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FOLIATIONS BY SPHERES WITH CONSTANT
EXPANSION FOR ISOLATED SYSTEMS WITHOUT
ASYMPTOTIC SYMMETRY

CHRISTOPHER NERZ

Abstract

Motivated by the foliation by stable spheres with constant mean
curvature constructed by Huisken—Yau, Metzger proved that ev-
ery initial data set can be foliated by spheres with constant expan-
sion (CE) if the manifold is asymptotically equal to the standard
[t =0]-timeslice of the Schwarzschild solution. In this paper, we
generalize his result to asymptotically flat initial data sets and
weaken additional smallness assumptions made by Metzger. Fur-
thermore, we prove that the CE-surfaces are in a well-defined sense
(asymptotically) independent of time if the linear momentum van-
ishes.

Introduction

Motivated by an idea of Christodoulou and Yau [CY88], Huisken—-
Yau proved that every Riemannian manifold is (near infinity) uniquely
foliated by stable surfaces with constant mean curvature (CMC) if it is
asymptotically equal to the (spatial) Schwarzschild solution and has pos-
itive mass [HY96]. Their decay assumptions were subsequently weak-
ened by Metzger, Huang, Eichmair-Metzger, and the author [Met07,
Hual0, EM12, Nerl5]. Furthermore, the author proved that asymp-
totic flatness is characterized by the existence of such a CMC-foliation
[Ner14]. Huisken—Yau’s idea to use foliations by ‘good’ hypersurfaces
was picked up by Metzger who proved that every initial data set, which
is asymptotically to the standard [t = 0]-timeslice in the Schwarzschild
solution, can (near infinity) be foliated by spheres of constant expan-
sion (CE) and that these CE-surfaces are unique within a well-defined
class of surfaces [Met07]. He motivated the CE-foliation among other
things as foliation adapted to the apparent horizons which have zero
expansion and that CE-surfaces are the non-time symmetric analog of
CMC-surfaces.
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258 C. NERZ

Note that the CMC- and the CE-foliation are not the only folia-
tions used in the mathematical general relativity: For example, Lamm—
Metzger—Schulze achieved corresponding existence and uniqueness re-
sults for a foliation by spheres of Willmore type [LMS11] and (in the
static case) Cederbaum proved that the level-sets of the static lapse
function foliate the timeslices (near infinity) [Ced12]. However, we will
only use the CMC- and the CE-foliations in this paper.

To explain Metzger’s assumptions for his existence theorem for the
CE-foliation, let us recall that an initial data set is a tuple (M, 7, k, J,0)
satisfying the Einstein constraint equations

_ — —2 —9 - (=7 — —
(1) 26=3~ |k 432, T=div(#g-K).
g
Here, (M, 7) is a Riemannian manifold, k is a symmetric (0, 2)-tensor,

J a (0,1)-tensor, and g a function on M. This is motivated by a three-
dimensional spacelike hypersurface (M, ) within a Lorentzian mani-
fold (/M,g) with Einstein tensor G, the second fundamental form k of
(M, 7) < (M\,g), its energy density g := G(¥,9), and the momentum
density J := G(d,-), where 9 is the future pointing unit normal of
(M, 7) < (/M,ﬁ) If the surrounding Lorentzian manifold satisfies the
Einstein equations G = Ric — %32], then the Gaufi—Codazzi equations
of M — (K/I\,j) are equivalent to the constraint equations (1). Note that
we dropped the physical factor 87 for notational convenience.

In this notation, Metzger assumed asymptotic to the standard [t = 0]-
timeslice of the Schwarzschild solution, i.e., the existence a coordinate
system 7 : M\ L — R?\ B1(0) mapping the manifold (outside of some
compact set L) to the Euclidean space (outside of a closed unit ball),
such that the push forward of the metric g is asymptotically equal to
the Schwarzschild metric SE as |Z| — oo. More precisely, he assumed
that the k-th derivatives of the difference ;; — “7;; of the metric 7 and
the Schwarzschild metric %7 decays in these coordinates like |zt
for k < 2. This is abbreviated with §— %7 = 02(|z|~'7°). He, further-
more, assumed that the second fundamental form k decays sufficiently
fast, i.e., k = O1(]z|~?), and that the corresponding constant is suf-
ficiently small, i.e., |k;j| < 7/jz/2 for some small constant n < 1 and
correspondingly for the first derivative. He motivated this point-wise
assumption by the fact that at least in a specific example this foliation
only exists for sufficiently small second fundamental form. However,
this example of a second fundamental form is solely controlled by an
integral quantity: the ADM-linear momentum defined by Arnowitt—

'In fact, he assumed this decay in a more geometric way: 7 — 7 = Oo(|Z|~'7°),
Ty* — Ty;F = 00(J7|727°), and Ric;; — “Rici; = 0o(|Z|~>7°) for some ¢ > 0, where
we used the notation explained in Section 1. Actually, he also allowed & = 0 if the
corresponding constant is sufficiently small.
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Deser—Misner [ADMG61]. In the last paragraph of [Met07], Metzger
clarifies that (in the general setting) this foliation is, nevertheless, not
characterized by the ADM-linear momentum (or the ADM-mass), i.e.,
smallness of the linear momentum is (in general) not sufficient to ensure
existence of the CE-foliation.

The first main result of this paper is the existence of the CE-foliations
under weaker decay assumptions on the metric. Furthermore, we only
assume that the second fundamental form is of order |Z|~2, has asymp-
totically vanishing divergence J = div(Hg — k) = 0p(|Z7|737%), and need
only additionally ‘smallness’ for some integral-quantities of k.2 Here,
we only state a simpler, less general version — see Theorem 3.1 for the
more general version.

Corollary 1 (Existence of CE-foliation — special case of Theorem 3.1).
Let (M, 7,k,J,0) be a c? +E—asymptotically flat, asymptotically maximal
2

initial data set with non-vanishing mass m # 0. Assume that k is c§+€-
asymptotically anti-symmetric and vanishes Ci-asymptotically. If the
(ADM-)linear momentum is sufficiently small, then there exist closed
CE-surfaces 43 smoothly foliating M outside a compact set.

The definition of a ‘C? +E—asymptotically flat initial data set’ is ex-

plained in Definition 1.3, while the other assumptions are explained
in Theorem 3.1. We note that the corresponding theorem is true for
a temporal foliation (see Definition 1.4) instead of an initial data set,
i.e., every asymptotically flat temporal foliation of a four-dimension-
al Lorentzian-manifold can be foliated (near infinity) by surfaces with
constant expansion with respect to the corresponding timeslice (Theo-
rem 3.3).

Note that if the so called Regge—Teitelboim conditions are satisfied,
see [RT74, Hua09], then the ADM-linear momentum characterizes the
Euclidean coordinate center of the surfaces, see Remark 3.16. This
generalizes Metzger’s interpretation from [Met07, Sect. 7] for a special
case of the second fundamental form.

As Metzger, we also get a uniqueness result for the CE-spheres (The-
orem 3.4). Again, we give a simple version — see Theorem 3.4 for the
general version.

Corollary 2 (Uniqueness — special case of Theorem 3.4). Let (M, 7,
Z,k,J,0) satisfy the assumptions of Corollary 1. Let 31,%5 < M be
CE-surfaces satisfying (specific) estimates. If ¥1 and X9 have the same,
sufficiently small expansion, then they coincide.

The precise formulation of the ‘(specific) estimates’ can be found in
Theorem 3.4. Furthermore, we can again reduce the assumptions on the
initial data set — see Theorem 3.4.

2Note that we can alter the assumptions on k, see Remark 3.2.
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Finally, we study how these CE-surfaces evolve in time under the
Einstein equations (Theorem 4.1): We prove that the CE-spheres are in
a well-defined sense (asymptotically) independent of time if the ADM-
linear momentum vanishes. This is to be expected as the author proved
that the CMC-leaves (asymptotically) evolve in time by translating in
direction of the fraction of the (ADM) linear momentum and the (ADM)
mass [Ner13, Theorem 4.1] and the CE-spheres are asymptotically just
shifts of the CMC spheres (due to the results in Section 3) — and it seems
appropriate to assume that this shift is (asymptotically) independent of
time. To the best knowledge of the author, this is the first time that
any evolution result is proven for the CE-leaves. Theorem 4.1 implies
the following (more descriptive) corollary:

Corollary 3 (Time invariance — special case of Theorem 4.1). Let
("M, %7,'%,%,"J); be a (orthogonal) Cfﬁ—asymptotically flat temporal
foliation solving the Finstein equatio?zs in asymptotic vacuum. As-
sume that each of these initial data sets satisfies the assumptions of
Corollary 1. If the time-lapse function is Cire—asymptotic to one and

(asymptotically) symmetric, then the leaveszof the CE-foliation evolve
(asymptotically) in time by a shift in time direction (orthogonal to each
timeslice 'M).

Acknowledgment. The author wishes to express gratitude to Ger-
hard Huisken for suggesting this topic and many inspiring discussions.
Further thanks is owed to Lan-Hsuan Huang for suggesting the use of
the Bochner-Lichnerowicz formula in this setting (see Proposition 3.9).
Finally, thanks goes to Carla Cederbaum for exchanging interesting
thoughts about CMC- and CE-foliations and about the interpretation
of the integral quantities (see (16a), (16¢), and Proposition 3.15).

