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1. Introduction

Nonlinear problems involving fractional diffusions appear in several
areas of applied mathematics, as described by Caffarelli in [8, 9] and
by Vézquez in [42, 43]. Indeed, many recent papers are devoted to
problems involving fractional and nonlocal operators, and concerning
models in optimization, finance, continuum mechanics, phase transition
phenomena, population dynamics, and game theory. Several contribu-
tions have also been given for nonlinear fractional Schrodinger equations,
fractional porous medium equations, and general nonlinear problems of
any type. For a recent survey on some up-to-date developments we refer
to the recent survey [39].

In particular, the paper deals with stationary fractional Kirchhoff p-
Laplacian equations, involving critical nonlinearities, a topic of great ap-
peal after the publication of the paper [22] due to Fiscella and Valdinoci.
We refer e.g. to [2, 10, 16, 29, 30, 32, 36, 37] and the references
therein for details. But the equations treated here contain also Hardy
terms, which make the analysis more delicate and quite interesting. For
related problems we just mention [5, 10, 11, 21] and the references cited
in there.
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Since we are interested in nonnegative entire solutions for applica-
tions in geometry and physics, the first equation we treat is of critical
p-fractional Hardy Schrodinger Kirchhoff type, that is

ulP~?u
[P
= Af(z,u) + gz, u) + K(2) ()P~ in RV,
where v and A\ are real parameters, 0 < s < 1 < p < o0, sp < N,
and u" = max{u,0}. The operator (—A)2 is the fractional p-Laplacian,

which for every function ¢ € C§°(RY) may be defined, up to normaliza-
tion factors, as

(L1 M(|lul")(=A)pu+ V(@) ulP~?u] -

lp(@) — W 2lp(@) — )] ,

(fA);ga(as) =2 lim o — g Yy

e—0t RN\ B, ()

for all z € RY, where B.(z) = {y € RY : |z — y| < €}. The exponent
= Np/(N — ps) is critical in the sense of Sobolev, while the nonlinear
terms f and g are subcritical. For all p € C§°(RY)

[l i o [ /RN V() lu(z)|? de,

I
e [

Throughout the paper the weights K and V satisfy

(K) K >0 ae inRY and K € L>=(RY),

(V) Ve CRYN) and V(z) > Vo > 0 for all z € RN, where Vy is a
positive constant,

(1.2)

while the main Kirchhoff function M verifies the condition

(M) M:Rf — R{ is a nonnegative continuous function and there ex-
ists 6 € [1, N/(N ps)) such that tM(t) < 0.4 (t) for any t € Ry,
where A (t fo

Note that || - pr is a umformly convex norm on the weighted Lebesgue
Banach space LP(RY V) by (V).

Problem (1.1) is fairly delicate due to the intrinsic lack of compact-
ness, which arise from the Hardy term and the nonlinearity with critical
exponent p%*. For this reason we assume that (1.1) is non-degenerate,
that is
(1.3) inf M(t) =a>0.
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CRITICAL p-KIRCHHOFF EQUATIONS

Stationary non-degenerate Kirchhoff problems have been extensively
studied in the last decades, but usually under the request that M is
nondecreasing in RJ, as in [22, 33, 35] and the reference therein. As
in [2, 10, 36] the monotonicity assumption is replaced by (M). In par-
ticular, as shown in [2, 36], the Kirchhoff function M (t) = (1 + t)* +
(1+t)~% k € (0,1), verifies both (M) and (1.3), but is not monotone.
Indeed, inf,cp+ M(t) = a > 0, with a = E=R/HD(1 4 k) < M(0) = 2,
and (M) is satisfied, with § = k+1 and k so small that k < sp/(N —sp).

The main framework for (1.1) is the space E, defined as the com-
pletion of C§°(RY) with respect to the norm || - ||, introduced in (1.2).
Denote by D*?(R™) the p-fractional Beppo-Levi space, that is the com-
pletion of C§°(RY) with respect to Gagliardo semi-norm [-]; ,. Theo-
rems 1 and 2 of [31] give

s(1—s)
(N —ps)p~!

lull, = / u(@)|”
RN |T[PS

for all u € D*P(RY), where Cy, is a positive constant depending only
on N and p. Thus, the fractional Sobolev embedding D*P(RY) —
LP: (RN) and the fractional Hardy embedding D*? (RN ) < LP(RY, || ~7%)
are continuous, but not compact. It is also evident that E < D*P(RY).
Let us introduce the best fractional critical Sobolev and Hardy constants

S =S(N,p,s) and H = H(N,p,s) given by

s(1—9)

p p
||u||pj S CN,P (N —pS)p [u]s,gﬂ

(W p Nl < Cnyp

ul? u)?
S P )
wep*»®") [|ullp: uen*?®") [|ully

Of course, the numbers S and H are strictly positive. We refer to Theo-
rem 1.1 of [23] for the sharp Hardy constant H. Throughout the paper
we require the following structural assumptions on f and g.
(F) f: RN xR = R is a Carathéodory function and there evists an
exponent q € (0p, p%) such that either
(f1) f(z,t) = w(x)(tT)9t for a.a. x € RY and all t € R, where
w >0 ae inRY and w € L¥(RY), with p = p*/(p* — q), or
(f2) f wverifies both assumptions
(a) there ewists a positive function w of class L>°(RN) such
that w(z) = o(1) as |x| — oo and |f(x,t)] < w(z)[t]?
for a.a. x € RN and allt € R,
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(b) for a.a. x € RN it results 0 < qF (z,t) < t f(z,t) for all
t € RT and 0 < gF(x,t) <t f(x,t) for allt € Ry, where

Flat) = /Ot (@, 7)dr.

(G) g: RN xR — R is a Carathéodory function and there exist expo-
nents v and p in (Op,p%) such that for all e > 0 there exists C. > 0
and

lg(, t)| < Opelt|?? = 4+ rCct|" "
for a.a. x € RN and allt € R, and either
(i) Op < pu < q and pG(x, t) < tg(x,t) for a.a. z € RN and all
t € R, where G(x,t) fo (x,7)dT, or

(i) ¢ < pu < pf and 0 < puG(z,t) < tg(z,t) for a.a. x € RY and
allt € R.

For examples of subcritical nonlinear terms which satisfy conditions (F)
and (G) we refer to [10]. The condition, assumed in [36], namely
inf{G(z,t) : € RN, |t| = 1} > 0, is no longer required here and
in [10] thanks to the possible presence of the nontrivial nonlinearity f.
For the next main existence result for (1.1), because of the possible

presence of g, we assume also

(V) There exists R > 0 such that for any ¢ >0
lim meas({z € Br(y): V(z) <c})=0.

ly|—o0
Condition (V) is weaker than the property V(z) — oo as |z| — oo usually
required in Schrodinger problems. Assumption (V) was originally intro-
duced by Bartsch and Wang in [6] to overcome the lack of compactness
in problems defined in the entire space RY.
In harmony with [10], we define x = k(g, u, M) by

_ a(r = 0p)

0(r—p)’
Clearly x € (0,a], being 8 > 1 and p < 0p < 7 by assumptions (F)
and (G). There are cases, besides the obvious one M = a, in which
Kk = a, that is § = 1 in (M), as shown in Section 2 of [10].

Thanks to the variational nature of (1.1), under the above structural
assumptions, (weak) solutions of (1.1) are exactly the critical points of
the underlying functional J, x, which satisfies the geometry of the moun-
tain pass lemma. The solutions constructed for problem (1.1) are given
in terms of critical points . x of J, ) determined at special mountain
pass levels. These solutions are briefly called mountain pass solutions.

