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HOLOMORPHIC ORBI-DISCS AND
LAGRANGIAN FLOER COHOMOLOGY
OF SYMPLECTIC TORIC ORBIFOLDS

CHEOL-HYUN CHO & MAINAK PODDAR

Abstract

We develop Floer theory of Lagrangian torus fibers in compact
symplectic toric orbifolds. We first classify holomorphic orbi-discs
with boundary on Lagrangian torus fibers. We show that there ex-
ists a class of basic discs such that we have one-to-one correspon-
dences between a) smooth basic discs and facets of the moment
polytope, and b) between basic orbi-discs and twisted sectors of
the toric orbifold. We show that there is a smooth Lagrangian
Floer theory of these torus fibers, which has a bulk deformation
by fundamental classes of twisted sectors of the toric orbifold. We
show by several examples that such bulk deformation can be used
to illustrate the very rigid Hamiltonian geometry of orbifolds. We
define its potential and bulk-deformed potential, and develop the
notion of leading order potential. We study leading term equations
analogous to the case of toric manifolds by Fukaya, Oh, Ohta, and
Ono.
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1. Introduction

Floer theory of Lagrangian torus fibers of symplectic toric manifolds
has been studied very extensively in the last decade, starting from the
case of CP" in [C1] and the toric Fano case in [CO]. These are based
on the Lagrangian Floer theory ([Fl], [01],[O2]), whose general con-
struction was developed by Fukaya, Oh, Ohta, and Ono [FOOO)]. More
recent works [FOOOZ2], [FOOO3|, [FOOO4] have used the (bulk) de-
formation theory developed in [FOOO], bringing deep understanding
of the theory in toric manifolds, and providing beautiful pictures of
(homological) mirror symmetry and symplectic dynamics.

We develop an analogous theory for compact symplectic toric orb-
ifolds in this paper. Namely, this paper can be regarded as an orbifold
generalization of [C1], [CO], [FOOOZ2], [FOOO3]. We will see that
the main framework is very similar, but that the characteristics of the
resulting Floer theory for toric orbifolds are somewhat different than
those of toric manifolds.

The main new ingredient is the orbifold J-holomorphic disc (called
orbi-disc). These are J-holomorphic discs with orbifold singularity in the
interior. The study of toric manifolds has illustrated that understand-
ing holomorphic discs is a crucial step in developing Lagrangian Floer
theory. The holomorphic discs can be used to define the potential, corre-
sponding to the Landau-Ginzburg superpotential for the mirror and the
potential essentially computes the Lagrangian Floer cohomology of the
torus fibers. Holomorphic discs (which are non-singular) were classified
in [CO]J. We find a classification for holomorphic orbi-discs in section 6.

One of the main observations of this paper is that the orbifold La-
grangian Floer theory should be considered in the following way. Let
us consider a Lagrangian submanifold L which lies in the smooth lo-
cus of a symplectic orbifold X. There is a Lagrangian Floer theory of
L which only considers maps from smooth (non-orbifold) (stable) bor-
dered Riemann surfaces. (Here smooth means that there is no orbifold
singularity, but it could be a nodal Riemann surface.) Namely, there is a
version of Lagrangian Floer cohomology, and A..-algebra of L, by con-
sidering smooth J-holomorphic discs and strips, which we call smooth
Lagrangian Floer cohomology. We remark that a smooth J-holomorphic
disc can meet orbifold locus if it has correct multiplicity around the orb-
ifold point, as will be seen in the basic discs later.

The new ingredients such as orbifold .J-holomorphic strips and discs
enter into the theory in the form of bulk deformation of the smooth
Floer theory. Bulk deformation was introduced in [FOOO] to deform
the given Lagrangian Floer theory by an ambient cycle in the symplectic
manifold. Orbifold J-holomorphic strips and discs can be considered to
give bulk deformations from the fundamental cycles of twisted sectors
of the symplectic orbifold X'. In the case of manifolds, bulk deformation
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utilizes the already existing J-holomorphic discs in Floer theory. On the
other hand, for orbifolds the orbifold strips and discs do not exist in the
smooth Floer theory. We observe that the mechanism of bulk deforma-
tion by orbifold maps captures the very rigid Hamiltonian geometry of
symplectic orbifolds.

As noted in [Wol, [WW], [ABM], the dynamics of Hamiltonian vec-
tor fields in symplectic orbifolds are quite restrictive. This is because the
induced Hamiltonian diffeomorphism should preserve the isomorphism
type of the points in the given orbifold. This phenomenon can be easily
seen in the example of a teardrop orbifold, which will be explained later
in this introduction. For example, in [FOOOZ2] or [FOOO3], Fukaya,
Oh, Ohta, and Ono find locations of non-displaceable Lagrangian torus
fibers in toric manifolds, which turn out to be always codimension one
or higher in the corresponding moment polytopes. For toric orbifolds,
already in the case of the teardrop orbifold, we find codimension 0 locus
of non-displaceable fibers, and we will find in Proposition 15.2 that if
all the points in the toric divisors have orbifold singularity, then in fact
all the Lagrangian torus fibers are non-displaceable. It is quite remark-
able that this phenomenon can be explained as a flexibility to choose
the bulk deformation coefficient in the leading order potential, which
is essentially due to the fact that the orbifold discs and strips do not
appear in the smooth Lagrangian Floer theory.

We remark that the non-displaceability of torus orbits in toric orb-
ifolds such as those discussed in our examples has been recently proved
by Woodward [Wo] and Wilson-Woodward [WW] using gauged Floer
theory, which is somewhat different from our methods. Their work is
roughly based on holomorphic discs in C™ and gauged theory for sym-
plectic reduction. But note that the actual bulk orbi-potentials defined
in this paper cannot be defined using their methods, as orbifold discs
with more than one orbifold marked point do not come from discs in
C™. Also the formalism of bulk deformation developed in this paper
seems to give more intuitive understanding of these non-displaceability
results in orbifolds, which should generalize to a non-toric setting. We
also remark that Lagrangian Floer theory in a different orbifold setting
has been considered by Seidel [Se] for the global quotient of the genus
two curve (see also [Sh]).

Beyond the symplectic dynamics of the toric orbifolds, the develop-
ment of this theory can be meaningful in the following aspects. First,
it provides basic ingredients to study (homological) mirror symmetry
([Ko]) of toric orbifolds. In [FOOO4], mirror symmetry of toric mani-
folds has been proved using Lagrangian Floer theory of toric manifolds.
It is easy to see that similar formalism may be used to explain mirror
symmetry of toric orbifolds, which we leave for future research.
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Second, the study of orbifold J-holomorphic discs provides a new ap-
proach to study the crepant resolution conjecture, which relates the in-
variants of certain orbifolds and their crepant resolutions. In a joint work
of the first author with K. Chan, S.C. Lau, and H.H. Tseng [CCLT],
we formulate an open version of the crepant resolution conjecture for
toric orbifolds, and we find a geometric explanation for the change of
variable in the K&hler moduli spaces of a toric orbifold and its crepant
resolution. Also, this provides a natural explanation of specialization
to the root of unity in the crepant resolution conjecture, in terms of
associated potential functions.

Now we explain the basic setting and results of the paper in more de-
tail. Compact symplectic toric orbifolds have one-to-one correspondence
with labeled polytopes (P, €), as explained by Lerman and Tolman [LT].
Here P is a simple rational polytope equipped with positive integer la-
bels ¢ for each facet. Also, the underlying complex orbifold may be
obtained from the stacky fan of Borisov, Chen, and Smith [BCS]. The
stacky fan is a simplicial fan in a finitely generated Z-module N with
a choice of lattice vectors in one-dimensional cones. A stacky fan corre-
sponds to a toric orbifold when the module N is freely generated. The
moment map pup exists for the Hamiltonian torus action on a symplectic
toric orbifold, and each Lagrangian T™ orbit is given by L(u) = ,u;l(u)
for an interior point u € P.

We recall that orbifolds are locally given as quotients of Euclidean
space by a finite group action, and the study of Gromov-Witten theory
has been extended to the case of orbifolds in the last decade, starting
from the work of Chen and Ruan in [CR]. In particular, they have
introduced J-holomorphic maps from orbi-curves to an almost complex
orbifold and have shown that a moduli space of such J-holomorphic
maps of a fixed type has a Kuranishi structure and a virtual fundamental
cycle, and hence can be used to define Gromov-Witten invariants.

To find holomorphic orbi-discs with boundary on L(u), we first define
what we call the desingularized Maslov index for J-holomorphic orbi-
discs (Definition 3.1). This is done using the desingularization of the
pull-back orbi-bundle introduced in [CR]. The standard Maslov index
cannot be defined here since the pull-back tangent bundle is not a vec-
tor bundle but an orbi-bundle. (See [CS] for related results.) We then
establish a desingularized Maslov index formula in terms of intersection
numbers with toric divisors (analogous to [C1], [CO]) in Theorem 5.2.
Using the formula, we prove a classification theorem of orbi-discs in toric
orbifolds (Theorem 6.2).

There is a class of holomorphic (orbi-)discs which plays the role of
Maslov index two discs in the smooth cases. We call them basic discs,
and they are either smooth holomorphic discs of Maslov index two, or
holomorphic orbi-discs with one orbifold marked point, of desingularized
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Maslov index zero. These basic discs are relevant for the computation
of Floer cohomology of Lagrangian torus fibers. We find that there exist
holomorphic orbi-discs corresponding to each non-trivial twisted sector
of the toric orbifold, which are basic:

Theorem 1.1 (Corollary 6.3). The holomorphic orbi-discs with one
interior singularity and desingularized Maslov index 0 (modulo T™-action
and automorphisms of the source disc) correspond to the twisted sectors
v € Box' of the toric orbifold.

In addition, we find the area formula of the basic orbi-discs in section
7 and prove their Fredholm regularity in section 8.

We can use smooth J-holomorphic discs to set up Aso-algebra for a
Lagrangian torus fiber L, and its potential function PO(b) for bounding
cochains b € HY(L; Ag) in the same way as in [FOOO2], which we call
smooth potential function.

The leading order smooth potential function POy (b) of toric orbifold
can be defined combinatorially as

m
(1.1) POy(b) := Y T ()% ... (yn)im,

j=1
the j-th term of which corresponds to stacky vector b; from the classifi-
cation of smooth Maslov index two discs in Corollary 6.4. By introducing
the variables z; as

(1.2) zj =T ()b (y) o,

the leading order potential function can be written as POy(b) = 21 +
-++ + zpy. This leading order potential of POq(b) is usually called the
Hori-Vafa Landau-Ginzburg superpotential of the mirror [HV].

The full potential PO(b) is given as follows:

Theorem 1.2 (Theorem 11.3). 1) PO(b) can be written as

m N
(1.3) PO(b) =) zj+ Y TYPi(z1,...,%m)
=1 k=1

for N € Z>o U {oo} and A\, € Rsq. If N = oo, then limg_ oo A\, =
o0o. Here Py(z1,...,2m) are monomials of z1,..., 2z, with coeffi-
cients in Ag.

2) If X is Fano then P, = 0.

3) The above formula (11.13) is independent of u and depends only
on X.

This potential PO(b) can be used to compute smooth Lagrangian
Floer cohomology for L, by considering its critical points.

Now, as explained above, we can use orbifold J-holomorphic discs and
strips to set up bulk deformation of the above smooth Lagrangian Floer
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theory, following [FOOO3]. The bulk deformed A..-algebra gives rise
to a bulk potential PO (b), which is a bulk deformation of the potential
PO(b) above. The leading order potential of PO®(b), which we denote
by POBT,b’O(b), can be explicitly written down from the classification
results on basic (orbi-)discs.

More precisely, consider the bulk deformation term b = by, + borp
given by

sm — rri iDi i A
14 {b S b b € Ay

bOT’b - ZVEBOSC/ bleu by € A+.

Here, D; are toric divisors, and 1y, are fundamental classes of twisted
sectors. (One may consider bulk deformation by other cohomology classes
of twisted sectors, but we do not do so here to simplify the exposition.)

Definition 1.1 (Definition 12.7). Leading order bulk potential
POSMO is explicitly defined as

(1.5) POS,o=z1+ " +2zm+ > b2"

vEBox!
Here v = ZZL ¢;b; € N so that z¥ is a well-defined Laurent polynomial

Ofylv"'7yn7y 17"'7y771'

It is important to note that the leading order potential PO(b)o, in the
case of toric manifolds, is independent of bulk parameter b, in the sense
that it can be read off from the toric polytope. In the orbifold cases, the
above definition of POSTb’O depends on the choice of b,. Later, we will
use this freedom to choose b, so that we can prove non-displaceability
results. Note that different choices of b, (on different energy levels)
change the leading term equation (Definition 13.1) that is obtained from
the leading order equation.

Note that the full bulk potential PO®(b) is difficult to compute, but
the leading order potential POErb,O(b) given in (1.4) can be used to de-
termine non-displaceable Lagrangian torus fibers, by studying the cor-
responding leading term equation of POErb,O(b) as in Theorem 4.5 of
[FOOO3] for toric manifolds:

Theorem 1.3 (Theorem 13.2). The following conditions on u are
equivalent:

1) The leading term equation of POErb,O(u) has a solution y; s € R\
0} (=1,....Ks=1,...,dQ0).

2) There exists be H(Ay) such that f[;orbp = borp0 and PO"(u) has
a critical point on (Ao \ Ay)™.

3) There exists be H(AL) such that Eorb,O = borp0 and y; s € R\ {0}
(l=1,...,K,s = 1,...,d(l)) in the item (1) above is a critical

point of PO®(u).
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The construction of A,.-algebra and its bulk deformation, and those
of A-bimodules for a pair of Lagrangian submanifolds, and the related
isomorphism between Floer cohomology of bimodule and of A,.-algebra
are almost the same as that of [FOOO2| and [FOOO3]. To keep the
size of the paper reasonable, we only explain how to adapt their con-
structions in our cases.

To illustrate the results of this paper, we explain the conclusions of the
paper in the case of a teardrop orbifold P(1,3). The teardrop example
is explained in more detail in section 15.1.

................................................... 3 1/3
non—disp
fibers 0
_— -1/3
w
disp.
fibers

Figure 1. Teardrop

The teardrop orbifold has an orbifold singularity at the north pole
N, with isotropy group Z/3. The moment map pp has an image given
by an interval [—1,1/3], and we put integer label 3 at the vertex 1/3.
The inverse image 117:'((0,1/3]) defines an open neighborhood Uy of

the north pole N, with a uniformizing cover Uy = D? with Z/3-action.
The inverse image of up'([—1,0)) defines a neighborhood Us of the
south pole S. The length for pup(Uy) is one third that of Ug, since
the symplectic area of Uy should be considered as one third of that of
the uniformizing cover D?. A Hamiltonian function H is an invariant
function on Uy near N , and hence N is a critical point of such H.
Thus any Hamiltonian flow fixes IV, and a nearby circle fiber cannot be
displaced from itself, as illustrated in the figure. But the fiber ,u;l(u)
for u < —1/3 can be displaced in the open set P(1,3) \ {NV}. The fibers
pi7t (u) for u € [—1/3,1/3] are non-displaceable as shown in [Wo)]. This
is a prototypical example of Hamiltonian rigidity in symplectic orbifolds.

As explained in section 15.1, such non-displaceability can be proved
using our methods. Smooth potential function of P(1,3) has two terms
corresponding to two smooth discs:

PO(b) = PO(b)g = T* 34y =3 4+ Ty,
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When u = 0, two areas of smooth holomorphic discs equal (1 — 3u =
14u = 1) since a smooth disc wraps around Uy three times, which then
has the same symplectic area as the smooth disc covering Ug. One can
check that the critical point equation, when u = 0, becomes y* = 1/3,
which has non-trivial solutions. Hence, this shows that the (central)
fiber pu7:'(0) is non-displaceable.

If we introduce bulk deformation by one of the twisted sectors, say v =
%, then we can show that fibers ppt(u) for u € (—1/3,1/3) are indeed
non-displaceable. Namely, instead of cancelling smooth discs covering
the upper and lower hemisphere, we can cancel the smooth discs of
smaller area with one of the orbi-discs of N. Their symplectic areas
do not match, but as the orbi-discs appear as bulk deformations, we
can adjust the coefficient b, to match their areas, using our freedom to
choose such coefficients as follows:

In this case, the leading order bulk potential is

POgrbp — T1—3uy—3 + T1+uy + byT1/3_uy_1.

For —1/3 < u < 0, we have 1/3 —u < 14+ u < 1 — 3u, and we set
b, = T1Hu—(1/3-u) — T72/3+2u. thep the leading term equation becomes
%(y‘l + y) = 0, which has a non-trivial solution in C*.

Now, for 0 < u < 1/3, we have 1/3 —u < 1 — 3u < 1+ u, and we set
b, = T1—3u—(1/3—u) — 72/3-2u_ then the leading term equation becomes

a%(y_3 + 9~ 1) = 0 which has a non-trivial solution in C*. Hence, from

Theorem 13.2, we can prove the non-displaceability results for ,u;l(u)
for u € (—1/3,1/3).

Note that this method does not work for the fibers with v € (—1,
—1/3) since the areas of orbi-discs are bigger than that of the smooth
disc of minimal area, and since b, should lie in A;.

Notation. Throughout the paper, X is an orbifold and X is the un-
derlying topological space. We denote by IX the inertia orbifold, and
denote by 7' = {0} UT” the index set of inertia components. We denote
by ¢, the rational number called age or degree shifting number associated
to each connected component X),. For toric orbifolds, we will identify T°
and denote it as Box in Definition 4.1.

The lattice N = Z™ parametrizes the one parameter subgroups of
the group (C*)™. Let M be its dual lattice. ¥ is a rational simplicial
polyhedral fan in Ng, and P C Mg is a rational convex polytope.

The minimal lattice vectors perpendicular to the facets of P, pointing
toward the interior, are denoted by v1,...,v,,. Certain integral multi-
ples b; = cjv; will be called stacky vectors.

For v € Mg, let

(1.6) l(u) = (u, bj) — pj.
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Then the moment polytope P and its boundary are given by
P={ue Mgr|¥l(u)>0,i=1,....,m}, 0;P={u€ Mg |¥{(u) =0}
Here 0; P is the i-th facet of the polytope P.

Let pur : X — P be the moment map. Consider v € Int(P) and
denote L(u) = puy'(u). We may write L instead of L(u) to simplify
notations.

We will consider the coefficient ring R to be R (as we work in the de
Rham model of Ay-algebra) or C (when finding the critical point of the
potential). To emphasize the choice of coefficient ring R in the Novikov
ring below, we may write A, AT instead of A, Ag.

Universal Novikov ring A and Ag is defined as

(1.7) A = {3 aT|a €R N eER, lim A = oo},
i=1 1—00

(1.8) Ao = {D aT¥ e Al eRxgl,
i=1

(1.9) Ay = D aT e AN >0}
i=1
In [FOOO], the universal Novikov ring Ag 0y is defined as
(1.10)

00
AO,nov = § aiTAi e’

i=1

a; €E Ryn; € Z,\; € Rzo, 'lim N = OO} .
1— 00
This is a graded ring by defining degT = 0, dege = 2. Ay, and AE{ nov
can be similarly defined. By forgetting e from Ag 0, and working with
Ay, we can only work in a Zsy graded complex.
We define a valuation v on A by

UT(Z CLiT)\i) = mf{)\z ‘ a; 75 0}
1=0

It is unfortunate, but due to the convention, three b’s, written as
b, b, b, will be used throughout the paper, each of which has a different
meaning. Here b; is the stacky normal vector to the j-th facet of the
polytope, b = 3" z;e; denotes a bounding cochain in H'(L,Aq), and b
denotes the bulk bounding cochain.
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2. J-holomorphic discs and moduli space of bordered
stable maps

In this section, we discuss moduli spaces of isomorphism classes of
stable maps from a genus 0 prestable bordered Riemann surface with
Lagrangian boundary condition together with interior orbifold marked
points of a fixed type. Let (X,w,J) be a symplectic orbifold with a
compatible almost complex structure. Let L C X be a Lagrangian sub-
manifold (in the smooth part of X).

An orbifold Riemann surface 3 is a Riemann surface ¥ (with complex
structure j) together with the orbifold points z1,...,2; € X such that
each orbifold point z; € ¥ has a disc neighborhood U of z; which is
uniformized by a branched covering map br : z — 2™, We set m = 1
for smooth points z € 3. If ¥ has a non-trivial boundary, we always
assume that 9% is smooth, and that orbifold points lie in the interior of
Y}, and such 3 will be called a bordered orbifold Riemann surface. Hence
3 can be written as (3, 2, m) for short.

Definition 2.1. Let ¥ be a (bordered) orbifold Riemann surface.
A continuous map f : 3 — X is called pseudo-holomorphic if for any
zg € %, the following holds:

1) There is a disc neighborhood of zy with a branched covering br :
z— 2™
2) There is a local chart (Vi(..),G(z0), Tr(z)) Of & at f(z0) and a

local lifting sz of f in the sense that fobr =m0 fx.

3) [z is pseudo-holomorphic.
4) If 93 # 0, the map f satisfies the boundary condition f(90X) C L.

We need a few technical lemmas following [CR] regarding orbifold
maps, and we refer readers to the Appendix or [CR] for more details.

Definition 2.2. A C*° map f : ¥ — X (see Definition 16.10) is called
regular if the underlying continuous map f has the following property:
f71(X,¢y) is an open dense and connected subset of 3.
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Lemma 2.1. If X is a bordered orbifold Riemann surface and f :
3 — X is regular and pseudo-holomorphic with Lagrangian boundary
condition, then it is the unique germ of C* liftings of f. Moreover, f is
good with a unique isomorphism class of compatible systems.

Lemma 2.1 may be proved using the main idea of Lemma 4.4.11
in [CR] together with the result on the local behavior of a pseudo-
holomorphic map from a Riemann surface near a singularity in the im-
age, given in Lemma 2.1.4 of [CR]. This latter result yields unique
continuity of a local lift of a pseudo-holomorphic map near a singularity
in the target.

Lemma 2.2. Suppose f : 3 — X is a pseudo-holomorphic map
with interior marked points 7T = (zf,...,z,j), such that f(0%) does
not intersect the singular set of X. Then there exist a finite number of
orbifold structures on X with singular set contained in Z, for which
there are good C'° maps covering f. Moreover, for each such orbifold
structure there ezist a finite number of pairs (£,€) where f is a good
map lifting f and £ is an associated isomorphism class of compatible
systems. The number of such pairs is bounded above by a constant that

depends on X, the genus of ¥ and k only.

The proof of the above lemma is very similar to Chen-Ruan’s proof in
the case without boundary; see Proposition 2.2.1 in [CR]. Simply note
that the homomorphisms 6¢, ¢, and ¢ of [CR] are well defined in our
case by an application of Lemma 16.1.

The construction of the moduli space is a combination of the construc-
tion of Fukaya, Oh, Ohta, and Ono [FOOO] regarding the Lagrangian
boundary condition, and that of Chen-Ruan [CR] regarding the interior
orbifold singularities.

We recall the definition of genus 0 prestable bordered Riemann sur-
faces from [FOOO).

Definition 2.3. ¥ is called a genus 0 prestable bordered Riemann
surface if ¥ is a possibly singular Riemann surface with boundary 9%
such that the double ¥ Upy ¥ is a connected and simply connected
compact singular Riemann surface whose singularities are only nodes.
(3,7,2%) is called a genus 0 prestable bordered Riemann surface with
(k,1) marked points if ¥ is a genus 0 prestable bordered Riemann surface

and Z = (2p,...,25—1) are boundary marked points on 9% away from
the nodes, and 2+ = (27 ,... ,zf') are interior marked points in 3\ 0%

away from nodal points.

A genus 0 prestable bordered Riemann surface (3,2, Z) is said to
be stable if each sphere component has three special (nodal or marked)
points and each disc component ¥, satisfies 2[, + k, > 3 where [, is
the number of interior special points and k, is the number of boundary
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special points. We denote by M, ; the space of isomorphism classes of
genus 0 stable bordered Riemann surfaces with (k,!) marked points.
From the cyclic ordering of the boundary marked points, My, ; has (k —
1)! connected components. The main component MZ”?”" is defined by
considering a subset of curves in My ; whose boundary marked points
are ordered in a cyclic counterclockwise way.

We give the definition of a genus 0 prestable bordered orbi-curve
following [CR] and [FOOO].

Definition 2.4. (X, 7, 2") is called a genus 0 prestable bordered orbi-
curve (with interior singularity) with (k, 1) marked points if (3, Z, 21) is
a genus 0 prestable bordered Riemann surface with (k, ) marked points
with the following properties:

1) Orbifold points are contained in the set of interior marked points
and interior nodal points.

2) A disc neighborhood of an interior orbifold marked point z; is
uniformized by a branched covering map z +— 2™,

3) A neighborhood of an interior nodal point (which is away from
0%) is uniformized by (X (0,7;),Zy,).

Recall from [CR|] that the local model of the interior orbifold nodal
point, (X (0,7;),Zny,), is defined as follows: For real numbers ¢ > 0,7 > 0,
set X(t,r) = {(x,y) € C¥ ||z|],||y|| < r,xy = t}. Fix an action of Z,
on X(t,r) for any n > 1 by e*™/™ . (z,y) = (e>""/"x, e~ ?™/"y). The
(branched) covering map X (¢,r) — X (", r") given by (z,y) — (2", y")
is Zy-invariant. So (X(¢,7),Z,) can be regarded as a uniformizing sys-
tem of X (t",7"). Here m;,n; are allowed to take the value one, in which
case the corresponding orbifold structure is trivial. Hence, the data of a
genus 0 prestable bordered orbi-curve includes the numbers m;, n; but
we do not write them for simplicity. A notion of isomorphism and the
group of automorphisms of genus 0 prestable bordered orbi-curves with
interior singularity are defined in a standard way, and omitted.

