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ON THE EVOLUTION OF A HERMITIAN METRIC
BY ITS CHERN-RICCI FORM

VALENTINO TOSATTI & BEN WEINKOVE

Abstract

We consider the evolution of a Hermitian metric on a compact
complex manifold by its Chern-Ricci form. This is an evolution
equation first studied by M. Gill, and coincides with the K&hler-
Ricci flow if the initial metric is Kéhler. We find the maximal
existence time for the flow in terms of the initial data. We in-
vestigate the behavior of the flow on complex surfaces when the
initial metric is Gauduchon, on complex manifolds with negative
first Chern class, and on some Hopf manifolds. Finally, we dis-
cuss a new estimate for the complex Monge-Ampere equation on
Hermitian manifolds.

1. Introduction

Let (M, J) be a compact complex manifold of complex dimension n.
Let go be a Hermitian metric on M, that is a Riemannian metric gg
satisfying go(JX, JY) = go(X,Y) for all vectors X, Y. In local complex
coordinates (z1,...,z,), the metric gy is given by a Hermitian matrix
with components (go);7. Associated to go is a real (1,1) form wy =

J—_l(go)ﬁdzi A dZ;, which we will also often refer to as a Hermitian
metric.

Given the success of Hamilton’s Ricci flow [22] in establishing deep
results in the setting of topological, smooth, and Riemannian manifolds
(see e.g. [5, 23, 30]), it is natural to ask whether there is a parabolic flow
of metrics on M which starts at gg, preserves the Hermitian condition,
and reveals information about the structure of M as a complex manifold.
In the case when go is Kéhler (meaning dwy = 0), the Ricci flow does
precisely this. It gives a flow of Kéhler metrics whose behavior is deeply
intertwined with the complex and algebro-geometric properties of M
(see [8, 9, 15, 31, 32, 34, 35, 36, 37, 38, 40, 41, 45, 50, 51, 52, 56|,
for example).

However, if gg is not Kéhler, then in general the Ricci flow does not
preserve the Hermitian condition ¢g(JX,JY) = ¢(X,Y). Alternative
parabolic flows on complex manifolds which do preserve the Hermitian
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property have been proposed by Streets-Tian [42, 43] and also Liu-Yang
[28].

This paper is concerned with another such flow, first investigated by
M. Gill [19], which we will call the Chern-Ricci flow:

0 :
(1.1) Y = —Ric(w), wli=0 = wo,

where here Ric(w) is the Chern-Ricci form (sometimes called the first
Chern form) associated to the Hermitian metric g, which in local coor-
dinates is given by

(1.2) Ric(w) = —v/—190log det g.

In the case when g is Kahler, Ric(w) = \/—_1Ri3dz,- A dzj, where R
is the usual Ricci curvature of g. Thus if gg is Kéhler, (1.1) coincides
with the Kéhler-Ricci flow. In general, Ric(w) does not have a simple
relationship with the Ricci curvature of g. The Bott-Chern cohomology
class determined by the closed form Ric(w) is denoted by ¢F€(M). We
call this the first Bott-Chern class of M. It is independent of the choice
of Hermitian metric w (see Section 2 for more details).

The following result for the Chern-Ricci flow was proved by Gill [19]:

Theorem 1.1 (Gill). If cB€(M) = 0 then, for any initial metric wo,
there exists a solution w(t) to the Chern-Ricci flow (1.1) for all time and
the metrics w(t) converge smoothly ast — oo to a Hermitian metric ws
satisfying Ric(weo) = 0.

Moreover, the Hermitian metric we, is the unique Chern-Ricci flat
metric on M of the form we = wo + v/ —199¢ for some function ¢. The
Chern-Ricci flat metrics were already known to exist [10, 54], and the
estimate of [54] is used in the proof of Theorem 1.1. If wy is K&hler then
Theorem 1.1 is due to Cao [8], with we, being the Ricci-flat metric of
Yau [60]. In Section 2 below, we discuss the work of Gill [19] further,
and also explain how the Chern-Ricci flow compares with some other
parabolic flows on complex manifolds studied in the literature.

Our first result characterizes the maximal existence time for a solution
to the Chern-Ricci flow using information from the initial Hermitian
metric wy. First observe that the flow equation (1.1) may be rewritten

as
o B _ . detg(t)
5 = Ric(wo) +V—=1096(t), with 6(t) = log det go

Thus, as long as the flow exists, the solution w(t) starting at wo must
be of the form w(t) = ay + +/—1000, for some function © = O(t), with

(1.3) ar = wo — tRic(wp).
Now define a number 7' = T'(wg) with 0 < T < oo by
(1.4) T =sup{t > 0| I € C°(M) with ay + +/—109¢ > 0}.
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By the observation above, a solution to (1.1) cannot exist beyond time
T. We prove:

Theorem 1.2. There exists a unique mazximal solution to the Chern-
Ricci flow (1.1) on [0,T).

In the special case when wy is Kéhler, this is already known by the
result of Tian-Zhang [51], who extended earlier work of Cao and Tsuji
[8, 56, 57]. In the Kéhler case, T' depends only on the cohomology class
[wo] and can be written

T = sup{t > 0 | [wo] — ter (M) > 0}.

Furthermore, the Nakai-Moishezon criterion, due to Buchdahl [7] and
Lamari [25] for Kahler surfaces and to Demailly-Paun [11] for general
Kahler manifolds, implies that at time T either the volume of M goes
to zero, or the volume of some proper analytic subvariety of M goes to
zero (cf. the discussion in [15]).

Note that in the general Hermitian case, we can consider the equiva-
lence relation of (1,1) forms on M:

a~d = a=d +V-190y for some function 1 € C>°(M).

Then T defined by (1.4) depends only on the equivalence class of wy.
In the special case when M is a complex surface (n = 2) a result
of Gauduchon [16] is that every Hermitian metric is conformal to a
00-closed metric wy. If wy is 00-closed then so is w(t) for t € [0,T).

Moreover, we have a geometric characterization of the maximal existence
time T

Theorem 1.3. Let M be a compact complex surface, wy a 00-closed
Hermitian metric. Then T defined by (1.4) can be written as

T:sup{T(])O‘VtE[O,TO],/ozf>0, /ozt>0,
M D

for all D irreducible effective divisors with D? < 0},

for ay given by (1.3).

Note that for t € [0,T), the quantity [, ol = S w(t)? is the volume
of M (with respect to w(t)) and [, oy = [Hw(t) is the volume of the
curve D. Thus we can restate Theorem 1.3 as:

Corollary 1.4. Let M be a compact complex surface, wy a 00-closed
Hermitian metric. Then the Chern-Ricci flow (1.1) starting at wq exists
until either the volume of M goes to zero, or the volume of a curve of
negative self-intersection goes to zero.

As we remarked above, the same result was known to hold for the
Kéhler-Ricci flow thanks to the Nakai-Moishezon criterion of [7, 25].
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Analogues of Theorems 1.2 and 1.3 and Corollary 1.4 were conjectured
by Streets-Tian [44] for their pluriclosed flow (see Section 2 below).

The Kéahler-Ricci flow has a deep connection to the Minimal Model
Program in algebraic geometry, as demonstrated by the work of Song-
Tian and others [14, 26, 34, 35, 36, 37, 38, 39, 40, 41, 50, 51, 56, 63|.
In the case of algebraic surfaces, the minimal model program is relatively
simple. Indeed, a minimal surface is defined to be a surface with no (—1)-
curves (smooth rational curves C' with C2 = —1). To find the minimal
model, one can just apply a finite number of blow-downs, which are alge-
braic operations contracting the (—1)-curves. It was shown in [38] that
the Kahler-Ricci flow on an algebraic surface carries out these algebraic
operations, contracting (—1)-curves in the sense of Gromov-Hausdorff,
and smoothly outside of the curves. Moreover, the same behavior occurs
on a non-algebraic Kéhler surface [40]. In all dimensions, weak solutions
to the Kéhler-Ricci flow through singularities were constructed in [36]
and a number of conjectures were made about the metric behavior of
the flow (see also [41]).

We return now to the case of a complex (non-Kéhler) surface. In this
case one can also contract the (—1) curves to arrive at a minimal surface.
We conjecture that the Chern-Ricci flow on a complex surface starting
at a 00-closed metric behaves in an analogous way to the Kihler-Ricci
flow on a Kahler surface. We prove the following:

Theorem 1.5. Let M be a compact complex surface with a 00-closed
Hermitian metric wg, and let [0,T) be the mazximal existence time of the
Chern-Ricci flow starting from wg. Then

(a) If T = o0, then M is minimal.

(b) If T < oo and Vol(M,w(t)) — 0 as t — T, then M is either
birational to a ruled surface or it is a surface of class VII (and
in this case it cannot be an Inoue surface).

(c) If T < oo and Vol(M,w(t)) stays positive as t — T, then M
contains (—1)-curves.

Furthermore, if M is minimal, then T = oo unless M is CP?, a ruled
surface, a Hopf surface, or a surface of class VII with ba > 0, in which
cases (b) holds.

In the case that M is not minimal, and (c) occurs, we expect that the
Chern-Ricci flow will contract a finite number of (—1)-curves and can
be uniquely continued on the new manifold. Moreover, we conjecture
that this process can be repeated until one obtains a minimal surface,
or ends up in case (b) above. More details of this conjecture can be
found in Section 6.

