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VANISHING POHOZAEV CONSTANT AND
REMOVABILITY OF SINGULARITIES

JURGEN JosT, CHUNQIN ZHOU & MIAOMIAO ZHU

Abstract

Conformal invariance of two-dimensional variational problems
is a condition known to enable a blow-up analysis of solutions and
to deduce the removability of singularities. In this paper, we iden-
tify another condition that is not only sufficient, but also necessary
for such a removability of singularities. This is the validity of the
Pohozaev identity. In situations where such an identity fails to
hold, we introduce a new quantity, called the Pohozaev constant,
which on one hand measures the extent to which the Pohozaev
identity fails and, on the other hand, provides a characterization
of the singular behavior of a solution at an isolated singularity. We
apply this to the blow-up analysis for super-Liouville type equa-
tions on Riemann surfaces with conical singularities, because in
the presence of such singularities, conformal invariance no longer
holds and a local singularity is in general non-removable unless
the Pohozaev constant is vanishing.

1. Introduction

Many variational problems of profound interest in geometry and
physics are borderline cases of the Palais—Smale condition, and stan-
dard theory does not apply to deduce the existence and to control the
behavior of solutions. One needs additional ingredients and tools. For
two-dimensional problems, like harmonic maps from Riemann surfaces
(or in physics, the nonlinear sigma model), minimal and prescribed
mean curvature surfaces in Riemannian manifolds, pseudoholomorphic
curves, Liouville type problems as occurring, for instance, in prescrib-
ing the Gauss curvature of a surface, Ginzburg—Landau and Toda type
problems, and as inspired by quantum field theory and super string the-
ory, Dirac-harmonic maps and super-Liouville equations, etc., it turned
out that conformal invariance is a key property that enables a successful
analysis. The fundamental technical aspect of all such problems is the
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existence of bubbles, that is, the concentration of solutions at isolated
points. Since the fundamental work of Sacks—Uhlenbeck [29] and Wente
[34], we know that even when such a bubble splits off, the remaining
solution is smooth, that is, can be extended through the point where the
bubble singularity had been developing. This is called blow-up analysis,
and it depends on a precise characterization of the bubble type solutions.
In other words, conformal invariance is a sufficient condition for such a
blow-up analysis. In technical terms, conformal invariance produces a
holomorphic quadratic differential. For harmonic map type problems, it
is well known that finiteness of the energy functional in question implies
that that differential is in L'. This then yields important estimates. For
(super-)Liouville equations, the energy functional and the holomorphic
quadratic differential are defined in a different way. Finiteness of the
energy is not sufficient to get the L' bound of that differential and,
hence, this is an extra assumption leading to the removability of local
singularities (Prop 2.6, [19]).

It turns out, however, that some important problems in the class
mentioned no longer satisfy conformal invariance. An example that we
shall investigate in this paper are (super-)Liouville equations on sur-
faces with conical singularities. Another example, which we shall treat
in a subsequent paper, is the super-Toda system. Also, some inhomo-
geneous lower order terms in a problem can destroy conformal invari-
ance.

Thus, in order to both understand the scope of the blow-up analy-
sis in general and to handle some concrete two-dimensional geometric
variational problems, we have searched for a condition that is not only
sufficient, but also necessary for the blow-up analysis. The condition
that we have identified is the Pohozaev identity. This condition is al-
ready known to play a crucial role in geometric analysis (see, for in-
stance, [30] or [3] for a version of the Pohozaev identity for non-linear
eigenvalue equations of the Dirac operator on Riemannian spin mani-
folds with boundary), but what is new here is that we can show that
this identity by itself suffices for the blow-up analysis. In fact, there
are situations where this identity fails to hold. In order to handle these
more complicated cases, we introduce a new quantity that is associated
to a solution, called the Pohozaev constant. By definition, this quan-
tity measures the extent to which the Pohozaev identity fails. In other
words, that identity holds iff the Pohozaev constant vanishes. On the
other hand, it turns out that this quantity also provides a characteri-
zation of the singular behavior of a solution at an isolated singularity.
As already mentioned, we demonstrate the scope of this strategy at a
rather difficult and subtle example, the (super-)Liouville equation on
surfaces with conical singularities. We hope that the general scheme
will become clear from our treatment of this particular example.
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Thus, in order to get more concrete, we now introduce that exam-
ple. The classical Liouville functional for a real-valued function u on a
smooth Riemann surface M with conformal metric g is

1
E(u) = / {5 IVul® + Kyu — e**}dv,
M

where K is the Gaussian curvature of M. The Euler-Lagrange equation
for F(u) is the Liouville equation

—Agu = 22 — K,.

Liouville [26] studied this equation in the plane, that is, for K, = 0. The
Liouville equation comes up in many problems of complex analysis and
differential geometry of Riemann surfaces, for instance, the prescribing
curvature problem. The interplay between the geometric and analytic
aspects makes the Liouville equation mathematically very interesting.

It also occurs naturally in string theory as discovered by Polyakov
[27], from the gauge anomaly in quantizing the string action. There then
also is a natural supersymmetric version of the Liouville functional and
equation, coupling the bosonic scalar field to a fermionic spinor field. It
turns out, however, that we also obtain a very interesting mathemati-
cal structure if we consider ordinary instead of fermionic (Grassmann
valued) spinor fields. Therefore, in [17], we have introduced the super-
Liouville functional, a conformally invariant functional that couples
a real-valued function and a spinor % on a closed smooth Riemannian
surface M with conformal metric g and a spin structure,

Bwv) = [ (GIVul+ Kyut (P + ")) = )b

The Euler-Lagrange system for E(u,1)) is

~Agu = 2% — e (i, ) — K, .
Ry AL

The analysis of classical Liouville type equations was developed in [5,
24, 25, 7, 16], and the corresponding analysis for super-Liouville equa-
tions in [17, 19, 20, 21, 22]. In particular, the complete blow-up theory
for sequences of solutions was established, including the energy identity
for the spinor part, the blow-up value at blow-up points and the pro-
file for a sequence of solutions at the blow-up points. For results by
physicists about super-Liouville equations, we refer to [28, 1, 15].

In this paper, as an application and a test of our general scheme, we
shall study super-Liouville equations on surfaces with conical singulari-
ties and establish the geometric and analytic properties for this system.
For this purpose, let us first recall the definition of surfaces with coni-
cal singularities, following [32]. A conformal metric g on a Riemannian



94 J. JOST, C. ZHOU & M. ZHU

surface M without boundary has a conical singularity of order « (a real
number with o > —1) at a point p € M if in some neighborhood of p

9= ez — 2(p)[**|d=]?,

where z is a coordinate of M defined in this neighborhood and w is
smooth away from p and continuous at p. The point p is then said to be
a conical singularity of angle = 2w (1 + «). For example, a (somewhat
idealized) American football has two singularities of equal angle, while
a teardrop has only one singularity. Both these examples correspond
to the case —1 < a < 0; in case a > 0, the angle is larger than 27,
leading to a different geometric picture. Such singularities also appear
in orbifolds and branched coverings. They can also describe the ends
of complete Riemann surfaces with finite total curvature. If (M, g) has
conical singularities of order oy, s, -+ ,am at q1,q2, - , ¢m, then g is
said to represent the divisor A = E;”Zlajqj. Importantly, the presence
of such conical singularities destroys conformal invariance, because the
conical points are different from the regular ones.

Let (M, A, g) be a compact Riemann surface (without boundary) with
conical singularities of divisor A and with a spin structure. Associated
to g, one can define the gradient V and the Laplacian operator A in
the usual way. We consider the super-Liouville functional on M, a
conformally invariant functional that couples a real-valued function u
and a spinor ¢ on M

B(wv) = [ (GIVul+ Kyut (P+ ")) = Yo,

The Euler-Lagrange system for E(u,) is

_ — 2u _ u _
(1) { ;gg:; — 2_eeu¢’e <w’d)> Kg? in M\{qlaQQ7"' 7Qm}

When ¢ vanishes, we obtain the classical Liouville equation, or the
prescribing curvature equation on M with conical singularities (see [32,
12]). In [10, 11, 6, 31, 7, 9], the blow-up theory of the following
Liouville type equations with singular data was systematically studied:

Ke*

A=A
gt Sy Kevdg

4n(ST 50, — ),
where (M, g) is a smooth surface and the singular data appear in equa-
tion. In this paper, we aim to provide an analytic foundation for the
system (1).

The local super-Liouville type system (which is deduced in Section
3) we shall study is the following:
(2)
{—Amm — 2V2(2)[e2e2u) — V(z)[z]ocn@|w?,

PU = V(@)@ in Be(0).
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Here a > 0, V(z) is a CY? function satisfying 0 < a < V(z) < b and
B, = B,(0) is a disc in R%2. We also assume that (u, V) satisfy the
following energy condition:

(3) / 2262 1 [0 [Ada < 400,
)

Our first result is the following Brezis—Merle type concentration com-
pactness:

Theorem 1.1. Let (un, V,,) be a sequence of solutions satisfying
(4)
{ —Aun(z) = 2VE(x)[zPrne () —V (z)[z| et @@, 2,

p\yn — —V(l‘)‘ﬂo‘"e""(@\yn, Z’ﬂBrv

with the energy condition
(5) / 2|2 e?ndy < O, and / v, [*dz < C,
By Br

for some constant C > 0. Assume that
i) ap € RT, o,y — a0 with a >0,
i) Ve CY8(B,),0 <a<V(z) <b< +o0.
Define

Y1 ={x € By, there is a sequence y, — x such that u,(y,) — +o0},
Yo={z € By, there is a sequence Yy, — x such that |V, (y,)| — +oo}.

Then, we have Y9 C 31. Moreover, (un, Vy,) admits a subsequence, still
denoted by (un, ¥,,), satisfying

a) ¥, is bounded in LiS (B, \X2).
b) For uy,, one of the following alternatives holds:
i) up is bounded in Ljs.(B;).
il) up, — —oo uniformly on compact subsets of B,.
iii) 3 is finite, nonempty and either

Uy, is bounded in Liy.(B,\31),
or
Up, — —00 uniformly on compact subsets of By\¥.

The proof of this concentration result does not yet need the Pohozaev
identity. But we shall then proceed to the subtler aspects of the blow-
up analysis, and for that, the Pohozaev identity will play a crucial role.
We shall first show that global singularities can be removed, that is, an
entire solution on the plane can be conformally extended to the sphere.
In the subsequent analysis, we shall show that in the blow-up process,
no energy will be lost, neither in the Liouville part u, nor in the spinor
part W,. The technically longest part of our scheme (see Section 6)
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consists in exploring the blow-up behavior of (4) and (5) at each blow-
up point, to show that the energy identity holds for the spinor parts
v,.

Theorem 1.2. Notations and assumptions as in Theorem 1.1. Then
there are finitely many bubbling solutions of (2) and (3) on R? with
a>0and V = const: (ubF, Wk, i =1,2,--- I}k =1,2,---,L;, all
of which can be conformally extended to S?, such that, after selection
of a subsequence, ¥, converges in C’lzoc to some ¥ on B(0)\X; and the
following energy identity holds:

lim |\I/n|4dv:/ |t
n—oo B’,»(O) B?"(

The essential step in the proof of Theorem 1.2 is the removability of
a local singularity for solutions of (2) and (3) defined on a punctured
disc (see Section 4).

In order to see the scope of our result, we point out that, in general,
a local singularity of (u, V) is not removable. For example, when o = 0,
if we set

*4dy.

=1 k=1

2+ 28)|z|’
) ) = log

then v is a solution of
—Au =2¢*,  in R*\{0},

where § > —1. Therefore, (u,0) is a solution of (2) with @ = 0 and
with finite energy in R*\{0}. It is clear that = 0 is a local singularity
which is not removable when 3 # 0.

So, one needs to find some sufficient condition to remove the local
singularity. In [19], the authors considered the following simpler case
of a=0and V(x) =

—Au = 2% — e (1,9, .
{ D = —ep, in By, \ {0}.

