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CONVERGENCE OF RIEMANNIAN MANIFOLDS;
RICCI AND L"2-CURVATURE PINCHING

L. ZHIYONG GAO

In this paper we consider classes of Riemannian manifolds (M, g)
with bounds on the five fundamental geometric invariants: Ricci curvature
Ric, L"? -norm of curvature f |Rm\"/ *dg, injectivity radius inj(g),
diameter diam(g) and volume Vol(G).

Let G(H, iy, K, n) denote the collection of all closed, connected n-
dimensional Riemannian manifolds (M, g) satisfying |Ric| < H, inj(g)
>iy>0,and [, |Rm(g)|"*dg <K.

One of the principal aims of this study is to understand the compactness
property of G(H, iy, K, n). The well-known and fundamental result of
Gromov states that the collection of all closed, connected n-dimensional
Riemannian manifolds (M, g) with |[Rm| < 1, diam < D and Vol > V
is precompact among “ C'**-Riemannian manifolds” [17], [12], [27].

Our first result says that we have a similar compactness result in
G(H < i,, K, n), which roughly states that: Given a sequence {M,} of
compact Riemannian rn-manifolds with |Ric| < H,diam < D,
f|Rm|"/2 dg < K, and inj > i, < 0, then {M,} has a subsequence,
away from finite number points, which converges to an n-manifold M
with C"* metric g for an a € (0, 1). The precise statement is the
following (n > 4).

Theorem 0.1. Let {(M,, gk)} be a sequence of Riemannian manifolds
in GH, i, K,n), with diam(M,) < D. Then there exist a subsequence
of {(M,, gk)} (by renumbering, we still use {M, , gk}), and a sequence
{r;}, r,— 0 when | — oo, such that the following hold:

(a) There exists a C*-manifold M, such that M, is diffeomorphic to
M for each large k .

(b) There exist a C™-metric g on M, and finite number points
{mf. ;oo ,my} with h < C(H, i,, K, n), such that g isa Cc' *-metric
on M—{m, - ,m}, 0<oo<l.
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(c) For each I, we have open subsets F, (r;) C M, , and an open subset
D(r)c M —{m,,---, m,}, such that there are diffeomorphisms

F4r): D(r)) = E (r) (k< 1),

and f k(r, *g converges to metric g on D(r)) in the C"® normof M.
(d) Fi(r)) C F(r,).
(e) There isan &(r) =¢(H,i,, K, n,r), such that

h
F(r)ulJB
i=1
and &(r)) — 0 when r, — 0.
In four dimensions, we can use the Gauss-Bonnet formula for Euler
number x(M) to replace the L*-norm of curvature by x(M) and to get
Corollary 0.2. Let {(M,, gi)} be a sequence of Riemannian 4-manifolds
with |Ric| < H, diam < D, inj > i > 0, and x(M,) < K. Then there
exists a subsequence of {M,, gk} which satisfies (a), (b), (c), and (d) of
Theorem 0.1.
As an application of the above convergence theorems, we shall prove
Ricci pinching theorems.
Theorem 0.3. For n >4, i >0, and K > 0, there exists a small
constant ¢ = ¢(i , K, n) > 0 such that if (M, g) is a Riemannian n-
manifold with mj(g) >,

| IRm(e)" dg <.
M

and &-Ricci pinching

(1 -¢&)g <Ric(g) <(1+¢)g,

then there exists an Einstein metric with Ric=1 on M .

Theorem 0.4. Given n>4, i >0, D> 0, and K >0, there exists
a small constant ¢ = ¢(i,, D, K n) > 0 such that if M < g is a Rieman-
nian n-manifold with inj(g) > i,, diam(g) < D, f,,|Rm "?dg < K,
and

(-1 —¢)g <Ric(g) < (-T1+¢)g,

where © = 1 or 0, then there exists an Einstein metric with Ric = —1 on
M.

Remark. Similar results are proven with curvature bound |Rm| < K
and L” norm of curvature in [26], [34].

Again in dimension 4, we have better results.
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Corollary 0.5. Given i, > 0 and K, there exists a small constant
e =¢&(i,, K) >0, such that if (M, g) is a Riemannian 4-manifold with
inj(g) >1i,, x(M) <K, and

(1-¢)g <Ric(g) < (1+¢)g,

then there exists an Einstein metric with Ric=1 on M .

Corollary 0.6. Given i, >0, D >0, and K > 0, there exists a small
constant ¢ = g(i,, D, K, n) > 0, such that if (M, g) is a Riemannian
4-manifold with inj(g) > i,, x(M) <K, diam(g) < D, and

(-t —¢)g <Ric(g) < (-1 +eg),

where T =1 or 0, then there exists an Einstein metric with Ric = —1 on
M.