To provide some evidence for our conjecture, we prove the following
theorem. It is an analogue of a result for the Kahler-Ricci flow, whose
proof is essentially contained in [51] (for a recent exposition, see Chapter
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7 of [40]), and which was a key starting point for the work [36, 37, 38,
39]. We assume that the maximal existence time 7 is finite and, roughly
speaking, that the limiting ‘class’ of the flow at time 1" is given by the
pull-back of a Hermitian metric on a manifold N via 7 : M — N, where
7 is a holomorphic map blowing down an exceptional divisor F to a
point p € N. We show that the solution to the Chern-Ricci flow will
converge smoothly at time T" away from E. In this way, one can obtain a
Hermitian metric on the new manifold N, at least away from the point
p. Our result holds in any dimension:

Theorem 1.6. Assume that there exists a holomorphic map between
compact Hermitian manifolds 7 : (M,wy) — (N,wn) blowing down the
exceptional divisor E on M to a point p € N. In addition, assume that
there exists a smooth function v on M with

(1.5) wo — TRic (wp) + vV—190¢y = m*wy,

with T' < oo given by (1.4).

Then the solution w(t) to the Chern-Ricci flow (1.1) starting at wg
converges in C* on compact subsets of M \ E to a smooth Hermitian
metric wp on M \ E.

There are some new obstacles to proving this in the non-Kahler case
that we overcome using a parabolic Schwarz Lemma for volume forms,
and a second order estimate for the metric which uses a trick of Phong-
Sturm [33].

In the cases when the flow has a long time solution, it is natural to in-
vestigate its behavior at infinity. If the manifold has vanishing first Bott-
Chern class, we have already seen by Gill’s result (Theorem 1.1) that
the flow converges to a Chern-Ricci flat Hermitian metric. We now sup-
pose that the first Chern class ¢; (M) is negative (note that ¢ (M) < 0
implies ¢1(M) < 0). In this case, the manifold M is Kéhler and a fun-
damental result of Aubin [1] and Yau [60] says that M admits a unique
Kéhler-Einstein metric wgg with negative scalar curvature. Cao [8] then
proved that the Kéahler-Ricci flow (appropriately normalized) deforms
any Kéahler metric in —c¢1 (M) to wkgg. The same is true for the normal-
ized Kéahler-Ricci flow starting at any Kéahler metric [51, 56]. Our next
result shows that starting at any Hermitian metric on the manifold M,
the (normalized) Chern-Ricci flow will converge to the Kéhler-Einstein
metric wkg.

Theorem 1.7. Let M be a compact complex manifold with ¢1 (M) < 0
and let wg be a Hermitian metric on M. Then the Chern-Ricci flow
(1.1) has a long time solution w(t), and as t goes to infinity the rescaled
metrics w(t)/t converge smoothly to the unique Kdhler-FEinstein metric
wkgE on M.
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In particular we see that the Chern-Ricci flow on these manifolds,
after normalization, deforms any Hermitian metric to a Kéahler one.
Next we illustrate the Chern-Ricci flow with an explicit example. For

a=(ag,...,an) € C"\ {0} with |aq| =+ = |ayp| # 1, we consider the
Hopf manifold M, = (C™\ {0})/ ~ where
(21 -y 2n) ~ (@121, -+, Qpzp).

This is a non-Kéahler complex manifold of complex dimension n. If n = 2,
it is an example of a class VII surface. We can write down an exact
solution to the Chern-Ricci flow on M,. Consider the metric wy =
%M—_ldzi A dzj. Then we have:

Proposition 1.8. The metrics w(t) := wy — tRic (wy) on M, give
a solution of the Chern-Ricci flow on the maximal existence interval
[0,1/n). Ast — T = 1/n, the limiting nonnegative (1,1) form wr is
given by

iij v —=1dz; A dfj.
r

In the case of the original Hopf surface, which has o = (2,2) and is
an elliptic fiber bundle over P! via the map (21, z2) + [21, 22], the lim-
iting form wr is positive definite along the fibers and zero in directions
orthogonal to the fibers.

If we start with any metric wy which differs from wpy by +/—190v
for some function v, then we conjecture that the flow also converges as
t — T to a smooth but degenerate (1,1) form on M, with properties
similar to wp. To give evidence for this conjecture, we prove an estimate:

wr =

Proposition 1.9. Let wy = wy ++/—1900y be a Hermitian metric on
M,, and let w(t) be the solution of the Chern-Ricci flow (1.1) starting
at wyg on My, fort € [0,1/n). Then there exists a uniform constant C
such that

w(t) < Cwy, fortel0,1/n).

In particular, this result shows that we obtain convergence for the
flow at the level of potential functions in C'*# for any 8 € (0,1). For
more details see Section 8.

The final result in this paper concerns not the Chern-Ricci flow, but
an elliptic equation: the complex Monge-Ampere equation

(1.6) (w4 V—=180p)" = ef'w™, W' = w4+ V/—189¢ > 0,

on a compact Hermitian manifold (M,w), where F' is a smooth function
on M. We give an alternative proof of a result of [54] that ||¢|co is
uniformly bounded (see also [4, 12]). The result makes use of a new
second order estimate in this context: tr,w’ < CeAlp=infar ) which we
conjectured to hold in [53]. For more details see Section 9. We have
included this result here because it follows easily from the argument
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used in Theorem 1.6 together with the method of [53]. The key new
ingredient is the trick of Phong-Sturm [33] applied to this setting.
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2. Preliminaries and comparison with other flows

In this section, we include for the reader’s convenience some back-
ground material on local coordinate computations with Hermitian met-
rics.

Let (M, g) be a compact Hermitian manifold of complex dimension n.
We will often compute in complex coordinates z1, ..., z,. In this case, g
is determined by the n x n Hermitian matrix g;; = 9(0;, j), where we

are writing 0;, (‘% for %, % respectively. We denote by gﬁ the entries
i Fi
of the inverse matrix of (g;7).

We define the Chern connection V associated to g as follows. Given
a vector field X = X'0; and a (1,0) form a = a;dz;, we define VX and
Va to be the tensors with components:

VZ'Xk = 8ZXk + F%Xj, Viaj = &-aj — Ffjak,
where the Christoffel symbols Ffj are given by
I = 9™ 0igjq.

The tensors VX and Va have components Viﬁ = a,-ﬁ and V;a; =
0;a;. The connection V can be naturally extended to any kind of tensor,
and we have Vg =0.
We write A for the complex Laplacian of g, which acts on a function
f by B B
Af = §O0;f = V5.
The torsion of g is the tensor T" with components
k k k
Ti; =T — T

The torsion tensor vanishes in the special case that g is Kéhler.
We define the curvature of g to be the tensor with components
p_ P
Ry =~
We will often raise and lower indices using the metric g, writing for ex-

ample ka = gpngZip . Note that szﬁ = Ry We have the following
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commutation formulae:

Vi, VA X' = R/ X7, [V, VX7 = —sz% X7,

where we are writing [V, V4] for Vi,V — ViV, We write the Chern-

Ricci curvature of g as the tensor RISZ given by
Rgz = gjiszﬁ = —0p0;logdet g,
so that the Chern-Ricci form is equal to
Ric(w) = v=1Rg,dz, A dZ.

It is a closed real (1,1) form and its cohomology class in the Bott-Chern
cohomology group

Hé’é(M, R) = {closeci real (1,1) forms}

{V—100¢,¢ € C=(M,R)}
is the first Bott-Chern class of M, and is denoted by ¢P€(M). It is in-
dependent of the choice of Hermitian metric w. More generally, if € is
a smooth positive volume form on M we can define locally Ric(2) =
—v/—1001og 2, which is a global closed real (1,1) form that represents
cBC(M). For notational convenience, we omit the factor of 27 that usu-
ally appears in the definition of ¢2¢(M). The downside of this conven-
tion is that some factors of 27 will appear later in the cohomological
calculations of Section 6.

We end this section by briefly mentioning some related parabolic
equations on Hermitian manifolds which have previously been studied
in the literature. Streets-Tian [43] introduced the flow

0

(2.1) 5197 = =S5+ Q7 gli=0 = g0,
where Sﬁ is given by taking ‘the other trace’ of the curvature of the
Chern connection: ~

ok

Sﬁ ) Rkiﬁv

and Qﬁ is a certain quadratic term in the torsion. If the form wy asso-
ciated to gy satisfies 90wy = 0, this equation becomes their pluriclosed

flow
0 N S .

(2.2) Freh 00"w + 00 w — Ric(w), wli=o = wo,

and if gg is Kéhler, it coincides with the Kéahler-Ricci flow. They ana-
lyzed (2.2) in detail in [42, 44] and made a number of conjectures about
it, two of which are analogues of our Theorems 1.2 and 1.3. They con-
jecture that their low can be used to study the topology of class VIIT
surfaces. In addition, Streets-Tian considered a family of flows of the
form (2.1) with arbitrary quadratic torsion term @ and proved, among
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other results, a short-time existence theorem [43]. The flow (2.1) was
extended to the almost complex setting by Vezzoni [58]. Liu-Yang [28]
propose studying the flow (2.1) in the case of @ = 0.

