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SEMICLASSICAL SPECTRAL INVARIANTS
FOR SCHRODINGER OPERATORS

VICTOR GUILLEMIN & ZUOQIN WANG

Abstract

In this article we show how to compute the semiclassical spec-
tral measure associated with the Schréodinger operator on R™, and,
by examining the first few terms in the asymptotic expansion of
this measure, obtain inverse spectral results in one and two dimen-
sions. (In particular we show that for the Schrodinger operator on
R? with a radially symmetric electric potential, V', and magnetic
potential, B, both V' and B are spectrally determined.) We also
show that in one dimension there is a very simple explicit identity
relating the spectral measure of the Schrédinger operator with its
Birkhoff canonical form.

1. Introduction

Let
h2
(1.1) Sn=—5A+V(2)

be the semiclassical Schrédinger operator with potential function, V(z) €
C>°(R™), where A is the Laplacian operator on R". We will assume that
V is nonnegative and that for some a > 0, V~1([0,a]) is compact. By
Friedrich’s theorem these assumptions imply that the spectrum of Sy
on the interval [0,a) consists of a finite number of discrete eigenvalues

(1.2) Ni(h), 1<i<N(h),

with N(h) — oo as i — 0. We will show that for f € C*°(R), with

supp(f) C (—o0,a), one has an asymptotic expansion (see also [DiS],
[HeR))

(1.3) (2rh)™ > fNi(h) ~ > w())R*
7 k=0
with principal term
62
(1.4 w(f) = [ 165+ Vi) do de
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and subprincipal term
1 £ >’V
= - @)= i
(1.5) vi(f) 24/f (3 +V(:E))§i: 5z o de.

We will also give an algorithm for computing the higher order terms
and will show that the k' term is given by an expression of the form

k
16) )= [ X £ Vi) (DVie DV dade,
j=[5+1]

where py ; are universal polynomials, and the DFV’s the k" partial
derivatives of V. Moreover, to illustrate how this algorithm works we
will compute the terms, vk(f), k = 2,3, in §3.3. (However, to simplify
these computations slightly we will confine ourselves to the case n = 1.)

One way to think about the result above is to view the left hand side
of (1.3) as defining a measure, uy, on the interval [0,a), and the right
hand side as an asymptotic expansion of this spectral measure as h — 0,

(1.7) pn~ > B <£> [k

where p is a measure on [0,a) whose singular support is the set of
critical values of the function, V. This “semiclassical” spectral theorem
is a special case of a semiclassical spectral theorem for elliptic operators
which we will describe in §2, and in §3 we will derive the formulas
(1.4) and (1.5) and the algorithm for computing (1.6) from this more
general result. More explicitly, we’ll show that this more general result
gives, more or less immediately, an expansion similar to (1.7), but with
a “(%)‘“W in place of the (%)%. We'll then show how to deduce (1.7)
from this expansion by judicious integrations by parts.

In one dimension our results are closely related to recent results of
[Col05], [Col08], [CoG], and [Hez]. In particular, the main result of
[CoG] asserts that if ¢ € [0,a) is an isolated critical value of V' and
V~!(c) is a single non-degenerate critical point, p, then the first two
terms in (1.7) determine the Taylor series of V' at p, and hence, if V is
analytic in a neighborhood of p, determine V itself in this neighborhood
of p. In [Col08] Colin de Verdiere proves a number of much stronger
variants of this result (modulo stronger hypotheses on V). In particular,
he shows that for a single well potential the spectrum of Sj determines
V up to “pointwise reflection” V' (z) <> V(—z) without any analyticity
assumptions, provided one makes certain asymmetry assumptions on V:

Theorem 1.1 (Colin de Verdiere [Col08]). Suppose the potential
function V is a single well potential; then the semiclassical spectrum
of Sp modulo o(h?) determines V near 0 up to V(x) < V(—z). In
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particular, if V satisfies asymmetric conditions like (4.1),' then V is
spectrally determined.

Colin de Verdiere’s proof is based on a close examination of the principal
and subprincipal terms in the “Bohr-Sommerfeld rules to all orders”
formula that he derives in [Col05]. However, we’ll show in §4 that this
result is also easily deducible from the one-dimensional versions of (1.4)
and (1.5).

The algorithm we will introduce in §2 to calculate the semiclassical
spectral invariants applies to more general semiclassical differential op-
erators. In §5 we will show that for the perturbed Schrédinger operator

(1.8) P, = —%QA—FV(JJ) + B2Vy ()

the first three invariants, v (f),0 < k < 2, give a similar inverse spectral
result:

Theorem 1.2. Suppose the potential function V is a single well po-
tential, and V (x) and Vi(x) satisfy either of the following:
(a) V(x) is even and Vi(x) satisfies asymmetry conditions like (4.1);
(b) Vi(z) is odd and V(x) satisfies asymmetry conditions like (4.1),
then the semiclassical spectrum of Py modulo o(h*) determines V (x) and
Vi(x).