Our second application gives a generalization of Cheeger’s finite theo-
rem, which follows easily from Theorem 0.1. ‘

Theorem 0.7 (finite theorem). For any given numbers D > 0,i >0,
and K > 0 there are at most finitely many diffeomorphism classes of closed
Riemannian manifolds M of a fixed dimension n such that

|[Ric| <1, diam(M) < D,
inj(M) > iy, / |Rm(g)|">dg < K.
M

With a slightly stronger condition on the L"*-norm of curvature, we
can replace the lower bound of injectivity radius by the lower bound of
volume as follows.

Theorem 0.8. Let {M,, gk} be a sequence of closed, connected Rie-
mannian n-manifolds with |Ric| < H, diam < D, and Vol > V > 0.
Then there exists a small constant k =x(H, D, V) > 0, such that for any
fixed p > 0, we have

[ IRm(E" g <x
B*(x,p)

for each k and all x € M. Thus {M_, g"} has a subsequence {M,, gl}

such that there exist a C*°-manifold M , a C'*“-Riemannian metric g on
M, 0<a< 1, and diffeomorphisms

fi=M—-M,

with f7g1 converging to g on M in the C' *-norm of a C*° manifold
M.
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As a corollary, we have

Theorem 0.9. Assume that a sequence {M,_, g‘s} of closed, connected
Riemannian n-manifolds with |Ric| < H, diam < D, and Vol >V >0
is given, and that there exists a p > n/2 and a K > 0, such that

/ IRm(g")’ dg" < K.
M

K

Then {M,_, gk} has a subsequence {M,, gl} so that there exists a C™-
manifold M, a C'®-Riemannian metric gon M, 0<a<l, and
diffeomorphisms f,;: M — M, with f,*gl converging to g in the C"°-
norm of M .

These results can be used to improve the L"? curvature pinching results
in [10].

Theorem 0.10. Given n > 4, H > 0, and V > 0, there exists a
small constant ¥ = x(H , v, n) > 0, such that for any closed Riemannian
manifold (M, g) of dimension n with |Ric| < H, Vol(B(x, 1)) >V for
all xe M, and

2
/ IR[jkl—(gikgﬂ—gilgjk)|n/ dg <k
B(x,1)

for all x € M, there exists a constant sectional curvature metric with sec-
tional curvature =1 on M.

Theorem 0.11. Let A=0 or —1. Given n >4, H> 0, D >0,
and V > 0, there exists a small constant k = k(H, D,V ,n) > 0, such
that for any Riemannian manifold (M , g) of dimension n with |Ric| <
H,Vol(M) >V, diam(M) > D, and

2
/M IR — A8y 8 — 848" dg <,

there exists a constant sectional curvature metric on M with sectional cur-
vature = A.

We briefly describe here the method used in this paper (with some un-
derstandable unavoidable sacrifice of technical accuracy). The main theo-
rems in the paper are Theorem 0.1 and Theorem 0.8, which are the gen-
eralizations of well-known Gromov convergence theorem [27], [12]. We
want to replace the curvature pointwise bound by the pointwise Ricci cur-
vature bound and the L"? curvature bound. We use the same method of
proving the Gromov convergence theorem, which covers the Riemannian
manifolds by a small, controllable size harmonic ball, due to a result of Jost
and Karcher [12], such a harmonic ball exists provided we have the point-
wise curvature bound and the lower injectivity radius bound. Since we do
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not have the pointwise curvature bound, we have to prove a main technical
result of the existence of the harmonic coordinate to replace the result of
Jost and Karcher. We prove roughly that for any geodesic ball B(x, 1)
of radius 1 in a Riemannian manifold (M, g) with |Ricci curvature |
< H, inj(M) >4, and fB(x’l) |Rm|"/2dg < ¢, with ¢ sufficiently small,
there exists a well-controlled harmonic coordinate on B(x, 1) (for an ex-
act statement see Lemma 1.1 and Theorem 3.0). We then can apply to
smaller balls by rescaling.

The proof of the above result consists of two parts. The first part is
mainly done in [10], which states that if we have B*(x, 1) c (M, , "),

with |Ric| < H, inj(M,, gk) >4, and
kyn/2 , k
[, IRm(gh gt o,
B (x,1)

then by using geodesic coordinates to identify Bk(x, 1) with the unit
Euclidean ball B(1), we can show gle( 1) converges to the flat Euclidean
metric d6° on B(1) in L"*-norm.

