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Abstract

A smooth diffeomorphism is said to be distributionally uniquely
ergodic (DUE for short) when it is uniquely ergodic and its unique
invariant probability measure is the only invariant distribution (up
to multiplication by a constant). Ergodic translations on tori are
classical examples of DUE diffeomorphisms. In this article we con-
struct DUE diffeomorphisms supported on closed manifolds dif-
ferent from tori, providing some counterexamples to a conjecture
proposed by Forni in [For08|.

1. Introduction

When we study the dynamics of a homeomorphism f: M — M (for
the time being we can suppose M is a just compact metric space), we
can consider the induced linear automorphism f* on C°(M, C) given by

fo=dof, Vel'(M,C).

If we endow C°(M,C) with the C°-uniform topology, f* turns out
to be a continuous linear operator and hence, its adjoint f, acts on
the topological dual space (C°(M,C))" which coincides, by Riesz rep-
resentation theorem, with 9(M), the space of complex finite measures
on M.

To a certain extent we can say that ergodic theory consists in under-
standing the relation between the “non-linear” dynamics of f and the
linear one of f,: M(M) — M(M). The fixed points of f, the so-called
f-invariant measures, play a key role in this theory.

When M is a closed smooth manifold and f: M — M is a C"-
diffeomorphism, every linear subspace C*(M,C) c C°(M,C) (where
0 <k <r <o0)is frinvariant. Moreover, when C*(M,C) is equipped
with the C*-uniform topology, f*: C¥(M,C) — C*(M,C) turns out to
be a continuous isomorphism and hence, its adjoint f, acts on Dj (M),
i.e. the space of distributions up to order k. Of course, the fixed points
of f, are called invariant distributions.
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As usual, we say f is uniquely ergodic when it exhibits a unique f-
invariant probability measure. On the other hand, when f is C"*° and
there is only one (up to multiplication by a constant) f-invariant distri-
bution, we shall say that f is distributionally uniquely ergodic, or DUFE
for short. Ergodic translations on tori are the archetypical examples of
DUE diffeomorphisms. Recently, the first and third authors showed in
[AK11] that every smooth circle diffeomorphism with irrational rota-
tion number is also DUE.

In 2008, Forni conjectured in [For08] that tori are the only closed
manifolds supporting DUE diffeomorphisms.

In this paper we construct some new DUE systems, providing some
counterexamples to Forni’s conjecture. In fact, our main purpose con-
sists in showing the following

Theorem A. Let P be either

(a) a compact nilmanifold, i.e. P = N/T" with N a nilpotent connected
and simply connected Lie group and I' < N a uniform lattice; or

(b) a homogeneous space of compact type, i.e. P = G/H where G is
compact Lie group and H < G a closed subgroup.

Then there exist DUE diffeomorphisms on M :=T x P.

It is interesting to remark that so far the most powerful techniques
to study invariant distributions (for dynamical systems which are not
hyperbolic) come from harmonic analysis. However, in general it is very
hard to apply these techniques to dynamical systems which do not ex-
hibit certain “homogeneity” (e.g. they preserve a smooth Riemannian
structure, or are induced by translations on homogeneous spaces).

On the other hand, it is well known that any DUE diffeomorphism
preserving a Riemannian structure is topologically conjugate to an er-
godic torus translation, and after some works of Flaminio and Forni
[FF03, FFO07] it was expected that there were no DUE homogeneous
systems supported on homogeneous spaces different from tori. In fact, we
recently learned that Flaminio, Forni, and F. Rodriguez-Hertz [RH12]
have shown indeed the validity of Forni’s conjecture for homogeneous
systems. So the main difficulty to prove our result consists in overcoming
this apparent obstruction to apply harmonic analysis tools.
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2. Preliminaries and notations

2.1. Manifolds, functional spaces, and topology. All through this
paper, M will denote a compact orientable smooth manifold without
boundary. Given any r € Ny U {oo}, we write Diff" (M) for the group
of C"-diffeomorphisms. The subgroup of C"-diffeomorphisms which are
isotopic to the identity shall be denoted by Diff((M).

If N denotes any other smooth manifold, we write C" (M, N) for the
space of C"-maps from M to N. For the sake of simplicity, we shall just
write C" (M) instead of C"(M, C).

Let us recall that, when r is finite, the uniform C"-topology turns
C"(M) into a Banach space and C"(M, N) turns out to be a Banach
manifold.

The space C*°(M) will be endowed with its usual Fréchet topology
which can be defined as the projective limit of the family of Banach
spaces (C"(M))ren. In this case, C*°(M, N) is endowed with a Fréchet
manifold structure.

Of course, for any r € No U {oco}, we assume Diff" (M) equipped with
the C"-uniform topology inherited from its inclusion in C" (M, M).

Finally, if X is an arbitrary topological space and z € X, we shall
write cc(X, z) to denote the connected component of X containing z.

2.2. Some arithmetical notations. Given any natural number ¢q €
N, we write ¢N := {¢gn : n € N}.

Whenever we write a single rational number in the form p/q, we
always assume the integers p and ¢ are coprime, i.e. 1 is the great-
est common divisor of p and ¢. On the other hand, writing a vector
with rational coordinates (p1/q, ...,pn/q) € Q", we shall simply assume
ng(pb EERRY 273 q) =1.

Given any = € R, we write || to denote the largest integer not
greater than x. Analogously, [x]| denotes the smallest integer greater
than or equal to x.

For any a € R? we write

||| pa := dist(cx, Z).

Notice that, since ||a + n||ra = ||e||pa for every n € Z%, we can naturally
consider || - ||lp« as defined on T¢, too.
We say a = (ai,...,aq) € R? is irrational when for every

(n1,...,nq) € 24

(1)

=0 = n; =0, fori=1,...,d.

d
g (2187
i=1

Td
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An irrational vector « is said to be Diophantine if there exist con-
stants C, 7 > 0 satisfying

d
g Qg
i=1

for every (qi,...,qq) € Z4\{0}. On the other hand, an irrational element
of R?% which is not Diophantine is called Liouwville.

