J.DIFFERENTIAL GEOMETRY
Vol. 43, No.2 March, 1996

VANISHING THEOREMS FOR COHOMOLOGIES
OF AUTOMORPHIC VECTOR BUNDLES

C. S. RAJAN

1. Introduction

Let M be a compact, irreducible, locally hermitian symmetric space
of noncompact type. If M is not a Riemann surface, then Calabi and
Vesentini have shown in ([4]), that the complex structure on M is
infinitesimally rigid, i.e., they show the vanishing of H!(M, © /), where
O, is the tangent sheaf of germs of holomorphic vector fields on M.
Their method involves the construction of an ‘auxiliary expression’,
which is simplified in two different ways, to obtain a quadratic form
involving curvature terms. The desired vanishing is reduced then to
proving that the quadratic form is positive definite. One obtains criteria
for the vanishing of the cohomology groups H*(M, ©,,), which depend
on the curvature properties of M and not on the lattice defining M.

Based on their method, Weil showed (see [17]) that an irreducible,
cocompact lattice I' in a real semisimple Lie group G without compact
or three dimensional factors is rigid, i.e., any ‘nearby’ deformations
of I inside G are equivalent. This amounts to showing the vanishing
of H'(T', Ad), where Ad is the adjoint representation of G on its Lie
algebra. Matsushima, refined this method to show vanishing of Betti
numbers of M below some degree ([10]).

Our main result is to give a criterion for the vanishing of coho-
mologies of “automorphic” vector bundles, generalising the results of
Calabi-Vesentini and Matsushima. More generally we give a criterion
for the vanishing of d-cohomology (or (g, K€)—cohomology) of uni-
tary g- modules with coeffecients in a K - module. The terms involved
can be calculated explicitly in terms of the dominant weight of the
reprsentation defining the automorphic vector bundle and the curva-
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ture constants of M.

Apart from Calabi-Vesentini and Matsushima, vanishing theorems
for cohomologies of automorphic vector bundles have been proved by
many authors, among them Narasimhan-Okamoto, Griffiths, Schmid,
Hotta and Parthasarthy. See for instance ([15]). However they all
involve some regularity assumptions on the dominant weight of the
reprsentation defining the automorphic vector bundle and are not ap-
plicable in general.

Our main application of and motivation for the vanishing theorem on
cohomology, is to generalize the rigidity theorems of Calabi-Vesentini.
We show for a large class of compact, locally homogeneous Kahlerian
spaces, that the complex structure on them is infinitesimally rigid.
These are precisely the spaces which are fibered over a locally her-
mitian symmetric domain. To show the infinitesimal rigidity of these
spaces, we use the Leray spectral sequence for the fibering, to reduce
the question to one concerning the vanishing of the first cohomolgy of
certain automorphic vector bundles on the associated locally hermitian
symmetric domain.

Let M be the universal cover of M. Let G be the group of isometries
of the symmetric space M. Let g be the Lie algebra of G, U(g®) be
the universal enveloping algebra of the complexification of g and Z
be the center of the U(g®). If E is an automorphic vector bundle on
M, it is observed in ([5]), that there is a natural action of Z on the
Dolbeault complex D of (0,p)-forms (0 < p < dimM), and hence on
the cohomology H*(M, E). Faltings in fact shows that each Z € Z acts
as a scalar on H?(M, E), and morever determines the corresponding
homomorphism of Z into C. In view of the homogeneous nature of the
O-Laplacian (with respect to an appropriate metric on E), the space
of harmonic (0, p)- forms is Z-stable and hence harmonic p-forms are
eigenforms for the action of Z on D.

Thus we can view harmonic forms as eigenforms of the Casimir of
g€. This allows us to bypass the complicated calculations of Laplacians
on bundles (see for instance [6]) and instead work in a group theoretic
framework. We believe that the expressions are more amenable to
calculations in a group theoretic framework. The vanishing result we
obtain in fact asserts that under suitable conditions on the bundle E,
nonzero eigenforms for Z corresponding to these eigenvalues do not
exist.
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Briefly our proof is as follows: Following the lines of Matsushima’s
proof as adapted by Borel-Wallach, we obtain a quadratic form involv-
ing norm and the derivatives of the eigen-form. We then use the result
of Faltings, to express the norm of the form in terms of the norms of
the derivatives of the form. We obtain then a quadratic form on p ® p,
whose positivity ensures vanishing results on cohomology.

Remark. The method of Calabi-Vesentini has been further ex-
ploited by Corlette, Siu, Jost, Yau, Mok and Yeung to obtain archime-
dean superrigidity of lattices in semisimple Lie groups except those in
S0(n,1) and SU(n,1). See ([9], [14]). However apart from Calabi-
Vesentini and Matsushima this method does not seem to have been
used to compute the cohomologies of automorphic vector bundles. For
the relationship of these cohomology groups with arithmetic, we refer
to the article of M. Harris ([7]).

2. Preliminaries

2.1. Let G be a real, semisimple, connected linear Lie group
without compact factors. Let K be a maximal compact subgroup of G.
We assume that M = G/K is a bounded hermitian symmetric domain.
Let T C K be a compact Cartan subgroup of G. Denote the Lie
algebras of left invariant vector fieldson G, K, T by g, k, t respectively.
Let g, kS, t° denote respectively their complexifications. Let G€
be the complexification of G with Lie algebra g©. Let K€ denote the
complex subgroup of G€ corresponding to the Lie subalgebra k€ of gc.
Let B denote the Killing form on g©. Let U(g€) denote the universal
enveloping algebra of g©. Let Z “denote the centre of the universal
enveloping algebra U/(g©).

Note. For all group theoretical facts we refer to ([8]).

One has the Cartan decomposition g = k @ p, where p is the or-
thogonal complement of k inside g. There is a natural identification
of p, with the tangent space at the identity coset of G/K. The com-
plex1ﬁcat10n p of p sphts canonically into two k invariant subspaces
p® =p* @p~, such that p* and p~ are abelian subalgebras of g€. Let
P* and P~ denote the subgroups of G€ corresponding respectively to
the subalgebras p* and p~ of g . Q = P K€ is then a (complex)
parabolic subgroup of G with Lie algebra, qg=p @ KC.
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P*KCP~ is an open subset of G€ containing G and GNKCP~ = K.
Thus M = G/K can be embedded as a open subset in the compact
complex manifold G€/Q and let the complex structure on G/K be the
one induced by this open immersion. p* (resp. p~) then corresponds
to the space of holomorphic (resp. antiholomorphfc) tangent vectors at
the identity coset of G/K.

Let A denote the collection of roots of the pair (g€, t€). Let A,
(resp. A,) denote the set of compact (resp. noncompact) roots i.e.
those a € @ for which g* C k€ (resp. g* C p©). We choose an ordering
of the roots, such that p* is the span of the root spaces corresponding
to the noncompact positive roots. Let p denote half the sum of positive
roots of g©.

The smooth tangent bundle to G/K is a G-equivariant bundle and
there is a G-equivariant isomorphism T'(G/K) ~ G xk p. The Killing
form B on g, restricts to a positive definite form on p (and is negative
definite on k). This gives rise to a G-invariant metric on G/K. Let R
denote the curvature tensor on G/K. For X, Y € T.x(G/K), R(X,Y) €

End(T.x(G/K)). It is well known that under the natural identification
T.x(G/K) ~p, R is given by

(1) R(X,Y)Z =[[Y,X],Z2] (X,Y,Z€p)

Let {X,}1<i<q4 form an orthonormal basis of p. We choose an orthogonal
basis {X,}ica<n of k, with B(X,, X,) = —1 and such that each X, is
either in the center of k or is in one of the simple ideals of k. Define
the structure constants, cg;, cflj 1<i,j<d, d<a<nby[X;X;]=

i Xa and [X,, X;] = chiin. From the invariance of the Killing
form it follows that

(2) et = —c% =ct.