The second part uses higher order estimates, roughly speaking. We can
solve the Dirichlet problem of the Laplace equation on B(1) for gk with
the boundary value equal to the value of the geodesic coordinate on the
boundary of B(1). We then have the solution F, of AF, = 0 with the
boundary value F,|, B(1) equal to the boundary value of the geodesic co-

ordinate. Since gk — 6% in L"*-norm, we first show F, — standard
coordinate map of B(1) in Euclidean space. For the higher order esti-
mates, we use the Ricci identity and Bianchi identity (see 3.4 and 3.9 for
details).

These, with the help of Lf estimates of elliptic theory, can show that
if

[, IRm(h" gt~ 0
B(x,1)

and IRic(gk)| < H, we have the C"*® estimates of the metric tensor in
harmonic coordinates, and of course we first prove the existence of the
harmonic coordinate (see §3). Since existence of the harmonic coordinate
needs the L"?-norm of the curvature tensor to be small, we cannot have
a nice coordinate on every ball of a covering, and the curvature tensor
may concentrate near a finite number of points. In order to study the
singularities of the limit metric, we blow up the metric at these points
as in [11]. In the case of Theorem 0.8, if the curvature tensor is not
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concentrated near a finite number of points, then the C L converges on
the whole manifold.

1. Proof of the theorems

The Gromov convergence theorem is proved with optimal regularity
properties by using harmonic coordinate [27], [12]. The convergence theo-
rem in this paper is proved by using the same method. The main technical
lemma is the existence of the harmonic coordinate.

Lemma 1.1. Given a small n,0 < n <1, there exists a small constant
k =k(H,i,,n,n) >0, such that for any Riemannian manifold (M, g)
of dimension n, x,€ M, 0 < p <i /4, with |Ric| < H, inj(g) > i,,

and
/ |Rm|
B(xy, p(1+2n))

Then, forany 0<d < 1/3 and x € B(x,, (1+2n)p), so that d(x,, x) <
1 — § — 2n, there exists a harmonic coordinate F with domain F D
B(x,dp) and image F > B(6(1 —n)p) = {x € R"| |x| < (1 —n)p},
such that,

(a) F~'(B(3(1-1n)p)) D B(x, 8(1-2n)p).

Let h" = (Vh', Vh’) be the metric tensor in such a harmonic coordi-
nate, F = (h', -, h"), (n>4). Then

(b) |7 - <s’f'|C0 < n*/100n,

(¢) |dhY|ce < C(H, i, n,1n,p), O<acx<l.

(d) 10°h"llp <C(H, iy, n,n, p),  p>n.

Proof. This lemma follows directly by applying Theorem 3.0 to the met-
ric g = (1/ pz)g. From now on, the general constant C will depend on
i,, H,n and K, where we consider

GH,i,,K,n)

"/zngK.

= {(M, g)||Ric| < H, inj(g) > i , diam M = n, /|Rm|"/2dg§K}
and

Gp(H,i,,K,n)={(M, g)| (M, g)eGH, i, K, n), diam(g) < D}.

We first prove a weak convergence result.

Proposition 1.2. Let {Mk , gk} be a sequence in G(H,i, ,K,n).
Then there exist a subsequence of {M, , gk} (by renumbering, we will use
{M,, gk}), and a sequence {r}, r,— 0.
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(a) For each |, we have open subsets F,(r;) C M, , and an open C*
manifold D(r)).
(b) For each 1, we have diffeomorphisms

) D(r) = Fe(r) (k1)

such that fk(rl)*gk converges to a C"'® metric g(r)) on D(r)) in che
norm.
(c) There is &(r;), such that

h
F(ryulJB (m!, e(r)) = M,
i=1

with h < c(H, iy, K, n, D) and &(r;)) — 0 when r,— 0.

Proof. Let r<i,/100. Given a sequence {M, , gk} inG,(H,i,,K,n),
let Q(k) be the maximal number of disjoint geodesic balls of radius r/4.
By the Gromov packing argument, we have

Q(k) < c(r).
By passing to a subsequence if necessary, we assume
Qk)=Q(r)eZ* for all k.

