Functiones et Approximatio
XXXVIIL2 (2008), 131-157

MOMENTS FOR GENERALIZED FAREY-BROCOT PARTITIONS

NIKOLAY MOSHCHEVITIN AND MICHAEL VIELHABER

Abstract: We prove new asymptotic formulas for some two-dimensional Farey-Brocot nets.
Keywords: multidimensional continued fractions, Farey sequences, Brocot sequences.

1. Introduction

1.1. Brocot partitions

The Brocot sequences F,,, n = 0,1,2,... are defined as follows. Fy = {0,1} =
%, %}, and if elements of F), are ordered in absolute value

0=20n <Z1n < - <TNm)n=1,N(n)=2", (1)

then
Fn+1 - Fn UQnJrl;
where (41 is defined by the rule
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Brocot sequences were first introduced in [1], [2], [3] (in fact, both Stern and Brocot
started with SBy = (0 1), then SB; = (0 1 so we treat “half” of the original

10 1°1°0/
sequence here ; the notation % above is used formally to define § © % = “Il,
: a 1 _ a+1l
particularly ¢ © 5 = “57).

We consider the partition of the unit interval [0,1] generated by the points
of (1). Let p;p = Tin — Ti—im,t = 1,..., N (n) be the lengths of the intervals
[Zi—1,n,Tin) . For 8> 1 we look for the value
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N(n)
o(Fn) = Z pfna
i=1

the moment of order 3. The asymptotics for this sum were obtained by Moshche-
vitin and Zhigljavsky in [4]. They proved that for 5 > 1 the following asymptotic
formula is valid

Here ((s) denotes the Riemann zeta function.

The aim of the present paper is to generalize formula (2) to two special multi-
dimensional Farey-Brocot algorithms (algorithms 21 and B).

We point out that recently a better asymptotics was obtained by Dushistova
[5]. She proved that with some positive constants C, = Ci(8),C} = C{(B) we
have

12¢(26-1)

1 1

1<k<2B-2 0<k<B-2

where the remainder is Rg(n) = O (%). In general all summands involved

have different orders when n — oo. However, in the case § € N this formula may
be simplified.

1.2. Multidimensional generalized Farey-Brocot algorithms

There exist various multidimensional generalizations of Farey sequences. The his-
tory starts with Hurwitz’ paper [10]. As for general concepts and basic results we
refer to Grabiner [11]. The simplest construction of multidimensional Farey nets
is due to Monkemeyer [12]. Here we introduce a general approach to generalize
the Brocot sequence, which in some sense is similar to the construction of Farey
nets. In the next sections we give an analog to formula (2) for some special two-
dimensional algorithms. Let € = {g1, ..., gar1} be a basis of the lattice Z?*!. For
such a basis € we define the cone

d+1
8(8):{x€Rd+1 . x:Za]gj, a’l?"'vad+120}~
j=1

For a given basis & = {g1, ..., ga+1} we can consider a natural number K > 2 and a
set of integer vectors 8’: ={g%, ..., g§+1}, 1 < k < K with the following properties.

(i) Bach &" is a basis for Z4+1. (4)
(ii) The set of cones C(€X), 1 < k < K forms a regular partition of the cone C(€).
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Tt means that C(&) = U;<pe i C(EF) and the intersection of every two cones

C(EF), @(€%2) from this union is a whole I-dimensional facet (for some 0 < [ < d)
for both cones C(&F) and C(&F2).

We shall work in Euclidean space R4*! with coordinates (z,y1, ..., ya)-

Let the unit cube {z = (z,y1,...,y4) : © = 1,y; € [0,1]} be partitioned into
Ky simplices Ag,1 < k < Ky, in such a way that the vertices of the simplices
are among the cube’s vertices. Moreover let the set of vertices of each simplex
Ay, from this partition form a basis €%* of the lattice Z4+1. A generalized Farey-
Brocot algorithm (GFBA) is a sequence of rules R, (&1, ... &/ 1hEv=1) of

choosing a set of bases (Ey’k, 1<k< KV(EV_M, .. .,Ey_l’K”‘l)) for each set

(8”71’]“, 1<k < K,_;) from a previous step of the algorithm in such a way that
every basis €7 is decomposed into some bases from the set (Sy’k, 1<k<K,)
in such a way that the conditions (4)(¢), (i¢) above are satisfied. For given rules
Ry, ...,R,_1 we can construct an infinite set of admissible rules R,. So we can
speak about a "tree" of algorithms (compare with [7]). We shall use the gothic
letter § for an individual algorithm (a precisely described set of rules). For the v-

th set of bases we shall use the notation €% = {g" LA ggfl} and for coordinates
of each vector g;’k we put g;’k = (a:;’k, yj”lk7 e yj”(?)

A GFB algorithm § is called complete if any integer vector (z,yi,...,yq) €
ZHt x>1,0< y; <z, g.c.d.(z,y1,...,y4) = 1 occurs as a vector from some basis
& of the considered algorithm (there are GFBAs, which are not complete).

Let © = (1,04,...,04),0, € [0,1] be a real vector and a GFB algorithm §
be given. To every algorithm § we can construct a multidimensional continued
fraction algorithm by the following procedure. At each step v of the algorithm §
we choose a basis €% in such a way that that © can be expressed in the form © =

;1:11 ajg;’k” and all coefficients a; of the vector © with respect to the basis gy
are nonnegative: a; > 0,5 =1,...,d + 1. In other words, © € G(EV’k”). (One may
note that in general such a sequence of bases may not be unique, for example when
the coordinates of the vector © are linearly dependent over Z. Hence sometimes
the corresponding multidimensional continued fraction decomposition of the vector
O may be not unique.) A multidimensional continued fraction algorithm is called
weakly convergent in © [9], if for all j,! from the intervals 1 < j <d+1, 1 <1 <d
the sequence y}'}’lk” / x}"k" converges to 0;. There are classical examples of algorithms
which are not weakly convergent (see [9], [7], [6]) such as Poincaré’s algorithm.

Lemma 1.1. Let the multidimensional continued fraction algorithm corresponding
to the GFB algorithm § be weakly convergent everywhere. Then the GFBA § is
complete.