C

>
ra  Max; g7

2.3. Lie groups.

2.3.1. Generalities. In this work we shall only deal with real con-
nected Lie groups. As usual, if G denotes an arbitrary Lie group, its
identity element is denoted by 1g (or just 0 when G is abelian), its Lie
algebra by g, and we write exp: g — G for the exponential map.

A smooth manifold is called a homogeneous space when it can be
written as G/H, where G denotes a (real, connected) Lie group and H <
G a closed subgroup. We say H is cocompact when G/H is compact,
and we say that G/H is of compact type when G is compact itself.

Clearly, the group G acts naturally (on the left) on G/H and it is well
known that in such a case there exists at most one G-invariant Borel
probability measure on G/H. When such a measure does exist, we will
call it the Haar measure of G/H. A discrete cocompact subgroup will
be called a uniform lattice. Let us recall that the existence of the Haar
measure on G/H is guaranteed whenever either G is compact, or H is
a uniform lattice.

Making some abuse of notation, we will use the brackets [+, -] to denote
the Lie brackets on g, as well as the commutator operator in G, i.e.
[g,h] := ghg~'h~! for any g,h € G.

More generally, if A, B C G we define [A, B] := {([a,b] : a € A, b € B),
i.e. the subgroup of G generated by commutators of the set subsets A
and B, respectively. And analogously, if h,¢ C g, we define [h, €] :=
spang{[v,w] : v € h, w € ¢}.

The centers of G and g are defined by Z(G) := {g € G : [g,h] =
lg, Vh € G} and Z(g) :={v € g: [v,w] =0, Yw € g}, respectively.

2.3.2. Tori. The d-dimensional torus will be denoted by T? and will be
identified with R?/Z?. The canonical quotient projection will be denoted
by 7: RY — T?. For simplicity, we shall simply write T for the 1-torus,
i.e. the circle.

The symbol Leb, will be used to denote the Lebesgue measure on R%,
as well as the Haar measure on T%. Once again, for the sake of simplicity,
we just write Leb, and also dz, instead of Leb;.

For each a € T?, let Ry: T4 — T? be the rigid translation R, : x —
T+ .
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2.3.3. Homogeneous skew-products. Given an arbitrary Lie group
G and any closed subgroup H < G, for any a € T and any v € C" (T, G),
we define the homogeneous skew-product H, . € Diff" (T x G/H) by

Hoy i (t,gH) = (t+a,v(t)gH), V(t,gH) € Tx G/H.

The space of C" homogeneous skew-products on T x G/H shall be
denoted by SW'(T x G/H). At this point, it is important to notice that
SW™(T x G/H) is a subgroup and it is closed in Diff"(T x G/H).

Moreover, if G/H admits a Haar measure, and we denote it by v, then
we clearly have SW'(T x G/H) C Diff},(T x G/H ), where p := Leb®@v.

2.3.4. Nilmanifolds and Mal’cev theory. Given an arbitrary Lie
group G, the central descending series of G can be recursively defined
by Gy := G and

G, =[G,Gp—1], Vn>1.

We say G is nilpotent when Gy, = {1g}, for some k € N. The degree of
nilpotency of G is defined as the maximal natural number n such that
G, # {lg}.

From now on, IV shall denote a connected, simply connected nilpotent
Lie group admitting a uniform lattice I' < IN. As usual, the compact
homogeneous space N/I" is called a (compact) nilmanifold.

It is important to recall that in such a case the exponential map
exp: n — N is a real-analytic diffeomorphism (see Theorem 1.2.1 in
[CG90]). Hence, in this case N as well as n can be identified with the
universal cover of N/I.

After Mal’cev [Mal49], a basis {v1,v9,...,v4} of the Lie algebra n is
called a Mal’cev basis whenever ngy := spang{vi,...,v;} is an ideal in
n, for each i € {1,...,d}. Moreover, such a basis is said to be strongly
based on I' when

(2) I' = exp(Zv1) exp(Zva) . . . exp(Zuvg).

In [Mal49] (see also [CG90]) it is proved that there always exists a
Mal’cev basis strongly based on I' when N and I' are as above.

Since each n; is an ideal in n, Ny := exp(n(;) C N turns out to
be a (closed) normal subgroup of N, and the quotient N := N /Ngy a
nilpotent connected and simply connected Lie group, itself.

On the other hand, as a consequence of (2) we have

F(Z) = exp (Z’Ul ) ng DD ZUZ}> C N(Z)

is a discrete subgroup of I'. Hence, I') := T /T can be naturally
identified with a uniform lattice of N,
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2.4. Distributions and distributional unique ergodicity. Given
any k € Ny, the space of distribution on M wup to order k is defined as
the topological dual space of C*(M) and will be denoted by D). (M).
When k = 0, by Riesz representation theorem D{j(M) can be identified
with the space of finite complex measures on M and so it will also be
denoted by 9 (M).

On the other hand, as it is usually done, the topological dual space
of C°°(M) will be denoted simply by D'(M) and its elements are just
called distributions.

Since all the inclusions CK¥T1(M) — C¥(M) and C®(M) — C*(M)
are continuous, making some abuse of notation we can consider the
following chain of inclusions (modulo restrictions):

M(M) =Dy(M) C Dy(M) C Dy(M) C ... C D'(M).
Moreover, since we are assuming M is compact, it is well known that
D'(M) = | DL(M).
k>0

Now, as already mentioned in §1, any f € Diff*(M) acts linearly on
C*(M) by pull-back, and the adjoint of this action is the linear operator
fx: Di(M) — D;(M) given by

(fT ) = (T, f) = (T,wof), VT eDy(M), Yo eCHM).