We conjecture that the invariants, v (f),0 < k < oo, give one inverse
result for Schrodinger operators with semiclassical potentials, i.e. po-
tentials of the form

Vi~ > 1Y

modulo parity and/or asymmetry conditions. We will also show in §6
(by slightly generalizing a counter-example of Colin de Verdiere) that if
one drops his asymmetry assumptions, one can construct uncountable
sets, {Vu,a € (0,1)}, of single well potentials, the V,,’s all distinct, for
which the pg’s in (1.7) are the same, i.e. which are isospectral modulo
O(h*). We will also show that in dimensions two or higher there exist
infinite parameter families of potentials which are isospectral modulo

O(h).2

!The asymmetric condition we listed is a very simple and special one. We would
like to refer to [Col08] for a more general and complicated asymmetric condition.

2We remark that in a very recent joint work [GuH] by H. Hezari and one of the
authors, it has been proved that the potentials in Colin de Verdiere’s example are
isospectral only up to O(A*) and are not actually isospectral: in fact, for most fi, the
ground states of the Colin de Verdiere’s semiclassical isospectral pair are different. A
similar conclusion will also apply to our semiclassical isospectral families.
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We also study the analogues of results (1.3)—(1.7) in the presence of
a magnetic field. In this case the Schréodinger operator becomes

2
(1.9) sim — Z (ﬁi + ak(a;)> +V(2),
k=1

where o = 3 agdxy, is the vector potential associated with the magnetic
field and the field itself is the two form

(1.10) B =da = Zdel‘Z VAN d:l?j.

For the operator (1.9) the analogues of (1.3)—(1.7) are still true, although
the formula (1.6) becomes considerately more complicated. We will show
that the subprincipal term (1.5) is now given by

1 1

il @z .
1) g [0 6+ ar Va2 a7+ 1B
As a result, we will show

Theorem 1.3. In dimension 2, if both V and B are radially sym-
metric, then they are spectrally determined.

The last part of this paper is devoted to studying the relation of the
spectral measure (1.7) and the Birkhoff canonical forms; the latter has
been proved to be very useful in proving inverse spectral results. In §9
we will prove the following “quantum Birkhoff canonical form” theorem:

Theorem 1.4. If V is a simple single well potential on the inter-
val V=1([0,a)), then on this interval Sy is unitarily equivalent to an
operator of the form

(1.12) Hop(SP 1%) + O(h™),

where Sh‘” is the semiclassical harmonic oscillator, i.e. the 1-D Schrodinger

operator with potential, V(x) = 932—2, and Hgp the quantum Birkhoff
canonical form that we will define in §9.

Then in §10 we will show that the spectral measure, uj, on the inter-
val, (0,a), is given by

(1.13) / 1) t h?) dt
where

(1.14) HQB(S,hz) =1 <= S:K(t, hz)
In other words,

Theorem 1.5. The spectral measure determines the Birkhoff canon-
ical forms and vice-versa.
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We will end this introduction with a few words on the organization of
this paper. We will prove the asymptotic expansion (1.7) in §2 for general
semiclassical differential operators, with a focus on describing how to
calculate the spectral invariants iteratively. Then in §3 we will apply our
method to calculate the first several semiclassical spectral invariants of
the Schrodinger operator, which will be used to give a simple proof of
Theorem 1.1 in §4. In §5 we consider the perturbed Schrodinger operator
and prove Theorem 1.2. In §6 we will construct families of potentials
that are semiclassical isospectral. §7 and §8 are devoted to the magnetic
Schrédinger operator, and we will prove Theorem 1.3. Finally, in §9 and
§10 we study the relations between the Birkhoff canonical form and the
spectral measure (1.7), and we will prove Theorem 1.4 and Theorem
1.5.

Acknowledgements. The results in this paper were, in large part, in-
spired by conversations with Shlomo Sternberg. We would like to express
to him our warmest thanks. We would also like to express our warmest
thanks to Shijun Zheng for suggestions on Schrodinger operators with
magnetic fields.

Victor Guillemin is supported in part by NSF grant DMS-1005696.

2. The Semiclassical Trace Formula

Let
(2.1) Py= ) aa(z,h)(AD;)"

|laf<r

be a semiclassical differential operator on R™, where aq(x, i) € C°(R" x
R). Recall that the Kohn-Nirenberg symbol of Pj is

(2.2) pla, & h) =Y aa(z, h)E
and its Weyl symbol is

h
(23) pw($7£7h) = exp(_EDfam)p(:Evé.vh)

We assume that p" is a real-valued function, so that Py is self-adjoint.
Moreover, we assume that for the interval [a,b], (p*)~!([a,b]), 0 < h <
hg, is compact. Then by Friedrich’s theorem, the spectrum of Py, h < hg,
on the interval [a, b], consists of a finite number of eigenvalues,

(2.4) Ai(h), 1<i<N(h),
with N(h) — oo as h — 0. Let
(25) p(x,f,O) :pw(az,f,O)

be the principal symbols of Pj,.
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Suppose f € C§°(R) is smooth and compactly supported on (a,b).

Then .
P = — [ f(t)er dt,
1) === [ i
where f is the Fourier transform of f.

Theorem 2.1 ([DiS], [HeR|]). The operator f(Py) is a semiclassical
pseudodifferential operator with left Kohn-Nirenberg symbol

26 ylos 0~ T mes< >Q%mm,

1<2k

where by, is described as follows.

It follows that
(2.7) tracef(Py) = h™" / be(x, &, h) dedé + O(h™).