(We note that it is sufficient to suppose weak convergence of the corresponding
multidimensional continued fraction algorithm only for vectors © with rational
coordinates. Also, completeness of a GFBA does not necessarily lead to the con-
vergence of the corresponding multidimensional continued fraction algorithm, and
it is easy to construct the corresponding example.)
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Proof. Let z = (z,91,...,¥4), > 1,0 < y; < x, be a primitive integer point.
Suppose it does not occur in algorithm § as an element of a basis. If the described
multidimensional continued fraction algorithm is weakly convergent in the point

O = (1,y1/x, ...,ya/x) then for some sequence of basis € we have y;lk/x;’k —

0; as v — oo for all j,[. As we have supposed z-© # g;’k” for all j from the interval

1 < j < d+1 and for all natural v, this means that for every j we have a:;-”k” — 400

as v — oo. But as &% is a basis and the coefficients for © are nonnegative we
have z =z -0 = Zjill aj g;-"k” with nonnegative integers a; and at least one of
them (say a,,) is > 1. Then x > a,, - a:,”,;k" — 400 and this is a contradiction. W

Each GFB algorithm § generates a sequence of partitions (“tilings”) Til, (F) of
the unit cube [0,1]¢ and a sequence of graphs T, (F) as follows:

Let a GFB algorithm § be given. We look for the set of all bases € at the
v-th step of our algorithm. The number of such bases may vary according to
5, but the corresponding cones C(£) form a regular partition of the cubic cone
{z = (z,91,..,y4) : = > 0,y; € [0,1]}. We restrict this partition on the set
{z = (z,y1,..,y4) : = =1,y; € [0,1]} and obtain the partition Til,(F) of the
unit cube [0, 1] into simplices A = C(&)N{z = (z,41,...,ya) : = = 1,y; € [0,1]}.
The main object of the paper is the sum

on3(F) = Z (mes A)?,

A€Til, (%)

the moment of order S.
Obviously for any GFBA and for any natural n we have

O'n’l(g) =1. (5)
The following simple statement is well-known (see, for example [8]).

Lemma 1.2. Let the simplex A correspond to the basis & = {g1,...,ga+1}, and
the vector g; from this basis have coordinates g; = (x;,Yj1, ..., Yja). Then

1

mes A = _—,
d!.l?l o Td41

where mes (-) means the d-dimensional Lebesgue measure.
Proof. See [8, Thm. 9]. |

The graph T, (F) is defined as follows. The set V. (F) of its vertices is the set
of all vectors from all bases of the v-th step of the algorithm, and we have an edge
between vertices v and v if the integer vectors u,v belong to the same basis €.
We also consider the graph T'(F) whose vertices V(§) are the vectors of all bases
E appearing in the algorithm § and there exists an edge between vertices u and v
if and only if vectors u, v belong to the same basis £. We emphasize that if § is
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complete, {(%, ce yx—d) | (x,y1,---,Yd) } Q%N 0,1]¢. Clearly T,,(g) is
a subgraph of T'(F).

We define a GFB algorithm to be finite if there is a positive constant M (F)
such that for any vertex v € V(§) of the graph T'(§) its degree deg(v) (the number
of edges with the endpoint in this vertex) is bounded by M (F).

Lemma 1.3. If the GFBA § is finite then it is complete.

Proof. Let z = (x,y1,...,¥a),z > 1,0 < y; < z, be a primitive integer point and
O =(1,y1/x,...,yd/x). Suppose z does not occur in algorithm § as an element of a
basis, z ¢ V(§). Asin Lemma 1.1, we define for every v a k, such that z € €(£"**),
and look for the basis &% = {g" k”, 79d+1} and for the corresponding simplex
A, from partmon Til,. We have © € Au, Vv. We shall prove that the first
coordinates xj v of the basis vectors g v tend to +o00 as ¥ — oo. Then the

lemma will be proved as z = ZdH Aj g;' Fv with nonnegative \; (and one of the

Aj must be positive). So z > min;i<j<qi1 a:]”»’k”, and this is a contradiction.

To do it we must use the finiteness property of our algorithm. Let a1, as, ...,
agq+1 be vertices of the simplex A,. Now we fix a vertex of this simplex (say a4+1)
and show that for large enough v/ this vertex will not be a vertex of A,,. By
the finiteness of the algorithm, we may assume that for v’ > v no additional edge
with vertex aq4+1 appears inside simplex A, during our algorithm. Also, during
the algorithm only finitely many new edges may appear in the vertices aq, .., aq.
Since at each step of our algorithm we must choose a partition of each simplex
into smaller ones, if agy1 is still a vertex of a simplex A’ from a partition Til,.
with large ¢/, then the other vertices a) = a}(V'), ..., al; = a/;(v') of A’ must lie on

edges [ag+1,a;5],7 = 1,..,d and do not coincide with the endpoints a1, ..., aq.

Let &% = {97 L ,gZﬁ "} be the corresponding basis Then gZﬁ "=

v,k v,k

941 and for every j € [1,..,d| we have g;,’ Y= gy —|—gj with positive ;.
It means that a/;(v') — a;,1 < j < d when v/ — oco. So for large v/ the point
© will not lie in the simplex with vertex aq+1 from the partition Til,.. We see
that for large v/ all vertices of the simplex Al,f will differ from the vertices of the

simplex A,. Now min gV ot

min ¢ % and the first coordinates of the
1<j<d+1 1<i<d+177

basis vectors g] ¥ tend to +o0o as v — oo. The proof is complete. |

For a finite GFB algorithm § we consider the Dirichlet series

LE= Y el

vty @)

where x(v) is the first coordinate of the integer vector v = (z,y1,...,yq). Since for
the fixed value of x the number of integer vectors of the form (x,y1,...,y4), 0 <
y <, g.c.d.(z,y1,...,94) = 1 is bounded by (z + 1)¢ — 2¢, the series for L(F, )
converges when 8 > d + 1.
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Let a = (%, . “—;) € (Q+)d and g.c.d.(¢g,a1,...,aq) = 1. For every a € (Q+)d

we define g(a) = ¢q. Recall that if the GFBA is finite, then it is complete, and
hence the corresponding vertex a = (g, a1, ..., aq) occurs as a vertex of our graph
T(F). Let deg(a) be its degree in this graph. Then for 5 > d + 1 we have

e = X e = )

ac(@t)*

where G;(q) denotes the number of rational points a with common denominator ¢
such that deg(a) = I.

In the case d = 1 for the algorithm of taking medians of neighbouring on
each step (as it was described in Section 1.1.), two vertices (0/1 and 1/1) of the
graph T have degree 1 and all other vertices have degree 2. So for the classical
one-dimensional algorithm the Dirichlet series is

¢(B-1) o~ 2(9)
L(B)=2x 6 ZX;qﬁ
(where ¢(-) is Euler’s totient function), and formulas (2), (3) give good asymptotics
for the moments of the partition generated by the algorithm under consideration
with the coefficient L(2/3) in the main term.

The main result of this paper is obtaining nice asymptotic formulas for o, (%),
n — oo when d = 2 and § is one of two simplest finite GFBA algorithms. In
Section 2 we consider algorithm 2A. It seems to be new but it is related to the
(generalized) Poincaré algorithm (see [13], [6, ch. 21], [14]). Also algorithm 2 is
related to the construction from [8]. In Section 3 we consider algorithm %, which
was introduced by Monkemeyer in [12].