(1.5) T =min{q, pu}.
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Theorem 1.1. Suppose that (1.1) is non-degenerate, i.e., that (1.3)
holds, and that (M), (V), (V), (F), and (G) are satisfied. Then for
every v € (—oo,kH) problem (1.1) admits a nontrivial mountain pass
solution w~ x for any A > 0, whenever | K||o =0, and u, x satisfies the
asymptotic behavior

(1.6) i [fuy s = 0.

While if || K|loc > 0, then there exists \* = X*(y) > 0 such that for
any A > A problem (1.1) admits a nontrivial mountain pass solu-
tion u x which satisfies again (1.6).

Moreover, if g = 0, then the assertion above continues to hold assum-
ing only condition (V') on the potential V.

Finally, if f, g: RN x R — R are Carathéodory functions, with the
property that for a.a. x € RN

flz,t) =g(z,t) =0 for allt € Ry,

(1.7)
f(z,t) >0 and g(x,t) >0 for all t € RT,

and if h is a nonnegative perturbation term of class v (RY), where
V' is the conjugate exponent of some fized v € [p,pk], then the non-

homogeneous equation associated with (1.1), that is
Jul~2u
|z|Ps

= M (@,u) + g(w,u) + K (2) ()P + h(z) in RY,

(1.8) M([[ul")[(=A)pu+ V(@) |ul"~*u]

admits only nonnegative solutions in RY, provided that A\>0 and y<a H.

Therefore, every nontrivial mountain pass solution u., » constructed in
the first part of Theorem 1.1 is nonnegative in R, being vy < x H < a H,
whenever also (1.7) holds. Theorem 1.1 extends in several directions, for
example, Theorem 1.1 of [13], Theorem 1.1 of [16], Theorem 1.1 of [19],
Theorem 1.3 of [21], Theorems 1.1 and 1.2 of [25], Theorem 1.2 parts (2)
and (3) of [30], Theorem 1.1 of [36], and [12, 18, 24, 29, 40, 45].

The last part of Theorem 1.1, that is when g = 0 in (1.1), takes
somehow inspiration from the paper [41] and covers also the interesting
case in which V' is a positive constant. See also Theorem 1.1 of [10].
Theorem 1.1 completes the picture given in Theorem 1.1 of [20].

As in [10], we can study equation (1.1), requiring only (V') on the
potential V', but including the term g, provided that K, V', f, and g are
radial functions in z.
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Theorem 1.2. Let N > 2 and let (1.3) hold. Assume that (M), (V),
(F), and (G) are satisfied and that K, V', f, and g are radial functions
in x. Then for every v € (—oo,kH) problem (1.1) admits a nontrivial
radial mountain pass solution u. x for any A > 0 and ., ) satisfies the
asymptotic behavior (1.6), whenever | K|o = 0. While if || K|l > 0,
then there exists \* = A*(y) > 0 such that for any A > A* problem (1.1)
admits a nontrivial radial mountain pass solution wu. x, which satisfies
again (1.6).

Theorem 1.2 extends in several directions the existence results ob-
tained in [17, 26, 27, 44] and the references cited therein.
The second problem we consider comes from the equation

ufP~?u
|[Ps

= w(z)(uH)T + K(z)(uh)Ps "' + h(z) inRY,

(1.9) M([[ul”)[(=A)pu + V(@)ul""*u] -~

where the parameters satisfy the previous assumptions, and f(x,t) =
w(z) ()91 is as in (F)-(f1), that is ¢ € (0p,p?), the weight w > 0
a.e. in RY and of class L*(RY), with ¢ = p*/(p: — q). The func-
tion h can be viewed again as a nonnegative perturbation term and h is
assumed in the second part of the paper to be montrivial, nonnegative
and of class L”,(RN), where V' is the conjugate exponent of some fized
v € [p,p3l.

For problem (1.9) we also assume for simplicity that K > 0 a.e.
in RN and crucially that M is in standard form, that is there exists
0 €[l,N/(N —ps)) such that

(1.10) M) =a+b0t°"1, a>0,b>0,

for all t € RY. Clearly, condition (1.10) is stronger than the previous
assumption (M).

Theorem 1.3. Suppose that (V) and (1.10) hold. Then for all v in
(—oo,a H) and X > 0 there exists 6 = 6(yT,\) > 0 such that for all
nontrivial nonnegative perturbations h € L (RN), with 0 < ||h||,» < 4,
problem (1.9) admits a nontrivial nonnegative solution u. x, provided
that either 6 = 1 in (1.10), or @ > 1 and v < 0. Furthermore, the
solution u~ \ satisfies (1.6).

Theorem 1.3 extends Theorem 1.1 of [36], the existence result to
obtain the first solution of Theorem 1.3, as well as Theorem 1.4 parts (2)
and (3) of [30].
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A very natural appealing open problem is to prove existence of non-
trivial solutions for problems (1.1), (1.8), and (1.9) in the degenerate
case, that is when M (0) = 0 and M (¢) > 0 for all ¢ > 0.

The paper is organized as follows. In Section 2 we prove the existence
Theorem 1.1 for the Hardy Schrédinger Kirchhoff problem (1.1) and the
asymptotic behavior (1.6). Section 3 deals with the proof of Theorem 1.3.
Finally, in Section 4 we extend Theorems 1.1 and 1.3 to settings having
wider applications, replacing the fractional p-Laplacian operator by a
general nonlocal integro-differential operator, generated by a singular
kernel K, satisfying the natural assumptions described by Caffarelli, e.g.,
in [8]. See also [39].

2. The non-degenerate Hardy—Schrodinger—Kirchhoff
equation (1.1)

Here we prove the existence result for problem (1.1) and we recall
that throughout this section (M), (K), (V), and (1.3) hold. First, by
Theorem 6.7 and Corollary 7.2 of [15] we have the following embedding
result for the uniformly convex Banach space F defined in the intro-
duction. The fact that E is a uniformly convex Banach space can be
easily derived following the main arguments of Proposition A.9 of [3], or
Lemma 10 of [36], or Lemma A.6 of [37].

Lemma 2.1. If v € [p,p?], then the embeddings E — WP(RN) —
LY(RN) are continuous. In particular, there exists a constant C, > 0
such that |ull, < Cyllul| for all u € E.

Let LI(RN w) be the weighted Lebesgue space, endowed with the
norm

Jull2, = / w(a)|ul? de.
]RN

The Banach space LI(RN, w) = (LY(RY,w),| - ||4.w) is uniformly con-
vex by Proposition A.6 of [3]. Furthermore, by Lemma 2.1 of [10],
which combines some ideas of Lemma 2.3 of [3], Lemma 2.2 of [4],
and Lemma 2.6 of [38], see also Lemma 2.3 of [37], the embedding
D*P(RN) < L4(RY w) is compact, with

(2.1) [wllgw < Cwluls, for all u € D¥P(RY),

and Cy, = S~V ||lw||/? > 0.
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We say that u € E is a (weak) solution of (1.1) if u satisfies the
identity

(2.2) M([[ull”)(u, p) = v(u, o) =A - f(@,u(x))p(x) da

+ /RN 9(x, u(x))p(x) de+(ut, @)y x

for any ¢ € F, where (u cp) = (U, ©)sp+ (U, ©)p.v,
b = [ A0 ) =0
(e = [ V@@l *u(w)pla) e,

u(z) P 2u(x)p(x
(i = [ W ulalola) g,

[P

<u+’¢>p:7K - - K(.’L‘)(u"'(q;))l’:—l@(x) dz.

