In particular, mn = 2 (mod 4) implies that x is even.

Lemma 2.2. Let d be a divisor of m +n. Then
(i) If d=7 (mod 8), then y is even.
(ii) If d =3 (mod 8), then z is even.
(i) If d =5 (mod 8), then y = z (mod 2).
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Lemma 2.3. Let d be a divisor of m—n. Ifd = £3 (mod 8), then y = z (mod 2).

Next, we give some lemmas expressed by «, 3,4, 7 in (1.3). For the case where
m is even, substituting the upper expression in (1.3) into (1.2), we have

2292 — (22052 4 26+ e 4 1)]7 4200+ DV = [2292 1 (22052 1 28+ 1ej 1 1)]7, (2.1)

where k is odd. Note that Lemmas 2.4 and 2.5 have essentially been proved in
[Miy], but here we obtain more refined results.

Lemma 2.4. Let (z,y,z) be a solution of (1.2). Then

(i) Ifa>1,a# B and 2a # [+ 1, then z = z (mod 2).

(ii) If 2a # B+ 1 and y > 1, then x = z (mod 2).

(i) If 2a =B +1, then y > 1, and x or z is even according to j # e (mod 4)
orj=e (mod 4).

Proof. We consider the case where m is even.

(i) Suppose that  # z (mod 2). By Lemma 2.1, we may assume that 2 |
and 21 2. Considering (1.2) modulo 22**1  we have

(2mn)¥ = (m? +n?)* — (m? — n?)"
=2m’n?* 72 4+ 0% 4 om2n? 2 —p2® (2.2)

= m2(2n?*2 4 en®72) £ 02 — 02 (mod 220+1),
Let 5 be the 2-adic valuation and let
A=m?(en?2 4 en?®"2), B =n? —n?
Then the 2-adic valuation of A is
va(A) = va(m?) = 15(22%%) = 2a

since zn??~2 4 2n?*~? is odd. On the other hand, the 2-adic valuation of
B is

va(B) = 1a(n?P 72 — 1) = 1y(n? — 1) = 122852 £ 2771 ) = B+ 1,

where we used the facts that © # z (mod 2),2 f n and § > 1. Since we
assume that 2a # § + 1, we have from (2.2) that

(a4 1)y =2« if 2a<B+1,
(a+1l)y=p0+1 if 200>+ 1.

These imply that « = 1,y = 1 and o = 3,y = 1, respectively.
(ii) is clear by (i).
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(iii) Assume that 2a = 3+ 1. Note that a > 1 and 28 = 4a — 2. Considering
(2.1) modulo 24*~2_ we have

(12 — ej)22% — 1]% 4+ 200FTVVE = [(i2 + €5)2%* + 1) (mod 2%°72),
SO
+(i% — )220 4 f+ 20TV = (i 4+ ¢§)22%2 + 1 (mod 2**72),

where f = £1. In particular, we see from this congruence that f =1
(mod 4), so f = 1. By a > 1, we also see that y > 1. Hence

+£(i% — ej)a + 207D = (2 + ej)z  (mod 2272).
This implies that
+(1—ej)zr=(14e€j)z (mod 4)

since 2 1 ¢. Since j and e are odd, ej is also odd. Hence we have the wanted
conclusion.

For the case where m is odd, we reach the wanted conclusion by a similar
process. |

The following is the key to the proof of (ii) in Theorem 1.5.

Lemma 2.5. Assume that 2a = + 1. Let (z,y,2) be a solution of (1.2) with
even x,z. Put t =2X,2 =27 with X,Z > 1. If y > 3, then X or Z is even.

Proof. By (1.2), we have (2mn)¥ = DE, where D = (m?+n?)? +(m?—n?)X,E =
(m?4+n?)? — (m? —n?)X. It is easily seen that ged(D, E) = 2 and 2>tV | DE.
Hence we have for the proper choice of the sign

(m? +n2)? £ (m? —n®)X =0 (mod 2(>FVv=1),

Here we suppose that y > 3. Since (¢ + 1)y — 1 > 4a — 2, we have from the
above congruence that (m? + n?)% £ (m? — n?)X = 0 (mod 2**~2). As seen in
the proof of (iii) in Lemma 2.4, we see that this congruence leads to the wanted
conclusion. ]

At the end of this section, we give a sufficient condition on evenness of solutions.

Lemma 2.6. Assume that 2a # 3+ 1 and e = —1. Let (z,y,2) be a solution of
(1.2) with y > 1. Then x,y, z are all even.