Define R, = B([X;, X;], [ Xk, Xi]). In terms of the structure con-
stants,

(3) Riju = — Y cichy

G acts by left and right multiplication on itself. Denote the cor-
responding action on the functions on G by L and R ie. for g,¢' €
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G, L(9)(f)(g') = f(g7"g"), R(9)(f)(¢') = f(g'g). We continue to de-
note by L and R, the induced actions of U(g€) on smooth functions on

G as well. The left and right actions are compatible in the following
sense: for X € gc, let Xt = —X. This extends to an antiautomorphism
X — X* of U(g®). Then any Z € Z satisfies, L(Z) = R(Z").

Let T be an irreducible, torsion-free, cocompact lattice in G. Let
M =T\G/K. We will assume that I is torsion free in order to ensure
that M be smooth. We want to study the cohomology of homogeneous
vector bundles on M.

2.2. We now describe a class of holomorphic vector bundles on
M. Let o be a representation of K on a vector space V. We con-
tinue to denote by o the corresponding holomorphic representation
of Q on V, which is trivial on P*. One can form the holomorphic
GC—equivariant vector bundle on G¢/Q, associated to the holomor-
phic principal @—fibration G — G€/Q. Restrict this bundle to the
open set M and take the quotient by the action of " to get a holomor-
phic vector bundle E(o) on M. We call such bundles as ‘automorphic
vector bundles’ in the sequel.

We note that as C-vector bundles, one has a natural isomorphism
of E(co) with the bundle associated to the principal K-bundle I'\G —
I'\G/K and the reprsentation o (restricted to K) of K. See ([11]). We
can then define a G invariant metric on the bundle E(o) by taking any
metric on V on which K acts as isometries.

Example. The holomorphic tangent sheaf © of M is isomorphic to
the automorphic vector bundle associated to the representation of K€
on p*. (We will identify a vector bundle with its associated locally free
sheaf of germs of sections). Since one can identify (p*)* and p~ by the
Killing form, the cotangent bundle Q! of M is the ajutomorpﬂic vector
bundle associated to the representation of K€ on p.

2.3. Let A”9(M, E,) denote the space of smooth forms of type
(p, q) on M with values in the bundle E,. AP?(M, E,) is isomorphic to
the subspace of C*(I'\G) ® V@ A\’ p~ ® A\? p* defined by the following
condition: (see [12, page 9]) for X € k€ and n € C*(T\G) @V ®
AP P ® X 2+’

(4) (R®o®ad” ®ad})(X)n=0

where ad” (resp. ad’) denotes the action of k€ on A? p~ (resp. A?p*).
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The cohomology groups admit an interpretation in terms of rela-
tive Lie algebra cohomology. Let {X,}i1<a<a be a basis of p*, with
{X=}1<a<a the corresponding dual basis of P B

We have the differential operator 8 : A%(M, E,) — A%+ (M, E,)
(see [12, page 16]) :

9= R(Xz)®1®¢Xa)

Since 0(X5z) = 0, 9 is just the differential in the complex computing
the relative (¢, K€) cohomology of the (¢, K€) -module C®(I'\G)®V.
Hence

H'(M,E,) ~ H"(M,E,,0) ~ H1(A*(M,E,),d)
~ H(q, K€,C*(T'\G) ® V).

From (4), we see that the center Z of the universal enveloping al-
gebra of U(g®) acts on AP?(M, E,) (via R or L). Morever from the
formulas for d and 0, we see that the Z action commutes with 8. Hence
there is an action of Z on the cohomology groups of the vector bundles
considered above. This action will be basic to our study of the coho-
mology of automorphic vector bundles. In fact our vanishing theorems
state that under suitable conditions on the highest weight of the k€
module, certain eigenforms of Z vanish.

We note that the left (right) translations of G, L (resp. R), acting
only on the first factor G of G x V, act unitarily on the space of sections
of E(o). Thus for any X € g€, we have L(X)* = —L(X) (similarly
for R(X)), where * denotes the adjoint with respect to the metrics
considered above. Hence for any X € U(g€), L(X)* = L(X"), where
X — X* is the involution on U(g€) considered above.

With respect to the metric defined above one can define the adjoint
of 8* of 8 and the Laplacian Az = 00* + 0*0. As usual one can do a
harmonic theory and represnt the cohomology by harmonic forms.

Proposition 1. The left (or right) action L of Z described above
leaves stable the space of harmonic forms.

Proof. Let Z € Z. We have seen above that Z o8 = d o Z and
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L(Z)* = L(Z"). Let 1, w be smooth forms with values in E(c). Then

< L(Z2)0'n,w>=< 0", L(Z)w >= < n,0L(Z")w >
=< n,L(Z")0w >= < L(Z)n, 0w >
=< 0'L(Z)n,w >

Hence L(Z)0* = 0*L(Z) and so L(Z) o Aj = Ago L(Z). Consequently
the space of harmonic forms is Z stable, the Z action being the same
as in the cohomology.

2.4. We now recall a theorem of Faltings describing the action of the
centre of the universal enveloping algebra on the cohomology groups
H*(M, E(0)).

Let W be the Weyl group of (¢€,t€). By a theorem of Harishchan-
dra ([16, chapter 3]), one knows that Z is isomorphic to the W — in-
variants of the symmetric algebra S(t€) of t©. Let 6 : Z — S(t€) be
the Harishchandra isomorphism. The symmetric algebra on t€ can be
identified with the space of polynomial functions on (t€)*. Given a
complex linear form )\ on t°, let e, be the evaluation map at A. For
any complex linear form ) on t°, define a character x, : Z — C, by
X = extp © 0. X, describes the action of Z on the Verma module with
highest weight A. x, = x,, iff A + p and u + p are conjugate under the
Weyl group W.

Let u be the highest weight of the K'© - representation o. u is a linear
form on t€. The theorem of Faltings says the following: ([5, page 77])

Theorem 2 (Faltings). Z acts on the cohomology groups
H*(M, E,) and hence also on the space of harmonic forms on M with
values in E,, via the left action L, by the infinitesimal character X,

For the sake of completeness we outline a proof of the theorem. Let
W be a unitary (g, K)-module, possessing an infinitesimal character
Xw- The cohomology group H?(q, K€, W ® V'), can be thought of as
Ext groups in the category of (g,}{c)-modules. We have

H (¢, K°,WQ®V) = Eth’Z,Kc)(V*, W)

By general homological algebra, it is enough to know the Z-action when
q = 0. Inducing to (g, K€), we have the isomorphism

HOIII(E,KC) (VW)= HOIII(Q,KC)(U(QC) ®u(q) VW)
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By Poincare-Birkhoff-Witt, it is easy to see that the cohomology groups
vanish unless xy, = X, (note that ¢ = K+ p~) and that Z acts by x,.
This finishes the proof of the theorem.