Now we define the notion of an orbifold stable map to be used in this
paper. We write ¥ = J,, ¥, where each X, is an irreducible component.

Definition 2.5. A genus 0 stable map from a bordered orbi-curve
with (k,l) marked points is a pair ((X, 7, Z"),w,§) satisfying the fol-
lowing properties:

1) (X,2,2") is a genus 0 prestable bordered orbi-curve.

2) w: (3,0%¥) — (X, L) is a pseudo-holomorphic map (see Definition
2.1). (Here, we say that w is pseudo-holomorphic (resp. good) if
each w, is pseudo-holomorphic (resp. good) and induces a contin-
uous map w: X — X.)

3) wis a C* good map with an isomorphism class £ of compatible
systems (see Definition 16.11).

4) w is representable, i.e. it is injective on local groups.
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5) The set of all ¢ : ¥ — X satisfying the following properties is
finite:
a) ¢ is biholomorphic.
b) ¢(zi) = zi, d(z") = ;"

c) wo¢p=uw.
Definition 2.6. Two stable maps ((21,51,2;"),101,51) and
((22,2’2,2; ),wg,fg) are equivalent if there exists an isomorphism A :

(21,21, 2]) = (£2, %, 7)) such that wyoh = wy and & = & o h, ie.
the isomorphism class & pulls back to the class &; via h.

Definition 2.7. An automorphism of a stable map ((Z, Z,ZT),w, §)
is a self equivalence. The automorphism group is denoted by

Aut((Z,E,i‘*’),w,f).

Given a stable map ((Z, Z,Z1),w, 5), we associate a homology class
wx([X]) € Ha(X,L). Note that for each interior marked point z;' (on
¥,), & determines by the group homomorphism at z;-r a conjugacy class
(95), where gj € Gyz,)-

Let IX be the inertia orbifold of X. Denote by T = {0} U T’ the
index set of inertia components, and for (g) € T, call the corresponding
component X(,. Here Xg) is X itself, and elements of x € X, are
written as (z,g).

We thus have a map ev
map into IX by

_l’_

. sending each (equivalence class of) stable

efu;F : ((Z,Z,Z*’),w,f) — (w(zj),gi).

Denote by [ = {1,...,l} and consider the map @ : [ — T describing
the inertia component for each (orbifold) marked point. A stable map
((2,2,27),w,§) is said to be of type @ if for i =1,...,1,

ev;r ((Z,Z,Z*),w,{) € Xa(i)-

Definition 2.8. Given a homology class § € Hy(X, L), we denote
by My.(L, J, 5, x) the moduli space of isomorphism classes of genus 0
stable maps to X’ from a bordered orbi-curve with (k,!) marked points
of type « and with w,([X]) = 8. We denote by Zfl“m(L, J,B,x) the
sub-moduli space with (X, 7, z1) € MZLE”"

Remark 2.9. We follow the notations of [FOOO] and denote by M
the compactified moduli space, and by M" the moduli space before
compactification.

We can give a topology on the moduli space ./\/lkmjm(L, J,B,x) in a
way similar to [FO], [FOOO], and [CR2]| (definition 2.3.7). As it is
standard, we omit the details. Following Proposition 2.3.8 and Lemma
2.3.9 of [CR/], we have
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Lemma 2.3. The moduli space MZ?;“'"(L, J,B,x) is compact and
metrizable. '
The symplectic area of elements in MZ?;“"(L, J,B,x) only depends
on the homology class B and the symplectic form w.

The orientation issues can be dealt with exactly in the same way as
in [FOOO|.

Theorem 2.4. Let L be relatively spin. Then a choice of relative spin
structure of L C X canonically induces an orientation of
Zf;“"(L, J, B, x).

We will consider the moduli space MZ?;””(L, B,x) (with J = Jy the

standard complex structure of the toric orbifolds) in more detail later,
but the virtual dimension of the moduli space is given as follows:

Lemma 2.5. The virtual dimension of the moduli space MZ"’LI‘”"(L,
B,x) is
n+p®(B,x) + k+20—3 = n+ pow(8) +k+ 20 — 3 — 2u(x).

In the next section, we will explain p%, which is the desingularized
Maslov index of (5,x), and pcw(5), which is the Chern-Weil Maslov
index of [CS]. Let t(x) = > ; t(x(i)), Where i(z(;)) is the degree shifting
number defined by Chen-Ruan [CR2] (see the next section). We re-
mark that the desingularized Maslov index depends on x as we need to
desingularize the pull-back tangent orbi-bundle, which depends on .

3. Desingularized Maslov index

Maslov index is related to the (virtual) dimension of moduli spaces
in Lagrangian Floer theory (Lemma 2.5). For orbifolds, the standard
definition of Maslov index does not have natural extension, since the
pull-back tangent bundle under a good map is usually an orbi-bundle
which is not a trivial bundle over the bordered orbi-curve.

In this section, we define what we call the desingularized Maslov in-
dex, and provide computations of several examples of holomorphic orbi-
discs, which will appear in later sections. On the other hand, recently,
the first author and H.-S. Shin [CS] gave the Chern-Weil definition
of Maslov index, which is given by curvature integral of an orthogonal
connection. This Chern-Weil definition naturally extends to the orbifold
setting, and the relation between Chern-Weil and desingularized Maslov
indices has been discussed in [CS]. We give a brief explanation at the
end of this section.

3.1. Definition of the desingularized Maslov index. Chen and
Ruan [CR] have shown that for orbifold holomorphic map u : ¥ — X
from a closed orbi-curve without boundary to an orbifold, the Chern
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number ¢;(TX)([X]) (defined via Chern-Weil theory) is in general a
rational number and by suitable subtraction of degree shifting number
for each orbifold point, one obtains the Chern number of a desingularized
bundle which is an honest bundle. Hence the corresponding number is
an integer. It is related to the Fredholm index for the moduli spaces.

A similar phenomenon occurs for orbi-discs (discs with interior orb-
ifold singularities). We will mainly work with a Maslov index of a desin-
gularized orbi-bundle and such an index will be calleda desingularized
Maslov index for short, and this will be an integer.

Let us first recall the standard definition of Maslov index for a smooth
disk with Lagrangian boundary condition. If w : (D?,0D?) — (X, L) is
a smooth map of pairs, we can find a unique symplectic trivialization
(up to homotopy) of the pull-back bundle w*TX = D? x C". This
trivialization defines a map from S' = 9D? to U(n)/O(n), the set of
Lagrangian planes in C", and the Maslov index is the rotation number
of the composition of this map with the map det? : (U(n)/O(n)) —
U(1) (see [Ar]). For bordered Riemann surfaces with several boundary
components, one can define the Maslov index similarly by taking the
sum of Maslov indices along 0% using the fact that a symplectic vector
bundle over a Riemann surface with boundary ¥ is always trivial. The
data of a symplectic vector bundle over ¥, and a Lagrangian subbundle
over 0X, is called a bundle pair, and one can define the Maslov index
for any bundle pair in the same way.

Next, we recall the desingularization of an orbi-bundle on an orbifold
Riemann surface by Chen and Ruan ([CR2]), which plays a key role.

Consider a closed (complex) Riemann surface X, with distinct points
Z = (z1,...,2) paired with multiplicity m = (mg, ..., mg). We consider
the orbifold structure at z; which is given by the ramified covering z —
z™i. For simplicity we denote it as ¥ = (X, Z,m), which is a closed,
reduced, 2-dimensional orbifold.

Consider a complex orbi-bundle E over 3 of rank n. Then, at each
singular point z;, E gives a representation p; : Z,,, — Aut(C") so that
over a disc neighborhood D; of z;, E' is uniformized by (D; x C", Zy,,, )
where the action of Z,,, on D; x C" is defined as

(3'1) e27ri/mz‘ . (z,w) _ (eZm/miZ,pi(e%i/mi)w)

for any w € C". Note that p; is uniquely determined by integers
(min,...,myy) with 0 < m; ; < m,, as it is given by the matrix

(3:2) pi(€®T™) = diag(e*Tmi /ML BT/,

The sum >%_, T;L;: is called the degree shifting number ([CR]).
Over the punctured disc D; \ {z;} at z;, E is given a specific trivi-
alization from (D; x C",Z,,,, ) as follows: Consider a Z,,,-equivariant



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 37

map U; : D\ {0} x C" — D\ {0} x C" defined by
(3.3) (zyw1,wa, .., wy) = (2™ 270wy, L 27 Ty,

where the Z,,, action on the target D \ {0} x C" is trivial. Hence ¥;
induces a trivialization ¥; : Ep,\foy — D; \ {0} x C". We may extend
the smooth complex vector bundle Esyy., . .. over X\ {z1,..., 2}
to a smooth complex vector bundle over 3 by using these trivializa-
tions W; for each i. The resulting complex vector bundle is called the
desingularization of E and denoted by |E].

The essential point as observed in [CR2] is that the sheaf of holo-
morphic sections of the desingularized orbi-bundle and the orbi-bundle
itself are the same.

Proposition 3.1 ([CR2], Proposition 4.2.2). Let E be a holomorphic
orbifold bundle of rank n over a compact orbi-curve (%, z,m) of genus g.
O(E) equals O(|E|), where O(E) and O(|E|) are sheaves of holomorphic
sections of E and |E]|.

As the local group action on the fibers of the desingularized orbi-
bundle |E| is trivial, one can think of it as a smooth vector bundle
on ¥ which is analytically the same as ¥ (in other words, there exists
a canonically associated vector bundle |E| over the smooth Riemann
surface X). Hence, for the bundle |E|, the ordinary index theory can
be applied, which provides the required index theoretic tools for the
orbi-bundle E.

Now we give a definition of the desingularized Maslov index, which
determines the virtual dimension of the moduli space of J-holomorphic
orbi-discs.

Definition 3.1. Let ¥ = (X,2,m) be a bordered orbi-curve with
(0, k) marked points. Let u : ¥ — X be an orbifold stable map. Then,
uw*TX is a complex orbi-bundle over 3, with Lagrangian subbundle
ulhysTL at 0X. Let [u*TX| be the desingularized bundle over X (or
Y)), which still has the Lagrangian subbundle at the boundary from
ul)»TL. The Maslov index of the bundle pair (|u*TX|,u|5yTL) over
(3,0%) is called the desingularized Maslov indez of u, and denoted by
pde(u). Note that this index is well-defined as it is independent of the
choice of compatible system for u, within the same isomorphism class,
by Lemma 16.1.

3.2. Examples of computations of the index. Here we give a few
examples of computations of the desingularized Maslov index. Consider
the orbifold disc D with Z, singularity at the origin, and the orbifold
complex plane C with Z, singularity at the origin. Let the unit cir-
cle L = S' € C be a Lagrangian submanifold. Consider the natural
inclusion u : D — C.

Lemma 3.2. The desingularized Maslov index of u equals 0.



38 C.-H. CHO & M. PODDAR

Proof. Consider the tangent orbi-bundle TD over D, and its uni-
formizing chart D? x C = {(z,w)|z € D?,w € C} with the Z, action
given by

(3.4) 2P (2, w) = (e2ﬂi/pz,e2”i/pw).

Then, the subbundle TL at z € S' is given by R -iz C C. We consider
its image under the desingularization map ¥ : D? x C — D? x C defined
as U(z,w) = (27,2 'w). The image of TL via ¥ at the point a € D?
with a = 2P is given by R- 27 liz =i -R C C.

The desingularization provides a desingularized vector bundle over
the orbi-disc D, which is a trivial vector bundle, and the loop of La-
grangian subspaces at the boundary is a constant loop. Therefore the
desingularized Maslov index is zero. q.e.d.

We now consider a more general case: Consider the orbifold disc D
with Z,, singularity at the origin, and the complex plane C' with Z,,
singularity at the origin, and the unit circle L = S € C as a Lagrangian
submanifold. Consider the uniformizing cover D? of D, with coordinate
z € D?. Consider the uniformizing cover C of C, with coordinate y € C.

Lemma 3.3. Consider the map v : D — C, induced from the map
@ : D? — C defined by u(z) = 2*. Here we assume that k and m are
relatively prime to ensure that the group homomorphism is injective.
Then, the desingularized Maslov index of u equals 2[k/m| where [k/m]
is the largest integer < k/m.

Proof. Consider the tangent orbi-bundle T'C' over C whose uniformiz-
ing chart is given by C x C = {(y,w)|y,w € C} with the Z,,, action
given by the diagonal action. Then, the subbundle TL at y € S' is
given by R-iy C C. We consider the pull-back orbi-bundle «*T'C' whose
uniformizing chart is C x C = {(z,w)|z,w € C} with the Z,, action
given by

(3.5) e2mi/m (z,w) = (e2m'/m27 e27rki/mw).

In this chart, the subbundle (u|sp)*TL is given by (z,R - 2Fi) for z €
0D?. Now, we consider its image under the desingularization map ¥ :
D2\ {0} x C — D?\ {0} x C defined as ¥(z,w) = (2™, 2 ¥ w), where
k' = k — [k/m]m. The image of TL via ¥ at the point a € D? with
o = 2" is given by R - z7# ik = 2lk/mim; R < C.

Hence we obtain a trivialized desingularized vector bundle |E| over
D (and hence D?), and from the above computation, the loop of La-
grangian subspaces along the boundary is given by z[¥/™m;.R. But also
note that the coordinate on D? is in fact 2™, and hence the desingular-
ized Maslov index of u is 2[k/m]. q.e.d.

Remark 3.2. Note that in the case that k and m are not relatively
prime, say d = gcd(k,m), then instead of the map from the above
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orbifold disc, we consider a domain with simpler singularity, say D
with Z,,/q singularity at the origin, and the map given by z — zk/d,
The Maslov index of this orbifold holomorphic disc is still 2[k/m]| =
2[(k/d)/(m/d)].

The following computations of indices will be used later in the paper.
We compute desingularized Maslow indices for orbi-discs in X = C"/G.
Consider the orbifold disc D with Z,, singularity at the origin, and the
orbifold X defined by the complex vector space C™ with an action of a
finite abelian group G. Consider the uniformizing cover D? of D, with
coordinate z € D2,

Lemma 3.4. Consider the holomorphic orbi-disc u : (D,0D) —
(X, L), induced from an equivariant map u : D* — C" given by

(36) (alzdlv"'7akzdk7ak+l7"'7an)7

where a; € U(1),d; > 0 for all i. We set dgsqy = -+ = d,, = 0 and
L = (SY)™ € C". Then, the desingularized Maslov index of u equals

23 ;di/m].

Proof. Consider the tangent orbi-bundle T X" over X whose uniformiz-
ing chart is given by C" xC" = {(¢, w)|y,w € C"} with the group G act-
ing diagonally. Then, the fiber of T'L at /is given by (R-iyy,...,R-iy,) €
C™. We consider the pull-back orbi-bundle, ©*T' X, whose uniformizing
chart is given by C" x C" = {(z, )|z, W € C"} with the Z,, action given
by

(3'7) e27ri/m . (Z, u—)») _ (627ri/mz’ e27rd1i/mw1’ o e27rdni/mwn)‘

In this chart, the subbundle (u|gp)*TL is given by

di;

zZ,R-a12, ... R'anzd”i.
(7 ) )

Now, we consider its image under the desingularization map ¥ : D?\
{0}xC™ — D?\{0}xC" defined by ¥(z,w) = (2™, "N wy, ...,z %w,),
where dj = d; — [d;/m]m. We have dj_, = --- ,d;, = 0. The image of
TL via ¥ at the point o € D? with o = 2™ is given by

(...,H]R'z_d;izdi,...) = (...,z[d"/m]mi'R,...) ccn.

Hence we obtain a trivialized desingularized vector bundle |E| over
D, and the Maslov index of the loop of Lagrangian subspaces over uni-
formizing cover D? is 3 2[d;/m]m and hence the Maslov index for the
orbi-disc w is Y 2[d; /m]. q.e.d.
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3.3. Relation to the Chern-Weil Maslov index. Now, we explain
the Chern-Weil construction of the Maslov index for orbifold from [CS]
and its relationship with the desingularized Maslov index defined in this
section.

By bundle pair (£, L) over X, we mean a symplectic vector bundle
£ — Y equipped with compatible almost complex structure, together
with Lagrangian subbundle £ — 9% over the boundary of X. Let V be
a unitary connection of F, which is orthogonal with respect to £: This
means that V preserves £ along the boundary 0X. See Definition 2.3 of
[CS] for the precise definition.

Definition 3.3. The Maslov index of the bundle pair (£, £) is defined
by

-1
pew(€.0) = Y1 / tr(Fy)
T Jz
where Iy € Q%(X, End(€)) is the curvature induced by V.

It is proved in [CS] that this Chern-Weil definition agrees with the
usual topological definition of the Maslov index. But the above defini-
tion of the Maslov index has an advantage over the topological one in
that it extends more readily to the orbifold case, as observed in [CS].
In the orbifold case, £ is assumed to be a symplectic orbi-bundle over
an orbifold Riemann surface ¥ and the Maslov index is defined by con-
sidering orthogonal connections which are, in addition, invariant under
local group actions. Thus, the Maslov index of the bundle pair (&, £)
over orbifold Riemann surface with boundary is defined as the curvature
integral as in Definition 3.3. It is shown in [CS] that the Maslov index
uow (€, L) is independent of the choice of orthogonal unitary connection
V and also independent of the choice of an almost complex structure.

Finally, we recall Proposition 6.10 of [CS] relating the Maslov index
with the desingularized Maslov index:

Proposition 3.5. Suppose X has k interior orbifold marked points
of order my,...,my. Then

k n
__ . de E :E Mij
/’LCW(87£) = U (57£)+2 e )

i=1j=1 "

where m; ; are defined as in (3.2).

4. Toric orbifolds

In this paper, we consider compact toric orbifolds. These are more
general than compact simplicial toric varieties, in that their orbifold
singularities may not be fully captured by the analytic variety structure.
In fact, we are mainly interested in a subclass called symplectic toric
orbifolds. These have been studied by Lerman and Tolman [LT], and
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correspond to polytopes with a positive integer label on each facet. In
algebraic geometry, Borisov, Chen, and Smith [BCS] considered toric
DM stacks that correspond to stacky fans. The vectors of such a stacky
fan take values in a finitely generated abelian group N. A toric DM
stack is a toric orbifold when N is free and in this case the stabilizer of
a generic point is trivial.

4.1. Compact toric orbifolds as complex quotients. Combinato-
rial data called a complete fan of simplicial rational polyhedral cones, X,
are used to describe compact toric manifolds (see [Co] or [Au]). For the
definitions of rational simplicial polyhedral cone o and fan ¥, we refer to
Fulton’s book [Ful]. If the minimal lattice generators of one-dimensional
edges of every top dimensional cone o € ¥ form a Z-basis of IV, then
the fan is called smooth and the corresponding toric variety is nonsin-
gular. Otherwise, such a fan defines a simplicial toric variety (which are
orbifolds). The toric orbifolds to be considered here are more general
than simplicial toric varieties. They need additional data of multiplicity
for each 1-dimensional cone, or equivalently, a choice of lattice vectors
in them.

Let N be the lattice Z", and let M = Homyz(N,Z) be the dual lattice.
Let Ng = N ® R and Mr = M ® R. The set of all k-dimensional cones
in ¥ will be denoted by (). We label the minimal lattice generators of
cones in X as {v1,...,v,} = G(2), where v; = (vj1,...,vjn) € N.
For v, consider a lattice vector b; € N with b; = cjv; for some positive
integer c;. We call b; a stacky vector, and denote b= (b1,...,by). For
a simplicial rational polyhedral fan ¥, the stacky fan (3,b) defines a
toric orbifold as follows.

We call a subset P = {v;,,...,v;,} C G(X) a primitive collection if P
does not generate a p-dimensional cone in X, while for all £ (0 < k < p),
each k-element subset of P generates a k-dimensional cone in X.

Let P = {v;,...,v;,} be a primitive collection in G(X). Denote

AP) ={(21,---»2m) | 2y = -+~ = 2z, = 0}.
Define the closed algebraic subset Z(X) in C™ as Z(X) = UpA(P),
where P runs over all primitive collections in G(X) and we put U(X) =
C™\ Z(%).

Consider the map «w : Z™ — Z" sending the basis vectors e; to b; for
i = 1,...,m. Note that the K := Ker(m) is isomorphic to Z™™ " and
that m may not be surjective for toric orbifolds. However, by tensoring
with R, we obtain the following exact sequences:

(4.1) 0—t—R™ 5L R" -0,
(4.2) 0= K—=Tm"5T" -0,

!

(4.3) 0 — K¢ — (C)™ 5 (C)" — 0.
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Here T™ = R™/Z"™ and the map 7’ is defined as
b; bin
O am) = (A7 A
J J

Here, even though K is free, K may have a non-trivial torsion part. For
a complete stacky fan (X,b), K¢ acts effectively on U(X) with finite
isotropy groups. The global quotient orbifold

Xy =U(X)/Kc

is called the compact toric orbifold associated to the complete stacky
fan (3, b). We refer readers to [BCS] for more details.

There exists an open covering of U(X) by affine algebraic varieties:
Let o be a k-dimensional cone in ¥ generated by {v;,,...,v;, }. Define
the open subset U(c) C C™ as

U(o) ={(z1,...,2m) € C™ | z; #0 for all j & {i1,...,ix}}.
Then the open sets U(c) have the following properties:
1) U(X) = UpesU(0);
2) if 0 < o', then U(c) C U(o’);

3) for any two cone 01,09 € 3, one has U(o1) NU(o2) = U(o1 Nog);
in particular,

UE) = |J Ul

cex(n)

We define the open set U, := U(c)/Kc. For toric orbifolds, U, may not
be smooth.
The following lemma is elementary (see the case of smooth toric man-

ifold in [B1] together with the considerations of the orbifold case in
[BCS]).

Lemma 4.1. Let o be a n-dimensional cone in X, with a choice
of lattice vectors b, = (bi,,...,bi,) from its one-dimensional cones.
Suppose that b, spans the sublattice Ny of the lattice N. Consider the
dual lattice My, D M of Ny, and the dual Z-basis (w;,,...,u;,) in
My, defined by

(biy, wi,) = Op -

Recall that o with the lattice Ny, (resp. N ) gives rise to a space Ul
(resp. Uy, ), and the abelian group Gy, = N/Np, acts on Ul to give

UL /Gy, = U,.

In terms of the homogeneous coordinates zi,...,zy, on C™, the coor-
dinate functions x§,...,z% of the uniformizing open set UL are given
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b1,u; b ,u;
o o) )

(4.4) :

27 = Ziblvum . Zﬁf’zm,um
The Gy, -action on U, for g € N/Ny_ is given by
(4.5) g-af =TI,

Now, we discuss C*-action on U/ and U,. In what follows there is a
complication because there exists a C*-action on the quotient (coming
from the C*-action on the disc) which does not lift to the C*-action on
the uniformizing cover.

Lemma 4.2. For any lattice vector w € Ny, there is an associated
C*-action on U, given by

4.6 Ap(2) 27 = Lwi) o
(4.6) ; 7

Proof. For any w € Np_, there exists an associated C* action: Let
z € C*, and u € My, . Toric structure provides action A, of w on the
function x* on U by Ay (z) - (x*) = 2% x®. The lemma follows by
writing this formula in terms of the coordinates (z7,...,zJ). q.e.d.

Lemma 4.3. For a lattice vector v € N, there is an associated C*-
action on the quotient U, as in (4.6). Furthermore, such a C*-action
induces a morphism C — U,, if v lies in the cone o.

Proof. We write v =) ;G b;, where c¢;’s are rational numbers. Hence,
(4.6) does not provide a C*-action of v on U.. But there exists a C*-
action of v € N on the quotient U, /G. We define the action A\, (z) by
the formula (4.6). Then possible values of (z{"%1) ... 2{v%in)) for dif-
ferent choices of branch cuts differ by multiplication of (e27ria<”7“i1>, e,
ezma<”’"in>) for some integer a € Z. Therefore the difference is exactly
given by the G-action (4.5).

The C*-action corresponding to v defines a map from C* to the prin-
cipal (C*)™ orbit of the toric variety. If v lies in the cone o, we have
<v,uij> > 0 for all j. In this case the above map extends to a map
from C to U, (see [Ful], chapter 2.3). q.e.d.

Definition 4.1. Let o be a d-dimensional cone in Y with a choice
of lattice vectors by = (bi,,...,b;;). Let Ny  be the submodule of N
generated by these lattice vectors. Define

d

Boxy, ={v € N |v= chbik,ck €[0,1)}.
k=1
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This set has one-to-one correspondence with the group
(4.7) Gp, = ((Np, ®2 Q) N N)/Np,.

This generalizes the definition of Gy, = N/Np, given in Lemma 4.1 for
n-dimensional cones. It is easy to observe that if 0 < ¢/, then Boxp, C

BO:Eb ,e
Define
Boxy, = Boxp, — U Boxy, .
T<0
Define
(4.8) Box = U Boxy, = |_| Boxy_.
oex(n) oEXN

We set Box = {0} U Box’. Box is the index set T of the components
of the inertia orbifold of the toric orbifold corresponding to (3, 5) To
every v € Boxy N Box', there corresponds a twisted sector X, which
is isomorphic to the orbit closure O, as an analytic variety. However, it
has a specific orbifold structure that includes the trivial action of Gy .
In particular, the fundamental class of X}, is m[ég].

Remark 4.2. We would like to point out here that there is a natural
orbifold structure on the variety O,. This comes from considering it as
a toric orbifold with the fan star(7) as described in section 3.1 of [Ful]:
Let L be the submodule of N generated by 7 N and N(7) = N/L.
Then star(7) is the set of cones containing 7, realized as a fan in N(7).
The projection of stacky lattice vectors b; to N(7) gives O, the desired
orbifold structure. This structure induces an inclusion of O, into X as
a suborbifold.