The coefficients by, ;(x,&) in (2.6) can be computed as follows: Let Qq
be the operator

ol

and let by (x,&,t) be defined iteratively by means of the equation
109bm, o
(2.9) Pt = 2 D DEpiQabit Y pibnoy
|| >1 j+k+]|a|=m j>1

with initial conditions

(2.10) bo(z,€,t) =1
and
(2.11) by (2,£,0) = 0

for m > 1, where the p;’s are defined by p = p; h7. We will show that
bip(x,&,t) is a polynomial in t of degree 2k. The functions by, ;(x,§) are
just the coefficients of this polynomial,

(2.12) br(z, 6 t) = > b, &)t

1<2k

2.1. Proof of Theorem 2.1. We will only focus on symbolic calcu-
lus that leads to (2.6), with coefficients described by (2.9)—(2.12), and
refer to ([DiS], [HeR]) for more technical details on the remainder esti-
mates and trace class properties of the remainder. We look for a family
U(t) of semiclassical pseudodifferential differential operators depending
smoothly on ¢ which satisfies the differential equation

(2.13) %%U( £ = PU®)
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with initial condition

(2.14) U(0) = Id.

Let p(x,y,t, h) be the Schwartz kernel of U(t). For this to be the kernel

of a pseudodifferential operator, it must have the form

(z—y)-€
h

215)  ulwyt) = @) [ a6t e e,
Our initial condition (2.14) amounts to saying that

(2.16) a(z,&,0,h) = 1.

Set

a(z,&,t,h) = @bz € 1, 1),
and then (2.16) becomes
(2.17) b(z,£,0,1) = 1
while (2.13) yields

10 itpo(x,€) _ itpo(,€)
= (b, 1)) = pla, &)+ (€7 b(a g1, 1) )
where * is the star product defining the symbol of the composition of

two pseudodifferential operators. We can expand (2.18) out as

- 10b he ,
ltpo <_ o —l—pob) ~ Z JDgzpatmx(eztpob),

(2.18)

write ' ' ‘ '

0% (e'Pop) = 'Po (e PogaeitPopy),
and cancel the factor 0 from both sides of the preceding equation to
get

1 Z?b
T Tpob~ Z Ds PR,
where @ is the operator

Ipo
Q=0,+it .

Since Q° = I, we can rewrite the previous equation as

10b o«
~ D S DEPQ b+ (0 — po)b.

(2.19) e
ja>1

Let us expand b and p in powers of A,
szbk(xafat)hk7 pszkhka
k k

and equate powers of (2.19). This gives us the series of equations

(2.20) iab >y $D?ij“bk+ijbm—j

|a|>1 j+k+|al=m j>1
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with initial conditions
bo(z,&,t) =1, bpy(x,£,0) =0 for m > 1,
and we can solve these equations recursively by integration.

Proposition 2.2. b,,(z,&,t) is a polynomial in t of degree at most
2m.

Proof. Proof by induction. We know this for m = 0. For j+k+ |a| =
m, we know by induction that Q%b is a polynomial in ¢ of degree at
most |a| +2k =m —j+k <m+k < 2m, so integration shows that by,
is a polynomial in ¢ of degree at most 2m. q.e.d.

3. Spectral Invariants for Schrodinger Operators

In this section we will focus on the operators (1.1), so that
62
(3.1) p(x,&h) = po(w,&) = 5 + V().

We would like to compute tracef(Sy) for f € C§°(—a,a) via the semi-
classical trace formula (2.7). Notice that from (2.6), (2.7), and (2.10) it
follows that the first trace invariant is

/ F(pla, €)) dad,

which implies Weyl’s law, ([GuS] §9.8), for the asymptotic distributions
of the eigenvalues (2.4).

To compute the next trace invariant, we note that for the Schrodinger
operator (1.1), the operator @), has the form

(3.2) Qu =+ (ax + z’ta—v>a.

Cal Ox
It follows from (2.9) that

L D SR e

|a[>1 k+|al=m
& (0 0V 1 o ov\?
— —_— _— t— m—1 = X a t— m—z-
Zk:i <axk“a:gk o 2; or ow,) P
Since by (z,&,t) = 1 and by (z,£,0) = 0, we have

it? ov
bl(l’,f,t) = 7 Zgla—xla
l
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and thus

10by 6 (D L0V it OV
;E_Zk: 1 <8xk +Zt8xk>(2 leflaxl)

=

Vv OV oV
2 nggl <8$k8$1 aﬂjk 8:El>

(a? 2avav>
——Z it — — ).

axk oxy, Oxy,

It follows that

t2 = OV i3 oV o*V
s ba(x,€,t) = 1 Zk:a—x]% + 5 (Zk:(axk) +;§k§l8xk8xl)

Thus the next trace invariant will be the integral

——Z 2f (w))——Z(aV)f WE 4 V)
ox oxy, 2

2
(3.4 ng@ o O 4 V@)

2
kaflg;/ gv (5 4V (z)) dwde.

We can apply to these expressions the integration by parts formula,

(3.5) / +V( ) dadé = — /A (§2+V( ) dadé

§ §

2 2
(3.6) / G AW)B (4 (@) drde = - / S A@)BE 4V (@) drde.