2.5. We now make a few remarks about Casimir operators. Let
g' be a complex reductive Lie algebra. Let B’ be a nondegenerate
invariant form on g'. Let (Yi)i<i<n and (Y})i<i<n be bases of ¢’ dual
with respect to B’ i.e. B'(Y;,Y]) = d;;. Define the Casimir element
Cp =Y, Y;Y] in U(g), with respect to the invariant form B’. Then
Cp: is a central element of U(g) and is independent of the choice of the
pair of bases. Let t' be a Cartan subalgebra of g’ and fix an order on
the set of roots (g',t'). Let 2p’ be the sum of the positive roots. Let A’
be a linear form on ¢’ and let M), be the corresponding Verma module.
By choosing the bases to consist of root vectors and by analysing the
action on the highest weight vector of M), we see easily that

(5) Xx(C) = B'(X,X) +2B'(X, ¢)

where we continue to denote by B’ the restriction of B’ to Hom (', C).
Since any highest weight module V,, with highest weight )\’ is a quotient
of My,,Cpg continues to act on V, by Xx'(cB,)-Id’

Remark. Let Cg denote the Casimir of gc, with respect to the
Killing form B of g©¢. Cs € Z and C; = Cg. Thus the Casimir
Cg of g€ acts (left or right) via X,(Cg) on the cohomology groups
H*(M, E(0)).

2.6. Remark. When the representation o of @, is the restriction
of a representation of G, then a vector bundle can be constructed on
M as in the case of automorphic bundles. These bundles are flat and
the computation of cohomology of the corresponding local system can
be reduced to the automorphic case. Let V' be an irreducible g-module
and let v be a highest weight vector in V. Let S be the k®-span of v.
Let n be a (0,q)-form on M with values in V, harmonic with respect
to the Laplacian of d, constructed with respect to the natural metric.
Then it is easy to see from the formulas given in ([11] (Lemma 5.1,
page 409) ), that n takes values in the subspace S. By appealing then
to the theorems of Kuga and Faltings we see that in order to prove
vanishing theorems for the cohomology groups in the flat case, we are
reduced to proving the vanishing theorems for forms with values in
S, which have the right eigenvalue with respect to the Casimir. This
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allows us to recover the theorem of Weil from the theorem of Calabi
and Vesentini. This is just an illustration of Eichler-Shimura theory.
See ([12, Theorem 7.1]).

3. A vanishing theorem

We prove our main result (a vanishing theorem for cohomology of
automorphic vector bundles) in this section. As has already been re-
marked, the idea of the proof goes back to Calabi and was refined by
Weil and Matsushima. We follow the infinitesimal approach given by
Borel and Wallach. ([2] (Chapter II, Section 8) )

3.1. Let W be a unitary g-module. We denote by R the action
of g on W. For example R can be the right regular representation of
G on the space C°(I'\G) of smooth functions on I'\G. Let o be a
representation of K on a vector space V, with highest weight u, with
respect to the order on it introduced earlier.

Notation: On the spaces V, and pt we give the metrics given in ( ).
On the spaces naturally associated to these spaces, we equip them with
the natural metrics constucted out of the metrics given above. In all
cases we will continue to denote the metric by < .,. >. We will always
assume that when we are summing over the variables ¢, j, k, [ the sum
will range from 1 to d , and when we are summing over indices a, b,
the indices will range over d + 1 to n.

Denote by m = R®o the action of k on W®V. Let n be an element
of W®V ® \?p*, satisfying the equivariance condition (4)

(6) (m®adl)(X)n =0 for X € k°

If W is C°(I'\G), n can be thought of as a smooth (0,q) form on
I'\G/K with values in the bundle E,.
Consider the auxiliary expression

a(n) = S m(px, 12

We will simplify ®(n) in two different ways, one thinking of WV ®
AN ptasa | module, another in terms of the curvature components
of G/K. For harmonic 7, we then construct a quadratic form in the
derivatives of 7.
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3.2. Denote by L, the invariant bilinear form on k€ defined by
L(X,Y) = tr(ad,Xad,Y) (X,Y €k°).

By our choice of bases, the {X,}'s form an orthogonal basis with re-
spect to L. Since g has no compact factors, k acts faithfully on p.
Moreover the eigenvalues of adX (X € k) are purely imaginary. Hence
L is negative definite. For X, in the centre of k£, we have

(7) L(Xa, X,) = B(Xa, X,) = —

Since L is an invariant form on k, on each of the simple ideals k; of k,
L is a (positive) multiple A; of the Killing form B restricted to k;. If g
is a direct sum of ideals g , then the forms B and L of g restrict to the
corresponding forms B and L of g, Thus the constants A; depend only
on the simple algebra g . The constants A; can be explicitly calculated
and we have 0 < A; < 1. Let A = min;A;. For the values of A;, refer
to Table 1.
In terms of the structure constants,

(8) L(X,,X,) = Zc

Define a Casimir operator C; with respect to the invariant form L by

(9) Cr =Y L(Xa,X,)X?

We will now simplify ®(n) using k-equivariance. Using (6), we
obtain

a(m = TS ey | mxan I?

__a ‘2 1)!ZL(X,1,X.,) | m(Xa)n |I?

—1)!
(g _— ) > L(Xe, Xa) < adl(Xo)n, adi(X.)n >

(g —1)!

w0) =

< adi(Cr)n, n >
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3.3. Now we transform ®(7) using the formula [X;, X;] = Zc;-‘an

on only one term of the scalar product.

®(n) = (¢ _2 1)!20?1- <m(X,)n, m[X;, X;]n >

i,5,a

Using the equivariance of 7 under k€ given by (6), we obtain

L
3 = - < aat (Ko, miX, Xl >
i,j,a

—1)!
(11) Set P,(n) = —(QT)ZC;’]. < ad}(X.)n, R[X;, Xj]n>

i,J,a
—1)!
(12) and @o(m) = -C S e <aay (xym, ofx, X0 >
%,3,a

(13) Then @(n) = ®1(n) + P2(n)

®,(n) contains the differentiation term only and behaves like the
expression for the trivial vector bundle, i.e. the case of constant coef-
ficients. ®,(n) will be simplified in terms of the curvature coefficients
Riju-

®,(n) involves only linear terms and can be written in terms of Cf.

3.4. We now simplify ®,(n). We remark that we have identified
pC and (p©)* by means of the Killing form restricted to p. (p€)* is
contragredient to the representation of k€ on _p_C.

Let J = {j1,---j;} be a subset of cardinality q of {1,---d}, and let
X, denote the corresponding element in A?p (upto a sign). If 9, w
are g-forms on M with values in E(c) then the inner product can be
written as

<my w>=) <n(X;), w(Xy)>
J

where J runs through subsets of cardinality ¢ of {1,...,d}. (Note that
this is well defined, since the arbitrariness regarding sign disappears on
taking the product). If , w are thought of as elements in W@V ® A\’ p,
then n(X;), w(X;) will stand for the coeffecient (with values in W ®V)
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with respect to the basis X; of A?p. Thus,

&, (m) = -9V S o < ((@dt (X)) (X)), (RIX., X, Jn)(X,) >

2 43,¢,J

=—(29)7" Y ¢ < (adt(Xa))jy iy (RIXi, X I0)jydy >

ij,a

J1, g

where for a form w € WV QA p*, we define w;, ...;, = w(Xj,, - Xj,).
Note that the factor (¢ — 1)! disappears because we are taking a sum
over all ordered sets of the form (ji,...j;). From the antisymmetry of
c; and [X;, X;] we get

®i(n) =—q7" Y ¢ < (ad%(Xa)M)jr, iy R(X)R(X;)Nj .5, >

i.a

jly"'jq
It can be easily checked that
(ad (Xa)M)(Xs,5,) = =D _(=1)*e;m

A
ko J1° " Je

where the sum over u runs from 1 to ¢q. Thus,

= Y (el < s, RODRK) >
igku uwo e

j17...jq
Since by (3), Zc‘i‘jczju = Rijk;, , the sum over a can be written in

terms of R;jx. So

q®:i(n) = ), (=1 Rijkju(n_ » 5 RIX)R(X;)m5.5,)

e J1odu g

1, dq

Since R is unitary, we have

a®:(n) == Y (-1)*"'Rijr;. (R(Xi)n R(X;)nj,-5,)