Structure of the paper and main proof structure

In Section 1, we fix the notations and basic assumptions made in
this paper. Note that our assumptions on the decay of the second fun-
damental form is more restrictive than the one used in parts of the
literature, e.g., [Ner13, Hual0], but less restrictive than other others,
e.g., [CK93, Met07]. In Section 2, we characterize the linearization
of the map mapping a function to the expansion of its graph. Further-
more, we explain one of the main ideas of the following proofs. The
existence and uniqueness theorems are stated in full detail and proven
in Section 3. In the last main section (Section 4), we state and prove
the evolution theorem.

As our main proof structure for the existence and uniqueness theo-
rems is the same as the one used by Metzger in [Met07], we briefly
explain his proof. He defines an interval I C [0;1] to be the set of all
artificial times s € [0; 1] such that there exists a foliation by CE-surfaces
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for (M, *7, sk,sJ,%) instead of (M, 5,k,.J,0) and proves by an open-
closed argument that it is equal to [0;1]. Here, °5 denotes the artificial
metric defined by

S5—

— 4
_ s _ m o\
Gij = "Fij + (ﬂz‘j - chij)’ Fij = <1 + 2!J?|) Jij»

and 290 :=°S5—|s E\%—Fﬁ H? is an artificial energy-density. As it is well-
known that there is a CMC-foliation of the Schwarzschild standard-slice,
he gets 0 € I. Hence, I is non-empty. He proves with a convergence
argument that I is also closed. In order to prove that I is open, he
uses the implicit function theorem: Let, therefore, be {*¢%},~,, be the
CE-foliation of (M, 7, so k, s J, *°g) with so € I and define the map

(H=£ -P)”:[0;1] x WHP(50%) — LP(*0%)
c(s, f) e (S}[i sstrE) (graph” f),

for every r > rg and any p > 2, where (*4 +s %r k)( graph” f) denotes the
expansion of graph” f with respect to *5 and sk (see Section 2 for more
detailed information). Assume for a moment that the Fréchet derivative
of this map with respect to the second component at (sg,0) is invertible.
The implicit function theorem then implies that 7% can be deformed
to a surface §% which is a CE-surface with respect to (M, 57,5k, sJ,%0)
if |s — sp| is small enough. This proves the openness of I under the
assumption of invertibility of the Fréchet derivative of the above map.
To deduce this invertibility, he proves multiple estimates for the distance
of such a CE-surface to the origin and the trace free part $k of the second
fundamental form 7k of the surface ;¥ < (M, *7). Here, he uses the
concrete form of the Ricci-curvature of the Schwarzschild metric and
the assumed smallness of k.
We use the same approach, but replace three main arguments:
e as we know that the CMC-foliation of (M, 7, ) exists [Nerl5,
Thm 3.1], we can fix the metric 7 instead of using above metrics
T—=.3
° v(vge get the crucial estimate for the distance of ;¥ to the coordinate
origin by estimating its 7-derivative (see Lemmas 3.11 and 3.12);
e to conclude the invertibility of the Fréchet derivative explained
above, we use the Bochner—Lichnerowicz formula and smallness
of specific integral quantities of k instead of the concrete form of
the Ricci-curvature of the Schwarzschild metric and the pointwise
smallness of k (see Proposition 3.9).

3Note that the proof of [Ner15, Thm 3.1] uses the explained method including
the family of metric {7g}.
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1. Assumptions and notation

In this section, we describe the notations and decay assumptions used
in this paper. The notations used are the same as used by the author
in [Ner13, Nerl5]. The assumptions on the Riemannian manifold are
identical to the one, e.g., described in [Nerl5, Sec. 1]. The assump-
tions made on the other quantities of the initial data set (respectively
temporal foliation) are described in Definition 1.3 (respectively Defini-
tion 1.4).

In order to study temporal foliations of four-dimensional spacetimes
by three-dimensional spacelike slices and foliations (near infinity) of
those slices by two-dimensional spheres, we will have to deal with dif-
ferent manifolds (of different or the same dimension) and different met-
rics on these manifolds, simultaneously. To distinguish between them,
all four-dimensional quantities like the Lorentzian spacetime (M\,j), its

Ricci and scalar curvatures Ric and S, and all other derived quantities
will carry a hat. In contrast, all three-dimensional quantities like the
spacelike slices (M, 7), its second fundamental form k, its Ricci, scalar,
and mean curvature Ric, S, and # := trk, its future-pointing unit nor-
mal 9, and all other derived quantities carry a bar, while all two-dimen-
sional quantities like the CMC leaf (X, g), its second fundamental form
k, the trace-free part of its second fundamental form k = k — %(trk) ya
its Ricci, scalar, and mean curvature Ric, S, and # = trk, its outer unit
normal v, and all other derived quantities carry neither.

In Sections 2 and 4, the upper left index denotes the time-index ¢ of
the ‘current’ timeslice. In Section 3, it denotes the weight 6. The only
exceptions are the upper left indices e and § which refer to Euclidean
and Schwarzschild quantities, respectively.

If different two-dimensional manifolds in one three-dimensional ini-
tial data set (M, 7,k,J, ) are involved, then the lower left index always
denotes the radius R or curvature index o of the current leaf 3, i.e.,
the leaf with expansion ,H =+ ,trk = —2/o, where + € {—1,+1} always
denotes a fixed sign. Furthermore, the two-dimensional manifolds and
metrics (and other quantities) ‘inherit’ the upper left index of the corre-
sponding three-dimensional manifold. We abuse notation and suppress
these indices, whenever it is clear from the context which metric we
refer to.

Here, we interpret the second fundamental form and the normal vec-
tor of a hypersurface as quantities of the surface (and thus as ‘lower’-di-
mensional). For example, if ‘M is a hypersurface in /1\/\[, then % denotes
its unit normal (and not t@) The same is true for the ‘lapse function’
and the ‘shift vector’ of a hypersurfaces arising as a leaf of a given
deformation or foliation.
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Finally, we use upper case Latin indices I, J, K, and L for the two-di-
mensional range {2,3} and lower case Latin indices 4, j, k, and [ for the
three-dimensional range {1,2,3}. The Einstein summation convention
is used accordingly.

As mentioned, we frequently use foliations and evolutions. These
are infinitesimally characterized by their lapse functions and their shift
vectors.

Definition 1.1 (Lapse functions, shift vectors). Let 6 > 0, g € R
be constants, I D (09 —60c;00+60) be an interval, and (M, ) be
a Riemannian manifold. A smooth map ® : I x ¥ — M is called
deformation of the closed hypersurface ¥ = , % = ®(0¢,X) C M, if
«®(+) = ®(o,-) is a diffeomorphism onto its image % := ,®(X) and
0o® = idy. The decomposition of J,® into its normal and tangential
parts can be written as

0P

0o
where ;v is the outer unit normal to ,2, and .5 € X(,X) is a vector
field. The function ,u : ;2 — R is called the lapse function and 3
is called the shift of ®. If ® is a diffeomorphism (resp. diffeomorphism
onto its image), then it is called a foliation (resp. a local foliation).

:O‘uo‘y—i_a/ﬁﬂ

In the setting of a Lorentzian manifold (/l\/T,Z]) and a non-compact,

spacelike hypersurface M C /M, the notions of deformation, foliation,
lapse @, and shift 8 are defined correspondingly.

As there are different definitions of ‘asymptotically flat’ in the lit-
erature, we now give the decay assumptions used in this paper. To
rigorously define these and to shorten the statements in the following,
we distinguish between the case of a Riemannian manifold, the one of
a initial data set, and the one of a temporal foliation.

Definition 1.2 (¢? +E—asymptotically flat Riemannian manifolds).
2

Let ¢ € (0;1/2] be a constant and let (M, %) be a smooth Riemann-
ian manifold. The tuple (M, 7,7) is called C? +€-a,symptotically flat Rie-
2

mannian manifold if T : M\ L — R3\ B1(0) is a smooth chart of M
outside a compact set L C M such that

(2)

+ 7] | T

ij ‘JF |95| ‘RICU

Fij — Fij + 7|2 (3] <
IfP

holds for some fixed constant ¢ > 0 and every i, j,k € {1,2,3}, where

% denotes the Euclidean metric. Arnowitt-Deser-Misner defined the

(ADM-)mass of such a manifold (M, 7, ) by

9ij 945\
maApM = lméolGﬂZ/Sz (ij - aTi)RI/ dpu,




264 C. NERZ

where pr and pu denote the outer unit normal and the area measure of
$%(0) — (M, 7) [ADMS61].

In the literature, the ADM-mass is characterized using the curvature
of g:

(3) m:= lim / Ric(gy, gv) — ng,u,
$%(0)

R—oo 8T

see the articles of Ashtekar—Hansen, Chrusciel, and Schoen [AHT7S,

Sch88, Chr86]. Miao—Tam recently gave a proof of this characteriza-

tion, MapwM = M, in the setting of a C? +E—asymptotically flat manifold
2

[MT14].* We recall that this mass is also characterized by
) —_— _— 1; 2
(3") m= ngnoomH<SR(O)).