In this case, they defined the following quadratic differential

T(z)dz* = {(0.u)® — OZu+ - <w,dz O:1) + <z-az¢,w>}dz2,

and showed that it is holomorphlc in By, \{0}. Then one observes that
fB z)|dz = 400 for (u,0) in the above example (6). So, in [19], the
authors proposed the assumption that || Br(o) T(z)|dz < C and showed
that this is a sufficient condition for the removability of a local singular-
ity. However, in the more general case considered in this paper, namely,
when a > 0 or the coefficient function V() is nonconstant, then we do
not have such a holomorphic quadratic differential and the argument in
[19] does not work. Therefore, we need to develop a new method.
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To describe our new method, as it applies to the super-Liouville sys-
tem, let (u, U) be a solution of (2) and (3) defined on a punctured disc.
We define a quantity C(u,¥) € R, called the Pohozaev constant as-
sociated to (u, V) (see Definition 4.1). We shall show that there is a
constant v < 27(1 4+ «) such that

__ T
2

where h is bounded near 0. Moreover, we show that C(u, V) and ~
satisfy the following relation:

u(z) log|z| + h, near 0,

-2
Cu,¥) = py

In particular, we can prove that the local singularity for (u, ¥) is remov-
able if and only if the associated Pohozaev constant C'(u, V) = 0, which
is equivalent to the fact that the Pohozaev type identity for (u, ¥) holds
(see Theorem 4.2).

Looking back to the example (6) illustrated above, it is easy to see
that the Pohozaev constant C(u,0) = 732 # 0 when 3 # 0.

Moreover, applying our new method to the removability of a local
singularity, we shall see in Section 7 that the energy identity for the

spinor will enable us to derive

Theorem 1.3. Notations and assumptions as in Theorem 1.1. As-
sume that the blow-up set X1 # (). Then

Up, = —00  uniformly on compact subsets of B,(0) \ X.
Furthermore,
2V(a:)|x’2a"62u" o V(w)|x’a"6u"|\1/n’2 N Z 5@’51'7
;€Y
in the sense of distributions, and 5; > 4w for z; € ¥1 N B,(0) \ {0} and
Bi > 4n(1 + «) for x; € X1 N {0}.

To investigate further the blow-up behavior of a sequence of solutions
of (4) and (5), let us define the blow-up value at a blow-up point p € ¥4
as follows:

(7) m(p) = lim lim (2V2(z) |z e?in — V (2)|2|*m e’ | T, |?)d.
p—0n—o0 B,(p)

In Section 8, we shall then obtain

Theorem 1.4. Notations and assumptions as in Theorem 1.1. As-
sume that the blow-up set ¥y # (0. Let p € X1 and assume that p is the
only blow-up point in B,,(p) for some small pg > 0. If

(8) max u, — min u, < C,
9By, (p) 9By, (p)



98 J. JOST, C. ZHOU & M. ZHU
then the blow-up value m(p) = 4m when p # 0 and m(p) = 47 (1 + «)
when p = 0.

For the global super-Liouville equations, if we let (M, A, g) be a com-
pact Riemann surface with conical singularities represented by the divi-
sor A = Z;”Zlajqj, aj > 0 and with a spin structure. Writing g = e2? g,
where gg is a smooth metric on M, in Section 9, we can deduce from
the results for the local super-Liouville equations:

Theorem 1.5. Let (up,¥n) be a sequence of solutions of (1) with

energy conditions:
/ e?ndg < C, / | dg < C.
M M

¥ ={x € M, there is a sequence y, — x such that u,(yn) = +o0} .

Then there exists G € WH(M, go) N CE (M\X4) with [,, Gdgo =0 for
1 < q <2 such that

1
Up + ¢ — i /M(un + ¢)dgo — G,

Define

in C2 (M\X1) and weakly in W14(M, go). Moreover, in £y = {p1,- -,
i}, then for R > 0 small such that Br(pr) N X1 N {q1, ..., gm} = {pr},
k=1,2,---,1, we have

(9)
Gla) = —gem(pr)log d(z,pr) + g(x), if Pr# a1, -es G,

for x € Br(pr)\{pr} with g € C*>(Br(py)), where d(z,py) denotes the
Riemannian distance between = and py with respect to gy and

m(pr) = lim lim (262(“”+¢) — eu"+¢]e%¢n|2 — Kgy)dgo.

R=0m=00 JBp(py)
It is clear from the above theorem that

max u, — min u, < C,

9B, (p) 9B (p)
if p € ¥y and p is the only blow-up point in B, (p) for some small
po > 0. Then we get the blow-up value m(p) = 47 when p is not a
conical singularity of M and m(p) = 4n(1 + «) when p is a conical
singularity of M with order a.

On the other hand, on the surface (M, A, g) with the divisor A =

Y 0q5, a5 > 0, by the Gauss—Bonnet formula,

1
o /M K,dg = X (M, A).
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Here X (M, A) is the Euler characteristic of (M, .A) defined by
X (M, A) = X (M) + | Al,

where X(M) = 2 — 2g)s is the topological Euler characteristic of M
itself, gar is the genus of M and |A| = X7 a; is the degree of A. Then
we deduce that

/ 262un _ eun|wn|2d‘g — / 262(un+¢) _ eun+¢|e%wn|2d90
M M
= 4r(1 - gm) + 27571 0y,

Since the possible values of limy, . [}, 2e2(un+¢) _ e“”+¢]e%1/)n|2dgo are
drtky + 2?12147'((1 + Otj)kj,

for some nonnegative integers kg and kj;,j = 1,...,m. Therefore, we
have the following:

Theorem 1.6. Let (M, A, g) be a surface with divisor
A= E}-n:lajqj, o > 0.
Then

(i) if 4m(1 — gnr) + 2757 o = 4mr, then the blow-up set ¥y contains
at most one point. In particular, X1 contains at most one point if
gv =0 and A=0.

(ii) of 4m(1 — gm) + 27800 a5 < 4, then the blow-up set 1 = 0.

Remark 1.7. Our method can also be applied to deal with a se-
quence of solutions (uy, V) of the following local super-Liouville type
equations with two coefficient functions
(10)

{Aww) =2V} () | om e @) — Wy ()] *netn ()| Wy 2,

P, =W (@)l e W, b

and satisfying the energy condition
(11) / |z|?0me?ndy < C) and / |U,|*dz < C.
B, By

for some constant C' > 0, where
i) ap > —1and ap, — a > —1,
i) V,, W, € C%B,),0 < a < Vyp(z),Wn(z) < b < +oo,
IVVall Lo ) + VWl oo 87y < C-

By slightly modifying the proofs of some analytical properties in Sec-
tion 3, Section 4, Section 5 as well as Theorem 1.1, Theorem 1.2, Theo-
rem 1.3, Theorem 1.4, Theorem 1.5, the corresponding blow-up results
hold (see more details in Section 10). For similar results for Liouville
type equations with singular data and with —1 < a < 0, we refer to [9].
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2. Invariance of the global system and special solutions

In this section, we start with the invariance of the global super-
Liouville equations under conformal diffeomorphisms that preserve the
conical points. Then, we shall provide two special solutions.

Proposition 2.1. The functional E(u,v) is invariant under con-
formal diffeomorphisms ¢ : M — M preserving the divisor, that is,
©*A = A and ¢*(ds?) = X2ds?, where X\ > 0 is the conformal factor of
the conformal map ¢,. Set

u = wop—InA\,

1
Y = A 2oy,
Then E(u,v) = E(u, {/;) In particular, if (u,v) is a solution of (1), so
is (2,1).

The proof of Proposition 2.1 is the same as that of the case of A =0
considered in [17].

As we will see later (Section 6), however, the local super-Liouville
type system (2) we shall study is not conformally invariant near the
conical singularity. During the blow-up process, after suitable rescaling
and translation in the domain, we can obtain bubbling solutions of (2)
and (3) on R? with o > 0 and V = const, at which point we can
apply the above invariance of the global system and the singularity
removability results in Section 4 and Section 5 to conclude that these
bubbling solutions can be conformally extended to S2.

Now we present some examples of solutions of the super-Liouville
equations (1). Let (M, ds?) be the mathematical version of an American
football, i.e., M is a sphere with two antipodal singularities of equal
angle. From [33], (M,ds?) is conformally equivalent to C U oo with
constant curvature K = 1 and conical singularities at z =0 and z = >
with the same angle o, and with the conformal metric

(2 + 20)?|2|?*dz?
(1 + |2[2H20)2
for o being not an integer. Therefore, if we define a conformal map
@ : (M,ds?) — C U oo such that

oy (24 20222z
(™) (ds”) = (1_’_’2‘24-20()2 ’
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then u = £ log 2 + 3 logdet |di| are solutions of
—Au+1-2e*=0 on M\{p 1(0),p ! (c0)}.

In particular, this yields solutions of the form (u,0) of (1).
There is another example of a solution of (1). Let us recall that a
Killing spinor is a spinor v satisfying

Vxy=AX -1, for any vector field X,

for some constant A. On the standard sphere, there are Killing spinors
with the Killing constant A = %, see, for instance, [4]. Such a Killing
spinor is an eigenspinor, i.e.,

lpib = __1D7

with constant |1|2. Choosing a Killing spinor 1 with |2 = 1, (0,%))
is a solution of (1). If we let m be the stereographic projection from
S?\{northpole} to the Euclidean plane R? such that the metric of R? is

4 2
(EaERE

then any Killing spinor has the form

v+T-v

V14 [z
up to a translation or a dilation (see [4]). We put ¢ = \/“% Then
(0,7) = (0, (log det |dg0|)*%qu ©) is a solution of (1).

3. The local super-Liouville system

In this section, we shall first derive the local version of the super-
Liouville equations. Then we shall analyze the regularity of solutions
under the small energy condition. Consequently, we can prove Theo-
rem 1.1.

It is well known that (see, e.g., [32]), in a small neighborhood U (p)
of a given point p € M, we can define an isothermal coordinate system
x = (1, 22) centered at p, such that p corresponds to x = 0 and ds? =
29|22 (dx?+dx3) in Ba,(0) = {(z3+x3) < 2r}, where ¢ is smooth away
from p and continuous at p. We can choose such a neighborhood small
enough so that if p is a conical singular point of ds?, then U(p)N.A = {p}
and a > 0, while, if p is a smooth point of ds?, then U(p) N.A = ) and
a = 0. Consequently, with respect to the isothermal coordinates, (u, )
satisfies
(12)

—Au(z) = 2@ ]2 (224U®) —
#(z)

€T a . Br 0 .
{$(6¢(2)|x’2¢):_e¢($)’x|aeu(x)(e : in B,(0)

e @y (z) — Ky),
|z 24),
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Here A = 92, + 92,,, is the usual Laplacian. The Dirac operator J)
is the usual one, which can be seen as the (doubled) Cauchy-Riemann
operator. That is, let e; = % and ey = 8 be the standard orthonor-
mal frame on R2. A spinor field is simply a map ¥ : R?2 — Ay = C2,

and eq, es acting on spinor fields can be identified with multiplication

with matrices
(0 1 (0 i
“a=\-10) 27\ o)

Ifv.= <£> : R? — C? is a spinor field, then the Dirac operator is

of of Jg

_ (0 1 ox 0 1 Oxy | _ oz
m’_(—l 0> g +<i o) dg | =2 _a@ )

ox1 0x9 0z

where

9 _ 1 o ;9N 9 _1(0 0
0z ox1 8%2 9z 2 o0x1 0xo '

For more details on Dirac operator and spin geometry, we refer to [23].
We note that the last term in the first equation of (12) is e??|z|?** K,
which satisfies
~A¢ = ¥z K.
Since ¢ is continuous, elliptic regularity implies that ¢ € I/Vli’cp for all
p < +o0 if @ > 0 and if the curvature K, of M is regular enough.
Therefore, by Sobolev embedding, ¢ € C' if & > 0. If we denote
V(x) = e and W(x) = €2?|z|>*K,, then 0 < a < V(x) < b and W(x)
is in LP(B,(0)) for all p > 1 if the curvature K, of M is regular enough.
Therefore, equations (12) can be rewritten as:

{AU@) =2V (@) [a[**e* ) —V(2)]z[*e" ™ |W* — W (),
DU =V (z)|z|*e @)@
Here a > 0, V(z) and W (x) satisfy the following conditions:
i) 0<a<V(z)<b;
ii) W(x) € L?(B,(0)), for all p > 1.
Furthermore, let w(x) satisfy

{—Aw(:c) = —W(x), in B,(0),
w(z) = 0, on 0B,(0).