This orbifold structure is in general different from the orbifold struc-
ture of O, as an analytic variety. For instance, when dim(7) = n—1, the
variety O, is a smooth sphere whereas the above structure may involve
orbifold singularities. On the other hand, this structure is also different
from the orbifold structure of O, as a twisted sector. It precisely misses
the trivial action of Gp_ corresponding to the group actions in the nor-
mal bundle of O, in X. The orbifold structure of O, as a twisted sector
induces a different inclusion of it into X as a suborbifold.

4.2. Symplectic toric orbifolds. Recall that a symplectic toric man-
ifold is a symplectic manifold that admits Hamiltonian action of a half
dimensional compact torus. Delzant polytopes, which are rational simple
smooth convex polytopes, classify compact symplectic toric manifolds
up to equivariant symplectomorphism. Here we review the generaliza-
tion to labeled polytope, a polytope together with a positive integer
label attached to each of its facets, by Lerman and Tolman [LT]. La-
beled polytopes classify compact symplectic toric orbifolds. We recall
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briefly the explicit construction of symplectic toric orbifolds from a la-
beled polytope following [LT] (see Audin [Au], for instance, for the
smooth case).

Definition 4.3. A convex polytope P in My is called simple if there
are exactly n facets meeting at every vertex. A convex polytope P is
called rational if a normal vector to each facet P can be given by a
lattice vector. A simple polytope P is called smooth if for each vertex,
the n normal vectors to the facets meeting at the given vertex form a
Z-basis of N.

Let P be a simple rational convex polytope in R” with m facets, with
a positive integer assigned to each facet of P.

Definition 4.4. We denote by v; the inward normal vector to the j-
th facet of P, which is primitive and integral, for j = 1,...m. Let ¢; be
a positive integer label to the j-th facet of P for each j. Set b; = c;v;.

The polytope P may be described as follows by choosing suitable
pj €R:

(4.9) P=(){ue Mg]| (ubj) >p;}.
j=1

If we denote (as in (1.6))
tj(u) = (u, bj) — pj,
then the polytope P may be defined as
P={ueMgr|lij(u)>0,j=1,...,m}.

From a polytope P, there is a standard procedure to get a simplicial
fan X(P). Then the stacky fan (3(P),b) defines a toric orbifold in the
sense of complex orbifolds as explained in the last subsection. In this
paper we are only concerned with toric orbifolds derived from labeled
polytopes.

We recall a theorem by Lerman and Tolman.

Theorem 4.4. [LT] Let (M,w) be a compact symplectic toric orb-
ifold, with moment map pup : M — (R™)*. Then P = up(M) is a
rational simple convex polytope. For each facet F; of P, there exists a
positive integer c;, the label of F;, such that the structure group of every
p € pp'(int(Fy)) is Z/¢;Z.

Two compact symplectic toric orbifolds are equivariantly symplecto-
morphic if and only if their associated labeled polytopes are isomorphic.
Moreover, every labeled polytope P arises from some compact symplectic
toric orbifold (Mp,wp).
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Before we recall the explicit construction of symplectic toric orbifolds,
we remark that the isotropy group of each point p € Mp can be easily
seen from the polytope (Lemma 6.6 of [LT]): First, the points p with
ur(p) € int(P) have trivial isotropy group. If up(p) lies in the interior
of a facet F', which has a label cp, the isotropy group is Z/cpZ. For
the points p with up(p) lying in the interior of a face F', which is the
intersection of facets, say Fi, ... F}, the isotropy group at p is isomorphic
to A,/A}: Here, consider the subtorus H, C T" whose Lie algebra h,, is
generated by v; ® 1 € Nr for ¢ = 1,...,j. Let A, be the lattice of the
circle subgroups of H,. Let A;, be the sublattice generated by {c;v;}.
We remark that even when ¢; = --- = ¢, = 1, there can be orbifold
singularities as {v1,...,v;} may not form a Z-basis of N.

Note that the face F' corresponds to a j-dimensional cone o in the
fan ¥(P) with stacky vectors {c;v; : i = 1,...,5}. Then the group A4
is the same as the group Np_ (see Definition 4.1), and A, is the same
as Np, ®z Q. Therefore the isotropy group A,/Aj, is identical to Gy, .

We briefly recall the construction of the symplectic toric orbifold
(Mp,wp) from the labeled simple rational polytope P.

Recall from Equation (4.1) that for the standard basis (eq, ..., €m) of
R™, the map 7 is defined by

(4.10) m:R™ = R" by 7(ej) =cjvj, j=1,...,m

producing the following exact sequences:

0= ES5R™ SR 50 anditsdual 0 — (R")* 55 (R™)* 5 ¢ — 0.
Note that £ is the Lie algebra of K defined in (4.2).

Consider C™ with its standard symplectic form

1
wo = §Zd2k/\d§k.

The standard action of 7" on C™ is Hamiltonian whose moment map
is given by

1
,u(cm(zl, e ,Zm) = §(|Zl|2, ey |Zm|2).
Hence K acts on C™ with the moment map
pr =t opucm : C™ — £,

For the constant vector p = (p1,...,pn) defining the polytope (4.9),
define 7 : (R")* — (R™)* by 7 (§) = 7% — p. Then,

(4.11) mp(P) = {§ € (R™)*[€ € Im(m,) and & > 0 for all i}
(4.12) = {€c R™*|€ € () () (—p) and & > 0 for all i}.

Then, take X = /L[_{I(L*(—p)) /K to be the symplectic quotient, which
is the desired (Ké&hler) toric orbifold. Since the action of 7™ commutes
with K, there exists an induced T action on X and the T action
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descends to 7™ /K action on X, and provides the moment map up =
(m3) "o uem on X.

5. Desingularized Maslov index formula for toric orbifolds

We first recall the Maslov index formula for holomorphic discs in toric
manifolds in terms of intersection numbers.

Theorem 5.1 ([C1], [COJ). For a symplectic toric manifold Xxp),
let L be a Lagrangian T™ orbit. Then the Maslov index of any holomor-
phic disc with boundary lying on L is twice the sum of the intersection
multiplicities of the image of the disc with the divisors D; corresponding

tov; € M) over allj=1,...,m.

Here the divisor Dj is a complex codimension one submanifold, which
can be defined using the principal bundle (U(X) = Xspy) as Dj =
m({z; = 0}) = {#; = 0}/Kc. For a toric orbifold X, the divisor D; can
be defined similarly as a suborbifold of X by D; = {z; = 0}/Kc.

In this section, we find a similar formula for toric orbifolds. Consider
an orbi-disc D with interior marked points z;r with orbifold singularity
Z/d;7Z where 1 < i < k. (Here d; = 1 for smooth marked points.)

Note that intersections of holomorphic orbi-discs with divisors are
discrete and there are only finitely many of them because the map is
holomorphic. The multiplicity of such an intersection is given by the
ordinary intersection number in the uniformizing cover (or in homoge-
neous coordinates of U(X)), divided by the order of local group of the
orbi-disc at the intersection point. Here is the desingularized Maslov
index theorem for toric orbifolds.

Theorem 5.2. For the symplectic toric orbifold X corresponding to
(X(P),b), let L be a Lagrangian T™ orbit and let (D, (2], ... ,z,j)) be an
orbi-disc with Z/d;Z singularity at zi+. Consider a holomorphic orbi-disc
w: (D,0D) — (X, L) intersecting the divisor D; with multiplicity d; ;/d;
at each marked point zj , which does not intersect divisors away from
marked points. Then the desingularized Maslov index of w is given as

2> D (ldij/di]).
tog
Here |r| denotes the largest integer equal to or less than r.

Proof. Recall that in [C1] and [CO], the Maslov index was computed
as a sum of local contributions near each intersection with divisors. A
similar scheme still works in this setting. The local contribution at each
intersection point has been computed in Lemma 3.4. Hence it remains to
show how to modify the general scheme in the setting of toric orbifolds.

Without loss of generality, we discuss what happens in the neighbor-
hood of zf’ only. The point w(zfr ) may lie in the intersection of several
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divisors D;. Suppose that
(5.1) w(z) € Dy N---N Dy,

with no intersection with any other toric divisor. As D;, N---ND;, # 0,
there are lattice vectors v, ,,...,v;, so that (v;,...,v;,) defines an
n-dimensional cone ¢ in X.

We may consider the map w in a uniformizing neighborhood Ug(zfr )
of 2. We consider its uniformizing cover D.(z;") — U(2{"), which is
the di-fold branch cover branched at the origin. By the definition of
an orbifold holomorphic map, we can consider its equivariant lift w :
Dc(2]) — U. for the uniformizing chart U., as in Lemma 4.1. The
intersection multiplicity d; ; can be defined as the order of zero at 2;
of the coordinate z¢ in U, for 1 < j < k. As w(z;") do not intersect
divisors corresponding to v, ,,. .., v;,, the coordinate functions g for
w are non-vanishing near 2;” when j > k + 1.

We note that this multiplicity also can be seen in the homogeneous

coordinates of C™. From Lemma 4.1, for the dual basis {w;,,...,u;,}
of the linearly independent vectors {b;,,...,b;, }, the affine coordinate
function z7 of U! is given as
;U;j fd Zib17uij> P Zf::m7uij>
= C(z2)- z, = C(z) -z,

where C(z) is a function nonvanishing near w(z; ). Hence the order of
zero of z;; equals that of 7.

We write the lift @ : D(z;") — U, in affine coordinates as
(a12 + O L apz™ + O apyy + O(2), ... an + O(2)),

where z = 0 corresponds to the point zf .
The lift w is equivariant and hence the dominating term

(52) (alzqv s 7akZCk7 Af41, - - - 7an)

is also equivariant in De(2]").

Now we are in a similar situation as in the smooth case [C1], [CO] and
analogously we smoothly deform the map @ in D,(2]") in an equivariant
way, without changing it near the boundary of this disc, so that the
deformed map w satisfies

Let |[z7] = r;, 1 <i < n, be the defining equations of L in these coordi-

nates. We can make the deformation so that the map w on D, /2(sz ) is
given by

(5.4) ( riaz TRaEZ*  Trpi10p41 Tnan)

laaf(5) " arl(5)* T aksal T fanl
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We perform the same kind of deformations for z; ,zé" ,...,z,j in-

side the uniformizing neighborhoods D (23 ), ..., De(2;) for sufficiently

small € and write the resulting map as w’ and the corresponding map
of orbifolds as w’. Over the punctured disc

S =D\ (Ue(zf)U---Ud(2})),

the deformed map w’ does not intersect with the toric divisors, and it
intersects the Lagrangian torus L along the boundaries of the punctured
disc.

Lemma 5.3. The desingularized Maslow indices of w and w' are
equal to each other: p®(w) = pe(w').

Proof. As the desingularized complex vector bundles of w and w’
will be isomorphic as a bundle pair, they have the same desingularized
Maslov index. q.e.d.

Hence, it is enough to compute p(w’). Since every intersection with
the toric divisors occurs inside the balls D, s, w'|g does not meet the
toric divisors. So it can be considered as a map into the cotangent bundle
of L. Therefore we have

(5.5) u(w']s) = 0.

On the other hand, the Maslov index of the map w’|g is given by the
sum of the Maslov indices along the components of S after fixing the
trivialization.

Now consider the map w’ : D — X and the pull-back bundle w'*TX
and its desingularization (w*TX)%. We fix a trivialization ®
of (w*TX)%. When restricted to S, ® gives a trivialization ®g of
((w'|s)*TX)% restricted over S, which does not contain any orbifold
point. In this trivialization, it is easy to see that the Maslov index along
the boundary 9D in 0S is the desingularized Maslow index p(w) =
p(w'). Along the rest of the boundaries U, /5(z;) of S, which are ori-
ented in the opposite way, the Maslov indices equal the negatives of
the local contributions of desingularized Maslov indices and hence are
—2>[d; j/d;] for each i by Lemma 3.4. This proves the theorem. q.e.d.

6. Orbifold holomorphic discs in toric orbifolds

In this section, we classify all holomorphic discs and orbi-discs in toric
orbifolds with boundary on L(u). We find a one-to-one correspondence
between non-trivial twisted sectors in Box’ and orbifold holomorphic
discs with a single interior orbifold singularity (modulo 7™-action). We
also find a one-to-one correspondence between the stacky vectors b; of
the fan and smooth holomorphic discs of Maslov index two (modulo
T™-action).
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These two types of discs will be called basic discs for simplicity:
namely, Maslov index two smooth holomorphic discs and holomorphic
orbi-discs having one interior orbifold singularity and desingularized
Maslov index zero. Basic discs will be used to define Landau-Ginzburg
potentials POgy and POSMO, and will be used for computing Lagrangian
Floer cohomology of torus fibers.

6.1. Classification theorem. We first recall the corresponding theo-
rem for holomorphic discs in toric manifolds.

Theorem 6.1 (Classification theorem [C1], [CO]). Let L C C™ \
Z(X) be a fized orbit of the real m-torus (SY)™. Any holomorphic map
w: (D?,0D%) — (Xspy, L) can be lifted to a holomorphic map

@ : (D?0D% — (U(%), L)

so that each of the homogeneous coordinate functions w = (w1, ..., W)
are given by Blaschke products with constant factors.

i.e. W =aj Hz_aj’s
.C. ‘7 — ‘7 * f
e 1—-a;sz
where a; € C*, uj; is a non-negative integer for each j =1,...,m, and

Qs € int(D?). In particular, there is no non-constant holomorphic disc
of non-positive Maslov indez.

We start by explaining the new basic factors of holomorphic orbi-discs
(in addition to the factor == used in the smooth cases above).

Consider an n-dimensional stacky cone (o, b,) with b, = {b;,, ..., b;, }.
Take an element v = c1b;; + --- + ¢,b;, € N, where 0 < ¢; < 1 for
j = 1,...,n. Write each rational number ¢; as p;/q; where p; and g;
are relatively prime integers. Let my = l.c.m.(q1,...,qn) be the least
common multiple of the denominators, which is the order of v in Gy, .

Let D be a disc D? with orbifold marked point z;” € D with Z/m;
singularity. We find an explicit formula for a holomorphic orbi-disc w

from D such that the generator of Z/m; maps to v € Gy, = G

w(z))”

We denote by ¢Z1+ : Z/m1 — Gp, the injective group homomorphism
sending the generator 1 to v.

Consider the open set U, and its coordinate functions z9,...,z9. In
these coordinates, choose a point (a1, ..., a,) in the Lagrangian fiber L.
We consider the expression

+ +
z—z z—z
6.1 ar(—=L)a L an (=),
(6.1 ( (1—Efz n(l—Efz )

As ¢;’s are rational numbers, an expression such as 2% for z € D? is
not well-defined, and depends on the choice of a branch cut. But recall
that Gy, acts on U, by (4.5), and the difference from the choice of a
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branch cut is given by this action (see the proof of Lemma 4.3). Hence,
the expression (6.1) is well-defined in U, = U./Gp,. It is not hard to
check that the image of z = 2" of (6.1) has v as a stabilizer. From
(4.4), one can easily lift (6.1) to the homogeneous coordinates of the
toric orbifold. This will be the new basic factor in the classification of
holomorphic (orbi-)discs. This is a holomorphic orbi-disc, which is a
good map.

Now, we state the classification theorem of holomorphic (orbi-)discs
in toric orbifolds.

Theorem 6.2. Let X be a toric orbifold corresponding to (3(P),b),
and L be a Lagrangian torus fiber. Let LcU (X) be the corresponding or-
bit of the real m-torus (S')™. A holomorphic map w : (D,dD) — (X, L)
with orbifold singularity at marked points zf’ e ,z,j can be described as
follows.

1) For each orbifold marked point z , the map w associates to it a
twisted sector X, where v* = Z c,jb € Boz.

2) For analytic coordinate z of D?> = |D|, w can be written as a map
@ : (D?0D% — (U(X)/Kc, L/K)

so that the homogeneous coordinates functions (modulo Kc-action)

W= (Wi,...,Wy) are gz’ven as
zZ—« LR
6.2 Wi = aj 95 L)
( ) J J Hl_ajsznl_l )
where a; € C*, d; is a non-negative integer for each j =1,...,m,

;s € int(D?) and c;j’s are rational numbers as in (1).
3) The desingularized Maslov index of the map w, given in (6.2), is
> je12dj. The CW Maslov index of w is 37", 2d; + 2 Sk L)
4) w 1is holomorphic in the sense of Definition 2.1.

Remark 6.1. K¢ is defined in (4.3). Note that the expression is not
well-defined as a map to U(X), since ¢;;’s are rational numbers. But it
is well-defined up to Kc-action.

Proof. We first claim the above expression (6.2) defines a holomorphic
map in the sense of Definition 2.1. The first factor of (6.2) is obviously
holomorphic, and we may assume that the map w is given by

(6.3) w; = aj - H Gkl )6

Z

+
Note that (5 z ZZZZ)CU is holomorphic in D? away from 2" in the sense of

+
Definition 2.1. Thus, it suffices to consider the map (-— Zj )% near z;".

1-z"z2
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Let r be the order of 3, ¢;;b,, which is the least common multiple of
the denominators of the rational numbers ¢;1, ..., ¢in. By the automor-

+

. Z—Z. . .

phism wzj : D?> - D?, wzj =1 and its inverse w—zjv we may only
K3

consider the case that zi+ = 0. Then consider the branch covering map
at z;7, br : B¢(0) — Ber(0), which is defined by br(2) = (2)". Here, we
denote the coordinate on the cover by z with the relation z = z". Thus,
it is easy to see that the map 2% = z"“J is holomorphic. Thus the lift
as a map of z is holomorphic, as required by Definition 2.1.

Now, we prove the classification results. The idea of the proof is sim-
ilar to that of [C1] and [CO]. Namely, given a holomorphic smooth
or orbifold disc, we consider its intersection with toric divisors, and by
dividing by the basic factors, we remove the intersection with toric divi-
sors to obtain a map which does not intersect any toric divisors. Then,
it is easy to see that the resulting smooth disc whose image lies in one
of the uniformizing charts (C", (S')") of the toric orbifold has vanishing
Maslov index. By classical classification of smooth holomorphic discs, it
is in fact a constant map.

Let w : (D,0D) — (X, L) be a holomorphic good orbi-disc. Choose
an interior orbifold marked point z;r with Z,,, singularity. Denote by
¢zj the injective group homomorphism Z,,, — Gw(z;r) associated to the

good map w at zj . Take a toric open set U, containing fw(z;r ), and

denote the stacky vectors generating o (over Q) by bj1,. .., bs,. Then,
the image of the generator under ¢,+ can be written as

¢+ (1) =" =ciby + -+ cinbiy, € N

with 0 < ¢;; < 1 for j = 1,...,n. Write each ¢;; as a rational number
pij/qi; with relatively prime p;j, g;;. Observe that as ¢_+ is injective,

we have m; = l.c.m.(qi1, - - -, Gin), which is the order of % in Gy, . For
simplicity, we assume that zj = 0 € D?. Consider the branch cover
br : B.(0) — B (0) defined by br(zZ) = z2™:. The map w restricted on
Bem;i (0) has a lift (by definition) w : B.(0) — U/, which is holomorphic
in Z. Note that the image of 2;* = 0, @(0) has v in its stabilizer. Hence,
in terms of the coordinates (z{,...,z7) on U., the j-th coordinate of
w(0) vanishes if ¢;; # 0. We denote the vanishing order (multiplicity) of
w(0) at the j-th coordinate by d;;. (Here d;; = 0 if it does not vanish.)
We set
dij = d;jmz + 7ij, where 0 < Ti5 < Mmy.

By equivariance of w, we have

Thus w can be written near 0 in these coordinates as

gk, ... )
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with w’(0) # 0. Or, in the coordinate z = 2", we have
! o~ / L~
(zdi1+0“w/1, A zdin“mw;).

For the general z;" (when z;" # 0), similarly we have

+ +
2= 2 gt ~ 2= 2 \d e~
64) (), () e,

(2 3

—Z 2 \d . +c,
We multiply the reciprocals (%)diﬁ% to the above to remove

K3

the intersection with toric divisors at zi'" . Such a multiplication can be
done via toric action. Namely, from Lemma 4.3, we have a C*-action,
corresponding to the lattice vector — 3 .(d;; + ¢;;)b; € N on X'. More
precisely, this action corresponds to the multiplication in (homogeneous)
coordinates of C™ by the following expression:

_ _ o+
L2 g ten (A2

Z—ZZ- Z—ZZ-

(1,...,( Ydintein 1. 1).

We denote the resulting holomorphic orbi-disc by wy : (D', 0D’) —
(X, L), which is obtained after such multiplication where D’ is an orb-
ifold disc obtained from D by removing the orbifold marked point z;'.

It is easy to see that the map wy still satisfies the Lagrangian bound-
ary condition, and importantly, the intersection with the toric divisor
at zl-+ has been removed.

The case of w intersecting the toric divisor at smooth point (which is
not a marked point) can be done as in [CO] and the analogous modified
map has less intersection with toric divisors. By repeating this process,
we obtain a map wg which does not meet any toric divisor. This map
is now smooth, and has Maslov index 0 from the Maslov index formula
of Theorem 5.2. It is easy to see that the map wy is indeed a constant
map. Thus the formula of the original map w can be written as in the
statement of the theorem by tracing backwards.

The index formula (part (3)) follows from Theorem 5.2. However,
a more intuitive way to think about it is as follows: Note that pcw is
homotopy invariant and so is % as long as we do not change the twisted
sector data x. Especially, when the disc splits into several discs, the sum
of pow remains the same. Hence, given an expression (6.2), we consider
the degeneration of the holomorphic disc by sending each «a; s to the
boundary 9D?. In this case, a disc bubble appears, and the component
S f;sz disappears from (6.2). Note that if |a| = 1, then == = —a. The
bubble is the standard Maslov index two disc, and hence has ucw = 2.
Similarly, we can bubble off each orbifold marked point to obtain an
orbifold disc bubble, and for each z;r , the corresponding Chern Weil
Maslov index is pucw = 2¢(,1). By adding them up, we obtain (3). q.e.d.
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6.2. Classification of basic discs. In this subsection, we discuss the
classification of basic discs.

Now, we find holomorphic orbi-discs of desingularized Maslov index
0 with one interior orbifold marked point and show that they are in
one-to-one correspondence with twisted sectors.

Corollary 6.3. The holomorphic orbi-discs with one interior singu-
larity and desingularized Maslov index 0 (modulo T™-action and auto-
morphisms of the source disc) correspond to the twisted sectors v € Box'
of the toric orbifold.

Proof. Let w be a holomorphic orbi-disc with one orbifold marked

point 2" € D with u% = 0. Let v = >_;cjbj be the element of Box

associated to the pair (w, z;") as in part (1) of Theorem 6.2. Injectivity

of the homomorphism ¢ o+ implies that v € Box'.
By the classification theorem, w can be written as

C1 c2 c
(a12,a92%, ..., amzm).

And this representation is unique up to T™-action if we impose the
condition that a; = 1 whenever ¢; = 0. Conversely, given an element of
Boz', we can easily construct such an orbi-disc as above. q.e.d.

We give another way to understand the above correspondence be-
tween basic orbi-discs and elements of Box’. Such a holomorphic orbi-
disc w : D — X (with orbifold marked point at 0 € D) with desin-
gularized Maslov index 0 has an image in a open set U, for some n-
dimensional cone o. For its uniformizing chart U, = C", w has an
equivariant lift to the uniformizing charts, w : D? — C", which may be
written as

(6.5) W(2) = (a 24, ..., d 7% = (a\ 2™, ..., al Zn™)

where each d; is a nonnegative integer. Here D? is the uniformizing chart
of D which is a branch cover of degree m,,, the order of v.

From the explicit expression of w in (6.5), note that the image of such
a holomorphic orbi-disc is invariant under S' action. More precisely, if
one defines C* action by

(6.6) t- (21, 20) = (A2, ... 192, for t € C¥,

the image of (6.5) equals the image of C%-action on the point
(ay,...,al) € L, where Ct, = {2 € C*||z| < 1}. This exactly corre-
sponds to Lemma 4.3 about C*-actions on toric orbifolds, which extend
to morphisms C — X.

Summarizing the above discussion, we have seen that the image of
a basic orbi-disc corresponds to the image of a CX,-action which ex-
tends to a morphism C — X. Such C*-actions are restricted to those
corresponding to elements of Box'.
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Now, we consider holomorphic discs of Maslov index two without
orbifold marked points. We first note that the images of maps from
smooth discs can intersect fixed loci of the orbifold. The definition of an
orbifold map requires that the map from a smooth disc locally lifts to
a map to the uniformizing chart, and hence can intersect the fixed loci.

We also illustrate another important point by the following example:
Consider an orbifold map w from orbi-disc D with Z/mZ singularity
in the origin to D’ with Z/mnZ singularity in the origin, whose lift
between uniformizing covers is given by w(z) = z*. Then, if m|k, then
w may be considered as a smooth disc w’ : D? — D’ with the lifted map
@' : D?> — D? as given by @' (z) = 2F/™.

Hence, given an orbifold holomorphic map f : D — X, and a local
lift f, the related group homomorphism sometimes cannot be injective,
if f has high multiplicities. In such a case, the orbifold structure of D
has to be (and can be) replaced by less singular or sometimes smooth
ones. The correspondence below is best understood in this sense.

Corollary 6.4. The (smooth) Maslov index two holomorphic discs
(modulo T™-action) are in one-to-one correspondence with the stacky
vectors by, ..., by,.

Proof. This follows directly from the classification theorem. Namely,
let w : D?> = X be a smooth holomorphic disc of Maslov index two.
From the classification theorem, up to automorphism of D?, such a

holomorphic disc is given by (ai,...,2,...,ay) in C™. In the form of
expression (6.5), this corresponds to the case that ¢; = 1,m, = 1, and
all the other ¢; = 0 for 7 # j. This implies the corollary. q.e.d.

7. Areas of holomorphic orbi-discs

In this section, we compute the area of holomorphic orbi-discs. The
method to compute them is somewhat different from that of [CO] and
is more elementary.