This can be seen by a direct calculation using the Gaufl equation, the
Gaufi-Codazzi equation, and the decay assumptions on metric and cur-
vatures. Here, mu($%(0)) denotes the Hawking-mass which is for any
closed hypersurface ¥ < (M, 7) defined by

mu(>) = \ 1|§7r< 167 /g{2 du)

where A and p denote the mean curvature and measure induced on %,
respectively [Haw03].

Definition 1.3 (¢? +a—asymptotically flat initial data sets). Let € €
2 J— —_— —
(0;1/2] be a constant and let (M, g,k,J,0) be an initial data set, i.e.,
(M, 7) is a Riemannian manifold, k a symmetric (0, 2)-tensor, g a func-
tion, and J a one-form on M, respectively, satisfying the Finstein con-
straint equations (1). The tuple (M, 7,7,k, J,0) is called Cf+€—asympt0—
. 2
tically flat if (M, 5,7) is a C? . .~asymptotically flat Riemannian manifold
2

and

4 [2 |k

kzy

+ [z + 312 |7

il <

ij Vi, j, k€ {1,2,3}

z[>
holds in the coordinate system Z. In this setting, the second funda-

mental form k vanishes C3 -asymptotically and C9 | -~asymptotically anti-
symmetric if additionally

c — — C

<
[z *

kij| + [zl

ak

respectively.

4The author thank Carla Cederbaum for bringing his attention to Miao—Tam’s
article [MT14].
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Definition 1.4 (C?-asymptotically flat temporal foliations). Let & >
0. The level sets ‘M := t~!(t) of a smooth function t on a four-di-
mensional smooth Lorentzian manifold (/1\/\1,9) are called a (orthogonal)
C; +E-asympt0tz'cally flat temporal foliation, if the gradient of t is ev-

erywhere time-like, i.e., Z](@t,ﬁt) < 0, and there is a chart (¢,7) :
UCM — RxR?of M, such that (M, g,z := C/B\|tM,tE,t§,tj) is a
c? +E—asymptotically flat initial data set for all ¢ (with not necessarily
2 —

uniform constants ’c), 9|y is orthogonal to M for every t,°> and the
time-lapse function ‘@ := |§(0;, 8;)|7* € c'("M) satisfies

Ota
oz

e

"zt

(5) @~ 1| +a] . Vie{1,2,3}.

Here, the corresponding second fundamental form ’k, the energy-density
5, and the momentum density %J are defined by

— —1 9'%;; — K3

oo ij t—._ piaftg tg) L 2
kij = 5= o1 0= Rlc(ﬁ, 19) + 5’
T = Ric(7.-). Brler = ',

respectively, where % is the future-pointing unit normal to M. If

the constants ‘¢ of the above decay assumptions can be chosen inde-

pendently of ¢, then the temporal foliation is called uniformly C? e
2

asymptotically flat.

REMARK 1.5 (Weaker decay assumptions). We note that all the fol-
lowing results remain true in the case that the above decay assumptions
are only satisfied for |Z| f(|Z|) instead of [Z|~¢, i.e., if we replace the
right hand side of (2), (4), and (5) by |§]% f(Z|), where f € L*((1;00))
is some smooth function with [Z| f(|z|) — 0 for |Z7| — c0.b Fur-
thermore, we can replace our pointwise assumptions by Sobolev as-
sumptions, namely 7 — % € W‘{i”i(R‘g \ Bi(0)), S € Wl_zl))(M), and

2

k € W?%(R3\ B1(0)), where p > 2 and where we used Bartnik’s def-
2

inition of weighted Sobolev spaces [Bar86] — compare with [Nerl5,
Rem. 1.2].

Using one of DeLellis-Miiller’s results [DLMO05, Thm 1.1], the author
proved in [Nerl5, Prop. 2.4] (see Proposition 3.7) that every closed hy-
persurface which is ‘almost’ concentric and has ‘almost’ constant mean

SHere, the orthogonality of 9, iz to M is in fact not an additional assumption, as
any coordinate system (¢,%) can be deformed (using flows in direction of %t) such
that this orthogonality holds for the new coordinate system.

SFurthermore, we have to assume 0 > f'(|Z]) > —1/jz, but if the above assump-
tions are satisfied for some f, then there exists a f satisfying the above assumptions
and this additional assumptions.
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curvature is ‘almost’ umbilic, see Proposition 3.7. Here, we call a surface
‘almost concentric’ if it is an element of the following class of surfaces.

Definition 1.6 (G,(cz)-asymptotically concentric surfaces). Let (M,
4,T) be a c? +€—asymptotically flat three-dimensional Riemannian man-
ifold and 1726 (0;1], ¢z € [0;1), and ¢; > 0 be constants. A closed,
oriented hypersurfaces (X,4) < (M,7) of genus g is called C,(cz)-
asymptotically concentric with area radius v = \/Fl/axr (and positive
constant ¢1), in symbols ¥ € 457(cz, 1) if

Z| <ezrtear™ 1< min jz77%,
H2dp — 167 (1 — g) < 2L,
) ad

where 7 = (2;)?_; € R? denotes the Euclidean coordinate center defined

by
1
;1= 7'd6 = — 7-de
- ]ix a IEI/zx’ o

where % denotes the measure induced on X by the Euclidean metric %
(with respect to T).

As it results in additional technical difficulties, we note that we can-
not restrict ourselves to ‘really’ asymptotically concentric surfaces, i.e.,
C1(0)-asymptotically concentric surfaces, as the CMC-surfaces used in
this work are not necessarily within this class [CN15].

Finally, we specify the definitions of Lebesgue and Sobolev norms, we
will use throughout this article.

Definition 1.7 (Lebesgue and Sobolev norms). If (X, ) is a com-
pact two-dimensional Riemannian manifold without boundary, then the
Lebesgue norms are defined by

1

P
1Tl sy += ( /2 TP cm> YpE1io0),  [Tlgee sy = esssup 7],

where T is any measurable function (or tensor field) on ¥ and p denotes
the measure induced by g. Correspondingly, L”(X) is defined to be the
set of all measurable functions (or tensor fields) on ¥ for which the LP-
norm is finite. If r := /[l/ax denotes the area radius of 3, then the
Sobolev norms are defined by

HTHWquP(z) = ||THLP(2) +r ||VT||wk7p(z)a ||T||w04’(2) = HTHLP(E)’
where k € N>, p € [1;00], and T is any measurable function (or tensor
field) on ¥ for which the k-th (weak) derivative exists. Correspond-
ingly, W*P(X) is the set of all functions (or tensors fields) for which the

WP (¥)-norm is finite. Furthermore, H*(X) denotes W*2(X) for any
k>1and HX) := H ().
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2. Pseudo stability operators of the expansion

In this section, we assume that (K/I\,j) is a Lorentzian manifold and

that t is a smooth regular function on M such that its level sets ‘M :=
t=1(t) form a C? . .~asymptotically flat temporal foliation (for some strict
2

positive ) — with respect to a fixed chart z.” In particular, every level
set ("M, g, T, %k, %,%7) is a three-dimensional initial data set, where we
used the same notation as in Definition 1.4. Furthermore, let ¥ < M
be a smooth, closed hypersurface in one of the timeslices M := M.

The (conventional) stability operator L of 3 < M is well-understood.
It can be defined as the linearization of the mean curvature map

(6) H: X)) = %) : f — H(graph” f),
at f =0, where #( graph” f) is the mean curvature of
(7) graph”f == {&5,(f(n)v) | p € T},

with respect to the surrounding metric g. Here, exp, denotes the ex-
ponential map of M at a point p € ¥. This graph is a well-defined
closed hypersurface if ¥ is smooth and f lays in some well-defined
L?(X)-neighborhood of zero (depending on ¥ and M). In particular,
the (conventional) stability operator is well-defined for every smooth,
closed hypersurface ¥ < M and it is well-known that it is characterized
by
Lf = Af + (Ric,v) +[k2) f Ve )

As we want to construct surfaces with constant expansion # + trk
(and not with constant mean curvature), it is intuitive to replace the
mean curvature map by the ‘expansion map’

(8) H+P: %) = %) : f (}[ + trE) (graph? f),

as it was already done by Metzger [Met07]®, where + denotes a fixed
sign and (# + trk)(graph’f) denotes the expansion of the graph of
f in ‘some direction’ — in the mean curvature case (6), this direction
was the spatial direction v. We recall that the expansion is the mean
curvature of this graph within its future (or past) expanding light-cone
and that it is given by the mean curvature # of this graph within (the
corresponding) timeslice M plus (or minus) the two-dimensional trace
of the second fundamental form k of (the corresponding) timeslice M
in M. In this case, there are multiple ‘intuitive directions’ in which the
graph can be constructed. In this section, we characterize two of these
(by linear combination this is sufficient for any direction):

In fact, we do not need asymptotically flatness in this section, but only that *M
are spacelike hypersurfaces foliating M smoothly.
8Note that Metzger considered graph” f, i.e., the graph in spatial direction.
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First, we linearize this map ‘within M’, i.e., linearize the spatial ex-
pansion map

(H+P)": C*(2) - () : f > (# + trk ) (graph” f),

where graph” f is as defined in (7), i.e., the same graph as used in the
above case of the (conventional) stability operator. To the best knowl-
edge of the author, this was first done by Metzger [Met07]. We denote
this pseudo stability operator by L. It should be noted that Ly does
not arise as a second variation of the area operator f — | graph” f| as the
(conventional) stability operator does. The reason for this is that the
first the variation is done in null-direction (resulting in H 4+ P) and the
second one in spatial-direction. This operator has been studied in more
detail by Andersson—-Mars—Simon, Andersson—-Metzger, Andersson—
Eichmair-Metzger, and others, see [AMS05, AM09, AEM11] and
the citations therein.