Applying (3.5) to the first term in (3 4), we get

/ Z ém +V( ) dade,

and by applying (3.6), the fourth term in (3.4) becomes

/ Z ém +V( ) dade.
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Finally, applying both (3.6) and (3.5), the third term in (3.4) becomes

/ ——Z SO &+ V(a) dade,

So the integral (3.4) can be snnphﬁed to

2/ Z AL & Vi) dade,

We conclude

Theorem 3.1. The first two terms of (2.7) are
2
tracef(Sh) Z/f<§2 +Vi(x )) dmd£+—h2/z 333k

(3.7) )
<% + V(a:)) dzd¢ + O(h%).

In deriving (3.7) we have assumed that f is compactly supported.
However, since the spectrum of Sy is bounded from below by zero, the
left and right hand sides of (3.7) are unchanged if we replace the “f” in
(3.7) by any function, f, with support on (—00, a), and, as a consequence
of this remark, it is easy to see that the following two integrals,

(3.8) /5 2 dade
?‘FV(LE)S)\
and
0%
3.9 / dxdg,
(39) £ 1vV(m)<a Zk:(axk)

are determined by the spectrum (2.4) on the interval [0, a]. Moreover,
from (3.7), one reads off the Weyl law: For 0 < A < a,

52
(3.10)  #{N(h) <A} = (k)™ (Vol( Y V() <A+ O(h)> .

We also note that the second term in the formula (3.7) can, by (3.6),
be written in the form

[ Z Tz 1 G+ V@) da

3.1. Proof of (1.6). To prove (1.6), we notice that for m even, the
lowest degree term in the polynomial by, is of degree % + 1; thus we can

write
m
Z bmJtm-H.
I=—2+1
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Putting this into the iteration formula, we will get

m+1 &L Obp—1 ov 1 O*brm—2141
—bml —Z Or +Zﬁk8—$kbm—1,l—1 - 5287:17,%
1,0 0V 9V 0 oV

) a—ma—m+8—m8—m)bm 2,1 ZZ(axk) bin—2,1-1,

from which one can easily conclude that for [ > 0,

oV
_ «a Ié] m
(3.11) b = 3 €(5) Pag(DV,.. . D"V)

where p, g is a polynomial, and |a| + 3] > 21 — 1. It follows that, by
applying the integration by parts formula (3.5) and (3.6), all the £+,
[ > 0, in the integrand of the A"th term in the expansion (2.6) can be
replaced by f(™). In other words, only derivatives of f of degree < 2k
figure in the expression for vy (f). For those terms involving derivatives
of order less than 2k, one can also use integration by parts to show that
each f(™) can be replaced by an f™*t1) and an f=1. In particular,
we can replace all the odd derivatives by even derivatives. This proves
(1.6).

3.2. More Spectral Invariants in 1-dimension. For simplicity, we
will only consider the dimension one case. One can solve the equation
(2.9) for the Schrédinger operator with initial conditions (2.10) and
(2.11) inductively, and get in general

(3.12) bom (2, &, 1) Z N gy,

k=m-+1 n+t=k—m,n<m
L1+ +1lg=2m

and

4m—2
(3.13)  bopm_1(x,&,1) Z tk Z gty ). ylog,

k=m-+1 n4+t=k—m,n<m-—1
I+ +lg=2m—1

where a,; and a,; are constants depending on n and Iy, --- ;. In par-
ticular,

3 t4 1
b3(z, &, 1) ——éV V() + i€ [ V/(2)V(z) + 22V
(3.14) 3 < 8 >

6
L e evievi) - Sieviey
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and

(3.15)

ba( 1) = — i@ (T 4 S v v ® e 4 Le2y@
4(z, &, 1) = 242\/ (x) +t 96V (x) +48V(17)V (I)+16§V (z)

13 13 19
5 (A \27! SE2Y 71 ()2 AV (3)
+t (12OZV (x)* V" () + 12025 V' (z)* + 12025 V'(x)V¥ ()

Loy
+ 12025 V% (2)

6 oo AT oy voom Locaym 2
+t <_5V (z) _@g Vi(x)*V (ar)—ﬁé V' (x)
EEV VW)

t7

8
— @ (i§2V’(:z:)4 + i§4V’(x)2V”(x)) + 554‘//(.@)4.

The order iF term is given by integrating the above formula with t* replaced
2
by & f® (% + V(z)). By integration by parts,

52
/g%A(:z:)B(k)(E V(@) dede = (—1)*(2k — 1)!!//1(35)3(

so we can simplify the integral to

V(4)f(3) (V//)2f(4) V/V///f(4) 11(V/)2V//f(5) (V/)4f(6)
/ < 240 160 120 * 1440 * 1152
Note that

/V(4)f(3) _ _/V/V///f(4) _ /V//V//f(4) + V//V/V/f(t'))

52
SV (@) dedg,

> dzde.

and
/V/V/V//f(t’)) — _/ (2V/V/V//f(5) + V/V/V/V/f(ﬁ)) ,
so we can finally simplify the integral to

4 2
ﬁls (%(V,,(x))2+1_72(vl(x))4> f(G)(%+V(x)) davde.

This can also be written in a more compact form as

1 o AT e @&
i (TV'V" ¢ - (V"(x))?) fD( 5 +V(z)) dzde.

