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GREEN’S FUNCTIONS, HARMONIC FUNCTIONS,
AND VOLUME COMPARISON

PETER LI & LUEN-FAI TAM

0. Introduction

Let M" be a complete, noncompact, n-dimensional manifold without
boundary, and let p € M be a fixed point. In this paper we will study
some problems in function theory on a class of manifolds M with Ricci
curvature satisfying Ric,,(x) > —(n—1)K (1 +r(x))_2 , for some constant
K >0, where r(x) is the distance from x to the fixed point p. Our first
aim is to give some sufficient conditions for a manifold M in this class
to admit a positive Green’s function. The problem has a long history. In
1975, Cheng-Yau [10] first provided a necessary condition involving only
the volume growth for a complete manifold to admit a positive Green’s
function. A sharp necessary condition was later proved by Varopoulos in
[34], which states that if a complete manifold M has a positive Green’s
function, then

* ¢

(0.1) /1 <o

where Vp(t) is the volume of the geodesic ball of radius ¢ with centerat p .
However, condition (0.1) is far from sufficient and a counterexample was
given in [34]. This sharp necessary condition of Varopoulos was also later
proved in [22] and [13] by using different arguments. The first major result
for the sufficiency was due to Varopoulos [31] and Li and Yau [25]. Using
the estimates for the heat kernel, they proved that if M has nonnegative
Ricci curvature everywhere, and (0.1) is satisfied, then M will have a
positive Green’s function. Furthermore, Li and Yau [25] proved that if
this is the case, then for all x # y in M, the minimal positive Green’s
function must satisfy

-1 [ t o0 t
0.2 c! — _dt<G(x,y)<C " _dt,
( ) r(x,y) V;(t) <6l y) r(x,y) V;(t)
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for some constant C > 0 depending only on the dimension of M . A few
years later, it was proved in [20] that if the sectional curvature of M is
nonnegative outside a compact set, then condition (0.1) is also sufficient
for the existence of a positive Green’s function. Moreover, the estimate
(0.2) is still valid at each end of large volume growth with some obvi-
ous modifications. The constant C depends on the manifold and also
on x. The results in [20] in one sense are generalizations of the results
in [31] and [25], because there is no curvature restriction on a compact
set. In another sense the results are more restrictive since the assump-
tion is on the sectional curvature rather than the Ricci curvature. The
results in [20] were generalized by Kasue [16] to manifolds with asymptot-
ically nonnegative sectional curvature. Recall that a complete noncompact
manifold M is said to have asymptotically nonnegative sectional curva-
ture if there is a point p € M and a continuous nonincreasing function
A: [0, o0) — [0, o) such that fa’" rA(r) dr < oo and the sectional curva-
ture of M at x satisfies K, (x) > —A(r(x)), where r(x) is the distance
from the point x to p. We would like to point out that the method in [20]
is quite different from the method in [25]. Up to this point, there is not
much progress in the problem of finding sufficient conditions for existence
of positive Green’s function if we only assume that the Ricci curvature
of the manifold is nonnegative outside a compact set, or more generally,
that the Ricci curvature satisfies Ric, (x) > —(n — 1)K (1 + r(x))_z. In
§1, we will prove that under this curvature assumption, and if in addition
the manifold satisfies a volume comparison condition (VC) (see the defi-
nition in §1), then condition (0.1) is sufficient to guarantee the existence
of a positive Green’s function. We should remark that condition (VC) is
satisfied by a manifold with nonnegative Ricci curvature everywhere and
by each end of a manifold with asymptotically nonnegative sectional cur-
vature; see §3. Therefore this result can be considered as a generalization
and a unified treatment of those in [25], [31], [20], and [16].

In §2, we will give some basic estimates for the positive Green’s func-
tion for the class of the manifolds which we consider. They include the
estimates for the positive Green’s function on a complete noncompact
manifold with nonnegative Ricci curvature obtained in [25], and on a
complete noncompact manifold with nonnegative sectional curvature out-
side a compact set in [20] and the generalization in [16]. These estimates
will be useful in the study of various spaces of harmonic functions. It was
discovered by the authors in [20] and [24], that in order to study the inter-
play between the geometry and the harmonic functions on a manifold, it is
important to study symmetric Green’s functions which may be unbounded
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at infinity. Note that in [21] the authors constructed a symmetric Green’s
function (which might not be positive) on any complete noncompact man-
ifold using compact exhaustion. This kind of Green’s functions turn out
to be quite useful; see [24]. Therefore, in §2, we also give estimates for
the Green’s function constructed in this manner for manifolds satisfying
the curvature and the volume comparison assumptions mentioned above.

In §3, we will apply the results in §1 and §2 to give new proofs of the
existing estimates for the Green’s function given by [25], [31], [20], and
[16]. We will also derive some new estimates for complete noncompact
manifolds with nonnegative Ricci curvature and small volume growth.

In §4, we will apply the results in §1 and §2 to study spaces of harmonic
functions on complete noncompact manifolds with nonnegative Ricci cur-
vature outside a compact set. Using the terminology of [24], we say that
a complete noncompact manifold is nonparabolic if it supports a positive
Green’s function, otherwise, we say the manifold is parabolic. On the other
hand, if M is a complete noncompact manifold, and D is a compact set,
then an unbounded component of M \ D is called an end of M with
respect of D . If the number of ends of M with respect to any compact
set is uniformly bounded above by an integer, then we say that M has
finitely many ends. In this case, there is an R > 0 and an interger kK > 1,
such that if Q is any bounded domain containing B,(R), then M \Q has
exactly k unbounded components, and we will also denote an unbounded
component of M\ Q for a fixed but sufficiently large bounded domain Q
to be an end. Given anend E of M with respect to some compact set, we
say that it is a nonparabolic end if it supports a positive Green’s function
which satisfies the Neumann boundary condition on 9E. Otherwise, E
is said to be a parabolic end. This definition of parabolicity for an end is
equivalent to those given in [24]. This fact will be discussed in more detail
in §1. Now let p be a point in M, let s(r) be the number of parabolic
ends, and let /(r) be the number of nonparabolic ends of M with respect
to B,(r), the geodesic ball of radius r with center at p. It is easy to see
that s(r) and /(r) are nondecreasing in r. Let s(r) —» s and /(r) — [ as
r — oo, where s and / may be infinity. It was proved in [24] that

(0.3) s+1 < dim#°(M).
If we further assume that / > 1, then

(0.4) s+1<dim#Z" (M)
and

(0.5) I < dimZ° (M),
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where #Z 0(M ) is the vector space generated by those harmonic functions
which are bounded on one side at each end with respect to some compact
set, # (M) is the vector space generated by positive harmonic func-
tions, and #,°(M) is the space of bounded harmonic functions with
finite Dirichlet integral. We should remark that one does not need any
curvature assumption in proving these results. On the other hand, if M
has nonnegative Ricci curvature, and / > 1, then (0.4) and (0.5) become
equalities. In fact, by the splitting theorem of Cheeger and Gromoll, if
[>1,then [ =1, and by a theorem of Yau [35], # " (M) = Z,°(M) =
{constant functions}. In general, if M is a connected sum of complete
noncompact manifolds with nonnegative Ricci curvature, then (0.3)-(0.5)
also become equalities; see [11] and [30]. If the sectional curvature is
nonnegative outside a compact set, or more generally, if the manifold has
asymptotically nonnegative sectional curvature, then by [20] and [16], we
have equalities for (0.3)-(0.5) again. Using the estimates of the Green’s
function in §2, we give a partial result for the case where the Ricci curva-
ture is nonnegative outside a compact set under the additional assumption
that the manifold also satisfies the volume comparison condition (VC) in
§1. We will show in §4 that the inequality (0.5) is actually an equality in
this case.

In §5, we will discuss the volume comparison condition (VC). As we
mentioned before, the condition is satisfied by a complete noncompact
manifold with nonnegative Ricci curvature, or by each end of a mani-
fold with asymptotically nonnegative sectional curvature. We will prove
that in a certain sense, the volume comparison condition (VC) will also
be satisfied by a manifold whose Ricci curvature is almost nonnegative
everywhere. The results in this section are purely Riemannian geometric
and are interesting in their own rights.

In §6, we will consider complete noncompact manifolds with nonnega-
tive Ricci curvature outside a compact set and have finite first Betti num-
ber. We will prove that (VC) is essentially satisfied by each end of such a
manifold. Furthermore, the results in §1 are still true, and the results in
[20] concerning positive harmonic functions can be extended to this kind
of manifolds.

Many results can be generalized easily to manifolds which are quasi-
isometric to the manifolds we discussed, especially, the results in §§1, 2,
3, and 6. We will point that out in due course.

The authors would like to thank Kwok-keung Au for some useful discus-
sion. Part of the research was done while the second author was visiting
the Chinese University of Hong Kong.
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1. Existence of positive Green’s function

Let M" be a complete, noncompact, connected manifold of dimension
n. Let D be a compact subset of M, and E be an end of M with
respect to D.

Definition 1.1. E 1is a nonparabolic end if there exists a positive
Green’s function on E which satisfies the Neumann boundary condition
on OFE. Otherwise, E is said to be a parabolic end.

More precisely, E is a nonparabolic end if limp_ Gg(x ,y) exists
for all x # y where Gﬁ is the positive Green’s function on E N B,(R)

for a fixed point p with mixed boundary conditions a—ay—Gg (x,y) on OF
y

and Gg(x, y)=0 for ye 0B, (R)NE.
Proposition 1.2. The following statements are equivalent:

(1) E is a nonparabolic end.

(2) There exists a nonconstant positive superharmonic function defined
on E such that its infimum is achieved at infinity of E.

(3) Any complete manifold M without boundary which is obtained by
smoothly gluing two identical copies of E togther is nonparabolic.

Proof. In [24], we used (2) to define nonparabolicity of an end. We
showed that this is equivalent to the fact that E is the only end of a
complete nonparabolic manifold with boundary. However, this descrip-
tion is misleading because such a manifold might not exist. It only exists
if 0E bounds an n-manifold. This prompts us to use (3) as a substitute
for an alternate description. The argument in [24] applies to this with-
out much modification. The fact that (1) is equivalent to (2) is new and
the argument is rather simple. To see that (1) implies (2), we observe
that the positive Neumann Green’s function is a positive superharmonic
function. The Hopf boundary point lemma asserts that if the infimum is
achieved on OF, then the outward normal derivative must be negative.
This contradicts the Neumann boundary condition.