Second, we linearize the corresponding map in time direction, i.e.,
linearize the temporal expansion map

9) (H=P):? (M) @) f o (}[ + trE) (grap}ﬁ f),

where graph? f = {&%p,(f(p)) : p € X} — M = {&x0,(f(5)D) :
p € M} is the graph in ‘future direction’. Here, éxp, and éxp; denote
the exponential map of M at a point p € ¥ and at a point p € M,
respectively. This means in particular that the mean curvature and
second fundamental form k of (H+P)(f) at a point p € ¥ are calculated
with respect to the metric and second fundamental form of /M.?

The linearization of (H 4+ P)? is denoted by If,. For notation con-
venience, we only calculate Lti@, where @ denotes the temporal lapse
function of the temporal foliation {M}, i.e., we only look at functions
f with graph? f = ™M for some t.

As first step, we calculate some identities for the Ricci curvature of M
on a two-dimensional deformation ® : (tg — n;to + 1) x (—n;7)xX — M
of a closed, two-dimensional surface ¥ = ®(tg,0,%) — M. Again, we
restrict ourselves to the case of deformations compatible with the tem-
poral foliation {"M}y, i.e., ®(t,0,p) € M for every t € (to —n;to + 1),
o € (-n;n), and p € ¥. Furthermore, we assume that it is orthogo-
nal, ie., 0, =: ‘@% and 9,® =: Ju, v for some smooth function Ju
on & := ®(t,0,%) and the temporal lapse function ‘@ on ‘M, where %
again denotes the future pointing unit normal of ‘M — M and Jv is the
outer unit normal of ¥ < M. Finally, we denote the time derivative

9Note that (H:I:P)E(f) depends not only on the values of fon¥, ie, on f = fls,
but also on its M-gradient V f|z and its M-hessian Hess f|s.
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9;(®*T) and the spatial derivative d,(®*T) of any quantity 7' by 7" and
T’, respectively.

Proposition 2.1 (Curvature identities). Let (M\j) be a smooth Lo-
rentzian manifold, {'M}; be a smooth temporal foliation with respect to
a smooth time function t on M. Additionally, let

Q:(—0+ty;0+1to) x(—0;0) x% —~M: (t,o,p) — ®(t,0,p)

be a smooth, orthogonal foliation-compatible deformation of a closed hy-
persurface ¥ < "M =: M (see above). Suppressing the indices to and
o =0, the tensor identities

(10)  Ric(d,v) = 5 +a (divk, —tr(k © k) ) —a’ trk + 2k, (Va),

(1) Rie(9,9) = (bk+ k)~ (]k];+4 K

v ; + kw2> +Aa

+ (Hessa) (v,v),
(12) Rie(7,0,) = (trk)’ = 2k, (Vu) + u(# &, — divk, —tr(k 0 k) ),
(13)  Ric(v,v) = Ric(v,v) — 2

- (Hessa) (v,v)
hold on 3, where (k ® k)y = kix g%k, kv = k(v,), and ky, =
k(v,v).
Proof. The first identity (10) was proven by the author in [Nerl3,

Prop. 3.7]. By the well-known identity for the (conventional) stability
operator in the Lorentzian case, we know

Rio(7.0) = + B - K

k,

; T2+ ek, -5 ()

= (trk+ k) + AT + (Hess@) (v,v)

—a('k‘; +2k

14

2
+ k,,l,g) .
¥
Thus, the identity (11) is proven. Furthermore, the Codazzi equations
Ric(7,0,) = (D — divk) (9,) = (D3 — divk) (uv)
implies

Ric(7, 0, )
= (ok +k ) —u?((u%Kn) = 2K(u/' v — ug” Dyues,d,))

—J] ( puV—UﬂKLkIKeL,eJ>)
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—{—ﬂU E(&,, kUl/ + Velej)
= (trE)' — QgUD]’U, E,,J — ’u,diVEV —gU(UﬂKL k[KEJL — ukIJEyV>.

This proves (12). It is well-known that for any hypersurface M < M
the identity

Eﬁ:(u, v)=a <Ric(1/,1/) — 2k,

P49E,, ) - (Hessa) ) - (K)

holds and this is equivalent to (13). q.e.d.

vv

As a direct corollary, we get the desired characterizations of the
pseudo stability operators (see below). As explained, we are only inter-
ested how the expansion change within the given temporal foliation — in
particular, we only calculate the linearization of the temporal expansion
map for the lapse function @ of the temporal foliation. Furthermore, we
replace the sign + in the expansion map (8) for technical reasons by a
factor 6 € [—1;1] — this means, we are concerning the expansion not only
in null-direction, but also in the spacelike direction v+ 69 (6 € (—1;1)).
The reason for this is an open—closed argument in Section 3.

Corollary 2.2 (Pseudo stability operators). Let ¥ < "M be a closed
hypersurface and b € [—1;1] be a constant. The spatial (weighted) ex-
pansion pseudo stability operator L is defined as linearization of the
spatial (weighted) expansion map

(H+ 6P : C2(2) = COX) : f s (}[ + b‘trE) (graph” f),

in f = 0 and the (signed) temporal pseudo stability operator "L, defined
as linearization of the temporal expansion map (9) in f = 0, respectively.
Suppressing the index ty, these are characterized by

(14) Laf =Lf + 26k, (V) + 6 (divk, +tr(k 0 k) +T() ~ 5K ) .
(15) e = F Aa +u D,a trk — 2k, (Va)
+ (j(u) —divk, +tr (k ©) E)) a

+ <Q+G(V,V) + ’k‘;-f— 6|k,

2 o
— trk k,,, — Ric(v, 1/)) @,
q

for the temporal lapse function & := ‘2(§t’§t)|—1/2 of {M}; at t = tg
and any smooth function f € C?(X), where G := Ric — % S g, J =

G(,-), and o :iG(ﬁ,@) denote the Einstein tensor of M, the momen-
tum density of M, and the energy-density of M, respectively.

In particular, we note that the spatial (Weighttﬁ) stability operators
depends only on quantities of the initial data set *°M (as to be suspected)
while the temporal (signed) stability operator depends on the quantity
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G(v,v) and the lapse function @, i.e., on quantities of the Lorentzian
manifold M and the temporal foliation (as to be suspected), respectively.

3. Existence and uniqueness of CE-spheres

In this section, we prove existence of a (unique) smooth sphere iv
with constant expansion (CE) # =+ trk = —2/o for every three-dimen-
sional C? +E—asymptotically flat initial data set (M, 7,7, k,J,p,@) with
sufﬁciengly fast vanishing second fundamental form if some additional
integral assumptions on k are satisfied. Here, & denotes a (fixed) sign
and we assume that o is large enough (depending on the decay constants
of the initial data set). Furthermore, we prove that these CE-spheres
foliate M outside some compact set K. More precisely, we prove the
following existence and uniqueness theorems:

Theorem 3.1 (Existence of the CE-foliation). Let ¢ > 0, Ry >
0, ¢ > 0 be constants and (M, 7,7,k,J,0) be a Cf+€-asympt0tically
2

flat initial data set with C}-asymptotically vanishing second fundamental
u 2

form k and non-vanishing mass m # 0. There exists a positive constant

¢y = cp(m,e,¢) > 0 with the following property: if

(16a)

gk 3 el _ ezl
/ Ky % <l“ngﬂ) d,u, < 6K’ / trk d,u < 6K,
$2,(0) $%(0)
16b — —du| <e-
(16b) Lo 7R <
(16¢) /2 trE% du| < ey, / ﬁ% du| < e
$%(0) $%(0)

hold for every i,j,k € {1,2,3} and R > Ry for some Ry > 0, then there
exist a constant oy = oo(T,€,¢, Ro) and two C'-maps =@ : (¢ ;00) x
$2 — M such that TY := j[5(0', $2) has constant expansion 9f + Firk =
~2/o for any o > og. Furthermore, these CE-surfaces foliate M near

infinity, i.e., the maps +® are diffeomorphisms onto their images and
M\ £&((0g; 00) x 82) are both compact.

We see that the integrals in (16a) and in (16b) vanish asymptotically
if k is asymptotically anti-symmetric, i.e., |k(Z) + k(==)| < ¢/z>+* im-
plies that the integral inequalities in (16a) and in (16b) are satisfied
for every ¢ > 0 (if Ry = Ro(Cy,¢) is sufficiently large). In particular,
these integrals vanish asymptotically if the Regge—Teitelboim conditions
are satisfied, for more information about these conditions see for exam-
ple [RT74, Hua09]. Equally, the second inequality in (16¢) vanishes
asymptotically if the initial data set is asymptotically maximal, i.e.,
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|H| < ¢/jz2+s. We prove in Proposition 3.15 that the first integral in
(16¢) asymptotically corresponds to the linear momentum.