Proof. Since e = —1, we see that m # 1 (mod 4). Hence, by Lemma 2.1, x is
even. It follows from 2 # 8+ 1,y > 1 and (ii) in Lemma 2.4 that z is even.
Finally, we show that y is even. First assume that « > 3 and § > 3, or
a = 3 = 2. Then we know that m +n =7 (mod 8). Hence, by Lemma 2.2, y is
even. Next, we consider the case @ = 2 and § > 3. Then m —n = +3 (mod 8).
Hence y is even by Lemma 2.3. In case a = 1, it is easily seen that m +n =5
(mod 8) or m—n = £3 (mod 8). Therefore, y is even by Lemmas 2.2 and 2.3. B
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3. lower bounds for solutions

In this section, we give some lower bounds for solutions of (1.2) under some as-
sumptions. First, considering the difference between o and 3, we obtain the fol-
lowing lower bounds for x + z. These are used to prove Theorems 1.2 and 1.3.

Lemma 3.1. Assume that 3o < + 1. Let (z,y,2) be a solution of (1.2) with
y > 2. Then 2% divides x + z.

Proof. We consider the case where m is even. Considering (2.1) modulo 2°+1,

we have
(22442 —1)® 4 20ty = (2292 1 1)*  (mod 2°+1)
for some odd integer k. Now we suppose that y > 2. By 3a < 4+ 1, we see from
the above congruence that (22?2 — 1) = (22%% + 1)* (mod 23®). This implies
that  is even and —229xi% = 229242 (mod 23%), s0 z + 2z = 0 (mod 2%).
For the case where n is even, we reach the wanted conclusion by a similar
process. |

Lemma 3.2. Assume that § < a. Let (x,y,2) be a solution of (1.2) with y > 1.
Then 22978 divides © — z.

Proof. We consider the case where m is even. Let (z,y, z) be a solution of (1.2)
with > 1. Considering (2.1) modulo 22, we have

(F2°715 —1)* = (£2°F15 +1)*  (mod 2%9).

This implies that z is even and z = 2z (mod 2°71). In particular, z = z (mod 2).
Considering (1.2) modulo 22! we have

0= (2mn)¥ = (m? +n?)? — (m? — n?)"
em?n?* 2 £ famn* T2 —n
m2(zn22—2 4 anm—Z) + n2z _ n2:c

=n%* —n* (mod 22°*1),

2x

where (zn?*72 4+ 2n?*72) = 2 + 2 =0 (mod 2). By

1/2(77,22 _ n2a:) _ V2(n2|z7a:| . 1)
=v(n? = 1) +w(z —x) =B+ 1+ 1a(z — ),

we have from (3.1) that

Vg(z—x):VQ(HQZ—an)—(ﬁ—&—l)
220+1—(B+1)=2a—-p0.

For the case where m is odd, we reach the wanted conclusion by a similar
process. |
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Next, we give a good bound for solutions under the assumption that n + 1 is
divisible by lem)p 4o P, where p runs over all odd prime factors of m. It will be
used in the proof of Theorem 1.4. For this we use the following elementary fact.

Lemma 3.3. Let d > 1 and let u,v be non-zero relatively prime integers. Let p
be a prime factor of u —v. If p is odd, or p =2 and 4 divides u — v, then

d

vp(ut — o) = vp(u— ) + v (d).

Proof. For example, see p.11 in [Ri]. |

Lemma 3.4. Assume that e = —1 and n+1 is divisible by lem,pﬁp. Let (z,y, 2)
be a solution of (1.2). Then

(i) If y =1, then m divides (n + 1)(z — ).

(ii) If z is even, then m? divides (n + 1)(z — x).

Proof. Assume that e = —1 and n + 1 is divisible by [[,,,,, , .o p. Let (z,y,2) be

a solution of (1.2). By (i) in Lemma 2.1, x is even. We may assume that z # z.
(i) Suppose that y = 1. It is clear from (1.2) that z is odd. Let p be an
odd prime factor of m such that p®» || m with o, > 1. Then, by our

assumption,
n+1=0 (mod p). (3.2)

On the other hand, we see from (1.2) that

A=0 (mod p), (3.3)
where A = n?? — n?®*. We want to know the p-adic valuation of A. By
ged(m,n) =1, p does not divide n. Hence

vp(A) = vy(n?Fl — 1), (3.4)

Note that v,(A) > 0. Then, by p # 2 and (3.4), p must divide only either
nl*=*l 11 or nl*=#l — 1. Tt follows from x # z (mod 2) and (3.2) that p
divides n/*=* 4+ 1. Then, by (3.2) and Lemma 3.3, we have

vp(A) = v,(n*=2l + 1) = 8, + 7p, (3.5)

where 3, = vp(n+1) and 7, = vp(]z — z]). It follows from (3.3) and (3.5)
that o, < B, + 7vp. So, since p is any odd prime factor of m, we have