The fact that (2) implies (1) follows from the construction of Green’s
function in [21] which can be modified for the construction of Neumann
Green’s function. The positive superharmonic function from (2) simply
acts as a barrier as described in [21].

Let p be a fixed point in M. For the remaining part of this section, we
will assume that the Ricci curvature of M satisfies

. —(n—- 1)K
Ric(x) 2 (1+r(x))?

for some constant K > 0, where r(x) is the distance of x from p. We
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introduce the following volume comparison condition:

(VC) There exists a constant { > 0 such that for all r and all x €
6Bp(r) , Vp(r) < {V.(r/2),where V (r) denotes the volume of the geodesic
ball B (r) of radius r with center at x. In general, let M be a complete
noncompact manifold, and let E be an end of M with respect to some
compact set. Let us denote the volume of the set B ( )N E by v, (r).
E is said to satisfy condition (VC) if there exists a constant > 0 such
that for all r and all x € 9B,(r)NE, V, g(r) < CV, g(3). Let us first
point out some facts concerning volume comparison.

Lemma 1.3. Let M be a complete noncompact manifold of dimension
n, and let p € M be a fixed point. Suppose the Ricci curvature of M

satisfies Ric(x) > JlfTU—Kz- for some nonnegative constant K, where r(x)

is the distance of x from p. Given any 0 < o < 1 there is a constant
C=C(p, K, a,n) depending onlyon p, K, o, n such that
V,(r) < C(K, a, n)V,(ar),
and
V(r/2) < C(K, a, n)V (ar/2)

forall x € OB L (r) -

Proof. Let l = _1—5 ,for t > 0. Let g be the solution of the linear
equation

"
8§ =48

with initial condition g(0) =0 and g'(0)=1. Then g >0 and g’ > 1
for all >0, and

- _1 B _ £,
g0 =g—7 (10" -+0”),

where B, = 1(1+V1+4K) and B, = 1(1-V1+4K), for some constant
A and B. By a standard argument (see [8])

AN GRS 0f)"

p
JoR ((1+t) —(1+t)ﬁl)n_ldt.

V(ar) =
It is easy to see that the right side is bounded by a constant depending
onlyon K, a, and n. One can prove the second statement similarly.
Lemma 1.4. Let M" be a complete noncompact manifold as in Lemma
1.3, such that M satisfies the volume comparison condition (VC) for some
{ andsome p e M. Thenforall r >0,and 0 <a <1, (2r)\B (r) can

be covered by k geodesic balls of radius §r with centers in B, (2r)\ B,(r),
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where k can be bounded by a constant depending only on n, {, K, and
.

Proof. Let k be the maximal number of disjoint geodesic balls of ra-
dius §r with centers x,,---, X, in Bp(2r)\Bp(r). Then {BxA(crr)}f.‘=1
will cover Bp(2r) \ B,(r). By the condition (VC) and Lemma 1.3,

k
kV,63n <6, YV, (57) <G ,06n,
i=1

for some constant C,; depending only on 7, {, K, and a. This implies
that k < C, .

Note that, according to a theorem of Liu [26], the ball covering property
in Lemma 1.4 is true without the assumption that M satisfies condition
(VC), provided that the Ricci curvature of M is nonnegative outside a
compact set. It is still an open question whether each end with respect
to a large enough compact set of a complete noncompact manifold with
nonnegative Ricci curvature outside a compact set will satisfy (VC). We
will discuss this problem in §5.

We will use the following gradient estimate of Cheng and Yau [10] for
positive harmonic functions defined on a geodesic ball.

Lemma 1.5. Let M" be a complete noncompact manifold, and let X, €
M, and R > 0. Suppose the Ricci curvature on on(R) is bounded below
by —(n — 1)K, for some constant K > 0. If f is a positive harmonic
function on on(R), then

sup (R —ry(x))|Vlog f] < C(1+VKR),
x€B, (R)
where ry(x) is the distance from x to x,, and C > 0 is a constant
depending only on n.

By integrating along a minimal geodesic from a point x € on(§) to
X, in the above inequality, we conclude that there exists a constant C > 0
depending only on n such that

f(x)
exp (—C (1 + \/ER)) < 7o) < exp (C (1 + \/ER)) ,
for all positive harmonic functions f on on (R) . The next lemma is due
to Li and Schoen [19, Theorem 1.2], and was generalized to the following
form in [23, Theorem 1.1]; see also [28].

Lemma 1.6. Let M" be a complete noncompact manifold. Let x € M ,

and let f be a nonnegative function satisfying

Af2-Bf,
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in B (2R) for some R >0 and some constant B > 0. Suppose the Ricci
curvature of M in B _(2R) is bounded from below by —(n—1)K for some
K >0. Then

1) < exp (€1 + VER)) LESZR) (V ® s 0 /) dy) ,

Jor some constant C, > 0 depending only on n and B. The notation
V(K, 2R) denotes the volume of the geodesic ball of radius 2R in the
model space of constant curvature —K .

Lemma 1.7. Let M be a complete noncompact manifold of dimension
n and p € M be a fixed point. Suppose that the Ricci curvature of M
satisfies Ric(x) > “"—‘L’g for some nonnegative constant K, where r(x)
is the distance of x from p, andthat M also satisfies condition (VC) for
some (. Let f be a harmonic function defined on M \ B ,(3) Jor some

r>0. Then for any x € B,(2r)\ Bp(r)

» 12 12
osc f<C, / a4 / v
B, (r/4) ( A ) ( Bp(3r)\Bp(r/2)| |

Jor some constant C, depending only on n, {, and K. If, in addition, x
is also in E, /20 with E, /2 being an unbounded component of M \ Bp(g),

then
» 12 1/2
zose < G, / ———dt / v/ .
B (r/4) f< ( A0 ) ( E, (B, (3r)\Bp(r/2))| d )

Proof. let x € Bp(2r) \ Bp(r). For any y € B (3), let y(¢) be a
minimal geodesic parametrized by the arclength from x to y with length
[. Then /< % and forall 0<t</,

By (737 00)) € B,60\5, (5)

B, (r(y6(t))) cM\B, (%r)_

By the assumption on the Ricci curvature and the Bochner formula, we
have

and

2 -2 2
AVf" > -Br 7|V /]

on By(t) (M"(,‘ﬁ) for some constant f > 0 depending only on #n and K.

Hence by Lemma 1.6,

1 2
v (1) —r(y(t VI,
w100 < ¥ (0 ®) [, o
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for some constant C, depending only on n, and K. Since M satisfies
(VC), by Lemma 1.3 we have

C
VP < 35— VP,
w00 S g | o™

for all ¢ and some C depending only on n, {, and K. Hence

l
If() = f)I < /0 IVAI(r(®) dt < Isup |V (v (1))

1/2
C 2
<l 2 / lVfl)
(Vp(z") B,(3r)\B,(r/2)
1/2
C 2
s 9/
»(21) 8 38, (r/2)

. 12 12
sc([ ) /7
AV AR AC! B,(3r)\B,(r/2) ’

for some constant C; depending only on n, {, and K. If x € E_,
2

<r
~— 4

then B, (’(’12’ )) is a subset of E, 2 for all ¢. Hence one can replace

B,(3r)\B,(r) by E,,N (Bp(3r) \ Bp(r)) in the above argument and obtain
the second inequality. This completes the proof of the lemma.

In general, a complete noncompact manifold may not have a positive
Green’s function. However, it was shown in [21] that a symmetric Green’s
function for the Lapacian can always be constructed by compact exhaus-
tion. More precisely, it was proved that there exist R, T oo and ¢; > 0
such that

G(X s y) = il_i'l'g(Gi(x s y) - C,')

exists for all x # y, where G,(x,y) is the positive Green’s function
of B,(R;) with Dirichlet boundary value. G(x, y) is a symmetic Green’s
function. The convergence of G,(x, y)—c; is uniform on a compact subset
of M\ {x} as functions of y. If M has a positive Green’s function, then
one can take ¢; = 0 and G(x, y) will be the minimal positive Green’s
function. Using this setup, let us denote g;(x) = —G,(p, x) + ¢; and
g(x) = —G(p, x). Note that g =c; on dB,(R;) and g;,(x) <¢; for all
X € Bp(Ri) \ {p}. In this notation, we have the following (also see [22]):
Lemma 1.8. Let M be a complete noncompact manifold. For r > 0

let M, be the union of the unbounded components of M\ B,(r). Then for
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all R>r,
/ Vel> < 4S(R) - i'(r)
B (RNM,

and
/ Vg2 < 4(S(R) - i(r)).
R)\B,(r)

where S(R) = sup,p g, &, i"(r) =infy,, g and i(r) = infy, (8-

Proof. Since g/(p) = —occ and g|,p R) =€ 2 0, by the maximum
P 1
principle,
B, (R, )lf:\M &= 1nfg

for R, > r. Let us now consider the harmomc function g; — inf,,, g,
which is nonnegative on B,(R,)NM,. Forall a >0,

/ Vsl
B,(R)NM, (g,' - infaM' 8+ a)2

=—/ Alog( 1nfg +a>
B,(R)NM,

_/ 1 Bgl
98,(R)M, 8 —1nfy, &, +a dr

+/ L 98
oM, 8 — infaM’ g taor

B A
- aMr gi—infaM’gi+a Br ’

where we have used the fact that g, = ¢; on 9B,(R;) and that %A:i >0
on 8Bp(R,.). By setting R > r, and taking i sufficiently large so that
R, > R, we obtain

/ Vil < / ! 0g;
B,(R)M, g; —inf,, g +a® ~ oM, 8; —infaM’ g +aor

As I — oo, we have

11 Vgl 1 og
B,(R)M, (§ — i (r)+a) oM, & — 1 (r)+aor

Let Q = {x € M| g(x)— i"(r) < 0}, where we assume that p € Q by
convention. Obviously, Q ¢ M\M, and g(x)—i*(r) > 0 on M\(M,UQ).
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Hence
_/ ___1_Q§+/ _ 1 os
om, 8= (r)+adr  Joqg—1i"(r)+a dv
= [ V(g -i"()+a) 20,
M\(MUS)

where v is the unit outward normal of 4Q. Combining this with (1.1)
yields

/ Vgl / 1 og

B,(R)nM, (g — I"(r) + a)? ~ Joa g —i(r)+adv

Since g(x) is the negative of the Green’s function, and g —i*(r) =0 on
0Q, we have

/ Vel < 1
B,(RnM, (g — i"(r) + a)
forall a>0. Set a =S(R)—i"(r) >0 and then the lemma follows from
the maximum principle and that
sup g < S(R).
B,(R)NM,
The second inequality can be proved in a similar manner.