Problem (1.1) has a variational structure and J, »: E — R, defined by

Jya(u) = %[//Z(IIUII”) = ull] = Hx(w),

H,\(u)—)\ F(J: u) dx + G(z, u)da:+
RN

pK’

pK_/ K(x z))Ps da,

is the underlying functional associated with (1.1). Indeed, J, x is well
defined in E, since if u € E, then also u™ € E and u~ € E, being

[t (z) —u" ()] < |u(@) —u(y)| and |u”(z) —u”(y)] < [u(z) —u(y)l

for a.a. o, y € RY. Essentially, as shown in Lemmas 4.2 of [10], the
functional .J, y is of class C1(E).

Condition (1.3) gives that M(t) > 0 for any t € R} and (M) yields
that ¢ — t~%.#(t) is nonincreasing in R*. Consequently, for all t5 > 0

(2.3) thH (t) < M (to)t?  for any t > to.

Now, as in Lemmas 2.2 and 4.3 of [10], we prove that the functional J,, »
has the geometric features required to apply the mountain pass theorem
of Ambrosetti and Rabinowitz of [1]. To this aim, let us note that the
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assumption (G) implies
(2.4) |G(x,t)| < et|? + C.|t|" for a.a. 2 € RY and all t € R.

Lemma 2.2. Fiz vy € (—oo,aH) and X\ > 0. Then there exists a radial
function e € C(RYN), with e > 0 in RY, |le]| > 2, and J, \(e) < 0,
which depends only on v~ , when K > 0 a.e. in RN . Furthermore, there
ezist « = a(yT,\) > 0 and p = p(y", A) € (0,1] such that J, x(u) > «
for allu € E, with ||u]| = p.

Proof: Fix v € (—o0,aH) and A > 0. Take a radial function v of
class C$°(RY), with v > 0 in RY and ||v|| = 1. As shown in the proof of
Lemma 4.3 of [10], for a.a. x € RY the functions t + t~9F (z,tv(z)) and
t — t *G(z,tv(x)) are nondecreasing in Rt by (F) and by (G), in both
cases (i) and (ii). Moreover, [,y F(z,v)dz > 0 by (F) and the fact that
v € CPMRYN), v >0in RV, and ||v]| = 1. Hence, as t — oo

(2.5) F(x,tv)dx > t? F(z,v)dz — oc.
RN RN

While (G), in both cases (i) and (ii), implies that

(2.6) / G(z,tv)dx > t"/ G(z,v)dx for all t > 1.
RN RN
Consequently, by (2.3) for all ¢t > 1
1 _
Jya(tv) < AW oy Lol ee — )\/ F(z,tv) dz
p p RN

o158 & e
- Gz, tv) de — ————tFs
RN

S

20 - ot .
< W)y | L) ap — 2K
p p

P

S

(/\tq/RNF(:r,U) dert“/RNG(%U) d:c) under (G)-(1) e

)\tq/RNF(:c, v) dz under (G)-(ii)

as t — o0, since p < fp < min{q, u} < max{q,u} < p* by (F), (9),
and (2.5), even if K = 0 a.e. in RY. Choosing e = 7yv, with 75 > 0 large
enough, we get at once that e is regular, radial, e > 0 in RV |le|| > 2,
and Jy x(e) < 0. Clearly e depends on v~ . Furthermore, e can be taken
independent of A\, whenever K > 0 a.e. in RY, otherwise e could depend
also on A, as claimed.
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By (K), (V), (1.3), (1.4), (2.4), and the fact that E — D*P(RY),
there exists a positive constant K, by (F), such that for all u € E, with
lul <1,

.
[Ju® g%,K

D3

Jya(w)

v

a Y 6
—[lull” = = llullf = Aw[[ull? = ellullgy — Cellully —
p p
+
a 7 Op P _ q_ r r_ Py
> (& = 2~ <l ) Il = ARl = CCEul” = Sl

> Pllull” = Ay [lu]|* = C-CF |Jul|” = Skl|u

*
Ps
’

since ||u||?? < |lu||P, being p < Op and |ju|| < 1. Here
_ K]l all — % 1 < v*) =0

Sk = = e=———0>0, f=—|a-=
piSPi/P 2pHCYY 2p H

since 7 < aH. The function
Nya(t) = BtP — AK,t7 — C.CIt" — SktP=, ¢ € [0,1],
admits a maximum at some p € (0, 1] small enough, that is

t) = 0
fél[g,’ﬁ”“() Nya(p) >0,

since § > 0 and p < Op < min{q,r} < max{q,r} < p by (M), (F),
and (G). Put o =1, x(p). Consequently, J, x(u) > a >0 forall u € E,
with |Jul| = p. O

From the proof of Lemma 2.2 it is apparent that if e is the nontrivial
nonnegative radial function determined for some vy € (—oo0,aH) and
Ao > 0, then e is such that J, x(e) < 0 for all A > A and |le]| > 2> p =
p(v, A), being p € (0, 1].

We recall in passing that, if X is a real Banach space, a C1(X) func-
tional J satisfies the Palais—Smale condition at level ¢ € R if any Palais—
Smale sequence (up), at level ¢, that is any sequence (up),, with the
property that

(2.7) J(up) = ¢ and  J'(u,) =0 in X' asn — oo,

admits a strongly convergent subsequence in X.
Fix v € (—o00,aH), A > 0 and put

=] f
ey = Inf max JyA(€(),

I'={£€C([0,1],E) : £(0) = 0, £(1) = e}

Obviously, cy,x > 0 thanks to Lemma 2.2.
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We are going to prove that J, ) satisfies the Palais-Smale condition
at level ¢, in E. To this aim, we show an asymptotic property of the
levels ¢, x. This crucial idea is strongly related to Lemma 2.3 of [10]
(see also Lemma 4.3 of [21] and Lemma 6 of [22] for a somehow similar
fractional non-degenerate Kirchhoff Dirichlet problem in bounded regu-
lar domains). The next lemma indeed is useful to obtain (1.6) and, most
importantly, to defeat the lack of compactness due to the presence of a
Hardy term and a critical nonlinearity. In order to get the Palais—Smale
condition at level ¢, 5 in E, the presence of g forces to also assume (V)
on the potential V', as we shall see in the proof of the main Lemma 2.4.

Lemma 2.3. For all v € (—oo,aH) it results

lim ¢y 5 =0.
)\—>OO’Y

Proof: Fix v € (—oo0,aH) and \g > 0. Let e € C§°(RY) be the non-
trivial nonnegative regular radial function obtained in Lemma 2.2, de-
pending on vy~ and possibly on Ag. Hence the functional J, ) satisfies
the mountain pass geometry at 0 and e for all A > Ag. In particular,
there exists t, » > 0 such that J, x(t,,xe) = max;>o J4,x(te). Therefore,
<J:/’)\(t%,\6), 6>E’,E = 0, that is

(28) 0= (J5\(tyx€),€)mm = M \[le|){ty xe,€) — vt2 el

Pk —)\/ f(x,t%Ae)edx—/ g(z,ty re)edx
RN RN

ps—1
N t'M

for all A > ).

We claim that {t, x}x>», is bounded in R. To this aim let us define
A ={X> Ao :tyx > 1}. Then for all X € A, by (M), (F), (G), (1.4),
(2.3), (2.5), and (2.6)

Gp 1 B Op
(6. + 3 ) bel
> 5 (M el el = el )

1 :_1
ZAtiAq/RN F(z,e)dr + 1t uANG(x,e)dm+tz7A lle

Ph
3, K

W}\ p,/ G(z,e)dr under (G)-(i)
0 under (G)-(ii)

since [pn F(x,e)dz > 0 and |le[ > 2. This implies at once the bounded-
ness of {t, x}xea, since 6p < g by (F) and ¢ < g in the case (G)-(i). In
particular, this shows that {¢, x}x>», is bounded and proves the claim.