In [19], Gill introduced the following parabolic complex Monge-Ampeére
equation on a compact Hermitian manifold (M, g):

det(gﬁ + 8Z&](,0)
det(‘gl})

for a fixed smooth function F' on M. He showed that the unique solu-

tion to (2.3) exists for all time and, after an appropriate normalization,

converges in C'°° to a smooth function ¢ solving the complex Monge-
Ampere equation

0 .
(23) ESD = IOg - F7 g;j + 82%@ > 07 CP’t:O = 07

det(g,7 + 0;05¢00)
det(fh’})
for a constant b which is uniquely determined. The existence of solutions
to the elliptic equation (2.4) on Hermitian manifolds (generalizing Yau’s
Theorem [60]) was already known by the work of Cherrier [10] (if n = 2)
and the authors [54] (n > 2). See also [21, 62]. In the special case where
g is Kéahler, the flow (2.3) had been considered earlier by Cao [8], who
proved the analogous results.
In the case when ¢P¢(M) = 0, we can find a function F satisfying

001logdet § = OOF,

and with this choice, w(t) = & + /—109p(t) for p(t) solving (2.3) is
exactly the Chern-Ricci flow starting at w. In general, the only difference
between the Chern-Ricci flow and Gill’s flow (2.3) is that for the Chern-
Ricci flow we replace the fixed metric § by a smoothly varying family
of Hermitian metrics §;, and replace F' by a particular function, which
may also depend on ¢. Many of Gill’s estimates carry over easily to the
case of the Chern-Ricci flow and we will make extensive use of them
here.

A final remark about notation. In the following, C,C’ will denote
uniform positive constants which may vary from line to line.

(2.4) log — F+b,

3. Evolution of the trace of the metric

In this section we write down a formula for the evolution of the trace
of the evolving metric with respect to a fixed Hermitian metric. We
will need this calculation in later sections. We carry out the compu-
tation here using tensorial quantities, following [10], rather than using
a particular choice of complex coordinates as in [19, 21, 43, 53], for
example.

We suppose that we have three Hermitian metrics g, gg, and g such
that ¢ = g(t) satisfies the Chern-Ricci flow (1.1), and such that the



134 V. TOSATTI & B. WEINKOVE

corresponding forms satisfy
(3.1) w = wo +n(t),

for a closed (1,1) form 7(t).

We denote by V T F R the Chern connection, torsion, Christoffel
symbols, and curvature of g. Denote by Ty the torsion tensor of gy and
by A the complex Laplacian associated to g = g(t).

Note that for the purposes of this paper we will in fact only need the
case of § = gyg. However, we included the more general calculation below
since we anticipate that it may be useful in the future.

We have:

Proposition 3.1. The evolution of logtryg is given by

(3.2) <%—A> logtrgg = (I)+ (II)+ (I11)

where

1 1
I) = —| — ¢7¢%§"V19:V5 9*Vitrag Vgt
(1) trgg[ 979" 9"V 195V 9pg + — trg? Va9 Vatisg

~2Re (g9 T8 V9,5) — o i!?%Tzi:’}qégpq]

1 [ 50 e 50 &
(1) = tro9 [gﬂ " (ViTF, — prqu”)gkq]

(I11) = —ﬁ [gj"gé’“ (@i (m(go)kp) + Vg ((T o)?k(go)g))

_ gjigfki’]qe(To)fk(go)pq} .
Moreover, we have
2 A
(I) < e (g“qu (To)ii(go)pzvatTw) )

(IT) < Ctryg,
for a constant C' that depends only on g. If we are at a point where
trgg > 1, then
/ N
(I1T) < C'tryg,
for C" depending only on go and §.
Proof. First,
Atrgg = ¢7'ViV;(5%g.0) = 979" ViVig,.

From the definition of covariant derivative,

V; 79kt = 9597 — jfgkp?
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and skew-symmetrizing in j, ¢
A = L A . B — o /\_p 3
V392 = Vigi; + (0wl — Ty 9k

But from (3.1), 0w = Owp, and we may rewrite this in terms of the

torsion of go as (Owp)- yivi (To) +(90)kp- Thus

ViVigis = ViVigy; + Vi ((To)ﬁe(go)@ (ViTi)arg — T, Vigrg-
Switching covariant derivatives,
ViVigiy = ViVigi; — Ripgd™ 9,5 + Rig59" 0.
Arguing as above,
ViVigy; = ViVig; + Vg <(T0)fk (90),;3) (Vz i)gp] ﬁcvzgpy-

Combining all of these we have

Atrgg = "5 VeVirgs + g™ <@i ((To ?g(go)kp)

(3.3) + Vg ((To)‘?k(go)p;) — (ViT}, = R,20™ )k
— (VT + Rzqug )95 — T]qe@igkﬁ - Ti@?gpﬁ-
We will make a change to the second to last term using

(3.4) j}qg@igka = j}qg@kgzq + 15 e(TO)zk(QO) T T 309pq-
On the other hand,

o . o
5199 = " 00 log det(g) = ¢7' 3™ 0udyg,: — 979" 5% 095079,

and we wish to convert the partial derivatives into covariant ones. For
this, we use the relations

kg5 = @kgﬁ + fiigrj
and
0095 = az@kgij + <32F21> 9r; + szazgm
= @z@kgg + fzfj@kgiz - Rk&qg 9,5t Fmvzgm + Pmrzjgrs

Substituting we get

o o TP o . A
199 = 973"V Vig — 97797 5"V 9V agur — 579 Ry,

(35 5
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and so, combining (3.3), (3.4), and (3.5),

0
(@ — A> logtrsg
1

- . . 1 A
_ ~lk 7k
= trgg ([ _ gjpgqlg nglgvzgpq + —trAgg thrggvztrgg

9

— 9Re ( L gekjfiﬁzgp;) g g!kjﬁ T]‘.]nga]

+ [gjigék(@ij}qg - Rizpqup)gkﬁ + gek(@zjﬂiik + Riqugﬁi - R]Jingi):|

_ {gﬁgék (Vi (T)90)i5) + V7 (T)(90),5) )
- gﬁgék@(%)ﬂ(%)pé] ) '

Note that in the first set of square brackets above we have used the
identity 7}, = —T},. To obtain (3.2) it remains to show that the expres-
sion

Azk A A . A AT A AT

9 (Vi + Riggd” — Rygigd™)
in the second set of square brackets vanishes. To see this, note that

D _p_ s o afd s Xy
Rieka ka = =007, = —95aViLi

and so
N 2 Tk i A Tk i
979" Ry — Rogig) = =97 9"95aVeTh), = =3 VL,
so that
(3.6) §*(ViTh + Rgd™ — Rygind™) = 0,

establishing (3.2).

We now give the estimates on (1), (II),(III). The bounds on (II)
and (/I1) follow immediately from the definitions of these quantities. It
remains to prove the bound on (I).

In the special case when g and ¢ are Kéhler, then it was shown by
Aubin [1] and Yau [60] that (I) < 0. To bound (/) in general we follow
Cherrier’s generalization of this argument [10], as follows. Consider the
inequality

K = 922' ¢ B~

zjk‘BZﬁq 20,

where

- 7@ktrgg

Biji = Vigk; =95 T Cii
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and C;; 7k will be specified below. Calculate

. 1
K =309 VgV g + — -~ 9V tragVatrag
g

Vgt Vgt
— 2Re AZZ quz 97 r'gg — 9Re gjzquCZ]k T'g9
trgg trgg

+ 2Re (g“gj” qucgk@zgpq) + Qezgjpqucmkcqu
Using the identity
Vigkz = Vk.giz + (TO)?k(QO) Tkgpga
in the third term we get
508 (TP TR v 1 arg v
K =4"9""9""Vig15Vgpq — tpgg VitrygVatrsg
g

@*tr:q
-9 ol 7 (T _va¥g
Re( (To);x(90),7 trog

i G - @ftr:q
e (gﬂqu [Cﬁ’f N 11%9?3] tqr; )

+2Re <g“gj el ]kvggpq> + 3" g7Pg™ C iy Cie

and comparing this expression with (1) we get

(I) = b ( — K —2Re ( 5l qk(To)Zk(Qo) _Vgtrgg>

tryg pt trgg

: - @—trAg

~ k vaqrgJ
— 2Re <gﬂgq [Cign = Tk = )
g9

+ 2Re (g&g“’ 9™ Ciz — Th9,5] @zgpa)
+ ghg]pquc kCZﬁq ]Z AZkTp T; zgpq>

and so the obvious choice to make is
_ TP, _
Cﬁk = T51.9,5>
which makes three terms disappear, and gives us

(3.7) (I) = L ( _ — 92Re <A€z qk(TO)Zk(QO) Vj‘ﬁ}“gQ) )

trgg rs9

Hence
2

(trgg)?

(1) < 5 Re (59™ (T0)}(90) 7 Vatrag )
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as required. q.e.d.

4. Maximal existence time for the flow

In this section we give proofs of Theorem 1.2 and Theorem 1.3.
Proof of Theorem 1.2. As an aside, note that T" can also be defined by
T =sup{Ty > 0 | Vt € [0, Tp], Iy € C°°(M) with ay + v/—199¢y > 0},

for a; given by (1.3).
Fix Ty < T. We will show there exists a solution of (1.1) on [0, Tp).