Theorem 1.9. Let M" be a complete noncompact manifold of dimen-
sion n, andlet p € M be a fixed point. Suppose that the Ricci curvature of
M satisfies Ric(x) > —(—l":(‘l‘f for some nonnegative constant K , where
r(x) is the distance of x from p. Let us also assume that M satisfies
condition (VC) for some (. If G(x,y) is a Green’s function obtained by
compact exhaustion, then there is a constant C, depending only on n, {,
and K such that for all ry >0 and all x € M with r(x) > 2r, >0,

—G(p,X)+ sup G(pa')
a

pro)
r(x) t
<C / ——dt+ sup G — inf G
= 4( o V() 9B Ir)o) ( ) 9B (2r0) (p ))

Moreover, M has a positive Green’s function if and only if

Ral
——dt < .
/. O

Proof. Let ry, > 0 and r > 2r,. Then there exists k > 1 so that

2k ro <r <2, Let g(x) = —~G(p, x), and for any r > 0, let

S(r) = supyp n& and i(r) = inf,, (8 - Let y € 6Bp(2kr0) be such that
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g(y) = sup,, 28 and let y(¢) be a minimal geodesic from p to y
P 0

parametrized by arclength. Let y; = y(2ir0) for i > 1 sothat y =y, . By
Lemma 1.5, there exists a constant C, > 0 depending only on 7, {,and
K such that

241, ; 1/2 1/2

2
)—gy)| <4C / ——dt / A Vgl )
1807i1) = 8] 3( 2r, V(1) ) ( B,(32r\B,(2'"'r,)

for 1 < i< k. Hence

(1.2)
gy) - g(Y(Zro))
21+l

. 12
<4C Z (/ th(t)dt) (/ (327 \B, (2" 'ry) |Vgi2>
2417, 2y 2
=4G (Z -/‘ dt) (Z/ B,(3-2'r)\B,(2' " 'ry) vel )
< 12¢, ( / i _’_dt> N ( / |Vg|2) "
an, V() B,(327 ' r)\B,(ry)

By the second inequality of Lemma 1.8,

1/2

1/2

k—1

/ Vgl <4 (S(3 2y - i(ro)) .
B, (32X r\B, (r,)

Combining with (1.2) and the fact that g(y) = S(Zkro) , we have

S@2*ry) - g(y(2ry))

- 1/2
524C3(S(3-2k—'r0)—i(ro))l/2 (_/2 V,(t) ) '

0

(1.3)

By the maximum principle and the fact that G is obtained by compact
exhaustion, g—i(r,) is a positive harmonic function on M \B,(r,) . Hence
Lemma 1.5 and the curvature assumption imply that

(1.4) SB3-27"ry) — i(ry) < Cy(S(2° 1) = i(ry))

for some constant C; depending only on n and K. Using the Holder
inequality, (1.3) and (1.4), we conclude that
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k .
S(27ry) —i(ry)
k .
=8(2"ry) — g(v(2ry)) + &(¥(2ry)) — i(ry)

2kr0 12
< G (52 r) - itr) ( / ﬁdt)

+ &(y(2ry)) — i(ry)

% t 1 k .
<c, /ro AR (52" — i)
+8(2ry) — i(ry)
for some constants C, C; > 0 dependingonlyon n, {,and K. The first
part of the theorem follows from Lemma 1.3, the curvature assumption,
the facts that 2kr0 <r< 2k+lr0 and S(2r,) — i(ry) > 0. As for the
second part of the theorem, it was proved in [34] (see also [22]), that
if M has a positive Green’s function then fl°° ,—,p‘(—t)dt < oo. Suppose

(1.5)

I 7@pdt < co. Then letting r; = 1 in (1.5), we see that G(p, x) is
boun”ded from below near infinity, and hence M has a positive Green’s
function. This completes the proof of the theorem.

Remark 1.10. The statement in Theorem 1.9 concerning the necessary
and sufficient condition for the existence of a positive Green’s function
was proved in [31] for manifolds with nonnegative Ricci curvature every-
where (also see [25] and [18]). Their proofs are based on the estimates of
the heat kernel. In this case, the volume comparison condition (VC) is a
consequence of the Bishop comparison theorem [3]. The same result was
proved for manifolds with nonnegative sectional curvature outside a com-
pact set in [20], and was later generalized to manifolds with asymptotically
nonnegative sectional curvature in [16]. We will see in §3 that manifolds
of this kind also satisfy condition (VC). Hence the last part of Theorem
1.9 can be considered as a generalization of all these results.

Remark 1.11. It is well known that the property of existence of positive
Green’s function is quasi-isometric invariant; see for example [13]. Hence
the last conclusion of Theorem 1.9 is still true for a complete noncompact
manifold which is quasi-isometric to a manifold satisfying the assumptions
of the theorem.

2. Estimates for Green’s functions

In this section, we will give some upper and lower estimates for a sym-
metric Green’s function obtained by compact exhaustion on a complete
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noncompact manifold M satisfying the assumptions in Lemma 1.5. Since
the behavior of the Green’s function will be different on different ends with
respect to a compact set of a manifold, for the sake of convenience, we
will assume that the manifold has only one end. This is to say that for
all r > 0 there is only one unbounded component of M \ B_pm, which
will be denoted by M,. This assumption is not very restrictive because
of the following result. It was proved in [24] that if the Ricci curvature
of M" satisfies Ric, (x) > —A(r(x)) where r(x) is the distance from x
to a fixed point p, and A : [0, co) — [0, co) is a nonincreasing func-
tion so that [°r"~'A(r)dr < oo, then M has only finitely many ends.
There are two separate cases to be considered: the case where M admits a
positive Green’s function, and the case where M does not admit any pos-
itive Green’s function. Let us first study the case where M has a positive
Green’s function. We begin with a simple lemma.

Lemma 2.1. Let X be a topological space and let f : X — R be a
continuous function. Let y : [0, 11 — X be a continuous curve which is
covered by finitely many nonempty open sets U, , --- , U, . Denote y(0) =

x,and y(1)=y. Then

k
/() = f) <D _ose f.
i=1

I

Proof. We will prove the lemma by induction on k. The lemma is
obviously true for kK = 1. Suppose that the lemma is true for k, and
that y is covered by a family of nonempty open sets U,, --- , U, U, , .
Without loss of generality, we may assume that x = y(0) € U, . Let ¢,
to be the supremum of ¢ in [0, 1] such that y(¢) € U, . Then y(¢,) is
in the closure of U, . If ¢, =1, then

|f(x) = FO) = 1f(x) = fF(r(e))]
< osc f=oscf,
Uk+l k+1

and we are done. Suppose #, < 1. Thus by the definition of ¢, for any
€ >0 sothat t, +e <1, Y|lt.+€’11 can be covered by U,,--- , U, . By
the induction hypothesis,

k
1f(r(ty +€) = f() < D osc f.
i=1 !

Since |f(x) — f(y(¢)))] < oscy. lf, the lemma follows by letting € — 0
in the above inequality.



GREEN’S FUNCTIONS, HARMONIC FUNCTIONS, AND VOLUME COMPARISON 291

Lemma 2.2. Let M be a complete noncompact manifold of dimen-
sion n with only one end, and let p € M be a fixed point such that
that [° —Lﬁdt < oo. Suppose that the Ricci curvature of M satisfies

Ric(x) > il'l—’(l}% for some nonnegative constant K , where r(x) is the

distance of x from p. Suppose M also satisfies condition (VC) for some
{. Let r >0 andlet f be a harmonic function defined on M, /2 with finite
Dirichlet integral, where M, is the unbounded component of M \ Bp(r)

If x and y are in M5 such that x and y can be joined by a curve

Yy CM\B,r), then

oo 1/2
1/(x) - I C, (/ V;(t)dt) (/M Ifo)
r 14 2

for some constant C, > 0 depending only on n, {, and K .

Proof. Let x and y be two points in M, /2> Wh which can be joined by
a continuous curve y(f), 0 <t <1,in M\ Bp(r) such that y(0) = x
and y(1) = y. In particular, x and y are both in M \m. Let us
point out that the points x and y may not be in M, , the unbounded
component of M\ B,(r). Let J > 1 be an integer such that y C M, N

(B (2’r)\B,(1) . By the ball covering Lemma 1.4, for all j > 1, there
exist x), ... s(f,) in B (2’r)\B (2’~'r) , such that B, 2’r)\B 27 'n

can be covered by {B(’)}f(’l , where B(’) ()(1 2/~ lr) Moreover, s(j)

is bounded by a constant depending only on #, {, and K. Note that if
BY n M,, # @, then BY c M, ,. Therefore if we select those B,V)

which have nonempty intersection with M, /2 and still call them ij ) s
then M_, N ( p(2jr) \ Bp(2j_'r)) can be covered by balls B,w , 1<i<

1/2

r/2
s(j), so that each of the balls is contained in Mi . Moreover, BE’ ) ¢
Bp(3 . 2j'lr) \ Bp(2j'2r). By Lemma 2.1, since y is covered by {ij)} ,
we have
J s(j)

(2.1) 1f(x) = fO)I <ZZOSCf

j=1i=1 i

If we denote et ‘e
M,/Zn( B,(3-2°"'n\B,(2 r))

by M, ., then by (2.1), Lemma 1.7, and the definition of the Bﬁj) , wWe
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have

=1 f
o 1/2 1/2
2
< (["5fe) (L)

for some constant C, > 0 depending only on {, n,and K. Here we have
used the fact that s(j) is bounded from above by a constant depending
onlyon n, {,and K. This completes the proof of the lemma.