9

> ti’_)\l)\oq F(x,e)dr+
RN
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Fix a sequence (Ar)r C [Ao,00) such that A\, — oo as k — oco. Ob-
viously (t4,x,)r is bounded in R. Hence, there exists a subsequence
of (Ag)k, still relabeled (A)x, and a number ¢ > 0 such that t, , — ¢
as k — oo. Assume by contradiction that ¢ > 0. Then, by (F), (G), and
the Lebesgue dominated convergence theorem, we obtain
lim / f(z,tyae)ede = f(z,le)edx > 0,

RN

k— o0 RN
lim gz, ty\e)edr = / g(x, Le)edz,
k—oo JpN RN

since e > 0 in RY and ||e[| > 2. Hence, (2.8) and the argument above
gives

o1 (a/f(lﬂ%) lef|?” > lim (Ak/ f(w,tw,xkff)edl’)
k—o0 RN
+/ g(x, le)edr = oo,
RN

which is the desired contradiction. In conclusion, £ = 0, being the se-
quence (Ag)g, with Ay — oo, arbitrary.

Consider now the path £(t) = te, t € [0,1], belonging to I'. By
Lemma 2.2, (F), and (2.6)

1 o
0<ern < max Jya(te) < Tyaltyae) < DA lell”)+ = lellt

t€[0,1]
+5 5 {/ G(z,e) dx}
A Jen

Moreover, . (¢ ,[le]|?) — 0 as A — oo, by the continuity of ./ and the

fact that ¢, » = o(1) as A — oo. This completes the proof of the lemma,
since e is independent of A > Ag. O

Now, following the key idea of the proof of Lemmas 2.4 and 4.5 in [10],
we prove the validity of the Palais-Smale condition for J, » at level ¢, x
in E. The crucial argument also appears in the proof of Lemma 4.5
n [21], given for Dirichlet problems in bounded domains, when M =1
and p = 2. Let us recall that x is the constant given in (1.5).

Lemma 2.4. Assume also (V) and let v € (—oo,kH) be fized. If
|K|looc = 0, then J, x satisfies the Palais-Smale condition at level c., x
for all A > 0. While if | K||cc > 0, then there exists \* = A*(y) > 0 such
that J x satisfies the Palais—Smale condition at level cy x for any A > \*.
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Proof: Fix v < kH, A > 0, and let (u,), C E be a Palais-Smale
sequence of J, » at level ¢y x. Assume first that 0p < p < g, so that
7 = min{q, #} = p in (1.5). Thus, by (M), (F), (9)-(i), and (1.3) we
get

1 11
Iya() = L plw) ) > (g = 2 ) Ml
11 A
p
-yl ===1]lun —)\/ F(x,u,)dr + — [z, up)uy, de
(G- ) ltty=a [ Feaars 2 [ s
Gl ot [ gtounundos (4= ) gl
- T, Uy ) dr+— gz, up)upde+ | — — — | ||ur |2
RN © JrN ©wo Py pi.K
11 V11
>a (g =2 ) Il = 27 (5= 3 ) Bl
b u p
A 11
- A F(x,u,)dc+— flz,u, undm+<— >
JRN( ) QRN( ) ups| i
1 1\ ~F (1 1)} (1 1>
>lal———)——=(-—-— unllP + [ — —
[(91) u) H\p u fun T i

Similarly, if ¢ < p < pg, so that 7 = min{g,u} = ¢ in (1.5), replacing
now (G)-(i) by (G)-(ii), we have

1 11
J. n _7Jl n )y Un/E’ > .- np
i) = St 0 (o = 1
+
N /1 1) » / A
—— | === |luplP=A F(x,u,)dc+— [z, up)uy, de
(G )l 3 [ Pl des [ o)
Gl ot [ gl )undo (- 1)”““
— T, Up) dT+— g@,up)upde+ = — — ) |lur|::
RN SRy q pi P K
11\ At (1 1)} (1 1)
>lal——-)——=|(-—-- un|lP+ (- — —
{<9p q) H\p ¢ frenl q P s

Therefore, by (2.7) there exists 0.,y > 0 such that as n — oo

ey + ol 4 0(1) 2 s a7,

(2.9) 1 1 + /1 1
S N TG A
””a<9p T> H (p T) >0

since v < kH, where & is given in (1.5). Therefore, (uy,)n is bounded
in E. By the uniform convexity of the space E, Lemma 2.1, and (1.4),
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there exists u,,x» € E such that, going if necessary to a subsequence,

Up — Uy z i B, lun]] = aya,

Up — Uy x in LP(RY, K, w, — uy oy in LP(RY, |2|7P%),
(2.10) [lun — uy Al = 29,7, Up — Uy, a.€. N RY,

ul — u::’)\ a.e. in RV, u, —u, ,ae. in RV,

since |u;" (:U)—uj/\(x)| < |un(z)—uy,\(z)| and similarly |u, (z)—u’ ,(z)| <
|tn () — uy ()] for a.a. z € RN, Therefore, by (2.10) and the unique-
ness of the weak limit, we deduce at once that

(2.11) ul — uj{')\ in LP* (RN, K) and u, — u y in LP: (RN K),
going to a further subsequence, if necessary.

Turning to (2.7), we have shown that
p L 1 +
(2.12) ey +o(l) 2 pyflunll” + | =~ pe [y |

S

ps
ps. K

where (i, is given in (2.9) and 7 in (1.5).
First, we assert that
(2.13) lim ay\ =0.

A—00

Otherwise, limsupy_, o, @y,x = a4 > 0. Hence there is a sequence (A\g)g,
with Ap T oo such that o, — o, as k — oo. Then, letting k — oo we
get from (2.12) and Lemma 2.3 that

0> ,u70£ > 0.

This contradiction proves the assertion (2.13). Moreover, [Juy x|l < aq,x,
since u, — u,x, and so (K), (1.4), and (2.13) implies that

(214) B [lufyflps, e = B0 [l zllps = B[zl = lim fuy o] =0.

Let us prove that (uy)n, up to a possibly further beyond subsequence,
converges strongly to u, x in £. As shown in the proof of Lemma 2.4
of [10], by (2.10) the sequence (U,,),, defined in R?Y \ Diag(R*") by

Up(T) — Up P2y, () — u,
(2,) = Un () = 22 . (_y)y||(N+[ps)(/p) W)l

is bounded in LP (R2N) as well as U,, — U, » ae. in RNV where

_ g (@) = uy a @)y A (@) = uya ()]
u’Y,A(-’I;ay) - |x_y|(N+pS)/p/ .
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Thus, going if necessary to a further subsequence, we get that U, — U, »
in LPI(RQN) as n — oo. Furthermore, |u,|P~%u, — |uy[P"%u, \ in
LP (RN, V) by Proposition A.8 of [3]. Hence,

(2.15) (Uny @) = (Uuqyx, )

for any ¢ € B, since (z,y) = |p(z) —p(y)| - |z —y|~ VPP e LP(R?N)
and ¢ € LP(RN, V). Similarly, by (2.10), (2.11), and by Proposition A.8
of [3] we deduce that |u,|Ps 2 Pi=2y, 5 in LP (RN, K) and