Now fix k, and let {B*(x,, r/100)}, i=1,2,---, Q, be a maximal
family of disjoint geodesic balls of radius r/4. Then {Bk(xl. ,r/2)}, i=
1,---, Q(r),is acovering of M, . Let h(k) be the maximal number such
that any A(k) + 1 balls of {B'(xl. , r, (1 +2n)} have empty intersection,
where 1 > 0 is a small number to be determined later. By the Bishop-
Gromov volume estimate, we have

h(k)< C,
so the h(k) are uniformly bounded by ¢, which is independent of k& and
r. We would like to apply the estimates of Lemma 1.1 to each ball of
{Bk(x,. , r(1 +273))}, but the hypothesis need not be met on all balls. We

take n = 10—10; for this n, we have an upper bound on the number of
balls on which it fails. We have

Qg
WK > hik) [ [Rm(g"dg" > Y [ |Rm(g")"*dg*
M i=1 Y B (x,r(1+2n))
> N(k)k,

where N(k) is the number of Bk(x, r(1 + 2n)) for which

[, [Rm(g")"*dg" <.
B (x;,r(1+27))
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and x is given in Lemma 1.1. Thus
N(k)<c(H, iy, K, n, D).

So N(k) is uniformly bounded by a constant ¢ which is independent
of r and k. We may assume N(k)=NeZ", h(ky=heZ" forall k,
and r<i,/100.

Remark 1.3. We will call a ball B*(x,, r(1 +27)) bad for M, if

/ ) |Rm(g
B*(x;,r(1+2nm))

Otherwise, it is called good.
Let Q' = Q — N, and denote the good balls by

(B*(x,, r+2n)}, i=1,-,0Q,
and bad balls by

{Bk(xi,r(1+2n)}, i=Q +1,--,0.
Now take 3 > & > 3 > 3, and let 7 = §(1 — )r/10. Using Lemma

1.1, we have a harmonic coordinate Fl.k with domain > Bk(xi, é") and
(Ff)™"(B(107)) D B*(x,, 6(1 — 2n)r). We use H'(p) to denote the ball

k)ln/2 dgk > K.

1

in harmonic coordinate Hik(p) = (Fik)"(B(p)) , and let

From (b) of Lemma 1.1, we have V,(r) > U, (r), and if Hik(f) N H}‘(f) #
@, then H(r) C H/(10r). Now the Holder bounds of Lemma 1.1
are universal for the whole sequence. The transition functions can be
considered as mappings Filjfz B(F) — B(107), and lFi];|Cz+n < c(F) by
(c) of 1.1. By Ascoli’s theorem there exists a subsequence such that all
pairs (i, j), for which a transition function exists, converge in the c*-
topology to limit functions E‘;": B(F) — B(107) of class C 2:% The met-
rics also converge—considered as functions on B(7)—to limit metrics g[°°
of class C'*® on each coordinate ball, i.e., on each copy of B(F). The
distinct copies of B(F7) are now glued together via the transition functions
F,.j° . Consider the restriction F;; = Fi‘j’.°|(1~"ij°)'](B(7)) N B(F) and define
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x ~y: & 3F,, such that F,(x)=y. Set M(r) = UZ ,B(r)/ ~. If F®
denotes the canonical projection, restricted to the i th copy of B(F), M(r)
becomes a C***-manifold with the £ as coordinates. 1~"j°°(1'7i°°)'l =F;
are the transition functions. By a classical result of Whitney’s, M(r) con-
tains a smooth structure, which define M(r) asa C° manifold. We take
any fix C*° Riemannian metric g(r) on M(r). We define maps

fE=(F)(F.

. 2
Since F;, S F°, we have |f — ff|.2 — 0 on Hf(F)n H[(7). We can
use the center of mass technic with respect to g(r) by using partition

of unity with harmonic coordinate ball Hl.k(f) to construct a C* map
¢k(r): F{x €V (r)d(x, 0V,(r)) > nF} — M(r), such that there exist an
open subset F,(r) D {x € V,(r)|d(x, 8V, (r)) > 2n7} and an open subset
D(r) > M(r) such that ¢k(r): F,(r) — D(r) are diffeomorphisms, and

16" ()| 2.0 < C(r)

and
inf{|d¢“(N(v)|, lv| = 1} > ¢ >0

in harmonic coordinates. We take f° k(r) = (qS(n))_1 . We clearly have

£ () g2e < ()

in harmonic coordinates, and
k
1) 8"l ra < ()

on D(r). By taking subsequences once more, the fk (r)*gk converges to
a limit metric g(r) of class C'"® on D(r). Note

Q
k
F(nu |J B (x;, r(1+2n) =M,
i=Q'+1
which completes the proof of Proposition 1.2.
Now, for r, — 0, we have F, (r,) C F (r, ), and clearly there exist

isometries
I, = D(r}) = D(r;_,).

Using these isometries and taking the direct limit of D(r;), we can define

M =1]D(r).