We note that both algorithms use a fixed rule for choosing the partition of Til,,
from Til,,_;, for all partitions Til,,. The description of algorithm 2 seems to be
somewhat more complicated than that of algorithm B, however the rule for the
new partitions in algorithm 2 does not depend on the order of the vectors in the
preceeding basis, while the rule for algorithm 9B does.

2. Algorithm

2.1. The description of Algorithm %

We fix the initial partition of the unit square {z = (z,y1,92) : * = 1,y12 € [0,1]}
into two triangles A%! with vertices (1,0, 0), (1, 1,0), (1,0, 1) and A%2 with vertices
(1,1,0),(1,0,1),(1,1,1). Vertices of both triangles form bases &% and %2 of the
integer lattice Z3. Now we suppose that a basis

(gv,j — {gf’j, g;aj’ gg’j}
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(and the corresponding triangle A7 of the partition of the unit square [0, 1]? into
triangles) occurs in our algorithm, and we define the rule for constructing the
bases for the next step of algorithm. In our algorithm 2 the rule also will be the
same for each step of the algorithm and for each basis. Namely, for the basis &7
which occurs at the v-th step, we take 6 bases 8”+1’6(j_1)+i, 1=1,2,3,4,5,6 by
the following formulas

Uit — (g1 gt + gyl g1 + g5},
gUIHOUTIRE — {gi, g3 + g1 957 + 957},
grItOU=ITS = fgid gl gid gid + gb 7},
U — (g1 + 957 g7 + g5 977 + 950 + 957},
UL — (g0 4 g1 gy + g5 g1 + 950 + 957},
grrLOUmIe — (g0 4 g1 g5 + g7 g + g5 + 957},
We point out that the construction of the set of bases 8”+1’6(j71)+i, 1<:i<6
does not depend on the order of vectors in the basis €.

It is easy to see that the described rule satisfies the conditions (4) (i), (ii)
— each new set of vectors € T150=D+ formg a basis of the integer lattice and the
cones G(Ey+1’6(j_1)+i), 1 < i < 6 form a regular partition of the cone G(Sy’j).
Obviously this algorithm is finite, and from Lemma 1.3 it follows that algo-
rithm 2 is complete. Hence, for any ¢ = (p,a,a2) € Z3, p > 1,0 < aj,az <
p,g.c.d.(p,a1,as) =1 there exist m < p and j such that & € £™7,

We shall show in 2.4 that the multidimensional continued fraction algorithm
corresponding to algorithm 2 weakly converges everywhere.

2.2. Algorithm 2 in terms of constructing rational points in the square
[0,1]?

For two rational points

a= <— —2) €012 ged(pasa) =1,

p p
_ (b1 b2 2 _
b = E, ; S [0, 1] 5 ng(q, bl, bg) = 1,

we define the operation

e (1) (1 ) _ ()
pp q q p+q ptq

We note that if integer vectors

(pyal,aQ)a (qablab2)7 (’I“, 61762)
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c

a®c

Figure 1.

with corresponding points

a:<g@), b:<b_1,b_2>7 o= (2,2),
p p qa q r.r

form a basis of integer lattice, then for the derived points a ® b, and a @ b ® ¢ the
common denominator and both numerators are relatively prime that is g.c.d.(p +
g,a1 +b1,a2 +bo) =gcd.(p+q+r,a1+b1+c1,a2 +ba+c2) =1,

Partitions Til, may be constructed as follows. The initial partition Tily consists
of two triangles with vertices (0,0),(1,0),(0,1) and (0,1),(1,0),(1,1). Then a
triangle A with vertices a, b, ¢ in partition Til, is partitioned into six triangles
with vertices

a,a®b,a®c;
b,b®a,bdc;
c,cda,cdb;
a®ba®c,a®bdc;
b®a,b®c,a®bdc;
cha,c®badbdec.
The corresponding partition of the simplex A in this case is shown in Fig 1.

We mention a few simple combinatorial properties of the corresponding parti-
tions Til, and graphs 7,,,T and their respective recurrence formula:
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1. Til, is a partition of the unit square [0,1]? into f, = 2 x 6" triangles, with
fo=06f,—1, fo=2.

2. The number of edges of the graph T, is r, = 2¥ x (3"*! 4 2), with r, =
2ry, 1+ 6f1/717r0 = 5.

3. The number of vertices of graph T, is v, = 6Y + 2"t! + 1, with
vy = Uy—1 +Tu—1 + fu—1,v0 = 4. In particular, let v[ud] be the the number of
vertices of the graph T, with degree d, then o = = 2, o = (2-6Y 4+ 8)/5, with

o = v,[h + fu-1,0 [ } = = 2, ol = o2 4, with v[u] = v,[il + 2”“‘1,1}([)5] =0,
ol = (61 + 14)/10 — o+l with off = o 4+ (3. £ — 20+ 2,0 = 0.

4. The degree deg(v) for any vertex v of the graph T takes values from the set
{2,3,5,8}. Moreover a vertex from the set V,, has the same degree in the graph
T, and in the graph T.

5. The areas of the triangles in partition Til, vary between (asymptotically)
W, six triangles obtained by always using rule 6, assuming
q(c) > q(a),q(b) (use the recursion z, = 2x,_1 + x,_o with initial values 1,2
for g(a),, q(b), and 1,3 for ¢(c), ), and (precisely) the six triangles with a
corner in the original square.

The Dirichlet series L(2, 3) for our algorithm can be written as follows

1
2(v+1)2?

3 deg Z 2G5 (q) + 3G3(q) + 5G5(q) + 8Gs(q)
ﬁ b
a€Q?n[0,1]2 q( q=1 a

where G(q),! € {2,3,5,8} denotes the number of rational points a € [0, 1]> with
q(a) = q and deg(a) = I. Clearly G2(q) + Gs(q) + Gs(q) + Gs(q) = #{(a1,a2) €
7Z?: 0<aj, a2 <q, g.cd.(q,a1,a2) =1} < (¢ +1)2.

L(2,3) will be used in Section 2.5 to obtain the asymptotic behaviour of
on,3(A) for n — oo.

2.3. Lemmata about triangles from partition Til,

Let a triangle A occur in partition Til,,. We define A*(A) to be the unique triangle
from partition Til,_; such that A C A*(A).

Lemma 2.1. Let A € Til,, and a,b,c be the vertices of the triangle A*(A), with
a not a vertex of A. Then for all vertices w of A we have q(w) > min{q(b), q(c)}.

Proof. The lemma is obvious, since the expression for ¢(w) from algorithm 2
(rules 2-6) is the sum of one to three positive summands, and one of them is ¢(b)
or ¢(c). [ |

For every triangle A,, we can consider the unique sequence of nested triangles

Ap CAp1 C--CALC A (7)
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where A, is a triangle from the partition Til, and A, = A*(A,11). Sometimes
for convenience we shall write AlM(A) = A and AFI(A) = A*(...(A*(A))), so
—_———
k times
A, _p = AF(A,).