Define reference metrics @, for ¢ € [0, Ty] by

N t — To—1t t _

G = oy + V1001, = ~=—wy + = (ag, + V—109fr,),

Tp T T

with fr, a function satisfying ag, + v/—109fr, > 0. Note that these
Hermitian metrics vary smoothly on the compact interval [0,7p] and
hence we have estimates on @; which are uniform for ¢ in [0, 7p]. It is
convenient to write Wy = wg + tx where x is given by

X = Tiox/—l@ngo — Ric(wp).

I

Iy _

Define a volume form Q = w{e 70 , which satisfies v/—1001og Q) =

X = %d)t. Now consider the parabolic complex Monge-Ampere equation

(d}t + vV —185@)”
Q

0 . _
(4.1) prid log , W+ V=100 >0, ¢li= =0.

If ¢ solves (4.1) on some time interval, then taking V=100 of (4.1)
shows that w = @; + v/—100¢ solves (1.1) on the same time interval.
Conversely, if w solves (1.1) on an interval contained in [0, Tp], then we
have

0 N B — whofr ) —w"
a(w—wt) = —Ric(w)—x = vV—199 (lng_g - ?0> =+v/—1001log o

so if we choose ¢ to solve
n

0 w
o :1 —_— — p—
5% = log ¢li=0 =0,

which is an ODE in ¢ for each fixed point on M, then we have %(w —

Oy — v/—100¢) = 0 so that indeed w = &; + /—100p and ¢ satisfies
(4.1). Therefore, the two flows (1.1) and (4.1) are essentially equivalent.

We know by standard parabolic theory that there exists a unique
maximal solution of (4.1) on some time interval [0, Tinax) With Tinax > 0.
We may as well assume that Ty, < Tp. Assume for a contradiction that
Tinax < Tp-

We now prove uniform estimates for ¢ solving (4.1) up to the maximal
time:
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Lemma 4.1. There is a positive constant Cy, independent of t €
[0, Tinax), such that

@) le@®llco < Co-
(i) ”‘P( )co < Co.
(iif) Cylwo < w(t) < Cowp.
(iv) For each k =0,1,2,..., there exist constants Cy, such that

Hcp(t)llck(wo) < .

Proof. The proofs of (i) and (ii) follow almost verbatim from the
Kahler case [51], but we include brief arguments for the reader’s con-
venience. For (i), put ¢» = ¢ — At for a constant A > 0. Suppose that a
maximum of v occurs at a point with ¢ > 0. Then at this point, by the
maximum principle,

—A<O0

0< 27,0 ~ log (@ + /—100¢)"
ot Q
if A is chosen sufficiently large, a contradiction. Here we are using the
fact that @ is a smooth family of metrics on [0, Tinax|. This gives an
upper bound for ¥ and hence ¢. The lower bound is proved similarly.
For a lower bound for ¢, first note that

Put Qo = (Th — t)¢ + ¢ + nt and compute

0 . .
<E — A) Qo = (To—t)try,x+n—Ap = try, (0 + (To — t)x) = trywrn, > 0.
Hence Qg is bounded below by the maximum principle and this gives a
lower bound for ¢ (since we assume Tiax < 1p).

For the upper bound of ¢, define @1 = tp — ¢ — nt. Then

(% — A> Q1 =ttryxy —n+try(w — @) = try,(ty — @) = —try,wo < 0,
and an upper bound for ()7 and hence ¢ follows from the maximum
principle.

Note that by (ii) the volume form w™ is uniformly equivalent to a fixed
volume form wy, say. To prove (iii) then, it suffices to obtain a uniform
upper bound of try,g. For this, we could apply the second order estimate
of Gill [19]. Instead, we give a different proof which uses a trick due to
Phong-Sturm [33], since we will use it again later in Sections 5 and 9.
Choose a constant C so that ¢+ C > 1. Following [33], we compute the
evolution of

1
Q2 =logtry,g — Ap + ——,
2 90 ¥ ot C
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for A a large constant to be determined. We wish to show that at a point

where Q2 achieves a maximum, try, g is uniformly bounded from above.

It will then follow from (i) that try,g¢ is bounded from above on M.
We apply Proposition 3.1 with § = gg to obtain

a —
(4.2) <a — A) log try,g < (721{(3 (QZk(TO)zpaztrgog) + Ctrygo,

trg,g )

assuming we are calculating at a point with trg,g > 1.
To bound the first term on the right hand side of (4.2), we note that
at a maximum point of Q3 we have 0;QQ2 = 0 and hence

1

1

Tg09 (‘P

Then at this maximum point for Qo,

Ok P
(trgog)z Re (-g (TO)kpaZtrgog) ‘

g (4 ) 7))

2
(4.4) <10l | CA%(p + O3 -ad0_
(p+0C)3 (trgog)?
for a uniform constant C. But we may assume that at the maximum of
Q2 we have (tr,,g)> = A%(p + C)3, since otherwise we already have the
required bound on try,g.
Thus at the maximum of Q9, using (4.2), (4.4),

<

) |0¢|? 1
0<|=-A <—19 4 Ct —<A+7~>'
<at >Q2 ot Cp e wror)f
1 2
+ A—|—7~>tr — ) — ———— |0 2.
< (v ) ol a0

Since g = cogo with ¢ € [0, Tihax|, for some uniform ¢y > 0, we may
choose A sufficiently large so that Atryg, > (C + 1)trggo. Since ¢ is
bounded from (ii), we obtain

trggo < C'

at the maximum of Q9, for a uniform constant C’. Hence at the maxi-
mum of @Qs,
n_1 detg <o

detgy =’

1
trgog < m(trggo)

where we have applied (ii) again. Hence try,g is uniformly bounded from
above on M, giving (iii).
Part (iv) follows from the higher order estimates of Gill [19]. q.e.d.
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It is now straightforward to complete the proof of Theorem 1.2. We
have uniform estimates for the flow ¢(¢) on [0, Tinax). Taking limits we
have a solution on [0, Tiax|. Applying the standard parabolic short time
existence theory we obtain a solution a little beyond T ax, & contradic-
tion. Hence there exists a unique solution of (4.1) on [0,7p). Taking
/=100 of (4.1) gives us a solution of (1.1) on [0,Tp). Since Ty < T was
chosen arbitrarily, we get a solution of (1.1) on [0,7").

Uniqueness follows from uniqueness of solutions to (4.1). Clearly the
flow cannot extend beyond T q.e.d.

Next we give a proof of Theorem 1.3.

Proof of Theorem 1.3. Note that in general if 90wy = 0 then d0w = 0
for all later times. If n = 2 this means that the flow (1.1) preserves the
Gauduchon condition (recall that a Hermitian metric w is Gauduchon if
00w™ ™! = 0). The key result that we need is due to Buchdahl [7] and it
says that if 7 is a d0-closed real (1, 1) form and wy a Gauduchon metric
on a compact complex surface M such that

/n2>0, /nAwo>0, /n>0,
M M D

for all irreducible effective divisors D on M with _D2 < 0, then there ex-
ists a smooth real function f such that n++/—199f > 0 is a Gauduchon
metric. First of all observe that the following condition

(4.5) /772>0, /77/\w0>0, /77>0,
M M D

for all D as above is enough to guarantee the same conclusion. Indeed
consider the (1,1) forms 7y = 1 + two, and take ¢t > 0 large so that 7, is
a Gauduchon metric. Then we have

/n/\mz/ n2+t/ nAwp >0,
M M M

and so we can apply Buchdahl’s result using 7; instead of wg. In particu-
lar, if (4.5) holds then in fact we have the strict inequality [,, nAwp > 0.

We now apply this discussion to the (1,1) forms oy = wy — tRic(wp).
As we have seen earlier, the evolving metrics w(t) are of the form w(t) =
ay + /=100y, and so it follows that T is the supremum of all t > 0
such that

(4.6) /af>0,/ at/\w020,/at>0,
M M D

for all D as above. Furthermore, if (4.6) holds at some time ¢ then in
fact f v @ A wo > 0. Therefore T' is also the supremum of all 7o > 0

such that
/ a§>0,/ a; >0,
M D
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hold for all ¢ € [0, Tp]. q.e.d.

5. Estimates away from a divisor

In this section we give the proof of Theorem 1.6. Let w = w(t) be the
solution of (1.1) on the maximal time interval [0,7"). We assume in this
section that 17" < oo.

In addition, we make the assumption that there exists a smooth func-
tion fr on M such that

(5.1) QO = ar +V—190fr > 0,

where we recall from (1.3) that ar = wp — TRic(wp). In the Kéhler case
(5.1) corresponds to the condition that the limiting Kéhler class has a
nonnegative representative. Define reference metrics
1
Wy = T (T — t)wo + tor), for t € [0,T).

Then by the same argument as in the beginning of Section 4, we may
write w(t) = & ++v/—190p where ¢ = p(t) solves the parabolic complex
Monge-Ampere equation

((i)t + —185(,0)n
Q

0 R _
(52) E(‘D = log ’ Wt + \% _188Q0 > 07 @’t:o = 07
£
for the smooth volume form €} = wg‘eTT.
We begin with a proposition, which is exactly analogous to a result
for the Kahler-Ricci flow [50, 51] (see also the expositions in [37, 40]).

Proposition 5.1. With the assumptions above, there exists a con-
stant C' such that for all t € [0,T),

(@) lle@)llco < C.
(i) ¢(t) < C.