It is easy to see that w(z) is CY# in B,.(0) for some 0 < 8 < 1. Setting
v(z) = u(x) — w(x), then (v, ¥) satisfies
( ) 2V2( ) (z |$’20‘62”($) _ V(fv)ew(:v)‘x|ocev(ar:)|\I,|27
DY =-V(2)e"®|z|*%" T,

in B,(0).

in B, (0).
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Now we come to the local version of the singular super-Liouville-type
equations
(13)
—Au(z) = 2V%(z)|z|?*e®®) — V(z)|z|*e @) | P2,
{ Py = —V(z)lz[*e @0,

Here V() is a C18 function and satisfies 0 < a < V(z) < b. We also
assume that (u, V) satisfy the energy condition:

in B,(0).

(14) / 2|22 4 | [4dz < +oo.
B, (0)

Next we consider the regularity of solutions under the energy condi-
tion. We put B, := B,(0).

First, we define weak solutions of (13) and (14). We say that (u, V) is
a weak solution of (13) and (14), if u € W12(B,) and ¥ € Wl’%(F(ZBT))
satisfy

VuVds / (2V2(2) |22 — V()] %[ W[2) e,
B, B,

[ wpgar = - [ viaale g,

BT‘ T

4
for any ¢ € C3°(B,) and any spinor £ € C™ N VVOI’3 (I'(XBy)). A weak
solution is a classical solution by the following:

Proposition 3.1. Let (u, V) be a weak solution of (13) and (14).
Then (u, ¥) € C?*(B,) x C*(T(LB,)).

Note that when a = 0 this proposition is proved in [17] (see Propo-
sition 4.1). When a > 0, it is clear that we can no longer use the
inequality 2 [u™ < [ €** < oo to get the L' integral of u™. So, we need
a trick, which was introduced in [10], to prove this proposition.

Proof of Proposition 3.1. By the standard elliptic method, to prove
this proposition, it is sufficient to show that u* € L*>(B:) and [¥] €
L”(Bi).

In fact, for the regularity of u, let us set

fi =2V (@) — V(2)[a]*e" ™) |0,

Then we have

—Au = fl-
We consider the following Dirichlet problem
—Aul = fl, ln BT’
(15) { up = 0, on 0B,.

It is clear that f; € L'(B,). In view of Theorem 1 in [5] we have



104 J. JOST, C. ZHOU & M. ZHU

(16) vl e LN(B,),

for some k > 1 and, in particular, u; € LP(B,) for some p > 1.
Let ug = v —uy so that Aug = 0 on B,. The mean value theorem for
harmonic functions implies that

143 [l ) < Clluz 1| 1,y -

On the other hand, it is clear that for some ¢ > 0,

B.(0) |Z|

Hence, we can choose s = 5 € (0,1) when o > 0 and s = 1 when
o = 0 such that

23/ utdr < / e2tdy < (/ ]a:\mez“da:)s(/ |lz| 72t dz) 5 < .
r By B, By

Then by using uj < u* + |u1| we obtain that uj € L!(B,) and, conse-
quently,

+
(17) [ us HLOO(B%) < 0.
Next we rewrite fi as
fl _ 2V2(x)’$‘2a62u2(x)62u1(:c) o V( >’$|o¢ w2 () u1 |\I/|2

From (16) and (17) we have f; € L'**(B
standard elliptic estimates imply that

r) for some £ > 0. Hence, the

HquHLoo(B_Z) <C H“JrHLl(BT) +C Hf1||L1+8(Bg) < 00

Since ut € L™ (Bi)’ then the right hand of the equation
DY = —V(x)|z|*e ¥

is in L*(T'(XB:)). Hence, we have ¥ € CO(F(ZBE)) and especially
|| € L>(B:). q-e.d.

B3

Next we discuss the blow-up behavior of a sequence of solutions
(up, ¥,,) satisfying (4) and (5). First, we study the small energy regu-
larity, i.e., when the energy | B, || e2Un dz is small enough, u,, will be
uniformly bounded from above. Our Lemma is:

Lemma 3.2. Let 0 < g9 < 7 be a constant. For any sequence of
solutions (un, Vy,) to (4) with

/ |22 e dy < g, / |0, dz < C,

for some fixed constant C' > 0, we have that Huf{HLoo(Br) is uniformly
q
bounded.
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Proof. We are in the same situation as in Proposition 3.1. When
ap, > 0, we can no longer use the inequality 2 [u;} < [ e?Un to get the
uniform bound of the L'-integral of u;7. But notice that there exists a
uniform constant ¢ > 0 such that for all n

1
J,, <

since a;, = a and a > 0. Consequently, we obtain s = t% € (0,1)

25/ u:{dxﬁ/ 628“”dx§(/ |x20‘"62””d95)5(/ || 72 dz) = < C.
[s By B, By

Then by a similar argument as in the proof of Lemma 4.4 in [17] we
can prove this Lemma. q.e.d.

When the energy | B, |z|?9ne2un dg is large, the blow-up phenomenon
may occur as in the case of a smooth domain.

Proof of Theorem 1.1. By using Lemma 3.2 and applying a similar
argument as in the proof of Theorem 5.1 in [17], we can easily prove
this theorem. q.e.d.

Remark 3.3. Let v, = u,, + oy, log|z|, then (v,, ¥, ) satisfies

—Avp () =2V2(2)e?(®) — V(2)e" @) |, |2 — 27a,0p=0,
PV, =V (),

with the energy condition

in B,

/ e*ndy < O, and / |U,|* da < C.
T BT

Then the two blow-up sets of u,, and v, are the same, by using similar
arguments as in [10].

4. The Pohozaev identity and removability of local
singularities

This section is the heart of our paper. We shall show that a local
singularity is removable if and only if the Pohozaev identity is satisfied.
To express this result in compact form, we start by defining a constant
that is associated to equations (13) with the constraint (14).

Definition 4.1. Let (u,¥) € C?*(B,\{0}) x C*(I'(X(B,\{0}))) be

a solution of (13) and (14). For 0 < R < r, we define the Pohozaev
constant with respect to equations (13) with the constraint (14)

1
Clu,¥) = R/ 22 - Ligupas
oBr(0) OV 2

—(1+ a)/ 2V () [z**e* — V (z)|z|*e" ¥ |*)dx
Br(0)
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+R V2(x)|z|**e* do
0BR(0)
1 ov ov

—= —,z-¥)+(x- ¥, —)do
2 /aBR(O)<al/ > < 8y>
—/ (|$|2a62u$ . V(VQ(SU)) — |33|O‘e”|\11|2:c -VV(z))dz,
Br(0)

where v is the outward normal vector of 9Br(0).

It is clear that C(u, ¥) is independent of R for 0 < R < r.
Thus, the vanishing of the Pohozaev constant C'(u, V) is equivalent
to the Pohozaev identity

R/ 242 - Ligup4e
dBRr(0) ov 2

— (1+a) / (2V2(2) 2222 — V(a)|2|e" 0 ) da
Br(0)

R / V2(2) 222 do
0BRg(0)

1 ov ov
+/ —, - U +(z-V,—))do
RGO R
(18) —|—/ (]:U|2°‘e2“$ . V(Vz(x)) - |x|ae"|\l'|2x -VV(z))dz,
Br(0)

for a solution (u, ¥) € C%(B,) x C*(I'(XB,)) of (13) and (14).

We can now formulate the main result of this section. This result
says that a local singularity is removable iff the Pohozaev identity (18)
holds, that is, iff the Pohozaev constant vanishes.

Theorem 4.2. (Remowvability of a local singularity) Let (u, V) €
C?(B, \ {0}) x C*(T(%(B, \ {0}))) be a solution of (13) and (14).
Then there is a constant v < 27(1 + «) such that

u(z) = —%logm + h, near 0,

where h is bounded near 0. The Pohozaev constant C(u, V) and v sat-
isfy:
2
V) =—.
In particular, (u,¥) € C%(B,) x C*(I'(XB,)), i.e., the local singularity
of (u, W) is removable, iff C(u, V) = 0.

In the remainder of this section, we shall prove the two directions
of Theorem 4.2. We shall first show that for smooth solutions, the
Pohozaev identity (18) holds.
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Proposition 4.3. Let (u, V) € C*(B,) x C*(I(£B,)) be a solution
of (13) and (14). Then, for any 0 < R < r, the Pohozaev type identity
(18) holds.

The case where o = 0 and V =1 has already been treated in [19].

Proof. For x € R?, we put & = z1e1 + x2e2. We multiply all terms in
(13) by = - Vu and integrate over Br(0). We obtain

/ Auzx - Vudr = R/ ] \2 ]Vu\gda,
Br(0) aBR(O)

and
/ 2V2(z)|z|**e*x - Vuda
Br(0)
= R Vi(x)|z[**e* do — (2 + 2a)/ Vi(x)|x**e* dx
9BR(0) Br(0)
- z-V(V3(x))|z**e*dz,
Br(0)
and

/ V(x)|z|*e"|V|?x - Vudz
Br(0)

= R V(x)|z|*e"|¥|?do — / lz|*ete - V(V ()| P]?)da
dBR(0) Br(0)

-2+ ) / V(x)|z|*e" | V| d.
Br(0)

Therefore, we get

R/ 242 Ligupde
OBRr(0) ov 2

_ (2+2a)/ VQ(w)|x]2a62“dx—(2+a)/ V(a)[2| e |2da
Br(0) Br(0)

- R ( )\x!m 2“da—|—R/ (x)|z|%e “\\I/\ do
0BR(0)
(19)
+ / ]m|2°‘62“x . V(VQ(I‘)) — |z|%e"x - V(V(m)|\If|2)d:E
Br(0)

On the other hand, by the Schrédinger-Lichnerowicz formula ? =
—A on R?, we have

(20) Zvea z)|z|%e)eq - U — V() |z .
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Here - is the Clifford multiplication and {e;, e2} is the local orthonormal
basis on R2. Using the Clifford multiplication relation

e -€j+ej-e; = —20;, for 1 <i,j <2,

and
(W, ) = (ei- ,ei- ),
for any spinors ¥, ¢ € T'(X M), we know that

(21) (U,e;- W)+ (e;- ¥, ¥) =0,

for any ¢ = 1,2. Then we multiply (20) by « - ¥ and integrate over
Br(0) to obtain

/ (AU, z - U)dx
Br(0)

2
= / D (Ve (V(@)|a|“e")eq - W e5 - W)ag
BRr(0)

a,B=1
— V2(z)|z)?**e* (W, x - U)d,

and

/ (- U, AU)da
Br(0

)
2
— [ Y e VLV @leeten D)
Br(0) o g=1

— V2(z)|z]*e* (x - U, U)da.