P:_ Up, A
(uf)ps=t — (U,Jyr,/\)pzfl in LP:" (RN, K). In particular,

(2.16) (uf o) = (U 5, 0)pr i

as n — o0o.
By Lemma 4.2 of [10] we get

lim [ (F(,un) — f@u0)) (n — ) do = 0,

n—o0 RN

lim flz,uy, wdx*/ flz,uy\)pde

n—oo RN

(2.17)

for all p € E.
On the other hand, Theorem 2.1 of [36] and (V) imply that

(2.18) Uy, = uyy  in LP(RY) and in L"(RY),

since p < Op < r < p% by (G). Furthermore, using (G), with e = 1/0p,
we have

(2.19) |g(z,t)] < [t + K, |t|"" for a.a. 2 € RY and all ¢ € R,

where K, = rC /g,. Then, the Holder inequality, (2.18), and (2.19) yield

/ (9, n) — 9(, 1y 0)) (tn — 11y )
]RN

2.20 op—1 op—1
(220) < (a7 + Ty AlE )t — 2l

+ K ([unlli ™+ uy AT llun = wy all = (1)

as n — oo. Similarly,

(2.21) lim g(x,up)pde = /N g(z,uy )@ da
R

n—oo RN

for all p € E.
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Consequently, (2.10), (2.15)—(2.17), and (2.21) give at once that u, x
satisfies the identity

M<a£,)\)<u%>\790> = YUy ns PV E

3 [ Fwuaedot [ gl ede e
RN RN
for any ¢ € E. Hence, u,, is a critical point of the C'(E) functional

1 Y
2.22 o =-M(a® P |t =X | F(z,u)d
(222)  Ja, \(u) » ()] p”uHH /RN (z,u)dx

Py
pi,K*

1
- Gz, u)de — — |lu*
RN Ps

By the Holder inequality we have
|(u, v)| < |lul|P~Hv|| for all u,v € E

and so, for any v € F the functional (u, - ) is linear and continuous on E.
Consequently, (2.7), (2.10), (2.11), and (2.22) give as n — oo
o(1) = (S A(un) = J&  (Uy 2), Un = Uy 2\ ) pr 15
= M([[un|")l[unl” + M (0 \)[[uy A7
= M(J[un [[7) (i, g, 2) = M (0 ) (uy 3 Un)
(2.23) = Y(Un = Uy 2, Un = Uy N H

= (U = Usy \y Un — “%A>p;‘,K +o(1)

= M(aZ \) (0 \ = luy AlI") = Yllunllzr +Ylluy sl

gg,K + 0(1)7

s +
Nl N

= [l

where

P=2q, _ p—2 —
<Un*U7,A,Un*U»y,>\>H:/ (e[ Pt — iy A Zty0) (i —t.0) dz,

RN |z[Ps

(=t xst =t i = | K@U =075 Y = ) o
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since ||un|| = a4,x as n — 00, as declared in (2.10). Furthermore, using
again (2.10), (2.11), and the celebrated Brézis and Lieb lemma of [7]

[unll” = llun = uy AP + [luy AP + o(1),
(2.24) lunllr = llun = wy Al + luy Al +o(1),

[Kniie : "k +ol(1)

N
pt, K = ||’U;j; - u'y,)\ i

*
Ps»

KT ||Uj,,\
as n — oco. Hence, from (2.23) we derive that as n — oo
z;K =o(1).

Now, passing if necessary to a further subsequence, still called (uy)n,
there exists a number £,  such that

(2:25) M (o )llun — g, A lP = yllun —uy sl = [lusy =y

(2.26) [t — uj,A“p:,K — Ly

as n — oo. Hence, using the notation in (2.10) and (2.26), we have
obtained the main formula

Py
pi.K

+

(2.27) M(0® ) lim [l — sy 5P = Tin Ju —uf

. P
oy i [l = Al =0+
Let us divide the proof in two parts.

Case |K||c = 0. Clearly ¢, x = 0 in (2.26) and (2.27). Assume for
contradiction that 2,y > 0. Then, from (1.4) and (2.27)

M (0% 3) 10 [fun—t 7P =7 T =t [y < 0B T [fen, — 2]y
<M(a? ) T un =y a7

which is impossible. Hence, 2,y = 0 for all A\ > 0. Thus, using also (2.27)
and the fact that £,y = 0, we get

B — g 7 = B [ — g5 = 0

by (1.3). In conclusion, u,, — u, in E as n — oo for all A > 0 as
required.

Case || K||s > 0. By (2.12) and (2.24), we obtain as n — oo

1 1 * 1 1 *
+||Ps _ Ps +
Cyxt o(1)> (T - ) [y pi, K (7. o pz> V’Y,A—’—Hu%kl

Ds

1 1Y
> ( — ) 2 4 o(1).

22,4 +o(1)
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Then, Lemma 2.3 implies that
(2.28) ,\h_{r;og%)‘ =0.

Since v < aH there exists ¢ € [0,1) such that v* = ca H. Of course,
(2.27) can be rewritten as

(lfc)M(az,A)nILI&||un—u%)\|‘P+cM(a§7A)n1eréo||un—u,m||P:éifﬁr’yzz’)\.
Thus, 553 > (1 - C)SHKH;MP:(LK;,/\ +caHdl , forall A >0
by (K), (1.3), and (1.4), being ¢ € [0,1). Therefore, since v = ca H,
(2.29) > (1= S |K|E P alr .

Consequently, (2.28) and (2.29) imply at once that there exists a thresh-
old A* = X*(y) > 0 such that £, x = 0 for all A > \*. In other words,

: + _ .+
g e —

v, pi K — 0

for all A > A*. From now on we can proceed as in the first case, and
prove that ¢, » = 0 for all A > A*. Hence, using also (2.27) and (1.3), we
get up — uy,n in B as n — oo for all A > A* as required. This completes
the proof. O

As already noted in the introduction, besides the obvious case M = a,
in which x = a, there are several non monotone Kirchhoff functions M
for which K = a, that is # = 1. We refer to [10] for specific simple
examples. We also point out that in the proof of the main Lemma 2.4
we use (V) only to get (2.20) and (2.21). Therefore, if g = 0, the assertion
of Lemma 2.4 continues to hold under the sole assumption (V) on the
potential V.

Proof of Theorem 1.1: Fix v € (—oo,xH). Thanks to Lemmas 2.2
and 2.4 the functional J, » satisfies all the assumptions of the moun-
tain pass theorem for any A > 0 when ||K |l = 0 and for any A > \*,
with A* = A (y) > 0, if ||[K|l > 0. This guarantees the existence
of a critical point u, x € E for J,  at level ¢y x. Since J,a(uy,\) =
ey > 0 = J,(0) we have that u, x # 0. Moreover the asymptotic
behavior (1.6) follows directly from (2.14).

Finally, assume that f, g are Carathéodory functions, satisfying (1.7),
and that h € L (RV) is nonnegative in RY, with v/ = v/(v — 1) and
v € [p,pi]. Let v < aH and A > 0 be fixed. Let u be a solution of (1.8)
in E. Put u =u" —u~. It is not hard to show that for a.a. z, y € RV

signfu(z) —u(y)] - [u™(z) —u™(y)] = —|u"(z) —u”(y)|
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and, as noted in the proof of Lemma 2.4, both u™ and u~ are still in E.
Combining these facts and recalling that |u™ (z) —u™ (v)] < |u(z) —u(y)|
for a.a. z, y € RV, we get at once that

N |u(@) —u(y) P~ sign[u(z) —u(y)] - [u” (x) —u” ()]
<U7U >s7p—/\/l;2N ‘.’IJ _y|N+pS dl‘dy
S_[u_];g,p'
Similarly, (u,u™)v < —[lu”[[} . In conclusion, (u,u™) < —[ju”[]P.