(n+1)(z—2)=0 (mod H 7). (3.6)

plm, p#2

For the wanted conclusion, it remains to consider the case where m is
even. We know that 2¢ || m. Since e = —1, we see that n+1 =0 (mod 4).
Hence, by Lemma 3.3 and as the previous arguments, we can observe that
2% divides (n+1)(z —x). It follows from (3.6) that m divides (n+1)(z —x).
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(ii) Assume that z is even. So = — z is even. Note that y > 1. Let o be the
2-adic valuation of x — z. Considering (1.2) modulo m?, we have n?* = n??
(mod m?), so n?*~*l =1 (mod m?) by ged(m,n) = 1. Then

n2lz—zl _ 1 = (n|2*$\ + 1)(n\z x| )
= (" £ 1)(n )(n'?‘ _ 1)
(7’7}|Z*az‘ + 1)(n +1)-- (n - + 1)(71% _1)
=0 (mod m?).

From this we see that, for any odd prime factor p of m such that p®r | m
2=zl

with a, > 1, p?®» divides n'270 + 1 since p | n + 1. Thus, by Lemma 3.3,

we have

2a0 < up(nillzﬁoﬂ +1)=vp(n+1)+y, (|Z2; x|> vp(n+1) +vy(z — ).

For the wanted conclusion, it remains to consider the case where m is even.
By n+1=0 (mod 4), (3.1) and Lemma 3.3, we have

200+ 1 < Vg(n2lz_x| -1)

= wa((nl* b 22l gy 5 4 ) e 1)

('yo+1)+1/2(n 5t +1)=wm(z—z)+14+wve(n+1).

Therefore, v5(m?) = 2a < vo(z — x) + v2(n + 1). Hence m? divides
(n+1)(z —x).
This completes the proof. |

4. Upper bounds for solutions

In this section, we give some upper bounds for solutions of (1.2). These are used
to prove Theorems 1.2-1.4. Let (z,y,z) be a solution of (1.2). First, assuming
that = and z are even, we obtain a good upper bound for z. For this purpose, we
use the following result due to Scott and Styer [SS]. It is based on Theorem 1.2 in
[Sc|, which was surprisingly proved only by an elementary argument on imaginary
quadratic fields. Combining it with the class number formula, Scott and Styer
deduced the following (see Theorem 3 in [SS]).

Lemma 4.1. Let r be any odd positive integer, let A and B be relatively prime
integers greater than 1, let PQ be the largest square-free divisor of AB, with P and
Q chosen so that (AB/P)Y/? is an integer. Then if there exists a positive integer
Z such that

A+ B=r?,
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we must have 1
Z< 5@131/2 log P

for P >3 and
7 < Q/2 when P =1,
(Q@+1)/2 when P =2.

By this lemma, we show the following.

Lemma 4.2. Let (x,y, z) be a solution of (1.2) with even x,z. Then

z< [ »

plmn
where p runs over all prime factors of mn.

Proof. Put z = 2X,z = 27 with X, Z > 1. Then, by (1.2), we have
(2mn)Y = DE,
where
D= (m?+ 0% + (m? —n®)X, E=(m? +n2)? — (m? — n?)X.
By ged(D, E) = 2,2ty || DE, (4.1) and (4.2), we have

D = 2ty=lgy  pp— oe¥
or E =2ety=lgy D — 2¢¥,

where d and e are relatively prime odd positive integers such that
20t de = 2mn.
By (4.2) and (4.3), we have
olatly=2qy 4 ov — (m2 + nz)Z.

Applying Lemma 4.1 to (4.5), we see that

1
Z < §PQ,

215

(4.6)

where P, Q) are positive integers such that P(Q is the product of all prime factors
of 2de. Because of (4.4), PQ is the product of all prime factors of 2mn, which

coincides with [], ., p. So it follows from (4.6) that our assertion holds.

Next, we obtain a good upper bound for x by fixing y. For this we quote a
result on lower bound for linear forms in the logarithms of two algebraic numbers
due to Mignotte. The following is an immediate consequence of the corollary to

Theorem 2 in [Mi] (also see [LMN]).
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Lemma 4.3. Consider the linear form
A =bylogas — by logay,

where by, ba, a1 > 1,9 > 1 are positive integers. Let p, \,a1,as be positive real
numbers with p > 4, A = log p,

a; 2 (p+1)loga; (1<i<2)

and
aras > max{20,4\%}.