Proof. The proof is exactly the same as in the Kéhler case. Briefly:
the upper bound of ¢ follows from the same argument as in Lemma 4.1.
For the lower bound of ¢ observe that @; = (T:; t)wo + %(IJT > (TC; Y wo
and hence @)' > ¢o(T — t)"Q for a uniform ¢y > 0. The lower bound of
 follows from applying the maximum principle to the quantity

Q=p+n(T—1t)(log(T —t) —1) — (logcy — 1)t.

Indeed if Q achieves its mimimum at some point (x,t) with ¢ > 0, then
at (x,t) we have /—190¢ > 0 and

NN

02%QQIOg%—nlog(T—t)—logco—i-l21,

a contradiction. Hence () achieves its minimum at time ¢ = 0, which
gives the lower bound for ¢.

The upper bound of ¢ follows from the same argument as in Lemma
4.1. q.e.d.
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Next we prove a parabolic Schwarz lemma for volume forms for the
flow (1.1). It holds in the special case that wr is the pull-back of a metric
from another Hermitian manifold via a holomorphic map. In the Kéhler
case this is due to Song-Tian [34], and is a parabolic version of Yau’s
(volume) Schwarz lemma [61].

Proposition 5.2. Let w = w(t) solve (1.1) on [0,T) with T < co.
Suppose we have a holomorphic map @ : M — N for N a compact
Hermitian manifold of the same dimension n, equipped with a Hermit-
tan metric wy. Suppose that wp = w*wy. Then there exists a uniform
constant C > 0 such that on M x [0,T),

w" > %(W*w]v)".
Proof. Call
(m*wn)"
wn
the ratio of the volume forms. At any point where u > 0 we can calculate

<§ - A) log u = tr,m*Ric(wy)—tr,Ric(w)—g’ 5% = tr,m Ric(wn).

We apply the maximum principle to
Q =logu— Ap — An(T — t)(log(T —t) — 1),

for a constant A to be determined (cf. [40, Lemma 7.3]). The maximum
of () is achieved at a point where u > 0, so we compute

(% _ A> Q = tr,m Ric(wy) — Ap + Anlog(T —t) + Atr,(w — &)

n

s B w
= —tr,((A — 1)&y — 7 Ric(wy)) — Alog T —on
— tI’wajt + An.
Choose A sufficiently large so that for all ¢ € [0, T,
(A-1)

(A-1)&—7"Ric(wy) = ((T' = t)wo + tr*wn)—7"Ric(wy) > T wn.

T
Note that by the arithmetic-geometric means inequality,

T —t) (T — t)nQ\ /"
: )

wTL

tr,wp > tr,wo = ¢ (

for a uniform ¢ > 0. Then

<Q—A>Q<—trwﬂ*wN+Alog (T -1 Q—c<(T 2 Q) + An
ot wn wn

< —trymfwn + C,
using the fact that the map z — Alogz — cz!/™ is uniformly bounded
from above for z > 0. Thus at a maximum point of ) we have tr,m*wy <
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C, and applying the arithmetic-geometric means inequality again, u
is uniformly bounded from above at this point. Since ¢ is uniformly
bounded by Proposition 5.1, this implies that () is bounded from above,
and hence so is u. q.e.d.

Now assume that we are in the situation of Theorem 1.6. The map
m: M — N is a holomorphic map blowing down an exceptional divisor
FE to a point p € N. More explicitly, a neighborhood of E in M can be
identified with

B={(z,0) e BxP" ! |z e},

where B is the open unit ball in C* and elements ¢ in P"~! are identified
with lines through the origin in C™. The map 7 on B is identified with
the projection (z,¢) — z € B and the exceptional divisor E C M with
the set 7-1(0) C B. 7 is a biholomorphism from M \ E to N \ {p}.

By assumption, there exists a function ¢ = fp with

wr = ar + vV —185fT = 1rwy.

Now there exists a Hermitian metric h on the fibers of the line bundle [E]
associated to the divisor £ with the property that for £ > 0 sufficiently
small,

(5.3) m*wn — Ry, >0, with R, = —/—1991log h.

For a proof of this statement, see [20, p. 187]. Although it is stated there
in the Kéahler case, the same proof carries over with wy Hermitian. Fix
s a holomorphic section of [E] vanishing along E to order 1.

We have a lemma:

Lemma 5.3. With these hypotheses, there exists A > 0 and C such
that

trgo g S W

Proof. Define, as in Tsuji’s work [56], ¢ = ¢ — ¢ log|s|?, which is
uniformly bounded from below and goes to infinity on E. Here g9 > 0
is a small constant that will be specified below. Choose a constant Cj
so that ¢ + Cy > 1. Following Phong-Sturm [33] (and as in Lemma 4.1

above), we compute the evolution of
1
=logtry,g — A + ———,
Q = logtrg,g — AP 51 Co

for A to be determined (assume at least Ay > 1). Note that the quantity
1/(¢ 4+ Cp) is bounded (in fact it lies between 0 and 1). Moreover, @
tends to negative infinity on E and hence for each fixed time ¢, the
quantity Q(x,t) achieves a maximum at some point in M \ E.
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From Proposition 3.1 we have

a _
(5.4) <§ - A) log trg,g < WRG (gek(To)ipaztrgog) + Ctrggo,
0

assuming we are calculating at a point with try,,g > 1. To bound the
first term on the right hand side, we note that at a maximum point of
@ we have 0;QQ = 0 and hence

1 . 1 ~
g Oittng = ADP — oy 006 = 0.
Thus at this maximum point for @,
2 _
WRG (gfk(To)ipﬁgtrgog) ‘
P 1 i
< Re( A+ ——— ) ¢™(Ty)" (8.5 >‘
trgg << (p+ C0)2> g O)kp( %)
02; ) trodo
S ———= + CA“ (3 + C, 3 g ’
(90 + 00)3 ((’D 0) (trgog)2

for a uniform constant C. If at the maximum of Q we have (trg,g)? <
A%(p + Cp)? then at the same point we have

3
(trg09)|5[24%° < A(p — e log ||} + Co) 2 |s[24%0 < O,

for a constant C4 depending on A, and so

1
2A
Q = log((trg,g)|s]; ") — Ap + e < CY,

and we are done. If on the other hand at the maximum of ) we have
A2( + Co)? < (trgyg)? then

032
———— + Ctr,q0.
‘ (trg09)? (G +Copp e

Now compute at the maximum of @, using (5.4),

a~2
og(a A>Q<(|L|g+cwggo—<14+%>¢

Re <gék(To)§szt1"gog> ‘ <

o %+ CoP® (¢ + Co)*
1 .
+ <A + m) try, (w — (@ — €0Rp))
2 -
(5.5) - mmﬂg'

Since we clearly have w; > cop for some constant ¢ > 0, we can use
(5.3) to get that & —eg Ry, = cowp for some uniform ¢y > 0, provided we
choose g sufficiently small. Hence we may choose A sufficiently large so
that

Q
trggo < C'log — + C.
wn



146 V. TOSATTI & B. WEINKOVE

Hence at the maximum of @),

n

tr <;(tr yt detg <% (1o it n_1+C<Cl
909 S (n—1)! 990 detgo = Q & on S

because we know that % < C and z ~ z|log z|*~! is bounded above

for x close to zero. This implies that @ is bounded from above at its

maximum, and completes the proof of the lemma. q.e.d.

It is now straightforward to complete the proof of the theorem.

Proof of Theorem 1.6. We apply Proposition 5.2 and Lemma 5.3 to see
that for any compact set K C M \ E, there exists a constant Cx > 0
such that

Crlwo < w(t) < Cxwy on K x [0,T).
Applying the higher order estimates of Gill [19], which are local, we
obtain uniform C° estimates for w(t) on compact subsets of M \ E.
In particular, for every compact set K there exists a constant C'; such
that
%w = —Ric(w) < Cgw,
which implies that e~Cx'w(t) is decreasing in ¢ as well as being bounded
from below. This implies that a limit for w(t) exists as t — T', and since
we have uniform estimates away from E, we see that w(t) converges in
C* on compact subsets to a smooth Hermitian metric wy on M \ E.
q.e.d.

6. The Chern-Ricci flow on complex surfaces

In this section we give a proof of Theorem 1.5, and we pose some
conjectures on the behavior of the Chern-Ricci flow on surfaces, and its
relation to the ‘minimal model program for complex surfaces’.