It follows that
47
/2 (7V/V/// 4 F(V”(:zr))2)dxd§
SHV(@)<A

is spectrally determined.
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4. Inverse Spectral Results: Recovering a Single Well Potential

Suppose V is a “single well potential,” i.e. has a unique nondegenerate
critical point at = 0 with minimal value V(0) = 0, and V is increasing for x
positive, and decreasing for x negative. For simplicity, assume in addition that
(4.1) V' (=z) > V'(2)

holds for all z > 0. We will show how the spectral invariants (3.8) and (3.9)
enable us to recover V(x).

Figure 1. Single well potential.

For 0 < A < a, we let —x2(\) < 0 < z1(A) be the intersections of the curve

% + V(z) = X with the z-axis on the (z,&) plane. We will denote by A; the
region in the first quadrant bounded by this curve, and by As the region in
the second quadrant bounded by this curve. Then from (3.8) and (3.9) we can
determine

(4.2) /A +[42 dadg

and

(4.3) /Al +/A2 V' (x)?dzdé.

Let « = f1(s) be the inverse of the function s = V(x),x € (0,a). Then
z1(X) 2(A=V(x))
/ V'(x)? dadé = / V'(x)? / dédx
Ay 0 0
Il()\)
= / V'(x)%\/2\ — 2V () dx
0
A
:/ V2X =25 V'(fi(s)) ds
0
A df -1
:/ V2 —2s (—1> ds.
0 ds
Similarly,

/ A df2 -
/,42 V'(x)? dadé :/0 V2\ = 2s (d—s> ds,
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where © = f3(s) is the inverse of the function s = V(—xz),xz > 0. So the
spectrum of Sj determines

(4.4) /OA\/E ((%)1 + (%)1> ds.

Similarly, the knowledge of the integral (4.2) amounts to the knowledge of

A dfy  dfs

Recall now that the fractional integration operation of Abel,

1 A a—1
o / (A= 1) g(t) dt

for a > 0, satisfies J*J? = J%*. Hence if we apply J'/? to the expression

(4.5) and (4.4) and then differentiate by A two times, we recover % + % and

(%)_1 + (%)_1 from the spectral data. In other words, we can determine
f1 and f} up to the ambiguity f; < f4. However, by (4.1), fi > f5. So we
can from the above determine f; and fj, and hence f;,4 = 1,2. This proves

Theorem 1.1.

(4.6) J7g() =

REMARK 4.1. The formula (4.5) can be used to construct lots of Zoll po-
tentials, i.e. potentials for which the Hamiltonian flow vy associated with
H = £2+V(z) is periodic of period 2. It is clear that the potential V (z) = z?
has this property and is the only even potential with this property. However,
by (4.5) and the area-period relation (see Proposition 7.1), every single well
potential V' for which

fi(s) + fals) = 252
has this property. We will discuss some implications of this in a sequel to this
paper.

REMARK 4.2. The same argument also shows that if V' is decreasing on
(=00, —a) and is increasing on (b, 00), and that V is known on (—a,b), then
we can recover V everywhere. In particular, we can recover symmetric double
well potentials.

5. Inverse Spectral Results: Recovering Potentials for
1-dimensional Perturbed Schrodinger Operators

Consider the 1-dimensional perturbed Schrédinger operator

h2
For this operator we have
52
po(z,§) = o T V(z)

and
pa(, &) = Vi(z).
By iterative use of (2.9), we get

(5.2) by = bS'4 + iVy ()t
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and
21 31 3
by = bzld + 5(5‘/1// _ V12) + i§(§§2V{’ + V’Vl’ + Zanl)
o + ﬁ(—zV’V’V + 152v”v )+ iﬁ(—§§2V’V’V)
143 '3 VTR Y

where b5'? and b3'¢ are the corresponding polynomials for the unperturbed
Schrodinger operator with potential V' that we computed in §3. By integration
by parts, we conclude that the first three semiclassical spectral invariants for
the operator (5.1) are

I, = / dz de
E 4V (z)<A

1 .
I, = / (V" + W V)dz de
£ 4V (z)<A

24
and
m, = / (v 2y L Dy STV e de
* 7 e vwy<n 1152 5760 24" ! ’
2
where .
) = [ i
0
W(z):/ W(t)V'(t)dt
0
and

- xr xT 1 1
W(a:):/ W(t)dt:/ (—EV{’+§VE)dt.
0 0

Now suppose that V' is an even single well potential. Then from Iy one can
recover the potential function V. To recover the perturbation, Vi, let x = f(s)
be the inverse of the function s = V(z) for & > 0. Since V is known, I
determines

/ Vi(z)V'(x)dx dE,
£V (z)<A

which equals
TRVAF) = Va(=f V),
where J is the fractional integral as before. It follows that one can recover the
function
Vi(z) = Vi(~x)
for 0 < = < a, and by taking the derivative, the function
(5.4) Vi(z) + Vi(—x), z > 0.

Next let’s extract information from the third invariant, II,. The first two
terms in the integrand of I\ are already known since we know V. The third
term, by the same method above, gives

V' (x)Vi(z) — V' (—2)Vi(—x).
Since V is even, V' is odd. So the above expression equals

V(@)(Vi(z) + Vi(=x)),
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which is already known. So the only new information comes from the last term,
which gives us
W(z) — W(-x).
Taking the derivative, we get the function
W(@)V' (@) + W(=a)V'(=z) = (W(z) = W (~2))V'().

So the function W (z) — W (—z) is spectrally determined. Taking the derivative
again, we recover the function

W) + W (=) = — o (' (@) + V(=) + 5 (V) + Vi (~a)).