By integration by parts, we get

/ (A, z - U)dx
Br(0)
:/ <8‘I’,x-qf>da—/ V() o] e |0 2da
9Br(0) OV Br(0)
—/ (VU,z - VU)dzx,
Br(0)

and, similarly, we have

/ (- U, AV)dx
Br(0)
= / (x -0, 8—\11>da - / V(z)|z|%e" |V |?dx
9B1(0) v B (0)

— / (x- V¥, VU)dx.
Br(0)
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Furthermore, we also have

/ (V@) 2] en - U, e - Dyzgda
BR(O) 1

2
/ Z eg- ¥, Ve, (V(z)|z|“€")eq - ¥)agdx
Br(0) 5

= / Z ea( |z|%e")eq - ¥, eq - U)xqda
Br(0

= / x-V(V(x)|z|")|¥|?de
Br(0)

_ _2/ v<x)ya;\aeux-vuw)dx—4/ V(a)[z] e |0 2da
B(0) Br(0)
+2R/ V(@) |2 0 2da.
0BRr(0)

Therefore, we obtain

R/ V(m)]a:\ae“\lll\Qda—/ V(a)|z|"es - V(|0 [2)da
OBR(0) Br(0)
= 1/ <8—\IJ x-Udo + = / <m-\11,8—\1j>d0
2 Jopp(o) OV’ 2 Jonr(0) ov
(22) +/ V(z)|z|*e| V| dx.
BRr(0)

Combining (19) and (22), we obtain our Pohozaev identity (18). q.e.d.

Proposition 4.3 also shows that C'(u, ¥) = 0 if (u, ) is classical solu-
tion of (13) with the condition (14) in B,. For the converse, let us start
with a lemma.

Lemma 4.4. There exists 0 < €9 < 7 such that if (v, ¢) is a solution

of

—Av = 203(2)[xPe” — h(o)|z|e (d,0),
{ Do = —h(x)|z|*e ¢, € B, \{0},

where h(z) is a CYP function satisfying 0 < a < h(x) < b in By, and it

satisfies
/ |z[**e*dx < &, / |p|*dx < C,

0 0
then for any x € Bro we have
2

6(@)|z]} + [Vé(@)||z]? < O / 6]*da)’.

Bala|
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Furthermore, if we assume that e*¥ = O(W), then, for any x €

Bry, we have
2

wwmwbﬂvammﬁscmw(/ 6|*de)?,

T0
for some positive constant C. Here € is any sufficiently small positive
number.

Proof. Set w(z) = v(x) + aln|z|. Then (w, ¢) satisfies
—Aw 2h%(z)e?” — h(x)e¥ (¢, ¢),
{ 7w 2 v B\(0)

—h(z)e’ 9,

with the energy conditions

/ e*dx < e, / |p|(z)dx < C.
B, B,
Since h(z) is a C%? function satisfying 0 < a < h(z) < b in B,,, we can
obtain the conclusion of this lemma by applying similar arguments as
in the proof of Lemma 6.2 in [17]. q.e.d.

We shall now show the removability of a local singularity when the Po-
hozaev constant vanishes, thereby completing the proof of Theorem 4.2.

Proposition 4.5. (Remowvability of a local singularity) Let (u, V) €
C?(B,\{0}) x C*(T'(2(B,\ {0}))) be a solution of (13) and (14). Then
there is a constant v < 27(1 + «) such that

u(x) = —%logm + h, near 0,

where h is bounded near 0. Moreover, the Pohozaev constant C(u, V)
and vy are related by

2
7
C(u,¥) = e
In particular, if C(u,¥) = 0, then (u, V) € C%(B,) x C}(T'(XB,)), i.e.,

the local singularity of (u, ¥) is removable.

Proof. Since [ |z[**e**dz = [ |z|?*e?¥dx under the following scal-
ing transformation
u(x) =u(re) — (14+«a)lnr,
U(z) = r*%\Il(m;),
we assume for convenience that || B |z|2e?%dx < &9, where €q is as in

Lemma 4.4. By standard potential analysis, it follows that there is a
constant ~ such that

i 7
im — = —.
lz|—0 —log |z| 2w
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By fBr |z|2*e?* + |¥|*dz < C we obtain that v < 27(1 + «). Further-
more, by using Lemma 4.4 and by a similar argument as in the proof
of Proposition 2.6 of [19], we can improve this to the strict inequality
v <27(l+ «).

Define v(x) by

1 (6% u a_u
ola) = —5- [ Togle =l VW~ Ve v P,

and set w = w — v. It is clear that —Av = 2V?(2)|z|>*¥e® —
V(z)|z|%e*|¥|? in B, and Aw = 0 in B,\{0}. One can check that

o(x)
|z|—0 — log || o

)

which implies that

. w(x) . uU— ~y
lim ——— = _— =
lz|—0 —log|z|  |z|—»0 —log|x| 27

Since w is harmonic in B;\{0} we have

w= L log |x| + wo,
27

with a smooth harmonic function wq in B,.. Therefore, we have
u = —llog |z| + v+ wo near 0.
2w

Next we will compute the Pohozaev constant for (u, V). For this pur-
pose, we want to estimate the decay of (v, V) near the zero. Since

—Av = 2V2(a:)]:1;\2°‘62“ — V(:c)\m]ae“]\lllz,

and the two terms on the right hand f)(z) := 2V?(x)|z|***®) and
fo(x) = =V (x)|z|*e“®)|¥|?(x) are L' integrable, we can obtain e!*(®) ¢
LP(B,) for any p > 1. Since

fi(z) = |z 7 T2V 2 (z)e2wo@)+2u(@)

and
fo(z) = —Jz| "2 PNV (2)e 0@ @) 2| | @2 (2)),

we set 51 = 1 —2a and s = g& — a4+ 1. Then max{si,s2} < 2.

Since |¥| < C|x\_% near 0 and wo(x) is smooth in B,, we have by
Holder’s inequality that f; € LY(B,) for any t € (1, %) if s7 > 0, and
f1 € LY(B,) for any t > 1 if 51 < 0. For fo, we also have fo € L!(B,)
for any t € (1,%) if s9 > 0, and fo € LY(B,) for any t > 1 if 55 < 0.
Altogether, there exists some ¢ > 1 such that f € L!(B,). In turn, we
get that v(x) is in L*°(B;). On the other hand, since v(z) is in L*°(B,),

it follows from Lemma 4.4 that there exists a small dg > 0 such that

| < C|:17|50_%, near 0,
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and
V| < C]a:\‘so*%, near 0.
Next we estimate Vu(z). If 51 < 0 and sp < 0, then v(z) is in C*(B,).

If s > 0 or s2 > 0, Vu(z) will have a decay when |z| — 0. Without
loss of generality, we assume that s; > 0 and s; > 0. Denote

1
vy (1) = ~5- (log |z — y|) 2V (y)|y|**e**¥))dy,
Y B,
and
1
va(z) = 2/ (log |z — y)) (V () |y|*e“@|¥|(y))dy.
T B,
Note that
Vor@) < — [ ——|fd
v1(x S o BT|x_y| 1\y)lay
1
= f
2 {le—y|>12}nB, |$—y|’ 1w)ldy
1
J1(y)|dy
27 Sy yI<2ynB, |ﬂf—’y|| 1)l
= L+ Is.

Fix t € (1, %) and choose 0 < 7 < 1 such that 25 < 2. Hence, we
have 0 < 7 < 2 — s1. Then by Holder’s inequality we obtain

1 =1
I < (/ " ﬁdy) T
{lz—yl=2F30Br |z — y|T=T

1 t g\t
" 1y — 4| (=71t dy)t
(/{W—wa}QBT |l’—y|(177’1)t|f1| Y)
C

|x|177'1'

<

For Iy, since y € {y||z —y| < %} implies that |y| > %l, we can get that

1
L, < C T W
— S1
(z—y1<2hnB, [z —yllyl
< Clz|t7.
Hence, we have

1 1—s1
Vo (2)] < Clo—g= + 2] ™),

|‘1 T1

for suitable 71 € (0,2 — s1). Similarly, we also can get that

Vs ()] < C( +[z[1722),

’x‘l—Tg
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for suitable 7 € (0,2 — s2). In conclusion, we have

[Vo(z )!<C(‘ = THJ«"\l *)

for suitable 7 = min{7, 2} and s = max{sy, s2}.
Now, we can compute the Pohozaev constant C(u, V). Since

__Tr T
Vu=— ol P—i—V(wo—i—v(m)),

we have for any 0 < R < r

R/ 242 - Ligypd0
dBgr 81/ 2
1
= R[] (2 V(w+v)- %7)%

0By 12| z|
—R/ l(ii_gli Y (wo + v) + |V (wo + v)[2)d
oBy 2 412 |z|? 27 |x)? vy vy 7
1 5 v / x
= —2-Jp| Z.v d
4#7 21 Jog,, |x|? (wo + v)do
R 2 z 2
- §’V(WO+U>‘ — R(— - V(wy + v))*do
dBRr ||
L o
= — 1
-7 tor(l),

where or(1) — 0 as R — 0. We also have

(1+ a)/ 2V (x)|z*¥e* — V(z)|z|%“ |V |*dz = og(1),
Bgr

and
R V2(z)|z)**e* do = og(1),
OBRr
and
/ (|z[**e*z - V(VE(2)) — |z|e*| ¥’z - VV (z))dz = ogr(1),
Br
and 5 5
0 )
xV\I/dU—i—/ z- VU, —)do = og(1).
L G-+ [ v, Thdo = on(1)
Putting all together and letting R — 0, we get
2
C(u, ¥) = lim C(u, ¥, R) = T
4’

Since C(u, ¥) = 0 for (u, V), therefore, we get v+ = 0. Then from the
proof of Proposition 3.1 we have (u,¥) € C?(B,) x C*(I'(XB,)), i.e.,
the local singularity of (u, ¥) is removable. q.e.d.
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5. Bubble energy

In this section, we shall analyze some properties of a “bubble”, i.e.,
an entire solution of (13) with finite energy and with constant coefficient
function, which can be obtained after a suitable rescaling at a blow-up
point. We shall obtain the asymptotic behavior of an entire solution
with finite energy and show the global singularity removability. The
latter means that an entire solution on R? can be conformally extended
to S

Without loss of generality, we assume that V' (z) = 1 and, hence, the
considered equations are

—Au = 2lz**e® — |z|e U, 2
(23) { PU = —|z|oenw, in R*,
with o > 0. The energy condition is
(24) I(u, ¥) :/ (22262 4+ [ 0[YYdz < co.
R2

4
First, let (u,¥) € HIIC;CQ(R2) X VV;)’E (T(XR?)) be a weak solution
of (23) and (24), then applying similar arguments as in the proof of
Proposition 3.1, we get u™ € L°°(R?) and, hence, (u,¥) € C?(R?) x
C?(T(XR?)).

Next, we denote by (v, ®) the Kelvin transformation of (u, V), i.e.,

x
v(x) = U(W) — (24 2a)In|z|,
x

@) = |af ().

Then (v, ®) satisfies
—Av = 2|z[*¥e? — |z|%|P|?,
(25) { Eq, — _’x‘aev(b’
Now we define the energy of the entire solution, i.e., the bubble en-
ergy, by

z € R:\{0}.

d= / 2|z — |z|%e" | V| dx,
R2

and define a constant spinor & = fRZ |z|*e"Wdz. It will turn out that
the constant spinor &; is well defined. Then we have

Proposition 5.1. Let (u, ¥) be a solution of (23) and (24). Then
u satisfies

d
(26) u(z) = o In|z| +C + O(|z| ™) for x| mnear oo,

1 =z

(27) U(z) = “on e

o+ o(|z)™h) for |x| mnear oo,
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where - s the Clifford multiplication, C € R 1is some constant, and

d=A47(1+ «).

Proof. The proof of this proposition is standard, see [17, 13, 18|
and the references therein. The essential facts used in this case are
the Pohozaev identity (Proposition 4.3) and the decay estimate for the
spinor of (25) (see Lemma 4.4). For readers’ convenience, we sketch the

proof here.
First, let us define
1
w(z) =—o— [ (nfz—yl—In(yl+ 1)(2ly[**e* — |y|*e"|¥|*)dy.
™ JR2
Since

/ (2lz[2062 — |2]*e¥| 02V dz < C,
R?

it follows from the standard potential argument that

u(x) d

In|z] =~ 2«

as |z| — 4o0.