Now, for triangle A from partition Til,, we define the value ¢(A) which is of
principal importance for our proof (¢(A) is an analogue for the partial quotient of
an ordinary one-dimensional continued fraction).

If A*(A) has no common vertices with A then we put ¢(A) = 1. If all triangles
Al (A),k =0,...,t have common vertex a but this vertex a is not a vertex of the
triangle AFH(A), we write t(A) = t. From the construction of our algorithm we
observe that in the case t(A) > 2 for any k € {1,2,...,t} the following holds: If
AlFI(A) has vertices a, b, ¢ then AF~1(A) has vertices a,a ® b,a @ c.

Lemma 2.2. Let A be a triangle from the partition Til,, t(A) =t, A = Al)(A)
.. < A(A), and let a be the common vertex for all these triangles. Then a €
Vn—t \ Vn—t—l-

Proof. From the conditions it follows that a is a vertex of Al(A) but not a vertex
of A*(All(A)) = AFFI(A). From the construction of algorithm 2 one can see
that this may happen only when a € V¢ \ Vii—¢—1. [ ]

After the definition of t(A) we can construct a subsequence of the sequence (7)
in the following way. Put

Ap CApy, CApty—ty  C o C Aty =ty
g Al - An—tr—tr_l—...—tg—tl - AO) (8)

where t; are natural numbers,

tl + ... +t7« =N
and

tr = t(Anft,,f...ftk-H)'

Hence for each A from the partition Til, we have the correspondence A +—
[t1, .. tr], t; € N, t1 + ... +t, = n. We define the sequence [t1,...,t,] as code
of triangle A (different triangles from the partition Til,, may have the same code).
We define the empty code to correspond to any triangle from the initial partition
Tilg.

Lemma 2.3. Let the triangle A = A, with vertices a,b,c and code [t1,tz, ..., t;]
occur in partition Til,, and r > 2. Let Allrttr—l(A) = A, _, _, | be the triangle
with code [t1,ta, ..., t.—2| and vertices a’,b',c¢’. Then

min{q(a), q(b), q(c)} > 2min{q(a’), q(b'), q(c")}.

Proof. Let Al*"l(A) have vertices a”,b”,¢”. We consider three cases.
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1. In the case when t,, = 1 and triangles A, Al*’l(A) have no common vertex
we obtain (for the corresponding notation of vertices)

a = a// @b,/ @C,/, b: a/l@0/17 c = al/ @b,/,

qla) = q(a”) + q(") + q(c"), q(b) = q(a”) +q(¢"), q(c) = q(a”) + q(0").

Hence

min{q(a), q(b), q(c)} = 2min{q(a"), q(t"), q(c")} = 2min{q(a’), q(¥), a(c")}-

2. In the case when t,_; = 1 and triangles Al"J(A) Altr+t—1](A) have no
common vertex by the same reasons we obtain

min{q(a),q(b), q(c)} = min{q(a”),q(t"),q(c")} = 2min{q(a’), ¢(b'), q(c")}-

3. Finally, we must consider the case where the triangles A, Al‘")(A) have
a common vertex, and the triangles Alt*J(A), Altr+tr-1](A) also have a common
vertex, where the first common vertex must not coincide with the second one.
Without loss of generality we may assume that a = a” is the common vertex for
A, AlI(A) and ¥ = b is the common vertex for Altl(A), Altrttr—1(A). Then

b:b”EBa"---EBa", CZCN@GH---@CE”,
t, times t, times
a”:a'@b"~@b', C,/:C/@b/”'@b/
t,-_1 times t,.—1 times

and

q(a) = q(a") = (a)+tr 19(t') = q(a”) + q(¥') = 2min{q(d), ¢(¥'), a(c)},
q(b) = q(b") + trq(a”) = 2min{g(a’), q(v"), g(c’
q(c) = q(c") + trq(a”) = 2min{g(a’), q(b')

The Lemma is proved. |
Lemma 2.4. Let A with vertices a,b, c have code [t1,...,t,]. Then

min{q(a), q(b), q(c)} > 2"/2).
Proof. Lemma 2.4 follows by induction from Lemma 2.3. |

We need one more lemma about triangles.

Lemma 2.5. Let A be a triangle from the partition Til, and a,b, c be vertices of
A. Let

f=min{q(a),q(b),q(c)},  F =max{q(a),q(b),q(c)}.
Then F < (v+1)f.
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Proof. Induction in v. The base for v = 0 is obvious. Let a’, ¥, ¢’ be vertices of
A*(A), w.lo.g. g(a’) < q(¥') < ¢(c’) and by induction assumption ¢(c’) < vq(a’).
At the v-th step of algorithm 2[, we obtain the triangle A from the triangle A*(A).
There are six possibilities:

1. A has vertices a/,a’ @ V/,a’ @ ¢. Then f = q(a’),F = q(d) + q(¢/) <
(v + 1)q(a).

2. A has vertices b,V @ a',0' & ¢/. Then f = q(/),F = qt/) + q() <
q(t') +vg(a') < (v + 1)g(b").

3. A has vertices ¢/,¢ @ a/,d ® V. Then f = q(c),F = qt/) + q(c) <
q(t') +vq(a’) < (v + 1)q(c).

4. A has vertices o/ @b @ /,d’ @ V,a’ @ . Then f = q(d) + q'),
F=q(a) +q(t") + ¢(¢) < (v +1)(g(a’) + q(V)).

5. A has vertices o' @ b @ ,a’ @ V,b & . Then f = q(d) + q('),
F=q(a)+q)+q(c) < (v+1)(a(@) +q(t)).

6. A has vertices ¢’/ @V @ ,d @ b @ . Then f = q(d) + q(¢),
F=q(a)+qt)) +q(c) < (v+1)(a(a’) +q(c)).

So in every case we have F' < (v + 1) f, and the lemma is proved. |

2.4. Global weak convergence of Algorithm 2%

Theorem 2.1. The multidimensional continued fraction algorithm corresponding
to algorithm A weakly converges everywhere.

Proof. For ¢ € [0,1]? we look for a sequence of triangles

AgDAI DDA, D---, ﬂAuaf, A, € Til,.