We first illustrate how the moment map measures the area of a stan-
dard orbifold disc. Let D := D? C C be the standard disc with the
standard symplectic structure. Let D be the orbifold disc obtained as
the quotient orbifold [D?/(Z,)] where the generator 1 € Z, acts on
D? by multiplication of a primitive n-th root of unity. D and D have
the following S'-actions. Let t € S' and z € D. Let w € D? be the
coordinate on the uniformizing cover of D. Then the actions are

tez=tz, t-w=t""w.

Note that the S! action is not well-defined on the uniformizing cover D?,
but well-defined on the quotient orbifold D. If we compute the moment
maps for D and D, the length of the moment map image of D is n-times
the length of the moment map image of D. This is because the vector
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fields generated by S'-actions have such a relation. Also, we point out
that the symplectic area of D is also n-times the symplectic area of
D. In general, the area of a holomorphic orbi-disc w with one interior
singular point can be obtained by taking the symplectic area of the lift
w : D? — U! and dividing it by the order of orbifold singularity of D.

Recall that symplectic areas are topological invariants. Hence, it is
enough to find symplectic areas of generators of Hy(X, L). From Lemma
9.1, it is enough to find symplectic areas of the basic discs. We denote
the homology class of a disc corresponding to b; (resp. v € Box') by f3;
(resp. 3,). Note that for v € Box/, if we have v = ¢1b;, + ... + epb;,,
then the symplectic area for (5, is given as the same linear combination
of the symplectic areas of 3;;’s. Thus, it suffices to find symplectic areas
of ;;’s, which are those of smooth holomorphic discs corresponding to
stacky vectors.

Recall that symplectic form on the toric orbifold is obtained from the
standard symplectic form of C™ via symplectic reduction. The strategy
is to find a lift of the holomorphic map to U(X) C C™ and compute the
area there using the standard symplectic form.

As in the classification theorem, the smooth holomorphic discs which
are basic can be easily obtained as follows. For simplicity, we state it
for ;. Let @y : D*> — C™ be a map given by

w1(z) = (a12,a9,...,an),

where (a1,...,any) € L as in Theorem 6.2. Then if we compose it with
the projection 7 : U(X) — X, we have w; = mow; : (D? 0D?) —
(X, L), which defines a smooth holomorphic disc of homology class /.

Consider u = (u1,...,u,) € (R")*. If L is defined by up'(u), then,
considering the map 7 : (R")* — (R™)* defined by m;(§) = 7*¢ — p,
the image of L under the map pucm : C™ — (R™)* corresponds to the
point 7 (u). In fact, 7 (u) is given by

((u,b1) —p1y -y (U b)) — D) = (G1(w), .o b (10)).

But recall that for the standard moment map, the j-th coordinate of
pem is given by |z;|%/2. Hence, with the standard symplectic form, the
symplectic area of the lift of w; in C™ is just 7r?, which is 27 (¢;(u)).
Hence the area of w; is given by 2m¢;(u).

In fact, due to the difference of complex and symplectic construc-
tion of toric orbifolds, we also need the following argument in the above
computation. Note that the holomorphic disc w does not exactly lie on
the level set ,uI_{l(L*(—p)) for the symplectic quotient. In fact, when we
say holomorphic disc w in symplectic orbifold, we mean the following
deformed disc which lies in the level set ! (t*(—p)): From a general
argument due to Kirwan [Ki], one can consider negative gradient flow of



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 57

the function ||pux — t*(—p)||? inside U(X) = C™\ Z(X). Negative gradi-
ent flow will reach critical points, and in this case the only critical point
set is py (¢*(—p)). As the torus L already lies in the level set, points on

L do not move under the homotopy. Thus, given a holomorphic disc in

W, it can be flowed into uy (¢*(—p)) with boundary image fixed, which

gives precisely the holomorphic disc in the symplectic quotient. Then,

the simple argument using Stoke’s theorem tells us that the symplec-

tic area of the corresponding disc obtained by flowing to the level set

i (1*(—p)) is the same as that of @. This proves the desired result.
By adding up homology classes, we obtain

Lemma 7.1. For a smooth holomorphic disc of homotopy class 3;,
its symplectic area is given by 2ml;.
For a lattice vector v = c1b;; + ...+ cpb;, , define

(7.1) €V = Zcieiﬂ"
J=1

Then the area of the holomorphic orbi-disc corresponding to v is given
by 27l (u).

8. Fredholm regularity

In this section, we justify the use of the standard complex structure
in the computation of Floer cohomology in this paper.

8.1. The case of smooth holomorphic discs in toric orbifolds.
The first author, with Yong-Geun Oh, has shown the following Fredholm
regularity results for toric manifolds:

Theorem 8.1. [C1], [CO| Non-singular holomorphic discs of a toric
manifold M with boundary on L are Fredholm regular, i.e. linearization
of the O operator at each map is surjective.

This implies that the moduli spaces of holomorphic discs (before com-
pactification) are smooth manifolds of expected dimensions. Since the
standard complex structure is integrable, the linearized operator D,,
for a holomorphic disc w is complex linear and exactly the Dolbeault
derivative 0.

We briefly recall the main arguments for the proof of regularity in
[CO]. The exact sequence (4.1) induces the exact sequence of complex
vector spaces

(8.1) 0=-Ct-C" 5 C"—0

via tensoring with C where C! is the m —n dimensional subspace of C™
spanned by ¢ C R™. Note that this exact sequence is equivariant under
the natural actions by the associated complex tori.
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Given a holomorphic disc w : (D?,D?) — (M, L), denote
E=w'TM, F = (0w)'TL.
Using the sheaf of local holomorphic sections of the bundle pair (E, F),
one can define the sheaf cohomology group HY(D? 0D?; E,F). Note

that the surjectivity of the linearization of w is equivalent to the van-
ishing result

(8.2) HY(D? 0D* E, F) = {0}.
Denote by @ : (D2,8D?) — (C™, L) the lifting of w, whose boundary

lies on B

L=(SH™(c1,...,cm) Cm Y(L) CcC™
We denote by

(E,F) = (w'TM,(0w)*TL)

(E,F) = (D*xC™, (0w)*(TL))

(Ee, Fr) = ((w)"(TOrbee), (9w)"(TOrbe))

and by
E.F), EF), (&.F)

the corresponding sheaves of local holomorphic sections.

Lemma 8.2 ([CO]J, Lemma 6.3). The natural complezx of sheaves
(8.3) 0= (& Fe) = (E,F) = (£,F) =0
18 exact.

In [CO], Lemma 6.4, the vanishing H(€, F) = 0 is proved by check-
ing the Fredholm regularity of the trivial bundle pair. The above exact
sequence then proves the desired Fredholm regularity for holomorphic
discs for the case of toric manifolds.

Now, consider the case of smooth holomorphic discs in toric orbifolds.
Note that the exact sequence (8.1) remains true in the case of toric orb-
ifolds. For smooth discs in orbifolds, the pull-back bundle is a smooth
vector bundle. We have shown in section 6 that smooth holomorphic
discs admit holomorphic liftings to C™. Thus, exactly the same argu-
ment as in the case of manifolds proves the following:

Proposition 8.3. Smooth (non-singular) holomorphic discs of a toric
orbifold with boundary on L are Fredholm regular.

8.2. The case of orbi-discs. We only discuss the case of holomorphic
orbi-discs with one interior orbifold marked point. In the case of several
orbifold marked points, stable map compactifications may contain con-
stant orbi-sphere bubbles, which may not be Fredholm regular; hence
one may expect that the moduli spaces of orbi-discs with several orb-
ifold marked points are in general obstructed. But for the orbi-discs in
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the classification theorem whose domains do not have nodal singularity,
we conjecture that they are Fredholm regular, yet we do not know how
to prove it in this generality. (One can check that at least the dimension
matches with the expected dimension.)

Suppose D is an orbifold disk D? with Z,, orbifold singularity at the
origin, and boundary dD. For a good orbifold map w : (D,9D) — (X, L)
to a toric orbifold, E = w*T' X defines an orbifold holomorphic vector
bundle with F' = (Ow)*T'L a Lagrangian subbundle along the boundary.
Namely, if we let 7 : D? — D be its uniformizing chart, then the vector
bundle E may be understood as a holomorphic vector bundle £ — D?
with effective Z,, action on E, which acts linearly on the fibers. In
addition, F|yp2 C E|yp2 have induced Z,, action from FE.

Denote by £ (resp. (£, F)) the sheaf of local holomorphic sections of E
over D? (resp. with values in ' on &D?). Denote by £ (resp. (€, F)™)
the sheaf of local holomorphic sections of E over D (resp. (E, F') over
(D, 0D)), which by definition is the sheaf of local holomorphic invariant
sections of E — D? (resp. (E, F) — (D?,0D?)) under Z,-action.

Lemma 8.4. Suppose € has a fine resolution

0—>5—>H0£>”H1—>0,

where H; (i = 0,1) are given an effective Z,, action so that all arrows
are equz’vam’ant maps.
Then, £ also admits a fine resolution

0 — ginv —y inv By qyine_
Analogous statements for (€, F) also hold true.

Proof. This is a standard fact, since taking invariants is an exact
functor up to torsion. But we give a proof of it for the reader’s conve-
nience in the case of £. First we recall that any open cover of an orbifold
consisting of uniformized open subsets admits a partition of unity on X
subordinate to it ([CR], Lemma 4.2.1). Hence, if H; is a fine sheaf, then
HI™ is also a fine sheaf. The resulting complex is exact: The injectivity
of the first arrow is obvious. To prove the surjectivity of the last arrow,
first take a preimage in Hg, and its average over Z,, action still maps
to the same element due to equivariance of the map. The exactness in
the middle can be proved similarly. q.e.d.

Now, sheaf cohomology of £ over D, or (€, F)™ over (D, dD), can
be introduced by taking a global section functor as before. Then the
above lemma on taking invariant functor implies the following lemma:

Lemma 8.5. We have
HO(D’ginv) — HO(D2,5)Z'"”,H1(D75""”) — Hl(D2’5)inv’
HY(D,oD; (£, F)™) = H(D?,0D?*, £, F)"™,
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HY(D,oD; (£, F)™) = HY(D?,0D* &, F)™.

In particular, if H*(D?,€) = 0, then H'(D, ") = 0 also.

Now, this enables us to prove the regularity for basic orbifold discs
with only one singular point in the interior, by using the results of the
first author and Oh on the Fredholm regularity of holomorphic discs.
Namely, given an orbifold holomorphic disc w : (D,9D) — (X, L), by
definition, we have a lift w : (D?,0D?) — (X, L), which defines a smooth
holomorphic disc to a toric orbifold. From the Fredholm regularity of
smooth holomorphic discs in the previous section, we thus have the
vanishing of H'(D? 0D?; £, F), which implies H' (D, dD; (€, F)™) =
0. This proves:

Proposition 8.6. Basic holomorphic (orbi-)discs are Fredholm reg-
ular.

9. Moduli spaces of basic holomorphic discs in toric orbifolds

In this section, we find properties of moduli spaces of basic holomor-
phic (orbi-)discs.

9.1. Homology classes in Hy(X, L;Z). For a toric manifold @ and a
Lagrangian torus fiber L, recall that we have the exact sequence

0 — Ker(r) - Z™ 5 Z™ — 0,
where 7 sends the standard generator e; of Z™ to v;. This exact se-
quence is isomorphic to the homotopy (or homology) exact sequence
([FOOOZ2]) and in particular the lattice N may be identified with
Hy(L; 7).

(9.1) 0 — m(Q) — m2(Q, L) — mi (L) =0
(9.2) 0— Ho(Q;Z) — Ho(Q,L;Z) — Hi(L;Z) — 0

One may make an identification of the lattice N with H;(L;Z).

For a toric orbifold X, the situation is more complicated. For example,
the natural map =« : Z™ — Z" sending e; to b; is not surjective in
general but only 7 ® 1g : Q™ — Q" is surjective, and also 7 (X, L) has
additional classes corresponding to orbifold discs.

First, we consider the case of a stacky n-dimensional cone. Let (o, b,)
be an n-dimensional stacky cone with stacky vectors b, = {b;,,...,b;, }
where b;,’s lie on one-dimensional cones of 0. Denote by Np, the sub-
lattice of N generated by stacky vectors b,. Denote N/Np_, by Gp, as
before. Denote by L a non-singular torus fiber.

We compute Ho(Xyp,,L;7Z) where X4, is the underlying quotient
space. Here, L may be replaced by (C*)", which is the semi-free orbit
of X4, . Since o is an n-dimensional cone, it is easy to observe that

ﬂ-l(XO',ba) = 772(X0,bg) = 07 Wl(Xa,bgy ((C*)n) =0.
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Thus in this case,

Hi(Xop,) = Hao(Xop,) =0, Hi(Xop,,(CH)") = 0.
From the homotopy exact sequence and the Hurewicz theorem, we have
m2(Xop,, (C)") =2 m ((C)") 2 Z"™ = Hy (X, , (C)"; Z) = Hi(L; Z).

In fact, we can find generators of the above explicitly. Elements of Z™
above correspond to points of the lattice N. Finding generators of Z"
corresponds to finding that of the lattice N.

In the previous sections, we have found holomorphic discs correspond-
ing to the stacky vectors b, = {b;,,...,b;, }. We denote the homology
class of a disc corresponding to b; by ;. Also, we have found holomor-
phic orbi-discs corresponding to elements of Box’, and we denote the
homology class of a disc corresponding to v € Box’ by S,.

The lattice N is generated by stacky vectors in b, together with
Boxyp,. Thus Hy(Xsp,,L : Z) is generated by f;’s and 3,’s. These
correspond to the basic discs explained earlier.

In the general case of toric orbifolds, by applying the Mayer-Vietoris
sequence of a pair, we obtain the following result.

Lemma 9.1. For a toric orbifold X, and a Lagrangian torus fiber L,
Hy (X, L;Z) is generated by the homology classes of basic discs, B; for
i =1,...,m together with 8, for v € Box'.

We have the following short exact sequence:
0 = m2(Xsp) = m2(Xsp, L) = m1(L) — 0,

and from the fact that the map Hy(L) — Ho(X) is trivial, the five
lemma gives
mo(X, L) = Hy(X, L; Z).
Thus, m2(Xx 4, L) is generated by homotopy classes of smooth and orb-
ifold holomorphic discs (or that of basic discs) and elements of 72 ( Xy p)
correspond to homotopy classes of orbi-spheres in toric orbifolds.
The following lemma (based on ideas on page 48 of [Ful]) shows that

for an n-dimensional stacky cone, we can choose exactly n holomorphic
(orbi)discs which generate Hao(Xop, , L;Z).

Lemma 9.2. Let o be any n-dimensional simplicial rational polyhe-
dral cone in R™. Then we can find an integral basis of the lattice N = Z",
all of whose vectors lie in o.

Proof. Let o0 be an n-dimensional simplicial cone with primitive in-
tegral generators v1,...,v, of its one-dimensional faces. Let N, be the
submodule of N generated by v1,...,v,. Let G, = N/N,. Since o is
simplicial, N, has rank n and G, is finite. Let mult(c) = o(G,).

Let B = [v1...v,) be the matrix with the v;’s as columns. Consider
B as a linear operator B : N, — N and G, as the cokernel of B. Then
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from the Smith normal form of B and the corresponding decomposition
of the finite abelian group G, into a direct product of cyclic groups, we
conclude that mult(c) = | det(B)|.

If mult(o) = 1, then we are done as vy, ..., v, form a basis of N in
this case. Assume mult(c) > 1. Then there exists an integral vector
v € N which does not belong to N,. Therefore v = 2?21 t;v; where
not every t; is an integer. By adding suitable integral multiples of the
v;’s to v, we may assume that each ¢; € [0,1) and not every t; is zero.
Without loss of generality assume that 1,...,k are the values of i for
which #; # 0. Then v belongs to the relative interior of the face of o
generated by vy, ..., vx. Suppose that v/d is a primitive integral vector,
where d is a positive integer.

We subdivide the cone ¢ into n-dimensional cones o;, 1 < i < k.
Here o; is generated by {vi,...,0;,...,v,,v/d}. It is easy to check using
determinants that mult(c;) = “Ymult(o). Therefore mult(o;) < mult(o).
Note that the generators of one-dimensional faces of o; belong to c N N.

Iterating the above process (if necessary), we obtain an n-dimensional
cone 7 having multiplicity one whose one-dimensional generators belong
to o N N. These generators give the required basis of N. q.e.d.

Here it is important that the basic lattice vectors lie in the cone o,
since then they correspond to holomorphic (orbi-)discs in X, p, -

9.2. Moduli spaces of smooth holomorphic discs. In this subsec-
tion, we discuss the moduli spaces of holomorphic discs without interior
orbifold marked points.

Recall from Corollary 6.4 that we have a one-to-one correspondence
between stacky vectors {bi,...,b,,} and smooth holomorphic discs of
Maslov index two (modulo the T"-action).

We denote by §; € Ho(X, L(u);Z) (i = 1,...,m) the homology class
of discs corresponding to b;. Note that we have u(8;) = 2, and the
intersection number of 3; with the j-th toric divisor is 1 if ¢ = j and 0
otherwise. (Here the intersection number may be counted either in the
uniformizing chart or in C™.)

For each 5 € Ho(X, L;Z), consider the moduli space M?ﬁ%(L(u), B)
of stable maps from bordered genus zero Riemann surfaces with k + 1
boundary marked points of homotopy class 3. We denote by
M?ﬂ%’mg (L(u),B) its subset whose domain is a single disc. For the
orientation of the moduli spaces, we use the spin structure of L(u),
which is induced from the T"-action; it is the same as the case of toric
manifolds (see [C1], [CO], and [FOOO] for more details).

In the following proposition, we do not consider interior marked points.
Hence only holomorphic discs without orbifold marked points are al-
lowed, and the Maslov index p is defined as usual. We also emphasize
that the moduli spaces discussed here are not perturbed.
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Proposition 9.3. Let § be a homology class in Ho(X, L(u);Z).

1) The moduli space M;nﬁ%mg (L(u), B) is Fredholm regular for any

B. Moreover, evaluation map
(9.3) evo : MY (L(w), B) — L(u)

is submersion. ‘
2) For 8 with u(B) < 0, or u(B) = 0,8 # 0, M;nfi%mg(L(u),ﬁ) 18
empty.
8) MU L(u), B) is empty if p(B) = 2 and B £ By, ... fm.
4) If MZZ%" (L(u), B) is non-empty, then there ezist k; € Z>o and
a; € Hy(X;Z) such that

(9.4) B=> kiBi+ > a
i J

and o is the homology class of a holomorphic sphere. If 3 # 0, at
least one k; is non-zero.
5) For eachi=1,...,m, we have

(9-5) Mm“m”eg( (), B;) = MIE™(L(w), B;).

Hence, the moduli space ./\/lm‘”"( (w), Bi) is Fredholm regular and
the evaluation map evgy becomes an orientation preserving diffeo-
morphism.

Proof. The proof follows from the classification theorem in section 6,
in the same way as Theorem 11.1 of [FOOOQ2] follows from the classi-
fication theorem of [CO]. For (1), Fredholm regularity for holomorphic
discs was proved in Proposition 8.3. The evaluation map evg is a sub-
mersion since 7" acts on L(u) and the moduli spaces in such a way that
evg becomes a T"-equivariant map.

For (2), if Mmam T9(L(u),B) is non-empty, then since evy is a sub-
mersion, we have

dim M5 (L(u), B) = n+ p(B) =2 > n

for 8 # 0. This implies that u(8) > 2.

(3) is a direct consequence of the classification theorem.

For (4), consider a map [h] € Z%ﬂf‘o(l/(u), B). If the domain of h is a
single disc, then the statement follows from the classification theorem,
in which case a; = 0. In general, the domain of h is decomposed into
irreducible components, which are discs or spheres. As holomorphic discs
are already classified, the claim follows.

For (5), observe that the first statement can be proved as in [FOOOZ2].
Let [h] € MT'¢"™(L(u), Bi,). By (4), we can write

(9.6) Bio = > _kiBi+ Y aj, 9B =Y kidBi.
7 7 7
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We need to show that there exists no sphere bubble o; and k; = 0 if
i # ig and k;, = 1. Since the symplectic area a; Nw > 0, it follows that

Bio ﬂwzzkiﬁiﬂw-

It suffices to show that
i

and that equality holds only if k; = 0 if ¢ # i¢ and k;, = 1.
From (1.6) and from the second equation of (9.6), we have

Eio (u) = Z kl&(u) +c
i=1

for some constant c. This is because 9(53;, — Y, ki3;) = 0, and hence its
symplectic area 27c is independent of w.

By evaluating at u € 0;, P, we have ¢ < 0, since ¢; > 0 on P. But since
¢i(u) = B;Nw, this implies the desired inequality. Therefore, the equality
Uiy = >, kil; holds. If there exists i # j with k;,k; > 0, then since
u' € P satisfies v’ € 9;P if £;(u') = 0, the above equality implies that
0P C 0;P N 0;P, which is a contradiction since 0;, P is codimension
one.

The second statement of (5) follows from the torus action and the
orientation analysis of [C1], as in the case of smooth toric manifolds.
But there is a little subtlety, which is different from the manifold case,
which we now explain.

Given a smooth holomorphic disc w : (D% dD?) — (X, L), with
marked point zg € D?, the equivalence relation (Definition 2.6) implies
that if an automorphism of the disc p : D? — D? satisfies wop = w, then
the holomorphic disc ((D?, zp),w) is identified with ((D?, p(20)),w).

We illustrate this phenomenon by an example, which explains what
happens for a basic smooth disc. Consider a map w : (D? dD?) —
C™/G given by z + (z,1,...,1), where G is a finite group G = Z/kZ
acting by rotation on the first coordinate of C™ (so that the image of w
is invariant under the G-action). Denote by p the multiplication by the
k-th root of unity on D?. Then, wop = w as w is a map to the quotient
space. Hence, the marked point zy and p(zp) are identified.

Hence in the moduli space of smooth holomorphic discs containing
the above map w, we may regard that the marked point zg moves only
along the arc from 1 to €2/ of 9D?. The smooth disc wraps around the
orbifold point with multiplicity & in the above example, but due to the
identification of the boundary marked points as above, the evaluation
image of evy of the moduli space of discs only covers the boundary once.
The rest is the same as in [FOOOZ2|, and we leave the details to the
reader. q.e.d.



LAGRANGIAN FLOER THEORY FOR TORIC ORBIFOLDS 65

9.3. Moduli spaces of holomorphic orbi-discs. In this subsection,
we allow interior marked points, and in particular, interior orbifold
marked points. Let 8 € Ho(X, L;Z) and let Zlfi’;(L(u),ﬁ,m) be the
moduli space of good representable stable maps from bordered orbifold
Riemann surfaces of genus zero with k£ 4+ 1 boundary marked points,
and [ interior (orbifold) marked points in the homology class 8 of type
x where & = (X{4,),...,Xy,)). We denote

maln ma/ln
(L |_| MEE(L(w), B, ).

The problem of orientation of the moduli spaces is similar to that of the
smooth discs, and we omit the details.

In Corollary 6.3, we found a one-to-one correspondence (modulo the
T"-action) between elements v € Boz’ and holomorphic orbi-discs with
one orbifold marked point that satisfy % = 0. We have denoted the
homotopy class of such orbi-discs by £, € Ha(X, L;Z). In particular,
such v € Box' can be written as v = ¢;,;b;, + ...+ ¢, b;, € N with

in

0 < ¢;; < 1. Then it is easy to see that [, satisfies the following:
aﬁu =veN= Zn’ /Lde(ﬁuaxu) =0, BN [W_l(ajp)] =

Proposition 9.4. 1) Suppose p(8,z) < 0. Then, M;nﬁf;’reg
(L(u), B, x) is empty.

2) If p(B,z) =0, and if B # B, for any v € Box, then Mkmfifll’reg
(L(u), B, x) is empty.

3) The moduli space Mfknfifbl’reg (L(u), B) is Fredholm regular for any

main,reg

B. Moreover, the evaluation map evo : M \'\'7"™ (L(u), ) — L(u)
is a submersion.

4) If lefi"l( (u), B) is non-empty, then there exist k., k; € N, o €
Hy(X;Z) such that

B= > kpy +Zmz+z%
vEBox!

where o is realized by a holomorphic orbi-sphere, and at least one
k, or k; is mon-zero.

If./\/lm‘“"( (u), B) is not empty and if 08 ¢ Np := Z(by, ..., by),
then there exists v € Box' such that

5=ﬁu+§ k‘zﬂrFE aj.
( J
5) For v € Box', we have

M (L (), 6,) = MES(L(w), 6,),
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The moduli space M’l’}fi"(L(u),ﬁy) is Fredholm regular and the
evaluation map evy becomes an orientation preserving diffeomor-
phism.

Proof. Part (1) follows from the desingularized Maslov index formula
for holomorphic orbi-discs. And (2) follows from the classification results
in section 6.

For (3), Fredholm regularity is already proved. The complex structure
is invariant under T"-action and L(u) is a T™-orbit. It follows that T™
acts on the moduli space M} 1" (L(u),) and evy becomes a T"-
equivariant map. Hence evq is a submersion.

For (4), the first statement follows from the structure of the stable
map. For the second statement, consider a map h € My 1(L(u), ). If
the domain of h is a single (orbi-)disc, then the theorem follows from
the classification theorem, in which case a; = 0. Otherwise, the do-
main of h has several irreducible components, which are (orbi-)discs
and (orbi-)spheres. Since 98 ¢ Ny, one of the disc components has to
be a holomorphic orbi-disc, and as we allow only one interior marked
point, there cannot be any other orbifold disc. Then the claim follows
from the classification theorem.

For (5), let h € M7 (L(u), 3,). By (4), we can write

(97) 51/ = 51/ + Z klﬁl + Z ay,
4 J

for some v/ € Boz. By considering their boundaries, we have

0B, = 0By + Y kidBi

or equivalently,

V= V,+Zkzbz

By the definition of Bozx, this implies that v = v/ since the coefficients
of v as a linear combination of b;’s should lie in the interval [0,1) and
since k; € Z>o.