The right side of the inequality in Lemma 2.2 involves the Dirichlet
integral of f over M, /2 rather than over M, . This is not enough to give
an estimate for the Green’s function. However, if f is also positive, then
using Lemma 2.2, one can prove the following:

Lemma 2.3. Let M be as in Lemma 2.2. Let r > 0, and f be a
positive harmonic function on M, P with finite Dirichlet integral. Then for
any x and y in M_, we have

-~ 1/2 1/2
fx)<C, (/ ft(f)‘“) (/M IVfIZ) +C, (),

Jor some constants Cy and C, depending only on n, {, and K .

Proof. Let x and y bein M, . Then there is a continuous curve y(),
0<t<1,in M, such that y(0) = x and y(1) = y. By Lemma 1.4, we
can find x,, --- , x; in B,(2r)\B,(r) such that U;_, B; > B,(2r)\ B,(r),
where B, = B _(g), and s is bounded by a constant depending only on
n, {,and K. ‘Since yC M, if BNy # D then B, C M3r/4. Suppose
y N (Uj_, B;) # @, then there is a smallest 7, such that y(¢,) € Ul_, B,.
We may assume that y(¢,) € F_l Let t'1 > t, be the largest number in
[0, 1] so that y(¢;) € B, . Then

(1) »((0,¢)) c M\ B,(2r);

(2) »(¢,) and y(¢;) arein B ;and

(3) either £, =1 or y[f,, 11N B, = 3.
If £ =1 or y([f;, 1) n (U, B;) = @, then we stop. If £, < 1 and
y(lty, 1N (Ui, B;) # @, thenby (3), »([£,, 1)N(U_, B,) # . Arguing



GREEN’S FUNCTIONS, HARMONIC FUNCTIONS, AND VOLUME COMPARISON 293

as before and if necessary renaming the B,’s for 2 < i < m, we can find
1, <t, <ty <1, such that

(1) 7((f;, 1)) C M\ B,(2r);

(2) y(t,) and y(t;) arein B,;and

(3) either ¢, =1 or y([ty, 11)N (B, UB,) =@.
If £,=1 or y([t;, 1) n (Uj_, B;) = @, then we stop. Otherwise we can
proceed as before and find ¢, and t’3 . Continuing in this manner, we can
find 0<t, <, <t,<t,---1, <1, <1,with m<s such that

(1) 7(0, 1)U, )0 U(G,, 1)) € M\ B,2r);

(2) »(t,) and y(¢;) arein B;, for 1 <i<m;and

. ’ /

(3) either ¢, =1 or y([t,,, 1) N(B,U---UB,) =
Since y(¢;) and y(t:.) are in B, which is a subset of M 3o by the Harnack
inequality derived from the gradient estimate of Lemma 1.5, the curvature

assumption, and the fact that f is positive, there exists a constant C; > 0
depending only on n and K such that

(2.2) (1) < Cf (L))

for 1 <i<m. Since y((4;,1;,,)) CM\B,(2r) forall 1<i<m-—1,
and y C M, Lemma 2.2 implies that

1/2 1/2
7 (v@)) (/ V(t)dt) (/M ’IVflz) +f (1(t:,0))

1/2 1/2
® ot 2
<C, (/r T/p—(t_)dt> (/Mr [V £ ) +f(7(t,~+1))

for 1 <i<m-1,where C, is the constant in Lemma 2.2, which depends
onlyon n, {,and K. Similarly, if 0 <¢, then

o 1/2 1/2
(2.4) f(x)scl(/ 7(?)"’) (/M |Vf|2) +10))
r p r

and if ¢, <1 then

© 1/2 1/2
(2.5) f(y(t’m))scl(/ 7-(,—)dt) ([M IVflz) +f)-
r p r

Combining (2.2)-(2.5) and using the fact that m is bounded by a constant
depending only on n, {, and K, we thus prove the lemma.
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Theorem 2.4. Let M be asin Lemma 2.2, so that [ %dt < oo and
M has only one end. Let G(x, y) be the minimal positive Green’s function
on M. Then there is a constant Cg > 0 depending only on n, {, and K
such that

* ¢t
G(p, x) < Cs/, V;,(t)dt
forall x € M,, where M, is the unbounded component of M \ B(r).

Proof. Denote G(p, x) by f(x). Since f(p) = +oo0 and G is the
limit of Green’s functions with Dirichlet boundary value on a compact
exhaustion, the maximum principle implies that sup,, f = sup,,, f. It
is well known (see for example [24]) that f has finite Dirichlet if)tegral

on M\Bp(r) forall r > 0. Let x € 9M, be such that f(x) = sup,,, /.
Since G is the minimal positive Green’s function, there exists y, — 00
such that f(y,) — 0 as k — oo. Without loss of generality, we may
assume y, € M, for all k. By Lemma 2.3,

o 1/2 1/2
f(x)SC7(/r Wd’) (/M IVfIZ) +Cf ),

for all k, where C, and C; are the contants depending only on 7,
{, and K. Letting kK — oo and using Lemma 1.8 and the fact that
inf, o (R)f—» 0 as R — oo, we obtain

4

o 1/2 1/2
f(x)sC7(/ V(t)dt) (/M IVflz)
r p r
o 1/2 1/2
<=5(["7me) ()

o 1/2
=2C7(/’ mdt) (Fon'2.

The theorem then follows.
By Theorem 2.4, if we let S™(r) =sup,,, G(p, ), then

S*(r) < (/0o —V%dt).
r p

With some modifications in the proof of Corollary 2.4 in [22], we can
obtain a lower bound for S*(r). More precisely, we have
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Proposition 2.5. Let M be a complete noncompact manifold satisfying
the same assumptions as in Theorem 2.4. Let S*(r) = sup,,, G(p, -),

where G is the minimal positive Green’s function on M. Then
* ¢ *
—dt <
CQ/r V;,(t)dt—s (r)

Jor some constant Cy > 0 depending only on n, {, and K .

Proof. Let i(R) = infyp p G(p,+). Then i(R) < S*(r) for R > r,
and R is large enough so that 0B,(R) C M,. For t > r, let Vp'(t) be the
volume of (B, ()N M,)u Bp(r) . As in the proof of Corollary 2.4 in [22],
using Lemma 1.3, by considering —G(p, -), we can prove that there exists

a constant C,, > 0 depending only on n, {, and K such that for R > r
sufficiently large

R
Cio / Vp%dt < —i(R)+S"(r).

By Lemma 1.3, V(z) < V,(t), and i(R) — 0 as R — oo, the result
follows.

Next we will consider the case where [ 7@dt = co. In this case, M
does not support any positive Green’s function. As mentioned in 81, it
was proved in [21] that there exist R; 1 co and ¢; > 0 such that

G(x,y)= ll_gg(G,(x V) — Ci)

exists for all x # y, where G,(x, y) is the positive Green’s function
of Bp(R,.) with Dirichlet boundary value. By combining Theorem 1.9,
Corollary 2.4 in [22], and Lemma 1.3, we have:

Theorem 2.6. Let M be a complete noncompact manifold of dimension
n, and let p € M be a fixed point. Suppose that the Ricci curvature of M
satisfies Ric(x) > —(—(l”fr(—l))()—’;f for some nonnegative constant K, where r(x)
is the distance of x from p. Let us also assume that M satisfies condition
(VC) for some { and that f]°° #t)dt = oo. If G(x,y) is a Green’s

P
function obtained by compact exhaustion, then the following estimates hold:
(1) There is a constant C,; > 0 depending only on n, {, and K such
that if ry>0 and r(x) > 2ry >0, then
-G(p,x)+ sup G(p, )

Bp(ro)

r(x) t
<cC / ! dr+ sup G(p,)— inf G(p,")):
< “(ro 70 aBp(go) @, 08T (p ))
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(2) There exists a constant C,, >0 depending only on n, {, and K,
such that for R >r >0,
R
C, | +i=dt< sup (-G(p,"))+ sup G(p,-).
r V() Toes,m 9B,(r)

Remark 2.7. Let E be an end of a complete manifold satisfying (VC).
Suppose M is the double of E such that M has exactly two ends and
satisfies the curvature assumption in Theorem 2.4. By the proofs of The-
orem 2.4 and Proposition 2.5, it is easy to see that the results are still true
for M. In this case, M, is the union of the two unbounded components
of M\ B,(r).

Remark 2.8. If M is a complete manifold quasi-isometric to a mani-
fold satisfying the assumptions in Theorem 2.4, then by the estimates of
Green’s functions on compact domains in terms of capacity in [17] (see
also [29]), using the notation in Theorem 2.4, from Theorem 2.4 and the
proof of Proposition 2.5 we can deduce that

() < c/°° V%)‘” <8,
rp

for some constant C, where

i"(r)= inf G(p,x) and S*(r)= sup G(p, x).
xeaMr xGBM,

3. Applications

As an application of the results in previous sections, we will give new
proofs of the estimates for the minimal positive Green’s function on a com-
plete noncompact manifold with nonnegative Ricci curvature obtained in
[25]. We will also give some new estimates for the Green’s function ob-
tained by compact exhaustion, when the volume growth of M is small so
that M does not admit any positive Green’s function. We will give new
proofs of the estimates, which were obtained in [20], [16], for Green’s
function on a complete noncompact manifold with asymptotically non-
negative sectional curvature. First let us assume that M”" is a complete
noncompact manifold with nonnegative Ricci curvature everywhere. Then
by the Bishop comparison theorem [3], M satisfies condition (VC) for any
p € M with a constant { > 0 depending only on ». Using the results in
§81 and 2, one can prove the following theorem by Li and Yau [25]:

Theorem 3.1. Let M" be a complete noncompact manifold with non-
negative Ricci curvature. Suppose fl°° V—’(—t—) < 00, for some point x,,. Then

x0
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M admits a positive Green’s function. Moreover, if G(x, y) is the minimal
positive Green’s function, then
-1 [*® t e t
C(n) ‘/ — dt<G(x,y) < C(n)/ —dt
r(x,y) Vx(t) r(x,y) Vx(t)

Jor some constant C(n) > 0 depending only on n.

Before we prove the theorem, we need the following lemma.

Lemma 3.2. Let M" be as in Theorem 3.1. Let p € M, R > 0,
and Gg(x,y) be the positive Green’s function on Bp(R) with Dirichlet
boundary data. For all x, y in 0B, (r) with x #y and 0 <r < R we
have
(3.1) Gp(p, x) < CG(p, ),

Jor some constant C, depending only on n.