It is sufficient to prove that diamA, — 0 as v — oo, where diam{2 = SUp, yeo |, yl,
and |z, y| is the distance between points z and y.
Let A,_1 have vertices

We consider two cases.
1. Triangles A, _; and A, have a common vertex. Let this common vertex be
a. Then A, has vertices a’ = a,b’ = a® b,/ = a® c. Then we define the quotient

a;+b; a;

_W.d| | q@ra® ~aw | ab) —19
T | | Tq@ap) T
’ a(®)  q(a)
la’,b'|

< =1 By the same reason

By Lemma 2.5 we have % <s< ”7_1, hence % < >

la,b|

1~ la’,¢’|

s ST < ”T_l So obviously

1 1
|alabl| < (1 - _> |aab|a |G/,C/| < (1 - _> |a,c|.
14 14
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As for |V, /| we easily deduce

1
|blacl| § (]— - _> maX{|avb|v |a,c|, |b,C|}
14

(if both angles in vertices b, ¢’ are less than 7/2, we have the bound |b, ¢; in the
other cases |a, b| or |a, c|, respectively). Now

1
diamA, = max{|a’,V'|, |d’, |, |V, |} < (1 - —> max{|a,bl, |a,c|, b, c|} =
v

= (1 - l) diamA,_1.
v

2. Triangles A, _1 and A, have no common vertex. Then A, lies inside triangle
At with vertices a ® b,a ® ¢, b® c and

diamA, < diamA* = max{la @ b,a @ c|,|a® b,bD |, |bD c,a ® c|}

< (1 - l) diamA,_1
v

by the same reasons.
In both cases, we have (using diam(A;) = 1 for all four A; €Tily)

v 1 1
diamAy<g<1—7)—;—>0, v — 00,

and the theorem is proved. |

2.5. Asymptotic behaviour of Algorithm A

In this section, we will prove a formula for the moments of o, g(2) for algorithm
2 analogous to (2).

Lemma 2.6. For any > 1, we have
— 16
> ons(®) < FC20)(30 - 2).
=0

Proof. For triangle A we counsider the vertex «a(A) such that the common de-
nominator ¢(a(A)) is the smallest among all vertices of triangle A (it may not be
unique and in this case we fix one of the minimal vertices). Then

ong(A) = Z (mes A)” Z Z (mes A)°

A€Til, A€Til,
a(A)EVi\Vin—1
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Supposing that the following series converges (absolutely) we change the order of
summations:

> on ()
n=0

M

Z (mes A)ﬁ =

m=0 AETil,,
a(A)EV, \Vm 1

S Y e

m\vm 1 n=m AgTil,,
a(A)=a

3
Il
=]

E'qg

3
g

We fix a point a € V,,, \ Vi—1. Among the triangles from partition Til,, there are
triangles with vertex a. (The number of these triangles is 2, 3, 5, or 8.) Some
of these triangles A may admit the property a = a(A) and some may not. If we
consider a triangle from Til,, with vertices a,b,c and a # «(A) then the triangle
A’ with vertices a, a®b, a®c must appear in the partition Til,, 1, and this triangle
A’ has the property a = «(A’). Hence the vertex a € V,, is totally surrounded by
triangles

AW AT = deg(a) € {2,3,5,8}, (9)

where the triangle A® has vertices a,b®,c®, a = a(A®), and each of these
triangles belongs to partition Til,, or Til,,+1. Moreover, every triangle A from a
partition Til,,,n > m + 1 with the property a = a(A) may be obtained from one
of the triangles in (9) in the following sense. If A does not coincide with one of
the triangles from (9) and a, b, ¢ are vertices of A then

b:b(i)@a...@a, c:c(i)@a---@a,
—_—— —_———
j times j times

where j = n—m or j = n—m — 1. We see that for the rational point b =
b @a - - - @ a the common denominator is ¢(b) = ¢(b())+j¢(a) and for the rational
—_————
J times
int ¢ — ¢ da- - ®ath denominator i — ¢(c™)+jq(a). But f
point ¢ = ¢\ @a - - - @ a the common denominator is ¢(c) = ¢(c'”) +jq(a). But for

J times

any i we have min{g(a), ¢(b), ¢(c?)} = g(a) and hence (b),q(c) > (j + g(a).
Recall that by Lemma 1.2, triangle A with vertices a, b, c has mes A = W
Now we see that for fixed a € V,,, we can get the upper bound

Z Z mesA 36 Z i)ﬁ

n=m AETily,,
a(A)=a

We continue our estimate:

Z on () <ACERB) x [ D > W

m=0a€V;n, \Vin—1



Moments for generalized Farey-Brocot partitions 145

To complete the proof of Lemma 2.6 we must use the estimate

= 1 4 1 4
> 2 Z > q:s—[aSgZW:gC(?)ﬁ—%,

(Q(a)

M=0 €V, \Vin—1 ¢=1 0<apb<q =1
g.c.d. (q,a b)=
(10)
where the first equality follows from the completeness property of our algorithm,
4 1)2 -4
also — = max M Observe that all the series under consideration con-

q 2

verge (absolutely), |

In the sequel we shall use not only Lemma 2.6 but also inequality (10) from
the proof of Lemma 2.6.
Now we take parameters

_ 4682 +p-1)
"~ 9log2- (B -1)8’
and divide the sum from the definition o, g(2) into three sums

O’n’ﬁ(m) = Z (mes A)ﬁ = 2(1) + 2(2) + 2(3),
AeTil,

1— 28+1

w = (logn) Sip 55 (11)

where ¥(q) is the sum over all A from Til,, for which in the code [t1, ..., t,] we have
r > vylogn, (12)
¥(2) is the sum over all A from Til,, for which in the code [t1, ..., t,] we have
r < ~vlogn, 1<t <n-w, (13)
and X(3) is the sum over all A from Til,, for which in the code [t1,...,%,] we have
r<vylogn, t.>n-—w. (14)
(X(s) will be the dominating term).
Lemma 2.7. ) <n —(3log2 y(8-1))/4,
Proof. Obviously,

Yy < max (mes A b E mes A.
A€Til,, r>ylogn AeTil
il,

Let the maximum occur on some triangle A with vertices a, b, c. We apply (5) and
the inequality

max (mesA)’ ! = L L
2 ST @@ S @

r>vylogn

1 _ 3log2 v(8-1)
4

= g Dlegnt " !

which follows from Lemma 1.2 and Lemma 2.4. Lemma 2.7 is proved. |
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Lemma 2.8.

361
Do = S50c(a0 - 2000 (1B )

Proof. Under the conditions (13) we see that t; + ... + ¢,—1 > w and hence there
exists j < r —1 such that t; > 7 = {ﬁ—‘

For a triangle A with code [t1, ..., t,] we consider the sequence of triangles (8)
and especially the triangle A, from the partition Til, and the next triangle Ay,
from the partition Tilyy,, with k =#; +...+t; 1. Let a, b, c be the vertices of Ag,
then a,t/ =b®a---®a, ¢ =c®a---®a are the vertices of triangle Ay ¢,. For

—_——— —_——— k

t; times t; times
the corresponding common denominators we have

q(t") = tiq(a) + q(b) > tjq(a), q(¢) = tjqla) + q(c) > tiq(a).