Thus, we have Y . k;3; + zj a; = 0. As their symplectic areas are
positive unless trivial, we have k; = 0 for all 7, and «; = 0 for all j. This
proves the first statement, and the second statement follows as in the
proof of Proposition 9.3. q.e.d.

10. Moduli spaces and their Kuranishi structures

In this section, we discuss the T"-equivariant Kuranishi structures
of moduli spaces My 1,(L(u), ) of holomorphic (orbi-)discs. Recall
that the T"-equivariant Kuranishi structure of the moduli spaces in
smooth toric manifolds has been constructed in [FOOOZ2]. And also
recall that the Kuranishi structure of the moduli space of stable maps
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from orbi-curves (without boundary) has been established in the work
of Chen and Ruan [CR]. We also recall that the Fredholm setup and
gluing analysis for J-holomorphic discs has been carefully discussed in
the foundational work of [FOOO)], and the case with bulk insertion is
discussed in [FOOO3].

For our case of toric orbifolds, the moduli spaces My (L(u), 3) of
holomorphic (orbi-)discs also have T™-equivariant Kuranishi structure,
as most of the construction of [FOOO] and [FOOOZ2]| can be easily
extended to these cases in a straightforward way by combining the work
of Chen and Ruan [CR| regarding interior orbifold marked points. But
we give brief explanations on some of the issues for readers who are not
familiar with them.

10.1. Fredholm index. Let us explain the virtual dimension of the
moduli spaces. First, we recall the case of closed J-holomorphic orbi-
curves from Chen-Ruan [CR]. Let X be a closed Riemann surface, with
complex vector bundle £ on it. The index of the first order elliptic
operator O is given by Riemann-Roch formula

index(9) = 2¢1(E)[X] + 2n(1 — gx),
where 2n is the rank of F, and gs; the genus of X.

Let X be a closed orbi-curve with orbifold marked points z1, ..., 2z
(with underlying Riemann surface ¥), and E is orbifold complex vector
bundle, with degree shifting number ¢; at i-th marked point. Then the
index of d is given by (Lemma 3.2.4 of [CR])

k
index(9) = 2c1(|E|)[2] + 2n(1 — gs) = 2¢1(E)[Z] +2n(1 — g5) — Z 245
i=1

Here, |E| is the desingularization of E explained in section 3, and the
second identity is from Proposition 4.1.4 of [CR2], which follows from
the curvature computation in Chern-Weil theory. The desingularized
bundle |E| can be used for index computations, as local holomorphic
sections of E and |E| can be identified (see Proposition 4.2.2 of [CR2]),
and hence they have the same indices. Note that the desingularized orbi-
bundle over an orbi-curve has trivial fiber-wise action near the orbifold
point. Hence |E| gives an honest vector bundle over ¥ and we can apply
the usual index theorem, and obtain the above equality.

The moduli space of stable maps from genus g orbi-curves with k
marked points mapping to x, of class A € Hy(X), is denoted as Mg,
(X,J,A,x). Applying the above index formula to the pull-back orbi-
bundle, the dimension of M, (X, J, A, x) is given by (Lemma 3.2.4 of
[CRJ)

k
261 (TX)[A] +2n(1 — gs) =6 — 3 2u(a)-
=1
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Exactly the same argument applies to our case. Let X be a bordered
Riemann surface, with complex vector bundle £ — 3, a Lagrangian
subbundle £ — 0. Recall that (see [KL] for example) the index of d
is given by Riemann-Roch formula

index(0) = (B, L) +n - e(X),

where 2n is the rank of F, and e(X) the Euler characteristic of X.

Let ¥ be a bordered orbi-curve with interior orbifold marked points
z1,...,2k, and F an orbifold complex vector bundle, with degree shifting
number ¢; at i-th marked point, with a Lagrangian subbundle £ — 9%.
Then we have

k
index(9) = p(|E|, L) +n-e(L) = w(E, L) +n-e(S) = > 2.
=1

The second equality follows from Proposition 3.5 (Proposition 6.10 of
[CS]).

Applying the above index formula to the pull-back orbi-bundle of
holomorphic orbi-discs (note that e(X) = 1), we obtain the virtual di-
mension of the moduli space of bordered stable maps My (L, 3, x),
which proves Lemma 2.5:

n+p® (B, @) +k+2 -3 = n+pow(8) +k+ 20 — 3 — 2(x).

Here we have subtracted the dimension of Aut(D?) = 3 as we consider
the moduli space, and k, 2] account for the freedom of the boundary,
and the interior marked points.

10.2. Construction of Kuranishi structures. We recall a definition
of a Kuranishi neighborhood (chart) (V, E,T", v, s) of a moduli space M:
V' is a smooth manifold and F is a vector bundle over V', with a group
I'" acting on V and F in a compatible way, and s : V — FE is a I'-
equivariant section such that 1 : s71(0)/T — M is homeomorphic to
an open set of the moduli space M. We refer readers to [FOOO] for
the definition of compatibilities between Kuranishi charts, and for more
details.

The general scheme to construct a Kuranishi structure of a moduli
space is as follows: First, one constructs a Kuranishi neighborhood of
each point in the interior of the moduli space. The proper Fredholm
setting for this construction, and the application of the implicit function
theorem to it, is by now standard. Then, one also constructs a Kuranishi
neighborhood of each point in the boundary of the moduli space or for
the stable map. For this, Taubes’ type gluing argument is needed, and
the gluing construction for interior node [FO]| (and orbifold interior node
[CR]), or boundary node [FOOO)], has been established. Once local
Kuranishi neighborhoods are constructed, there is a standard procedure
to construct the global Kuranishi charts, for which we refer readers to
[FO] or [FOOO|.
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We explain the construction of a local Kuranishi neighborhood of
(10.1) (2,2,27),w,€) € Myy14(L(u), B, ).

First, we consider the case where the domain 3 = D is an orbi-disc D,
in which case the element (10.1) lies in the interior of the moduli space
Mpi1,0(L(u), B, ). Then, the linearized d-operator at w is given as

D0 : WYP(D,w*TX, L) — LP(D,w*TX @ A").

The obstruction space E can be chosen so that elements of F are smooth,
and supported away from marked points and from 0D, and also that

Image(D,,0) + E = LP(D,w*TX @ A").

Then the kernel of D,,0 : WP(D,w*TX, L) — LP(D,w*TX @ A®)/E
is denoted as V™ and the section s = D,,0. One takes V = V™% x
Vdom wwhere V4™ parametrizes the deformation of the domain (D, 7, 2+).
In this case the automorphism I' is trivial since the boundary of the disc
maps to L, and the disc only intersects toric divisors at finitely many
points. Non-trivial I' appears if 3 has a sphere component.

In fact, to consider D,,0 properly, instead of D, one identifies D with
a bordered Riemann surface X' of genus 0, with strip-like end (near
boundary marked points) and with cylindrical end (near interior marked
points). Then, over this domain ¥, we have a Fredholm problem by
considering the D,,0 problem with suitable exponential weights as in
[FOJ, [CR] (for a cylindrical end) and [FOOQO)] (for a strip-like end).
In the case of orbifold marked points, we follow Chen-Ruan’s construc-
tion that such a Riemann surface ¥’ still has “orbifold” data near orb-
ifold marked points. Namely, consider an interior marked point z; € 3
which has Z/mZ singularity. Let p be the generator of Z/mZ. Suppose
the equivariancy data & of the map w in (10.1) gives a homomorphism
¢ : Z/mZ — Gy where G,y is the local group of w(z1). Then a
cylindrical end (for z1) is considered to have a covering cylinder with
Z/mZ action, and the pull-back bundle over it is considered as an orb-
ifold bundle on it. Hence the change is only for analytical purposes and
orbifold data is not lost during the process. Then in setting up the
Fredholm problem, one adds the description of the points p; to which
these infinite ends are exponentially converging. For orbifold marked
point z; as above, Chen-Ruan required that the end of the holomor-
phic cylinder limit to a point p; € x¢(,) in the twisted sector. We refer
readers to Lemma 3.2.3 of [CR] for more details. The construction of
¥ 571(0) = Myi1,(L(u), B, ) involves implicit function theorem fol-
lowing [FOOO)] (and [CR] regarding interior orbifold marked points).
It is standard and omitted.

Now, we consider the construction when « := ((X,2,27),w,§) is in
the boundary (or corner) of the moduli space My (L(u),3,x). We
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first write the domain ¥ = U,m,(%,,) as the union of irreducible compo-
nents, which are (orbi-)discs and (orbi-)spheres. We recall an important
ingredient of Chen-Ruan’s construction of Kuranishi structure when the
image of some irreducible component of a domain maps entirely into the
(orbifold) singular locus of X.

Note that if 33, is a disc, it cannot map entirely into the singular locus
of X', due to the Lagrangian boundary condition. So, let us suppose that
the component ¥, is an (orbifold) sphere which maps entirely into the
singular locus of X' via w. We denote by G, the group whose elements
are stabilizers of all but finitely many points of the image of X,,. Namely,
after deleting finitely many points 2’ > Z* N X, of %,, for any points
p € w(X,;\z’), local group G, is isomorphic to a fixed group Gy. Such a
G, exists due to the properties of orbifold .J-holomorphic maps. Define

Gr={(9y) € HG?? | gn(2n) = gu(2w) if my(2) = mo(20) }-
7
This G, will be added to the I' of the Kuranishi structure in the
following way. The automorphism group Aut(k) of k acts on Gy by
pull-backs. Hence we get a short exact sequence

1—- G, — Ty — Aut(k) — 1.

I'x is the finite group I' of the local Kuranishi neighborhood and the
action of 'y, on V and E is defined from that of Aut(k) by setting G,
to act trivially on them. The rest of the construction is carried out in a
I';-equivariant way.

We remark that the general discussion in Chen-Ruan [CR] is more
complicated as the groups may not be abelian. In the general case of
[CR/], among G, one should take the elements which form a global
section on ¥, \ Z’, so that G, do not change the local group at w(z;")’s
by conjugation. (Then such elements of G, commute with local groups
at w(zT).) In our case, the local groups are abelian, and we can take
G, as above.

So, in the case of # € My i11(L(u), B, ) \ M, (L(u), B, ), we
need Taubes’ type gluing construction. Namely, one first replaces X,
(equipped with marked points) with the associated Riemann surface
with cylindrical and strip-like ends, and apply the construction of the
above for each X,. Then, as in section 7.1.3 of [FOOO], one can ap-
ply gluing construction (of constructing an approximate solution and
applying Newton-type iteration arguments to find actual holomorphic
curves), where the gluing near a boundary nodal point is carried out
in [FOOOQO)] and gluing near an interior nodal point is carried out in
[FO] (and the orbifold nodal points in [CR]). We omit the details, and
refer readers to the above references. We remark that the construction
of Kuranishi structures is a non-trivial task and these have been exten-
sively and very carefully studied recently by McDuff-Wehrheim [McW]
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and Fukaya-Oh-Ohta-Ono [FOOOG6]. Our construction follows that of
[FOOO2] and [FOOOG|. In particular, we can construct global Kuran-

ishi structure from local Kuranishi charts as explained in Parts 3 and 4
of [FOOOG|.

10.3. T"-equivariant perturbations. We briefly recall T"-equivariant
Kuranishi structure of the moduli spaces in [FOOO2], and show that
the moduli space of stable orbi-discs M1 ,(L(u), 3) in this paper also
has an analogous structure.

Consider the following family %I of compatible Kuranishi charts of the
moduli space M:

{(Vaa an Faa ¢ay Sa)|Oé S Ql}

Here w : E, — V, is a vector bundle with equivariant I',-action, s,
is a I, equivariant section of E,, and 1, is a homeomorphism 1 :
s7H0) /Ty — M.

Recall from [FOOO2] Appendix 2, Definition 15.4, that such a Ku-
ranishi structure is said to be T™-equivariant in the strong sense, if

1) Vi, has T"-action and it commutes with I',-action.

2) E, is a T"-equivariant vector bundle.

3) The maps sq, 1, are T"-equivariant.

4) Coordinate change maps for embeddings of Kuranishi charts are

T"-equivariant.

Recall that a strongly continuous smooth map ev : M — L is a family
of I',-invariant smooth maps ev,, : Vo, — L (inducing ev,, : V, /Ty — L)
which are compatible with coordinate changes. The map ev is said to
be weakly submersive if each ev,, is a submersion.

Proposition 10.1 (c.f. Prop. 15.7 of [FOOOZ2]|). The moduli space
Mpp1,1(L(u), B) has a T™-equivariant Kuranishi structure such that evy :
Mpi10(L(uw),B) — L is a T"-equivariant, strongly continuous, and
weakly submersive map.

Proof. The same line of proof as in that of [FOOOZ2], Proposition
15.7 can be used to prove the existence of T"-equivariant Kuranishi
structure in our case too: The standard complex structure J of X is
T™-invariant, and the Lagrangian submanifold L(u) is a free T™-orbit.
Note that as the torus action on ambient toric variety carries over to
the tangent bundles and Cauchy-Riemann equations in a natural way,
the main new ingredient is how to choose an obstruction bundle in a
T"-equivariant way.

We have a free T™ action on the Kuranishi neighborhood since the T
action on the Lagrangian submanifold L(u) is free and the evaluation
maps ev are T"-equivariant as explained in [FOOO2|. We can take a
multivalued perturbation of the Kuranishi structure that is T" equivari-
ant. Such a multisection, which is also transversal to 0, is constructed
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by taking the quotient of the Kuranishi neighborhood, obstruction bun-
dles, and so on by T™ action to obtain a space with Kuranishi structure.
Then take a transversal multisection of the quotient Kuranishi structure
and lift it to a multisection of the Kuranishi neighborhood. The evalu-
ation map becomes a submersion because of the T"-equivariance. (The
existence of T™-action simplifies the general construction of [FOOO]
because the fiber products appearing in the inductive construction are
automatically transversal.) q.e.d.

Now, we focus attention on the moduli space of holomorphic discs
without (orbifold) interior marked points. (The case of orbi-discs will be
considered in section 12.) Consider the following map which forgets the
(1,...,k)-th marked points

forgety : zl_ﬁf‘o([/(u), B) — 71’?6“" (L(u), B).

As in [FOOOZ2] we can construct our Kuranishi structure so that it is
compatible with forgetg.

Lemma 10.2 (c.f. Lemma 11.2 in [FOOOZ2]). For each given E > 0,
we can take a system of multisections sg 41 on M?ﬁ{?O(L(u),B) for
w(B) < E satisfying the following properties:

1) They are transversal at zero section, and invariant under T"-

action.

2) The multisection sg 41 is obtained as the pull-back of the multi-

section sg1 by the forgetful map.

3) The restriction of the multisection sg 1 to the boundary of MT{}’"

(L(u), B) is given as the fiber product of the multisection sgr i from
the following:

OMYE™ (L(u), ) = | MIE"(L(w), B1) vy Xewn MEG™ (L(w), o).
Br+p2=p
4) ./\/lfgm(L(u),B,-) fori=1,...,m are not perturbed.

The proof of the lemma is the same as in [FOOO)] and is omitted.
We obtain the following corollary from dimension arguments:

Corollary 10.3. The moduli space Mfgi”(L(u), B)% is empty if the
Maslov indez u(5) < 0 or B # 0 and u(B) = 0.

These T™-equivariant perturbations define the following open Gromov-
Witten invariants for toric orbifolds, as in Lemma 11.7 of [FOOOZ2].
This is because the virtual fundamental chain of Tgm([/(u), B) is now
a cycle due to Corollary 10.3. A homology class cg|[L(u)] € Hy(L(u); Q)
can be defined by the pushforward

(10.2) colL(u)] = evi (MG (L(w), )*)).
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Lemma 10.4 (Lemma 11.7 of [FOOOZ2]). The number cg is well-
defined, independent of the choice sg 41 in Lemma 10.2.

From the classification results (Proposition 9.3), we have cg, = 1 for
i =1,...,m, where the sign can be computed from [C1]. If X" is Fano,
then we also have cg = 0 for 8 # f3;.

11. Filtered A, .-algebra and its potential function

11.1. Filtered A.-algebra and its deformation theory. We pro-
vide a quick summary of the deformation and obstruction theory of
[FOOO] just to set the notations. We refer readers to [FOOO], [FOOO2]
for details.

For a graded R-module C, its suspension C[1] is defined as C[1]*¥ =
CF*1. For z € C, we denote by deg(x) and deg’(z) the original and the
shifted degree of z respectively. The bar complex B(C[1]), which is a
graded coalgebra, is defined as B(C[1]) = @, Bx(C[1]) with

(11.1) Bi(C1]) =Cl]®---®C[1].
k

We have By(C[1]) = R by definition.

Definition 11.1. An A..-algebra structure on C' is given by a se-
quence of degree one R-module homomorphisms my, : Bi(C[1]) — C[1]
for K =1,2,... such that the equations
(11.2)

n—1k—i+1
Z Z (=D *mp—pr1(x1® -+ ® mk(xi, ey Tipk—1) ® - @ @y) =0,
k=1 i=1

which are called the A, -equations, are satisfied. Here € = deg’ x1 +- - -+
deg’ x;_1.

This can be written using coderivations as follows. The map my can
be extended to a coderivation my : B(C[1]) — B(C[1]) by
(11.3)
k—i+1
Mp(1 @ @) = Y (1) D1 @ @mp(@iy ., Tiph1) D+ DTy,
i=1
If we set d = > pey My, then the Ay-equation is equivalent to dod = 0.
Since my omy = 0, the complex (C,mq) defines the homology of A.-

algebra. In a filtered case, Ao-algebra is similarly defined but has an
mo : R — C[1] term and we have m o m; # 0 in general filtered case.

Definition 11.2. An element e € C? is called a unit if it satisfies
1) mgyi(x1,...,e,...,25) =0for k>2or k=0.
2) mao(e,x) = (—1)%8%my(z, e) = x for all z.
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If mp(1) is a constant multiple of a unit (i.e. my(1l) = ce for some
¢ € R), then my o my = 0. Therefore, one can consider the homology of
mi.

To consider filtered A..-algebra, let ,,., C™ be a free graded Ag pnov-
module. Let FAC™ be the submodule of elements with coefficients hav-
ing T-exponents > A; then these modules give a natural energy filtra-
tion. We define C as the completion with respect to this filtration. Sim-
ilarly, BxC and BC are defined as completions. A structure of filtered
Ao-algebra on C is given by a sequence of Ag y0,-homomorphisms {my, }
satisfying As-equation (11.2) with k& > 0, and additionally satisfying
the following properties:

1) mo(1) € FAC' with A > 0,

2) my, respects the energy filtration,

3) my, is induced from my, : B,C[1] — C which is an R-module homo-

morphism, where C is the free R-module with the same generating
set as C.

In this paper, we follow [FOOO2] to work with A rather than Ag e
by forgetting e, and we work with the Zs-graded complex (see (1.7) for
Novikov rings).

For b € FAC" with \ > 0, consider the following exponential:

" =1+b+bxb+ - € BC.
Then, deformed A-algebra (C,{m}}) is defined by setting m{ as
(11.4) mlg(xl, CeTE) = m(eb,xl, e z9,€b, 13, ... Tp, eb).
If m(eb) = mg is a multiple of unit e, then mlf defines a complex.

Definition 11.3. An element b € FAC! with A > 0 is called a weak
bounding cochain if m(e) is a multiple of unit e. A filtered A,.-algebra
is called weakly unobstructed if a weak bounding cochain b exists.

We denote by M\weak(L) the set of weak bounding cochains of L.
The moduli space Meqr (L) is then defined to be the quotient space of
./\//Yweak(L) by suitable gauge equivalence (see section 4.3 of [FOOO]).
In fact, when C = H(L,Ag), one can also consider b in FOC[1] by

introducing a non-unitary flat complex line bundle over the Lagrangian
submanifold (see [C3], [FOOOZ2] for more details).

11.2. Construction of a filtered A..-algebra of Lagrangian sub-
manifold. We construct a filtered An.-algebra on H(L(u);AY) using
the (perturbed) moduli space of holomorphic discs as in [FOO0O2]. We
emphasize that we do not use orbi-discs to construst the filtered A.o-
algebra. Orbi-discs will be used for bulk deformations in later sections.

For a T™-invariant metric on L(u), a differential form x on L(u)
becomes harmonic if and only if x is T™-equivariant, and we identify
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H(L(u),R) with the set of T"-equivariant forms, on which we construct
the A.-structure.
Consider evaluation maps

(11.5) ev = (evy, ..., eV, €p) : ./\/lkmﬁno( (u), B)% — L(u)**+,
For wy,...,wi € H(L(u),R), we define
(11.6) my.g(wi, ..., wk) = (evo)i(evy,...,evg) (w1 A+ Awg).

Here (evg); is an integration along the fiber and it is well-defined as evg
is a submersion. (See appendix C of [FOOOZ2] for details on smooth
correspondences.)

The resulting differential form is again 1™-equivariant since sg and
all other maps are T™-equivariant. As in [FOOOZ2] (and using Lemma
10.2), we obtain the A.-formula:

(11.7)

Z Z Z mkl,ﬁl wlu"'7mk2752(wl,...,),...7wk):O,

B1+B2=0 ki+ke=k+1 I=1

Here € = Eé;ﬁ(deg’wl) We put my, = 5 T8/, 5. We extend
the above to w with coefficients in AR multi-linearly. This defines an
Ago-structure on H(L(u), AY). The constructed filtered A-algebra is
unital with the unit e being the constant 1 € HY(L,R), which is the
Poincaré dual PD([L(u)]) of the fundamental class, and this follows from
the definition (11.6). Note that the constructed A.-algebra is already a
canonical model, since we define it on harmonic forms H(L; Ag) in this
case of a toric fiber L = L(u).

Asin [FOOOZ2], for r € HY(L,R), the A-structure can be explicitly
computed:

Lemma 11.1 (c.f. Lemma 11.8 of [FOOO02]). Forr € HY(L(u), AY)
and B € mo(X, L) with u(B) = 2, and for cg defined in Lemma 10.4, we
have

mip(r,...,r) = 5 (r(@8))" - PD(L(w)).

The proof in Lemma 11.8 of [FOOOZ2] in the manifold case is based
on two facts. The first is that the intersection number of » and 98 is
determined by the cap product 98 Nr = r(9fF), and the second is that
evy is a diffeomorphism with p(3) = 2 condition. For toric orbifolds, we
have shown in Proposition 9.3 and Proposition 9.4 that evg is again a
diffeomorphism. Hence the same proof extends to the orbifold case.

From this computation, we have

Proposition 11.2 (c.f. [FOOOZ2], Prop. 4.3). We have an inclusion
(11.8) HY(L(u); Ay) — Muyear(L(u)).
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Hence, toric fiber L(u) is weakly unobstructed for any u € Int(P).
Moreover, one can take b € H'(L(u);Ag), and it is contained in

Mweak(L(u); AO)
Proof. First, take b, € H'(L(u),A;). We have

ka<b+,..., ZZ +(08))FT P2 PD((L(w))).

- 8 k= 5k
By the degree reason, the sum is over  with u(f8) = 2. Hence by €
Mweak(L(u)) and the gauge equivalence relation is trivial on H'(L(u);
Ap) and this proves the inclusion.

One can take b € H'(L(u);Ag) in the definition of weak Maurer-
Cartan elements as in [FOOO2]| as follows: For b = by + b, with by €
H'(L(u),C) and by € H'(L(u),A,), we introduce a representation p :
m1(L) — C* such that p(v) = e:z:p(fﬁ/ bp). We define a non-unitary flat
line bundle £, on L with holonomy given by p, and modify the A..-
structure by

mp = Z p(0B)my 3 ® TwB)/2m
Bema(M,L)

If the resulting As-structure {mf} is weakly unobstructed with weak
bounding cochain by, then the set of such b’s are denoted by M ear
(L(u); Ap), and again called weak bounding cochains. We refer readers
to [C3], [FOOO02] for more details. q.e.d.

For b € ./\//Yweak(L), we have m = m(e’) = ce and the A,-equation

tells us that m? is a differential. Hence, for b € ./\//Yweak(L), we define the
Bott-Morse Floer cohomology of L as

Ker mb

Immlf7

(11.9) HF((L;b), (L;b)) =

We call it smooth Floer cohomology of L to emphasize that it does not
use the data of bulk deformation by twisted sectors of toric orbifolds.

Recall that for /vifeakly unobstructed L, the potential function PO, as
a function from M eqk (L) to Ay, is defined by the equation

(11.10) m(e®) = PO(b) - PD([L]).

11.3. Smooth potential for toric orbifolds. Given a toric orbifold,
the above construction gives filtered As-algebra for L(u), which uses
only smooth holomorphic (stable) discs. The potential PO above may
be called smooth potential for L(u) since it does not use information on
orbi-discs. (The bulk deformed potential will be defined using orbi-discs
in later sections.)

In this subsection, we discuss the properties of a smooth potential and
define leading order smooth potential, which can be explicitly computed.
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As in the manifold case, if X is not Fano, for smooth potential PO, we
also need to consider stable disc contributions which are not readily
computable.

We choose an integral basis e; € H'(L(u); Z), which can be done by
the identification L(u) = T" = (S')" = (R/Z)". (Here we may use dt;
in de Rham cohomology, where ¢; is the coordinate of the i-th factor of
(R/Z)".)

We choose a weak bounding cochain b as
b= wie; € H'(L(u); Ao).

Then, PO(b) depends on (x1,...,2z,) € (Ao)" and (uy,...,uy) € Int(P),
and hence to emphasize its dependence on u, we may write PO(b) as
PO(xz;u) := PO(x1,...,2Tp;u1, ..., uy,). But for simplicity, most of the
time we omit u, and write PO and PO(b). (PO" is used in [FOOO3].)