Since [po |z|**e*dx < +o00, the above result implies
d>27n(1+ ).

Furthermore, similarly, as in the case of the usual Liouville or super-
Liouville equation [17], we can show that d > 27 (1 + «).
Secondly, from d > 27 (14 ), we can improve the estimate for e?* to

(28) e? < Clx| 2 20E for |z| near oo.

Therefore, from Lemma 4.4 and the Kelvin transformation, we obtain
the following asymptotic estimates of the spinor ¥(x):

(29) U (z)| < C]a:\*%*‘so for |z| near oo,
and
(30) VU (z)] < C’|x|_g_‘SO for |x| mnear oo,

for some positive number dg.
Then, from (28), (29) and (30) and by some standard potential anal-
ysis in [13] and [14], we can obtain firstly

d d
——Injz| - C <u(r) < ——Inl|z|+ C,
27 2

and, furthermore, we can get
d
u(z) = ~5 In|z| + C + O(|z|™Y) for |z| near oo,
T

for some constant C' > 0. Thus, we get the proof of (26).
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Next, we want to show that d = 4n(1 + «). For sufficiently large
R > 0, the Pohozaev identity for the solution (u, V) gives

R I*IQ—*!V *do
8BR(0)

= (1+a) / (202222 — [a]"e" [0 ) da
Br(0)

2

where v is the outward normal vector to 0Bgr(0). By (26), (29) and (30)
we have

(31) —R/ |x]2a62“da+1/ Y+ @ow, Yo,
9Br(0) 9Br(0) v

1

lim R \—|2 |Vu|2d0 = —d?
R—+o00 9Bg(0) 47
and
lim R/ |lz|?*¥e*do = 0,
R—+00 dBRr(0)
and 5T
lim |—||x - ¥|do = 0.
R—+o0 Jop, OV
Let R — oo in (31), we get that
1
—d* = (1+a)d.
yp (1+a)

It follows that d = 47(1 + «).
Finally, we show (27). Noting that d = 47(1 + «), we have

(32) e < Ox|~(H1) for |z| near oo.

This implies that the constant spinor & is well defined. By using the
Green function of the Dirac operator in R?,

1 z—y
Glz,y) = QWW"
see [2], if we set
1 T —
- et d
) = ~5 | ey lale vy
then we have P& = —|x|“e"W.
Since
1 1 z-(z—y)
. - — = — ———= 4 1) |y|%e" U (y)d
€)= gl = 5ol [T ) e )
1 (z—-y)-y
= — Ye"U(y)d
2! s P |yt e W (y)dy|
1
(33) < o [ e way,

21 Jr2 |z — |
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and by (32),
(34) |z|*|¥]e" < Ola|272¢ for |x| near oo,

for some positive constants C' and €, we can follow the derivation of
gradient estimates in [14] to get

(35) |z - &(x) — %&ﬂ < Clz|™*¢ for |z| near oo.

Set n(z) = ¥(x) — &(x). Then Pn(x) = 0. It follows from (29) and
(35) that n(x) =0, i.e., ¥(x) = {(x). Furthermore,

1 = T 1
V() + — g = | (zU(z) — —
V) + gl = | o Vo) - 5o
1 1
< e U(r) — —
< ‘:CHJS () = 5 &l
< Clz|7t7e,
for |z| near oo. This proves (27). q.e.d.

Finally, we show that an entire solution can be conformally extended
to S

Theorem 5.2. (Removability of a global singularity) Let (u, V) be a
C?(R?) x C*(T'(XR?)) solution of (23) and (24). Then (u, V) extends
conformally to a solution on S?.

Proof. Let (v, ®) be the Kelvin transformation of (u, ¥). Then (v, ®)
satisfies (25) on R?\{0}. To prove this theorem, it is sufficient to show
that (v, ®) is smooth on R?. Applying Proposition 5.1, we have

d
(36) w(x)= (2— — (24 2a))In|z|+O(1) for |z| mnear O.

™
Since d = 4w (1 + «), we get that v is bounded near 0. By recalling
that @ is also bounded near 0, standard elliptic theory implies that
(v,®) € C%(R?) x C?*(I'(XR?)). q.e.d.

6. Energy identity for spinors

In this section, which is the technically most demanding one, we shall
show an energy identity for the spinors. Firstly, analogously to the case
of super-Liouville equations on closed Riemann surfaces (see Lemma
3.4, [19]), we shall derive the following local estimate for the spinor
part on an annulus:

Lemma 6.1. Let (u, V) be a solution of (13) and (14) on the annulus
Ay = {z € R¥ry < |z] < 1o}, where 0 <7 < 2rp < 2 <ry < 1.
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Then we have

(f ) v+ (f e

N

27"1’7 2r1,7
@71 < A</ rxwme?“)%(/ r\m‘*ﬁw(/ o))
A'rl,rQ Arl,'rQ Arl,er
e[ ik,
Arg
272

for a positive constant A and some universal positive constant C.

Proof. In view of the second equation in (13), one can apply the L
estimates for the Dirac operator J) and use similar arguments as in the
proof of Lemma 3.4 of [19] to prove the lemma. q.e.d.

Then, we can show the energy identity for the spinors — Theorem 1.2.

Proof of Theorem 1.2. We shall follow closely the arguments for the
case of super-Liouville equations on closed Riemann surfaces [19]. One
crucial step here is to use the local singularity removability to get a
contradiction.

We assume that Dj; be a small ball which is centered at a blow-up
point z; € X1 such that Dos, (| Das; = () for i # j,i,5 =1,2,---,1, and
on B,-(0)\ Uli:1 Ds,, ¥, converges strongly to some limit ¥ in L* and
I} B.(0) |¥|* < 0o. Then, it suffices to prove that for each fixed blow-up

point x; € 1, there are solutions (u”,£¥) of (13) and (14) on S? with
a > 0 and V being a constant function, £k = 1,2,--- , K such that

K
lim lim |\Ifn|4dw:Z/ ¥ Ad.
6;—0n—oo Dgi —1 S2

Without loss of generality, we assume that there is only one bubble
at each blow-up point p (the general case of multiple bubbles at p can
be handled by induction). Furthermore, we may assume that p = 0.
The case of p # 0 can be handled in an analogous way and, in fact, this
case is simpler, as |z|?*" is a smooth function near p # 0. Then what
we need to prove is that there exists a bubble (u, &) such that

. . 4 4
(38) fim tim [ vt = [ lettas,
where Dy is a disc of radius > 0 centered at the blow-up point p = 0.

We rescale each (uy, ¥,) near the blow-up point p. Choose z,, € Ds

such that un(zy) = maxp, un(z). Then we have z, — p = 0 and

un (zn)
Up(xn) = +00. Let A\, = € anftl — 0 and define ¢,, = max{\,, |z,|} —
0. Now there are two cases: (i) ;—Z = O(1) asn — +oo and (ii)
f\—z — +00 as n — +00.
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Case I: i—z = 0(1) as n — +oo.
In this case, we define

Un(x) = uln(tnx) + (ap + 1) Inty,
Up(z) = t20,(twx),

for any & € D 5 . Then (i (), U (z)) satisfies
3tn

—Alin(z) = 2V3(tya)[z[?n 2@
—V(tnx)|1‘|a"€u"(aj)|‘Ijn(x)‘2> inD s ,

ﬁ{ffn(x) = _V(tnm)|x|anea"(x)\in($)a

with energy conditions

/ (oo™ 1, (2)]) dx < C.
D

2y
Notice that
0 < max u,(z) = ﬂn(x—n) = up(xn) + (an + 1) Int,
D s ty

2tn
= —(ap+1)InA, + (o, +1)Int, <C.

Moreover, since the maximum point of w,(z), i.e., 7=, is bounded,
n

namely \f—:| < 1. So by taking a subsequence, we can assume that f—: —
zg € R? with |xo| < 1. Therefore, it follows from Theorem 1.1 that, by
(R?) x C7, (T (ZR?))

. ~ 2
passing to a subsequence, (uy, ¥,,) converges in C ioe

~ loc
to some (u, ¥) satisfying
{ —AT = 2V2(0)|x|2*e® — V(0)|z|*e|T)2, |

39 ~ o R?,
(39) DU = V()] in

with the energy condition f]R2(|9:|2°“6217 + [¥|*)dz < co. By Proposi-
tion 5.1, there holds

/R?(W?(O)W%?ﬂ — V(0)|z[*€"|¥[*)dz = 47 (1 + ),

and by the removability of a global singularity (Theorem 5.2), we get a
bubbling solution of (13) and (14) on S2.

Case II: f\—z — +00 as n — +00.

|z

In this case, necessarily ¢, = |z,| and, hence, 5™ — +ooasn — +o0.
n
—un(zn) .
Set 7, = % = )\n(‘i—z‘)o‘". Then 7, — 0 and % — 400, as

n — +00. Now define
{ Un(x) = up(xp + ) — up(zy),
1

U, (z) = 72V, (v, + ),
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for any z € D 1,5 (). Then (i, (z), U, (z)) satisfies

2Tn

Ay (z) = 2V3(z, +T”x)||m -+ ‘rn 2|20 ¢2iin (@)
_ V($n+Tn$)||x | + ‘Tn ]O‘"eu" af:)|\p ( )|2’
qun(iﬂ) = V(ﬂjn —+ Tnx) | + ‘Tn $’a"€u"(x)\lf ( )’

in D,s (x,) and with energy conditions

27Tn

|zn| |2l

/ (|ajn+|2an2un$)+|\p()|)d$<c.
Dy,s

N
IR

It is clear that u,(z) < maxD s o ) Un(z) = un(0) = 0, and ]% +

|x a:|2a" — 1 uniformly in C’loc(]R2). Then from Theorem 1.1, by pass-

ing to a subsequence, (i, ¥,,) converges in C? (R?) x C} (T'(ZR?)) to
some (u, V) satisfying

—AU = 2V2(0)eX — V(0)e V|2, LR

P = —V(0)e'T, ’

with the energy condition [g,(e?® + |W|4)da: < co. By the removability
of a global singularity (see Proposition 6.3 and Theorem 6.4 in [17]),
there holds

/ (2V2(0)e2" — V(0)e¥ | F[2)da = 4r,
RQ

and we get a bubbling solution of (13) and (14) on S2.
In order to prove (38) we need to estimate the energy of ¥, in the
neck domain. We shall proceed separately for Case I and for Case II.
For Case I, the neck domain is

Aspn ={z € R?|t,R < |z| < 6}.

Then to prove (38), it suffices to prove the following

(40) lim lim lim || dx = 0.

=0 R—+oon—=00 J 4, o
Next we shall show two claims.

Claim I.1: For any ¢ > 0, there is an N > 1 such that for any
n > N, we have

/ (P e 4 |, 4z < e, Vr € [eln R, 0],
DAD._;

To show this claim, we firstly note the following two facts:
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Fact I.1: For any € > 0 and any 7" > 0, there exists some N(T') > 0
such that for any n > N(T'), we have

(41) / (22 e 4 U4 da < e,
Dé\D(;e—T

Actually, since (uy,¥,) has no blow-up point in Das\{p}, we know
that U,, converges strongly to ¥ in L} (Da2s\{p}), and u, will either
be uniformly bounded on any compact subset of Das\{p} or uniformly
tend to —oo on any compact subset of Das\{p}.