REMARK 3.2 (Alternative assumptions). We can alter the assump-
tions in Theorem 3.1 on the second fundamental form k: if (16) is
satisfied for ¢y/o® instead of ¢;, where § € (0;¢], then we can replace
the assumption ‘Cj-asymptotically vanishing second fundamental form
K, ie., [kz +[7] VK7 < #zp, by ‘[k|7 + 7] [Vk|; < &/z2-2. However,
as this does not need any additional argument, we use the assumptions
explained in Theorem 3.1.

The corresponding result is also true for a temporal foliation instead
of a single timeslice:

Theorem 3.3 (Regularity of the CE-surfaces in time). Let ("M, 7,7,
%, %,%,%a)cr be a uniformly Cfﬁ—asymptotically flat temporal foliation
2

(for some € > 0) such that ("M, 7.z, %, %, %) satisfies for any time t
the assumptions of Theorem 3.1 including (16). There are two C'-maps
P 1 I x (09;00) x $2 — M such that " := £&(t,-,-) are the maps
£® from Theorem 3.1 for (M, gz, %%, %,%J) and every t € I.

We also get the corresponding uniqueness result.

Theorem 3.4 (Uniqueness of the CE-surfaces). Let (M, 7,7,k,J,0)
satisfy the assumptions of Theorem 3.1 including (16), n € (0;1] and
c1 > 0 be constants, and £ be a fived sign. There are constants cz =
cz(e,e,m) € (0;1), op = 0o(e,¢,n, c1) such that every closed hypersurface
¥ € A5 (cz, c1) with constant expansion H £ trk = ~2/oc and o > o is
the leaf T of the CE-foliation constructed in Theorem 3.1.

We see that these existence and uniqueness theorems imply the de-
scriptive versions (Corollaries 1 and 2), if the second inequality in (16c)
holds under the assumptions made in these corollaries. We prove this
in Proposition 3.15.

As explained in the introduction, Huisken—Yau proved that every
asymptotically Schwarzschildean three-dimensional manifold can be fo-
liated (near infinity) by hypersurfaces with constant mean curvature
(CMC) and that these CMC-surfaces satisfy strong decay assumptions
[HY96]. Later, these results were generalized by Metzger, Huang,
Eichmair-Metzger, and other assuming asymptotically flatness and dif-
ferent asymptotically symmetry conditions on the components g;; of the
metric § [Met07, Hual0, EM12].19 The author proved in [Nerl5,

10Tn fact, Metzger and Eichmair-Metzger assumed that the manifold is asymptot-
ically equal to the (spatial) Schwarzschild solution and Huang assumed the Regge—
Teitelboim conditions, i.e., asymptotic symmetry with respect to the coordinate
origin.
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Thm 3.1] that these results remain true for C% +E-asympt0tically flat
manifolds. ’

Theorem 3.5 (Exist. of the CMC-surfaces, [Ner15, Thms 3.1, 3.2]).
Let (M, 4,%) be a c? +€-asympt0tz'cally flat, three-dimensional Riemann-
2

ian manifold and non-vanishing mass m # 0 (for some € > 0). There
exist constants oo = oo(M,€,¢) and ¢ = c(M,e,¢), a compact set K C
M, and a C'-diffeomorphism ® : (og;00) x $2 — M\ K such that each
o = ®(0,%%) has constant mean curvature ,H = —2/o and satisfies
o € ﬂfé)(o, c) for every o > o, where r(o) := \/leX|/4r.

Furthermore, there is a corresponding uniqueness theorem for the
CMC-surfaces.

Theorem 3.6 (Uniqueness of the CMC-surfaces, [Ner15, Thm 3.3]).
Let (M, 4,T) be a Cf +E-asympt0tz’cally flat, three-dimensional Riemann-
2

ian manifold with non-vanishing mass m # 0 (for some € > 0). For ev-
ery constants n € (0;1], ¢z € [0;1), and ¢1 > 0, there is a constant 1 =
ri1(m,e,¢,n,cz c1) such that every closed hypersurface ¥ € A" (cz, c1)
with radius v = \/Pl/ax > r1 and constant mean curvature H =: —2/o
coincides with the CMC' surface ,% constructed in Theorem 3.5.

Again, we note that these results were also proven by Huisken—Yau,
Metzger, Huang, Eichmair—Metzger, and others for the corresponding
decay assumptions on the metric [HY96, Met07, Hual0, EM12].

We will use the following regularity result proven by the author in
[Nerl5, Prop. 2.4] — we again note that a similar result was proven by
Metzger in the setting that the surrounding manifold (M, 7) is asymp-
totically equal to the (spatial) Schwarzschild solution.

Proposition 3.7 (Regularity of surfaces, [Nerl5, Prop. 2.4]). Let
(X,g4) be a closed, oriented hypersurface in a c? +€-asymptotically flat
2

three-dimensional Riemannian manifold (M, ) and let n € (0;¢], ¢z €
[0;1), c1 > 0, and p € (2;00) be constants. If ¥ € A" (cz,c1) s a
closed hypersurface with
2 3
J#(X) e R: |H — %(E)le,p@) <ecprro 2 c
then there exist two finite constants r1 = r1(g,¢,cz,¢1,n,p) and C =
C(e,¢,cz,c1,n,p) such that ¥ is a sphere and
C
7 flhy + (Kl ey < 2
H(E) L®(E) — jate

if r > r1.1Y In particular, [DLMO5, Thm 1.1] implies that there is a
center point Z € R and a function f € C?($%;R) such that

¥ = graph f, 1f w2 s2(2)) < Crie, 2| <czr4+Crim.

2_3_,

HTn fact, we get ||10(HW1,]7(2) < Crr 27° for any p € [1;00).
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From now on, we assume that the assumptions of Theorem 3.1 are
satisfied, including (16) (for some ¢ which we will fix later). Now, we
can rigorously define the interval I.

Notation 3.8 (Interval I). Let ¢z € [0;1), ¢ > 0, and o9 < 00 be
constants, let I = I(cz, c,00) C [—1;1] be an interval, and {,® : [ x$% —
M}y, be a family of maps satisfying for every o > o¢:

(I-1) ,® € cYI;W'P($%,M)) for some p € (2;00), d.c., T o oP is
continuously differentiable as map from I to the Banach space
WIP(S2RS) o= {(f), | fi € WLP(82)];12

(I-2) 0 € I and ,9(0,-) is continuously differentiable;

(I-3) 95 (,P) is orthogonal to 5% := ,®(6,$?);

(I-4) 5% has constant b-weighted expansion, i.e., PH+6 btrk = —2/o for
every b € I;

(I-5) £% € a°¢(cz, ¢) for every b € I;

(I-6) I is mazimal, i.e., if the assumptions (I-1)—~(1-5) hold for all o >
oo, an interval I' C [=1;1], and maps {,® : I' x $% = M}s0,,
then I' C I.

The metric and derived quantities of such a sphere bS) are denoted by
b
-4 etc.

In particular, I is (for sufficiently large ¢ and o) non-empty as 0 € I
due to Theorem 3.5 and ,®(0, $?) is a CMC-surface from Theorem 3.5.
We note that ,® is a priori not uniquely defined, but its ‘start value’
+®(0,$?) is uniquely determined due to Theorem 3.6 — see Lemma 3.13
for uniqueness of ®. Furthermore, I depends on the choice of og, ¢, and
¢z. In the following, we suppress this dependency and the index o. Addi-
tionally, we will always assume that o > o, where o9 = 0¢(M, ¢, ¢, ¢z, ¢)
is assumed to be ‘sufficiently’ large. We will choose g, ¢, and cz after
Lemma 3.13.

As explained in the introduction, we use the same proof structure
as Metzger [Met07], i.e., prove that I is open by using the implicit
function theorem on the map

(H+-P) : [-1;1]xW?P(2) = LP(X) : (b, f) — (H + 6P)"(graph” f).

We note that zLj, is the Fréchet derivative of this map in the second
component at (6, 0), if p > 2. If Ly is invertible, we can thus use
the implicit function theorem to extend v to a neighborhood of I such
that assumptions (I-1)—(I-4) are satisfied. Hence, we prove that this
pseudo stability operator is invertible. This proof is analog to the one
of [Nerl5, Lemma 2.5, Prop. 2.7], but we repeat it nevertheless for
readers convenience.

12Note that ,® can be chosen (at least) continuously differentiable as map from
I x 8% to M, but this will not matter in the following.
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Proposition 3.9 (Pseudo stability operator is invertible). There are
constants ¢y, = Cg,(M,€,C) > 0, czy = czy(M,¢,¢,¢) > 0, and o9 =
oo(m,e,¢,c) such that the b-weighted pseudo stability operator 5L5 of
5% is invertible for every 6 € I if Cp < Crys €z < €z, and 0 > op. In
this case, there exists a constant C = C(m,e,¢) such that

(17) ’/Lﬁgthtd/i— GZ;H /gtht d“‘ = % Hgt’ L2(%) H t} 12(%)’
(18) ;Hh_ht’mm < (=) 2y
(19) I D gy < [Lshllyags

hold for all functions g,h € H*(X), where mg = mu(X) denotes the
Hawking mass of ¥ and D := C(cz + ¢ + 0~ °). Here, the translative
part h' of any function h € L2(X) is defined as the L2(X)-orthogonal
project of h onto the linear span of the Figenfunctions f; of the (negative)
Laplace operator for which the corresponding eigenvalues \; satisfy |\; —
2/o| < 1o,

We note that we characterized the mass m by the limit of the Hawking
masses of the Euclidean spheres $%(0). This implies that the Hawking
mass of a (sufficiently large) Euclidean sphere $%(0) with respect to the
surrounding metric g is non-vanishing. We see that this implies that any
surfaces satisfying the assumptions of Proposition 3.7 (for sufficiently
large o) has non-vanishing Hawking mass. This is explained in more
detail for example in [Nerl5, Appendix BJ.