As in [FOOO2], it is convenient to introduce yi,...,y, as follows
(also because holonomy is defined up to 27v/—17Z): We define

[o¢]
i — T k
y; = €7t = "0 E v kY,
k=0

where we write x; = ;0 + x; + with z;0 € C and x; 4 € Ay.

Consider a toric orbifold X with moment polytope P and stacky
vectors b. From (1.6) (Lemma 7.1), the following affine function mea-
sures the area of smooth discs corresponding to stacky vectors b; =
(bj1,...,bjp) €Z™ for j =1,...,m:

tj(u) = (u, bj) — p;.

We define the leading order smooth potential function POq(b) of toric
orbifold:

m

(11.11) POy(b) ==Y THO) ()51 () Pim,

j=1

the j-th term of which corresponds to stacky vector b; (Corollary 6.4).
Remaining terms PO(b) — POgy(b) correspond to the contributions of
stable discs.

We introduce variables z; as follows (which simplifies POy(b) = 21 +
s 4 Zm)3

(11.12) 2 = T4 (yy)bir . (y,,)bin,
Theorem 11.3 (c.f. Theorem 5.2 of [FOOOS5]). 1) PO(b) can be
written as

m N
(11.13) PO(b) =) zj+ > TYP(z1,...,%m)
=1 k=1
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for N € Z>o U {oo} and A\, € Rsq. If N = oo, then limg_,oo A\, =
oo. Here Py(z1,...,2m) are monomials of z1,..., 2z, with coeffi-
cients in Ag.

2) If X is Fano, then P, = 0.

3) The above formula (11.13) is independent of u and depends only
on X.

Proof. If X is Fano, then the usual dimension counting shows that
only Maslov index two discs of the classes 8;’s fori = 1,...,m contribute
to my(b,...,b). Hence, to show (2), it is enough to show that the
contribution of 3; to the sum ), my g,(b,...,b) is given by z;.

Denote b = > " | x;€; with b = by + by as before and consider flat
line bundle £ on L whose holonomy p along e is exp(b;o). Then, we
have

Zmz(b_,_,...,b_,_) =
k=0

Tw(ﬁl)/2ﬂ-p(8/87,)mkf,ﬁl(b+7 ey b+)

1M:
¢ 1M

e<bubo>kf< +(0B:))F T . PD([L))

I

i=1 k=0
(11.14) = ) el . pD((L])
i=1
where the third inequality follows by writing b4 (93;) =< b;, by >. Since
yi = €%, we obtain et = yll”1 --.ybin and thus, in the Fano case, we
have
PO(x;u) = POy (b Z yhit bl

Hence, to prove (1), let us assume that X is not Fano, and find a
general expression for stable map contributions. If X is not Fano, and
B # f;, then (3 is the homotopy class of stable discs (still with u(3) = 2)
and from Proposition 9.3 (4), we have that

= k0B, B=) kifi+ > aj
( J
Thus, by computing
Z TW(B)/%Tmz’ﬁ(b_i_, ey b+)
k

we note that it is a constant multiple of the expression T <(@3)/27)
; zf *, which proves the theorem. The proof of (3) is similar to [FOOO35]
and omitted. q.e.d.

The rest of the procedure to compute smooth Floer cohomology from
the smooth potential function is analogous to [FOOO2] or [FOOOS5] of
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the manifold case. Hence, we only summarize the main results and refer
readers to the above references for full details. The following criterion
reduces the computation of smooth Floer cohomology to the critical
point theory of the potential function.

Theorem 11.4 (c.f. Theorem 5.5 of [FOOOS5]). Let b = > x;e;.
The following are equivalent:
1) For each of i =1,...,n, we have
oPO
=0.
al'i b

2) We have an isomorphism of modules
HF((L(u),b), (L(u),b); Ao) = H(T"; Ag).
3)
HEF((L(u),b), (L(u),b); A) # 0.

Proof. This is obtained by taking a derivative: note that db/0x; = e;,
and hence

PO =\ —
PD(L]) = > > mMiyshys1(b,...,beg,b,...,b) = mi(e).
O b k1=0 k2=0 T T

This shows that (1) is equivalent to the condition m}(e;) = 0 for all
i = 1,...,n. For the equivalence between the latter condition and (2),
we refer readers to section 4.1 of [C3] or Lemma 13.1 of [FOOO], where
one uses the product structure of Floer cohomology classes to show that
e;’s are non-trivial classes. The rest is left as an exercise. q.e.d.

In practice, we use derivatives with respect to y;, and % is the same
7

as yia%i. In fact, the variable y depends on u and written as y“ in
[FOOOS5], but potential function given as (11.13) is independent of .
Thus, we may take u = 0, and write y for ¢ as in [FOOOS5] and write
zj = T%O) (y)b .. (y,)%". In [FOOOS5], they introduce (1, ---1,) €
(A\ {0})"™ as a possible domain for (y1,...,y,) and consider

A(Int(P)) = {(m,---nn) € (A\N{O})"™ | (or(m), ..., 07(nm)) € Int(P)}.

Then, the relevant information of u from a y variable can be read off
from the valuation vp of y variables, and PO can be considered as a
function on A(Int(P)).

Theorem 11.5 (c.f. Theorem 5.9 of [FOOOS5]). For u € Int(P),
the following two conditions are equivalent.
1) There exists b € HY(L(u); Ag) such that we have an isomorphism
as modules

HF ((L(u),b), (L(u),b); Ao) = H(T™; Ao).
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2) There exists n = (n1,---nn) € A(Int(P)) such that

oro,

fori=1,...,n and that

(or(m1), ..., 07(1N0)) = u.

Once the potential PO is defined, the proof of Theorem 5.9 of
[FOOOS5] is rather algebraic (or combinatorial), and the proof eas-
ily extends to the orbifold case. We discuss examples of the smooth
Floer cohomology of Lagrangian torus fibers for teardrop orbifolds and
weighted projective spaces in section 15.

12. Bulk deformations of Floer cohomology and bulk
orbi-potential

Bulk deformations were introduced in [FOOO)] as a way to deform
Ax-algebra of a Lagrangian submanifold by an ambient cycle of the
symplectic manifold. It gives further ways to deform Floer theory, which
was found to be a very effective way of locating non-displaceable torus
fibers in toric manifolds ([FOOO3)).

For an orbifold X and a smooth Lagrangian submanifold L, bulk
deformations from inertia components of X play a much more important
role, because J-holomorphic orbi-discs come into Floer theory only via
bulk deformations. This is because the domain of holomorphic orbi-discs
has an interior orbifold singularity, and we have used an interior orbifold
marked point to record the orbifold structure of such a domain.

We will see in examples in section 15 that these bulk deformations are
very important to understand symplectic geometry of orbifolds, because
the very rigid features of Hamiltonian dynamics of orbifolds are detected
by bulk deformations via twisted sectors.

In this section, we first explain our setting of bulk deformations for
toric orbifolds, set up bulk deformed A..,-algebras, and analyze their
bulk potentials.

12.1. Bulk deformation. We follow [FOOO)] and [FOOO3] to set up
bulk deformations of A.,-algebras as follows. The new feature is that
for toric orbifold X, we consider bulk deformation via the fundamental
class of twisted sectors.

Definition 12.1. For each v € Boz’, consider fundamental cycles
lx, € H°(X,; R) of inertia component X, and regard it as an element
with degree 2¢(,y (i.e. deg(1x,) = 2¢(,)) as in [CR]. Also, consider the
toric divisor D; of X. We take a finite dimensional graded R-vector
space H generated by these 1y, ’s and D;’s:

(12.1) H=%®,cp,wR<1y, >®* R<D;>.
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Note that we do mot consider more general bulk deformations by
H* ,(X) in this paper. To simplify notation, we label elements of Box’

orb
as
(12.2) Box' = {vm+1,-..,vB}
We define
D for 1<a<
(12.3) H,={ ¢ O i=a=m
ly,, for m+1<a<B.

These H,'s for a = 1,..., B form a basis of H.
For b, € A4 for each a, we consider an element

(12.4) b=> b.H, € HR Ay,

Bulk deformations use the following family of operators:
(125)  dper Ee(HE2) @ Be(H*(L; R)[1]) — H* (L R)[1].

Here, degree shiftings H[2] and H*(L; R)[1] are introduced so that the
degree of the map qg., is 1 — p(83), where 2 and 1 correspond to the
degrees of freedom of interior and boundary marked points in D? re-
spectively.

The symmetrization E,C of ByC can be defined as invariant elements
of ByC' under symmetric group action. Consider the standard coproduct
A: BC — BC and A" !: BC — (BC)®" or EC — (EC)®", which is
defined by
(126) A" '=(ARid® - ®id)o(A®id® - ®id)o---oA.

n—2 n—3
The image of an element x € BC under A"~! can be written as

(12.7) AL anl C @ X

for ¢ running over some index set for each x. Shifted degree of the
element x = 11 ® - -+ @ 7, is given by deg’ x = > deg’ z;.

Theorem 12.1 (c.f. Theorem 3.8.32 of [FOOO]). For toric orbifold
X and Lagrangian torus fiber L, the operators qg. 1 can be constructed
to have the following properties.

1) For 8 and x € Bk(H(L'R)[l]) y € El(H[2]), we have

(128) 0= Z Z q51 ycl ) 02 ® 482 (ycl ) )®Xgé3)
B1+B2=p8 c1,c2

where
(12.9) e = deg’ x% 1(1 + degyzf) + deg yzil.
Here, we write qg(y;x) for qz.1(y;x).
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2) For 1€ Ey(H[2]) and x € Bx(H(L; R)[1]), we have

(12.10) a0,k (1) = my, g(x),
where my, g is the filtered A structure on H(L; R) constructed in
3) (C'ljfszéier Xx=x1 ®e®x9 € B(H(L; R)[1]). Then
(12.11) qs(y;x) =0
except
(1212)  qu(lie@a) = (—1)™ gy (Lz@e) = ,

where we have By =0 € Ho(X, L;Z) and x € H(L; R)[1].

We explain the construction of q in the next subsection 12.2 using
the moduli space of J-holomorphic orbi-discs. After the construction of
moduli spaces and their T™-equivariant Kuranishi perturbations satisfy-
ing suitable compatibility conditions, the rest of the proof of the above
theorem is analogous to the manifold case given in Theorem 3.8.32 of
[FOOOQO] and Theorem 2.1 of [FOOO3], and we omit further details.

Using the notation in (12.4), we define

o
(12.13) mi(z1,..., o) = Z Z T“(B)/zwqg;hk(b@l; Tl,...,Tk).
3 1=0

The above theorem implies that

Lemma 12.2 (Lemma 2.2 of [FOOOB3]). The operations {m{}?2,
define a structure of filtered Aoo-algebra on H(L;Ag).

The element b € H(L; Ay) is called a weak bounding cochain of the
filtered Ao algebra (H(L;Ao), {mf}) if
(12.14) mi(e®) = mi(b,...,b) = cPD([L)),
k=0
for some constant ¢ € A. In fact, one can extend it for b € H(L; Ao)

exactly the same way as in Proposition 11.2, and we omit the details.
We define the potential PO(b,b) by the equation (12.14):

(12.15) PO(b,b) =c e Ay

Definition 12.2. The set of the pairs (b,b) such that b is a weak
bounding cochain of (H(L;Ag),{m$}) is denoted as M\weak,def(L§A0)'
PO(b,b) defines the potential function PO : ﬂwmk’def(L; Ag) — A

We also use the notation PO®(b), and PO(b,u) sometimes for
PO(b,b).
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For (b,b) € ./\//Yweak,def(L; Ag), we have the differential satisfying m[{’bo
b,b
my” = 0:

[e.e] o0
(12.16) my’ =Y M (b7 2,6,
k=0 ¢=0

Definition 12.3 ([FOOO), Definition 3.8.61). For (b,b) € Muycak.des:
we define Floer cohomology with deformation (b,b) by

Ker(m[{’b)

Tm(m}*)

12.2. Construction of q for toric orbifolds. In this section, we con-
struct the operator q using the moduli space of holomorphic (orbi-)discs
to prove Theorem 12.1. Recall from Definition 12.1 that we consider bulk
deformation by elements of H, where H is generated by the fundamental

(12.17) HF((L,b,b), (L,b,b); Ag) =

classes [1y,|’s for v € Box’ and by the divisors D;’s (for i = 1,...,m).
First, we consider the relevant moduli spaces. Recall that we write
[ =A{1,...,1l} and consider the map x : [ — Boz, where a stable map

_((E,Z,Z*),w,ﬁ) is said to be of type x if fori =1,...,1,
evf((E,Z,E*),w,é’) € Xp(s)-
To include the interior intersection condition with toric divisors, we
introduce the following notations. We use a function
p:l—{1,...,B}

to describe bulk intersection, and write |p| = I. The set of all such p
are denoted as Map(l, B). From p, we define @ : [ — Boz as follows.

o fy itm+1<j<B
z(j) = I
0 if p(y)e{1,...,m}
We enumerate the set of all j € [ with x(j) =0 as {j1,..., i, }-

We define a fiber product
(12.18)

Zfi%(L(U)’ B; p) = M?—ﬁ%(L(u)v B, m)(ev;f eevd ) X xi H Dp(jl)

1 N

The virtual dimension of the above fiber product is (see section 10.1)

l
(12.19) nApB) + k420 +1-3=) )
j=1
We also remark that we take the fiber product only at smooth interior
marked points, and hence the above fiber product is the usual fiber
product, not the orbifold one.

The following lemma follows from Proposition 10.1, as in Lemma 6.3
of [FOOO03|.
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Lemma 12.3. Moduli space M?ﬁi’;(l)(u), B;p) has a T™-equivariant
Kuranishi structure, and the evaluation map

(12.20) ev = (evg, evy, ..., evk) Zf{"l(L(u),ﬂ, p) — L(u)k*!

1s weakly submersive and T™-equivariant. It is oriented and has a tan-
gent bundle.

The consideration of the boundary of a moduli space is by now stan-
dard, and can be done as in [FOOO3] of Lemma 6.4. (We skip the
details and refer readers to [FOOO3].)

Lemma 6.5 of [FOOO3] also generalizes to our situation. Let

(12.21) forgety : MEFT(L(u), B;p) — MTF™(L(u), 55 p)
be the forgetful map which forgets all the boundary marked points ex-

cept the 0-th one. We may choose our Kuranishi structures so that
(12.21) is compatible with forgety of Lemma 10.2.

Lemma 12.4 (c.f. Lemma 6.5 of [FOOOQO3]). Fizx E > 0. Then
there exists a system of multisections sgp41,1p ON kmfm(L(u),B, p)
forw(B) < E, p € Map(l, B), satisfying the following properties.

1) They are transversal to zero section and invariant under T™-action.

2) The multisection sg j+1,p S given by the pull-back of the multi-

section $g.11.p via the forgetful map (12.21).

3) The multisection at the boundary is compatible with those from its

fiber product structures as in Lemma 6.5 of [FOOOS3].

4) Forl =0, the multisection 53 ;41,09 is the same as the one defined

in Lemma 10.2.

5) The multisection g y1,p is invariant under permutation of the

interior marked points.

Proof. This is proved by induction over the symplectic area w(3). As
we have T"-equivariant perturbations, the transversalities are much eas-
ier to achieve, which was used in the proof of Lemma 6.5 in [FOOO3],
regarding the manifold cases, and this continues to hold in the orbifold
cases. q.e.d.

We use the above moduli spaces to define the operators qg.1; as fol-
lows. We put
H(p) = Hp() @ -+ @ Hp) € HY,
Then, q is defined as in (11.6) by pulling back differential forms and
pushing forward:

1
(12.22) qﬁ;l,k(H(p)Q hi,... hg) = ﬁ(evg)!(evl, coyevg) (hy A - Ahy).
We define qg,; , for (8,1, k) # (0,0,0),(0,0,1) by the above and put
(12.23)

qo01(h) = (1) M L an  qo00(Rhy, hy) = (—1)dcem(deshat g, Ay,
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Remark 12.4. One needs to fix £y and construct qg.;,; for SNw < Ky
and take the inductive limit, due to Kuranishi perturbation (see sections
7.2 and 7.4 of [FOOO]). As in [FOOO3], we can use A, g structure in
place of Ay, structure, and we omit the details.

We put q; 1, = ZB T“mﬁ/%qg;l,k, and by extending linearly to H @ AR,
we obtain an operator ¢ for Theorem 12.1. The proof of (12.8) is the
same as that of Theorem 2.1 of [FOOOS3] and is omitted. By taking
T™-invariant differential forms on L, we in fact obtain a canonical model

(H(L(u); Ag(R)), {m}**"}32,) as before.

12.3. Bulk orbi-potential of toric orbifolds. Recall that in section
11.3, we have discussed smooth potential PO for toric orbifolds. In this
subsection, we discuss the bulk (orbi-)potential PO® (Definition 12.2)
of toric orbifolds, which should be considered as a bulk deformation of
the smooth potential PO.

Even for Fano orbifolds, it is very difficult to compute the bulk poten-
tial when we take b from inertia components. The reason is related to the
fact that constant orbi-spheres with several orbifold marked points are
in general obstructed, and Chen and Ruan [CR2] introduced the Chen-
Ruan cohomology ring of an orbifold from it. We have found holomor-
phic orbi-discs with one orbifold marked point, and proved its Fredholm
regularity. But to consider bulk deformations b, we need to consider sev-
eral insertions of b’s, and in general, even the constant orbi-spheres will
make the relevant compactified moduli spaces obstructed. Hence, it is
hard to compute them directly. We remark that in [CCLT], some of
these bulk orbi-potentials are computed, which are then used to give
geometric understanding of the (open) Crepant resolution conjecture
and change of variable formulas.

We will define a notion of leading order potential for toric orbifold,
which we can compute explicitly using the classification of basic orbi-
discs. This will be enough to determine Floer cohomology deformed by
(b,0).

First we consider the dimension restrictions. From (12.19), the moduli
space Tlam(L(u), B;p) contributes to the bulk potential if the follow-
ing equality holds:

(12.24)

1 1
n+uB)+1+20—3— Z 2uz(jy) =1, or p(B) =2+ Z(ZL(m(j)) —2)
j=1 j=1
and 8 # 0. In such a case, note that the moduli space defined in Lemma
12.4, |
MTlam(L(u)7 B; p)sﬁ’l’l’p7
has a virtual fundamental cycle, because boundary strata involve moduli
spaces of lower dimension, but due to T"-equivariant condition, such
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boundary contribution vanishes as the expected dimension is less than
n as in Lemma 10.4. Hence we can define the following orbifold open
Gromov-Witten invariants.

Definition 12.5. The number ¢(3;p) € Q is defined by
c(B; p)[L(w)] = evo. ((MT™ (L(u), B; p)*#20]).

Lemma 12.5. The number c¢(8;p) is well-defined and independent
of the choice of sg 11 in Lemma 12.4.

The lemma essentially follows from T™-equivariance and a dimen-
sion formula as in the proof of Lemma 11.7 of [FOOOZ2]. Namely, the
codimension one stratum should have an evaluation image of dimension
n — 1, but this should be zero because T™-equivariance implies that any
evaluation image is of dimension n.

From the classification results, Proposition 9.4 (5), we know the one-
point orbifold disc invariants.

Lemma 12.6. For |p| =1, we have

o if p(1) #a,
C(ﬁmp)—{l if p(1) = a

Lemma 12.7. For r € HY(L(u);Ay), B € Hy(X,L;Z), and p €
Map(l, B) satisfying the dimension condition (12.24), we have
c(B;p)
Qo (H(P)ir, 1) = = (r(98))" - PD([L(w)).
Note that (12.24) is needed to have non-zero value by dimension
counting. Once we have defined ¢(f,;p) in Definition 12.5, this lemma

can be proved as Lemma 11.1, and we omit its proof.
From this calculation, as in Proposition 11.2, we have the following.

Proposition 12.8. There is a canonical inclusion
(H @ Ay) x H'(L(u); Ag) = Muear ey (L(1)).

Remark 12.6. We do not know how to extend the above to H ®
Ag. Namely, it is desirable in several cases to have a bulk insertion
with energy zero, but it is hard to make it rigorously defined in the
orbifold case. On the contrary, for toric manifolds, bulk deformation
can be extended over Ag for degree 2 classes of ambient symplectic
manifold, because the related open Gromov-Witten invariants can be
readily computed using a divisor equation.

We choose b € H® Ay and b € H'(L(u); Ag). Thus, we have a weak
bounding cochain (b,b), and Definition 12.2 defines the bulk potential
PO(b,b). If we set b = 0, we get PO(0,b) = PO(b), the smooth potential
discussed in section 11.3.
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Next, we describe the leading order bulk potential for toric orbifolds.
Leading order bulk potential is a part of the full potential, and can
be explicitly computed by the classification of basic (orbi-)discs. Fur-
thermore, we show in the next section that non-displaceability of a
Lagrangian torus fiber can be obtained by studying the leading term
equation, which will be derived from leading order bulk potential.

Let us write

b= "bsm + borp
where
bsm = 27;1 b;D; b; € A+
bory = ZueBox’ buly, by €Ay

Recall that for each v, € Box’, we denoted the corresponding lattice
vector as b,.

Definition 12.7. We define the leading order potential POSTb’O(b)

as
PO, (b) = ZTQ(“) (1) ... (yn)"
j=1
(12.25) n Z byaTéa(U) (yl)bal . (yn)ban.
vqeEBox'

Note that the first summations are the leading order terms POg(b)
of the smooth potential PO(b) and the second summations are contri-
butions from Box’. More precisely, in the classification of holomorphic
orbi-discs (Corollary 6.3), we have found one-to-one correspondence be-
tween the basic holomorphic orbi-disc (modulo T"-action) and twisted
sectors Box' of the toric orbifold. These basic orbi-disc contributions are
the new terms in POSTb’O(b) — POy(b), since POy(b) are contributions
from basic smooth holomorphic discs.

We remark that for the case of toric manifolds in [FOOO3], leading
order bulk potential PO§(b) is the same as the leading order potential for
the potential POg(b) (without bulk), since all bulk contributions come
from holomorphic discs (by adding interior marked points). But in our
case of toric orbifolds, addition of b, allows holomorphic orbi-discs into
the theory, and provides new terms in the leading order potential as
well. Hence it is quite different from the case of manifolds.

It is important to note that the smooth potential POy is independent
of b, but POErb,O(b) depends on the choice of b,. In particular, we will
see that the freedom to choose this coefficient b, allows us to find much
more non-displaceable Lagrangian torus fibers in toric orbifolds.

In our applications (in the next section and in examples), we will
choose simpler types of bulk deformations such as b, = ¢, T* for some
¢, € C and A, > 0, but in general, one can work with more general
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cases. In fact, we may define leading order potential by just taking the
term of b, with the smallest T-exponent for each v, as it will give rise
to the same leading term equation later on.

To discuss the general form of the bulk potential, we need a notion
of G-gappedness for a discrete monoid G, for which we refer readers to
Definition 3.3 of [FOOQO3]. The discrete monoid G in this setting is
defined as in [FOOO3].

(12.26)
G(X) = {w(B)/2m | B € m2(X) is realized by a holomorphic sphere}).

The actual discrete monoid to be used, Gy, Will be defined in Defini-
tion 13.2, and G(X) is a subset of Gpyk.

We discuss the general form of the bulk potential for toric orbifolds,
roughly given by the leading order bulk potential with additional higher
order terms.

Theorem 12.9 (c.f. [FOOO3], Theorem 3.5). Let X be a compact
symplectic toric orbifold and let b € H(Ay) be a Gyui-gapped element.
Then the difference of the bulk orbi-potential and its leading order po-
tential can be written as follows:

(12.27) PO(b;b) — PO, 0(b Z% Sy T

J(‘;or;ome cc €Q, eé € Z>0, p¢ € Gyuk, and pc > 0, such that 211'3:1 eé >
. Here

B B
(12.28) V= elbar, L= el
a=1 a=1
If we have infinitely many non-zero c¢’s, we have
12.2 li =
(12.29) Jim pe =

Proof. The proof is along the same lines as that of [FOOO3]|, Theo-
rem 3.5. Let b = Zale by,H, with b, € Ay, where b, is Gpr-gapped.
Note that c(3 : p) determines qg,p| x(H (P); b, - - ., b) from Lemma (12.7).
Hence, proceeding as in (11.14), we obtain that

POy = 3 oot R

eyt k!p|!
(12.30) = ZWBPTWW /27 e(; p) exp(b(9P)).
B,p

Now, we consider the cases of |p| = 0,1 or |p| > 2. If |p| = 0,
there is no interior marked point, and hence there is no orbifold disc
contributions. The statement in this case follows from (11.13).
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When |p| = 1, the case where the interior marked point is smooth is
similar to the case of a smooth manifold, and it is enough to consider
the case where the interior marked point is an orbifold marked point. In
this case, additional orbi-disc contributions for basic orbi-disc classes are
computed from Lemma 12.6. For other homology classes, the statement
follows from Proposition 9.4.

We next study terms for |p| > 2. We first consider the case = f3,
for a =1,...,B. In this case we obtain the following term:

(12.31) e trybe

where ¢ € Q and p is obtained by summing over the exponents of by
for various j. As I # 0 and by;) € Ay, this is non-zero. Hence p €
Gpuk \ {0}. Therefore the form of (12.31) equals the right hand side of
(12.27).

Now, we consider 8 # [, (a = 1,...,B). We may assume that
c(B;p) # 0. Then by Proposition 9.4 (4), we have e’ and p’ satisfy-
ing

Here e® € Z>p, >, e* > 0, and p’ corresponds to a sum of symplectic
areas of holomorphic spheres (divided by 27). Hence these give rise to
an expression

cT=a eafa(u)+p+p’y2 eba.

where ¢ € Q and p is obtained by summing over the exponents of by
for various j. This form agrees with the right hand side of (12.27).
The proof of (12.29) is based on the idea that to have infinitely many
terms, either infinitely many bulk insertions contribute to the potential,
or the contribution of energy from the sphere component should go to
infinity. The proof is similar to that of [FOOO3], and omitted. q.e.d.