Proof. Let x, y,and r be as assumed. Let y be a minimal geodesic
from x to y. By the triangle inequality, it is easy to see that the length
of y is not greater than 2r and so y C B,(3r) C B,(R). In particular,

dist (y, 8Bp(R)) > r. Suppose y N B (3) = . Then by the gradient
estimate in Lemma 1.5, we see that (3.1) is true. Suppose that yﬂBp(g) #
@. Let y(t) € B,(5). Then

2
dx,y(t) 2dp, x)-d(p, 7(1)) 2 3r.
Similarly, d(y, y(t)) > %r. Therefore

d(x,y)> gr.

Let a(s) be a minimal geodesic from p to x. Then for all s
d(y9 a(S)) > d(x9 y) - d(x: a(S))

zd(x,y)—d(p,x)zgr—rzér.

Hence applying Lemma 1.5 to the positive harmonic function Gg(y, -),
we have

(3.2) : Gr(v,p) < C,Gr(y, x),

where C, is a constant depending only on n. Similarly, one can prove
that

(3.3) Gg(x,y) < C,Gg(x, p).

By (3.2), and (3.3) and the fact that Gg(x, y) = Gg(y, x) for all x and
¥, (3.1) is still true in this case.
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Proof of the theorem. Let us first observe that the integral |, 1°° VL(I)d tis
finite for some point x € M implies that the integral is finite for all points
x € M. Let p beafixed pointin M. Since G(x, y) =lim,_,  Gp(x,y),
from (3.1) we see that it is true for all x #y in BBp(r) if we replace G,
by G. (Note that (3.1) is obviously true if we assume the theorem is true.)
Since M has a positive Green’s function, by Theorem 1.9, [ Tt(ﬁd t<

oo. The splitting theorem of Cheeger and Gromoll implies that A has
only one end. Theorem 3.1 then follows from Lemma 3.2, Theorem 2.4,
and Proposition 2.5.

If M is a complete noncompact manifold which is quasi-isometric to
a manifold with nonnegative Ricci cuvature satisfying the volume growth
condition in Theorem 3.1, then the minimal positive Green’s function also
satisfies the estimates in the theorem with constants depending on M .
First noting that Lemma 3.2 is still true by using the Harnack inequality
developed in [14] and [28]. The estimates then follows from Lemma 3.2
and Remark 2.8. By the estimate of heat kernels, these estimates for the
minimal positive Green’s function have been obtained independently by
Grigor’yan [14] and Saloff-Coste [28].

The following theorem gives estimates for the Green’s function when
the volume growth of the manifold is small.

Theorem 3.3. Let M" be a complete noncompact manifold with non-
negative Ricci curvature. Suppose |, l°° % = oo, for some point x,. Let

G(p, x) be a symmetric Green’s function obtained by compact exhaustion.
Then there exist positive constants C; and C, depending only on n such
that for all ry >0 and r > 2r,, the following hold:

(1) Forall x #p with x € 9B,(r),

-G(p, x)+ sup G(p, )
9B,(r,)

r(x) t
<C / ——dt+ sup G(p,-)— inf G(p,-) ],
3 ( o Vp(0) 3Bp(rr’0) @) 9B, (2r,) (p ))

where r(x) = r is the distance between x and p.
(2) For all x € OM,, where M, is the union of the unbounded com-
ponents of M\ B,(r),

r(x) t
C/ ——dt< -G(p, x)+ sup G(p, -).
4 % V;,(t) = (p ) 33‘,(12:0) (p )

Proof. The first part is just Theorem 2.6(1), noting that in this case,
M satisfies condition (VC) with { depending only on #n and has at most
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two ends by [6]. Moreover, by [2], the boundary of each component of
M\B,(r) is connected. Applying Theorem 2.6(2), the maximum principle,
and the fact that G is a Green’s function obtained by compact exhaustion,
we have

r(x
(3.4) C /()V dt<sup( G(p, )+ sup G(p, ),
o (1) dB,(r,)
for some constant Cy > 0 dependmg only on »n. The maximum princi-
ple asserts that —G(p, -) + SUPsp (r,) G(p, ) is positive on M \ B,(ry) .
Suppose M has only one end. Since r > 2r,, by Lemmas 1.4 and 1.5, we
conclude that

sup( G, )+ sup G(p,-) <C (—G(p, x)+ sup G(p, '))
a Ly a ,(To
for some constant C, > O depending only on n for all x € M, . Hence
part two of the theorem is true if M has only one end. If M has two
ends, then by the splitting theorem of [6], M is isometric to Rx M’ where
M’ is a compact manifold with nonnegative Ricci curvature. By a similar
argument, the theorem is also true in this case.

Next, we will apply the results in §§1 and 2 to give new proofs of the
estimates for the Green’s functions on certain kinds of manifolds which
have been studied by Li and Tam [20] and later generalized by Kasue [16].

Definition 3.4. Let M be a complete noncompact manifold. M is
said to have asymtotically nonnegative sectional curvature if there is a
point p in M and a continuous, nonnegative, and nonincreasing func-
tion 4 : [0, co) — [0, 00) with [;°#A(f)dt < oo, such that the sectional
curvature of M satisfies K, (x) > —A(r(x)), where r(x) is the distance
from x to p.

Obviously, the definition does not depend on the choice of the point
p. We should remark that the function A in the definition must satisfy
At) =o0(1/ t2) . Our aim is to prove that if a manifold with asymptotically
nonnegative sectional curvature has only one end, then M satisfies con-
dition (VC). Let us first recall some of the properties that these manifolds
possess. The following lemma follows from [15], and also from [7] and
[20] for the case that M has nonnegative sectional curvature outside a
compact set.

Lemma 3.5. Let M be a complete noncompact manifold with asymp-
totically nonnegative sectional curvature. Then M has only finitely many
ends. Furthermore OB, (NE is connected for each end E, if r is suffi-
ciently large.
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Proof.  See [15].

The next lemma was proved in [1].

Lemma 3.6. Let M be as in Lemma 3.5 and p € M . Then there is a
constant C, such that for all r >0 and 0 < a <1, B,(2r)\ B,(r) can
be covered by k geodesic balls of radius ar with centers in B,(2r)\ B,(r),
where k is a constant independent of r.

Proof. This is Proposition 1 in §III of [1].

Lemma 3.7. Let M be as in Lemma 3.5 and p e M. Then
V. (2r) -V, (r)

D
lim inf AG)

Proof. Let Ap(r) be the area of BBp(r) . Then Lemma 1 of [16] asserts

that
rd,(r)
liminf >1,

REYm 2

so that there is an R > 0 such that if r > R, then

For r > R, we have
log V,(2r) ~ log ¥, (r) > 5 (log(2r) ~ log(r) .

Hence
V.(2r)

AG > V2,

and

_@__(_ > \/_ —-1> 0
V,(r)
for all » > R. The proof of the lemma is completed.

If M has asymptotically nonnegative sectional curvature, then M has
finitely many ends by Lemma 3.5. Let p € M . Then there is R, > 0 such
that the number of unbounded components of M\ B,(R) is the same for
all R > R;. In the following, an end M is an unbounded component of
M\B,(R,).

Proposmon 38. Let M be a complete noncompact manifold with
asymptotically nonnegative sectional curvature. Let E be an end of M,
and let My be a complete manifold obtained by gluing two copies of E
together. Then M satisfies condition (VC) for some constant { .
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Proof. We may assume that M = M ¢ - Let E; and E, be the two ends
of M. Lemma 3.5 asserts that 9B ,(r)NE; is connected for r sufficiently
large for i =1, 2. Combining th1s with Lemma 3.6 and Lemma 3.7, we
see that there ex1sts a constant Cy > 0 independent of r such that for all
r>0 thereis y € 0B, (r) with

(3.5) V,(r) < GV, (r/2).

We may assume that y € E,. By Lemma 3.5 and Lemma 3.6 again, for
any x € B, (r) N E, there is a piecewise smooth curve from x to y
in B,(3r) \ B,(3) with length not greater than some constant C, > 0,
which is independent of x, y, and r. By the curvature assumption, the
Ricci curvature in B,(3r)\ B,(5) is bounded below by —Clor_2 for some
constant C,, > 0 independent of r. Hence Lemma 1.3 implies that

(3.6) V(r/2) < €, V,(r/2)

for all x € 0B (r) N E; and some constant C,;, > 0 independent of r,
which is sufficiently large. Hence the proposition follows from (3.5), (3.6),
and the definition of M .

Combining Theorem 1.9, Theorem 2.4, Proposition 2.5, Theorem 2.6,
Lemma 3.5, Proposition 3.8, and the gradient estimate in Lemma 1.5, we
can derive the following results in [20] and [16].

Theorem 3.9. Let M be a complete noncompact manifold with asymp-
totically nonnegative sectional curvature and p € M. Then M admits a
positive Green’s function if and only if f1°° %d t < oo. Furthermore, if E

is an end of M, and M, is obtained by gluing two copies of E together,
then we have the following estimates:
m If e fomdt < oo, and G(p, x) is the minimal positive Green’s
function of M, then there is a constant C,, >0 such that

(e oo t

——dt<G(p,x)<C ——dt
r(x) V(t) P, x) 12 Jrin) ¥, (0)

where r(x) is the distance from x to p;

2) If [[° V‘(t)dt =00, and G(p, x) is a Green’s function obtained by
compact exhaustion. Then for all ry >0 and r > 2r,, there exists
a constant C13 > O which is independent of r and r, such that

r(x)
Cl‘;/ —_dt<—-G(p,x)+ sup G(p, )
o 'p t) 8B, (r,)

—1

r(x)
Cns(/ 7AC dt+ sup G(p,:)— inf G(p, ))

,, 8B, (ry) 0B, (2r,)
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The above estimates are still true for a manifold which is quasi-isometric
to a manifold satisfying the assumptions of Theorem 3.9. In fact, this was
proved by Sung [29].

4. Space of bounded harmonic functions

Definition 4.1. Let M be a complete noncompact manifold, and let
E be an end of M with respect to some compact set. Let us denote the
volume of the set B (r)NE by V, e(r).