As the element t; is not the last element in the code [t1,...,¢,;] in the complete
sequence of triangles (7), there exists the triangle Agy¢;41. By Lemma 2.1, for
every vertex w of the triangle Ay 14,11 we have

q(w) = tiq(a). (15)

Now we look for the partition Til, restricted to the triangle Ak+tj+1~ It is isomor-
phic to the partition Til, x—¢; 1. Moreover for any triangle A C Agy4,41 with
vertices s, u, v from the partition Til,, and the corresponding triangle A’ with ver-
tices s',u’,v" from the isomorphic partition Til,,_x_¢;~1, by (15) we deduce that
q(s) = tjq(a) - q(s'), q(u) = tjq(a) - q(u), q(v) = t;jq(a) - q(v'), and hence

1 1 A/
mes A = < — e

2q(s)q(u)q(v) = 2(tjq(a))*q(s)a(w)q(v')  (tjq(a))®
On the other hand, Lemma 2.2 shows that the vertex a of the triangle Ay
satisfies @ € Vj, \ Vx—1. We take into account that vertex a may be a common
vertex for no more than eight triangles from the partition Til;. Also we must take
into account that in partition Til,, there exist just five triangles A satisfying the
conditions of Lemma 2.1 with the given A*(A). Hence

3 1
E(2) < Z Z Z W X ﬁ_ﬁ X Z ) (mes A)ﬂ <

7<t<n k>0,h>1: a€Vi\Vi—1 A€eTily, 1
k+h=n—t

40 > 1 >
Sﬁx Z Z Q@)@ ><<ZZ(mesA)’B>.

k=0 a€Vi\Vi_1 h=0 A€Tily,

But

S mes &) =3 () < OB -2)
h=0

h=0 A€Tily,
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by Lemma 2.6 and

> 1 4
YooY 5 £ 5(B8-2)
3B g
Decvi, @) 3
applying the upper bound (10). Now the inequality of Lemma 2.8 follows. [ ]

Lemma 2.9. %3 = L((angig) +0 (Zw) + O (sreso=r + webr)

Proof. Obviously
S =S + 0 (Bm)

where

(3) = Z (mes A)” .
AETily,:
code [t1,...,tr] such that t.>n—w

Let A be a triangle from Til,, with code [t1, ..., .1, t,] and ¢, > n—w. Then the
triangle A’ = Al*"] belongs to the partition Til,, ;. and its code is [t1, ..., t,_1], t1 +
i+t =n—1, <w.

Define a to be the common vertex for A, Alt*]. Then by Lemma 2.2 we have
ac antr \ ant,,.fb

On the other hand, for any triangle A’ with code [t1,...,t,—1] from partition
Til,,, m = n — t, < w with fixed vertex a € V,, \ Vj,—1, there exists only one
triangle in Til,, with code [t1,...,t,—1,t,] and vertex a. Hence

OEDINDY > (mesd)?

m=0aEVy\Vin_1  AETiLy:
a is a vertex of A

where A C A’ is the unique triangle with code [t1, ..., t,—1,t,] and common vertex
a. Let A’ from Til,, have vertices a,b,c. Then A has vertices a, b®a--- D a,
—_——

t, times

c®a---®a, and by Lemma 2.5
—_——

t, times

q(bga- g a) = trq(a) + q(b) < (n + 1)g(a),
glc@a---®a) = trq(a) +q(c) < (n+1)g(a).

t, times

Recall that t, =n —m > n —w. Applying Lemma 1.2, we have

gf 5 deg(a) <EA<<§f 5 deg(a)
(2(n+1)%q(a)?)7 =" = (2(n—m)?q(a)*)7”

=0 4 € Vi \Vin_1 =0 aE Vi \Vin_1 q
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and thus
deg(a) w
® = Z > (2n2q(a)?)? (1 O (E)) '
m=0a€V,\Vin—1
But
Zl lGl Z deg Z El lGl )
Z < < (16)
v, (ala ))‘35
and
— 2 G  ~~ 1 —3(8-1
2 Tar €2 g <o Y
q=w q=w
Hence

wi:l 3 deg(a) _ > deg(a) L, 3ﬂ)+0< ,3(5,1)) (17)
(q(@)? (q(a))?? ~ '

m=0a€V,\Vin-1 a€Vy_1

It follows that

®= (L((;zig) A <n2ﬁwi(ﬁl)>> (1+0 (%)) !

and the lemma is proved. |

Theorem 2.2. For 3 > 1 the following asymptotic formula is valid

L(%,33) (logn)'~ 37

Note that L(2,34) is unbounded as 8 — 1+, but of course 0,1 = 1 for every

Proof. We need to put together the results of Lemmata 2.7, 2.8, 2.9 and take into
account the choice of parameters in (11):

~ L(A,35) 1 1 w ylogn\ >
Jn,ﬁ(ﬂ) - (27’12)5 + O nglugzz(ﬁ—l) n25w3(ﬁ_1) + 77,25"’_1 + w

L(2,33) (logn)t 38
)

This shows the asymptotic formula. |

_|_
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3. Algorithm B

3.1. The description of Algorithm B

We fix the initial partition of the unit square {z = (z,y1,%2) : = = 1l,y12 €
[0,1]} into two triangles A%! with vertices (1,0,0), (1,1,0),(1,0,1) and A%? with
vertices (1,1,1),(1,0,1),(1,1,0). The vertices of both triangles form bases eot
and %2 = {(1,1,1),(1,0,1),(1,1,0)} (the order is of importance here) of the
integer lattice Z3. Now we suppose that a basis

e ={g’ 957 957}

(and corresponding triangle AY of the partition of the unit square [0, 1)? into
triangles) occurs in our algorithm and we define the rule for constructing the
bases for the next step of algorithm (the rule for dividing cone €(€"7) of the basis
evi ). In our algorithm B the rule will be the same for each step of the algorithm
and for each basis. Namely, for the basis &”7 which occurs at v-th step we take 2
bases &V TH2U=D+ i — 1 2 by the following formulas

AT = (g3 4 g5 g1, 95”7}, operation 17

8V+172(j_1)+2 — {ggv] + ggv]vgiv]’gé’yj}’ operation “«,

The construction of the set 40f bases 8”+1’2(j_1)+i, 1 < i <2 depends on the order
of elements of the basis £"7.

Obviously, this rule satisfies the conditions (4) (i), (ii) — each new set of
vectors /120~ DF iq o basis of the integer lattice, and the cones (3(8”""1’2(3;1)'“)7
1 < ¢ < 2 form a regular partition of the cone @(E”J ). Clearly algorithm B
is finite and hence complete. The construction described was introduced and
studied in [12] (for the general d-dimensional situation). For example, in [12] it
was shown that the corresponding multidimensional continued fraction algorithm
weakly converges.