Since we have already determined Vj(x) 4+ Vi (—x), and thus V{'(z) + V{'(—x),
for x > 0, we conclude that the function

(5.5) VE(z) + Vi (—x), x>0

is spectrally determined. This together with (5.4) determines V; (z) modulo an
asymmetry assumption of type 4.1.

Similarly, if V' is a single well potential while perturbation V; is an odd
function, then (5.4) vanishes, and thus the invariants I and Iy will determine
V modulo condition (4.1), and this in turn determines V; according to (5.5).
This completes the proof of Theorem 1.2.

6. Counterexamples

Let V € C*°(R™) be a single well potential as in the previous section. Then
we know that the spectrum of the Schrédinger operator (1.1) is discrete. The
question “to what extent does this spectrum determine V7?7 is still an open
one; however, we will show in this section

Proposition 6.1. (1) In dimension one there exists a family of uncountable
potentials for which the spectral invariants (1.6) are the same.
(2) In dimension greater than one there even exist infinite parameter families
of potentials for which these invariants are the same.

We first observe that if A : R” — R™ is an orthogonal transformation, i.e.
A € O(n), then

A* o Spo(A™H* =S4,
where
h2
Si = SA+ VA(x)

and VA(z) = V(Az). Thus, if K;(z,y, h) is the Schwartz kernel of the operator
f(Sh), then Ky(Az, Ay, h) is the Schwartz kernel of the operator f(S:'), and
by (1.6), K;(Ax, Az, h) has an asymptotic expansion of the form

1d 112
@2rh)"" Y R [ bra(A ——) d
S foatane (G )s) (5 vian)
In particular, since the function by ;(z, ) in the expansion (1.6) has the form

(6.1) bri =Y " Pary(DV,...,D*V),
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the corresponding function for S;? has the form

(6.2) bty =Y ¥ Paiu(DVA,... D*VA),
and hence in particular

(6.3) bra(§, Az) = ok (DVA,... D*VA)

for all x € R"™.
Now choose V' to be rotationally symmetric and let p;(x) be a non-negative
C™ function with support on the set

i<l|z|<i+1l, x1>0,...,2, >0
with p; = 0 for i odd and p; # 0 for i even. Then, fixing a sequence of rotations,
A={A4,€0(n),i=1,2,3,...},
the potentials
Va=V(@)+ > pi(Aix)
have the same spectral invariants (1.6) for all sequences, A, as can be seen by
writing
52
/bk,l(g, DVa,...,D*Va)f! ( + VA) dzxde
52
= Z/ bri(€,DVa, ..., D*Vy)f! ( + VA) dxd¢
i<|w|<it1

-y bea(6, DOV + i), ..
<|z|<i41

2
DAV 4y (5 4 ) daa
and observing that this is equal to

2

S [ €D g DY+ ) SV ) e
<|z|<i41
by the equation (6.3).

In dimension one this construction doesn’t give us an infinite parameter
family of potentials with the same spectral invariants, but it is easy to see that
it does give us uncountable potentials for which these invariants are the same.
Namely, for every a € [0,1) let

= .13 - - -

be the binary expansion of o and choose As; to be the rotation r — —ux if
«; is one, and = — x if a; is zero. This example (which is a slightly modified
version of a counterexample of Colin de Verdiere in [Col08]) shows why the
assumption (4.1) (or some asymmetry condition similar to (4.1)) is necessary
in the hypotheses of Theorem 4.1.
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7. Semiclassical Spectral Invariants for Schrédinger Operators with
Magnetic Fields

In this section we will show how the results in §3 can be extended to
Schrédinger operators with magnetic fields. Recall that a semiclassical Schrodinger
operator with magnetic field on R™ has the form

1 0x;

(7.1) s :_%Z(L . )) + V(@)

where a, € C*°(R"™) are smooth functions defining a magnetic field B, which
in dimension 3 is given by B =V x a, and in arbitrary dimension by the
2-form B = d(>_ ardxy). We will assume that the vector potential @ satisfies
the Coulomb gauge condition,

(7.2) Z ng -

(In view of the definition of B, one can always choose such a Coulomb vector
potential.) In this case, the Kohn-Nirenberg symbol of the operator (7.1) is
given by

(73) P&, 1) = 3 D26 + (@) + Vi),

J
Recall that

ap

(7.4) Qa alH<8:17k .8xk> ’

so the iteration formula (2.9) becomes
(7.5)

1 9bn, 10p (0 . 0p 1 o op\’
= — Fit— | bp-1— = — F+it=— | bmp—2,

i ot Z 7 8§k (8xk T 8xk) ! Z ([irk T oz, 2

from which it is easy to see that
dp Op i

7.6 it i
(7.6) ; O, Oz 2
Thus the “first” spectral invariant is

/Z§k+ak f2’ ) dwd§ = — /Zaa’“ p)dwde =0,

where we used the fact ) 5= ‘9“’“ =0.