First recall that the Kodaira dimension of a compact complex mani-
fold M of dimension n is given by

: 0
(M) = lim sup log dim H” (M, (K )
£—+00 log ¢
Proof of Theorem 1.5. (a) We need to show that if T = oo then M
is minimal. If M is a non-minimal compact complex surface then we

must have T' < oo, because if D is any (—1)-curve in M we have that
D - Ky < 0 and so the volume of D,

/w(t):/ wo + 2mtD - Ky,
D D

becomes zero in finite time.
(b) If the volume goes to zero at time 7' < oo, we have that [, a2 =0,

€ {—00,0,1,...,n}.

where we recall from (1.3) that oz is the d0-closed (1,1) form ar =
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wo — TRic(wp). We claim that in this case the Kodaira dimension k(M)
is negative, which by the Kodaira-Enriques classification [2, 3] implies
that M is either birational to a ruled surface or of class VII. Indeed, if
k(M) > 0 then some power ¢K s, £ > 1 of the canonical bundle would
be effective. Let E be an effective divisor in |[(Ks|; then E must be
nonempty since otherwise /K, would be trivial, and so ¢P¢(M) = 0
and by Theorem 1.1 we would have T' = co. We thus conclude that E
is nonempty, and let s be a section of /Kj; defining F¥ and h a smooth
metric on the fibers of /K ;. Then by the Poincaré-Lelong formula the
curvature 7 of h is a smooth closed real (1,1) form such that

211[E] = n 4+ v/—100log |s|2

holds as currents on M (see also [17]). In particular for any 90-closed
smooth (1,1) form ~ we have

/ ’y/\n:27r/’y.
M E

Moreover if v is a Gauduchon metric we have

2
/ yABCM) =~ [ <o,
M 14 E

because —%77 represents c;C(M). Taking v = w(t) and letting ¢ approach
T we get

/ ar ABC(M) <0.
M

We also have

0:/ a%:—T/ aT/\c}EC(M)—F/ ar A wp
M M M
E/OéT/\MOEU,
M

which implies that [, a7 A wy = 0. Applying [6, Lemma 4], we see
that ap = /—100f for some smooth function f, which implies that
wp is Kéhler and that M is Fano, contradicting the assumption that
the Kodaira dimension of M is nonnegative. To see that M cannot be
an Inoue surface, we apply the observation (below) that on an Inoue
surface, the Chern-Ricci flow exists for all time.

(¢) Assume now that 7' < oo and that the volume does not collapse
at time 7', so that f M a2T > 0. We know from Theorem 1.2 that there is
no smooth function f such that ar ++/—199f > 0 (otherwise we could
continue the flow past 7'). On the other hand, for € > 0

T
ar +ewp = (1 + €)wp — TRic(wp) = (1 +¢) <w0 - 1—+ERic(w0)> ,
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and since %E < T we have wy — %Ric(wo) +v/~190f > 0 for some

function f. Therefore
/ wo A (ap + ewp) > 0,
M

and letting ¢ — 0 we get [ v a1 ANwo = 0; therefore

/aT/\(aT+Ewo):/ a?p—ka/ ar Awy > 0.
M M M

We now apply the main theorem of [7], and we see that there is an
irreducible effective divisor D C M with D? < 0 such that f par =0.
Furthermore,

1 1
(6.1) 27TKM-D:—/Ric(wo):—/(aT—wo):——/w0<0,
D T Jp T Jp

and so by the adjunction formula D is a smooth (—1)-curve.

Assume now that M is minimal and consider first the case when M
is Kahler. If k(M) > 0 then K}, is nef thanks to [2, Corollary I11.2.4],
while if k(M) = —oo then by the Kodaira-Enriques classification M is
either CP? or ruled. If K is nef then [, ¢B¢(M)? > 0 and if (M) > 0
then some power of K, is effective, so the argument above implies that
Jay wo A cBC(M) < 0. Thus the volume along the flow is

Vt:/ w(t)2:/ w8—2t/ wo/\c]fc(M)+t2/ BC(M)?,
M M M M

which is always positive, so by Theorem 1.3 we have T' = co. On the
other hand, if M is CP? or ruled then we must have 7' < oo, and since
case (c) is excluded we must be in case (b). Indeed, if M is CP? and E
is a line inside it then FE - Kj; < 0 and its volume

/w(t):/wo+27rtE-KM
E E

goes to zero in finite time. The other case is when M is ruled and
E = CP! is a fiber of the ruling; then E - E = 0 and by the genus
formula E - Kj; = —2, which again implies that the volume of E goes
to zero in finite time.

If on the other hand M is not Kéhler, thanks to the Kodaira-Enriques
classification [2, 3] we know that minimal non-Kéhler compact complex
surfaces fall into the following classes:

1) primary and secondary Kodaira surfaces,

2) surfaces of class VII with by(M) = 0,

3) minimal surfaces of class VII with by(M) > 0,

4) minimal properly elliptic surfaces,
where a surface of class VII is by definition a compact complex surface
with b1(M) = 1 and k(M) = —oo, while a properly elliptic surface is
an elliptic surface with k(M) = 1. The surfaces in (1), (2), and (4) are
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completely classified, and while there are many examples of surfaces in
(3), a complete classification is still lacking (see e.g. [2, 13, 27, 29, 46,
47, 49]). We treat each case separately.

In case (1) the manifold M has torsion canonical bundle (i.e. some
power {K s, £ > 1 is holomorphically trivial). In particular these mani-
folds have cB“(M) = 0, and Theorem 1.1 says that the Chern-Ricci flow
starting from any initial Hermitian metric wy has a long time solution
w(t) (so we are in case (a)) which as t goes to infinity converges smoothly
to the unique Hermitian metric of the form weo = wo+ v/—100¢s with
Ric(weo) = 0.

In case (2), the manifold M is either an Inoue surface or a Hopf surface
[27, 46]. Suppose first that M is an Inoue surface. Then M does not
have any curves and by [48, Remark 4.2] any Gauduchon metric wy
satisfies [, wo A cBC(M) < 0. In particular the volume of M along the

flow is
Vt:/ w(t)2:/ w%—Qt/ wo A BC(M).
M M M

Since V; is always positive, Theorem 1.3 implies that the Chern-Ricci
flow exists for all positive time, so we are in case (a).

If M is a Hopf surface, it follows from the arguments in [48, Re-
mark 4.3] that any Gauduchon metric wy on them satisfies f M wWo A
cBC(M) > 0. Indeed, as we have seen this holds whenever M has a
plurianticanonical divisor, and [48, Remark 4.3] shows that every pri-
mary Hopf surface has an anticanonical divisor. But every Hopf surface
is either primary or secondary (i.e. a finite unramified quotient M — M
of a primary one) and an anticanonical divisor on M gives a plurianti-
canonical divisor on M. In particular the volume of M along the flow is

V}:/ w(t)2:/ wg—Zt/ wo A (M),
M M M

which goes to zero in finite time, and so the Chern-Ricci flow exists for
finite time. In fact, since every curve on M is homologous to zero, the
flow exists precisely as long as the volume stays positive and then it
collapses, so we are in case (b). We will investigate the behavior of the
flow on a family of Hopf manifolds in Section 8.

In case (3), if we call bp(M) = n > 0, we have [,,ci(M) = —n
(see e.g. [47, p. 494]). It follows that the Chern-Ricci flow starting from
any initial Gauduchon metric wq exists only for finite time, because the
volume of M along the flow is

V}:/ w(t)zz/ w§—2t/ wo A BC(M) — 4n’nt?,
M M M

which goes to zero in finite time. Furthermore, since M is minimal and
using again Theorem 1.3, we see that we are in case (b). Note that
carrying out a space-time rescaling of the flow to have constant volume
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will still produce a solution that exists only for a finite time (cf. the
discussion in [44]).

In case (4) we have [, c}(M) = 0 and by definition some power of
the canonical bundle ¢Kp;, £ > 1, is effective. Arguing as before, this
implies that

/ wo A BC(M) < 0.
M

Therefore the volume along the Chern-Ricci flow remains positive for
all time, and since M is minimal the flow has a long time solution and
we are in case (a). q.e.d.

Furthermore, arguing as in [40, Proposition 8.4], one can show that in
case (b) the volume goes to zero quadratically only on a Fano manifold
in a positive multiple of the anticanonical class; otherwise it goes to zero
linearly.

We finish this section with some further discussions and conjectures.
We begin by considering what happens in case (c), along the lines of [40,
Theorem 8.3]. First of all note that ar is a d0-closed real (1,1) form with
[ 0% > 0. Tt follows from [6, Lemma 4] that if ¢ is another 99-closed
real (1,1) form with [, ¥ Aar =0, then [, * < 0 with equality if and
only if ) = /=199 for some function f. If now Dy, Do are irreducible
distinct (—1)-curves (so Dy - Dy > 0) with [, ar = [, ar =0, then
as before we can express the divisor D1 + Do as

21[Dy + Do) = n 4 /—109log |57,

in the sense of currents, where 7 is a smooth closed form that represents
2mc1 (D1 + Dy). Therefore, since ddap = 0,

1
O:/ aT+/ OéT:—/ n A ar,
D: Dy 27 Ju

and so 47%(Dy + D2)? = [,,1* < 0, with equality implying that n =
/=100 f. But this would give

0= [ and(n) = 2k (D1 + D) <0
M

a contradiction. Thus we conclude that (D; + D2)? < 0, which implies
that D; - Dy = 0 and D, Dy are disjoint. The set of all these (—1)-
curves is finite, Dq,..., Dy say, because they give linearly independent
classes in homology. Contracting all of them we get a contraction map
m: M — N, where N is a compact complex surface which is Kéhler if
and only if M is.

In light of the behavior of the Kahler-Ricci flow on surfaces, it is
natural to ask whether the Chern-Ricci flow contracts, in the sense of
[38], the (—1)-curves Dq,..., Dy to points pi,...,pr on N. First, do
the metrics w(t) converge smoothly on compact subsets of M\ |J,; D; to
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a smooth Kahler metric w(T') on M \ |J,; D;, as in Theorem 1.67 This
would hold if we can find 3, a 90-closed real (1,1) form on N, and f a
smooth function on M such that 78 = ar + /—190f.