1+1
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M’ isa C* manifold with C"® metric g’ such that g'|D(r)) = g(r,).
We then have the following.
Proposition 1.4. For each 1, there are diffeomorphisms fk (r): F(r;) —
D(r)) »C M’ for k > 1, such that fk(rl)*g — g'lD(r,) in C"® norm.
Proof of Theorem 0.1. Applying the diameter estimate of a small geo-
desic sphere [10], [11, Theorem 4.23], we have for any (M, g) €
G(H, i,,K,n) and x,€ M,

Iy
2
which together with Proposition 1.4 clearly implies that the m; are isolated
point singularities of the C'*® metric g’ .

In order to finish the proof of Theorem 0.1, we first prove the following.

Lemma 1.5. Let M = M, for large k. Then g’ can be extended to a
C° metric g on M.

Proof. As in the proof above, we have

/ |Rm(2")"? dg* < K
D(r))

diam(S(x,, r)) < C(H, iy, n)r,r <

for ?k = fk (r,)* gk , once more taking subsequences. By the diagonaliza-
tion process we may assume

/ IRm(29)"?dz" — [ |Rm|"dg’
D(r)) D(r))

for a measurable function |[Rm| on M', and
/ IRm|"*dg' <K.
MI
For any singular point v = m,, first note the distance function d can
be extended to M, define the neighborhood N of v in M as
Nw)={xe M|d(x,v) <2}
for small ¢ >0, and
Ap,0)={xe M"d(x, v) <2p}.

By considering the tangent cone metric, Lemma 1.5 clearly follows from
the following.

Lemma 1.6. ((1/p)A(p, 0), xp) converges to (U(2) — {0}, &) in
C"* topology, where U(2) = {x €R"| |x| <2}, € eR", |€|=1,
and x,€A(p,0) with d(xp, v)=p.
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Proof. For fixed N, let

A(p,%)={xeM'.%<d(x,v)<2p}.

(buto-5) )

converges to a flat manifold D, . Since (M, gk) converges to M’ away

from the singularities, there exists a submanifold (A’;, N Y p) of (M, , g )
for large kp such that

We show

[ IRm(hagt - [ Rm["dg| < p?
Ap,N A(p,p/N)
and :
kﬂ
|G 2)%) - G )| <2

The injectivity radius of ;A pf n 18 bounded from below, and

/ |Rm|
A(p,p/N)

Thus (%AI;"’ N> Y p) converges to a flat manifold D, in C"* norm in
the proof above and in the main theorem of [10]. This implies that
(%A(p, p/N), x,) converges to (Dy,ey) in C'*® norm. As above, we
can take the direct union of (D, , e,) to obtain U(0), ) with an isolated
point singularity. Since the injectivity radius of (M, gk) >1i,>0,itis
easily seen that U(0) is a simply connected flat manifold, and U(0) =
U(2) — {0} [11]. This completes the proof of Lemma 1.6.
Secondly, for r, small, we have

"?4g -0 when p— 0.

U B*(x,, r,(1+2n) = M,
i=Q'+1

where B* (x;, r,(1 + 2n)) are diffeomorphism balls, and A, is obtained
from D(r;) by gluing a ball to each end of D(r;) for large /. There are
only a finite number of ways to obtain different diffeomorphism classes by
doing this [22]. By taking subsequences once more, we may assume the
M, are all diffeomorphic for large k. This clearly implies that M s

diffeomorphic to M, — {m’l‘ s, m',‘\,} . Hence the proof of Theorem 0.1
is complete.
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Proof of Theorems 0.3 and 0.4. Let 7 =+1,0 or —1. Suppose Theo-
rem 0.3 or 0.4 is false. Then we have a sequence of Riemannian manifolds
{M,, g} with

(r-e)g" <Ric(g") < (r+2)g"
and

" ag* < k.

ini(g) 2 iy, diam(e") <D, [ |Rmle
By taking subsequences, we may assume {M,, gk} converges toa C b
Riemannian manifold (M’, g') with a finite number of isolated point sin-
gularities on the C*° manifold M’ such that M’ =M, —{m ,--- , m}
for large k, and from the proof of Theorem 0.1, the weak curvature tensor
of g’ is well defined and we have

] IRm(g)">dg’ < K.
M(

First, for each point x € M’ , we have a harmonic coordinate near x with
| ; » :
C'“ metric tensor 4", and we have the weak equation

AR =21k + 3 W

By the standard elliptic theory, h” is C* and g’ is an Einstein metric
on M'. Then using the estimates of [11] for n = 4 and [31] for n > 5,
we have

sup|Rm(g)| < C.
M/

We then can extend g’ toa C* Einstein metric on M, for large k, this
contradicts the fact that we suppose M, has no Einstein metric.
Proof of Theorem 0.8. Let {M,, gk} be a sequence of n-Riemannian

manifolds with |Ric(gk)| < H, diam < D, and Vol > V', such that there
existsa p >0 with