Further assume that h is a real number with

b b
h > max { 3.5,1.5), log <1 + 2) +logA+1.4 }7
as a1

and put
1
X==, v=4x+4+ —.
X

If A # 0, then we may conclude that
log|A| = —(Co + 0.06)(\ + h)?ayas,

where

2
1 1 1 1 4ax/1 1 32v/2(14x)3/2
C -5 2 D E— - — —_— J— J— _ ' N A .
0= {( +2x(x+1)><3+\/9+3v <a1+a2)+ NG

By this lemma, we show the following.

Lemma 4.4. Let (z,y,z) be a solution of (1.2) with y = 1. Then we have an
upper bound
x < 4020log(m? + n?).

Proof. The proof proceeds as Lemma 3 in [CD2|. Now we assume that
a® +b=c?, (4.7)

2 2

where a = m? — n?,b = 2mn and ¢ = m? + n?. Put A = zlogc — xloga. Then
A > 0. First, we give a trivial upper bound for log A\. By (4.7), we have

b b
zloge =log(a®” + b) = zloga + log <1+ cﬂ) < zloga+ prs

Then
log A < logb — xloga. (4.8)

Next, applying Lemma 4.3 to A, we obtain a lower bound for log A. In the notation
of Lemma 4.3, we put by = x,by = z, a1 = a, @z = ¢. We may take a; = (p+1)loga
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and ay = (p + 1)logc. Choosing p = 4.69, we see that ajas > max{20,4\?}. We

can let
h=max{ 3.5 log [ — + —— ) +u b,
loge  loga

where u = 1.8353. It is easily seen from (4.7) that

x z z+1
< < .
loge loga logc

(4.9)

We will treat the two possible choices for h in turn. If h = 3.5, then log(z/logc+
z/loga) < 3.5 —u < 1.8. Then, by (4.9), we have

2
x z L M 6049

<
loge loge + loga

So our assertion holds. Next suppose that

h=log | —— + —— ) +u>35.
loge  loga

We will find an upper bound for Cy. It is clear that 1/a; + 1/ag and 1/(a1az)
are both maximal in the case (a,c¢) = (3,5). From x > 3.5/A and v/4 > 1+ x in
Lemma 4.3, we have

1 < A
x(x+1) B2 +T

and

4N <1 41 ) 4 32v2(1+ )2 4 (1 n 1> N 32/2(v/4)3/2

3v \a;  ay 3v2,/aias 3v \a;  as 3v2,/aias
AL 1y 4v2
C3u \ar  as 3y/vajaz

< A ( 1 n 1 )

3x+1)(p+1) \log3 logh
2v2

3(p+1)\/(x + 1)log3log5

- A < 1 N 1 )
332 +1)(p+1) \log3 ' log5
2v/2

+ .
3(p+1)y/(5 +1) log3log5

Thus Cy < 0.7507 - - -. Then, using Lemma 4.3, we have

log A > —26.25(h + \)? log alog c. (4.10)
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Combining (4.8) with (4.10), we find

x logb

26.25(h + \)2. 4.11
logc logalogcJr (h+2) ( )

We see from (4.9) that

1
h = log T2 Vhuc< log [ 2t + + u, (4.12)
loge  loga log c

where ¢ = x/logc. Since ¢ > 5,¢ > b and a > 3, it follows from (4.11) and (4.12)

that
1 1 ?
t<——+2625(log (2t +—— )| +u+A] .
log 3 log 5
This implies that ¢ < 4020. This completes the proof of Lemma 4.4. |

Finally, assuming that z,y, z are all even, we obtain a good upper bound for
y, which is as strong as Lemma 4.4. To obtain it, we will use the following result
on generalized Fermat equations.

Lemma 4.5 ([CD2] Lemma 10). Suppose that N € N with N > 1. Then the
equation

XN 4yt=2% gd(X,Y)=1, XYZ#0
has no integral solution.
By this lemma, we show the following.
Lemma 4.6. Let (x,y, z) be a solution of (1.2). If x,y, 2z are even, then

4logm
v (a+1)log2’

In particular, y < 2logm/log2.
Proof. By our assumption, we can put x = 2X,y =2Y,z =27 with X,Y,Z > 1.

Since {(m? — n?®)X, (2mn)Y, (m? + n?)?} forms a primitive Pythagorean triple,
there exist integers s,t such that

(m? —nH)X =% — 2, (4.13)
(2mn)Y = 2st, (4.14)

m°+n =s"4+1° .