Furthermore, does the family (M,w(t)) converge in the sense of
Gromov-Hausdorff to a limiting compact metric space (N,d) as t —
T~7? Can we produce a solution of the Chern-Ricci flow @(t) on N for
t € [T,T'] (with T > T) such that @(T) on N \ {p1,...,pr} can be
identified with w(T") via the blow-down map? Does the family (N, (¢))
converge in the Gromov-Hausdorff sense to (N,d) as t — T*?

If this can be carried out, one could continue this process a finite num-
ber of times to obtain a solution of the Chern-Ricci flow ‘with canonical
surgical contractions’ [38] all the way to the minimal model of M.

Finally, what is the long time behavior of the Chern-Ricci flow on a
minimal model M? In the case when M has Kodaira dimension zero, so
that it has torsion canonical bundle (and is either a Calabi-Yau surface
or a Kodaira surface) the flow always converges to a Chern-Ricci flat
metric (which need not be Kéhler, even if M is Calabi-Yau) by Gill’s
Theorem 1.1. Another case (of course there are many more) is when
c1(M) < 0. We discuss this case, for any dimension, in the next section.

7. Convergence when c¢;(M) <0

In this section we assume that M is a compact Kahler manifold with
c1(M) < 0 and we give the proof of Theorem 1.7.

Start by fixing a smooth volume form 2 with Ric(f2) < 0, which
is possible because ¢1(M) < 0, and note that Ric(€2) also represents
cBC(M). Therefore, for all > 0 the (1,1) form wg — tRic(f) is positive,
and by Theorem 1.2 the Chern-Ricci flow (1.1) exists for all time. Call
@(s) its solution.

We consider now the rescaled metrics w = sf_—l and a new time pa-
rameter ¢ = log(s + 1), so that the new metrics solve
0 .
(7.1) prih —Ric(w) —w, wli=0 = wo,

for all positive t. First of all we show that (7.1) is equivalent to a para-
bolic complex Monge-Ampere equation. To see this, call @ = —Ric(£2) +
e !(Ric(2) +wp), and note that they are Hermitian metrics that satisfy

0
(7.2) aof) = —RiC(Q) - (Z), (i)’tzo = Wwo,
and @ converges smoothly to —Ric(Q2) as t goes to infinity. It follows
that
0 R R _ w™
—(w—-w)=—(w—-w)+V—1001og a
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Consider now the solution ¢ of the equation

n

0 w
. _— = l _— — =
(7 3) at(p og 9 2 (10|t—0 07

which exists for all positive time as can be seen by regarding it as an
ODE in t for each fixed point on M. We have that
0 R _ R _
5 (e"(w—&—V=19dp)) =0, (w—&—V=190¢)|i=o =0,
which implies that w = & + v/—199¢ holds for ¢ > 0. Then Theorem
1.7 follows directly from:

Theorem 7.1. Ast — oo we have thal ¢ — ¢ smoothly, and
Weo = —Ric() + vV —100¢ps equals the unique Kdhler-Einstein metric
WKE -

Proof. First, we derive uniform estimates for ¢ independent of ¢. The
estimates for ||¢[/co and [|¢||co follow from the same arguments as in
[8, 51, 56]. Indeed, a simple maximum principle argument shows that
|¢| < C independent of ¢. Compute

<% — A) » = —¢ —try,(Ric() + )
= —¢p —n+ Ay — tr,Ric(Q),
and so

(% - A> (p+¢) = —n — truRic(Q).

At the minimum of ¢ + ¢, assuming it occurs for ¢ > 0, we have
—tr,Ric(2) < n, and since Ric(2) < 0 the arithmetic-geometric means
inequality gives us ¢ + ¢ = log% > —(C at this point and hence
everywhere. Since |p| < C, we get ¢ > —C. But we also have that
Ric(2) + @ = e (Ric(Q) + wp), and so

<%—A> (o + ¢ +nt —e'p) = trywg > 0,

which implies by the maximum principle that, for t > 1, ¢ < Cte™! <
Ce~t/2. This estimate is the same as the one in [51].
We feed this into the second order estimate as before. We have

(9 2€_t 7k
<a - A) log trg,g < WRe (g (TO)Zpﬁztrgog> + Ctrggo — 1,
assuming we are calculating at a point with trg,g > 1. Indeed, this
follows from the calculations of Proposition 3.1 with § = gg, with the
minor change that now g(¢) evolves by the normalized Chern-Ricci flow.
In particular, we now have dw = e ‘dwy instead of dw = dwy.
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Arguing as in the proof of Lemma 4.1 we get that w is uniformly
equivalent to wy independent of ¢. Uniform higher order estimates are
then provided by Gill’s paper [19]. In particular, it follows that

(% - A> (e'p) = —try(Ric(Q) + wp) = —C,
and so the maximum principle implies that ¢ > —C/(1+t)e~t > —Ce~t/2,
This implies that as t approaches infinity ¢ converges uniformly to zero
exponentially fast, which implies that ¢ converges uniformly exponen-
tially fast to a continuous limit function ¢.,. Since we have uniform
higher order estimates for (¢, it follows that (., is actually smooth
and the convergence of ¢ to o is in the smooth topology. There-
fore we can pass to the limit in (7.3) and see that the limiting metric
Weo = —Ric(Q) + /=100, satisfies

n

log %" = Poos
and taking v/—100 of this, we get
Ric(weo) = —Woos
so that wy is the unique Kéhler-Einstein metric on M. q.e.d.

8. Hopf manifolds

In this section we study the Chern-Ricci flow on some Hopf manifolds.
As in the Introduction, for a = (aq,...,a,) € C"\ {0} with |o;| =
-+ = |ayp| # 1, let M, be the Hopf manifold M, = (C™\{0})/ ~, where

(2150 oy 2n) ~ (@121, ..oy 2n) .
We consider the metric
5
wg = %\/ —1dz; A d?j,
r

where 7?2 = > =1 |zj|%. If n = 2, wy is d-closed, but this is false if
n > 2. We now show that w(t) = wyg — tRic(wy) gives an explicit
solution of the Chern-Ricci flow on M,,.

Proof of Proposition 1.8. Observe that det(wp) = r~2" and
Ric(wy) = nv/—100log 2 = % (52-]- - %) VvV —1ldz; NdZ; > 0.

For t < % we have the Hermitian metrics

ZZ'Zj
7,2

w(t) = wy — tRic(wy) = 7,_12 ((1 — nt)di; + nt

> v —=1dz; A dEj.

To compute the determinant of w(t), note that the matrix nt% has
eigenvalue nt with multiplicity 1 and all the other eigenvalues are zero,
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while the matrix (1—nt)d;; has eigenvalue 1 —nt with multiplicity n and
is diagonal in every coordinate system. Choosing a coordinate system
that makes Z;j diagonal we see that the eigenvalues of r2w(t) are 1 —nt
with multiplicity n — 1 and 1 with multiplicity 1. Therefore

(1 —nt)"1

2n ’

det(w(t)) =

r

from which it follows that Ric(w(t)) = Ric(wg), which implies that w(t)
solves the Chern-Ricci flow on the maximal existence interval [0, %)
q.e.d.

One can also consider more general Hopf manifolds, such as the Hopf
surface M, with |ay| # |az|. In this case, Gauduchon and Ornea [18]
have constructed an explicit Gauduchon metric wgo (which is also lo-
cally conformally Ké&hler). It would be interesting to see if the solution
of the Chern-Ricci flow starting at wgo can also be written down ex-
plicitly.

Next we give the proof of Proposition 1.9.

Proof of Proposition 1.9. Write &; = wy —tRic(wp). Then we can write
w(t) as w(t) = w++v/—100¢ for a function ¢ = ¢(t) solving the parabolic
complex Monge-Ampere equation

((i)t + vV —185(,0)n
Q

0 . _
(8.1) —¢ =1log , W+ V=100p >0, @li=o = 1,

ot

for ¢ as in the statement of Proposition 1.9. A solution exists for t €
[0,1/n). In what follows, we will drop the subscript ¢ and write @ for
W.

We wish to bound tr,, w from above. First we claim that

9 i 1 Ok _ji - -
<§ - A) oy w = —¢" (00595947 + 95 9 (Oksi5 — 0i05,7)

(8:2) — 2Re(¢7 (0,91 (B59,7)) — 91 9P 9™ (D9 (D79,7).

To see (8.2), compute

Atry,w = gji@i%(gggkz)
(8.3) = ¢"(0i%591) 91 + 9 911 0: 059,57 + 2Re (g7 (9977 ) (B59,2))
and

%terw = gﬁ“@kﬁzlog det g

(8.4) = — g1 7 97 (Ongpa) (079:7) + 915 97 OOz,
Then (8.2) follows from combining (8.3) and (8.4) and using the fact
that 95 = gg + P
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For the first term on the right hand side of (8.2), note that

gﬁf = T25kg, %gﬁ“ = Zj5k£7 az&]glgalfC = 51']'6’45’
so that
(8.5) 9 (050594 ) 917 = Zg“gkk (trop @) (trown ).

For the second term on the right hand side of (8.2), calculate
- = R R X =. 2%
(8.6) gﬁ“gﬂ(ﬁkaggg —0;0:9;7) = troRic(wn) — ngﬂ% —(n—2)tr,wy.