Proof of Proposition 3.9. We suppress the index b € I and write D for
any constant as in the claim of the proposition. By Proposition 3.7,
there exists a function f : $2(2') — ¥ such that

3¢
Y= graph f7 Hf”H?)(Sg(g)) < Co2 R

where we can assume that Z is the Fuclidean coordinate center defined

by
2= ][ z du,
P

and that it satisfies |Z| < czo + C o' ~¢. In particular, the eigenvalues
of the (negative) Laplace operator A; (A; < A;y1) satisfy

2

C , 5 :

o2

(20) Ai

and the corresponding orthogonal eigenfunctions f; satisfy

C

= <
L2(Z) = g3te

= 3
L2(D) ga2te

(21) HHe%sf,-
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for every i € {1,2,3}, where X; € R? is a constant vector field (depend-
ing on i € {1,2,3} and o) satisfying

(22)  Xi- X =0 llfilTey,  F(X0v) = fillag) < =

O.§+€’

for every i,j € {1,2,3}. By the Bochner—Lichnerowicz Formel, we know

BACVILVID (s o meds 1) + 22 5,
Ai+Aj =S
- S g (VL ),

where we used 2Ric = § g4 as ¥ is two-dimensional. Hence, we get by
integration and integration by parts

C
gote

A7 S x
5 0ij — /25(Vfi,ij)du < Vi j €1{1,2,3}.

Plugging in the (pointwise) assumption on k as well as H + 6 trk = —2/o,
we conclude using the Gaufl equation

N3 — [ (5 2REe0) g(V £ V)
- [ (5 -Zuk) vV < o

o2

Thus, (21) and (22) imply

C
gdte’

- [ (5~ 2Rictw) + k) 1l e s =% = e

We know

dp| <

due to the Gaufl-Bonnet theorem, the Gaufl equation, and the inequal-
ities on k proven in Proposition 3.7. Comparing f; with its analog on
the Euclidean sphere, we see

‘Hfi”ioo@) -

and we, therefore, get

2 12mp
(- 2)-2)

+/<52Ric(y,u) —t k) flf]d ‘ 02

3
dmo?

C

- g2+te’
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where we used the last integral inequality in (16a). By solving this
inequality for A\; and keeping \; =~ 2/52 in mind, we see

Ai—02—+/<2—Rlc(y,y) )f2

for every i € {1,2,3} and
_ E— 2 _
‘/<S — 2Ric(v,v) + 6trk> fif; dp‘ <
o

Thus, (14) implies for ¢ # j € {1,2,3}

‘/Lififj dﬂ‘ < /(RlC(V v)+ 5<trk + - 2 kul/)) fifidu

+ ‘6/ky(v_f7j)fj —k,(Vf)fi dﬂ’ + %

D
< =
o3

D L,
— Vi#je{l,2,3}.

IN

2 558y

+

’ /k(% Xi)fi — kv, X;)fi dli‘ + 23-
o o
Now, we want to plug in the assumptions (16). But, they are formu-
lated on the Euclidean coordinate spheres and the Euclidean normals
zi/|z| instead of b5 and fi- However, we can, nevertheless, use these
assumptions: By Proposition 3.7 and using the decay assumptions on
the derivative of k, the inequalities in (16) are also satisfied for ¥, D,
and v; instead of $2(0), g, and 7i/jz|, respectively. Furthermore, we
can replace v; by f;. To see this, we first note that in the model case
(2,g9) = (5%,9), where ,Q is the standard metric on the Euclidean
sphere with radius o, we could choose f; = V¢/||uz-HL2(Z) = /3/arc2v;. By
Proposition 3.7, this implies the comparability of {v;};_; and {fi}3_,,
ie.,

3 C 3 C
-S> /fil/}dﬂ < vi— Y fj /Véfjd/t <
7= L2(2) =1 L2(2)
where v} := Vi/|vi|| 2. Thus, we get
D _
(23) [ Kesxi-px)an < 20| [ uka <D,
& )
D
(24) /ﬂfzfjdu /ﬂfzdu [ ek < 2.
&= o

Using the first inequalities in (23) and (24), we get (17) for g = f; and
h = f; with @ # j € {1,2,3}. By the corresponding calculation for
i =7 € {1,2,3}, (17) holds for ¢ = h = f; with i € {1,2,3}. As it is
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sufficient to prove (17) for g = ¢* and h = A", this proves (17) for every
g,h € L2(%).
Furthermore, we know

2
’Lig Ag— —

o2

Cp
9‘ < 5+6H9HW1P ) Vp e [l;00],
LP(x)

for every g € W?P(X ( ) and (20), therefore, implies

9| Vg e HA(X), g% =g 4"

L2(E 3 H +9 ‘LQ(E

In particular, (18) and (19) are true for any g € H*(X) with g* = 0.
We get for every g € H3(Z) with g4 HLQ(2 > 1/p5+e HgHiz(E), where
gt =g—4g'

—6m — D
[rasoa> 2
o

202
_ ¢ ‘
U%-ﬁ-a g L2(x)
—6m — D 1
>~ gt - > _|lgll?
> s, 02\ s = 3zl

ie., (19) is satisfied for every function g € H(X) satisfying || gd||%2 ) 2

. _1_
HQHLz(E) On the other hand, if \|gd||ig(z) < g 3¢ Hg“i?(z)
then the regularity of the Laplace operator implies

Il gl > ] / Liggdy
MH t‘ 2 ¢
o3 L2(M)  g3+e

C
N ?’ 2(x) ’
> 2 s~ e (o s o) Wiz

and, therefore, (19) is true for these functions, too. Thus, (19) is proven.
Because L. is an elliptic operator, this proves all claims of this propo-
sition. q.e.d.

o3

L2(S)

Using the implicit function theorem, we now deduce that ¢ can be
extended on a larger interval.

Lemma 3.10 (@ is extendable on a neighborhood of I). Assume that
Cp S Cys 2 S ¢z9 and o > 0y is satisfied for the finite constants ¢y, =
EEQ(m € C) Czo = Cgo(ma5>67 G Cs, 5); and oo = 00(m7576a Kk, ¢, Cg, 5) of
Proposition 3.9. For any b € I with |b| < 1 there is a Kk > 0 and a
C' map W : T U (6b—K;b+ k) — M which satisfies assumptions (I-1)-
(I-4) of Notation 3.8. Furthermore, all maps ®' satisfying (I-1)—(1-6)
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and @'(0,-) = ®(0,) coincide, i.c., ® is uniquely determined by ®(0,-) :
$2 — 9.

Proof. Let by € I with |f| < 1 and p > 2 be arbitrary and suppress
the index fy. The operator ®Lg : W*P(X) — LP(X) is the Fréchet
derivative of

(H+-P)”: [~1;1] x W2P(2) = LP(S) : (6, f) = *(H + 6P)"(f),

with respect to the second component in (fy,0). In particular, this
linearization is well-defined and invertible due to Proposition 3.9. By
the implicit function theorem, there is a constant x > 0 and a C'-
map v : (b — k; b+ k) — W2P(X) such that (H + -P)”(6,v(6)) =
(H+-P)”(h,0) for every weight 6 € (bp — k; bp + k) and this map is
unique within a neighborhood of 0 € W#?(X). This implies that ® can
be C'-extended to I U (fy — k; by + ) and is uniquely defined by ©®.
In particular, we conclude by the continuity of ® that ® is uniquely
defined on I by ®(0,-). q.e.d.

Thus, I is open if the extension ¥ of ® satisfies the regularity as-
sumption (I-5) of Notation 3.8. Hence, it is sufficient to prove estimates
for the derivatives of minsy, |T| and °S| in order to conclude that I is
open. We will control the second of these derivatives by proving 4 is (in
highest order) a pure shift and the first of these derivative by sufficiently
bounding the derivative of this shift.

Lemma 3.11 (Decay properties of u and u™). For every p € [2;00),
there exist four constants oo = 0o(M,€,¢,c), ¢, = Cgy(M,¢€,¢) > 0,
czy = Czo(M,€,¢,¢) >0, and C = C(m,¢,¢,c,p) with o9 < oo such that

1 2
<Co? "%,

1+2 il
@) Jullwergy <Do™r ]|y <

if ez < ¢z, Cf < Ty, and o > 00, whereu = g(v, 04¥) denotes the lapse
function of ¥ (see Lemma 5.10) and D := C (¢ +cz + 0~ %), where the
index b € I was suppressed. Furthermore, ® is in this setting continu-
ously differentiable as map from I x $2 to M.