( 2 2)Z 2 2 (4 15)

where s > t > 0,gcd(s,t) = 1,s # t (mod 2). Using s? + 2 < (s? —t?)? and
52 + 12 < (2st)?, we see from (4.13)-(4.15) that

X -Z|<Z<2Y. (4.16)
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Since s + ¢, s — t are relatively prime, by (4.13), we have
s+t=u", s—t=0v", (4.17)

2 2 2

where u > v > 0, ged(u,v) = 1,uv = m? —n?. Note that u, v are odd since m? —n

is odd. Since 2% || mn, we have
200+ DY 1 (9mn)Y = 2st. (4.18)

As in [Miy] we conclude from Lemma 4.5 that if X is even, then Y = 1, hence
X =Z =1 in view of (4.16), which contradicts 2 | X. Thus

21 X. (4.19)

We see from (4.13) and (4.19) that m? — n? = s2 —t? (mod 4). Hence m = s
(mod 2) and n =t (mod 2). Now we assume that m and s are even. By (4.18),
we see that 2s is exactly divisible by 2(@*DY  Then, by (4.17), we have

2s = uX + 0% = (u+v)w,

where w = uX ! — X2y 4. ..+ 0v¥X~1. Since u, v, X are odd, w is odd. It follows
that 2(@tDY divides u + v. In particular,

2(0‘+1)Y<u+v§uv+1:m2fn2+1<m2.

Hence the wanted conclusion holds. For the case where m is odd, we reach the
wanted conclusion by a similar process. This completes the proof of Lemma 4.6.
|

5. Proofs of Theorems 1.2, 1.3 and 1.4

Proof of Theorem 1.2. Since m is even, we know from (1.3) that m = 2% and
n =285 + e. We assume that

22=P=1 5 (2% +e). (5.1)

Since m > n, we see from (5.1) that @ > 8 and 2« # 8+ 1. So, by Lemmas 2.1
and 2.4, we see that z and z are even. Then y > 1, so we have

r=z (mod 22 F) (5.2)

by Lemma 3.2. Put x = 2X,2z = 27 with X, Z > 1. We can use the notations
(4.1) and (4.2). Then, by Lemma 4.2, we have an upper bound

z< [l r= J] r<i@i+e. (5.3)
plmn, p#2 pli(2°j+e)
Combining (5.2) and (5.3), we see that if x # z, then

2201 X — Z| < Z <i(2P] +e), (5.4)
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where we used the fact that X < 2Z (this is immediate from E > 0 in (4.2)).
This contradicts (5.1). Hence z = z. If X is even, then we observe from (4.2)
that mn | E,ged(D, E) = 2,(2mn)¥ = DE, D = 2 (mod 4), and these imply that
D = 2. But this is clearly absurd. Thus X is odd. Then, by (4.2), we can put
D = 2m?F and E = 2n%G, where F and G are integers. Further, we see from
2| m,24X and Lemma 3.3 that

(m2 +n2)X + (m2 —n2)X  (m?+02)X — (—m2 +n?)X

F: =
2m?2 (m? +n?) — (—m?2 4+ n?)

is odd, and G is also odd since ged(D, E) = 2. Therefore, we obtain v5(DE) =
vo(4m2n?) = 2uy(2mn). This gives that y = 2 since DE = (2mn)Y. Then
X =7 =1 by (4.16).

Finally, if m is a power of 2, then (5.1) is equivalent to 22¢=8~1 > 261 ¢. This
inequality always holds since 2207#~1 > 2% = m > n = 205 + ¢. This completes
the proof of Theorem 1.2. |

To prove Theorem 1.3, we show the following.

Lemma 5.1. Assume that m is even and that m,n are expressed as (1.3) with
a = 3,e = —1. Then Conjecture 1.1 holds if one of the following holds.

(i) 3a < B+1 and (1/3)2°3(a+ 1)log2 > alog?2 + log i.

(i) B < a and 2273 (a+1)log2 > alog 2 + log .

Proof. Let (z,y,2) be a solution of (1.2). First we show that x,y, z are all even.
Since e = —1, x is even. Note that 2a # [ + 1 holds under the conditions (i)
or (ii). We know that & > 3. Then m —n =5 (mod 8) or m+n = 7 (mod 8)
according to 8 =2 or 8 > 3. By Lemmas 2.2 and 2.3, we see that y = 2z (mod 2)
or y is even according to 8 =2 or § > 3. So, to prove y > 1, it suffices to consider
the case 8 = 2. Then, since o > 3, we know that a # 8. Thus z = z (mod 2) by
(i) in Lemma 2.4. Then z is even. Hence, y > 1. Since 2a # f+ 1,e = —1 and
y > 1, we see from Lemma 2.6 that x,y, z are all even.