Thus, by the definition of solution for (1.8), taking as test function ¢ =
u~ € F, we have

~alu” P > =M () " P
+
_ _ _ Y _
> M) ™) = <l [ )™ do = =T
RN

by (1.3), (1.4), (1.7), and the fact that h > 0 a.e. in RY. Hence,
|lu=|| = 0, since v < aH. In conclusion, v~ = 0 a.e. in RV and so
u is nonnegative in RY, as required. O

From the proofs of Lemmas 2.2-2.4 it is evident that in condi-
tion (F)-(f1) the function (x,t) — w(z)(tT)?~! can be replaced by
(z,t) — w(x)[t|?%t, and similarly (z,t) — K(z)(t)P~" by (x,t) —
K(z)[t

* . . . . .
Ps=2¢. Thus existence of a nontrivial mountain pass solution of

|ufP~?u
[P

= )‘f(x’u) + g(x7u) + K(a:)|u

M([[ullP) - [(=A)pu + V(@) ul"~u]

pi—2,

in RV, as well as the validity of (1.6), can be obtained in a similar way.
Of course, we cannot conclude any longer about its sign.

In this section we prove the main existence result for (1.1) in the radial
case. To apply the mountain pass theorem and the Ekeland variational
principle, we need the following embedding result obtained combining
Theorem II.1 of [28] with Lemma 2.1.

Lemma 2.5. Let N > 2. For any p < v < p%, the embedding Eyaq —
LY (RYN) is compact, where

Eiada = {u € E : u is radially symmetric with respect to 0}.

In order to avoid condition (V) we pass into the radial setting. In order
to get the compactness of the embedding £ — L”(RN), p<v<pi, we
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need to restrict the study searching solutions of (1.1) in Ey,q, where
Eyaq = {u € E : u is radially symmetric with respect to 0}.

Thus, until the end of the section K, V, f, and g are assumed to be
radially symmetric functions in z, and that (M), (V), (F), and (G) hold,
without further mentioning. Again, the geometry stated in Lemma 2.2
continues to hold. Therefore, for any v < a H and A > 0 we now put

o = o gy P GO

['={£ € C([0,1], Eraa) : §(0) = 0, (1) = e},
where e € E.,q is the function constructed in Lemma 2.2. Then Lem-

ma 2.3 continues to hold without significant adjustments. The notable
changes now occur in the proof of Lemma 2.4.

Lemma 2.6. Let N > 2 and let v € (—oo,kH) be fized. If || K| =0,
then Jy  satisfies the Palais—Smale condition in Ei.q at level ¢y x for
all A > 0. While if | K|loo > 0, then there exists \* = A*(vy) > 0 such that
Jy .\ satisfies the Palais—-Smale condition at level cy x for any A > \*.

Proof: Fix v < kH, A\ > 0, and let (u,), C Eiaq be a Palais—Smale
sequence of J,  at level ¢, x. Then we can proceed exactly as in the
proof of Lemma 2.4, replacing now Theorem 2.1 of [36] and (V) by
Theorem II.1 of [28], combined with Lemma 2.1, in order to get (2.20)
and (2.21), since 1 < p < dp < min{q, u} < max{q, p} < p by (M),
(F), and (G). Indeed, Theorem II.1 of [28] and Lemma 2.1 yield that
for any exponent v, with p < v < p¥, the embedding E,.q < L”(RY) is
compact. The rest of the proof remains unchanged. O

Proof of Theorem 1.2: Fix v € (—oo,kH). By Lemmas 2.2 and 2.6 the
functional J,  satisfies all the assumptions of the mountain pass theorem
in Fyaq for any A > 0 when ||K|lcc = 0 and for any A > X\*, with
A* = X (y) > 0, if || K||oo > 0. This guarantees the existence of a critical
point u, x € Eyaq for J, » at level ¢, 5. Since Jy x(uyn) = cyn > 0 =
Jy.2(0) we have that u, x # 0. Moreover the asymptotic behavior (1.6)
follows directly from (2.14).

Up to this moment, the function w,, is a solution of (1.1) only in
the E,q sense. Let us show that w,  is a solution of (1.1) in the whole
space F, that is in sense of definition (2.2).

To this aim we use a version of the well known principle of sym-
metric criticality, due to Palais in [34], in the form of Proposition 3.1
of [14], which holds in reflexive strictly convex Banach spaces as proved
in Lemma 5.4 of [10].
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Let SO(N) denote the special orthogonal group, that is
SO(N)={AcRV*N: A'A = Iy and det A = 1}.
Next, consider the following subgroup of linear operators of E in itself
G={a: E— E:au=uoA, where A€ SO(N)}.

Observe that G is a subgroup of isometries of E. Indeed, fixed u in F,
for alla € G

u(Ax) —u(A
I #ﬂpi’)' dady+ [ Via)u(Aa)p da

)|P ! / / N\ |p r p
//]RQN |£L‘ -y |N+P6 dz dy + RN V(x)‘u(x)‘ da’ = ”uH i

since [t —y| = |A(z—y)| = |Az—Ay| = |2’ —y/'|, det A = 1, and since V is
a radial function. Furthermore, E;,q = {u € E : au = u for all a € G}.
To apply Lemma 5.4 of [10] to the functional J, x, we need to show that
Jyaoa=Jy forall a € G. Fixed u € E, for all a € G we have

L P L R z,u(Azx)) dz
(Jyxoa)(u) = };(«///(HGUH ) = llaulg) /\/RN F(z,u(Az))d

1
— /RN G(z,u(Ax))dx — EH(GU)

S

1 P Py — 2 u(2’)) da’
= () = elly) =) [P (e

3, K

RN s
= J’Y,)\(u)a

since K, V, f, and g are radial functions in x. Hence, J, ) satisfies
Lemma 5.4 of [10].

Now, u,» is critical point of J, x that is

Eraar
(To AUy 2)s ) (Braa) Brag = 0 for any ¢ € Eraq.

Then, Lemma 5.4 of [10] implies that w. x is a critical point of J, x
in the whole space E. Thus, u,, is a solution of (1.1) in the sense of
definition (2.2). O
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3. The Schrédinger—Kirchhoff equation (1.9)

Throughout the section we assume that (M) and (V) hold, that ¢ €
(Op, p¥), that the weight w > 0 a.e. in R and of class L®(RY), with
p = pt/(pt — q). We also treat, for simplicity, the only interesting case
where K > 0 a.e. in RY. Problem (1.9) has a variational structure and
the underlying functional is J, x: £ — R, given by

Jya(u) = %[///(HUII”) = YMullf] = Ha(w),

q,w

A 1 .
Ha(u) = (18 + —llutllp: x +/ hz)u(z) de.
q p s RN

S

Clearly, J,, » is well-defined and of class C'(FE). We first prove that the
geometry of the mountain pass lemma is still preserved for (1.9), provided
that the nonnegative perturbation h is sufficiently small in the ’-norm,
as shown first in [36] and then in [10] for more general equations.

Lemma 3.1. Fiz v € (—oc,aH) and A\ > 0. Then, there exists a
nonnegative radial function e in C°(RYN), depending only on v~ , but
independent of A > 0 and h, such that |e]] > 2 and J, x(e) < 0. Fur-
thermore, there exist numbers o = a(y*,\) > 0, p = p(y*, ) € (0,1],
and § = 6(yT,X) > 0 such that J x(u) > « for allu € E, with ||ul| = p,
and for all h e L (RN), with |||, <.