3.2. Algorithm B in terms of constructing rational points in the square
[0,1]?

Note that if integer vectors (p,a1,a2), (g,b1,b2) can be extended to a basis of

the integer lattice Z3, then the corresponding rational points a = (%, %) and

b= (%1, %2 define a rational point a @ b, whose common denominator and both
numerators are relatively prime.

Partitions Til, may be constructed as follows. The initial partition Tily con-
sists of two triangles with vertices (0,0), (1,0), (0,1) and (1,1),(1,0), (0,1). Then
a triangle A with vertices a,b, ¢ in partition Til, must be partitioned into two
triangles with vertices

c®b,a,b, and c®b,a,c.
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We must note that the order of the enumeration of vertices of triangle A is im-
portant for the constructing of our partition.

We call the first rule an operation “1”, the second one an operation “0”. To every
triangle A € Til,, we then attach a code c¢(A) = c¢;... ¢y, where ¢, € {0,1}
states, which rule was used for the k-th partition. Also, let | ¢|[(A) = >"}_, ¢k be
the number of operations “1” to obtain A.

Figure 2 shows the first 6 partitions (Tils only in the lower left quarter), to-
gether with the points (g, a1, as). Walking in the direction of the arrowheads, one
obtains a binary tree, infinite in the case of T.

Lemmata 1.2 and 2.5 (consider ¢(b) + q(c) < vq(c) +q(c) = (v +1)g(c) < (v +
1)g(b) and ¢q(b) + q(c) < (v +1)q(c) in case of operations “0”, and “1”, respectively)
and inequality (10) remain valid for algorithm 92B.

Lemma 3.1. (i) We have q(b) + q(c) > q(a) > q(b) > q(c) for all triangles.
(ii) Let the triangle A’ be obtained by rule “1” from triangle A. Then mes A’ <
1
smes A.
(iii) Let the triangle A" with vertices a’,b', ¢’ be obtained by applying rule “0”
k times to triangle A with vertices a,b,c. Then the vertices of A" are (a’',V/,c') =
(a®c---Dce,b®e---De,c), if k is even, and
—_— Y
k/2 times k/2 times
"o, )= (b if k is odd. Al ! b)) > Bl .
(@b ) =(b @c---Bc,a Sc---Bc o), ifkiso s0, q(a’),q(V') = *5=q(c)
(k+1)/2 times (k—1)/2 times

Proof. (i) By induction, obvious for v = 0. Let (a/,V’,¢’) be the new vertices.
Then (t') + g(¢') = q(a) + 4(8) > 4(a’) = a(b) +4(c) > g(¥") = qa) > a(¢’) = g(b)
and g(b') + (') = a(a) + 4(¢) > (@) = ab) + a(c) > a) = a(a) > 4(¢’) = a(c),
respectively.

(ii) From (7), q(b) + ¢(c) > 2 - ¢(c), and using Lemma 1.2,

mes A’ = (2(a(8) + a(c)) - a(a) - 45)) " < (2(ala) - a(b) - 24(e)) " = Smes A,

(iii) Observe the effect of rule “0” on triangle A: (a,b,c) — (b ® ¢,a,c) —
(a®ec,bDe,c) = (bDedc,ade,e) = (aDede,bDde,c) — ... Iterating the
rule k times leads to the stated formula, and then g(a’) = g(a) + %¢(c),q(V') =
q(b) + §a(c),a(¢') = q(c), if k is even, and g(a’) = q(b) + ¥ q(c), q(V') = q(a) +
ELq(c), q(c)) = q(c), if k is odd, in any case g(a’),q(b') > (552 + 1)g(c). u

It is easy to verify the following properties of partitions Til, and graphs T,,,T
by induction.

1. Til, is a partition of the unit square [0, 1]? into f, = 2"*! triangles.

2. The number of edges of the graph T, is equal to

3 x 22k p ok+1 0 if n = 2k,
r, =
6 x 22k 4 2k+1 if n =2k + 1.



Moments for generalized Farey-Brocot partitions 151

3,13 2,12 32,3 111

101

3,0,2

201

304

100 31,0 210 3,20

Figure 2.

3. The number of vertices of graph T, is equal to

. (2F +1)2, if n =2k,
T @12 422 i n=2k 4 1.

4. The degree deg(v) for any vertex v of the graph T takes values from the
set {3,5,8}. In each graph T, also occur vertices of degree 2 (for v = 0) or 4 (for
v > 1); these vertices lie in V,, \ V,,_1. The number of vertices from T, with the
given degree can be easily calculated.

The Dirichlet series L(8, ) for our algorithm can be written as follows

Z deg(a) _ f 3G3(q) +5G5(q) +8Gs(q)

L(®,5) = q(a)? q¢°

)

a€Q2n(o0,1]2 g=1

where Gy(q),l € {3,5,8} is the number of rational points a € [0,1]? with com-
mon denominator ¢(a) = ¢ and deg(a) = I. Obviously Gs(q) + G5(q) + Gs(q) =
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#{(a1,a2) € 2% : 0<ar,a2 <gq, g.cd.(q,a1,a2) =1} < (¢+1)2
Lemma 3.2. For all B > 1, we have

Z on,3(B) < —25<(2ﬂ)<(3ﬁ -2).

Proof. We follow closely the proof of Lemma 2.6. In algorithm 9B, always a(A) =
¢ by Lemma 3.1(i). Hence

Sows® =Y > > 3 (mesa)
n=0

=0 = AETily,
m=0 c€Vin\Vim_1 n=m ACTiln,

We fix a point ¢ € V;;,\V,,—1. Then we have triangles
AW AE@eE©) e Tl U Tilyy o, (18)

all including vertex c¢. Again, every triangle A € Til,, with a(A) = ¢ is included
in some A with vertices a/,b’, ¢’ = ¢, and has been obtained by operations “0”.
With Lemma 1.2 and Lemma 3.1(iii),

S Y (mesa)’ < 3 < 20 o),
mes X 2
n=m A€eTily,, ]:1 j + 1 ( )35
a(A)=c
and thus

= 1
;Z:()Unﬂ( 23+6C 25 Z Z W

m=0ceVin\Vin_1

Using (10), we obtain the result as in the proof of Lemma 2.6. |

We choose parameters

_ A6+ 8-1) B »
~ 3log2- (B—1)8’ and  w = (logn)' " Fn w

and again we divide o, 3(®B) into three sums, now according to ¢ and | c|,

Un’ﬁ(%) = Z (mes A)ﬁ = 2(1) + E(Q) + 2(3),
A€Til,

where ¥ ;) is the sum over all A from Til,, with
| c[(A) > vlogn, (19)
¥ (2 is the sum over all A from Til,, with
| c|(A) < ylogn, Jk>w: ¢ =1, (20)
and X(3) is the sum over all A from Til,, with

| c[(A) < ylogn, Cyt1 == ¢, =0. (21)
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Lemma 3.3. For all 3> 1,

Sy <n” log2 ~(8-1)
Proof. Obviously,

Yy < max (mes A)P™1 x E mes A.
A€ETil,,
| €l(A)=7ylogn A€Tiln

Let the maximum occur on some triangle A with vertices a, b, c. We apply Lemma
3.1(ii), (5) and the inequality

A1 < 1 < 1 — - log2 4(A-1)
AT, PS5 o logn (ST S Gre@ysT S HE-niEn " '

Lemma 3.3 is proved. u

Lemma 3.4. Let some triangle A = (a,b,c) be given, A" = (a’,V',c') resulting
from A wvia the operation 6y € {0,1}, and A" = (a”,b",c") resulting from A’
via the three operations 61,1,0 with 6; € {0,1}. Then ¢’ was not a vertexr of
A, " ¢ {a,b,c}, but it is a vertex of A'.