A )
L kj1--dudq
i, k,u
J1y*dq
==Y Ry (RXi)n ~ ,RXj)n )
iih k]l"']u“‘]q JudrJu-dq

J1y*0q
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A
Writing £ for j, and rewriting the indices (ji, -+ Ju,':*J,) @S
(42, -+ ,Jq) the above expression can be written

q®1(n) = —q Y Riju < R(Xi)Mkjs.-ipr R(Xj)Mtjge..jy >
il

(14) Thus ®,(n) = = > Riju < R(Xi)Mkjyjp RIX) Mz g, >
P
3.5. We now simplify ®,(n). We have
,(r) = + 5L S LK, X < o (), o(Xo)n >

- —%ZL(XG,X.,) <, ad}(X)o(X)n >

Since ad®.(X,)o(X.) = %[(ad‘ﬂr 8 0)(X.)? — ad’.(X.)’ ®1

~1®0(X,)Y
we have
(15)
_ (q - 1)' q _ q _
®,(n) = <n, [(ad} ® 0)(CL) — ad}(CL) — o(CL)In >

4

3.6. Substituting the expressions obtained for ®,(n) in (14), for
®,(n) in (15) and for ®(n) in (10) into (13), we obtain,

—1)!
0= (g 1 ) <n,[(ad ® 0)(CL) + adi (CL) — o(CyL)]n >
(16)  + Y Riju < R(Xi)Mkjpiyr R(Xj)Mjzejy >
j;,j"',e'.,;q

3.7. So far, working in analogy with the casé of constant coeffi-
cients, we have obtained an expression for ®(n), for n any (0, g)-form
with values in E(o). However we have a mixed expression involving
derivatives R(X;)n of 7, together with terms involving essentially the
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square of the norm of 7. To get rid of the dependence on the norm of
7, we assume that 7 is an eigenform for the Casimir operator Cg of G.
Using this we will be able to express the norm of 7 in terms of inner
product involving the derivative R(X;)7.

We saw in § 1, that harmonic forms are eigenforms of the Casimir
operator. Let p be the highest weight of a representation of K€ and
n be a 0—harmonic form on M with values in the automorphic vector
bundle E(o). Then by Falting’s result, Theorem 2, and the Remark 2.5
following it, R(Cg)n = L(Cg)n = o(Cg)n. Hence we assume from now
onwards that 7 is an eigenform of the Casimir operator C¢ of G with
eigenvalue o(Cg) for the action R of g.

In terms of the basis {X,, X;} of g, Cc = — Y, X2+ Y X?2. Let

(17) Cr=-Y X?

o(Cq) I n II*> = < R(Cg)n,n >
=Y - < R(X,)*n,n > +Y_ < R(X;)’n,n >

=Y < R(X.)n, R(X.)n > —Z < R(X;)n, R(Xi)n >

The last equality follows because R is unitary.
By (6), we get,

(18) o(Ce) In|” =<, (ad} ®)(Ce)n > =3 || R(X:)n |

3.8. Write A%pt = @, V(e) as k°- modules, where V(a), stands
for the isotypical camponent of A? p* corresponding to irreducible rep-
resentation & of k. Write V, ®c A?p* = @, V.®Va = @, Vs, where
V(B) is the k€ — isotypical component of V,, ® A?p* corresponding to
the irreducible representation (3, with highest weight A. Since C} and
C are linear combinations of Casimir operators of the various simple
components of k©, they act as scalars on V(f).

Write n = Y ng, where 7 are the projections to W ® Vj of a form
neWeV,®A\’p*. Since 7 is assumed to be an eigenvector of Cg with
respect to the action R of g on W, the same is true of the components
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np of . Hence we assume from now onwards that n € W @V (f3), where
B is a representation of k€ occuring in V, ® A p*. Thus from (21)

a(Ce) I I* = < (ad ® 0)(Ci)n, n > —Z I R(X:)n |I?
(19) =B(Ci) I II” Z I R(X)n |I*

If 0(Cg) = B(Ck), then R(X;)n = 0 Vi. Thusn € WLQVjy, where W<
is the invariants of g and since C¢ acts on the harmonic form via the
action R with eigenvalues(Cg) , we have 0 = o(Cg) = [(Cy). Hence
= 0. Since there are no k°- trivial subspaces of A?p* for ¢ > 0 this
says ¢ = 0, and we are reduced to calculating the zeroth cohomology.

Hence we assume from now onwards that the following positivity
condition holds:

(20) B(Cr) —0(Cs) >0

Then

”2= Zi ” R(Xz)n ”2
B(Cr) — 0(Ce)
3.9. We now construct a quadratic form on p ® p. Using the fact
that 7 takes values in the space V3, (16) takes the form

(g =1 (B(CL) + a(CL) —a(CL)) | n|1?
4 (B(Ck) — a(Cq))
+ Y Riu < R(X)Mkjyiyr B(X)Mjzegy >

thl
J2,"Jq

(21) Il

0=

Substituting for || n ||* (21), and expanding in terms of the coefficient
functions 7;,...;,, we get

— (B(CL) +a(Cy) —
O_Z{ 4q(B(Cx) - ( Z I R(X )55 I

,5,k,0

(22) + Z Rijre < R(X:)Mkjy---jg» B(X;)Mjy - 5, >}
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Let

B(CL) + a(CL) — a(Cy)

(23) D = D(o,q,0,8) = 4i B(Cr) — (Cq)

D is an explicit constant and depends only on o, g, o and .

Fix an orthonormal basis e;,---e, of V. Given an element v of V,
let (v,) be the co-ordinates of v with respect to this basis.

We obtain from (22),

Z Z{{DZ | (R Xi)njijs- ]q) ”2

]q"—

(24) + 3 Rijr < (R(Xi)Mkjswy)rs (R(X) Mooy ) >}

i,5,k,1

The expression inside the curly brackets, can be thought of as an equa-
tion in p®p, involving the i, j variables, i.e. an expression in R(X;)7;..

Let £ = (§l])1<, j<a be an element of p ® p. Consider the following
quadratic form H = H(g, q, i, 8), defined on p ® p as follows:

(25) HE=D| P+ Z R

i,5,k,1

If the form H is shown to be positive definite on p ® p, then we see
from (24), that for any j,,--- j, and r,

(R(X:)M),jz-5)r = 0

where we have assumed that 7 is a (0, ¢) — form with values in V,,, which
is an eigenform of the Casimir with eigenvalue 0(Cg). By a similar
reasoning which led to the positivity condition (20), we see that o =0
and that the form 7 is invariant. We have proved the following:

Theorem 3. Let o be an irreducible k—representation on V. Let
B be an irreducible k€ -module occuring in V ® \? pt. If the quadratic
form H constructed as above is positive definite, for all B satisfying the
condition 20, i.e., B(Cy) — o(Cg) > 0, then

H'(M,E,) = (0)

unless o is the trivial representation and q = 0.
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Remark. We have actually proved that under the hypothesis of the
theorem, nonzero eigenforms of the Casimir Cgs of G with eigenvalue
0(Cg) do not exist, unless o is the trivial representation and ¢ = 0.

Remark. We note that our conditions on the vanishing of coho-
mology is independent of the lattice I' and depends only on G, ¢ and o.
We note also that H is the sum of two quadratic forms - one the form
£ 32, kiR which depends only on the geometry of G /K and
not at all on the representation o nor on the degree ¢, the other being
the form ¢ — D || € ||?, which depends on u,q and S.