If u,, uniformly tends to —oo on any compact subset of Dos\{p}, it is
clear that, for any given 7" > 0, there is an N(7') > 0 big enough such
that when n > N(T'), we have

€
/ |2z 2m e2n dy < 7
DJ\D(;efT

Moreover, since ¥,, converges to ¥ in L} (Das\{p}) and, hence,

A ol
Ds\Dg -1 Ds\Dg -1

For any given € > 0 small, we can choose ¢ > 0 small enough such that
fD5 |¥|* < £, then for any given T > 0, there is an N(T') > 0 big enough
such that when n > N(T))

/ o, < &
D&\Dge—T 2

Consequently, we get (41). -

If (up, ¥y,) is uniformly bounded on any compact subset of Das\{p},
then (un, ¥,) converges to a limit solution (u, ¥) with bounded energy
fD26(|x\2°‘e2“ + |¥|*) < oo strongly on any compact subset of Das\{p}
and, hence,

/ (Jef2n i 1 @, %) — (22 + [w]).
Ds\Dg, -1 Ds\Dg, 1

Therefore, we can choose d > 0 small enough such that, for any given
e > 0 and any given 7' > 0, there exists an N(7') > 0 big enough so
that, when n > N(T'), (41) holds.

Fact I.2: For any small ¢ > 0, and T" > 0, we may choose an
N(T) > 0 such that when n > N(T)

/ (|20 en + W, [*)
DtnReT\DtTLR

= / (|$’2ane2’dn+|§,n’4)
DReT\DR
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S [ (e
Dp.r\DR

< €,

if R is big enough.

Now we can deal with Claim I.1. We argue by contradiction by using
the above two facts. Suppose that there exists ¢g > 0 and a sequence
Ty, € ety R, ] such that

/ (|lz[**m e + W, [*) > €.
DTn\De*lTn

Then, by the above two facts, we know that % — 400 and % — 0, in
particular, 7, — 0 and 1";—’; — 0 as n — +oo.
Scaling again, we set
(42) vp(z) = uz(rna:) + (o + 1) Inry,
on(x) = raU,(rpx).
It is clear that

(13) [ e i) 2
(D1\D,-1)

and (vy, ¢p) satisfies
{ ~Avg(x) = 2V (rpz)|zore?n @) — V(rz)|a|* e @ |pn (),
Don(x) = —V(raz)lz|* e @, (@),

in Ds \ Di,r. By Theorem 1.1, there are three possible cases:

(1). There exists some R > 0, some point ¢ € Dp \ D% and energy
concentration occurs near ¢, namely along some subsequence
lim (Jz|**m e + |pn|?) > € > 0,
n—0o0 Dr(q)

for any small » > 0. In such a case, we still obtain a second bubble
on S? by the rescaling argument. Thus, we get a contradiction to the
assumption that there is only one bubble at the blow-up point p.

(2). For any R > 0, there is no blow-up point in DR\D% and vy, tends
to —oo uniformly in Dg \ D1. Then, there is a solution ¢ satisfying
R
Pp =0, in R*\ {0},
with bounded energy ||¢||r4(r2) < 00, such that
Jim {lpy, — ‘P||L4(DR\D%) =0, forany R> 0.

By the same arguments as in the case of super-Liouville equations [19],
we know that ¢ can be conformally extended to a harmonic spinor on
S? which has to be identically 0. This will contradict (43).
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(3). For any R > 0, there is no blow-up point in Dr \ D1 and
- R
(Un, ¢n) is uniformly bounded in Dg\ D L Then, there is a solution
(v, ) satisfying
(44) —Av = 2V2(0)’1“2a621} - V(O)’x‘aev‘¢’27 in R? \ {O}a
Py —V(0)]z|*e"p, in R?\ {0},
with finite energy [g(|z[**¢® + |p|*)dz < oo, such that

n—o0

lim <||vn —vllezpny ) + llen - 90||C2(DR\D11%)) —0,

for any R > 0.

In this case, we shall show that the local singularities at 0 and at oo
of (v,p) are removable. Firstly, since (u,, ¥,) satisfies (4) and (5) in
Dsys, the following Pohozaev identity holds for any p > 0 with r,p < 24,

Oup o 1 9
7"np/ —|* = =|Vu,|“do
aDrnp| 61/ ’ 2| |
= (ra) [ @@l - V@)l 8, s
D

™ P
—rnp/ V2(x)|z|* " e?un do

1 ov,, ov,
+/ ( U + (@ Uy oo
Dy, p v

2 av "
+/ (Jz? ey - V(V3(z)) — |z|* e | W, |2z - VV (z))d.
D”'n/J
It follows that the associated Pohozaev constant of (v, (x),¢n(z)) (see
(42)) satisfies

C(vn, n)
= C('Una()pnyp)
Ovy 9 1 9
G 517

-1+ ozn>/ V2 (rpa)la**e® =V (rpz)|a]* e |on|*)da

P

+p / V2 (rpx)|z|?*me?ndo
aD,

ST IE ARORN R S

B / (lzPom ez - V (VA (rpz)) — |z]* " |on[*x - V(V (rp2))) da
14

=0.
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It is easy to verify that

lim lim (\:U|2O‘”e2v"$ -V (V(rpz))

p—0n—o0 D,
— |z|*" e [on|*x - V(V (rnz)))dz = 0.
Since (vn, ) converges to (v, ¢) in CZ_(R?\ {0}) x C2 (T(ZR?\ {0})),

we have

0= lim lim C(vn,pn,p)

p—0n—o0

- ;1_1% C(Ua P p)

— (14 «) lim lim (2V2(rnaﬁ)|x|2°‘"62”” —V(rpz)|z|* e’ |pn | )dx
5

0—0n—o0 Jp
=C(v,) — (14 a)B.

Here

8 =lim lim (2V2(rnx)\a?|2a"62”" — V(rnx)|x]a"e”"|<pn|2)d:c,

d—0n—o0 Jp,

and C(v, @) = C(v, ¢, p) is the Pohozaev constant with respect to equa-
tion (44), i.e

C(v, )
= CO(v, so,p)
- p/ 190p — 2 Voo
oD

—(1+a) /D (2V2(0)[a]**e* — V(0)|z|*€”|o]*)d

P

2 2a 520 1/ dp ) %
b [ VORPetao 5 [ (Gh )+ g o

P

On the other hand, since (vn, ;) converges to (v,¢) in C7 (R?\
{0}) x C? _(T'(XR?\ {0})), we have

loc
2V () = V() ol e g

= v =2V3(0)]z[**e* — V(0)|z|*¢"|o]* + Bdp—o

weakly in the sense of measures in Br for any small R > 0. Using
Green’s representation formula for (v,, ¢,) in Br, we derive that

v(x) = —% log |z| + w(x) + h(z),

w(z) = —/B (log la—y])(2V>(0)[y[**e* ™ =V (0)y|*e" ¥ || () )dy
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1 Ov(y) 1 (x—y) v
= log |z — - A Zhn .
h(z) = 5 /%R(oglw uD=—, "y — 5 P v(y)dy

It is clear that h(z) is a regular term and h(x) € C'(Bg) and that w(z)
satisfies

—A(w(z) 4+ h(z)) = 2V2(0)|2z[>*® @ — v (0)|z|*e*™@|p|*(x), in Bg.

Therefore, applying similar arguments as in the proof of Proposition
4.5, we know that w(x) is bounded in Bpg, and, furthermore, we obtain

_ P
C(U,(p) - 47T
Thus, there holds
/82
—=(1 .
s =(+a)

Since fBR |z|>**e*dx < oo, we have B3 < 27m(1 + a). Therefore, we
conclude that 5 = 0 and, hence, C'(v,¢) = 0. Then, by Proposition 4.5,
the singularity at 0 can be removed. Furthermore, the singularity at
oo can be removed by applying the removability of a global singularity
(see Theorem 5.2). Then we get another bubble on S2. Thus, we get a
contradiction and complete the proof of Claim I.1.

Claim I.2: We can separate As g, into finitely many parts

N
Asrn = Ak,
k=1
such that on each part
1
20m ,2Un _
(45) /Ak\x|o‘e“dx§4A2, k=12, N

Where N, < Ny with Ny being a uniform integer for all n large enough,
Ay = D=1\ Dy, 70 = 6,7V = t, R, ¥ < k=1 for k = 1,2,--- | Ny,
and A is the constant as in Lemma 6.1.

The proof of the above claim is standard, see the case of super-
Liouville equations in [19, 21] as well as the cases of other Dirac equa-
tions in [35, 36]. Here we omit it.

Now using Claim I.1 and Claim 1.2, we can show (40). The argu-
ments are similar to the case of super-Liouville equations in [19, 21].
For the sake of completeness, we provide the details here.

Let 0 < € < 1 be small, § be small enough, and let R and n be large
enough. We apply Lemma 6.1 to each part A; and use (45) to calculate

([ 1w.hi <A / 20m e2un ) B / W,
Ay Derlfl\Deflrl Derl—l\Deflrl
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e/ e[ !
D,,1-1\D i1 D \D_ 1,

er! T

SA(([ [aPne? )z 4 ez 4 ez)([ [0l + e+ ed)

Al Al
~|—C’ei
<a(f Py et o ve e
A 1
1
<50 1w+ cet,
2 A,
which gives
(46) ([ w7 < Cet.

Then, using Lemma 6.1, (45), (46) and applying similar arguments, we
obtain

(47) (| |VT,|3)1 < Cet.
A

Summing up (46) and (47) on A;, we conclude that

(48) / Wt /
As ron As R

This proves (40) and finishes the proof of theorem in this case.
For Case 11, the neck domain is different from Case I and it is

As pn(xn) ={x € R2|TnR < |z —x,| <t,S}.

,n

No
VO, [ :Z/ W'+ [V, < Ccb.
1=1 74

In fact, in this case, we can rescale twice to get the bubble. First, since
t, = |zy|, we define the rescaling functions

Up(x) = uln(tn:c) + (o, + 1) Int,,
Up(z) = t30,(tnx),

for any # € D s . Then (u,(z), ¥, (x)) satisfies

2tn
—Auy,(z) = 2V2(tnx)\xl2an62ﬂ"(mz
—V (tnz)|x]*me™ @, ()2, in D
I = = 2tn
PUn(a) = —V(taz)la|*e™ 0, (),

with energy conditions

/ (e 4, (2)]*) dx < C.
D

1)
Tt
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i
(a, + 1) Int,, — (ay, + 1) In N, — +00, we set that 0, = e~ Un(n) and
define the rescaling function

Un(x) = Un(0px + ypn) + Indy,

N 1o

U,(z) = 62V (0nx+ yn),

Set that y, = I—: Noticing that @, (yn) = un(xn) + (n + 1) Int, =

for any 8,7 + y, € D b We can see that (ﬂn,\f’n) is exactly the
same as that defined before Without loss of generality, we assume that

Yo = lim, o0 f—: Notice that

/\\I/n]4dx —/ [T, | dx
Ds D s

tn

-/ Tftds+ [ W[
DtL\DRl (yn) DR1 (yn)\DénRQ (yn)

/ U, | dax
Ds,, ry (Yn)

+
= / [T, | de
ti DRl (yn

+/ |\1!n|4da:—|—/ |0, [Yde.
D¢, Ry (n)\ Dty 8, Ry (Tn) Ds,, ro (Yn)

Since we have assumed that (u,, ¥,) has only one bubble at the blow-
up point p = 0, (uy, ¥,,) also has only one bubble at the blow-up point
p = yo. Therefore, we have

lim  lim [T, | dx = 0,
Ri—=+00n=00 /D s \Dg, (yn)
tn

uniformly for any small ¢, and since Ds,_ g, (yn) is a bubble domain, we
know Ag g is the neck domain for sufficiently large S, R > 0, and it is
sufficient to prove

(49) lim  lim lim |, |dv = 0.

S—+00 R—+00 n—00 As Ron(zn)
For this purpose, we shall prove two claims.
Claim II.1: for any € > 0, there is an N > 1 such that for any
n > N, we have

(50) / (222 2 1 (W, [Ydz < e, Vi € [ern R, tnS].
Dr(zn)\D -1 (1:")

To get (50), similarly, to the Case I, we firstly note the following two
facts:
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Fact I1.1: For any € > 0 and any 7" > 0, there exists some N(7T') > 0
such that for any n > N(T'), we have

/ (Jz[*o e + [Tn|)dz < e,
Dty (20)\D, g0~ (@)

tnSe

if S is large enough.