Proof. Per definition of u and ®, we know for any 6 € I
(% + 6 f6rk) 0 @
0=
0b

ie., Lyu = —trk. This derivative is well-defined on I by replacing ®
with its extension ¥ (see Lemma 3.13). We conclude

(26) = L% + ok,

(27) H“LHWz,p(g) < 02<||Liu||Lp(E) + HLi (uT> Lp(g))
= CU%_H% N g;é‘ H ! Lr()’
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due to Proposition 3.9. Suppressing the index 6 € I, we define
Ay = [Lefifydn Vige {123}
where {fi}ien is a complete orthonormal system of L?(X) by eigenfunc-

tions of the (negative) Laplace operator with corresponding eigenvalues
Ai (A < Ait1). We recall that by Proposition 3.9

6m D
b e—
(28) Aij"i_?ﬂij < 3
Thus, (27) implies
wiidu— 2 [upan <], +D[
P P = 12() L2()

<o +D HuT

L2(D)’

On the other hand, the identity (14) for L+ and Liu = trk lead to

/uLfid,u: —/trkfidu+2/k(u,Vfi)u—k(z/,Vu)fz‘du.

Taking all together, the (asymptotic) characterization (21) of V f; and
Vu' implies

o3 -
/ufidu—i—/trkfidu
6my

2

2 3
_mjz:l/k(lj,Xzfj—X]fl)du/uf]du

Thus, (25) is satisfied due to the first inequality in (23) and the third
inequality in (24). Finally, we see that 05 = uv and the above regular-
ity of u imply that ® is continuously differentiable as map from I x $2
to M. q.e.d.

<o'f+D HUT

L(Z)’

As explained above, we can now control the derivatives of the minimal
distance from the origin minsy. [Z| and the area |°3).

Lemma 3.12 (f-derivatives of minsy, || and |*S|). There are con-
stants Ty, = Cgo(Mm,e,e) > 0, ¢z = cx(m,ece) > 0,
oo = oo(Mm,e,¢,¢,cz), and C = C(m,e,¢,c) such that

b
a(|z| o ) of's| ..
_— <
’ 06 o5 ¢

if cz < ¢z, T < €y, 0 > 00, and b € I, where D := C(Cg +cz+0°).

\SDa,
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Proof. The first inequality holds due to the inequalities (25) of w.
Further, it is well-known that d5(d%) = —#Hudu. In particular, the
inequalities (25) of v and u" imply

fﬂi%ﬂ = || study| < Cut| , + ¢ 7|, <Coi
o6 | A= 2 sy oite Yillpey = %97
Thus, the second inequality holds, too. q.e.d.

Finally, we can prove that the interval I is open in [0;1].

Lemma 3.13 (] is open). Let k > 0 be arbitrary. There exist con-
stants Ty, = g, (M, €,¢, k) > 0, czy = czy(M, €,¢) < K, co = co(M, €,7C),
and o, = 0¢(M,e,¢ k) such that for any ¢ < g, ¢z € lezy;kl,
¢ > co, and o9 > of, the interval I is open in [—1;1]. In particular,
by e A% (czy, o) for every b€ 1.

Proof. By Proposition 3.7 and Lemma 3.12, the estimates on ’k and
S| only depend on minsy, [Z]. Let %z and ‘c denote constants such that
by € 2°¢(%z,%c). By Lemma 3.12, we can assume
ol

ob

< C’(écg +o °+ EE), ie. %

< Cfep+o7°+ %),

As %z = 0 due to Theorem 3.5'3 | we can, therefore, assume ey <
cz < O +07°) < k if ¢ is sufficiently small and o is sufficiently
large. Furthermore, we directly see that c can equally be uniformly
bounded by some constant co. All in all, we get *S € 4°¢(cz, ¢g) for
every b for which W(4,-) is well-defined, where ¢ and ¢ do not depend
on sup{|6| : b € J}. The maximality of I, therefore, implies & = ¥ and
thus Lemma 3.10 ensure that I is open in [—1;1]. q.e.d.

From now on, we assume that ¢z = ¢z, ¢ = ¢o, and g = oy, where
we use the notation of Lemma 3.13.

Lemma 3.14 (I is closed). The interval I is closed in [—1;1].

Proof. By the regularity of the lapse function u due to (25) and
the regularity of the unit normal — due to the definition of the sec-
ond fundamental form and Proposition 3.7 — we conclude that To ® €
cO%L(I; c'($?;R?)), i.e., this map is Lipschitz continuous on I with values
in CY($%R3) == {(fi)3_, : fi € c}($?)}. Thus, we can extend ® contin-
uously to a map ¥ on the closed interval J := closure([), i.e., To ¥ €
cO1(J; (8% R3)). Let us assume that % := ®(6,$%) € 45 (cz, ¢) for
every b € J and the constants ¢z and ¢ from Lemma 3.13 — we prove this

131f we look at the alternative assumptions mentioned between Definitions 1.4 and

1.6, we can choose %z > 0 arbitrary small (depending on oo but not on o > 0y).
This is also sufficient for this argument.
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later. Proposition 3.9 ensures in this case that the pseudo stability op-
erator 50L50 on % is invertible. The same argument as in Lemma 3.10
and the uniqueness of ® (again due to Lemma 3.10) ensures that ¥ is
in fact not only Lipschitz continuously but continuously differentiable,
ie., To CY(J;Ct($%R3)). The maximality of I ensures that ® = U,
thus I = closure([), i.e., I is closed.

Left to prove is % € g°¢ (ez,¢), where ¢z and c are as in Lemma 3.13.
This is a direct implication of Allard’s compactness theorem [Al172].
However, we give a more elementary proof for the readers convenience:
by .= W(6,$?) is a C'-submanifold of M due to the continuity of ¥
and, therefore, the metric 5 induced a well-defined metric 55 on %. As
we know that 9;% = —2%u %, the estimates (25) on u and the ones
on k from Proposition 3.7 imply that @ e wWhr ($2) depends Lipschitz-
continuously on 6 € J (for every p € (2;00)). Here (and in the fol-
lowing), we suppress the pullback along ¥. Thus, ’trk € W?($?) and
the second fundamental form ‘k e L2($?) also depend continuously on
b € J. This implies that %4 = -2/o — £%trk € W'P($2) does so, too.
Hence, we get °% € A% (cz, ¢) for every b € J. By the above argument,
this proves the lemma. q.e.d.

Proof of Theorem 3.1 — without foliation property. The interval I of all
weights 4 such that there exists a surface S with constant f-weighted
expansion % + £%rk = —2/5 is non-empty (Thm 3.5), as well as open
(Lemma 3.13) and closed (Lemma 3.14) in and thus equal to [-1;1]. In
particular, the surfaces $X := T1% exist for every o > oy. q.e.d.

Proof of Theorem 3.4. Let *¥ be such a CE-surfaces — where + is a
fixed sign. We define the interval I C [—1;1] equally to the one in
Notation 3.8 replacing the assumption (I-2) by ‘£1 € I, ,®(£1,) is
continuously differentiable, and ,®(+1,$?) = +y). Repeating the argu-
ments of Section 3, we conclude that I is open and closed in [—1;1]. In
particular, there is a CMC-surface ¥ := % satisfying the assumptions
of Proposition 3.7 and, therefore, the ones of Theorem 3.6. Thus, 3 is a
leaf of the CMC-foliation. By the uniqueness of the deformation ® due
to Lemma 3.10, we conclude that *¥ is the CE-sphere constructed in
Theorem 3.1. q.e.d.

To prove that the CE-surfaces foliate the space, we will need to control
the (ADM-)linear momentum.

Proposition 3.15 (Linear momentum is small). Let ¢ > 0 be a
constant and (M, 5,7,k,J,0) be a Cirg—asymptotically flat initial data
2

set. If
- Tk
e > / kj——5—du
$2,(0) 7|

VR > Rg
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holds for some constants ¢a > 0 and Rg > 0, then

(29) lim inf/ trk % dp < P; < lim sup/ trk @ du,
R—oo [g2 () x\ R—oo J$2(0) ’IB‘
and the implication
— T C2 R—00
H—du| < — = / trk—d,u—>P
s20) |7 R s20) |7

holds for each i € {1,2,3}. Here, P = (P, Ps, P3) € R3 denotes the
(ADM) linear momentum deﬁned by

P; foe rP; = / du with 1II:= }[ﬂ
SQ

Note that we can apply this proposition to every C? +E-asympt0tically
2

flat initial data set with CP-asymptotically vanishing second fundamen-
tal form.

REMARK 3.16 (Linear momentum and the CE-fol.). If the Regge-
Teitelboim conditions hold and the mean curvature satisfies the decay
property |#| < €|Z|727¢, then this proposition and Theorem 3.1 implies
that ‘smallness’ of the linear momentum is equivalent to the existence
of the CE-foliation. Using [Nerl5, Prop. 6.5], (14), (25), and (26), we
get for the Euclidean coordinate center |22 — Po| < C(|P|2 o + o179).
Thus, the CE-foliation characterizes the linear momentum in this setting
just like the CMC-foliation characterizes the center of mass, if it exists
[HY96, Hua09, CN15, Ner13, Nerl5]. This was already mentioned
by Metzger in a special case, [Met07, Sect. 7].