/ IRm(g")|"2dg* < +
B(x,p) k

for all x € M, . If we take k(H, D, V) > 0 sufficiently small, as in

([10, §VI or §II], or [34]), we can deform the metric gk by the involution
equation

(1) 9

k . k
Sh" () = —2Ric(h"),
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where hk(O) = gk ,and hk(t) existson [0, T] for T=T(H, D,V ,k, p)
> 0. We also have

(a) Rm(k“(1)| < LC(H, D,V , &, p),

(b) | Ric(h" (1) < C(H, D, V., x, p).
From (1) it follows that
2) (1- Coh(1) < &"(1) < (1 + Co)* (o).
By Bishop-Gromov volume comparison we obtain

Vol(B (x,r) > C(H, D, V)",
which implies
Vol(B" (x, ) > C(H,D, V, x, p)r"

In order to show gk to be convergent in C b norm, it is sufficient to
prove ngk convergent in C''® norm for a large L* > 0. We take

L*=T/t. Let B*(t) = L*h*(1), and 2*(t) = L2g"(1). Then

(i) IRm( (1)) < C(H, D, V, x, p),
(i) Vol(B" (x, 7)) > C(H, D, V, x, p)r",
(iif) (1= CoR* (1) <250 < (1 + CoR* (o).

By the local injectivity radius estimate of [5], and Rauch comparison es-
.k
timate, there exists a p, > 0, such that on any geodesic B" (x, py) of
. . . —k k

radius p,, and any geodesic normal coordinates of 4 () on B" (x5 Pg) >
we have )

A 2

lhij(x) - 6,'j‘ < Cr (x),
which together with (2) clearly implies that

(1-Ct-Cr)s, <Bh(x) < (1+Ct+Cr)s,.

Since the above inequality is uniform for all k and for small ¢ and r,
we can use it to replace Theorem 2.5. Since the arguments of §3 are still
valid, we can obtain uniform harmonic coordinates at every point of M
for all Ek . This implies that {Ek} has a subsequence which is convergent
in C"'® norm. Thus the proof of Theorem 0.8 is finished.
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Theorems 0.10 and 0.11 follow from 0.8 and [10].

2. The local metric estimates

Let H >0 and i, > 0 be given numbers. We define the set of compact,
connected Riemannian manifolds of dimension # as

GH, i, n) ={(M,g)||Ric|<H,inj(M)>i}.

In this section we recall some results of [10] and will make some changes
to suit our needs. Let (M, g) € G(H, iy, -, n), and for any x, € M, the
geodesic ball and geodesic sphere of M with center x, and radius p
are denoted by B® (x5, p) and S (X, ), or simply by B(x,, p) and
S(x,, p), respectively. For p < i,, we consider the metric g in polar
geodesic coordinates on B(x,, p) . We have g = dr2+2 8;(8,r) de' de’ .
Let gxo(r) or simply g(r) be the induced metric on the geodesic sphere
S(xy, r). Then

g= dr’ + g(r).

We use Rm(g) to denote the curvature tensor of g, and Rm(g(r)) =
Rm(r) to denote the curvature tensor of g(r). We also agree to denote the
second fundamental form of S(x,,r) by A(X,Y) = (V, Y,ba/dr) for
vector fields X, Y on S(x,, r), and the scalar curvature free curvature
tensor of g(r) by Rom(r) = R(;n(g(r)) ,
° R(r)
Rm,‘jk[(r) = R,’jk[(r) - ()1_—1)(—n—_2_5(gik(r)g11(r) - g,‘[(r)gjk(r)) s

where R(r) is the scalar curvature of g(r), n=dimM, and g;(0,7r).
Lemma 2.1. For p<i,/4, 0<p<p,and 0<3J<iy,/2—p, we have

[ (max [
Bj(x,) Pr<p Js(x,r)

sc(Hgompp)[  |Rm(eI"ds.
B(x,,20+p)

We sketch the proof of this lemma [10, 4.12(a)].
(1) For the minimal geodesic y from x to y,let y(0) =x, y(p)=vy,
and d(x, y) = p. Then [10, 4.8(a), 4.9].