The space of f-invariant distributions up to order k is defined by

Dy(f) ={T € D}(M) : £.T =T}
Of course, when f is C* we write D'(f) := Uyso Dy (f)-

Given any measure y € MM(M) and r > 0, we define

Diff}, (M) := {f € Diff"(M) : fopp = p}
and

Cr (M) = {qﬁ € CT (M) : /M¢du - o} .

As usual, we say that f is uniquely ergodic when 9(f) := D{(f) is
one-dimensional. We will say that f is distributionally uniquely ergodic
(or just DUE for short) when f is C* and D’(f) has dimension one.
2.4.1. Coboundaries and distributions. Given any f € Diff" (M),
any ¢: M — C, and n € Z, the Birkhoff sum is defined by

Yo ft ifn>1
S"p=8F =10 if n=0;
—Zi_:”lqj)of_i if n <0.

We say that v is a C*-coboundary for f (with 0 < ¢ < r) whenever

there exists u € C*(M) solving the following cohomological equation:

uo f—u=1.
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Observe that in this case it holds that Sy = uwo f* — u, for any n € Z.
The space of C*-coboundaries will be denoted by B(f, C*(M)). Fol-
lowing Katok [Kat01], we say f is cohomologically C*-stable whenever
B(f,C*(M)) is closed in C*(M).
Finally, notice that as a straightforward consequence of Hahn-Banach
theorem we get

Proposition 2.1. Given any f € Diff*(M), with k € Ng U {oo}, it
holds
cp(B(f,CH(M))) = [ kerT,
TeD; (f)

where cly,(-) denotes the closure in C*(M).

2.4.2. Unique ergodicity vs. DUE. There are many well-known ex-
amples of uniquely ergodic systems which are not DUE. Maybe the
simplest one is given by the parabolic map

T 5 (x,y) = (x + a,y + ),

with a € T\ (Q/Z) (see [Kat01] for details). Horocycle flows on con-
stant negatively curved closed surfaces and minimal homogeneous flows
on closed nilmanifolds different from tori are more elaborate examples
[FF03, FF07].

On the other hand, a classical result due to Kronecker affirms that
a translation R,: T? — T? is uniquely ergodic (Leby is the only Ri-
invariant probability measure) if and only if & = (aq,...,aq) is irra-
tional.

Moreover, we have the following result, which belongs to the folklore:

Proposition 2.2. R, is DUE, and it is cohomologically C°°-stable
if and only if « is a Diophantine vector.

Proof. See Proposition 2.3 in [AK11] for a proof. q.e.d.

Recently, the first and third authors extended this result in [AK11]
showing that any minimal circle diffeomorphism is also DUE (see [NT12]
for a much simpler proof of non-existence of invariant distributions up
to order 1).

As already mentioned in §1, the main aim of this paper consists in
constructing DUE diffeomorphisms which are not topologically conju-
gate to ergodic translations on tori.

3. Proof of Theorem A: general strategy

As already mentioned in §2.3, in both cases considered in Theorem A
the homogeneous space P admits a Haar measure that will be denoted
by vp. Then the Haar measure of M, which is a homogeneous space
itself, is given by p := Leb; ® vp.
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Let us recall that any homogeneous skew-product on M = T x P
(see §2.3.3) preserves the measure p. In other words, SW'(T x P) C
Diff}, (M).

3.1. The Anosov-Katok space. Let us consider the horizontal T-
action T: T x M — M given by

To(t,p) =T(a,(t,p)) = (t+a,p), Y(t,p) e M =T x P, Va €T.
Then we define the Anosov-Katok space
(3) AK®(T):=clu{HoT,oH ':aeT, He SW®(T x P)}.
Observe that each T, € SW(T x P) and hence, AKX (T") C SW>(T x

P).
To prove Theorem A we will show

Theorem 3.1. Generic diffeomorphisms in AK*(T) are DUE. More
precisely, the set

DUE(T) := {f € AK®(T) : dimD'(f) = 1}
contains a dense Gs-subset of AK™(T).

Let us now describe the general strategy to prove Theorem 3.1:
A family (Vi,)n>1 will be called a filtration of C°(M) whenever it
satisfies:
e for every n > 1, V,, C C7°(M) is a closed linear subspace;
o V, C V,yq, for every n > 1;
® U,>1 Va is dense in C3°(M).
Sections 4 and 5 are dedicated to the proof of the following lemma,
in the nilpotent and the compact cases, respectively:

Lemma 3.2. If P is as in Theorem A, then there exists a filtration
of C*(M), called (Vi), satisfying the following condition:
For every n € N and every qo € N, there exists § € N and a homoge-
neous skew-product Hy~ € SW(T x P) such that:
(i) Hoy o T1jgy = T1 gy © Hopys
(it) Vo C B(Hopy 0 Tp/q0 Ho_ﬁ, C>®(M)), for every p € Z coprime with
q.

To prove Lemma 3.2, we shall need the following elementary

Lemma 3.3. Let M be an arbitrary manifold, f: M — M a periodic
C™-map (i.e. there exists ¢ € N such that f9 = idy), and ¢ € C*(M),
with 0 < k < r < oo. Then, ¢ € B(f,C*(M)) iff

q—1
(4) Sio(z) =) o(f'(z)) =0, Vre M.

j=0
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Proof of Lemma 3.3. If ¢ € B(f,C*(M)), then there exists u € C*(M)
such that ¢ = uo f —u. Hence, S?(;S(x) =u(f4(x)) —u(x) =0, for every
re M.

Reciprocally, let us suppose (4) holds. Then, using a formula we
learned from [MOP77], we write

for every € M. Thus, ¢ € B(f,CF(M)). q.e.d.