(i) We see from Lemmas 3.1, 4.6 and by (4.16) that if y > 2, then

2 < x+ 2z < 6y
24logm  24(alog?2 +logi)
S (a+1log2 (a+1)log?2

Hence, by our assumption, y has to be 2. This leads to x = z = 2 by
(4.16). So our assertion holds.
(ii) We see from Lemmas 3.2, 4.6 and by (4.18) that if = # z, then

8(alog 2 + log i)

2200 Ly — 2| < 2y <
o=zl <2y (a+1)log2

Hence, by our assumption, x = z. This leads to x =y = z = 2 as seen in
the proof of Theorem 1.2. So our assertion holds. |
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By a similar process, we can prove the following.

Lemma 5.2. Assume that m is odd and that m,n are expressed as (1.3) with
a2 3,e = —1. Then Conjecture 1.1 holds if one of the following holds.

(i) 3a < B+1 and (1/3)2°3(a +1)log2 > Blog2 + log j.
(i) B < a and 2207 F=3(a+1)log?2 > Blog?2 + log j.

We are now ready to prove Theorem 1.3.
Proof of Theorem 1.3. Assume that o > 5,e = —1 and
log max(i, j) < 2%76. (5.5)

We distinguish the cases where m is even or m is odd. Assume that 3a < S+ 1 <
293 or B < a.
First, we consider the case where m is even. By (5.5), we have
(1/3)2°3(a+1)log2 = (2°73/3)alog 2 + (2*73/3) log 2
> alog?2 + log.
Hence (i) holds in Lemma 5.1. If 3 < a, then 220752 > 20-2 > (1/3)23. So
(ii) also holds. Then, by Lemma 5.1, the theorem holds.
Next, we consider the case where m is odd. By (5.5), we see that if 3o <
B+4+1<23, then
(1/3)2°3(a+ 1) log2 > 2°?1og 2
> 20473 4 20476
> flog2 + log j,
and that if 8 < «, then

22073 (0 + 1) log 2 > 2°*(a + 1)
_ 2a74a 4 20474
> fBlog?2 + logj.
The application of Lemma 5.2 completes the proof of Theorem 1.3. |

Example 5.3. We give examples of Theorem 1.3. Let a > 7, > > 2,i =3
and j € {1,3}. By Theorem 1.3, if m,n are relatively prime positive integers and
expressed as the following form m = 23, n = 285 — 1, then Conjecture 1.1 holds.
For example, if a = 7, then

m =384, n € {7,11,23,31,47,95,191}.

Let o > 9,30 < B+1<2* 3 and i,j € {1,3,5,...,[¢>" "]}. By Theorem 1.3,
if m,n are relatively prime positive integers and expressed as the following forms
m = 2% —1,n = 2%, then Conjecture 1.1 holds. For example, we can take o = 9
and 26 < 3 < 63.
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Proof of Theorem 1.4. Assume that 2a # 4+ 1,e = —1,m > 23n, and that
n+1is divisible by [],,,, ,.op- Let (2,9, 2) be a solution of (1.2). We first show
that y > 1. Suppose that y = 1. It is clear from (1.2) that > z. Then, by (i) in
Lemma 3.4, we have

m< (n+1)(z - z2). (5.6)

Since (m? — n?)® < (m? + n?)?, we have

xlog(m? — n?)

Tog(m? 1 n?) < z. (5.7)

This viewpoint is crucial in the proof. On the other hand, by Lemma 4.4, we know
that
x < 40201log(m? + n?). (5.8)

Combining (5.6)-(5.8), we obtain

m< (n+1)(x—2)
log(m? — n?)

m2+n2
1 1-— —_— .
<(n+1)z ( log(mZ + 1) )

) < 4020(n + 1) log <m2 —3

Since we may assume that n > 1, this gives

n+1 241 t?+1
t < 4020 1 < 6030log [ —— |,
< a0 (2 J1og (1557 ) < oot (5

where t = m/n > 1. This implies that ¢ < 23, which contradicts m > 23n.
Therefore, y > 1. Thus z,y, z are all even by Lemma 2.6, so, by Lemma 4.6, we
have an upper bound

2logm

< . 5.9
YS oo (5.9)
On the other hand, by (ii) in Lemma 3.4, we have a lower bound

m? < (n+1)|z — 2 (5.10)

it x # z. It follows from (4.16), (5.9) and (5.10) that if = # z, then

4(n+1)logm

m?*<(n+1)|z—2|<2n+1)y< Tog 2

It follows that

m? < 4logm

n+1 " log2

m <

since m > n. This gives that m < 16, which contradicts m > 23n > 23. Thus
x = z. This leads to x = y = z = 2 as seen before, and we complete the proof of
Theorem 1.4. |
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6. Generalized Fermat equations