(1) E is said to be large, if there exists a point p € M such that
I 7opdt < oo

(2) E is sa1d to be small, if f1 e dt = oo for some point p € M .
P,

We say that M has finitely many ends if the number of unbounded
components of M\B (r) is equal to a fixed finite number for all sufficiently
large r. In this case, when we say an end of M we mean an end of M
with respect to B,(r) for some large r.

Theorem 4.2. Let M be a complete noncompact manifold of dimen-
sion n, and let p € M. Suppose that the Ricci curvature of M satisfies

Ric(x) > (11"?% for some nonnegative constant K, where r(x) is the

distance of x from p. If M has finitely many ends, so that each large
end satisfies condition (VC), then the number of nonparabolic ends is equal
to the number of large ends. In addition, if M has a large end, then the
number of large ends is also equal to the dimension of the space of bounded
harmonic functions with finite Dirichlet integral on M .

Proof. Under the assumptions of the theorem, if we apply Theorem
1.9 to each end, then it is easy to see that the number of nonparabolic
ends is equal to the number of large ends. Let Z’B‘”(M ) be the space of
bounded harmonic functions with finite Dirichlet integral, and / > 1 be
the number of large ends. Recall that Theorem 1.9 and Theorem 2.1 in
[24] imply that

(4.1) | < dimZ;°(M).

More precisely, if E,, --- , E, are the large ends of M ,and pe M isa
fixed point, then for each 1 < i </, there is a bounded harmonic function
Jf; with finite Dirichlet integral so that

(1) 0<f,<1;

(2) lim,_,oo S‘(r i)=1, where S,(r, i) = SUPE\p. (r)f, ; and

(3) lim_, _I(r,j)=0,for j#i, where I(r, j) me.\B f;
i p
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On the other hand, Lemma 2.2 implies that if f is a bounded harmonic
function with finite Dirichlet integral, then f is asymptotically constant
at infinity on each large end. Hence there are constants a_, --- , @, such
that g = f— ZLI a,f; is asymptotically 0 at infinity of each large end. If
sup,, & > 0, then the supremum must be attained at some small end. But
that would imply that the small end is nonparabolic, which is impossible.
Hence sup,, g = 0. Similarly, we can conclude that inf,, g = 0 and
therefore g = 0. This shows that

dimZ° (M) < 1,

and the theorem follows.

Remark 4.3. It was proved in [24] that if the Ricci curvature of M” at
x is bounded from below by —A(r(x)), where A is a continuous, nonneg-
ative and nonincreasing function on [0, ) so that [;° A0 dt < o0,
then M has finitely many ends.

It is easy to see that if M is a complete manifold, and f is a bounded
harmonic function which is asymptotically constant at infinity, then f
must have finite Dirichlet integral near infinity. Under some additional
assumptions on M , one may show that every bounded harmonic function
must have finite Dirichlet integral.

Lemma 4.4. Let M" be a complete noncompact manifold with non-
negative Ricci curvature outside a compact set, and let E be an end of
M . Suppose that E satisfies condition (VC) and that there exists a point
p € M such that V, ((r) > Cr* for some C >0, a>2+ 1=2 and all
r > 1. Then every bounded smooth function which is harmonic on E will
be asymptotically constant at infinity of E. In particular, such a function
will have finite Dirichlet integral.

Proof. Without loss of generality, we may assume that A is obtained
by gluing smoothly of two copies of E together. Since E satisfies (VC),
M also does so. It is easy to see that if E and hence M satisfy the volume
growth and the curvature assumption in the lemma, then the dimension
of M must be at least 3 and that [;° —th(—,)a' t < oo . Hence by Theorem 1.9

and Theorem 2.4, M admits a positive Green’s function. Let G(x, y) be
the minimal positive Green’s function. Then

(4.2) G(p, x) < C, / ~ VL(t)dz
r p

for some constant C; and all x € M, where M, is the union of the

unbounded components of M \ Bp(r). Let f be a bounded function so
that Af = 0 on M\ Bp(R) for some R > 1. The gradient estimate
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(Lemma 1.5) implies that |V f|(x) — 0 as r(x) — oo, where r(x) is the
distance of x from p. On the other hand, since M has nonnegative Ricci
curvature outside a compact set, which may be assumed to be Bp(R) ,

the Bochner formula [Y] asserts that |V f|"~2/("~! js subharmonic on
M\B ,(R) in the sense of distribution. Therefore the maximum principle

yields that
(4.3) v A" (x) < C,G(p, x)

on M\ B,(r) for r > R and some constant C, > 0. By the assumption
on the volume growth of M, (4.2) and (4.3), we conclude that

(4.4) IVA(x) < G2 == < ¢ pF

for some constants C;>0 and g > 1, and for all x in an unbounded

component of M \ B,(r). Hence for r > R, we have

[ s v/
B,(M\B,(R) (M\M,)\B, (R)

4.5 __ of of
(42) - /zwp(R)fW.F aM,fa"

2

<cC, (1 +r""Ap(r)) ,

for some constant C, > 0, where A,(r) is the area of 9B,(r). By the
assumption that A has nonnegative Ricci curvature outside a compact set,
it is not hard to prove that rA4(r) < CsV (r) for some constant C; > 0.

Using Lemma 1.6, (4.5) and the fact that |V f |2 is subharmonic outside

B,(R), we obtain

Ce
A6
for some constant Cg > 0, all r > 2R and x € 0B,(r), where we

have used Lemma 1.3 and the fact that M satisfies condition (VC). Since
ACEY

VAP < o5 (1477771, (n)

IV (x) < C7(r“’ + r—ﬂ—l)

for some constant C, > 0. Since o > 2 and g > 1, using Lemma 2.1,
Lemma 1.4, and arguing as in the proof of Lemma 2.2, we conclude that
f is asymptotically constant.

Theorem 4.5. Let M be a complete noncompact manifold with non-
negative Ricci curvature outside a compact set. Let us assume that M has
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a large end. Suppose that each large end of M satisfies condition (VC)
and the volume growth condition in Lemma 4.4. Then the number of large
ends is equal to the dimension of the space of bounded harmonic functions.
In particular, every bounded harmonic function will have finite Dirichlet
integral

Proof Use Lemma 4.4, and proceed as in the proof of Theorem 4.2.

We will take this opportunity to point out that if M has small volume
growth, then any bounded function which is harmonic outside a compact
set must have finite Dirichlet integral without any curvature assumption.

Proposition 4.6. Let M be a complete noncompact manifold, such that
fl A dt = oo, for some point p € M . If f is a bounded smooth function

so that [ is harmonic outside B,(R) for some R >0, then f has finite
Dirichlet integral.

Proof. Without loss of generality, we may assume that f > 0. Since
f is harmonic outside B,(R), and = Vt(t)dt = oo, we claim that for all
r, >R and for r, > r, sufficiently large, we have
(4.6) a;ua)f > a;}n(fr‘)f
If this is not true, then we can find a harmonic function on M \ B,(R)
bounded between 0 and 1, which is equal to 1 on aBp(R) and has infimum
equal to 0. However, this will imply that M admits a positive Green’s
function, which is impossible by Theorem 1.9. For r, > R, observe that

f 2 is subharmonic outside B, (R). From (4.6) and Corollary 2.4 of [22]

it follows that
aUH\ ([~ ¢
—dt]| <C,| s — inf
r r V() ) T8 aauaf 2B,(r,) s

(/asp (r)

for some constant Cg; > 0 independent of r,. Letting r, — oo and using
the boundedness of f and [ 7ipdt = co, we have
p

2
/[ o
aB,(r)) or

/ A(fH <0
B (r))

Hence

and

/ A +2 w7 <o,
B,(R) B,(r)\B,(R)
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where we have used the fact that f is harmonic outside B,(R). Hence
the proposition follows by letting r, — oo.

5. Volume comparison

In this section, we will discuss the validity of condition (VC). As men-
tioned in §3, if M has nonnegative Ricci curvature everywhere, then M
satisfies condition (VC). If M has asymptotically nonnegative sectional
curvature, then each end of M satisfies condition (VC). If we only as-
sume that M has nonnegative Ricci curvature outside a compact set, then
we know M has only finitely many ends; see [24], for example. In that
case, it is still an open question as of whether an end of M will satisfy
condition (VC), even if we assume that M has only one end. However,
using the method in [26], we can prove the following weaker version of
the volume comparison.

Proposition 5.1. Let M" be a complete Riemannian manifold with
nonnegative Ricci curvature outside Bp(l). Then there exists a constant
C, > 1 depending only on M such that for all R >0, there exists a point
x €0B,(R) satisfying

V.(R) < C,V,(R/5).

Proof. 1t is sufficient to prove the theorem for R large. Following the
argument in [26], let us divide 0B, (2) into m subsets {v,,---,0,}
such that diam(U;) < 2. Let K; be the set of points x outside B, (2)
such that x lies on some minimal geodesic emanating from p that in-
tersects U;. For x and y in K, the triangle inequality implies that
any minimal geodesic from x to y will not meet Bp(l) . Let us assume
that K, --- , K, are unbounded and that K, , K are bounded.

+10 77 m
There exists R, > 2 such that for any R > R, thereis [ +1 < iy < m

such that the volume of (K o Bp(R)) is larger than #VP(R) . Since

l
K,.R is unbounded, there exists x € Ki,, NJB,(R). Moreover, because ev-
ery minimal geodesic from x to any point in KiR n Bp(R) does not meet
B,(1),and M has nonnegative Ricci curvature outside B, (1), the Bishop

comparison theorem (see [8]) implies that
G,

R
V. (§> > C2Vol(KiR NB,(R)) 2 T V,(R),
where C, > 0 is a constant depending only on n. This completes the

proof of the proposition.
The following theorem was proved by Cai, Colding, and Yang [5].
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Theorem (Cai-Colding-Yang). For any integer n > 2, there exists €(n)
> 0 depending only on n such that if M is a complete noncompact mani-
fold of dimension n with Ricci curvature bounded from below by —(n—1)A*
for some A > 0, and with nonnegative Ricci curvature outside Bp(a) Sor
some point p e M. If Aa < ¢€(n), then M has at most two ends.

In the rest of this section, we would like to study the volume comparison
property on this category of manifolds. First, let us recall a lemma in [5]
and a lemma in [4].