Now, assuming Lemma 3.2, we can prove Theorem 3.1, and hence-
forth, Theorem A, too:

Proof of Theorem 3.1. Let (¢)men be a dense sequence in C;°(M) and
define

A = {f € AK™(T) : Ju € C¥(M), [[uo f—u—dpllom < %}

Each set A,, is clearly open in AKX (T'), and by Proposition 2.1, it holds
that

DUE(T) = () Am.

m>1

Thus, we have to show that each A,, is dense in AKX (T'). To do that,
consider a fixed set A,,, any rational number py/qo, and an arbitrary
homogeneous skew-product H € SW*(T x P).

Let (V,)n>1 be a filtration satisfying Lemma 3.2. Then there exists
n € N and ¢ € V,, such that

1
—1

Now, invoking Lemma 3.2, from n and ¢y, we obtain a natural number
g and a homogeneous skew-product Hy - satisfying (i) and (ii). Then,
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for each ¢ € N, let us define

Pe = qpol + 1,
e = qqot,
. De
be= ged(pe, o)’
. e
9 ged(pe o)’

Notice that, for each ¢, p; and q; are coprime, ¢, is a multiple of ¢, and
Bty PO a5 f — +00.

@ @
Then observe that, for every £ € N and any (¢,x) € T x P it holds:
S Lotz
HO»’YTP(/quO,i(b( )
=y Jpe Jpe
= ¢<t+, <t+—> )~ )
prt a a
= j j
(6) => qs(t + —,’y(t + —)’y(t)_lx>
— qe qe
7=0
2/3-1q-1 s
= ¢<t++—,v(t++—)v(t)‘1w>
r=0 s=0 qe qe
= 0’

where the last equality is a consequence of condition (ii) of Lemma 3.2
and Lemma 3.3. Thus, we conclude that ¢ € B(Ho,ysz/qu(;},, C>(M)).
Henceforth,

(7) o H™" € B(HHo,T,, g

HgtH!,C%(M))),
for every ¢ € N.
On the other hand, T}, /,, — T}, /q, in Diff*(M), as £ — oo. Hence,

from (i) of Lemma 3.2, we get

®) HHop Ty, 0 Ho tH ™ S5 HT, 0 HY, as € — o

0/q0

Now, putting together (5), (7), and (8), we conclude that HT), /4,
H™' € cloo(Ay), as desired. q.e.d.

3.2. Real-analytic DUE diffeomorphisms. Before starting with the
proof of Lemma 3.2, it is interesting to remark that using the techniques
we applied in §3.1 it is possible to prove the existence of real-analytic
DUE diffeomorphisms on M =T x P.

In fact, for the time being let us suppose G is an arbitrary Lie group
admitting a complexification of G that will be denoted by G©.
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Then, for each A > 0, let us define CX(T,G) as the set of real-
analytic functions v: T — G that admit a holomorphic extension from
the complex band Ap := {z € C : |Im 2| < A}/Z to GC. Let us consider
CX (T G) endowed with the distance function da given by

da(y0,m) == sup dge(v0(2),7(2)),  Yy0,m € CA(T,G),
ZEAA

where dgc denotes a left invariant distance on G©.

Then, taking into account that, for any A > 0, CX(T,G) is dense
in C*°(T, G), repeating the same argument used in the proof of Theo-
rem 3.1, we can easily show that the set

DUEX (T) := {(a,y) € TxC%(T, G) :
Ho 0 Ty o Hy € SW*(T x P) is DUE}

is generic in T x CX(T, ), and in particular, non-empty.

4. The nilpotent case

All along this section, let us assume P is a compact nilmanifold equal
to N/T', where N is a (connected) simply connected nilpotent Lie group
and I' < N is a uniform lattice.

Observe that any complex function on P can be lifted to its univer-
sal covering, which can be identified with IV itself, getting a I'-invariant
complex function with respect to the I'-action on IV given by right trans-
lations. So, we can naturally identify C*°(P) with

C°(N):={p € C"(N) : ¢(xg) = ¢(x), Vr € N, Vg€ T'}.

Moreover, since the exponential map exp: n — N is a real-analytic
diffeomorphism, we can identify C°°(NN) with C°°(n), and henceforth,
C°°(P) with a closed linear subspace of C*°(N) = C*°(n).

Let V = {vy,...,v4} be a Mal’cev basis of n strongly based on I (see
§2.3.4 for details). Fixing this basis, we identify C>(n) with C*°(R9),
simply writing

d
1) <Zmzv,> = ¢(x1,29,...,24), Y(x1,...,24) € R,
i=1

Thus, making some abuse of notation, we shall assume that
(9) C>®(P) C C®(N) = C*®°(n) = C°(RY).

Now let us analyze some of the equivariant conditions a function
¢ € C®(RY) must satisfy to belong to C°°(P). First, since v; € Z(n)
(and exp(Zv;) € T'), we conclude that, if ¢ € C°(P) C C*®(R%), then it
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is Z-periodic in its first variable. Hence, we can consider the Fourier-like
development

(10) ¢($1, o, . .. xd) — Z é]&l)(‘r% o 7xd)e27rikacl,
keZ

where each (5121) € C°(R¥1). Here, the 0" Fourier-function QASél) has a
particularly nice interpretation: it can be naturally considered as defined
on the nilpotent Lie group NV .= N /N1y, or more precisely, on the
compact nilmanifold N /I'(M) (see §2.3.4 for these notations).

On the other hand, observe that the basis {v2 +1(1y, v3+n(1),. .., va+
n)} is a Mal’cev one for n/n(;) strongly based on the lattice ré =
L/T -

That means we can repeat our previous argument to prove that (2381) is
Z-periodic on its first variable, and hence, we can consider the Fourier-
like development

Qg((]l) (3327 cee ,ﬂi‘d) = Z le(f) ($37 s ,xd)e%rikmz‘
keZ

Once again, the Fourier-coefficient function QAS((E) can be considered as
an element of C®°(N® /T'?)) and the set {vs + Ny, .-, V4 + g} is a
Mal’cev basis strongly based on T').