Let A, B,C, p, q,r be integers such that ABC # 0,gcd(A4, B,C) = 1 and p,q,r > 2.
Then the equation

AXP 4+ BYY=CZ",
X,Y,Z€Z,  gdX,Y,Z)=1, XYZ#0

is called a generalized Fermat equation. As we know, the case where A = B =
C=1and p=qg=r=mn > 3 corresponds to Fermat’s last theorem. In this
case, Wiles proved that the equation has no solution. After his work, the next
interest moved to the above general equations. In these 15 years many authors
have treated these equations and obtained results. Most of their methods are based
on Wiles’s method, or more sophisticated arguments in the theory of elliptic curves
and modular forms (see, for example, [Be|, [DG]).

In this section, we quote many results on generalized Fermat equations. They
play prominent roles in our proof of Theorem 1.5. Mainly, they will be used to
determine divisibility properties of exponential variables.

Lemma 6.1 ([DM]). Letl > 3. Then the equation
X4yl =27 ged(X,Y) =1, XYZ #0,+1
has no integral solution.

By using the results due to Poonen [Poo|, Darmon and Merel [DM], Cao [Ca2]
has shown the following (also see [Dal).

Lemma 6.2 ([Ca2], [Da]). Let p be an odd prime number. Then the equation
Xt _vyt=277, ged(X,Y) =1, XYZ#0
has no integral solution.

The following lemma is given by Cao and Dong in [CD]. It is based on the
results due to Bruin [Br2], Poonen [Poo|, Darmon and Merel [DM].

Lemma 6.3 ([CD] Theorem 3). Suppose that N € N with N > 1. Then the
equation

XN 4 yv?2=27 gd(X,Y)=1, XYZ#0,2|X
has no wntegral solution.
By using Chabauty method, Bruin [Br, Br2] established the following results.
Lemma 6.4 (|Br]). The equation

X3 4+Y3 =24, ged(X,Y) =1, XYZ#0

has no integral solution.
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Lemma 6.5 ([Br2] Theorem 1.2). The equation
X% _v*=2°, ged(X,Y) =1, XYZ#0
has no integral solution other than (X,Y,Z) = (£122,+11,3), (£7,£3,-2).

The following is essentially given by Zagier. We can also refer to [Ed|. Here
we use the following formulation.

Lemma 6.6 ([Co| pp.474—-475). All the integral solutions of
X4 4+y3 =22 ged(X,Y) =1, XYZ#0

are given by the following parameterizations (s and t are non-zero relatively prime
integers):

X = +(s? — 2ts — t2)(7s* + 20ts> + 2412528135 + 4t),
Y = (52 + 2t%)(s% + 4ts — 2t?)(3s? + 4ts + 2t2)(5s? + 8ts + 2t2),
Z

= 4s(s+2t)(s2 +ts + 12)(s* + 4ts3 + 16125 + 24135 + 12t*)
x (19s* — 4ts3 + 83 + 412),

where s is odd and s Z t (mod 3),

X = £(352 — 12)(9s* + 185%t2 + t4),
Y = (9s* + 2522 4 t1)(9s* — 30522 + 1),
7 = 4st(3s% + 12)(3t* — 25212 + 35%)(81s* — 6522 4 t4),

where s Zt (mod 2) and 31 s,
X = 6st(3st 4 4t1),

Y = 9s% — 1685t + 16¢8,
7 = +(3s* — 4t4)(9s® + 408s*t* + 16t%),

where s is odd and 3tt,
X = 6st(12s + 1),

Y = 14458 — 168544 4- 15,
Z = +£(12s* — t4)(1445% + 408s%t* + 9),

where t is odd and 3 1 t,
X = +(s% + 40s3t3 — 32t5),

Y = —8st(s3 — 16t3)(s® + 2t3),
7 = s'2 — 17653 — 56325517 — 1024¢12,

where s is odd and s Zt (mod 3),
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X = £(9s% + 185°t + 45512 + 603t + 1552t* — 6st5 — 5¢°),
Y = —2(3s* — 65%t2 — 8st3 — t1)(3s + 1253t + 652t + 4st® + 3t1),
7 = +(—27s'2 + 324511t + 178251942 + 3564573

+3267s5* + 237657> + 27725%% + 3960s5¢"

+4059s%8 + 2420537 + 7265210 + 1565t + 29t12),

where s £t (mod 2) and 31t,

+(17s% + 305t — 15542 + 20533 + 155%t* + 65t — 9),
2(3st — 853t — 6572 — t1)(Tst + 453t + 6522 — 4st3 — t1),
+(397512 — 156511t + 204651912 — 1188573

—148558t* + 237657t> — 924555 4 7925547

499548 — 44531° — 6652110 + 125111 — 3t12),

X
Y
A

where s Zt (mod 2) and s ¢ (mod 3).