2

1 n/2
A (N +28,(1)

dgx(r)) dg(x)

max
p<r<p

A0+ (1)

wv»scuLanm/Wmmwﬁ
7
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(2) Now for each x,y, d(x, y) = p+J < i;/2, we define the function
n/2

4,00 +38,0 ()

f(x,y)= max

for the minimal geodesic y from x to y. Let

Q= |J Skx,p+d)cM,
x€B(x,.6)

2= J &,Sx,p+8)cMxM.
X€EB(x,,0)

Then we have

/’;/f(x )= /B(xo,t’) </S(x.p+6) fx.7) dgx(y)) dg(x)
= /Q (/Qy Sx, J’)dgy(x)> dg(y),

Q,=B(xy,)NS(y, p+d)C Sy, p+9),

/E/f(x,J’)S/Q(/ny(X,J/)dgy(x)) dg(y).

If y is the geodesic from x to y and %(¢) = y(¢) for ¢t < p, from (1) it
follows that

[ s ndg@sci, o, [ ([ Rme)”) ds,

Qy

where

Here flem(g)l"/ 2 is considered as a function of x and y with d(x,y)
= p+0J, and hence

| 5 »dg,
Qy

p+o
é

<ct . [ ([ Rm@I" )00 +3-0)ds,) de.

From [10, 1.11], we obtain dgy(y(p+ 0—1t)>c(H,n, p/d)dgy(x),
which implies

S n)dg 0 <C(Honp, B) [ |Rmig)" dg
Qy Cly, p+d)

[ Rm(g)”
B(x, , p+20)

i
SOASTESTASY

IA

C(H, dg,

=
]
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where C(y, p+9) is the geodesic cone over Qy with vertex y . By noting
QC B(x,, p+9), we get

/z/f(x,y)s C(H,n,ﬁ,

Lemma 2.2. For 0< p < p<iy/4, we have

b n/2
/ ( | IRmem dg(r)) dr
p S(xg,7)

n/2
sC(H,n,p,p>+C<H,n,p,p>/ |Rm(g)|"dg
B(x,, p)

RS

JVol(B(xy,p+8) [ |Rm(g)[" dg.
B(xy, p+206)

(see [10, 1.14).]
Lemma 2.3. For 0 < p < p<iy/4, we have

n/4

R,k (8(r) = r—lz(g,-k(r)gﬂ(r) — 8;(r)8;(r)) dg(r)) dr

1/2
_ 2
<CH,n,p,p) (/ |Rm(g)|" dg)
B(xy,p)
n/2 1/2
+C [ max / dg(r)
(PSrSp S(xy,7)

n/2
+C(H,n,p, max/ dg(r)].
( psp) (ﬁSfSﬂ S (r)

Proof. By the Gauss formula, we obtain

A() + 1g(r)

AN + g7

Rijkl(g) = R,’jk[(g(r)) + (Aik(r)Aj/(r) - A”(l‘)Ajk(r))_

First, we have

p<r<p

max [ 40" dg(r
S(xy,7)

n/2

<C(H,n,p, p)+ max / A+ 8| dg(r).
S(xy,7)

p<r<p
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Second, we derive

/S(xo ,r)

< C/ IAln/4
S(x,71)
1/2
<c ( [ dg(r)) ( /
S(xy,1) S(xy,7)
-+c(/ dguv
S(xq,1)
n/2 1/2
< ( / dg(f))
S(xgy,71)

n/2
+C dg(r)

n/4

Ag(NA,(1) = 58, 08,(0)]  dg(r)

n/4
dg(r)+C

n/4
dg(r)

/2 1/2
dg(r))

A+ %g(r) A(r) + —1—

S(xq,7)

1
A+7g(r)

A + ()

A+ 18(r)

A) + 18(%)

S(xg,7)

which together with the Gauss formula clearly implies Lemma 2.3.
Lemma 24. For 0<p < p<iy/4, we have

I\
p S(xy,71)

1/2
saﬂymp,m(/ |Rm@W”¢Q
B(xy,p)

Rm(r)

n/4
dg(r)) dr

A) + 180

+C(H,n,p, max/
( P, P) (ﬁSrSp S

n/2 1/2
dg(r)>
+C(H,n,p, max /
( p p) (pgrgp S(xo,r)

n/2
dg(r)) -
This follows easily from Lemma 2.3.
Theorem 2.5. For 0 < p < p < i,/4 and a sequence of {M,, g} C
G(H, iy, -, n), let x, € M, , and assume

nk = max / A
PSISP JS(x, ,r)

Wy = / |[Rm(g, )|
B(xy,p)

A+ 18(0)

n/2

)+ 18| dg, (1) -0,

Xk

"/za’gk — 0.
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Then there exists a diffeomorphism ¢, : S(x, , p) — S(x, , p) for each k,
such that on B(x,p), gk = dr* + gk(r), and by identifying each S(x, , r)
with the Euclidean unit sphere S(1) with metric d6*, we have

/ 16, 8,(r) — r* d6*"*d6 — 0
S(1)

uniformly for p<r<p, and |¢, 8. (p) - p2 d02|Co_*0.