Proof. First, we note that for every R’ > R > R

1= /RB\BR@ are (1)

where we used the Gaufl theorem and where @@ denotes the three-di-
mensional volume measure with respect to 7. In particular, the linear

momentum P is well-defined and |P — gpP| < C/rs. We see that for
every R > R > Ry

/Sf%,(o) (ﬁ — trE) % dp — /S%(o) (ﬁ — trE) % du

. <€m<| k ))dml

where Br p = {z € R® : R < |z| < R'} and where vol and °V denotes
the measure and the Levi-Civita connection on Bg/ g with respect to

Rpi -

__C
dlug E:

2¢y >

>

c
R’
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the Euclidean metric ?%. Thus, we conclude by the Fubini-Theorem

2cQ2/ /52 %2 ek, (a:@’“))—%Ekl(fﬁ’“@)dmdr

R/
> / P2 / Eszk —f-ﬁfi - QE,/,, Z; de,ud
R $2(0)

R’ =
2 — T —
> / z / trk 20 4% — P; | dr
R T \Js2(0) r
If one of the inequalities in (29) did not hold, then there would be a k > 0

such that fSQ(O) trk Ti/r d%u — P; > Kk or fSQ(O) trk Ti/r du— P; < —r. In
both cases, we would get

R/
/ —dr
R T

contradicting 62 < 00. Thui both inequalities in (29) hold.
Define f;(R) := fSQ — trk) 7i/jz|du. A calculation as the one

above 1mphes

/ 2 R — T =, - R '
f(R)_f(R)—i_r/R (/gbg(o)trkrdM_Pz> d?“—/R er;(r)dr,

where er;(r) is some error term with |er;(r)| < C¢/r=1-<. Thus, we get

2 fi(R 2P; C
fz() RE)_RSRlJrs

RE

RE

C

RE

2%, > _ Y R —m(R)) - & o,

RE

VR > Ry.

Solving this ordinary differential (asymptotic) equation (see [Nerl5,
Prop. C.1] for more information), we conclude |f;(R) — P;| <
CR™=. q.e.d.

Proof of the foliation property in Theorem 5.1. Fix a sign + and some
(large) constant o1. Denote by ¥ := , 3 the CE-surfaces with constant
expansion # + trk = —2/, which exists due to the already proven part
of Theorem 3.1. By Proposition 3.9, the pseudo stability operator is
invertible. Thus, there exists a map ® : (01 —€;01 +¢) x $2 — M
such that for every o € (01 —¢e;01 +¢) the surface ,¥ = ®(0,%?) is
a CE-surface with # 4 trk = -2/5. We see that the lapse function
u = g(v, 0,®) satisfies

9 -2\ 2

Therefore, we conclude for v/ :=u — 1 and w4 == u — 1 — u!

|

Q

1
! ) < Cor due to L1 (u)] <

—.
o2te
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Repeating the arguments of Lemma 3.11, we conclude using Proposi-
tion 3.15

(30)

— 3trk—2H 2_ 2
/(divk,, —u - =k(v, XU/T)>V1‘ + k' dp
o o

g

||UIHH2(E) <Co
+ C[ul| 25

<D (04|l 2) )

where D = C(¢y +07°) and C = C(m,e,¢). We conclude that ;X
satisfies the assumptions of Proposition 3.7 by repeating the argument
of Lemma 3.12. Using Theorem 3.4, we see that ,% is the surface con-
structed in Theorem 3.1. As o was arbitrary (sufficiently large), we can
assume that ® : (o1 ;00) x $2 — M satisfies the assumption made above.
By (30), we know that u is (strictly) positive for sufficiently large o and
sufficiently small ¢;.. In particular, ® is a foliation. q.e.d.

Proof of the time-regularity Theorem 3.3. Denote by "*® : (o7 ;00) x
$2 — ™M the CE-foliation due to Theorem 3.1. Note that o; can be
chosen independently of ¢ as the temporal foliation is assumed to be
uniformly C? +€—asymptotically flat. Now, we define the maps T® : I x
(01;00) X $2 M- (t,o,p) — vE®(0,p). We suppress the sign index
+ in the following.

Fix a time typ € I and a ¢ > o7 and suppress the corresponding
indexes. We see that L4 is the linearization of the map

HEP: [ x W2(S) > LP(D) : (¢, f) — (" + k) (graphy f),

in the second component at (tg,0). Here, (" 4 r'k)( graphf f) denotes
the expansion of the graph of f at time ¢ € I, where

graph? f .= {27! (t,tof(p) + fD,,tOT) c™ : pexl.

By Proposition 3.9, we know that L. is invertible, thus the implicit
function theorem ensures that there is a curve f : (tg —e;tp +¢) —
H%(X) such that (H £ P)(t, f(t)) = (H=£P)(0,0). By the uniqueness
Theorem 3.4, this implies graph? (f(t)) = &X. Thus, we can choose ®
to be smooth (at least C!). q.e.d.

4. Invariance in time

In this section, we prove that the unique CE-surfaces constructed
in Theorem 3.1 are asymptotically independent of time if the linear
momentum vanishes. As explained, this is to be expected, as the CMC
spheres asymptotically evolve in time as given by the fraction of (ADM)
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linear momentum and (ADM) mass [Nerl3, Theorem 4.1], the CE-
spheres are asymptotically just shifts of the CMC spheres (due to Sec-
tion 3), and it is appropriate to assume that the last shift is asymptot-
ically independent of time.

Theorem 4.1 (Invariance of the CE-surfaces in time). Assume that
the temporal foliation ("M, tg, tz, 'k, 5,1, @)1 satisfies the assumptions
of Theorem 3.3 and let 0 denote the foliation as defined in Theo-
rem 3.3. If

‘ta— 1’ + |z| Wa‘f + |z ‘Hess6'7 <zl7°2,
¥ g
then £® is (asymptotically) a shift. If additionally

t=k t=:1 t= .
/ atz; du / Gy dpy
$2,(0) 52(0) Z|

holds for every i € {1,2,3} and if the Einstein Tensor G of/l\/\[ satisfies

<cp R <e; VR> Ry

Htf‘ t@kltfk tfl‘ <z,

then this shift is small, i.e.,

- P _
(31) €ﬂ<aa,ay>H SC(EE—FO’ ),

t Wl,oo(t,%z)
where Jv denotes the outer unit normal of I3, (,(/}5 = @(‘,a,-), C =
C(m,e,c).

We directly see, that the descriptive version, Corollary 3, is a direct
corollary of Theorem 4.1. Let ("M, 7, 'z, ’k, %9, "], '@)+cs and f satisfy the
assumptions of Theorem 4.1 — in particular, the ADM linear momentum
is small due to Proposition 3.15.

Proposition 4.2 (Characterization of the lapse function u). Assume
that the assumptions of Theorem /4.1 are satisfied and let ® denote the
foliation as defined in Theorem 3.3. The lapse function Jju = "F(,v, 81@)
s uniquely characterized by

(32) oLt Ju ==, @,

where v is the normal of 1% — ("M, Y9). There exist two constants
o1 = o1(m,e,¢,¢;) and C = C(m, e,¢) such that

_ 1 _ - C
(33) Liu —divk, —;trk F Aa F Ric(y,v)| < g (e +o079).

Here, the indices 0 > o1 and t € I were suppressed.
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Proof. Per construction of &), we know
a(g}[ + ;trtE)
ot
Thus, (32) holds and is a unique characterization of u due to the invert-
ibility of (L. Using (15) and (32), we conclude the inequalities due to

the assumptions (4) and (5) on k, .J, and @, as well as the regularity of
-2 due to Proposition 3.7. q.e.d.

0= _ L et

Proof of Theorem 4.1. We choose an arbitrary t € I and ¢ > o and
suppress the corresponding indices. For the first part, we see that u
satisfies

N

2_
<Cor 2,

1,2
<Co2r7", HudH =
W2P(%)

HUHwM(z)

due to (33) and the regularity of L (Proposition 3.9), where p € [1;00)

is arbitrary and again u? :=u —u'. In particular, ® is (asymptotically)
a shift.

For the second part, we see that the inequality (31) holds if and only

3
) ;

where {f;};ew again is a complete orthonormal system of L?(X) of eigen-
values of the (negative) Laplace operator with corresponding eigenvalues
A; satisfying \; < A;41. Using the asymptotic characterization of L on
L2(X)T :=1lin{f;}2_,, (28), and inequality (17), we conclude

3
/UtLj:fidM‘ <Co® )

=1

if

owie o]

/ufl-d,u‘ <C(eg+0°)o=:Do,

3
er§003z

=1

3
<Co® ).
i=1

Now, we use the asymptotic identity (21) for V7 and the characteri-
zation of u due to Proposition 4.2 to get

ul|

/uLifid,u‘ 1 Co3F

L2(%)

/Liufi dp — 2/k(y, Vut) fF—kw,V§)u' du’ +Do.

3 3
2 — _
er < Co? E /Ltiafidu—i— E /k(u,Xj)f—k(V,Xi)ud,u /ufjd,u
o “
J=1

i=1

+Do+ Dot

1 .
<Co /(divky—l-trkzl:Aa:I:Ric(y,z/)) fid,u’ + Do+ Der
o

/(iﬂ:l:Ri(:(V,l/))fi - k(V;Xi) TN af;du

+ Do+ Der.

<(Co

33
33




288 C. NERZ

Now we use the asymptotic antisymmetry of f;, the comparability of f;
and v;, the estimates on z'and Proposition 3.15 to conclude

3
erﬁC’aQZ

i=1

However, this last integral is bounded by C'|Z’| < D o due to the Gauf}
theorem. This was proven in full detail by the author in [Nerl5,
Lemma A.3]. q.e.d.

/Ric(y, v)v; d,u‘ + Do.
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