The following lemma is a consequence of Theorem 1.2 in [BS], which is based
on the theory of Galois representations and modular forms.

Lemma 6.7 ([BS] Theorem 1.2). Suppose that n > 7 is prime. Then the
equation

xXn + QYN — ZQ
has no solution in nonzero pair-wise co-prime integers (X,Y, Z) with XY # 1 and
a > 2.

7. Proof of Theorem 1.5

Proof of Theorem 1.5. Let (z,y, z) be a solution of (1.2) with even z,z. Put
r=2X,z=2Z with X, Z > 1.

(i) We use the notation (4.1)-(4.3).
First, we consider the case 1 < y < 2. Note that D > 2m? > 2mn, hence
y>1. If y =2, then X = Z =1 by (4.16).
Next, we will show that the case y = 3 does not hold. Suppose that y = 3.
Then we see from (4.1) and (4.2) that

(2mn)® = DE > (m? +n?)?,

so Z < 3. Further, since ¢ = a?>+b? < a®>X+b3 = ¢?4, we must have Z = 2.
So we see from X < 2Z = 4 (which follows from (4.2) and E > 0), Lemmas
6.2 and 6.4 that X = 1. But this yields a®> + b = ¢* = (a®> +b?)? > a* +?,
which is absurd.
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Finally, we consider the case y > 3. Suppose that X or Z is even. We will
reach a contradiction. By Lemmas 4.5 and 6.3, we see that y must be odd.
We consider the case where X is even. By Lemma 6.2, we see that Z is
odd. Then, by (4.2), (4.3) and 2 { y, we have

(—e)-” + glat+l)y—=2 gy _ ((m2 . nz)X/2)2
or ev + 2(a+1)y—2(_d)y = ((m? — n2)X/2)2.

Hence we see from Lemma 6.7 and (a4 1)y — 2 > 2y — 2 > 2 that y must
be of the form y = 3°57, where § and v are non-negative integers with
(6,7) # (0,0). Then we have a solution of the equation

A4 =+ B3557 _ CQ

where A = (m? —n?)X/2, B = 2mn, C = (m? +n?)%. It is immediate that
the case v > 0 does not hold by Lemma 6.5. Hence v = 0, namely y is
a power of 3. In particular, we can put y = 9Y with Y > 1 since y > 3.
From 2t A, B =0 (mod 4),2 1 C and by Lemma 6.6, we have

A = +(s5 + 40833 — 32t9),
B3 = —8st(s — 16t3)(s® + 2t3),
C = s'2 — 176573 — 5632s3t° — 1024¢12,

where s and t are non-zero relatively prime integers such that
s #t (mod 3). We want to deduce a contradiction from this. The middle
equality can be written as

(BY)? = —8st(s® — 16t%)(s® + 2t3). (7.1)

Since the left-hand side of (7.1) is divisible by 16 and s is odd, we see that
t must be even. Let g = ged(s® — 163, s% + 2t%). It is easily seen that
g € {1,3,9}, and that the four factors —8t, s, s3 — 16t> and s> + 2¢3 on the
right-hand side of (7.1) are pair-wise relatively prime if and only if g = 1.
First, we consider the case g = 1. Then, by (7.1), we see that s>+ 2t3 is a
cube of a non-zero integer. But, by Lemma 6.1, this implies that st = +1,
which contradicts 2 | ¢t. Next, we consider the cases ¢ = 3 or 9. Since s
and t are relatively prime and now s 4 2t is divisible by 3, we know that
3 1 st. Hence

St =s5+2=s5—t=0 (mod3).
But this contradicts s # ¢ (mod 3).

When we suppose that Z is even, we get a contradiction by a similar

reasoning. This completes the proof of Theorem 1.5.
(ii) By Lemma 2.5 and the proof of (i), we obtain (z,y,z) = (2,2,2). |

Proof of Corollary 1.6. Let (x,y, z) be asolution of (1.2). Sincem # 1 (mod 4),
2=+ 1and ej =1 (mod 4), it follows from Lemmas 2.1 and 2.4 that  and z
are even. Then, by (ii) in Theorem 1.5, we have (z,y,2) = (2,2, 2). |
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