Proof. We Verify the four cases:

(abc) (b@cac) (a @cb@cc) (b@c@ca@cb@c) (a®b®
c@c,b@c@c bd )w1thc”—b@c—a

(a,b,c) (bEBcac) (a®c,bD e, a) (a®b®c,adec, b@c) (a®b®
cHe,adbDe,b®dc) withd' =bdc=d.

(a,b,¢0)—=(b@c,a,b)-S(a®b,b& c,b)——bBbdc,a® b b®c)—(a®bd
bd e, b@b@c bEBc)withc"—b@CZa’

(a,b,c)—(b&c,a,b)—=(a@bb®c,a)——(a®bSc,a®bb®c)—adbd
bdc,adbPe,bc)withd' =bdc=ad.

Observe that in any case, ¢’ =b® ¢ & {a, b, c}. |

28.59 8 2 vlogn 36-1
Lemma 3.5. X5 < 2522 - 432°(((36 — 2))%¢(206) (T)

Proof. Condition (20) implies | c|(A) < ylogn. As the last operation “1” occurs

after the first w partitions, for some t > 7 = { — 1, there exists k£ < w such

vlogn
that (i) cxy1 = -+ = crge = 0 (¢ consecutive operations “0”), (i) crri41 = 1,
(#i1) ey =1, cgo1 =0€{0,1},or 0 <k <1.

We cousider first the case 0 < k < 1: This part adds at most 8 - (#Vy + #V1)
summands of the form g(c)™3% < 1. Since #V; = 4,#V; = 5, this amounts to at
most Ek:0,1 < 72.

Let now k > 2. For the triangle A with code [ ¢y, ..., ¢,] we consider the
sequence of triangles (7), especially the triangle Agtq1 € Tilgy1 and the triangle
Apyt € Tilgys. Let Apiy = (a,b,¢) and Agyy = (a/, 0, ).
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By Lemma 3.1(iii), the corresponding common denominators satisfy

o) =a(@). o) (|| 1)a@. )= (|5] 1)t

Now, the triangle Ag¢41 is obtained from Ay, by an operation “1”(ci4¢+1 = 1),
hence for every vertex w € {b' ® ¢/, a’,b'} of the triangle Agysy1, we have

0@ = (|5]-1) a0 = 3 -t 22)

Now we consider the partition Til,, restricted to the triangle Ag4;41. It is isomor-
phic to the partition Til,_;_¢—1. Moreover, for any triangle A C Agyt41 with
vertices s, u, v from the partition Til,, and the corresponding triangle A’ with ver-
tices s’,u’, v’ from the isomorphic partition Til,_x_¢_1, by (22), we deduce that

1 < 1 _ 2Tmes A’
2q(s)q(u)q(v) = 2(% - q(c))3q(s)q(w)qv') — (tq(c))®

mes A =

Lemma 3.4 now states that ¢ € Vy_o \ Vik_3 and we can bound ¥ (9), distin-
guishing £ = 0,1 from k£ > 2 as:

n

8
Sy<> | > 8-#Vk-;—ﬁx > (27mesA)?) +

t=7 0<k<1, A€Tilp—1
h=n—t—k
Yy [ Y B )T T emeay)| <
(q(c))3° 30 ~ B
E>2,h>0: \ c€Vi_2\Vi_3 AETil_;
k+h+t=n
216° - 8 > 1 = 8
S 51 X 9+ ) (q(0)*? XZ > (mesd)” ).
k=2 \c€Vi_2\Vi_3 —0 \A€Til,

But

Z(Z (mes A) ) Zahﬁ <—26C(25)C(36—2)
A

h=0 €Tily,

by Lemma 3.2, and

9+> > (q(cl))36§9+82 i<<9+3—;><(35—2),

k=2 cEVi_2\Vie_3 ¢=1 1<a,b,<q
. )

applying the upper bound (10). Now the inequality of Lemma 3.5 follows. |
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Lemma 3.6. For all 3> 1,

L(*8B,30) 1 w
(n2/2)8 +0 (E(l)) +0 <n25w3(5—1) + n25+1>

Proof. W.l.o.g., let n —w be even (otherwise use w’ = w + 1, covering even more
cases). Let

) =

223) = Z (mes A)ﬁ.
AETily:
c(A) such that cy41=--= ¢, =0
Apparently,
Y3 = Xz T O(Z))-
Now, every triangle A € Til,, with code c(A) = c¢1... ¢,0" ™ is a subset of a

unique triangle A’ € Til,, with code ¢(A’) = c¢;... cy.

Let (a,b,c) and (a’, b, ') be the vertices of A and A’, respectively. Since A is
obtained by k = n—w (which is even) operations “0”, with Lemma 1.2 and Lemma
3.1(iii), we get

1
mes A =
(g(a") + 5q(e) (a(®) + §q(c)) a(¢)

and thus

dople) gy Ly denlo

2 = 3) = .

cEVay (%Q(Cp)ﬁ () cEVay (Mq(cﬁ)ﬁ
2

Since

deg(c) deg(c) _I —3(8—1)
)3 S ,38)+0 (w ,
(a()*? & (a(e)®” ( )

w—1 el w—
Z: Zlqgﬁl(q) < Z

m=0 ceVn\Vim_1

as in (16), (17), it follows that

o= 5232 (0012 (10 (o))

and the lemma is proved. |

Theorem 3.1. For 8 > 1 the following asymptotic formula is valid
26 . L(B,3p (10gn)17$
n 36

Note that here (as in Theorem 2) L(%8,3/) is unbounded as § — 1+, but of
course 0,1 = 1 for every n.
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Proof. Assembling the results of Lemmata 3.3, 3.5, and 3.6,
on,3(B) =
_L(%,35)+0< 1 n 1 n w +<710gn)35_1> _

(n2/2)8 nlog2 7(B=1)  p2By3(6-1) ' p2p+1 w

_ L(B,30) (logn)'~ 3"
RRGEE <”O< S ))

we obtain the result. |
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