Remark. Our vanishing result is applicable even when the highest
weight u of V' is not regular for g. For example, in the next chapter we
need to show vanishing of cohomology groups for certain p vanishing
on the center of k. If g is simple then the center of k is generated by
pn- This will force p = 0, if p is the highest weight of a representation
of g. Hence our results are not covered by the vanishing results of
Matsushima and Murakami. It can be seen that the vanishing results
we need to prove rigidity in the next chapter are not covered by the
vanishing results of Hotta-Parthasarathy either. See ([15]).

3.10. We can write p®p = S?p® A\’ p where Sp (resp. A?p) is the
space of symmetric (resp. skew-symmetric) 2-tensors of p. These spaces
are stable under k©. Arguing as in ([17]), we see that the decomposition
above is orthogonal with respect to the quadratic form H. Further if
D is a positive real number, then H is positive definite when restricted
to A’p. For £ = (&;) € Sp, let P : S?p — S?p be

(26) P(f)ik = ZRijklfjl
5l

From the symmetry properties satisfied by R;jx, it is easy to see that
P is a symmetric operator on 521_7. Hence in order to show that H is
positive definite on p®p, it is enough to show that the form H on 522,

HE) =D&l +(PE), £€8p

is positive definite on S%p.

Let A; be the minimum eigenvalue of P. ); depends only on G
and can be explicitly calculated. For the values of \;, we refer to
Table 1. We see that if | A\, |< D(o, g, a, 8), then the form H (o, q, o, 3)
is positive definite.
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Corollary 1. Assume D is positive. If | A\; |< D(o,q,0,8) for all
B an irreducible k¢ -module occuring in V @ A’ p* and satisfying the
positivity condition ( 20), then

HY(M,E,) = (0)

3.11. Example. When the representation o is the trivial repre-
sentation, then 8 ~ a. There is only one value of D to consider and
D > 0. We have from (23),

iZa(CL) A

4q a(Cx) = 2

The inequality A/2g + A; > 0 is the one considered by Matsushima, to
conclude the vanishing of Betti numbers below some degree of M. Thus
from Table 1, we conclude that A/2 + A; > 0 is true in the following
cases: I, m,(m1 > mg > 2), II(m > 4), III,(m > 2), IV,(m >
3), V, VI. Hence in these cases the first Betti number of M vanishes.

3.12. We will now remove the dependence on the choice of 3, when
[£€, k€] is simple. We will show now that when [, k€] is a simple Lie
algebra, then under some conditions on the highest weight y of o, D
is positive and that the minimum value D,,;, = mingD(o,q,a, ) is
assumed for 8 with the highest weight A + .

Lemma 1. Assume that [k€, k) is a simple Lie algebra. Let p, be
half the sum of positive noncompact roots. If (u,p,) > 0, then D > 0.

Proof. Write k = [k, k%] @ k,, where k, is the one dimensional
center of kC. If 7 is an irreducible representation of EC, then 7 can be
written as 7' @ 79, where 7' is trivial on k, and 7, is a character on k.
Let C} (resp. C?) be the Casimir of [k©,kC] (resp. k,) with respect
to the inner product defined by L. By (7) L|k, = B|ky, and by the
assumption on k€ , we have C}, = ACY, where A = min, | L(X,, X,)|-
Hence

7(Cr) =l 7o |I* +A7'(Ck)
(27) = (1= A4) [l 70 |I* +A7(Ck)
Hence num(D) = B(C) —o(CL) + a(CL)

=1 =A{lIBo II” =l o I” + | a0 II}
(28) +A{B(Ci) — o(Ci) + a(Cy)}
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where num(D) denotes the numerator of D. Since Gy = po ® ap , we
have

I Bo > = 1l o I*=Il @ |I> +2(40, o).

It is known that p, is a nonzero element of (¢©)*, (see [12] (page 11,
Lemma 4.2) ) which is trivial on t© N [k©,k®]. Moreover (a,p,) >
0. Since by assumption (u,p,) > 0, we see that uo is a nonnegative
multiple of ap. Hence (o, ap) > 0. Further, by the positivity condition
(20),

(29) B(Cr) — 0(Cg) = B(Ck) — a(Ck) — 2(1, pn) > 0
Since (g, pn) > 0, this shows that
B(Cy) —o(Ck) >0

Hence D is positive.
Since a(C}) is independent of the irreducible kC-constituent a of
A?p* ([12, Lemma 4.1]), we have that,

(30) a(Cr) = (1-A4) || ao ||* +Ac(C)
is independent of the irreducible constituent o of k€ occuring in A? 1_)+.

Substituting ((27), (28) and (29) into the expression for D (23), we
obtain,

_ A A 2(”1/’11) + a(Ck)
D00 B) = 34+ 4 BCD) - o(Ce) - 2 p0)
+(1 —A) 2| o || +2(a0, po)
4(] IB(Ck) - U(Ck) - 2(/""/-711)

We notice that all the individual summands are positive if we assume
(1 pn) 2 0.

It is known that ad?,(C}) acts by a scalar on A?p* ([12] (Lem-
ma 4.1)). Hence the value of a(C}) is independent of the irreducible
constituent o occuring in ad?,.. Morever the dependence on 3 occurs in
the denominators of the summands. Hence the minimal positive value
of D occurs when 3(C}) is maximum amongst the representations 3
occuring in V(o) ® A’p*. This happens when the highest weight of

(31)
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B = p + a. Substituting for S we obtain the minimal value D ,;, of D
as
D AL A 2mp) + a(Ck)
™0 4q - 49 a(Cy) +2(p, @ — pr)
(1-4) [laol®+(c0, o)
2¢  o(Cr) +2(p,a — pn)

To obtain vanishing results one has to show by Corollary (1), that
D pin >| A1 |, where ); is the minimal eigenvalue of P. Hence we have
Theorem 4. Assume that [kC k€] is a simple Lie algebra. Let o be
an irreducible representation of k€ with highest weight yu. Let p, be half
the sum of the positive noncompact roots. Assume that (u,p,) > 0. If
D _ A A 2(”’7/’11) + a(Ck)
min — 4 +—
4(] 4q a(Ck) + 2(/—"a a — pn)
(1-A4) | oo l|® +(c0, 1)
2q a(Ck) + 2(/"7 a— pn)

then the cohomology groups, H'(M, E(c)) vanish.
Since D i, > A/4q, we have
Corollary 2. Assume that [k, k€] is a simple Lie algebra. Let o be
an irreducible representation of k€ with highest weight . Let p, be half
the sum of the positive noncompact roots. Assume that (u,p,) > 0. If
A

;1‘(;._|>\1|

(32) +

> A

then the cohomology groups, HY(M, E(c)) vanish.
We tabulate the constants A and A, in Table 1. See ([10]) for the
table.

Table 1
Type of M A AL
Ly yma (M1 2 My 2 1) ma/(my + ma) —1/(m1 +m,)
II,(m > 3) (m—2)/2(m —1) -1/2(m —1)
11, (m > 2) m+2)/2(m+1) | —1/(m+1)
IV, (m > 3) 2/m -1/m
Vv 1/3 —1/12
VI 1/3 ~1/18
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Note. For I, ;m,, the other value is A, = m;/(m; + my).

From Table 1 we obtain for the first cohomology,

Corollary 3. Let G be any one of the following type: II,(m >
6), I11,,(m > 6) and the two ezceptional types V,VI. Let o be an irre-
ducible representation of k€, with highest weight p such that (u, pn) >
0. Then

H'(M, E(0)) = (0)

4. Application to deformations

4.1. In this section we look at deformations of complex structures
on locally homogeneous Kahlerian manifolds. We use the notation
of the previous sections. Let K’ be a connected, closed subgroup of
G. From now onwards we assume that there is a G-invariant Kahler
structure on G/K'. Then the following is known: ([1])

K' is compact and is the centralizer of a torus S in G. Let T be a
maximal compact torus in G containing S. Then T is a Cartan sub-
group in G. Let K be the maximal compact subgroup of G' containing
T. Then G/K is a hermitian symmetric domain and the natural map
7:G/K' = G/K is holomorphic.