Theorem 11.4 and Theorem 11.5 can be easily generalized to the bulk
setting.

Theorem 12.10. Let b = > x;e;, and b € H(A4). Theorem 11.4
and Theorem 11.5 hold in the bulk case too by replacing PO, (L(u),b)
with PO, (L(u), (b,b)) respectively.

Once the bulk orbi-potential is set up, the proofs of the theorems in
[FOOOB3] are rather algebraic, and hence can be easily adapted to the
case of orbifolds. This applies to the proof of Theorem 12.10 and we
omit the details. We also remark that the above can be extended to the
following general form as in [FOOQO3]: If (b, b) satisfies

oPO"

a—yl(b,l)) =0 mod TN,

(12.32) D
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then we have
(12.33)  HF((L(ug),b,b), (L(ug),b,b); Ag/TN) = H(T™; Ag/TV).

13. Leading term equation and bulk deformation

From Theorem 12.10, if the (bulk) potential function is known, then
Floer cohomology is determined by considering the critical points of
the potential function. But for toric orbifolds, the full bulk potential is
very difficult to compute even for Fano orbifolds. For toric manifolds,
the notion of leading term equations was introduced in section 4 of
[FOOO3], so that one can determine the Floer cohomology only from
the knowledge of leading order potential, which is explicitly calculable.
Namely, given the solutions of leading term equations, they show that
there exists a bulk deformation b such that potential PO(b,b) has an
actual critical point. The bulk-balanced Lagrangian fibers can be located
by this method.

In this section, we define a leading term equation for toric orbifolds.
The construction is similar to that of section 4 of [FOOO3|. Instead
of repeating their construction, we make our construction in the same
form as that of [FOOQS3], so that once we prove Proposition 13.1 in
this paper, which plays the role of Proposition 4.14 of [FOOOS3], the
rest of the construction, which is rather long, becomes the same and can
be omitted.

Note that leading term equations are determined from the leading or-
der equation (defined in Definition 12.7), and for toric orbifolds, they de-
pend on b,,. Thus, the crucial difference from [FOOQO3] is that [FOOO3]
deals with the leading term equation of POg(b) (which is independent
of b), whereas we deal with that of POgrb,O which depends on the choice
of borb'

We first set up some notations. Recall from (1.4) that bulk deforma-
tion terms corresponding to twisted sectors are

borb: Z bulX,n

vE Box!
and we denote

(13.1) b, = byo+ b, ¢

where b, o = ¢, T for some ¢, € C, \, > 0, and b, + satisfies b7 (b, ) >
Au.

To define the leading term equation in our case, we fix u € P and
bulk deformation b as above. We start with relabeling the indices a =
1,...,B. Recall that for 1 < a < m, b, € N is the stacky vector
corresponding to the a-th facet of the polytope, and £, is the symplectic
area of the corresponding basic disc (intersecting that facet). For m+1 <
a < B, a labels elements of Box’, corresponding to the lattice vector b,
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in N, and the area of the corresponding basic orbi-disc is ¢, (see (7.1)
for ¢, in this case).

We compare the areas ¢, for a =1,...,m and ¢, + A, for a = m +
1,..., B, because the orbi-disc for v; has an additional energy coming

from by, 0 = ¢, T Avj We enumerate energy levels as

{Si|t=1,2,...,L}
(13.2) = {li(u), li(u) + A, |1 =1,2,...,m,j=m+1,...,B},

so that S; < S;4+1 and S; € R,. Note that these are the exponents of T’
in the terms in POSTb’O. The indices of b;’s can be re-enumerated: We
write {by1,...,by 4@} for all by’s satisfying

Ue(u) = Sp,k <m or li(u)+ Ay, =S,k >m.

By the following procedure, we determine an optimal energy level,
so that b,’s with smaller or equal T-exponent span Ngr. Let AlL C Nr
be the R-vector space generated by by, for I’ <1, r=1,...,a(l"). The
smallest integer [ such that A" = Ng is denoted by K. Let d(I) be the
difference in the dimension of A~ and Aj |, and d(1) the dimension of
Af. Then, S5 d(I) = n. In the notation by, we always have | < K.

To relate to the original indices, integer i(l,r) € {1,..., B} is defined
by by, = b;(,). We renumber the set of b;’s for i = 1,..., B as

(b, |l=1,... . Kr=1,..,a0)}U{b;|i=K+1,...,B}

where K is given by K = 33 a(l).

The rest of the procedure to define the leading term equation is simi-
lar to that of [FOOOZ2], section 4, and hence we only briefly sketch the
construction. Now, at each energy level Sj, the vectors by1,...,b;,)
may not be linearly dependent (if a(l) # d(l)), and the next procedure
chooses a suitable basis of the subspace spanned by these vectors. We
denote the dual basis of {e;} of H'(L(u);Z) = M by {e}}, which be-
comes the basis of Ng. Then, basis eZ" ¢ of Nr can be chosen so that
SIRTEEE ,e; d(l) becomes a Q-basis of All and also that any lattice vector

of AZJ- is given as an integer linear combination of €] ’s. In particular e
can be written as an integer linear combination of ez‘ &S

By considering e; and e, as functions on Mg, we may write them
as x; and x4, and define yl:s as e®ts. Then, y; is given as a monomial
of y; 5’s and hence so is y?+ (see Lemma 13.1 of [FOOO3]).

In this way, we can define the 7! part of the potential POSTb’O:
(13.3)

a(l) a(l)
(POSyoi= > ™+ D> oy, for l=1,... K,
r=1i(l,r)<m r=1,i(l,r)>m
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where ¢, , is given in (13.1). Then, (POgrb,O)l can be written as a
Laurent polynomial of vy s with s < d(I') and I <.

Definition 13.1. The leading term equation of PO? , , (or that of
PO®(b)) is the system of equations

a(POSTb,O)l
ayl,s
with Ys € R\ {0}

(13.4) =0, for I=1,...,K;s=1,...,d(l)

Note that we only take derivatives of (POgrb,O)l with respect to the
variables y; s for s = 1,...,d(l), but not with respect to the variables
Y .s! for I < 1.

In view of Theorem 12.10, we need critical points of the actual bulk
potential PO®(b), but the solutions of the leading term equation (13.4)
equal those of PO®(b) from Lemma 4.4 of [FOOO3]. (The solutions of

b
the equation ykap#k(b) = 0 correspond to the solutions of the equation

1, 2200 — 0 by Lemma 4.2 of [FO0OO].)

The following Proposition 13.1 on the shape of bulk orbi-potential, is
analogous to Proposition 4.14 of [FOOOQO3]. We first define the monoid
Gpuik- Recall the definition of G(X) from (12.26). We define

G(L(u)) = {w(B)/27 | B € Ha(X, L(u))
(13.5) corresponds to a holomorphic orbi-disc}).

Definition 13.2. Gy is a discrete submonoid of R which is gener-
ated by G(X) and the subset

A=8|A>S, A e G(L(u), I=1,...,K,} CR;.
Note that G(L(u)) C Gpuik-
Condition 13.3. Bulk deformation b is of the form

K a(l)
(13.6) b= Z Z bi,m Hiqr) € H(AL)

I=1r=1
such that each b;q .y is Gpuk-gapped. Here by .y means b in case

i(l,r) > m.

Vi(l,r)

The main proposition to prove in our orbifold case is the following.

Proposition 13.1 (c.f. Proposition 4.14 [FOOO3]). Assume that b
satisfies Condition (13.3) and consider

(13.7) b’ =b+cTHyg,,
f07’ ce R, A€ Gy + byi(l,’r“)70’ I <K.
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Then the difference of the corresponding bulk orbipotentials is given
by

[e.e]
POY (b) — PO*(b) = T hianWybiar 4 ZChTh)"i'Zi(l,r)(“)ybi(l,r-)
h=2

(13.8) 1 Z Z ch,CTh’\Mz(“)erCybC.
h=1 ¢

Here cp,cne € R, pc € Gpuik, and there exist eé € Z>q such that by =
> eébi, E’C =) eéfi, and ), eé > 0. Also, in the third summand of the
right hand side of (13.8), in the case that h = 1 and p; = 0, we have
Ch¢ = 0.

Remark 13.4. In Proposition 4.14 of [FOOQO], the last assertion is
not written, but is shown in their proof and it is needed in the induction
for the theorem.

Proof. We first remark that the proof in the toric orbifold case is
somewhat different than that of toric manifolds. For toric manifolds, the
bulk deformation contribution when b is from toric divisors is explicitly
computable for the basic disc classes by homology arguments similar to
the divisor equation (see for example Proposition 4.7 of [FOOO3]). But,
for toric orbifolds, such arguments do not work for basic disc classes, as
there is no divisor type equation for orbifold marked points. As we will
see, the proposition does not require this explicit computation.

Note that the dimension condition (12.24) needs to be satisfied for a
possible contribution to the potential. We will divide the contribution
of

(13.9) PO (b) — PO"(b)

into several cases and subcases. First, consider the terms correspond-
ing to the case with no interior marked points. As they do not have
insertions from b, they give no contribution to (13.9).

Next, consider the case of one interior marked point. Recall that a
one-point open orbifold Gromov-Witten invariant is computed in Lemma
12.6, and it is non-zero only if the disc class is of 8, in which case
we get the first term of (13.8).

Thus, from now on, we consider the case with two or more interior
marked points. We remark that if the bulk insertion b is used in all of
the interior insertions, then obviously such terms contribute 0 to (13.9).
So we assume that at least one of the interior marked points is used for
the insertion of T)‘Hi(l,r). We divide it into three cases as follows:

1) B = Bign-

We consider the following two subcases:
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a) All bulk inputs are T)‘HZ-(M): In this case, it is easy to see that
the contribution is equal to the second term of the RHS of
(13.8).

b) Both bulk inputs T)‘Hi(l,r) and b are used at least once: In this
case, it contributes to the 3rd term of the RHS of (13.8), with
h>1, K’C(u) = L), and p¢ > 0 since it receives non-trivial
contribution from b.

2) [ equals the basic disc class B, for a =1,..., B, and a # i(l,r).

a) All bulk inputs are T)‘Hi(l,r): The possible contribution is to
the third term of RHS of (13.8), with h > 2, £i(u) = £,, and
¢ = 0.

b) Both bulk inputs T)‘Hi(l,r), and b are used at least once: In
this case, it contributes to the 3rd term of RHS of (13.8), with
h > 1, K’C(u) = f4, and p; > 0 since it receives non-trivial
contribution from b.

3) B# Py fora=1,...,B.
We may write

B
B=D chBi+) o
i=1 j
Then we have

B .
%f) = D ehtilu) +) %?ﬂ)
i=1

J
B i,
cap(b(0B)) = y==1 B

We have ' > 0 and ), eg > (. Thus the contributions belong

to the third term of (13.8) with £(u) =3, eiﬁfi(u) and p¢ is the

sum of the contribution from the sphere class w(ag ;) together with
contributions from b. Now we consider the following subcases:

a) All bulk inputs are T)‘Hi(l,r): The possible contribution is to
the third term of the RHS of (13.8), with h > 2, £(u), and p¢
as described above.

b) Both bulk inputs T)‘Hi(l,r), and b are used at least once: in
this case, it contributes to the 3rd term of RHS of (13.8), with
h > 1, £;(u) and p¢ as described above, and we have pc > 0
since it receives non-trivial contribution from b.

This proves the proposition. q.e.d.

For convenience, given b as in (1.4), (13.1), we denote (by taking the
least exponent terms)

borb,OZ Z by,OlX,,-

vE Box!
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The leading order equation and the leading term equation of POErb,O
(see Definition 13.1) only depend on b, 0, not the entire by,

Theorem 13.2 (c.f. Theorem 4.5 of [FOOOS3]). The following con-
ditions on u are equivalent:

1) The leading term equation of PO® , ,(u) has a solution y; s € R\
{0}y (1=1,...,K,s=1,...,d(1)). )

2) There exists be H(Ay) such that Eorbp = borp0 and PO"(u) has
a critical point on (Ao \ Ay)™.

3) There exists be H(Ay) such that Eorb,O = borp0 and y;s € R\ {0}
(l=1,...,K,s = 1,...,d(l)) in the item (1) above is a critical
point of PO®(u).

Proof. We have set up our case in a form similar to that of [FOOOS3]
so that the same proof of Theorem 4.5 in [FOOO3] works in our case
too, as we have proved Proposition 13.1, which plays the role of Propo-
sition 4.14 of [FOOO3]. We refer readers to [FOOO3| for the full proof
and briefly explain the rest of the procedure to prove Theorem 13.2. The
argument is exactly the same, except the point regarding b, .

Given a solution 7, ¢ of the leading term equation, we need to find b
such that 7, , satisfies the actual critical point equation:

oPO"
ayl,s
We first enumerate elements of Gy, so that

G ={\2 17 =0,1,2...}

(13.10) M, (n) = 0.

where 0 = A5 < \b < ... .

Then we define b inductively by choosing E(kz) for each k for the
terms with energy S; + )\Z, and also for 1 <1 < K (see Definition 4.15
of [FOOO03)).

First, we take

b(0) = borp.0-
If the critical point equation (13.10) is satisfied up to the level k, then
we introduce the bulk deformation E(k‘) to make the equation (13.10)
satisfied up to level k + 1 (see [FOOO, Proposition 4.18]).

In this process, the equation (13.10) is satisfied up to S; + )\i hence
we need to kill the error terms with T-exponent S; + )\z 41+ This can be
done by choosing appropriate E(k‘ + 1), and using Proposition 13.1 to
cancel the error term with the first term of the RHS of (13.8). As two
other terms of the RHS of (13.8) have higher T-exponent, it does not
introduce any other error terms on the level k£ + 1. Note that we need to
choose A of Proposition 13.1 so that A + £, (u) equals S; + /\24—1' As
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Sy equals £; ) (u) + Av;.y+ We choose A here to be /\24_1 + A Thus,

i(l,r) "

the leading term b, o is not changed and equals by, 0.

Then one takes the limit as k¥ — oo to define b such that the equation
(13.10) is satisfied. We refer readers to section 4 of [FOOQ3] for details.
q.e.d.

14. Floer homology of Lagrangian intersections in toric
orbifolds

So far, we have discussed the Bott-Morse version of Floer cohomology
of Lagrangian submanifolds. In this section, we discuss the Lagrangian
Floer cohomology between two Lagrangian submanifolds L and 4 (L),
for a Hamiltonian isotopy 71, and its relationship to A.,-algebra and
bulk deformed As.-algebra, which are constructed in the previous sec-
tions. We note that the Lagrangian submanifold L lies in the smooth
part of the orbifold X.

There are two versions of Floer cohomology of Lagrangian intersec-
tions, as we have two versions of A,.-algebras. Namely, there is a smooth
Lagrangian Floer cohomology where we consider J-holomorphic strips
and discs from a smooth domain. By a smooth domain, we mean that
the domain does not have orbifold singularities (but could have nodal
singularity). We emphasize that the maps from the smooth domain can
intersect orbifold points, as we have seen in the case of smooth holo-
morphic discs corresponding to stacky vectors b; for i =1,...,m.

And there is a version thatincludes orbifold J-holomorphic strips and
discs, which are maps from an orbifold domain. To denote the orbifold
structure of the domain, we have introduced orbifold marked points in
the interior of the Riemann surface, and their deformation theory is
entirely analogous to that of a Riemann surface with interior marked
points. Namely, orbifold marked points cannot disappear, be created,
or be combined when we consider sequences of orbifold J-holomorphic
maps of a given type.

Thus, when we consider only maps from smooth domains (into an
orbifold), a degeneration which appears in the compactification of the
moduli space of such maps is still from a smooth domain. Hence, we
have a smooth Floer theory for orbifolds. Such theory still is non-trivial.
Namely, we show in subsection 15.2 that smooth Floer theory finds a
central fiber to be non-displaceable in weighted projective spaces.

But Lagrangian Floer theory involving orbifold strips and discs pro-
vides much more information, as we will see in several examples (actually
the example of a teardrop already shows such phenomena). Yet to have
an orbifold structure in the domain strip or disc, we need an orbifold
marked point to record the orbifold structure of the domain. Hence this
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always requires interior marked points, and hence they appear as a bulk
deformation theory of the smooth theory.

14.1. Smooth Lagrangian Floer homology. First, we consider
Hamiltonian vector fields in an effective orbifold X. By definition, a
smooth function H : X — R is a function H : X — R, which locally has
its lifting Hy := H o in any uniformizing chart (V,G, ) such that Hy
is smooth. Note that Hy is invariant under G-action: Hy (g-z) = Hy (z).
Hamiltonian vector field Xy can be defined by ¢ Xw = dH, and X i is
preserved by G-action because the symplectic form w (on the chart V')
is also invariant.

Hamiltonian isotopy ¥{! of the flow X is well-defined without much
difficulty as we consider effective orbifolds: It is well-known that effective
orbifolds can be always considered as a global quotient of a manifold,
say M, by a compact Lie group action, and one can use this presentation
to define the flow of a vector field, by integrating the flow after pull-back
to the manifold M.

One can also consider time-dependent Hamiltonian functions (we still
denote it by H for simplicity), and define time-dependent Hamiltonian
isotopy. The resulting Hamiltonian isotopies are regular (in the sense
of Definition 2.2), and hence, are good maps and the related group
homomorphisms are isomorphisms, as the inverses are also good. This
implies the following simple lemma.

Lemma 14.1. For any Hamiltonian isotopy Q,Z)ff, the isotropy group
of the point x and qﬁ{{ (x) are isomorphic. This in particular implies that

by a Hamiltonian isotopy, smooth points always move to smooth points
of an orbifold.

In particular, for our Lagrangian torus fiber, which lies away from
the singular set XX of toric orbifold X, /(L) also does not intersect
SX.

For smooth Lagrangian Floer theory, we only consider J-holomorphic
strips and discs (not orbifold ones). We may additionally consider smooth
interior marked points to consider smooth bulk deformations, but we
will not consider interior marked points here.

Lagrangian intersection Floer cohomology between L and {(L), is
constructed from the A,.-bimodule.

Theorem 14.2 (c.f. Theorem 3.7.21 of [FOOO], Theorem 15.1 of
[FOOOZ2]). Let (L,L") be an arbitrary relatively spin pair of compact
Lagrangian smooth submanifolds. Then the family {ny, x,} of operators

Bkl (C(L)[l]) ®Ao C(L7L,) ®A0 B/ﬂ (C(L,)[l]) - C(LvL/)

for ki, ko > 0 define a left (C(L), m) and right (C(L"), m') filtered Aso-
bimodule structure on C(L,L’).
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The construction of such an A,.-bimodule is standard, by considering
the compactified moduli space of J-holomorphic strips. Note that here
we are only considering J-holomorphic maps from stable strips without
any orbifold marked point insertions, and also the Lagrangian subman-
ifolds are away from the orbifold loci. Hence the construction for the
theorem would be a direct adaptation of the proofs of [FOOO] and
[FOOO2].

The above includes the case of clean intersection also, and in the case
of L = L’ the maps ny, j, are defined as ng, g, = Mg, +ky+1-

Now, let L, L’ be weakly unobstructed. We define 8 : C(L, L") —
C(L,L") by

Oy () = Z Ny ey (059 @ 2 @ B'EF2) = 7(eb, 1z, ).
k1,k2

One can check that the equation dy 4 © 9y = 0 holds if the potential
functions PO(b) and PO(b') agree. In such a case, Floer cohomology is
defined by

HF((L, b), (L/, b/), AQ) = Ker (51)71)//1111 5b,b"

Proposition 14.3 (c.f. Lemma 12.9 of [FOOOZ2], section 5.3 of
[FOOO)). For the case of L' = (L) and b’ = b we have

HF((L,b), (L', '); A) = HF((L,b), (L,b); A)
In particular, we have
#((L) N L) > ranka HF((L,b), (L, b); A).

This proposition explains the Hamiltonian invariance of Lagrangian
Floer homology, by considering an isomorphism to the Bott-Morse model.
Construction of such an isomorphism is by now standard, and our case
is also analogous since we are not considering orbifold marked points.
We can use this proposition to obtain non-displaceability results, but we
will see that the consideration of bulk deformation by twisted sectors as
in the next section provides much stronger non-displaceability results.

14.2. Bulk deformed Lagrangian Floer cohomology. Now, we
consider J-holomorphic orbifold discs and strips, whose information
gives rise to the bulk deformation of the smooth Lagrangian Floer the-
ory for toric orbifolds. This is similar to the construction in section
12, where we constructed bulk deformed A,.-algebra from smooth A,.-
algebra by considering holomorphic orbi-discs. As explained before, the
bulk deformation here is a bit different from that of [FOOQOS3] in that we
considered bulk deformation by fundamental classes of twisted sectors.
But the general formalism and algebraic structures are the same.

In fact, the construction of the A,,-bimodule for the bulk deformed
Floer theory in our case is entirely analogous to that of [FOOO3] except
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the following issue of time dependent {.J; }-holomorphic maps, which we
first explain.

Consider a transversal pair of Lagrangian submanifolds L and (L),
for a Hamiltonian isotopy 1 with ¢y = id. To define Lagrangian Floer
cohomology between them, and to show invariance under other Hamil-
tonian isotopies, one considers J-holomorphic strips of several kinds
with Lagrangian boundary conditions. In general, one takes a family of
J’s parametrized by the domain of the strip. For example, to define the
differential of the Floer complex C(L,11(L)), one takes a one-parameter
family of compatible almost complex structures J := {J;}¢c[o,1) such
that Jy is the (almost) complex structure J of X, and J; = 9. (J), and
consider {J; }-holomorphic strips

ou ) (8u
or ot

Now, if the domain is an orbifold strip, namely it is R x [0, 1] with
interior orbifold marked points zf’ s zl+ , then it is not obvious what
it means to have a J-holomorphic strip. Namely, for an orbifold J-
holomorphic strip, by definition, local lifts near orbifold marked points
are J-holomorphic. For orbifold discs, we use a fixed almost complex
structure J which is invariant under local group action, and hence this
does not cause any problem. But when we consider a family of almost
complex structures which are t-dependent, the coordinate ¢ of the do-
main strip becomes complicated when we consider the branch covering
near a given marked point.

We find that this issue actually does not cause much trouble since
the lift satisfies the J’-holomorphic equation where J’ is a family of
compatible almost complex structures of X parametrized by a domain.
We explain it in more detail as follows. Consider an orbifold point z* =
(10,t0) € R x I with Z/k orbifold structure. Holomorphic structure
near zt is given by the coordinate 7 + it (normalized so that at 27T,
7 =1t =0), and we consider a local neighborhood U of 2", and a branch
covering br : U — U. Denote the coordinate of U as 7 + it and the
branch covering map is given by

) = 0.

br(7 +it) = (7 + it)k.
Then, the t-coordinate of br(7 + it) is its imaginary part, Im(br(7 +
it)), which is a polynomial function of ¥ and #. We define u : (R x
[0,1],Rx{0},Rx{1}) — (X, L, L") with interior orbifold marked points
ZT to be an orbifold J-holomorphic strip if it is 7-holomorphic away
from orbifold marked points and at each orbifold marked point, with
coordinate parametrized as above, the local lift u satisfies

ou ou
97 T Jimerr4in) 57 5 O
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We denote by J' = {Jp, (7447} @ family of compatible almost com-

plex structures, parametrized by the domain U. The way to deal with
domain dependent almost complex structure J' is also standard in Floer
theory, and adds no additional difficulty in the construction of Kuran-
ishi structures and moduli spaces. For example, already in [FO], authors
used such a domain dependent case to prove the Arnold conjecture. Note
that the dependence is smooth since Im(br(7+it)) is a polynomial func-
tion.

The rest of the details to construct the bulk deformed A..-bimodule
are a direct adaptation of the manifold case, following section 8 of
[FOOO3], where they describe the de Rham version of bulk deformed
Lagrangian Floer cohomology of a pair (L, L) of Lagrangian submani-
folds.

From this construction, we obtain the following proposition for toric
orbifolds. Let L(u) be a Lagrangian torus fiber, and let L' = ¢ (L(u)).
Consider the bounding cochain (b, b), and (b, 1.b).

Proposition 14.4 (c.f. [FOOOQO3], Proposition 8.24). Lagrangian
Floer cohomology between (L(u),(b,b)) and (¢(L(u)), (b,1.b)) can be
defined as in [FOOO3|, and satisfies

HFE((L(u),b,b), (¥ (L(u)), b, 9.b); A) = HF((L(u), b,b), (L(u), b, b); A).

Here the latter has been defined in Definition 12.3.

The notion of balanced and bulk-balanced fibers can be defined in
exactly the same way as in Definition 4.11 of [FOOOZ2] and Definition
3.17 of [FOOO3], and we omit the details.

The above proposition implies the following non-displaceability re-
sults for torus fibers with non-vanishing Lagrangian Floer homology.

Corollary 14.5 (Proposition 3.19 of [FOOO3]). If L(u) C X is
bulk-balanced, then L(u) is non-displaceable. Given a Hamiltonian dif-
feomorphism 1) : X — X such that ¢)(L(u)) is transversal to L(u), then,
we have

(14.1) #(L(u) Np(L(u))) > 2"
15. Examples

15.1. Teardrop orbifold. We first consider a teardrop orbifold P(1, a)
for some positive integer a > 2 (see Figure 1). The labelled polytope,
corresponding to P(1,a), is given by the interval

1
P=[-1-
(=1, -]
with label a on the vertex é

To find an associated fan and stacky vectors, recall that the polytope
P is defined by (z,b;) > p; for j = 1,2. In this case we have the lattice
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N =7, and
bp = —a,by =1,pg =p1 = —1.

The stacky vectors by and b; generate two 1-dimensional cones g =
R<p, 01 = R>¢ of the fan .