Lemma 5.2. Let M" be a complete noncompact Riemannian manifold
with Ricci curvature bounded from below by —(n — 1). Then there exists
two constants € = €(n) >0 and 1 > 6 = d(n) > 0 depending only on n,
such that if u is a function on M with the following properties:

(1) u(p)=0
(2) u>-2;
(3) |Vu|<2;and
(4) Au<2(n—1) in the barrier sense,
then u(x) < 2(1 —6) —4e forall x € 9B, ((1-9)).

Proof. This is Lemma 2.3 in [5].

Lemma 5.3. Let M" be a complete manifold with nonnegative Ricci
curvature outside B (a) for some point p and a > 0. Then M cannot
admit a line y parametized by arclength so that

d(y(t), B,(@)) > |1 +a.

Proof. This is Lemma 3.3 in [4].

Using the method of proof as in Proposition 2.2 of [4] and the theorem
in [5], one can prove the following lemma.

Lemma 54. Let M" be a complete manifold with Ricci curvature
bounded from below by —(n — 1) and has nonnegative Ricci curvature on
M \Bp(g) for some point p. Suppose that a < %6, where €(n) is the con-
stant in Lemma 5.2. Let 0 < n < % be a fixed constant and let K be any
compact set. Then there exists t, > 0 such that for all t > t, and any three
points x, y, and z in B,(1+mt)\B,(1-n)1), if a,,, a,,, and a,,
are minimal geodesics from x to y, y to z,and z to x, respectzvely,
then at least one of the minimal geodesics will NOT intersect K .

Proof. We may assume that K = B (R) for some R > 0, and will
prove the lemma by contradiction. Suppose that there exist #, — oo, X,
Ve» Z, In B ((1 +n)t)\ B ((1 - n)t,), and minimal geodesics o 0

ay, ;. and o, x from x, to Vis Ve 10 z;,and z, to x; respectlvely,
such that each of them intersects B (R) Let ) x5 725 and y; , be
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minimal geodesics from p to x,, y,, and z, respectively. Passing to
subsequences, we may assume that y, KV Vo™ V2 and Y33
for some rays y,, 1< i< 3, emanating from p. The convergence is
uniform on compact subsets of M . We claim that

(5.1) d(y,(s;), v;(8)) 2 8, + 5, — 6a,
forall s,,s,>0,and 1 <i<j<3. Let us prove that

d(yl(sl) > yz(sz)) 28 +8— 6a
forall s,, s, > 0, and the remaining cases are similar. Let us denote « -~
by o, , and let /, be its length. Let r(x) to be the distance from a point
X to p. Suppose

d(yl(sl) > }’2(32)) <S8 +8 - 6a,

for some s,, s, > 0. Then for all k sufficiently large,

Ay 1(8))5 75 4(8y)) <5y + 5, — 6a.
Hence
L=d(x.,y)
<d(x, 7, 15 +d () (5, 75 1(8)) +d(s 4 (5), %)
<r(xy)—s +s,+s,—6a+r(y)—s,
=r(x,) +r(y,) — 6a.

Let m, be a point on o, such that

(5.2)

(5.3) r(x,)d(m,,y,) =r(y,)d(m,, x,).

Let p, € oy N Bp(R) which is nonempty by assumption. Without loss of
generality, we may assume that d(p, , y,) <d(m,, y,). Then

d(p, my) < d(p, Pk) +d(Pk, my)
<R+ d(mk s Vi) — d(pk s Vi)
<R+d(m,,y,)-r(y,)+R
_ r(y)
(5.4) T r(x) +r(y,)
r(ye)
r(x;) +r(y,)
_ 6a-r(y,)
=R )

L, —r(y,)+2R

(r(x) +r(y) — 6a) —r(y,) + 2R,
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where we have used the fact that d(p, , y,) <d(m,, y,), (5.2), and (5.3).
Since x, and y, arein B, ((1+n)t)\B,((1-n)t,) and 0< 7 < §, we
have

r(ye) 1-7 1
5.5 > > =,
(5.5) r(x)+r(y) —2(1+n) — 3
Combining this with (5.4) and (5.5), we conclude
6a(l —n)
— Y <2R-2a.
20+7) - ?
In particular, m, € Bp(2R) . We may reparametrized o, with arclength,
so that o, (0) = m,, a(-d(m,, x;)) = oy (x,), and a(d(m, y,)) =
a,(y,). Note that d(m,, x;,) — oo and d(m,, y,) — oo. Without loss

of generality, we may assume that o, converges to a line y in M. For
any s > 0, and for k sufficiently large

d(p, ak(s)) >d(p, Vi) — d(yk, ak(s))
=r(yk)—d(mkayk)+5

r(yy)
=r(y,) - r(x;) +kr(yk)

r(y)
>r(y,) — Wkr(yk)
6a-r(y,)
r(xk) + r(yk)
>s+2a,

dip, m)<2R-

L +s

(r(x) +r(y,) —6a)+s

where we have used (5.2) and (5.5). Hence by letting kK — oo, we have
(5.6) d(y(s), By(a/2)) > Is| +a

for s > 0. Similarly, one can prove that (5.6) is true for s < 0. Since
y is a line, and M has nonnegative Ricci curvature outside Bp(§) , (5.6)
contradicts Lemma 5.3. Hence (5.1) is true.

Let us now consider the Busemann functions

by(x) = lim (d(3,(), x) - 1),

for i=1, 2 and xe M. Let u=b, +b,. Then
(1) u(p)=0;
(2) u>-2e¢;
(3) [Vul<2;
(4) Au<2(n-1), in the barrier sense.
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Properties (1) and (3) are obvious. Property (4) is derived from the fact
that the Ricci curvature is bounded from below by —(n — 1) (see [12]),
and property (2) is derived from (5.1) and the assumption that a < §.
Lemma 5.2 now implies that

u(x) <2(l1 —0)—4e

for all x € 9B,((1 - J)), where J is the constant in Lemma 5.2 that
depends only on 7. In particular,

(5.7 u(y5(1 —9)) <2(1-9)— 4e.
However, by (5.1) again,

d(y,(1), y3(1 = 9)) +d(7,(), 73(1 = 9)) — 2t
>2t+2(1 - 0) — 12a — 2t > 2(1 — &) — 4e,

where we have used the assumption that a < %6. So
u(y3(1 =3d)) > 2(1 - 9) — 4e,

which contradicts (5.7). Hence the lemma is true.

Proposition 5.5. Let M" be a complete manifold with Ricci curvature
bounded from below by —(n — 1) and has nonnegative Ricci curvature on
M \ B,(a) for some point p. Suppose that a < $€(n), where €(n) is the
constant in Lemma 5.2. If M has two ends, then each end of M satisfies
condition (VC).

Proof. Let R, > 0 so that M\ B,(R,) has exactly two unbounded
components E, and E,. We would like to prove that there exists R, , such
that for all x, y € E;\ B,(R,), any minimal geodesic from x to y will
not intersect B (a) foreach i=1, 2. Let us assume the contrary. Then
there exist x, , y, € E,, and a minimal geodesic o, from x, to y, so
that lim, | _d(p, x;) = oo, lim;_,_d(p,y,) =00, and o, NB,(a) #D.

We may assume that o, converges to a line y so that y N Bp(a) # J.

Let g be a pointin yN B (a). We may assume that y(0) = ¢ and y is
parametrized by arclength. Let y,(f) = y(¢) for ¢ > 0 and y,(¢) = y(-1)
for £ < 0. Then y, and p, are rays from g. Let y; be a ray from ¢
which will be in E, for sufficiently large ¢. By construction, it is easy to
see that if ¢ is large, then there are minimal geodesics from y,(¢) to yj(t)
forany 1 < i< j <3, so that they all intersect B,(R,) . Since Bp(a) C
B q(2a) and a < ﬁe , this contradicts Lemma 5.4. The proposition then
follows from the volume comparison theory in [8], the fact that M has
nonnegative Ricci curvature outside Bp(a) and Proposition 5.1.
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In case M has only one end, we have a weaker result. Let us first prove
a simple lemma.

Lemma 5.6. Let M" be a complete manifold with Ricci curvature
bounded from below by —(n — 1) and has nonnegative Ricci curvature out-
side B (a) for some point p. Suppose a < %e(n), where €(n) is the con-
stant in Lemma 5.2. Then there exists a constant Cy > 1 depending only
on n, and there exists 1, such that forall t>t, and x, y, z € 9B,(1),
we have either

1) c; <V§/V YHy<Cy;
(2 ' <V /N <Cy o
3) C; gvzg)/V H<c,.

Lh|-;

Proof. Let t, be the number in Lemma 5.4 with n = 1, and K =
Bp(a). Let t > 1¢,,and x, y, z € aBp(t). Without loss of generality,
we may assume that V,(£) > ¥,(§) > V,(4). Suppose for all y' € B,(%),
there exists a minimal geodesic from x to y’, which does not intersect
Bp(a). Then by the Bishop comparison theorem, we have

5 )5 B () - )

V(
~ V(5
Suppose there exist y, € By(g) and a minimal geodesic from x to y, so
that it intersects B, (a). Then by Lemma 5.4, for all Z e B, (%), there is

a minimal geodesic from x to z' or a minimal geodesic from y, to z',
which does not intersect Bp(a). Again the Bishop comparison theorem
implies that

and hence

~] W~
~—

< 11"

(5.8) 1<

\_/

V.(4) and y, € By(g). Since
) shows that the lemma is valid for

t
n(5) = (5 (5) + (5))
1"2" t
9 < (v, (4 41, (2))
n t
<2.227, (3) ,

where we have used the facts that V(%) <

s

o

V,(3) 2 V,(5), combining it with (5.
C,=2.22".
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Proposition 5.7. Let M" be a complete manifold with Ricci curvature
bounded from below by —(n — 1) and has nonnegative Ricci curvature on
M\ Bp(a) for some point p. Suppose a < %e(n) , Where €(n) is the
constant in Lemma 5.2. If M has only one end, then there exist a constant

C, >0 and a sequence r, — oo such that for all x € OB, (r,), we have

V. (r) < GV, (%")

Proof. Let C; and ¢, be the constants in Lemma 5.6, and let C; be
the constant in Proposition 5.1 for M . Suppose for all ¢ sufficiently large
and for x € OB, (t) we have

1 -1 -1 t
EC‘ G Vp(t) <V (3) .