Let k', k', K', K'C denote the usual objects associated with K'.
Let P, be the Borel subgroup of G, whose Lie algebra is spanned by
the negative root spaces corresponding to the ordering chosen above.
Let Q' denote the parabolic subgroup K '°p,, with Levi component
K'C. The complex strucures on G/K' is defined in a manner analogous
to that of G/K : G/K' C G®/Q' is open and the complex structure
on G/K' is the induced one. Since Q' C @, the projection map 7 :
G/K' - G/K is holomorphic.

Conversely given a parabolic subgroup @' of G contained in @, let
K'=P'NK. Then K'C is a Levi component of P', and the projection
map G/K' — G/K is holomorphic. Furthermore G/K' carries a G-
invariant complex Kahler strucure.

Remark. Let G be a real semisimle Lie group without compact fac-
tors and let K’ be a compact, connected subgroup of G. Assume that
G/K' carries a G-invariant complex structure. Such spaces and their
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quotients by torsion-free lattices were studied by Griffiths and Schmid
([6]). These spaces arise as parametrizing spaces for variations of po-
larized Hodge structures. Borel’s theorem says that G/K' supports a
G-invariant Kahler structure iff it is fibered over hermitian symmetric
domain. This allows us to apply the Leray spectral sequence to com-
pute the cohomologies of the vector bundles we consider on I'\G/K".
The problem then reduces to computing the cohomologies of certain
automorphic vector bundles on I'\G/K to which we can apply the van-
ishing theorems of Section 3.

4.2. Let I" be an irreducible, torsion-free, cocompact lattice in G.
Let M' =T\G/K' and M = T'\G/K. Let m : M' - M denote the
natural map. We are interested in the deformations of the complex
structure on M'. Similar to the construction of automorphic vector
bundles on M, given a holomorphic representation ¢’ of @', one can
construct a holomorphic vector bundle E,, on M'. For a sheaf F on M
(or M"), denote by E, the pullback sheaf on G/K (resp. G/K'). Let
hi(c') denote the action of Q on H(Q/Q', E, | (Q/Q")).

Proposition 5. With notation as above, R'n.E, ~ Epi(,.

Proof. Let 7 : G/K' — G/K also denote the projection map. For a
G-sheaf E on G/K', denote by ET, the sheaf on M’ obtained by taking
[-invariant sections of I' invariant open sets in G/K' . Then,

- ~ \T
m (EL) ~ (%.E,) .

Since E — ET is an exact functor, one has R, E,, = Rir, (Eg) ~

. \T
(R#.EB,) .

To calculate R"%,,E'a,, since E,: are restrictions of GC-sheaves on
GC/Q', it is enough to calculate R'7,E, for the map 7 : G¢/Q' —
G€/Q. Since R'7,E, is again a GC-sheaf on G€/Q, it is the sheaf
induced from the representation of @, on the fiber of R'%,E, .. Since
7:G°/Q — G°/Q is a locally trivial fibration, this representation is
just the action of Q@ on H*(Q/Q', E,' |(@/0"), which is hi(c’). Hence
the result.

4.3. Let O, denote the sheaf of germs of holomorphic vector fields

on M'. We now calculate the cohomology of ©,. On M' there is a
short exact sequence of sheaves,

(33) 0 — Opiypr — Oppr — Oy — 0
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where ©), is the sheaf of germs of holomorphic vector fields on M and
Onmr/m is the sheaf of germs of holomorphic vector fields which are
tangential to the fibers of the map M' — M.

By projection formula

Rim,(1*Opy) =~ (R'7,0),) @ Oy

By Proposition 5, Riw,O), is the sheaf associated to the representa-
tion of K€ on HY(K€/K°NQ', ). 1t is well known that H*(K€/K°n
Q',0) = (0) for i > 0. See ([3]). Hence
(34) Rim, (m*0yp) = (0) (5 > 0)

(35) T (7 On) = Op

Similarly, Rim,0© /m 18 the sheaf associated to the representation

of K€ on H?(K°/K€ N Q',Okc/keng ). By Bott’s Theorem ([3]), we

have ‘
Hl(KC/KC ﬂQ’a@KC/KCﬂQ') = (0) (’L Z 1)

Hence
(36) R'm.©p e = (0) (i > 0)

Let Tx/k+ denote the KC€-module H*(KC/K® N Q',Okc/keng),
which is isomorphic to 7,0, /). The long exact sequence of direct
image sheaves under 7 corresponding to the short exact sequence (33),
reduces by (34), (35), (36) to the following short exact sequence on M:

(37) O%E(TK/KI) —)ﬂ'*@Ml - 0Oy -0
Also from equations (34) and (36), we get
R'm,0p = (0) (i > 0)

Substituting the vanishing of R, (©u) (¢ > 0), in the Leray spectral
sequence for the fibration M' — M , calculating the cohomology of
Oy, we have

E}* = H"(M, R'7,0,1) = (0) (g > 0)

and so
HP(M',0) = E¥* = HP(M,7,0)
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By the results of Calabi and Vesentini, we have

(38) H°(M,©,) = (0)
Further, since M is not a compact Riemann surface,
(39) H'(M,0y) = (0)

([4] (Theorem 1 and Corollary to Theorem 1). Inserting the information
from (38) and (39) into the long exact sequence of cohomology groups
corresponding to the short exact sequence (37), we see that

HY(M',0p) ~ H' (M, E(Tk/x))

Let now K' = T. ©kc/kcnp, is the homogeneous vector bundle on
KC®/K® N P, associated to the representation of T on k°/(k° Np,),
where 2, is the Lie algebra of P,. By Borel-Weil-Bott Theorem,

Tx/x = H*(K€/K® N Py, Okc/kenp,) = k€, k€]

as KC-modules.

For a general K' O T, E(Tk/k') is a direct summand of E(Tk/r)
as a kC-module. Hence if one shows that H'(N,Oy) = (0), when
N =T\G/T, then H'(M',0,p) = (0) for M' =T\G/K', K D K' O T.

Hence we have,

Theorem 6. With notations as above, if

H' (M, E([E-C’ EC]) = (0)

then the complex structure on any M' is infinitesimally rigid.

4.4. The fibration M’ — M can also be thought of as a K</Q'C
bundle associated to the K principal bundle on M. H'(M, E(Tx/x))
parametrizes the space of infinitesimal deformations of the bundle M’ —
M. The Kuranishi space of deformations of the bundle M’ — M thus
has tangent space H'(M, E(Tk/k')) ~ H'(E([k®, k°])). By what has
been said before Theorem 6, H' (M, E(Tx/k')) ~ H'(M',©). Morever
it is clear that there is a natural map from the Kuranishi space corre-
sponding to the deformations of the bundle M’ — M, to the Kuranishi
space corresponding to the deformations of the complex structure on
M'. There is actually a map from the differential graded Lie algebra
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corresponding to the deformations of the bundle M' — M to the dif-
ferential graded Lie algebra corresponding to the deformations of the
complex structure on M’'. This map is an isomorphism at the first coho-
mology level, i.e., at the level of Zariski tangent spaces of the Kuranishi
spaces corresponding to the deformations. Morever from the degener-
ation of the Leray spectral sequence at the E, stage and the vanishing
of H'(M,© ) by Calabi-Vesentini, it follows that there is a natural in-
clusion of H?(M, E(Tk/k»)) into H*>(M',© ). It follows from general
facts on differential graded Lie algebras that the corresponding Kuran-
ishi spaces are actually isomorphic. See ([13] Comparison theorem)).