Fact I1.2: For any small ¢ > 0, and 7" > 0, we may choose an
N(T) > 0 such that when n > N(T)

/ (|l|* e n 4 [y, |*)
D, por (@n)\Dryr(zn)

X
- / (|2 4 ]2 2 4 [0, [
DReT\DR ‘mn‘ ’xn’

5 / (27 4 [B]%)
DReT\DR

< €

if R is large enough.

Now we argue by contradiction to show (50) by using the above
two facts. We assume that there exists ¢g > 0 and a sequence r, €
[eTn R, t,S] such that

/ (|J[20m €20 4 [W,[*) > €.
D"“n ($n)\D -1, (Cﬁn)

Then, by the above two facts, we know that t" — 400 and T" — 0,

in particular, r, — 0 as n — +o0o. Note that ]7””\ = \t"| —> +oo as
n — 0o. We define
61 (o) = (1 )+ Inlrafea| ),

on(x) = 12U, (rpT + 7).

Then (v, ¢,) satisfies

—Avy(z) = 2V3(rpz + z,)| 2 o + r;nzl |20 ¢20n ()
V<w+wn>\\ +r:ﬁl%evn<xw,

in Di,s \ Drur, and
™n n

x r

Lo aPere o) >
e~1<|z|<1 |zn|  |2nl

By Theorem 1.1, there are three possible cases. However, similarly, to

the Case I, we can rule out the first and the second possible cases. If

the third case happens, then for any R > 0, there is no blow-up point in
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Dgr\ D1 and (vy,¢y) is uniformly bounded in D\ D%. Then, there
R
is a solution (v, ¢) satisfying
(52) —Av = 2V2(0)e* — V(0)e?|p|?, in R?\ {0},
ESO = —V(O)ev(p, in R? \ {0}7
with finite energy [po(e?” + |p|*)dz < oo, such that
i (lon = vllc2iomy )+ llen = ez, ) ) =0
n—oo B R

for any R > 0.

Next we shall use the Pohozaev identity to remove the two singular-
ities to get another bubble.

Firstly, since (uy,, ¥,,) satisfies (4) and (5) in Dys, the following Po-
hozaev identity holds for any p > 0 with r,p < t,,

ouy,
rnp/ (S8 [V do
ODry, p(n)

— / (2V2(x)|93|2a”62“" — V($)|x|a”e“”|\lln|2)dx
DTnP(mn)

—rnp/ V2 (x)|x**e? n do
ODryp(wn)

Here we have used the fact that |z|*" is smooth in D, ,(z,) C R?\{0}.
Noticing again that

vp(x) = u,}(rnaj + xp) + In(ry |z, %),
on(x) = 12U, (rpz + T4).

Hence, the Pohozaev constant associated with (vy, ¢,) (see definition
(51)) satisfies

C(Um‘:@n)
- C(’l)n7S0n,p)
Ovy,
= o[ IGEP - Vel
aD,
—/ 2V2(rnx+xn)| —i—— \2"‘" 2vn g
Dp ’ n’ | TL
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+/ V(i + )| 4 L] etn o, da
D, @ n\ | \
+P/ V2 + )| o + T[22 % dg
oD, | | | In
1 Ipn Ipn
_= : o 2N
3., o on) & (@, GE o
—/ 2z (VA (1 + 2)| o2 4 22200 ) gy
D, |, £
+/ e””|g0n|2:c-V(V(rnx+xn)|x7n+@\a”)da:

P

= 0.

Note that (vn, ¢y,) converges to (v,¢) in C7 _(R?\ {0}) x C?_ (I(SR?\
{0})) and |2 + zl® is a smooth function in Dj for § > 0 small
enough. Therefore, we have

0 = lim lim C(vy,en,p)

p—0n—o00

= fl)glg)C(v,%p)

- %im lim <2V2(rn:n + :L‘n)|— + @F‘”‘"e%”
—~0n—00 [ |zn|  |2znl
x T
Vit ) e ) do
n n
= C(v,p) - B.
Here
g = lim lim 2V2(rpx + )\ —i——x]%‘”e?”"
6—0n—o0 " " ’ ’ | |
Ds Tn Tn
,
V() 2 el e o) da,
n n

and C(v, p) is the Pohozaev constant with respect to (52), i.e.,
Cwe) = pf IgP=glvels
—/ (2V2(0)e? — V(0)e’||?)dx
Dy
+p/8Dp V2(0)e2do — - / <g‘5 Q)+ (z %fma.

On the other hand, since (vy,,) converges to (v,¢) in CZ (R?\

{0}) x C2 (T(SR2\ {0})), we have e

loc
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2V2(rna: + l‘n)|‘ | + |— |2°‘”e2””
n n
—V(Tnl‘ + .’L'n)" ‘ + ix‘anevn‘gon‘z
n n
— v =2V?(0)e* — V(0)e"|¢|* + Bdp=0

weakly in the sense of measures in Bg for any sufficient small R > 0.
Then, applying similar arguments as in Case I, we can show that

v(z) = —% log |z| + w(z) + h(z),

with w(z) being a bounded term and h(z) being a regular term and,
furthermore, we have

ﬁ2
Clv,p) =
Hence, there holds
ﬁ2
w7

Since f Br e?'dr < oo, we have f < 2m. Therefore, we deduce that

C(v,9) = 0, B = 0 and, hence, the singularities at 0 and oo of (52)
can be removed. Then we get another bubble on S?. Thus, we get a
contradiction and complete the proof of (50).

Next, similarly, to Case I, we can prove the following:

Claim II.2: We can separate Aan(xn) into finitely many parts

A(SRn xn U Ak:’
such that on each part
1
53 2am g2n < k=1,2,---,N,
( ) Ak‘$| x—4A27 ) & s 4Vk)

where N < Ny with Ny being an uniform integer for all n large enough,
Ay = Dyi—1(xn) \ Dyr(p), 70 = t,8, 7N = 7, R, vF < rF=1 for k =

1,2,---, N, and A > 0 is the constant as in Lemma 6.1.
Then, we can use Claim II.1 and Claim II.2 to show (49). This
finishes the proof of the theorem in the second case. q.e.d.

7. Blow-up behavior

With the energy identity for spinors in place, we can now rule out the
possibility that u,, is uniformly bounded in L2 (B, \ 1) in Theorem 1.1
and, hence, the result can be improved.

Proof of Theorem 1.3. We shall prove this by contradiction. Assume
that the conclusion of the theorem is false. Then by Theorem 1.1,
Uy, is uniformly bounded in L*> on any compact subset of B,(0)\%;.
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Since (un, ¥y,) is a sequence of solutions to (4) with uniformly bounded
energy (5), by classical elliptic estimates for both the Laplacian A and
the Dirac operator J), we know that (u,, ¥,) converges in C? on any
compact subset of B, (0) \ ;1 to some limit solution (u, ¥) of (13) with
bounded energy fB (|z?¥e? + |¥[4) < 4o0.

Since the blow- up set >1 is not empty, we can take a point p € 3.
Choose a small §y > 0 such that p is the only point of ¥ in Bas,(p) C
B, (0). Without loss of generality, we assume that p = 0. The case of
p # 0 can be handled in an analogous way.

We shall first show that the limit (u, ¥) is C? at the isolated singu-
larity p = 0. In fact, since (uy, ¥V,) satisfies the Pohozaev identity on
D, for 0 < p < dp, the Pohozaev constant C(uy,, V,) = C(uy, ¥y, p)
satisfies

0

C(tn, ¥y)
- C(unv ’I’va)

Oouy,
:p/ S L [V Pdo

-1+ ozn)/ (2V2(az)|x|20‘"e2“” - V(az)]:c|°‘”e“”|\lin|2)dx
D

P

+p / V2 (x)|x[** e n do
aD,

1 0V, 0¥,
- z/anay’”“W T, e

B / (|z?omeing . V(V2(x)) — |z|% e |, |2z - VV (z))da.
Dy
Since (uy, ¥,,) converges to (u, ¥) in C? on any compact subset of Bag, \
{0}, we have
0 = lim lim C(up,¥n,p)

p—0n—o0

— 1 o
plgg)C(u, )

—(1+ ) lim lim (2V2(z) || e®in — V (z)|z]|*m e |V, |*)dx
d—=0n—0o0 Jp
= Cu, V) - (1+a)p,

where

C(u, V) =C(u, ¥, p)

:p/ PP IVuPdo
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—(1+a) / 2V (@)]a]**e® = V(2)|z|*e"|¥|*)do

+ ,0/ V2(x)|z|*e*do

D,

1 ov ov
_ = il U2
3y Gt 0+l
- / (|x|2a62“x . V(VQ(x)) — |x]ae“]\11]2x -VV(x))dz,
P
and

f = lim lim (2V2(2)|z > e?in — V (x)|x|* " |, |?)d.

6—0n—o00 Ds
Moreover, we can also assume that
2V ()| et — V() |z | et [ Wy
— v =2V2(z)|z[**e*" — V(z)|z|"|¥|* + Bdp=o,
in the sense of distributions in Bg for any small R > 0. Then, applying
similar arguments as in the proof of the local singularity removability

in Claim I.1, Theorem 1.2, we can show that C(u,¥) =0, 8 = 0 and,
hence, (u, ¥) is a C? solution of (13) on Bas, with bounded energy

/ (2% 4 [W]4) < +oo,
Bas,

Now we can choose some small §; € (0,dp) such that for any § €
(0751)a
1 1
(54) / (2V2(z)|z|?“e* — V (z)|z|*e*|¥|*)dx < min{ﬂ, —
B, 10 10
Next, as in the proof of Theorem 1.2, we rescale (u,, ¥, ) near p =
0. Choose x, € Bj, with u,(z,) = maxp, tun(x). Then we have

—un(zn)

xn — p and up(z,) — +oo. Let A\, = e entl  — 0 and denote
tn, = max{ A, |zn|} — 0. We distinguish the following two cases:

Case I: % =0(1), as n — +o0.
In this case, the rescaling functions are

{ Un(z) = up(tz) + (an + 1) Intn,
‘Al;n(x) = ?L\I/n(tnx)a

for any x € D 5, . And by passing to a subsequence, (u,, ¥,) converges

2tn
: 2
in Cj, .

(R2) to some (u, ¥) satisfying

{—Aﬂ = 2V2(0)|x[>* e — V(0)|x|*e"|¥|?, .

U C R?
DT = —V(0)|z]*e"T, "

)
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with

(55) / (2V2(0)|z)**e2" — V(0)|z|*e*|¥|?)dz = 47 (1 + ).
R2

Then for 6 € (0,d1) small enough, R > 0 large enough and n large
enough, we have

/ 2V (z)|z[** e — V(z)|z|* " | W, [*)dz
Bs
_ / (2V?(z)|z|?*me®n — V (2)|z|* " |0, |*)dx
BtnR
+/ 2V(z)|z[** e — V (z)|2|* e | W, |*)dx
B&\BtnR

> / (@V2 (1) |22 €20 — V(1) || [, 2)

Br
- / V(@) | et [0,
Bs\Bi, r
1
(56) > 4r(l+a)-— IFOO‘.

Here in the last step, we have used (55) and the fact from Theorem 1.2
that the neck energy of the spinor field V¥,, is converging to zero. We
remark that in the above estimate, if there are multiple bubbles then
we need to decompose Bs\By, r further into bubble domains and neck
domains and then apply the no neck energy result in Theorem 1.2 to
each of these neck domains.

On the other hand, we fix some ¢ € (0, d;) small such that (56) holds
and then let n — oo to conclude that

1
(14 a) - % < /B (2V2() 227 B — V()] e [0 2}
5

—  Au = / un
By oB; On

— — u =— Au
oB; On By

1
:/ (2V2(2) 222 — V() |2]*e¥|2)da < 2.
5 10

Here in the last step, we have used (54). Thus, we get a contradiction
and finish the proof of the Theorem in this case.