By induction, we get a family of Fourier-like coefficients

Al(fj) c C’OO(Rd_j), Vie{l,...,d}, Vk € Z,

where each égj) € C®°(N® /1) c C>(R¥7) and satisfies
(ﬁ(()j)(a;jﬂ, ‘e a:d) = Z (Zg,(fj—i_l)(xj_i_g, ‘e ,md)€27rikxj+l .
kEZ

Now we proceed to define the pseudo-polynomials on P: we shall say
that ¢ € C*°(P) is a pseudo-polynomial (with respect to V) of degree
less than or equal to n € N iff

(5](3) =0, foreveryje{l,...,d}and |k|>n.

The linear space of pseudo-polynomials on P will be denoted by Bol(P)
and we shall write Pol,,(P) for the subspace of pseudo-polynomials with
degree at most n.

Notice that M = T x P is a compact nilmanifold itself; hence we
can talk about pseudo-polynomials on M. In this case, we shall add
the vector vy := 0; (which generated the Lie algebra of R) to the basis
V, and hence any function ¢ € C°°(M) will be written in coordinates
(t,z1,...,24), being ¢ Z-periodic on its first coordinate, too. So we can
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also consider the Fourier-like development

Pt x1,...,1q) = ZQBI(;)) (21, ..., 2q)e>™ .

keZ

with each gz@l(go) € C*°(P). Of course, by analogy with our definition of
pseudo-polynomials on P, we define

Pol,, (M) := {p € C=(M) : ¢ € Pol,,(P), &V =0, V|k| > n}.

Combining an inductive argument on the dimension of M with clas-
sical Fourier theory, one can easily show

Proposition 4.1. The linear space

Pol(M) = [ Bol, (M)

n>0

is dense in C*°(M). In particular, this implies that the family (V;,) given
by
Vi = Pol, (M) NCF(M), Vn>1

is a filtration of Cp°(M).

Now we will prove Lemma 3.2, assuming the filtration (V},) is given
by Proposition 4.1:

Proof of Lemma 3.2 in the nilpotent case. Let us write d := dim N. We
will recursively define, for k € {0, 1,...,d}, two sequences vy, € C*°(T, N)
and (gr) C N satisfying the following condition: there exists a constant
C} € R such that for every p € Z coprime with g and every ¢ € V,,,

q — ok —1,.n7(k)
(11) SHkTp/qu;zl gb(t,l‘) - qubo (’Wc(t) zN )7 V(t7$) € TxN,

where Hy, = Hy,, C SW*(T x P) and considering QASgk) as a complex
function on N*) = N/Ny (see §2.3.4 for notations).

At this point it is important to notice that, since ¢ € V,, C C’ﬁO(M),
then

/ éék) dv =0, forevery 0<k<d.
P

Thus, in particular, the complex number qS((]d) is equal to zero, and so
condition (11) for k¥ = d means that the Birkhoff sum vanishes. By
Lemma 3.3, this is equivalent to ¢ € B(HdTp/qud_l, ™).

Now let us start with the case £ = 0. Observe that without loss of
generality we can assume n < qg. Let us define vy = 1y (so Hy = idyy)
and qo := qo. Hence, for every ¢ € V,, and every p € Z coprime with g,
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we have
do—1
Sg)oTp/QoH(;lqs(t,x) B — ¢<t +j§o’x>
(12) - |
_ Z 0 ()2 ) o o0 (),
§=0 |[¢|<n

for every (t,z) € R x R%. So condition (11) is verified for k = 0.

Now, suppose we have already defined v;_1 € C°°(T, N) (and then,
Hy_1=Hy, , € SWX(TxG/H)) and gp—1 € N, with 1 < k < d; then
let us construct v; and g.

To do this, we start considering an auxiliary C*°-function p: [0,1] —
[0,1 satlsfylng the following conditions:

]
(1) p(t) =0, for every t in a neighborhood of 0;
(7i) p(t) =1, for every t in a neighborhood of 1;
(15i) p'(t) >0, for all ¢;
() p(1—1t)=1—p(t), for all ¢.

Then we use p to define a new auxiliary function 7: [0,1] — R as
follows:

o [p(at — 200] ) + e, it ¢t € [0,1);
T 02001 = 1) — 2001 - 1)) ) + 22000 iy e 4],

In this way, n turns out to be smooth and it vanishes in some neigh-
borhoods of 0 and 1, so we can consider it as an element of C*°(T,R).
Observe that for any m € Z \ {0} with |m| < gp and any ¢ € T, it holds
that

2qo—1

§ :627rim17(t+f/2q0)

(13) =0

Z < 2mim(n(t)+/d0) | e—2mm(n(t)+f/qo)) —0
=0

Then we define
dk = 2qr—190,
and v, € C°(T, N) by
Y (t) == Y—1(t) exp(n(qr—1t)vx), VteT.