Theorem 7. Under the natural map, the Kuranishi space of defor-
mations of the bundle M' — M, is isomorphic to the Kuranishi space
of deformations of the complex structure on M'.

4.5. Write kS =k, ®--- @ k, where k, is the center of k€ and
k,,- -k, are the simple ideals of k€. Thus in order to show the rigidity
of the complex structure on spaces of the form I'\G/T, it is enough to
show that H'(M, E(k;)) vanishes for i = 1,---r, where M = I'\G/K
and E(k;) is the automorphic vector bundle on M associated to the
representation of K on k;. We now calculate the constants D. Let o
denote any of the representations of k€ on a simple component k; of
kC. o is trivial on the center k, of k€. Since p, is trivial on [£€,kC],
we obtain that (u, p,) = 0 where p is the highest weight of 0. Hence

(40)  o(Cq) =l p I* +2(n, px + pa) =Il 1 I* +2(ns, pi) = (Ci)

We are interested in the first cohomology of F(c). We assume now
that QC is simple. Then the representation o = ad}} of k© on ptis
irreducible. 7 is then an irreducible EC- constituent of k;, ® 1_)“'. We will
do the computations when [k€, k€] is simple and the case when G is a
group of the type I, m,(m; > my > 2).

4.6. In this section we assume that [kC,kC] is simple. Since o is
trivial on the center k,, we have by (32) and (40),

A 12(1-A) | a0 |I> +4a(Cy)
41 D min = "
(41) 21T a2

Note. For the notation concerning root systems, we follow [8] (Chap-
ter X, Section3). We refer to Table 1, for the values of A and );. First
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of all, for the exceptional groups of type V, VI we see from Table 1,
that

A
(42) D+}\1>Z+)\120

4.6.1. We now consider groups of type II,,. II,(m > 3):G =
SO*(2m),K =U(m)
Roots: +e; +e; (1<i#j<m)
Compact roots: *(e; —e;) (1 < i # j < m) Non compact roots:
t(e;+e) (1<i#j<m)

200 =(m—1e; +(m—3)es +--- — (m—1e,

p=e€ —epn, a=e +e

” a ”2= 4’ (aa /J') = 1’ (aa 2pk) =2m - 47 a(Ck) =2m

2 4
E0=C(la""n)’ aO:E(l""’l)’ " o ”2=:’—n'
2m? —Tm —2
Dmint 20 = i “Dym+ 1)
Hence
(43) D+X\>0ifm2>4

4.6.2. We now consider groups of type III,,. IIl,,(m>2):G =
Sp(2m,R), K = U(m)
Roots: +2e;, +(e;te;) (1 <i#j<m)
Compact roots: x(e; —e;) (1 <i#j<m)
Noncompact roots: +2e;,t(e; +¢€;) (1 <i#j <m)

20k =(m—1)e;+ - — (m —1)en
p=e —€n, o=2e
2

4
EO =C(617"' 7em)a Qo = E(la a]-)a ” Qo "2= E

(,p) =2, (2pr,0)=2(m—-1), ||a|?’=4, a(Ci)=2m+2
m? —6
Am+1)(m+2)

Dmin+A1=
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Thus
(44) D+X>0 if m>3

4.6.3. We now consider groups of type IV,,, for m even. IV, :
(m+2=2l, m>3,m#4) G~S0O(m,2), K=~SO(m)
Roots: te; +e; (1<i#j<¥)
Compact roots: te; te; (2<i#j<I)
Noncompact roots: +e; te; (2<j</¥)

2pk=2(l—1)€2+2(€—4)63+
L=eyt+e a=e t+e

ko =Cey, apg=c¢ey, | o I?=1

(a,p) =1, ||a]?*=2, (20x,a) =4L—10, (Cy)=4L—8 =2m —4

m—4
D in + Ay = o
M dm(m — 1)
Thus
(45) D+X >0 if m>14

4.6.4. We now consider groups of type IV,,, for m odd. IV,, :
(m+1=2l,) G~SO(m,2), K~ SO(m)
Roots: +e;, xe; +e; (1<i#j<¥)
Compact roots: te;, te;te; (2<i# j</¥)
Noncompact roots: te;, +e; te; (2<j<¥)

2pk=(2@—1)€1+(2£—3)62+"'
U==es+e, a=e; +e
EO=C€17 Qg = €, “ Qp ”2:1
(a,ﬂ)=1, “a”2=27 (2pk,a)=4£—47 a(Ck)=4£_2=2m

m—4

D min 21 = 4m(m + 1)

Thus

(46) D+X >0 ifm>4
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4.7. We now consider groups in Type 1.

When G ~ SU(n,1), a similar calculation done as above will show
that D i, + A; is negative. Hence in this case we cannot conclude
anything about rigidity of the complex structure on I'\G/T.

4.7.1. We now consider the case when g >~ su(m;, ms) (m; > mp >
2) Let m = m; + m,. We identify g© ~ sf(m, C). k€ can be identified
with the trace 0 matrices in gf(m,, C) x gl(m,, C). t€ will be idenfitied
with the trace 0 vectors in C™. For B we will consider the usual inner
product on C™. The inner product given by L on ¢, will be extended
to C™ by taking the orthogonal sum with the usual inner product
on scalars. B and L have the property, that the scalar matrices are
orthogonal to k€. Hence if A is the highest weight of a representation of
g€(m,) x gé(m,), which vanishes on the space of scalar matrices, then
the values of the Casimir of k€ and that of gf(m,, C) x gf(m,, C) taken
with respect to A coincide. Moreover C™* and C™? are orthogonal with
respect to either B or L. Hence the Casimir of g¢(m,) x gf(m;) taken
with respect to either B or L, decomposes as the sum of the Casimirs of
gf(m,) and gé(m,). Let Ci (resp. Ci)(i = 1,2) denote the Casimir of
9£(m;) taken with respect to B | gf(m;). (resp. L | g¢(m;)). Then for a
highest weight A of a representation of g¢(m;, C) x gf(m,, C) vanishing
on the scalars, we have

ACk) = M(Ck) + X(C%)

and
A(Cr) = M(CL) + X (CE)

where \; (resp. \z) denotes the projection of A to C™ (resp. C™?) .

With respect to the standard notation, the roots are:

Roots of s¢(m,C) : £(e; —e;)(1 <i<j<m)

Roots of sf(m;,C) : £(e; —e;)(1 <i<j<my)
Roots of sf(m,,C) : £(e; —e;)(m; +1 <1 < j <m).

Write k€ ~ k, @ sf(m,, C) @ sf(ms, C) where k, is the center of k€

Let o; be the representation of k€ on sf(m;,C). We have to show
that H'(M, E(0;)) = (0).

The representation a = adi_ of k€ on pj‘ can be identified with the
representation of gf(m;) x gf(mz) on C™ ® (C™?)*, which is trivial on
the scalars. The highest weight of oo = e; — e,,, and it vanishes on the
scalars.



404 C. S. RAJAN

o; (resp. o3) restricts to the adjoint representation of sf(m;,C)
(resp. sf(m,, C)) and is trivial on sé(mg, C) (resp. sé(m;,C)). Hence
in order to find the representations occuring in 0; ® (i = 1,2), it is
enough to decompose the tensor product representation Ady ® w; of
g4(n,C) (for n = m; or m,), where Ad, denotes the adjoint repre-
sentation of g4(n,C) on the space of trace 0 matrices and w; is the
standard representation of gf(n,C) on C". Note that o restricted to
gl(m,) (resp. gl(m,)) is isomorphic to w; (resp. w}).