Case 1II: f\—z — +00, as N — 0.
In this case, we should rescale twice to get the bubble. First, since
tn = ||, we define the rescaling functions
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Un(x) = uln(tnx)—f—(an+1)lntn,
U,(z) = t2VU,(t,o),

for any © € D s . Set y, := #=. Noticing that @, (y,) — +oo, we set
Stn n

that 8, = e~ %) and define the rescaling function

Un(z) = Unp(0pz + ypn) + 0oy,
1_
Un(z) = 01 Yn(dnT + Yn),

for any 6,z + y, € D s . Without loss of generality, we assume that

2tn ~
Yo = limpoo 2. Then by also passing to a subsequence, (U, Up)

converges in C? _(R?) to some ﬂ,\fl satisfying
g loc

—AuT = 2VH0)e —V(0)e TP, L o
PU = —V(0)e'D, ’
with
(57) / (2V2(0)e*™ — V(0)e™|¥|?)dz = 4.
RQ

Now fixing 0 € (0,01) small enough, S, R > 0 large enough and n large
enough, by using (57) and the fact that the neck energy of the spinor
field ¥,, is converging to zero, we have

/ V2 (@)|z e — V(@) |z]*n et [0y |*)da

_ / (V2 (tz)|2[207 2 — V(1) | 2|2 ™ [T 2)der

)

in

B / 2V (tnx) [z e — V (tnx) || ™ [V, |*)da
s \Bs(yn)

tn
/ (2V2(10) |22 €25 — V (t) ] €™ [T [2)

yn)\BTn R (yn)

2v2 (tnz)|z|20m e — V (tpa)| x| e™ |0, |? ) da

77’1
tn

/ @W@WHWM e
Br

[n| |2l

v

—V(wn + wn% n le‘aneanw@np) d

[n| |2

—/ V()] e | 02
BtnS\BTn R(x’ﬂ)
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S R CE R A
B%\Bs(yn)

1
> 4r — —.
10
Then, applying similar arguments as in Case I we get a contradiction.
Thus, we finish the proof of the Theorem. q.e.d.

8. Blow-up value

In this section, we shall further investigate the blow-up behavior of a
sequence of solutions of (4) and (5). Let m(p) be the blow-up value at
a blow-up point p € ¥, defined as in (7). It is clear from the result in
Theorem 1.3 that m(p) > 4w. Now we shall determine the precise value
of m(p) under a boundary condition.

Proof of Theorem 1.4. Without loss of generality, we assume p = 0.
The case of p # 0 can be handled analogously. It follows from the
boundary condition in (8) that 0 < u, —mingp, () un < C on 9By, (p).
Define w,, as the unique solution of the following Dirichlet problem

—Aw, =0, in B, (p),
Wy, = Up — MiNgB, Un, o0 OB (p).

By the maximum principle, w,, is uniformly bounded in B, (p) and,
consequently, w, is C? in By, (p). Furthermore, the function v, = u, —
mingp, (p) Un — Wn solves the Dirichlet problem

—Avy, = 2V3(z)|z[* e — V(@)|z|* e | Wn[?,  in By, (p),
Up = 07 on 8Bp0 (p)’

with the energy condition
/ (2V2(x)|$|2a"62u" _ V($)|$|a"€u”|\1/n|2)dx < C.
00 (P)

By Green’s representation formula, we have

1

27 J B,y ()

= V(y)ly*e" |Wn|*)dy + Ru(2),

(2V2(y) [y e

Un (l’) log

|z —y|

where R, () € CY(B,,(p)) is a regular term. Since p = 0 is the only
blow-up point in B, (p), from Theorem 1.3, we know

m(p)

68) (o) > G R(@). in Cu(B(e)\ {0))
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for R(z) € C1(B,y(p)). On the other hand, we observe that (v, ¥,)
satisfies
{ —Av, = 2K} (x) |z e?n — Koy(x)|z|* et [Py 2,

p‘ljn = _Kn(x)e””\llm o Bp()(p),

where K,, = V(x)eminaBPO @ % - Noticing that p = 0, the Pohozaev
identity of (vy, ¥y) in B,(p) for 0 < p < po is

ovy,
p / S L Vuafdo
9B, (0)

= (1+ an)/ (2B (2) |z e — K (x)|a|*m et | U, [*)de
B, (0)

—p / K2(a) 22 2 do
B, (0)

1 / G\I/n ov,,

(59) / (|z]**m ez - V(K2 (x)) — 2] e’ [Ty |22 - VK, (z))da.

y (58), we have

8vn|2 - f]anIQdo

lim lim p |
p—0n—o0 dB,(0)

a(ﬁ In L)
1 2w |l’| ’2d0'

= lim —
p—>0p dB,(0) 2‘ ov

= Lm0

Since u, — —oo uniformly on 9B,(0), we also have

p—0n—o0

lim lim p/ K2(z)|z|**e*'rdo
9B,(0)

= lim lim p VZ(x)|z > e?ndo

= 0.
Noticing that pr (0)(|x]2a”62“" + U, |*)dz < C, we can obtain that

0
lim lim (Jz | e?vng- V(K2 (2))—|z| e’ | ¥, |*2- VK, (z))dz = 0.
p—)O n—oo BP(O)

Since u, — —oo uniformly in ng(O)\Bg(O), and |¥,| is uniformly
bounded in By, (0)\Be (0) for any p > 0, we know

P =0, in B, \ {0}.
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Since the local singularity of a harmonic spinor with finite energy is
removable, we have

DY =0, in B,,.
It follows that W is smooth in B,,. Therefore, we obtain that

lim lim Uy ||x - V¥, |do = 0.

Let n — oo and then p — 0 in (59), we get that

1

- (p) = (L+ a)m(p).
It follows that m(p) = 4w (1 + «). Thus, we finish the proof of Theo-
rem 1.4. q.e.d.

9. The global super-Liouville system on a singular Riemann
surface

In this section, we study the blow-up behavior of a sequence of solu-
tions of the global super-Liouville system on a singular Riemann surface
and prove Theorem 1.5 and Theorem 1.6.

Proof of Theorem 1.5. Since g = e??gy with gy being smooth, then
by the well known properties of ¢ (see, e.g., [32] or [8], p. 5639), we
know that (uy,,,) satisfies

m
— Ay (U + ¢) = 9e2(un+e) _ punté <e%¢n, e%¢n> - Ky — Z 27Tozj5qj,
j=1

Py (€5 hn) = —e" o (e34h,),

in M and with the energy conditions:

/ 62(“”+¢)dg0 < C, / \e%wn|4dgo < C.
M M

If we define the blow-up set of u, + ¢ as

¥ = {:c € M, there is a sequence y, — ©
such that (uy + ¢)(yn) — 400},
then by Remark 3.3, we have ¥; = /. By the blow-up results of the

local system, it follows that one of the following alternatives holds:

i) uy, is bounded in L*°(M).
ii) u, — —oo uniformly on M.
iii) X; is finite, nonempty and

U, — —oo uniformly on compact subsets of M\;.
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Furthermore,

2e2(un+9) _ gunto|Fy, 12 Z m(p;)p;,

Pi€X
in the sense of distributions.
Now let p = % > 2. We have

IV (un + @)l La(a1,90)

< sup {| / V(un + ¢)Viodgol [ € WP(M, go),
M

[ o =0.lelbwrsran =1}
M

By the Sobolev embedding theorem, we get

HSOHLOO(M,gO)gc-
It is clear that

| / Yt + 6)Vipdgo|
M
= /M Ay (tn + 6)pdgo]

: / (2629 eS| Ky )il dgo
M

+Z\/ 2marjdg, pdgo| < C.

Therefore, u, + ¢ — W Jar(un + #)dgo is uniformly bounded in
Wl’t](Ma gO)
Next, we define the Green function G by
{ —A4,G = ZpéEl m(p)dp — Kgo — ZT:I 27Taj5Qj’
fM Gdgo =0.
Then G satisfies (9). We have for any ¢ € C*(M)

/ V(un + ¢ — G)Vipdgo = — / Ayt + 6 — G)pdgo
M M

_ / (262(un+¢) _ eun+¢ <€%¢n7 6%¢n> — Z m(p)ép)(pdgg
M
pE
— 0, asn— oo.

Combining this with the fact that u, +¢— ﬁ J3(un+@)dgo is uniformly
bounded in W14(M, gg), we get the conclusion of the lemma. q.e.d.

Proof of Theorem 1.6. The result follows from Theorem 1.5 and the
Gauss—Bonnet formula. q.e.d.
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10. The local super-Liouville equations with two coefficient
functions

In this section, we discuss the following local super-Liouville type
equations with two different coefficient functions:
(60)

{ —Au(z) = 2V%(x)z>*e® @) — W (z)|z|*e®)| T2,

PU = —W(@)aloe @y, n B0,

and with the energy condition

(61) / |lz[2*e* 4 | W) dr < +oo,
B (0)

where o > —1 and V (), W (z) € Wh*(B,.(0)) satisfying
0<a<V(z),W(zr)<b< +oo.

In analogy to the case considered in Section 3, we can define the notion
of weak solutions (u, ¥) € WL2(B,(0)) x W3 (D(2B,(0))) of (60) and
(61) and show that any such weak solution (u, ¥) is regular in the sense
that (u, ¥) € WP(B,(0)) x WL4(T'(2B,(0))) for some p > 2 and some
q>2and (u, V) is C?_ x C%_in B.(0)\ {0}.

Firstly, it is easy to check that the following Pohozaev type identity

holds:
R/ | \2 7|Vu]2da
OBR(0)

= (1+ a)/ (2V2(z)|z]|?Ye® — W (z)|z|%e"|¥|?)dx
Br(0)

-R V(x)|z[**e* do
OBR(0)
1 ov ov

+/ —,x-V)+(r -V, ——))do
S IR GAER R )

—i—/ (\x!Qaezu:r . V(VQ(x)) — \x|°‘e“|\Il|2x VW (z))dz,
Br(0)

for any regular solution (u, V) of (60) and (61) on B,(0) and for any
O<R<r.

Secondly, when (u, ¥) is a regular solution of (60) and (61) in B,(0)\
{0}, we define the Pohozaev constant associated to (u, V) as follows

Cluw,¥) = R \ IQ—*IV *do
dBR(0)

- 1+ a)/ 2V () [z *e* — W (z)|z|e"|¥|*)dz
Br(0)
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—i—R/ V2(x)|z|**e* do
9BRr(0)
1 L4 g
—/ <8—,x~\11)+<a:'\11,6—>d0
2 dBR(0) v ov
—/ (Jz**e? x - V(VE(z)) — |z|%e*| >z - VWV (z))dz.
Br(0)

Then the local singularity removability as in Proposition 4.5 holds.
Thirdly, for a bubble, namely an entire regular solution on R? with
bounded energy, we consider the following equation:

—Au = 2a|z|*®e® — b|z|%e"|V|?, .2
o u in R,
DY = —b|z|%e"V,

with & > —1 and for two real numbers ¢ > 0 and b > 0. The energy
condition is

I(u, 0) :/ (222 + [W]*)de < oc.
RQ

By using its corresponding Pohozaev type identity, we can prove the
same results as in Proposition 5.1 and Theorem 5.2. In particular, we
have

d= / 2a|z|?*@e* — b|z|*e"|¥|2dr = 47 (1 + a).
R2

Finally, for a sequence of regular solutions (uy, ¥,,) to (10) and (11),
we define the blow-up value m(p) at a blow-up point p as

m(p) = lim lim (2Vnz(x)|x]2a”62“” — Wn($)|x\ane“”|‘lin\2)d$,
p*>0 n—o0 Bp(p)

and we can show that the blow-up behaviors for (uy, V,) as in The-
orem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4 and Theorem 1.5
hold.
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