Assuming the inductive hypothesis, let us prove condition (11) holds
for k, too. Let p € Z be any number coprime with g, ¢ € V,, arbitrary,
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and (t,x) be any point in T x N. Then we have:

(14)
ar—1 j
qx _ J 1
SHkTp/qu;1¢(t,:E) = ]z:; ¢<t—|— ,%( + q_k>7k(t) :17>
2q0—1qr—1—1 j 0 j
=5 o) () + g een)
2q0 1 e
= a —1, Ar(k—1)
= Cr—1 Z <Z50 <exp< (Qk—1t+ 2q0)0k>’yk(t) N >
2q0 1 e
_ sk (- : AW ]
= Gk % o <$k +77(Qk—1t+ 2q0>,xk+1,...,xd>
2qo—1
o Ck 1 Z Z (b xk-ﬁ-lw”aNd)e2ﬂim(i‘k+n(gk71t+€/2q0))
(=0 |ml<n
2qo—1
=Ck1 Z é%)(ikﬂ,...,i}d)e%imjk Z e27rim77(t+f/240)
[m|<n £=0

= QOCk—IQAS((]k) (kg1 -+, Tq) = QOCk—lﬁg(()k) (7k(t)_1$N(k)),

where the sixth equality is a consequence of (13) and where (Z, Zg11,
., #4) denotes the “coordinates” of the point v441(t) " 'zN®*=1 in the
Lie algebra n*=1) i.e. they satisfy the following equation:
TV + Th41Vk4+1 + - - - + Tava + V1) = eXPJ_\,}kq) (ve(t)taNED),

In this way, (14) shows condition (11) holds for k, finishing the proof
of the lemma. g.e.d.

5. The compact case

We start this section with a geometric construction which is com-
pletely independent of the homogeneous structure of the supporting
manifold. So, for the time being, let us suppose M is an arbitrary smooth
connected closed manifold and p any Borel probability measure on M.

5.1. Equidistributed loops. Given a finite dimensional subspace ¥ C
Co°(M), a smooth loop v € C*(T, M) is said to be E-equidistributed
when there exists m € N such that

m—1 .
(15) ¢<7t—|—j>:0, VieT, Vo e E.
S o(o(e2)

The number m will be called the period of the loop.
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Theorem 5.1. For every finite dimensional subspace E C C’ﬁo(M),
there exists a smooth E-equidistributed loop 0 € C*>°(T, M).

Proof. Let N := dimE and (¢1)Y, be a basis of E, and define
®: M — RN by &(x) = (¢1(2),...,¢n5(x)), for every x € M. For
each m € M, let us write

M (21,... xy) = ZCI)(:U]-) eRY, Y(z1,...,2,) €M™
j=1

Let us consider the sets Y (™), Z(m) < M™ given by
(16) Y .= {ze M™: D®,(z): TM™ — RY is surjective}
17 zZM.={ze M™:®,(7) =0 RV},
and then define X(™) =y (m) n z(m),

We divide the rest of the proof into several lemmas:

Lemma 5.2. For every n > N, the set Y™ is non-empty.

Proof of Lemma 5.2. First observe that, given any n > 1,
(18) DO (o1, vn) =D D, (v)),
j=1

for every (x1,...,7,) € M™ and every (vi,...,v,) € Ta,,.. 2, M"™. This
lets us affirm that for any k,n € N and any “forget-some-coordinate”
projection pr: M™% — M" it holds that

(19) pr iy ™) c y(r+h),

That means it is enough to show Y¥) is non-empty. Reasoning by
contradiction, suppose this is not the case. By (18), this implies the set

{D®,(v):x e M, veT,M}

is contained in a proper linear sub-space of RY, and therefore, we can
find a non-identically zero linear functional £: RY — R such that D(Lo
®), = 0, for every z € M. Of course, since we are assuming M is
connected, this implies Lo®: M — RY is a constant function. Since the
coordinate functions of ® (i.e. functions ¢1,...,¢n) have zero integral
with respect to u, we conclude that £ o ® = 0, contradicting the linear
independence of the set (¢;),. So, YN) £ ¢, and by (19), we get
Y™ £ @, for every n > N. q.e.d.

Lemma 5.3. There exists m € N such that X™) is non-empty.
Proof of Lemma 5.3. Consider the set

C¢::U{ Y

)\jq)(l‘j) e RV : T € M, /\j >0, Vj e {1,... ,’I’L}}
n>1 © j=1
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Observe Cg is a convex cone in RY. We claim Cp = RYN. In fact, if
this would not be the case, then there should exist a non-null linear
functional £: RY — R such that £(y) > 0 for every y € Cy C RY and,
in particular, £(®(z)) > 0, for every x € M. But since the coordinate
functions of ® belong to C;°(M), it holds that

/ L(P(z)) du = 0.
M

Hence, £o® should be identically equal to zero, contradicting the linear
independence of the coordinate functions ((ﬁz)f\il Thus, Co = RY.
By Lemma 5.2, Y() is non-empty, so we can consider an arbitrary

point (z1,...,2N) € YN), By our previous assertion about Cgp, there
exist n € N, positive numbers Aq,...,\,, and points x1,...,z, € M
such that

n N
(20) Z)\j@(mj) =—®n(z1,...,2N) = —ZCI)(zj).

j=1 j=1

Now, since @N(Y(N)) is open in RY, we can assume (up to an ar-
bitrary small perturbation of the points z1,...,2n) that each \; € Q,
and hence we can find pi,...,p,,q¢ € N such that \; = p;/q, for each
1 < j < n. Now, we define m := qN+Zl§j§npj and we claim X (™) £ (.
In fact, if we define (wy,...,w,) € M™ by

w, e 3 Za LS <,
- Tk, it gN < j<gN + 2’;:1195,
from (20) we easily conclude (wy, ..., w,) € X, q.e.d.

Now, for each n > 2, let us consider the diffeomorphism o,,: M"™ —
M™ given by

On(X1,29, .., Tp) = (T2y .., T, x1),  Y(X1,...,25) € M™.
And we shall prove our last
Lemma 5.4. There exist m > 1 and z € X" such that om(Z) €
ce(X M) 7).