Now Ady C Ad ~ C" ® (C")* and

(C"®(C"))®C"~(C"®C")®(C")"
~ (§’°C") ® (C")* @ (A’C™) ® (C™)*

From the Weyl dimension formula, it is easy to see that as gf(n)

modules,
(S’CM) ®(C™)* =V (2e;, —e,) ®V(ey)

A’C"®(C")* ~V(er+e;—e,) ®Ve)

where V(2e; — e,) (resp. V(e; + e; — e,)) is the representation of
g¢(n, C) with highest weight 2e, — e,, (resp. e; + e, — €,,).

Since L |sf(m,) = A;B|sf(m,;) and L|sé(m,) = A;B|sf(m;), and
L and B are same on the orthogonal complement of sé(m;) x sf(my)
inside gf(m,) x g€(m;), we have for 1 = 1,2

Xi(C) = (1= A) || M0 | +A:0:(Ck)

where ), is the orthogonal projection of )\; to scalar vectors in C™ (1 =
1,2).

Let C be the Casimir of gf(n,C) with respect to the usual inner
product on C" . Then it is easy to see w;(C) =n, Ady(C)=2n. Let
T be a representation of g4(n,C) occuring in Ady ® w,. We have the
following table.

Table 2
T 7(C) 7(C) + w1 (C) — Ady(C)
wy ~V(4) n 0

Vi, +4:—e€,) | 3n—2 | 2n -2
V(2¢, + ¢,) In+2 | 2n+2
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4.7.2. We now calculate D. Let 7; be a represent occuring in 0; ® «
having highest weight ;.

(47) D(os,a,1,1;)

_ 17(CL) + a(CL) — 0:(CL)

4 (1i(Cx) — 0:(Ct))
o 1{mu(CL) — 0u(CL) + a(CL)} + {72(C}) + 22(C}) — 02(C})}
T4 7i(Cy) — 0:(Ck)
1201 — A)) || o |I” +41{7a(Ck) — 0u(Ck) + 1 (Ck)}
T4 7:(Ck) — 0i(Cy)

+12(1 — As) || o120 ||* +A2{7:2(CK) — 0i2(Ck) + 22(Ck)}

4 7:(Ck) — 0:(Ck)

From the table given above, we note that the quantities inside {, }
are > 0. Since we have the condition that 7;(Cy) — 0:(Cx) > 0, we
see that D > 0. Thus in order to conclude about the vanishing of
H'(E(0;)) we have to check that D + A; > 0 for all allowed choice 8 of
7;. We have

uy; my
= 2)< = ).
(A=) < (4 =T
Thus
D> A1 7i(Ck) — 0i(Cx) + a(Ck)
4 Ti(Ck) - Uz‘(Ck)
_ A1 Al a(Ck)
(48) 4 4 7;(Cy) — 0:(Ck)
Hence 4 )
1 _ma —
D+ x> —4—+>\1 =~
Hence

4.7.3. From (48), the minimum value of the right hand side occurs
when 7;(C}) is the maximal possible value. Let us assume for example
that ¢+ = 1, and 7;(C%) is maximum. We have

71(Ck) — 01(Ck) = {m1(Ck) — 011(Ck)} + {m12(Ck) — 012(CR)}
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Now o, is the trivial representation and so 715 ~ ay. For 7; we can
assume that it has highest weight 2e; — e,,,,. Thus in this case,

11(Ck) — 01(Ck) = (3mq +2) — 2my +my =m + 2
Similarly when ¢ = 2, we find that
73(Ck) — 02(Cr) =m + 2

We have a(C}) = m; + my; = m. Thus

me,—4 my m
4m 4m (m +2)
(50) >0 ifmy>3

D+ >

4.7.4. Hence we are now left with SU(m,,2). We have that the
highest weight of o; is e; and of a5 is - e,,. Thus
1

” (¢51)) ”2= E’ ” Q20 ||2= m—2

From (48), we see that

D> é_{_él a(Ck) +12(1 - Al) ” [8310) ”2 +2(1 - Ag) ” (6 20)) "2
— 4 4 Ti(Ck) - Ui(Ck) 4 Ti(Ck) - ai(Ck)

and the equality is strict unless either A; = A, or 7,5(C%) — 0:2(C%) +
ag(C,z() =0.

This can happen only when either m; = m, = 2, or that 7 = 2, and
Teo 18 the representation with Casimir acting by the scalar m,.

Suppose ¢ = 2 and 753 (C%) = m,.

Since o9, is the trivial representation we have,

Ti(Ck) - 02(Ck) =m; + (m2 — 2m2) =m; — Mgy

Since by (20), 7(Ck) — 0:(Cx) > 0, we have that m; > m,. Further

and
D+ > (mg — 4)(my — my) + ma(my + my)
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which is clearly positive for m, > 2. Thus in this case we have D+ )\; >
0.

Coming back to the original inequality (48), on substituting for a;,
and taking for 7;(C}) the maximum possible value we find that

(mg —4)(m +2) + mym + 4

D+ >
A2 4m(m + 2)

with strict inequality if m; # 2. When m, = 2, we see then that

When m; = my = 2, we get that D + A\; = 0. Thus except when
G ~ SU(2,2) we have shown the vanishing of H' (M E(ori))

4.8. We now look at the situation when g~ ~ g @& --- @ g,
with r > 2, and where g g, are simple Lie algebra g, is one of the
types considered above. We have the corresponding decomposxtlons,
k€ ~ k, ® --- ® k, where k; is the complexification of the Lie algebra
of a maximal compact subalgebraof g, and p~pf & --- & 2:’, where
Q;“ is the space of holomorphic tangent vectors corresponding to the
symmetric space defined by g, insider gc.

Let o be representation of k€ on any one of its simple components,
which we can assume without loss of generality is a simple component
of k,. Since a is assumed to be an irreducible component of p*, o can
be any Q;*, thought of as a k®-module. We note that with respect to the
metrics we are considering, there is a decomposition of the Casimir of
gc as a sum of the Casimir corresponding to the g.. We now calculate
the constants D.

i) « is the irreducible representation of k€ on p+ In this case the
values of the Casimirs of k; (¢ > 2) are zero, and we are thus reduced
to the inequalities concerning the first cohomology of the holomorphic
vector bundle on cocompact quotients of G;/K; corresponding to the
representation o of K;.

i) a is kC-representation Dyt # 1, then 0 ® a is an irreducible
representation of k(o @ @)(C) = o(C}) + a;(C;).
10(CL) + :(CL) —o(CL) + ai(C1)

D= 175(0D) +a(Ch) — o(C)
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_ 1204(Cj)
4 a;(C})

We are thus reduced to the inequalities concerning the first Betti
number of lattices in a simple group having Lie algebra g, . We see
from (3.11) and the calculations of this chapter, that when g is simple,
the first Betti number of M vanishes whenever the complex structure
on M is also rigid. Thus in the situation when g is not simple, the
positivity of D + A; reduces to showing it for the simple components
of g.

4.9. Summarising, we have from (43), (44), (45), (46), (42), (49),
(50), (51), that the following rigidity result holds:

Theorem 8. Assume that G is such that the simple components
of G are not of the type I, (m > 1), Ly ~ IV, I3 ~ Iy, III, ~
IV3,. Then the complex structure on I'\G/K' is infinitesimally rigid.
In particular the complez structure on T\G/T is infinitesimally rigid.
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