PP(1,a) is given as the quotient orbifold (C?\{0})/C* where C* acts by
t-(z1,22) = (tz1,t%22). The unique orbifold point is [0, 1] with isotropy
group Z,. Thus inertia components are labelled by Z,.

Box' ={v; |v;=i€ZJa fori=1,...,a—1}.

We take u € (—1,1), and consider the Lagrangian circle fiber L(u).

The classification theorem (Corollary 6.4) tells us that there are two
smooth holomorphic discs with Maslov index two of class By and [,
corresponding to the stacky vectors bg, by. Explicitly, the holomorphic
disc wg : (D?,0D?) — (P(1,a), L(u)) of class By is given by wg(z) =
[cz, 1] for some constant ¢ to make wo(0D?) C L(u) (up to Aut(D?)).
The image of wy is an a-fold uniformizing cover of a neighborhood of the
orbifold point [0, 1]. Holomorphic discs of 3; classes are w1 (z) = [c, z].

The smooth potential function of P(1,a) thus has two terms corre-
sponding to these two smooth discs:

PO(b) = PO(b)g = Ty~ 4 T1Tuy,

To find a fiber L(u) with holonomy whose smooth Floer cohomology
is non-vanishing, we find critical points of PO(b). If the T-exponents
of the two terms of PO(b) are not equal, then PO(b) does not have
non-trivial critical points. (Since y = e”, the exponent cannot be zero.)

The areas of two smooth discs are the same, or, 1 —au = 1+ u, exactly
when v = 0. Notice that © = 0 is not at the center of the polytope P,
since the smooth disc of class (37 wraps around the orbifold point a
times.

In this case, the critical point equation becomes y**! = 1/a, which
has solutions

1 (27Tk7i
¥y= a+\1/ae:17p a+1

Thus the fiber L(0) with flat line bundle of (non-unitary) holonomy, as
one of the above, has non-trivial Floer cohomology (see Figure 1).
Now, we consider bulk deformations by orbi-discs. From the classifica-
tion theorem, we have a — 1 holomorphic orbi-discs corresponding to the
elements of Boz' (see Corollary 6.3). These correspond to holomorphic

) for k=0,...,a.

orbi-discs, wrapping around the orbifold points 1,...,a — 1 times.
The leading order bulk potential POErb,O can be explicitly written as

POgrb,O — Tl—auy—a + Tl-i—uy + Z Tk(l/a—u) byky_k.
k
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In this example, we can set b,, =0 for k =2,3,...,a—1as b,, is
enough in this case.
For —3(1—2) <u <0, we have 1 —u < 14+u < 1—au. Here, we will

a

u

use by, to make ble%_ and Tt of the same energy level. Namely,

we take
b, = 7 (u)—(§ —u)

Then, the leading term equation (with S; =1+ u) is

0 1y
a—y(ery ) =0.

This equation has solutions y = £1 € C*.
For 0 <u < %, we have % —u < 1—au <1+ u. Here, we will use b,,

to make b, T «~% and T'~% of the same energy level. Namely, we take

bul — T(l—au)—(% —u) )

Then, the leading term equation (with S; =1 — au) is
0, _ _
8_y(y “+y ) =0.

This equation becomes y*~! = —a, which has non-trivial solutions in C*.

Therefore, the fiber L(u) with —3(1—2) < u < 1 is non-displaceable
by any Hamiltonian isotopy of P(1,a) from Theorem 13.2. The result
holds even for u = %(—1 + é) by the standard limit argument, and thus,
exactly half of the interval [—1, %] containing the image of the orbifold
point corresponds to non-displaceable circles in P(1, a) (see Figure 1 for

the region of non-displaceability).

15.2. Weighted projective spaces. We consider the smooth Floer
homology of weighted projective space P(1,ay,...,a,) for positive inte-
gers a; € N, ¢ = 1,...,n. The bulk deformed theories are much more
complicated, and we will discuss several examples in more detail in later
subsections.

The polytope P for P(1,a4,...,a,) is defined by

(15.1)
P={(z1,...,2y) |2z; +1>0,j=1,...,n, —(Zajxj)—i-le}.
j=1
Here N = Z" and we take by = (—aq,...,—ay,) and b; = e; for i =

1,...,n. ThenP(1,ay,...,a,) is obtained as a quotient orbifold of C"*1\
{0}/S! where the circle acts with weight (1,ay,...,a,).
There are n + 1 smooth holomorphic discs corresponding to stacky

vectors by, ..., b, whose homology classes are denoted as By, ..., Bn.
Thus the smooth potential PO(b) = PO(b)y is

i 1
PO(b) = T1_<“’“>ﬁ putly o Tty

1 Yn
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The only non-trivial critical points can occur only when all the ex-
ponents of T" are the same, and hence u = 0, i.e. the central fiber u =0
admits n + 1 smooth holomorphic discs of Maslov index two with the
same area

lo(u) =+ =Ly(u) = 1.
This is an analog of the Clifford torus in projective spaces.

In this case the critical point equations, a%iPO(b)uzo = 0 for all
i, have a solution: —t—ur = %
Yooyl a;

1
(a({’l e a%”l)l/(l_al_'“_a”l)‘

or y; = a;A with A given as \ =

Proposition 15.1. The central fiber L(0) in the above weighted pro-
jective space P(1,aq, ..., a,) with holonomy a;\ as above, has non-trivial
smooth Floer cohomology. Thus L(0) is non-displaceable by any Hamil-
tonian isotopy.

15.3. Bulk Floer homology for P(1,a,a). Consider the space P(1, a, a)
for a positive integer a > 2. We explain how to use bulk deformation to
detect non-displaceable torus fibers.

The labelled polytope is the same as that given in (15.1), where the
facet corresponding to by (to which by is normal) has a label a on it.
The whole divisor corresponding to by has an isotropy group Z,. It is
not hard to check that

Box' = {y, := Ebo |k=1,...,a—1}.
a
The smooth potential PO(b) is given by

1
PO(b) — Tl—aul—aug — +Tu1+1y1 —|—Tu2+1y2.
Y1Ys
We may take
b, =T7% b, =0fork#1,

for some « > 0. Then, the leading order bulk potential (with the above
choice of bulk deformation) becomes

POL, o = PO(b) + ToTE L

’ Y1y2
Now, we try to find « such that the leading term equation of POErb,O
(which depends on «) has a non-trivial solution. The idea is that on a
given energy level, say S;, if the vectors b corresponding to energy S;
span d(l) dimensional space, then we need at least d(l) 4+ 1 vectors b to
have a non-trivial solution of the leading term equation of level S;. In
our case, we need at least three b vectors to correspond to the minimal

energy level Sy.

As the area of the basic disc corresponding to by is a times bigger
than that of vy, and as POgrb’0 has only four terms, the three terms
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excluding that of by should have the same T-exponent in order to have
a non-trivial solution of the leading term equation.

Thus basic discs corresponding to b; and by should have the same
area, which then is equal to the sum of a and the area of the vy orbi-
disc:

51 ZEQ = Oé—|—£y1.
This implies that we have

1
l+ur=14+us=—-—u; —u2 +a,
a

which gives

1 1
(15.2) Uy = Ug,U; = g(a—l—a—l).
Also, we need to require that the area of by is bigger than that of b; or
by. Thus, we have

1—aus —aug > 1+ u;.
With the condition that u; = ug, we have u; < 0,us < 0. Since a > 0,
1—-a
3a

Thus, (u1,us) lies on the line segment connecting (0,0) and (42, 1=2).

UL = ug >

12\ 2
non—disp. :
_______________ fIbers. ... NG
-1 7

(~1/6, ~1/6) 172

_15

Figure 2. Orbifold P(1,2,2)

Indeed for a fixed (u3,u9) in the line segment above, we choose « to
satisfy (15.2), then the leading term equation (with the minimal energy
S1 =1+ uq) is nothing but

1
—+y1+y2=0.
Yy1y2
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It is easy to check that this equation has a non-trivial critical point,
which describes the (non-unitary) holonomies to be put on the La-
grangian torus fiber at (u1,usz) so that the resulting Floer cohomology
is non-trivial and isomorphic to the singular cohomology of the torus
from Theorem 13.2 and Theorem 12.10.

15.4. Bulk Floer homology for P(1,1,a). Now, we discuss the case
of P(1,1,a) for a positive integer a > 3. The corresponding moment
polytope is shown in Figure 3. The elements of Box' are

Box/:{yk = §b0+§b1:(oa_k)’kzlv"'va_l}‘

non—disp. :
fibers

Figure 3. Orbifold P(1,1,a)

The smooth potential PO(b) is given by

1
PO(b) — Tl—ul—auz + Tul—l—lyl 4 Tu2+1y2.

a

Y1Ys
We take
b, =T b, =0fork#1,
for some « > 0. Since
2

1 1
by, = —Llo+ —l1 = — — ug,
a a a
the leading order potential with the above choice of bulk deformations
becomes:

1
POgyy0 = PO(b) + TQT%_ME'

We try to find «, which makes POErb,O have a solution in its leading
term equation. Note that 11 and bs are in the opposite direction.

As in the previous example, we need three terms of POgrb,O to have
the same T-exponent. In the case {5 = {1 = {5, we get a solution by
Proposition 15.1. One can check that the remaining case with non-trivial
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solution of a leading term equation is ¢y = ¢; = ¢, + a. (Other cases
contain both 1 and by, and the corresponding leading term equations
do not have a solution, as vy and by are linearly dependent.)

This implies that

2
l4+u=1—u —aus = — —us + a,
a

which gives

2 a
(15.3) Uy = aul,ul = 1—|—Oéa_2.
Also, we need to require that £; < f5. Thus, uq < uo. This implies that
u; < 0 and ug > 0. Thus, (u1,us) lies in the interior of the line segment
connecting (—1,2/a) and (0,0), as drawn in Figure 3. It is not hard to
check that the corresponding leading term equation has a solution in
such a case.

Remark 15.1. It is shown in [WW], Example 4.9, that in the case of
a = 2, the analogous line segment is also the location of non-displaceable
torus fibers. But unfortunately, we do not know how to prove it using
our methods. In these computations, we need b,, which lies in Ag \ A4
for the case a = 2, which is not possible since we cannot make sense
of infinite sums in the definition of bulk deformation with such b,. We
leave it for future research.

15.5. Bulk Floer homology for P(1,3,5). The example P(1,3,5) has
been found to be very interesting recently; see [M], and also [WW] and
[ABM]. We show that the torus fibers which are inverse images of points
in the shaded region in the polytope (in Figure 4) are non-displaceable
by Hamiltonian isotopy using our methods.

As the shape indicates, we need a little detailed analysis on comparing
the sizes of the areas of holomorphic discs and orbi-discs.

First we identify elements of Boz’. We denote the sectors involving
b() and bl by

v, = %bo + %bl = (0,-1),

vy =2by+ tby = (—1,-2),
vy = %bo + %bl = (—1, —3),
vy = %bo + %bl = (—2, —4).

The sectors involving by and by are
vs =3by+ 2by= (—1,-1),
ve = 2by+ 3by = (—2,-3).
The areas of holomorphic discs and orbi-discs are

bo=1—3u; —bug, L1 =14+u1, o =14 us
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""""""" 45

non—disp.

fibers

o T e N 2z
C5-1110)
_1‘
Figure 4. Orbifold P(1,3,5)
1 3 4 3
€V1 = 5€0+5€1 = 5—2@, EVQ = 5—U1—2’LL2

The areas £,,,...,{,, can be computed similarly.

Near the vertex (—1,4/5) of the moment triangle in Figure 4, the
areas of the following (orbi-)discs (depending on the position u € P),

607€17£1/17£V27£V37£V47

are smaller than others, and could give relevant terms in the leading
term equation.

As it is two-dimensional, we would like to have a triple of them to have
the same energy Si. Although the symplectic areas £y, ¢, are already
fixed, we could add the bulk deformation term b,, to ¢,, suitably to
increase the energy level. Thus if £y is not equal to ¢1, we need two
other orbi-discs to make the triple, and for this we need them to have
smaller symplectic areas.

More precisely, we proceed as follows. First, we consider the region
where £y and £; are smaller than f5. This implies that

€0<€2=>UQ>—U1/2, b < by = ug > ug.

We divide it further into three cases:
1) by < 1, or up > —4uy/5: To have at least three terms of least
energy, we need

(15.4) €V1 < £y and 61/2 < L.

The first inequality gives 3u; + 4us < 1/5 and the second in-
equality gives 2uj + 3ug < 2/5. If this happens, we can add bulk
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Z()—Z Z()—Z
bl/ = l Vl,b,/ = 1 V27

which will make bg, b, , by, to contribute to the leading term equa-
tion of POST,bO of the same energy S;. We note that the first in-
equality implies the second inequality for the points in P; hence,

for the region bounded by

4dus 1 Uy
up > —T, 3uq +4UQ < g, Uy > —7,
we can choose bulk deformation as above, so that the correspond-
ing leading term equation has a solution.
2) by > 1 or uyp < —4ug/5: To have at least three terms of least
energy, we need

(15.5) €V1 < {1 and 61/2 < {q.

Both equations translate to the inequality uj + ug > —1/5. Thus,
in the region
4’LL2

u < —?, Uy + ug > —5, U9 > U,

we can choose bulk deformation as
by, =T %1 b, =TH"

so that the corresponding leading term equation has a solution.
3) lo = £1: We similarly obtain that the line segment u; = —%, uy <
0 supports bulk deformation whose leading term equation has a

solution. We leave this as an exercise.

The above do not cover the whole shaded region of Figure 4. The rest of
the region that is not covered is the triangle A formed by three points

(—1/10,-1/10), (0,0), (1/5,—1/10).

For this region, the leading term equation involves two equations of
energy levels S and Sa. Note that the vectors by = (0,1) and b,, =
(0, —1) are opposite to each other. So in A, ¢5 is smaller than ¢; and /¢,
and hence we take

b, = T~ = 72425,

This makes the terms corresponding to bp and b,, contribute to the
leading term equation of energy level S; = f5. Now, for the next level
S2, we have terms from b; and b,,. We again have a solution for the S
energy level leading term equation. We leave the details to readers.

We remark that the line segment from (1/5,—1/10) to (2,—1) is
known to be non-displaceable by [WW], but our methods cannot prove
it yet (cf. Remark 15.1).
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15.6. Polytope with nontrivial integer labels.

Proposition 15.2. If P is a compact rational simple polytope with
m facets, and if the integer labels ¢, ..., cm for facets satisfy

¢ >2 forall i=1,...,m,
then for any u € Int(P), L(u) is non-displaceable.

Proof. The first proof is due to Kaoru Ono, who provided this alter-
native proof after the first author gave a talk on this paper and this
proposition.

Here is the first proof. As all facets have non-trivial integer labels,
points in any toric divisors are not smooth points. Take a torus fiber
L(u) for any interior point u € Int(P). If L(u) is displaceable by Hamil-
tonian isotopy i1, i.e. L(u) N (L(u)) = 0, then we can modify H
so that its support lies in Int(P), and still satisfy the above displacing
property as Hamiltonian isotopy sends smooth points to smooth points.
But this is a contradiction since Lagrangian torus fibers in (C*)" are
not displaceable by any compactly supported Hamiltonian isotopy. As
a symplectic manifold, the inverse image L of Int(P) is symplectically
embedded in T*T"™. Then a T"-orbit is considered as the graph of a
T™invariant 1-form n on T", which is closed, embedded in T*T™. By
a symplectomorphism, which comes from the fiberwise addition of —n,
we may assume that the T"-orbit is the zero section of T*T"™. The non-
displaceability of the zero section in the cotangent bundle is well-known.

The second proof is by using bulk deformation. Let b; be a stacky
vector corresponding to the i-th facet. We take v; to be the minimal
integral vector in the direction of b; such that b; = ¢;1;. We consider
bulk deformations b,, = —¢;T% i for each i = 1,...,m. Then corre-
sponding leading term potential POgrb,o becomes

m
(15.6) > Tl (b - ey,
=1

since each contribution of b,, is chosen to match with the term of the
potential corresponding to b;. For generic u, we may assume that all
the areas ¢; are distinct. Then, the leading term equation is the critical
point equation of each summand of (15.6) up to the dimension of P.
By denoting y; = y%, the summand equals y;" — ¢y, and clearly has a
non-trivial critical point y; = 1. This shows that generic u € Int(P) is
non-displaceable. But by the standard limit argument, this implies that
L(u) is non-displaceable for all u € Int(P). q.e.d.
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16. Appendix: Preliminaries on orbifold maps

In this appendix, we recall definitions regarding maps between orb-
ifolds following [CR], [CR2], with the added condition that the domain
orbifold may have a nontrivial smooth boundary.

Let X be a differentiable (C'*°) orbifold with boundary and let X be
its underlying topological space. In applications we will often deal with
the case when X is an orbifold Riemann surface with smooth boundary
(i.e. orbifold singularity lies in the interior).

An uniformizing system for an open connected set U C X is a triple
(V,G,m) where V is a smooth connected manifold with boundary oV
(which may be empty), G is a finite group acting smoothly on V (pre-
serving V'), and 7 : V' — U is a continuous map that induces a home-
omorphism between V/G and U. The orbifold analogue of inclusion of
open sets in manifolds is the notion of injection of uniformizing charts.

Definition 16.1. Let i : U — U’ be an inclusion of open sets uni-
formized by (V,G, ) and (V',G’, ') respectively. An injection (¢, p) :
(V,G,7m) — (V',G',7’) consists of an injective group homomorphism
p: G — G’ and a p-equivariant open embedding ¢ : V' — V' such that

1) ior=7"0¢,

2) p induces an isomorphism ker G — ker G’ where ker G := {g € G :

g-z=uforalx eV}

If ker G is trivial for every uniformizing system, the orbifold is called
effective or reduced.

An injection (¢, p) is an isomorphism of uniformizing systems if an
inverse injection exists. An important fact is that, given an automor-
phism (¢, p) of an uniformizing system (V,G, ) of an open set U C X
in a C* orbifold X (with boundary), there exists an element g € G
such that ¢(z) = gx and p(h) = ghg™!' (see Lemma 2.11 of [MM]).
This correspondence is one-to-one if ker G is trivial.

Definition 16.2. A compatible cover of an open set Y in an orbifold
X is an open cover U of Y together with a uniformizing system (V, G, )
for each U € U and a collection of injections such that:

1) If U C U, then there exists an injection (V,G,w) — (V',G', ).

2) For every p € Uy [\Us, where Uy,Us € U, there exists a U € U

such that p € U C Uy ( Us.

Definition 16.3. Let X and X’ be orbifolds, possibly with boundary.
Suppose U C X, U' C X’ are open sets uniformized by (V,G, ) and
(V',G', ") respectively. Given a continuous map f : U — U’, a C! lift
of fisa C' map f:V — V' satisfying

) aof=form.

2) Given any g € G, there exists a ¢’ € G such that f(gz) = ¢ f(z)

forall z € V.
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Note that the correspondence g — ¢’ is not required to be a group
homomorphism.

Definition 16.4. Two lifts f; : (V;, Gy, m;) — (V/,Gl,wl), i =1,2, are

1) N

isomorphic if there are isomorphisms (¢, p) : (Vi,G1,m1) — (Va, Ga, 72)

and (¢, p') - (VI, G, 7h) — (V4,Gh, mh) such that ¢/ o f; = fa 0 6.

Let f: (V,G,m) = (V/,G',x') be a C' lift of f: U — U’. Let W, W'
be open sets such that W C U and f(W) C W/ C U’. Then f naturally
induces a unique isomorphism class of lift for f : W — W',

Definition 16.5. Two lifts f; : (V;, Gy, m) — (V/, Gl 7h), i = 1,2,
of f: X — X' over open sets U; and Us, are said to be equivalent at
p € U Uy if they induce isomorphic lifts of f : U — U’ for some open

sets U containing p and U’ containing f(p).

Definition 16.6. A local CY lift of f: X — X' at a point p € X is
a Cllift f,: V, — Vjﬁ(p), for some uniformizing systems (V,, Gp, ) and
(Vf’(p), G}(p),ﬂ'}(p)) on open sets containing p and f(p) respectively.

Definition 16.7. Let & and & be orbifolds, possibly with boundary.
Given a continuous map f : X — X', a Chlift f: X — X of f is a
choice of a local C* lift fp:Vp— Vjﬁ(p) for each point p, such that f, is

equivalent to fq for each ¢ € Up.

Example 16.8. Consider the orbifold C/Zy where Zy acts by reflec-
tion about the origin. Consider the holomorphic coordinates z on C and
w = 22 on C/Zy. Regard S* as R/27Z. Take the map f : St — C/Zs
defined by w o f(#) = €. Consider the covering of S' by the open sets
Uy, = (0,27) and Uy = (—, 7). The lifts f; : U; — C given by

16.1 zo fi(0) = e?/? forj = 1,2,
(16.1) j

define a C* lift of f.

Note that not every continuous map of underlying spaces admits a
lift. As an example, the map h : C — C/Zs defined by wo h(t) =t does
not admit even a CY lift near the origin.

Definition 16.9. Two lifts {fyi : (Vpis Gpismpi) — (Vi s Ghis

/

T ) )}, i =1,2, of f are said to be equivalent if for each p € X, fy1
and f, 2 are equivalent at p.
Definition 16.10. A C! map of orbifolds f : X — X" is a continuous

map f: X —» X N/ of underlying spaces together with the equivalence
class of a C! lift f of f.

Now we recall the crucial notion of a good map in [CR]. Chen and
Ruan used the notion of compatible system to describe a good map. A
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compatible system roughly consists of compatible covers of the domain
and range of the map by uniformizing charts, choice of lifts on each
chart, and some algebraic data for injections of charts that encode how
the lifts fit together. This enables one to define the pull-back of an
orbifold vector bundle with respect to a good map. The notion of a
good map is very closely related to the notions of a strong map [MP]
and an orbifold morphism [ALR].

Definition 16.11. Let f : X — X’ be a C' map between orbifolds
with boundary whose underlying continuous map is denoted by f. Sup-
pose U and U’ are compatible covers of X and an open set containing
f(X) respectively, satisfying the following conditions:

1) There is a bijection between U and U’, given by U « U’, such

that f(U) C U’ and Uy C Uy implies Uj C Uj.

2) There exists a collection of local C! lifts {fyp: : (V,G,7) —
(V',G',7")} of f, and an assignment of an injection A(7) : (V3, G5,
7h) — (V{, G}, 7)) to every injection i : (Va, Ga,m2) — (V1,G1,71),
such that 3
a) fu,uy 01 = Ai) o fy,uy, and
b) A(j oi) = A(j) o A(i) for each composition j o of injections.

3) The C' lift of f defined by the collection {fyp} is in the equiva-
lence class corresponding to f.

Then we say that { four, A} is a compatible system of f.

Note that if X’ is reduced, each automorphism g € G of (V,G,7) is
assigned an automorphism A(g) € G’ giving rise, by condition (2)(b), to
a group homomorphism Ay : G — G’ with respect to which fUU/ is
equivariant.

Definition 16.12. A C' map f : X — X" is called a good C! map if
it admits a compatible system.

When an orbifold is reduced, it may be represented as the quotient
of a manifold by the effective action of a compact Lie group by the so-
called frame bundle trick. However, a good map between X = M /G and
X" = N/H may not be represented by an equivariant map from M to
N. This has to do with the fineness of the compatible cover of X' used
to define the good map. Indeed, a similar problem occurs for a good
map from a manifold to an orbifold. For instance, consider the C'*° map
St — ¢/ Z,, given by the lift ¢ — t1/7. We need to use a suitable cover
of S to make sense of continuity of the lift.

A good C*° map is what Chen and Ruan [CR] call a good map.
Not all orbifold maps admit a compatible system. See example 4.4.2a of
[CRY].

Chen and Ruan prove (cf. Lemma 4.4.6 and Remark 4.4.7 of [CR])
that, given two compatible systems & = {fLUU/, a: U el,U eU'}
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and & = {fngR/,ag :ReR,R e R'} foraC® map f: X — X', there
exist
1) common refinements W of U and R, and W of U’ and R’, that
satisfy condition (1) of Definition 16.11;
2) compatible systems {fl,WW/, A1} and {fg,wwl, A2}, where W e W
and W’ € W, for f induced by & and & respectively.
Chen-Ruan’s proof actually works for any C! map where I > 0. An
important consequence of Lemma 4.4.6 of [CR] is that the compatible
systems { fi,WW’, Ai} can be assumed to be geodesic compatible systems
(see Definition 4.4.5 of [CR]). In particular, the open sets of W and W'
are images of the exponential map from some subset of the tangent
space at some point in their interiors. This property is crucial to re-
late compatible systems with pull-back of vector bundles, especially the
tangent bundle. This will continue to hold if X is an orbifold Riemann
surface with smooth boundary, for an appropriate choice of Riemannian
metric on X'. (The idea is to choose a Riemannian metric on the double
Y of X that agrees with a metric on the manifold Y away from a small
neighborhood of the singular set. Then use the positivity of the injective
radius of the metric on Y.)

The following definition is equivalent to, but different from, the one
in [CR].

Definition 16.13. Two compatible systems &; and & of a good C"
map f are said to be isomorphic if there exist induced compatible sys-
tems {fLWW/, A1} and {leW/, A2} corresponding to &; and & respec-
tively, and an automorphism &y of the uniformizing system (V/, G, ")
for each W’ € W', such that

1) oy o fiww: = foww and

2) for each injection i : (Wa,Go,m3) — (Wi1,G1,m), the relation

A2 (@) = dyy 0 A1 (@) o ()" holds.

The proof of the following lemma is similar to Proposition 4.4.8 of
[CR).

Lemma 16.1. Suppose f : X — X’ is a good C™° map where X is an
orbifold with smooth boundary. Then two compatible systems & and &
are isomorphic if and only if the pull-backs of any orbifold vector bundle
on X' by & and & are isomorphic.
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