Moreover, for all parameters v € (—oo,aH), A > 0 and for all per-
turbations h € LY (RN), with 0 < ||h|l,» < & = 6(yt,\), there exist a
sequence (vy)n and some nonnegative function u, x in E such that for
all n

1
(3.1) lvnll < p, My x < J%)\(Un) S My + n’

Uy = Uy x € By, Uy = uyy ace inRY) and J () =0
as n — 0o, where
My = inf{J, \(u) :u € B,} <0 and B,={u€E:|ul <p}

Finally, for all v € (—oo,aH) and A > 0 any solution u € E of (1.9) is
nonnegative in RN for all nonnegative perturbation h € 5 (RM).
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Proof: Fix v < aH and A > 0. Take a radial function v € C§°(RY),
with v > 0 in RV and ||v|| = 1. By (2.3) we have for t — oo

(1 ol .
Jya(tv) < #tep - 1||v||’;{tp v ”q e p:’K tPs —t/ h(z)vdx
p p s RN
(1 - ||v| ko
<A Wor Ty - I, o,
P P ;

since A > 0, h, and v are nonnegative in RY, K > 0 a.e. in RY and of
course p < Op < pi. Hence, taking e = mov, with 79 > 0 sufficiently large,
we obtain at once that |le|| > 2 and J, x(e) < 0. Clearly, e depends on
neither A nor h.

By Lemma 2.1, (K), (1.3), and (1.4) there exists a positive con-
stant Sk such that for all u € F

a A
Toa(uw) > =||ullP — =|lullf — =|lut)9 ., — —/ h(z)udz
ya(u) = pH I pH I q|| 13, Ps‘ - (x)

75— Gyl lul.

+
A WD G
> (&= 27 ) Il = Zculul - Sl
Setting

a_ "N - 1A qg a1 pi—1
(3.2) nya(t)= > oH t C 197 — Sk tPs for all ¢ € [0, 1],
we get the existence of p = p(y™T, )\) € (0, 1] such that max;¢jo,1) 74,1 (t) =
nya(p) > 0, since p < Op < g < pi. Taking & = n(p)/2C,, we obtain
that Jy A (u) > a = pnya(p)/2 > 0 for all u € E, with |u|| = p, and for
all perturbations h € L*' (RN), with ||Al|,» < d, as claimed.

Using the notation above, we fix b € L (RN), with 0 < |||, < &
and h > 0 a.e. in RY. First, we claim that there exists a nonnegative
function 1 € C§°(RY) such that

(3.3) /RN h(z)y(z)dx > 0.

Since h € LY (RV) \ {0}, and h > 0 a.e. in RN, the function

~Jh@) -t itk £0
9(z) = {0 () =0 € (RY).

Then, there exists a sequence (h,), in C§°(RY) such that h, — ¢
strongly in L¥(R™) and a.e. in RY, since C§°(RY) is dense in L*(RY).
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Hence, for ng € N large enough we get

1 /
By > 0 ace. in RY and [|h,, — ¢, < §|\h||” -t

Thus, by the Holder inequality, we have
]/, 1 l/l
o ()1 () dz = = hny — Sl [[2]] +/ ()" dz = S |[All; > 0,
RN RN
since h # 0. The claim (3.3) is so proved, taking ¢ = h,,.

Now, putting M, = maxec(o ) M (EP), where p = p(y*,A) > 0 is the
number given in the previous part of the lemma, by (3.3) we have
Al

q

q
q,w 14

Jya(ty) < %///(kup) " ’Y_II;)/J’ZItp B

[Cag
Bl [ h(a)yda
Ps RN

- p
D P P L P
p q

ol .
— PRl [ h(z)pde <0,
ps RN

for t € (0,1) small enough, since 1 < p < 0p < ¢ < p%. Thus, we obtain
that

mayx = inf{J, \(u) : u € B,} <0,
where B, = {u € E : ||u|]| < p}. Then, by the Ekeland variational princi-

ple in Fp and the first part of the lemma, there exists a sequence (vy, ), C
B, such that

1 1
(34) mqyx < Jya(vn) < m'y)\"'ﬁ and J,\(v) > J%A(Un)_E”U_UnH

for all n € N and for any v € Ep. Fixed n € N, for all w € Sg, where
Sg ={u € E : ||u| =1}, and for all ¢ > 0 so small that v, + cw € B,
we have

Ty (U + 0 w) = Jyx(vg) > —%
by (3.4). Since J, » is Gateaux differentiable in E, we get

. Tya(vn +Fow) — Jya(vn) 1
/ B 7. A Un v AWn) o 1
< 'y,/\(vn)aw>E B 3% o = n
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for all w € Sg. Hence

(A (vn), w)Er B| <

)

3=

since w € S is arbitrary. Consequently, J! ,(v,) — 0in E' as n — oo
and clearly, up to a subsequence, the bounded sequence (v,), weakly
converges to some u, \ € B, and v, — u,  a.e. in RY. Furthermore,
we assume w.l.o.g. that (v, ), weakly converges to u, € B, in E and
v, = Uy a.e.in RY, as shown in the proof of Lemma 2.4. Moreover,
by (1.3) and (1.4) as n — o0

o(1) = = (T} x(vn), vy )52 = =M(|lvall”) (v, v;) + ¥ (0n, v )1
> —||P ’}/Jr —||P
= a””n || - F”Un ” )
since (v, v, ) < —||v;, ||P, the function h > 0 a.e. in RY and v < a H.
Therefore, (v, ), strongly converges to 0 in E and v, — 0 a.e. in RY.
Thus u’ y=0a.e.in RN, In particular, u, » >0 in RY. This proves (3.1).
Finally, let A > 0 be fixed and let u be any solution of (1.9) in E.
Following the argument of the last part of the proof of Theorem 1.1 and
putting © = ut — u~, we have that both u* and u~ are in E and that
(u,u™) < —||Ju||?. Thus, by the definition of solution for (1.9), taking
as test function ¢ = u~ € E, we get by (1.3) and (1.4)

—allu”|[” = =M([lul[")[u[[" = M(|ul|”){u,u")

+
_ _ Y _
— <l + [ bl ez =2,
RN

since h > 0 a.e. in RY. Hence, |[u~| = 0, that is u~ = 0 a.e. in RV,
since v < a H. Thus u is nonnegative in R, as stated. O

From the proof above it is evident that, in particular, |e]| > 2 > p =
p(yT,A) = p(A) for all A > 0, whenever v < 0. The next result takes
inspiration of Theorem 1.3 of [30] and we assume that the Kirchhoff
function M is in the standard form (1.10).

Proof of Theorem 1.3. Fix v < aH and A > 0. Let us prove that u. x,
given in (3.1) of Lemma 3.1, is actually in B,, so that u, » is a critical
point of J, x at level m, x < 0. In other words, u,  is a nontrivial
nonnegative solution of (1.9).
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Clearly, J, x(uy,)) > m. », since u, y € B, by (3.1). Going if neces-
sary to a subsequence, we may assume that

11;; — Uy in Lp:(]RN,K), vi — Uy, in LP(RN, |x| 7P%),

3.5
(35) lvall = ayn,  vn = uy .y in LIRY w)

as n — oo by Lemma 2.1 and the fact that (v, ), strongly converges
to zero in E, as shown in the proof of Lemma 3. 1 Moreover, by (1.10)
and (3.1) we have as n — oo

0= <‘]"/y,>\(vn)a uy\) BB+ o(l) = (a+ b9||vn|‘p(0_1))<vmu%>\>

= YV, uy a)E — MOS Uy A g — (U Uy ) pe K

(3.6) - /N h(x)uy,\ dz + o(1)

0—1
<a+b9af’< Ny AP = Ay Al = My Al

/ h(x)uy,» d.

g0 (1) [[uy Al < g = [[on]l+0(1)

— [luy A

Now (3.5) yields ||ty xllg,w = [|vn

Multiplying the expression in (3.6) by 1/6p and subtr;cting it below,
by (3.5) and the fact that either § =1 or v < 0, we find as n — oo

a+ ba? (9 b

A
P
My < Iya(tyn) < ——— p [y AP — EHU%/\” 5||um aw

p K / uWAdx

_ p(1 - ;) ol = 2 (1= 5 Yl = A5 Yl
(o= g ) 1ol = (1= 55 ) [ pohuna o

<2 (1-3) ol - g (1-5) Tonll =2 (5 = 52 ) otz

(plselp)| P - (191p>/ﬂwh(:c)vndw+o(l)

= J%A(Un) - %(J;,A(Un)ava’,E +o(1) = My, X,
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since v, — u, y in L”(RY) by Lemma 2.1 and so

nh—>H;<> - h(z)v, dx = /RN h(z)u, \ dz,
being h € L*' (RN).