Then we are done. Otherwise, there is a sequence 7, — oo and x, €
aBp(tk) such that

t 1 -1 -1
(5.10) Ve (§’<><§Cl C; V(%)

for all k. By Proposition 5.1, there exists y, € 6Bp(tk) such that

(5.11) V()< CY, (%’c)

for all k. Since M has only one end, passing to a subsequence if nec-
essary, we may assume that x, and y, are both in the unbounded com-
ponent of M\Bp(Rk) for some R, <t and R, — oo. For each k
there is a continuous curve g,(s), for 0 < s </, such that ¢,(0) = x,,
o.(l) = y,, and g,(s) € M\Ep(Rk) for all s. Let r(s) = d(p, g,(s))
and let V, be the volume of Bak(s)(@). It is easy to see that V, is a
continuous function of s. Let us define

a={s

which is an open set in the interval [0, /] since V, and V;,(r(s)) are
continuous in s. Inequality (5.10) asserts that 0 € 4. Let s* be the
supremum of s such that [0, s) C 4. Then 0 < s* </ by (5.11) and the

fact that C; > 1. Clearly, from the definition of 4, we have

0<s<lI, V< %Cl_lcz_ll/p(r(s))} ,

-1 -1

(5.12) Ve =C; Cy V(r(s")).

1
2
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Let us set r, = r(s*). Proposition 5.1 implies that there is a point y €
BBp(rk) such that

r -1
(5.13) v (—k-) > C; 'V (r).
By (5.12) and (5.13), we have
r
k
v, (%) 226,
Hence from Lemma 5.6 and (5.11) it follows that, for all x € c‘)Bp(rk) ,
s ety s L
V(3) 26 ez
which completes the proof of the proposition.
We would like to mention that it is still unclear that whether Proposi-
tion 5.7 is true for all r rather than for a sequence of r, — oo. It is also
not known that whether a complete noncompact manifold with nonnega-

tive Ricci curvature outside a compact set with only one end will satisfy
condition (VC).

C;zCl_le(rk),

6. Nonnegatively curved manifolds with finite first Betti number

In this section, we will consider complete noncompact manifolds with
nonnegative Ricci curvature outside a compact set which has finite first
Betti number. We will show that for this kind of manifolds, condition
(VC) is satisfied by each end, and that Theorem 1.9 is valid and the results
in [20] can be carried over to this case. Let us first begin with a lemma.

Lemma 6.1. Let M be a complete manifold with k ends. Suppose that
the first Betti number b, (M) of M is finite. For R >0 sufficiently large,
and for r > 0, let A (R, R+ r) denote the annulus B, (R+7r)\B,(R),

and let My be the union of all the unbounded components of M \ B,(R).
Then Ap(R , R+r)N My has exactly k connected components.

Proof. Let {[y,1,---,[7,]} be a set of basis for H (M), where b=
b,(M). By finiteness, there exists R, sufficiently large such that p, C
B,(Ry) forall 1 <i< b. In particular, any element [y] € H,(M) can be

represented in the form Ef a;7; C B,(R,). Since k is the number of ends

of M, there exists R, such that for R > R,, M\ Bp(R) has exactly k
unbounded components. We claim that if we choose R > max{R,, R},
then 4 (R, R+r)N My has exactly k components. Let U be the union

of B,(R+r) and the bounded components of M\ B,(R). Then U is
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connected and M, has exactly k components. Moreover, M = M,UU.
Let us consider the Mayer-Vietoris sequence

H,(U) & H (M) 2 H,(M) 2 Hy(U 0 Mp)

R A
2 Hy(U) © Hy(My) = Hy(M).
Since all the reprsentatives of H, (M) lie inside U, the map j, is surjec-
tive. The map ji is obviously also surjective. Since U is connected and
M, has exactly k components, we have the exact sequence
k+1
s,
0-HUNM,)—» Z&---®Z —-Z— 0.

Hence Hy,(U N My) is isomorphic to the kernel of the surjective map
Z&---®Z — Z, which is easily seen to be Z®---®Z . Hence
[t | S —

k+1 k
A,(R, R+r)=UnN My has exactly k components.

Corollary 6.2. Let M be a complete noncompact manifold with non-
negative Ricci curvature outside a compact set and let p be a fixed point.
Suppose b,(M) is finite. Given an end E, there exists a constant C > 0
such that for any R sufficiently large, we have

V, 5(R) < CV,(R/3),

forall x € 3B (R)NEy, where V, .(R) is the volume of B,(R)NE, and
Ey is the unbounded component of E N (M \ B (R)).

Proof- Let us first observe that Theorem 3.1 of [24] asserts that M has
finitely many ends. Hence the statement of the corollary is meaningful.
Since the statement of the corollary is localized at an end E, we may
assume that M is obtained by gluing two copies of E together. Let us
also assume that M \ B (a) has nonnegative Ricci curvature for some
point p € M and some a > 0. By the proof of Proposition 5.1, it is easy
to see that there is a constant C such that for all R > 0 there exists a
point x € 9B,(R)N My, , so that

V,(R) < CV,(R/5),

where M, 12 is the union of the unbounded components of M \ B p(g).
Since the ends are symmetric, the existence of such a point occurs at both
ends. For the sake of convenience, let us just denote a fixed end by E. To
prove the corollary, it suffices to show that there exists a constant C > 0
such that for all y € B,(R)N My, we have

V.(R/S) < CV,(R/S).
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The ball covering theorem of [26] asserts that the set B ,(R)N M R)2 and
hence 9B,(R) N E, can be covered by N number of balls B, (—) with
centers y; € B (R) nM 8> where N depends only on the lower bound
of the Ricci curvature of B,(a) and a. The fact that {By’_( )} covers
6Bp(R)ﬂF_; implies that y, ¢ B,(%).

Let us first consider two balls By‘_(é) and Byj(§) such that By'_(§) N

B, (8) # @. Clearly, any geodesic joining y; to a point in B, (%) must
J J

have length at most % , and therefore will not intersect Bp(a) for R >

5a. Thus the Bishop comparison theorem implies that
v, (R/5) < CV, (R/5).
Jj i

By Lemma 6.1, the set BBp(R)ﬂE—R is connected. Therefore |J; Byi(§) is
connected. Since the volume of any two adjacent balls can be compared,
this shows that

R/ 5) < cV (R /5)

for all y f and y, , and hence the corollary is proved.

We are now ready to prove some estimates on the Green’s function
which are similar to those in Theorem 1.9. Since the condition (VC) is
valid only for those x € EN (M \ Bp(R)) , the estimate is only valid for
those points also.

Theorem 6.3. Let M be a complete noncompact manifold with non-
negative Ricci curvature outside a compact set. Suppose that the first Betti
number b, (M) of M is finite. Then the following hold:

(1) Let E be an end of M and let My be a manifold obtained by
gluing two copies of E together. If Gp(x,y) is a Green’s function
obtained by compact exhaustion, then there is a constant C such
that for all r >ry>0 and x € EN(M\ B,(R)) we have

- Gg(p, x)+ ,Sup Gg(p,-)

(o)

r(x) t
$C</r V()dt+ sup Gp(p,-)— _inf G (p, )).

o » (ro) oB (2r0)

(2) M has a positive Green’s function if and only if

® ¢
/1 V(t)dt<oo

In particular, E is nonparabolic if and only if E is large.
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The following theorem can be considered as a generalization of the
results in [20].

Theorem 6.4. Let M be a complete noncompact manifold with non-
negative Ricci curvature outside a compact set. Suppose b (M) is finite.
Let | be the number of large ends, and s be the number of small ends.
Then

7o (M) = #(M)
and

s+1=dim#Z°(M).
If we further assume that | > 1, then

2 (M) = 2" (M)

and
I = dim 7" (M) = dim Z* (M).

Here we let # 0(M ) be the vector space spanned by those harmonic func-
tions which are bounded on one side at each end with respect to some com-
pact set, # (M) be the vector space spanned by the positive harmonic func-
tions, #°°(M) be the space of bounded harmonic functions, and Z° (M)
be the space of bounded harmonic functions with finite Dirichlet integral.

Proof. Theorem 6.3 asserts that an end is large if and only if it is
nonparabolic. Using Lemma 6.1 and the fact that M has nonnegative
Ricci curvature outside a compact set, one can prove as in [20] that if f
is a positive harmonic function defined on an end E,, then

sup f < Cinf f.
BEE f - 0E2r f

From this Harnack-type inequality it follows that if f is a positive har-
monic function defined on E, then for any sequence x; — oo such that

X; € 8Er(x), we have

(6.1) lim f(x;)=a
1—00

for some 0 < a < co. We claim that this is sufficient for showing that
lim f(x)=a.
et

In fact, let x; — oo be a sequence of points such that x; ¢ OE "x)"

The fact that E is a single end implies that there exists R, — oo such
that x; € E, . Without loss of generality, we may assume that R; be the

largest value such that x; € Ep . Clearly, x; is contained in a bounded
component of Ej \ 6E . By the maximum prmcmle, we obtain



GREEN’S FUNCTIONS, HARMONIC FUNCTIONS, AND VOLUME COMPARISON 317

1nff<f( )<supf

Rl

On the other hand, (6.1) asserts that both the upper bound and the lower
bounq tend to a. This confirms the claim. For R > 0, let us de-

fine Bp(R) to be the union of B (R) and the bounded components of

M \ B,(R). Let us also denote an unbounded components of

M\ B,(R) by Ey. Suppose f is a bounded harmonic function on M .
Then (see [20] and [24]) there exist R; — oo and harmonic functions f;

on B ,(R;) with Jf; being constant on E NIB,(R)) for each E r and

f= hml_,c,o f;- Ttis easy to see [24] that f has bounded Dirichlet mtegral
Hence the first equality of the theorem is true. Using the same argument
as in [20] and [30], one can prove that if E is an end, and f and g are
positive harmonic functions on E sothat f =g =0 on OF, then f is
a multiple of g. Together with the results in [24], one can now proceed
as in [20] and [30], and the theorem follows.

By the Harnack inequality in [14] and [28], it is easy to see that for a
complete manifold which is quasi-isometric to a manifold satisfying the
assumptions of Theorem 6.4, the results of the theorem are still true.
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