SEMICLASSICAL SPECTRAL INVARIANTS 121

With a little more effort we get for the next term
62
4 817

zt3 Op Oa; 8p op Bp 0? _0°p op
Z 06, Ox 01 ; 06, 9 Darom zk:(axk)

#Z@@@@
&, Oxy, & Oy

ba(z,&,t) =

and, by integration by parts, the spectral invariant

1 %p Oay, Oy 2)
(17)  L=—g 3w —; prer el EAMCCRALLLS

Notice that

0%a; dp da;\> 0%V
Z 022 O¢, Z <8:vk) t 52
and

Oay, Oa; day,

2 _ 2 _ j 2

IB||* = trB _25 _&Cj pr —22 ()"
.k

So the subprincipal term is given by

& [ @0 <|B||2—2Z ) da de.

Finally, since the spectral invariants have to be gauge invariant by definition,
and since any magnetic field has by gauge change a Coulomb vector potential
representation, the integral

o0?V
181225 2V e ae
\/p;<>\ < k 6xi

is spectrally determined for an arbitrary vector potential. Thus we proved

Theorem 7.1. For the semiclassical Schrédinger operator (7.1) with mag-
netic field B, the spectral measure v(f) = tracef (S*) for f € C(R) has an
asymptotic expansion

v™(f) ~ (2mh)~ Z v (£,
where

/f x, &, h))dzde

and

2 48/f 2 (p(w, & n)(|BII —222—‘2/)
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8. A Inverse Result for the Schrédinger Operator
with a Magnetic Field

Making the change of coordinates (z,£) — (z,£ + a(x)), the expressions
(7.1) and (7.1) simplify to

vﬁﬁ=/ﬂ5+W@%
nd
’ m 1 (2)(¢2 2 >’V
1) =35 [ FOE +VIIBIE - 23 5 duds

In other words, for all A, the integrals

I\ = / dxd€
24V (z)<A

= B2 O e
A= -
€24V (@) <A O}

are spectrally determined.

Now assume that the dimension is 2, so that the magnetic field B is actually
a scalar B = Bdx1 A dxo. Moreover, assume that V' is a radially symmetric
single well potential, and the magnetic field B is also radially symmetric. In-
troducing polar coordinates

and

1
xf—kx%:s, da:l/\dzzr2:§ds/\d9

1
4=t do Ndéy = St Adu,

we can rewrite the integral Iy as

s(\)
I = 7r2/ (A =V (s))ds,
0

where V(s(\)) = A. Making the coordinate change V(s) = z < s = f(x) as

before, we get
A
dj
I = 71'2/0 (A — x)%dx

A similar argument shows

A
HA=7T2/O ()\—x)H(f(:v))%dx,

where

H(s) = B(s)* — 4sV"(s) — 2V'(s).
It follows that from the spectral data, we can determine

o) =S
T raxe?
and
HUEODS () = -1
Tmae ™

So if we normalize V' (0) = 0 as before, we can recover V' from the first equation
and B from the second equation.
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REMARK 8.1. In higher dimensions, one can show by a similar (but slightly
more complicated) argument that V' and ||B]| are both spectrally determined
if they are radially symmetric.

9. The Birkhoff Canonical Form Theorem for the
1-D Schrodinger Operator

Suppose that V=1 ([0,a]) is a closed interval, [c,d], with ¢ < 0 < d and
V(0) = 0. Moreover, suppose that on this interval, V" > 0. We will show
below that there exists a semiclassical Fourier integral operator

U:C°(R) = C(R)
with the properties

(9.1) UF(SpU' = f(Hop(SP" 1)) + O(h™)
for all f € C§° ((—o0,a)), and
(9.2) UU'A = A

for all semiclassical pseudodifferential operators with microsupport on H ! ([0, a)).
To prove these assertions, we will need some standard facts about Hamiltonian
systems in two dimensions: With H(z,§) = % + V(x) as above, let v = vy be
the Hamiltonian vector field

_OH 0 0H 0

- 06 0x Oz OF’

and for A < a, let (¢, A\) be the integral curve of v with initial point (0, \)
lying on the x-axis and H(y(0,A)) = A. Then, since L,H = 0, H(y(t,\)) = A
for all t. Let T'(\) be the time required for this curve to return to its initial
point, i.e.

UVH

y(t, A) # (0, X), for 0 <t <T(N)
and
Y(T'(A), A) =~(0, ).

Proposition 9.1 (The area-period relation). Let A(X) be the area of the
set {(x,&) | H(x,&) < A}. Then

9.3) %A(/\) — ().

Proof. Let w be the gradient vector field

OH , 0H ,\ " (0H 0 OH 0
o o L)
<(8x)+(8§)> or 0+ ¢ o ) U
where p(t) = 0 for t < § and p(t) = 1 for t > e. Then for A > ¢ and ¢ positive,
exp(tw) maps the set H = X onto the set H = A + ¢ and hence

AN+1t) = / dx d§ = (exptw)* dx dE.
H=A+t H=A\
So for t =0,
iA()\ +1t) = / Ly, dx d¢ = du(w)dzdé = t(w)dxdg.
dt H<A H<A H=)\
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But on H = ),
_(,0H.,  OH,\ ' (0H _ OH
L(w)dxd§_<(8:1:) +(8§)> (ardf (?{dx)'

Hence, by the Hamilton-Jacobi equations

oOH

and .
dé = ——— dt
3 9z b

the right hand side is just —dt. So

%(/\) = —/H:A dt = T(N).