In conclusion, u,,x is a minimizer of J, ) in Pp and Jy a(uy,n) =
myx < 0 < a < Jya(u) for all w € 9B, by Lemma 3.1. Thus in
turn w, \ € B,, so that J/ y(u,,x) = 0 and this implies that u, ) is a
nontrivial nonnegative solution of (1.9), as stated.

It remains to show the asymptotic behavior (1.6). Fix 7. We recall
that either # = 1 and v < aH, or § > 1 and v < 0. We know that
0 < |Juyall < p=p(yt,A), where p(v*, ) satisfies the identity

A+

Cg) — * -
“TH T p’?/\ﬂ(vﬂk)q P4 p'Skc(pi — Dp(y+, AP

for all A > 0 by (3.2) and the definition of p(y*, A). This implies at once
that

lim p(y*,A) =0,

A—00

since p < ¢ < p%. This shows (1.6) and completes the proof. O

4. Further results for general nonlocal operators

In this section, we show that Theorems 1.1 and 1.3 continue to hold
when (—A)7 in (1.1), (1.8), and (1.9) is replaced by the nonlocal integro-
differential operator L, defined, along any function ¢ € C$*(RY), by

Lr(p) =2 lim, lp(2) — WP *[o(2) — p()IK(z — y) dz dy,
=0t JrN\B. (2)

where the singular kernel K: RN \ {0} — R* satisfies the following
properties:
(K1) mK € LY(RY), where m(x) = min{1, |z|P};
(Ko) there exists a number Ko > 0 such that K(x) > Ko|z|~N+P9) for
all z in RN \ {0}.

Obviously, the operator Lx reduces to the fractional p-Laplacian
(=A)3, when K (z) = |z|~V~7¢ and usually Ko < 1.

Let us denote by DgP(RY) the completion of C§°(RY) with respect

to
o= ([ 1) e —pyaeay)
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which is well-defined by (K1). Clearly, the embedding D (RY) —
D*P(RY) is continuous, being
[ < Ko Plulspic for all u e DEP(RY),

by (K2). Similarly, Ex denotes the completion of C§°(RY) with respect
to the norm

1/p
fulie = (12 + 2y
Then Ex = (Ex, || - |lx) is a separable uniformly convex Banach space,
adapting the arguments of Proposition A.9 of [3].

It is clear that the embeddings Ex < W*P(RY) — LPs(RN) are
continuous by the above remarks and Lemma 2.1. A similar argument as
in Lemma 2.1 of [10], combined with some ideas taken from Appendix B
of [4], shows that the embedding Ex < LY(RY, w) is compact.

A (weak) entire solution of
[ulP~?u

|[Ps

= M(@,u) + gla,u) + K@)t i RY

is a function u € Ex such that

Ml o) =t ohn = [ fawpds

(4.1)  M(|lullf)[Lx(w) + V(@) ufP~?u] —

+ / oz, u)pdz + (ut, o) ps
RN

(u, p)c = (u, V)5 Kt (u, ‘p>p7V7

usosp,cf// ()12 u(z) - u(y)]

() = pWIK(x — y) d dy.

It is worth pointing out, as in [2], that it is not restrictive to assume K
to be even, since the odd part of IC does not give any contribution in the
integral above. Indeed, write K = K. + K,, where for all z € RY \ {0}

Ko() = K(z) + K(—z) K(z) — /C(—x).
2 2
Then, it is evident that

(o= [ [ | Juo) =0 fule) =) o(e) =)} le—) do dy

for all v and ¢ € Fx.

and K,(x) =
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Actually, the entire solutions of problem (4.1) correspond to the crit-
ical points of the energy functional J,xx: Ex — R, for all v € Ex
defined by

Ty (u) = %[///(IIUII”;C) = ullf) = Hx(w),

where u — Hy(u) is given exactly as in Section 2. Lemmas 2.2 and 2.3
continue to hold for all v € (—o00,aoH) and all A > 0 by (K1), with
obvious changes in their proof. Similarly, Lemma 2.4 can be proved in
almost the same way as before, provided that v € (—oo,kKoH) and
A > 0, where & is given in (1.5) as usually. Thus we have proved

Theorem 4.1. Suppose that (4.1) is non-degenerate, i.e., that (1.3)
holds, and that (M), (V), (V), (F), and (G) are satisfied. Then for
every y € (—oo, k KoH) problem (4.1) admits a nontrivial mountain pass
solution w~ x for any A > 0, whenever | K||o =0, and u, x satisfies the
asymptotic behavior (1.6). While, if | K|lcc > 0, then there exists a
threshold \* = A*(y) > 0 such that for any A > A\* problem (4.1) admits
a nontrivial mountain pass solution u x, satisfying again (1.6).

Moreover, if g = 0, then the assertion above continues to hold assum-
ing only condition (V') on the potential V.

Finally, if f, g: RY x R — R are Carathéodory functions, satisfy-
ing (1.7), and if h is a nonnegative perturbation term of class L* (RN),
where V' is the conjugate exponent of some fixzed v € [p,p%], then the
non-homogeneous equation associated with (4.1), that is

[ul~2u
a7
= M(@,u) + gla,u) + K@)t 4 @) inRY,

admits only nonnegative solutions in RY, provided that X\ > 0 and
v<akKoH.

(42)  M(Jlulli)Lxc(u) + V(@) |uf~?u] -y

Clearly, also Theorem 1.2 continues to hold assuming in addition that
the new singular kernel K is radial, that is

Theorem 4.2. Let N > 2 and let (1.3) hold. Assume that (M), (V),
(F), and (G) are satisfied and that K, K, V, f, and g are radial functions
in x. Then for every v € (—oo,kH) problem (4.1) admits a nontrivial
radial mountain pass solution w~ x for any A > 0, whenever ||K||oc =0
and w » satisfies the asymptotic behavior (1.6). While if | K|l > 0,
then there exists \* = A*(y) > 0 such that for any A > A\* problem (4.1)
admits a nontrivial radial mountain pass solution wu. x, which satisfies
again (1.6).
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The results of Section 3 continue to hold for the obvious generalization
of (1.9) in RY that is

ufP~?u
|[ps

= dw(@) ()" + K (@) ()P + b)),

In particular, Lemma 3.1 is valid for all v € (—o0,aKoH) and all A > 0.
We have so proved

Theorem 4.3. Suppose that (V) and (1.10) hold. Then for all v in
(—00,aKoH) and X > 0 there exists 6 = §(yT,A) > 0 such that for all
nontrivial nonnegative perturbations h € L (RN), with 0 < ||h||,» < 6,
problem (1.9) admits a nontrivial nonnegative solution u. x, provided
that either 6 = 1 in (1.10), or @ > 1 and v < 0. Furthermore, the
solution u~ x satisfies (1.6).

(4.3) M(|lulli)[Lc(u) + V(@)ul’?u] -y
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