Proof of Lemma 5.4. Let mg be a natural number such that X (™) is

non-empty, and let z = (x1,...,&m,) be any point in X (mo)  For each
g € N, let us consider the point 2@ = (z§q),z§q), .. .,zé‘lr{o) e X(amo)
given by

P for1 <j<

i = Tli/al = J = gmo-

We claim that o, (2(9) € cc(X(@0) 2(9)) provided ¢ is sufficiently
large. To prove this, we shall construct a continuous curve p: [0,1] —
Xamo) ¢ Mamo with p(0) = 2@ and p(1) = G gm, (217™0)).



208 A. AVILA, B. FAYAD & A. KOCSARD

For each 1 < j < gmyg, we write p;: [0,1] = M for the j™-coordinate

function of p, i.e. p(t) = (p1(t), p2(t), ..., Pgme(t)) € MM,
We start defining p on the interval [0,1/2]. To do that, first let us

consider continuous paths o = (au, ..., Qm,): [0, 1] = M™0 such that
OZZ'(O) =y, Oéi(l) = Ti4+1, forl1 <i< mo,
OémO(O) = Tmyg> amo(l) =1

Now, we choose a (small) neighborhood U of z in M™0 such that
U c Ym0 and U N X0) is connected. Since ®("0) is a submersion on
Y(m0) we can find a continuous path 3: [0,1] — U C M™° satisfying
B(0) = z and

@(mo)(a(t))

(21) cp(mo)(ﬁ(t)) R T vt € [0, 1],

provided ¢ is sufficiently large. Notice that, since a(1) € X("0) then
3(1) also belongs to X (M) itself.
Then we define each coordinate function of the path p on [0,1/2] by

j aje(2t), ifj€{q,2q,...,moq},

and every t € [0,1/2]. Notice that, as a consequence of (21), p(t) €
X(@m0) for every t € [0,1/2].

In order to define path p on [1/2, 1], let us consider a continuous path
v:[0,1] — X(m0) joining B(1) to Z. Such a path v does exist because
both points 4(1) and z belong to U N X (mo) ' which is a connected open
set of the smooth manifold X(™0) and hence it is arc-wise connected.

Finally, we define p on [1/2,1] by

Vi) (2t = 1), ifj & qZ,
pi(t) == ¢ Tjt1, if j € qZ and 1 < 5 < gmy,
1, if j = gmy.

In this way, p is clearly a continuous path contained in X (@) and joins
p(0) = Z to p(1) = 0gme (%), as desired. q.e.d.

Finally, let m > 1 and Z € X as in Lemma 5.4. Since X (™) C

M™ is a op-invariant embedded submanifold, and oy, is an m-periodic
diffeomorphism, we can find a smooth loop § € C*°(T, X (™)) satisfying

(22) é(t + %) =om(A(t)), VteT.
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Then, for any t € T, if we write 0(t) = (61(t),...,0,(t)) € M™, it holds
that

NS pim N o) =S J
BY 50 =0 (01(1),.... (1) = Y- 9(6;(1) = Z}p(el (t+ m)>

7j=1 7=1

where the last equality is a consequence of (22).
Thus, # = 0 is a smooth E-equidistributed loop, as desired. q.e.d.

5.2. The filtration in the compact case. In this section we con-
struct the filtration of C7°(T x P) in order to prove Lemma 3.2.

To do this, we return to our homogeneous setting, assuming G is a
compact (connected) Lie group, H < G a closed subgroup, P = G/H,
and M = T x P. For the sake of simplicity of the exposition, we start
assuming H = {1¢}. The general case will be gotten easily from this
particular one.

If v denotes the Haar (probability) measure on G, there are two
unitary representations of G on L3(G,vg) := {¢ € L*(G,vg) : [ ¢ve =
0} given by

(Lyd)(@) = 6(g "),
(23) ,
(Ryo)(x) := 0(ag), Vg, € G, ¥6 € L}(G,va).

By the classical Peter-Weyl theorem, we know left action L decom-
poses in a direct sum of finite-dimensional irreducible sub-representations,
i.e. there exists a family (E,),>1 of finite-dimension subspaces of
L%(G,ve) such that @, E, is dense in L3(G,vg) and each E, is L-
invariant, with no proper L-invariant subspace contained in FE,,. More-
over, these spaces satisfy E, C C22(G) = C®(G)NL§(G,vq), for every
n > 1, and they are also R-invariant (for instance, see §3.3 in [Sep07]
for details).

In particular, this implies that, if v: T — G an E,-equidistributed
with period m, then

@ So(a(e i) - S s(e 1)) -0

for every t € T, every « € G, and any ¢ € F,. R
Now, for each ¢ € C°(M) and every k € Z, we define ¢y, € C*(G)
by

(25) o(z) = /Tgb(t,x)e_zmkt dt, Vzed,

and

(26) Voi=Q0eCX(M):doc PE), ¢r=0, VIk| >n

Jj<n
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By the Peter-Weyl theorem and classical Fourier series arguments,
we have

Lemma 5.5. The family (V,,) given by (26) is a filtration for C3°(M).

Proof of Lemma 3.2 in the compact case. Let us consider the filtration
(Vj)j>1 given by (26). As we did in the nilpotent case, without loss of
generality we can assume n < qq.

Let 4 € C*(T,G) be a (@jgk Ej)—equidistributed loop in G, and
let 7 be its period. Then let us define v: T — G by (t) = J(qot)
and write ¢ := gom. Notice Hy,, € SW*(T x G) clearly commutes with
T' /q,- Let us show that condition (ii) of Lemma 3.2 also holds.

To do that, let p be any integer coprime with ¢ and let us consider an
arbitrary ¢ € V,,. Once again we consider the Fourier-like development
of ¢:

$(t,x) = Y o)™, V(t,x) € T x G,
le|<n
where each ¢y € C*°(@G) is given by (25) and bo € @jgn E;.
Then we have

I
=
+

O
m

m—1 k . qo—1 »
. ~ - 9k 2l
— § : e27rz£t (ng <’7<th—|— ~)$> e27r2£m z : e milos
m
[4]<n k=0 7=0

I
=)
S

=y
8
-

o(ﬁ(qmﬂr Z)) =0

for every t € T and every z € G, and where the last equality is a

consequence (24) and invariance by R, of ;,, E;.
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Thus, by Lemma 3.3, it follows from (27) that V,, C B(Ho,«,Tp/qu_é),
as desired. q.e.d.