For A=a, let ¢ = A and let

2T
H%B : [O,C] - [O,CL]
be the function defined by the identities

AN
0 _ _
HQB(S)—)\ < S = 27T
and let ) )
i
Hep(x,€) = Hop( 5 )-

Thus by definition
(9.4) Acp(\) = area{ Hop < A} = A(N).

Now let v be the Hamiltonian vector field associated with the Hamiltonian, H,
as above and vop the corresponding vector field for Hop. Also as above let
~(t,A) be the integral curve of v on the level set, H = A, with initial point on
the z-axis, and let yop(t, A) be the analogous integral curve of vop. We will
define a map of the set H < a onto the set Hop < a by requiring
i. [*Hep = H,

(9.5) ii. f maps the z-axis into itself,

Notice that this mapping is well defined by Proposition 9.1. Namely, by the
identity (9.4) and the area-period relation, the time it takes for the trajectory
~(t, A) to circumnavigate this level set H = A coincides with the time it takes
for yep(t,\) to circumnavigate the level set Hop = A. It’s also clear that
the mapping defined by (9.5), i — iii, is a smooth mapping except perhaps at
the origin, and in fact, since it satisfies f[*Hpc = H and f.vg = VHq,, 1S
a symplectomorphism. We claim that it is a C°° symplectomorphism at the
origin as well. This slightly non-trivial fact follows from the classical Birkhoff
canonical form theorem for the Taylor series of f at the origin. (The proof

of this is basically just a formal power series version of the proof above. See
[GPUJ, §3, for details.)
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Now let Uy : C§°(R) — C°°(R) be a semiclassical Fourier integral oper-
ator quantizing f with the property (9.2). By Egorov’s theorem, Uy Sl is
a zeroth order semiclassical pseudodifferential operator with leading symbol

2 2
HY (= +5) on the set {(z,¢) | H{p < a}, and hence the operator

Uo Spltls — HO(S]em)

is a semiclassical pseudodifferential operator on this set with leading symbol
of order h?. We'll show next that this O(h?) can be improved to an O(h*). To
do so, however, we’ll need the following lemma:

Lemma 9.2. Let g be a C* function on the set H=1(0,a). Then there
exists a C™ function, h, on this set and a function p € C*°(0,a) such that

(9.6) g=Lyh+ p(H).
Proof. Let

T(N)
p) = [ alrte )
0
and let g1 = g — p(H). Then

T(N\)
/0 g1 (y(, ) dt = 0.

So one obtains a function h satisfying (9.6) by setting

h(y(t,N) = / g (y(t,N) dt.

REMARK. The identity (9.6) can be rewritten as
(9.7) g = {H,h} + p(H).
Now let —h2g be the leading symbol of
Sh —UsHGp(S1 U =: W Ry.

Then if h and p are the functions (9.6) and @ is a self-adjoint pseudodifferential
operator with leading symbol h, one has, by (9.7),

exp(ih?Q)Sp exp(—ih*Q) = Sy +4[Q, Sp]h? + O(ht)
= Sp — h*(Ro + p(Sk)) + O(h*).
Hence, if we replace Uy by U = Uy exp(ih*Q), we have
ULSildi = Hoyp(Sy™) + 1?p (Hgp(S3°7)) + O(h)

(9.8)
= H)p(Sp") + Hyp(Si") + O(h*)

microlocally on the set H~1(0,a).

As above there’s an issue of whether (9.8) holds microlocally at the origin as
well, or alternatively: whether, for the g above, the solutions h and p of (9.7)
extend smoothly over x = £ = 0. This, however, follows as above from known
facts about Birkhoff canonical forms in a formal neighborhood of a critical
point of the Hamiltonian H; for more details, cf. [GuU].
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To summarize what we’ve proved above: “Quantum Birkhoff modulo A2” im
plies “Quantum Birkhoff modulo A*.” The inductive step, “Quantum Birkhoff
modulo A% implies “Quantum Birkhoff modulo A%*2” is proved in exactly
the same way. We will omit the details.

10. Birkhoff Canonical Forms and Spectral Measures

Let’s first recall the following form of Euler-Maclaurin formula proven by S.
Sternberg and the first author:

Lemma 10.1. [GuS2] Let g € S(R) be a Schwartz function, then as
N — o0,

1 ) k o'} g( ) ) Bn B B
— ) ~ d I\ -1 n (2n 1) O N 2n
NkEZOQ(N) /0 g(x)dx + + (1) ](2n),g (0) :
where By ’s are the Bernoulli numbers.

In particular, if g(s) is a C§° function on the interval (0, 00). Then the remain-
der terms in the right hand vanish, and we get

>og(hns ) =1 [ ots) ds+ 00

n=0
Hence for f € C5°(0,a),

tracef (Hop(St" k) / f(Hog(s,h)) ds + O(h>).
Thus, by (9.1) and (9.2),
(10.1) jin(f) = tracef(Sn) = / F(Hon(s, ) ds + O(h>).

Thus, if K (¢, /) is the inverse of the function Hgp(s, ) on the interval 0 <
t<a,ie for0<t<a,
K(t,h) =s <= Hgg(s,h) =t,

then (10.1) can be rewritten as

(10.2) /f —dt+0(ﬁ°°)

or more succinctly as

1dK
10.3 =_—— dt+ O(h™
(103) =3 db+ O().
Hence, in view of the results of §6, this gives one an easy way to recover

Hgp(s,h) from V and its derivatives via fractional integration.
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