Indeed, to see (8.6) we compute

R 1 ZiZi
95 = ﬁ ((1 — nt)éij + nt ;2J>

. 1 2717532'2]' ’I’Lthéig
(8.7) 62915 = —r—4zg ((1 — nt)&-j + 2 > + A
and
N 2 2ntz;z
k0797 = Ezkzg <(1 —nt)d;; + 2 - J)

1 2ntz;z;
_ E(SM <(1 — nt)éij + 7‘; ]>

1 < 2ntz; ZiZj n 2nt2i5jk> Zntszj(sig n ntéjkéw

T At A 2 6 A
6ntz;zizrze 1 2 _
= + + ﬁ(ntéjkéié —(1- nt)ékgéij) + T—GZng(sij
2nt

5 (OneZizj + 0juZize + 0idZr2i + 0ijZk20) -

Finally, this gives:

establishing (8.6).
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Combining (8.2), (8.5), and (8.6) we obtain
. Zi%
A

(% — A> try,w = —(tre,w)(trywe) + tryRic(wry) — ngt 25
= (0= 2)trwp — 2Re(g” (Digit) (919,5)

(8.8) — 919" 9" (Okgy7)(09,5)-
The troublesome term is the 5th one on the right hand side. We write
this term as:

~2Re(g” (D94 (9;957)) = ~2Re(g” (Digf) (Oy015))
— 2Re(¢""(ig) D594z — Ogin;))
(8.9) =: Ay + Ao,
For Ay use (8.7) to compute

A R 1

and so
1 i
Ay = _FQRe(gJ Zi0ke (2e0k5 — 2j0ke))
1 54— -
— _—42Re (g] (Zizj — nziz]-))
=i Zi%j
(8.10) =2(n—1)g"" =3,

To deal with A; we introduce an inner product on tensors of type
b=, e For tensors ¥ and ® of this type, define
(W, @) = g g™ g W10 .
Then if (I)ijE = E?ing we see that the last term on the right hand side of
(8.8) is —|®|%.
Now compute

A; = —2Re(g Fi(aigﬁ)(&gkj))
= —2Re(g“g§§g”kguv(gH) (097 0,915)
— _9Re(V, ®)
(8.11) < 2|9)|2f,
with U, ¢ = (91)iq(9;971) 9,5 and ;% = Oig;5- But

1o 1.
Vit = 2%4%0ud5 = 579

Tk 22t

L i o
‘\IIP ji T4 )

L5
049" 9" 2 gig2e9,; = 91959 Tzt = (truyw)g
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Then
A < |V + |9
1.2k
= (terw)ng7 + |®[?
1 = ZiZi
(8.12) = (try,w)(trywn) — (terw)ﬁgﬂ <5ij - %) + @2

Combining (8.8), (8.9), (8.10), and (8.12), we have

B T
<a — A) try,,w < tryRic(wy) — ngﬂz;% — (n = 2)tr,wy

1 - = I
(i) 50 (85 = 22 )+ 20— g7

= tr,Ric(wy) — (n — 2)r—12gﬁ <5ij - %)
— %(terw)trwRic(wH)

= tr,Ric(wy) — tr,Ric(wr)
— %(terw)trwRic(wH)

2 1 .
= (E - Eterw> tryRic(wy).
Since Ric(wg) > 0, we conclude by the maximum principle that tr,,, w
is uniformly bounded from above. q.e.d.

Finally, we remark that this implies the convergence of the Chern-
Ricci flow at the level of potentials. Indeed, recall that w(t) = @y +
V=109 with ¢ solving (5.2) and &; = wy — tRic(wy). Moreover, O is
nonnegative, so we can apply the argument of Proposition 5.1 to obtain
uniform upper bounds for |p| and ¢. It follows immediately that as
t — T, p(t) converges pointwise to a function ¢(7T) on M,. On the
other hand, by Proposition 1.9 we have uniform bounds for |Ag, ¢|.
Thus standard elliptic theory gives a uniform bound for ||p(t)||14s for
any B € (0,1). It follows that ¢ — (T) in C'*F for any S € (0,1).

9. The complex Monge-Ampeére equation

In this section we prove uniform estimates for solutions of the elliptic
complex Monge-Ampere equation.

Let (M™,w) be a compact Hermitian manifold, F' a smooth function
on M, and W' = w + +/—1900¢ a Hermitian metric that satisfies

(9.1) (w4 V=180p)" = eF'w™.
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We will give an alternative proof of the main result of [54] (see also
[4, 12] for different proofs):

Theorem 9.1. There is a constant C' that depends only on (M,w),
sup,r F', and infy; AF such that

(9.2) supp —inf p < C.
M M

This is slightly weaker than the result in [54], because there is no
dependence of C on infj; AF there (and in fact the proof of [54] can be
easily modified to have C' depend only on p > n and [ M P rather than
sup,s F'). The point of our discussion here is to establish Theorem 9.1
via a new second order estimate which we had previously established
[63] using the maximum principle only in the cases n = 2 or (M,w)
balanced.

From now on we will normalize ¢ by assuming sup;; ¢ = 0. The
estimate we wish to prove is:

(9.3) tryg < CeAle=infar @)

for uniform constants C, A. The reader may notice that (9.3) has the
same form as the second order estimates of Yau and Aubin [1, 60].

Theorem 9.1 then follows from (9.3). Indeed, we can then use the
arguments in [53] to derive (9.2) from (9.3). The idea is that a second
order estimate of the form (9.3), together with the condition /=199y >
—w, implies, via a Moser iteration argument applied to the exponential
of ¢, a zero order estimate for (. This method was employed in the
Kéhler case in [59], and a related argument was used in the almost
complex setting in [55].

Proof of (9.3). Following Phong-Sturm [33] we consider the quantity

Q = logtryg — Ap +

o —infpro+1°
. 1
for A > 1 to be determined. Note that 0 < P v | < 1. We have

n—tryg
(p —infpr o+ 1)2

A'Q = A'logtryg — An + Atryg —

20012,
(p —infprp+1)3

(p —infprp +1)3

writing A’ for the complex Laplacian associated to ¢’. To calculate
A’logtryg’ we go back to the calculations in Proposition 3.1 where
g = go is now replaced by g and ¢’ takes the role of the evolving metric

> A'logtrgg’ + Atryg + An —n,
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there. With these substitutions (3.3), (3.4), and (3.6) together read
A/trgg/ — gljzgékvzvkg;5 + g/ﬂvafg + g/‘]lgékgpgvgz“ﬁ:
_ g/jigékg;@(ving — Rinqup)
i Ok ’

— R—2Re (g Tg @%Vzgpj)

o g'jigékﬂi@gpa —I—g,jingTi@g;a,
where R = ngRISZ = gﬁngszﬁ is the Chern scalar curvature of g. On
the other hand, by applying Alog to (9.1) we get

AF — R = g™ 80, log det(g") = 97" 9" 010,95 — 977 9" 6" 0kg/- 0,954

and converting these into covariant derivatives (as in the argument for
(3.5) in the proof of Proposition 3.1) we get

AF = g7 g™V Vg — ¢ 6T 9" Vg Vb,

and so

’ r_ Iip Iqi Ck VA ek I ’
A'logtryg _trgg’<[g g¥qg ngﬁvggpa trgg’g Vitryg Vitrgg

1 9Re (g’jigékT;f-Vzg;3> + g/jigékzﬁﬁg;q +AF - R

1

+ g/jiVing + g/jz' gék gpjvﬂﬁz _ g/ji gmc g;c a(vingz — Ringgép)
- 9" igekﬂii}"ggpq> :

The Cauchy-Schwarz argument from (3.7) shows that the quantity inside
square brackets equals

. Vatrgd'
[- } — K + 2Re <gfq’“T;kLg,g> ,
tryg
and K > 0 is the same quantity as in (3.7). Putting these together we
have

(9.5) A'log trgg’ > Re (g'ﬁkﬂikvqtrgg/> — Ctrgg — C,

2
(trgg’)2
where we used the fact that trgg’ > C —1 which is a simple consequence
of (9.1) and the arithmetic-geometric means inequality. Suppose that @
achieves its maximum at a point € M. Then at x we have 9;QQ = 0
and hence

1 1
—Oitr,g — Ad;p —
trgg’ e A (p—infrro+1

)2 82'4,0 = 0,
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and therefore

9 o
Tt (4T )

2 1 o
A Ak Vg
g << * (w—instD+1)2>g Z’“WM

|890|52]/ 3 tryg
T (p—infyp+1)8 (trgg')?
If at = we have (tryg')%(z) < A%(p(x) —infpr @ +1)3, then we also have
(using that 3 logt <t for t > 0)

+ CA%(p — inf ¢ + 1)

3
Q < Q2) < 5 log(p(z) —infp +1) +log A — Ap(z) +1
< —(A - 1Dy(x) —ijl(\lélfcp+logA+2 < —Ai11‘14fg0+logA+2,

and so in this case (9.3) follows immediately.
Otherwise, we have (tryg')%(z) > A%(¢(x) —infpr p+1)3, and so at z,

9.6) |—2_Re <g”1’f:r.i Vtr g’) 9¢ly
T [ (trgg')? e (p —infar o+ 1)3
Combining (9.4), (9.5), and (9.6) we get, at z,
0>A'Q> Atryg—Ctrgg—An—n—C > tryg— C,
if A is chosen sufficiently large. From this (9.3) follows easily. q.e.d.

<

+ C’trgzg.
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