5.3. The case H # {lg}. Now, let us suppose H < G is a proper
closed subgroup. Since G and H are both compact, they admit unique
Haar probability measures, which will be denoted by v and vy, respec-
tively. The Haar measure on G/H will be denoted simply by v.

We will write 77: G — G/H for the canonical projection and we can
define the linear operator Il : C*°(G) — C*°(G/H) by

Typ(gH) = /H Blgr) dvg(z), Vo € C(G).

Let us remark that Iz is continuous, closed, and surjective (in fact,
the pull-back by 7y is a section of Ily) and satisfies 115 (Coe(G)) =
C°(G/H). In particular, the family (Il (E};));>1, where spaces E; are
defined as in §5.2, turns out to be a filtration of CJ°(G/H), where each
II5(E;) has finite dimension.

Then we have the following

Lemma 5.6. If v € C™(T,G) is an Ey-equidistributed loop (with
k € N arbitrary), then wg oy is a g (Ey)-equidistributed loop on G/H .

Proof. Let m denote the period of v and let ¢ € Ei be arbitrary.
Then we have

S (ron(e+ ) = 5 [ oo+ 2)s) vt
m—1

=/H <Z¢<’y(t+%)y>> dva(y)

J=0

m—1

:/H<Z(Ry¢)<’y(t+%)>> dvy(y) =0,

§=0
where the last equality is a consequence of the R-invariance of space Fj.
q.e.d.

Now, using Lemma 5.6 we can easily extend our proof of §5.2 to the
case where H is a proper subgroup. In fact, given any ¢ € C*°(TxG/H)
and any k € Z, once again we can define ¢ € C*°(G/H) by

GulgH) = [ olt. gl at, VgH € G/H.
T

and so (re)define the filtration (V;,)nen of C°(T x G/H) analogously
to (26):

V=36 €CXT x G/H) : do € D Uu(E)), dp=0, ¥[k| >ny,
Jj<n

for every n € N.
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Then, invoking Lemma 5.6 and the above filtration, mutatis mutandis
we can extend the proof of Lemma 3.2 we did in §5.2 in the case H =
{1¢} to the general one.

[AK11]

[CGY0]

[FF03]

[FFO7]

[For08]

[Kat01]

[Mal49]

[MOP77]

[NT12]

[RH12]
[Sep07]

References

A. Avila & A. Kocsard, Cohomological equations and invariant distribu-
tions for minimal circle diffeomorphisms, Duke Math. J. 158 (2011), no. 3,
501-536, MR 2805066, Zbl 1225.37052.

L. Corwin & F. Greenleaf, Representations of nilpotent Lie groups and
their applications. Part I, Cambridge Studies in Advanced Mathematics,
vol. 18, Cambridge University Press, Cambridge, 1990, Basic theory and
examples, MR 1070979, Zbl 0704.22007.

L. Flaminio & G. Forni, Invariant distributions and time averages for horo-
cycle flows, Duke Math. J. 119 (2003), no. 3, 465-526, MR 2003124, Zbl
1044.37017.

, On the cohomological equation for nilflows, Journal of Modern
Dynamics 1 (2007), no. 1, 37-60, MR 2261071, Zbl 1114.37004.

G. Forni, On the Greenfield-Wallach and Katok conjectures in dimension
three, Contemporary Mathematics 469 (2008), 197-213, MR 2478471, Zbl
1156.37003.

A. Katok, Cocycles, cohomology and combinatorial constructions in ergodic
theory, Smooth ergodic theory and its applications (Seattle, WA, 1999),
Proc. Sympos. Pure Math., vol. 69, American Mathematical Society, Prov-
idence, RI, 2001, In collaboration with E. A. Robinson, Jr., pp. 107-173,
MR 1858535, Zbl 0994.37003.

A. 1. Mal’cev, On a class of homogeneous spaces, Izvestiya Akad. Nauk.
SSSR. Ser. Mat. 13 (1949), 9-32, MR 0028842, Zbl 0034.01701.

J. Moulin-Ollagnier & D. Pinchon, Systémes dynamiques topologiques. I.
Etude des limites de cobords, Bull. Soc. Math. France 105 (1977), no. 4,
405414, MR 0498967, Zbl 0407.54034.

A. Navas & M. Triestino, On the invariant distributions of C* circle dif-
feomorphisms of irrational rotation number, to appear in Mathematische
Zeitschrift, 2012, MR 3054331, Zbl 1275.37013.

Federico Rodriguez-Hertz, personal communication, 2012.

Mark R. Sepanski, Compact Lie groups, Graduate Texts in Mathematics,
vol. 235, Springer, New York, 2007, MR 2279709, Zbl 1246.22001.

INSTITUT DE MATHEMATIQUES DE JUSSIEU
175 RUE DU CHEVALERET
75013. PARIS, FRANCE

FE-mail address: artur@math.jussieu.fr

INSTITUT DE MATHEMATIQUES DE JUSSIEU
175 RUE DU CHEVALERET
75013. PARIS, FRANCE

FE-mail address: bassam@math.jussieu.fr



MANIFOLDS SUPPORTING DUE DIFFEOMORPHISMS 213

INSTITUTO DE MATEMATICA E ESTATISTICA
UNIVESIDADE FEDERAL FLUMINENSE

RuA MARIO SANTOS BrRAGA S/N
24.020-140. NITEROI, BRAZIL

E-mail address: akocsard@id.uff.br




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