In particular, since ¢, can trivially extend to B(x, , p) — B(x,, p), for
?k = ¢;gk on B(xk ’ p) - B(xk, p)’ by ldentlfylng B(-xk ’ p) - B(-xk ’ p)
with the Euclidean annulus A(p, p) = {x € R"|p < |x| < p}, we obtain

/ 7, — ds’"*ds -0,
AP, p)

where ds” is the Euclidean metric on A(p, p).
For the proof of this theorem, see [10, 5.18, 5.21, 5.25].

3. The harmonic coordinates
In this section, we shall prove the main technical result of this paper.
Let (M, g)€ G(H,4,-,n), and x, € M. For simplicity write Bp(x)
as B(x, p).
Theorem 3.0 (Harmonic coordinate). For small n,0 < n < 1, there
exists a small constant ¥ = x(H, n, n) >0, such that if

| IRm"ag <k,
By 5, (Xp)

then, for any 0 <6 < 3 and x € B, ,,(x,) so that d(x,, x) <1-46-27,
there exists a harmonic coordinate F with domain F D Bg(x) and image
FD>B(@6(1-n))={xeR"||x| <1 -n)}, such that

(a) F™U(B(3(1 = 1)) D Byy_p(X).

Let h'/ = (Vn[ , Vi ) be the metric tensor in such a harmonic coordi-
nate, F = (h',---, h"). Then
2

i ij n
(b) b = 6"|ce < i
(c) |dh"| o« < C(H,n, 1), 0<a<1, onB(S(1-1n),

(d) 1Al 20 <C(H, n, 1),  p>n.
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To prove Theorem 3.0 we start with the following.
Main Lemma. For any 0 < n < 1, there exists a small constant k =
k(H,n,n) >0, such that if

| IRm@)"dg <k,
B

1+2n (‘XO)

then there exist a point x € Bn(xo) and a diffeomorphism F from

T+ 3, 3m) =B, (x) - By (x)

into
T(1+4n, 3 = {xeR|Im<ix<1+4n},
such that
(a) F is harmonic, i.e., AF =0.
() F~Y(T(1+4n, dn+n)>T.(1-1,2n), and

image F > T(1 + 1n, 3n).

Let h" = (Vhi , Vh ) be the metric tensor in this harmonic coordinate,
where F = (hl, -+, h,). Then:
(c) |h7 = 3"|ce < n*/100m, on T(1+4n, $n),
(d) |[dhY|.a < CH,n,m), 0<a<l1,on T(1+4in,3n),
(e)
2 2 n
“ El—r u = 100n°

where |F|2 = Z:(h")2 , and r2(y) =d(x, y)2 is the square distance func-
tion of (M, g) from point x .
(f)

lddh” ||, <C onT(1+1in,3n), p>n.

We shall prove the main lemma by contradiction. It is easily seen that
the main lemma follows from the following.

Lemma 3.1. Forany n,0 < n < 1, small 6 > 0, and a sequence
{(M, gk)} c G(H, 4, -, n), there exists a point x, € M, for each k,

such that
k
[ Rmgh
By, 2(x;)

Furthermore, for k sufficiently large, there exists a point y, € Bg (x,) C M,
for each k and a diffeomorphism F, = (h,lc , oo, hy) from

Q. >T, (1-n,2n) =B,_,() — B, (n)

2 1
n/ dgk g E.
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into T(1,n) ={x € R"|n < |x| < 1}, such that
(a) F, is harmonic, i.e, AF, =0 on T,(1-n, 27).
(b)
Fo'(1=3n, 3n+n) DT, (1-n,2n)
and image F, D T(1—3n, in).
Let H = (Vh,"( , Vhi) be the metric tensor in this harmonic coordinate.
Then:

()
‘h,'(’ —Jlj\co <n°/200n on T(1-3n,3n+n),
(d)
\dhfcj W SCH,n,m,8), 0<a<lonT((1-3n,3n+n),
(e)

|1 = rg| < n*/200m,

Where rz(y) =d(y,, y)2 is the square of the distance function of (M, gk)
Sfrom y,,

(f) 1D’k <C(H, n,7n,8), p>n.

Remark. The main lemma follows from Lemma 3.1 by slightly changing
parameters.

The proof of Lemma 3.1 is given through a series of lemmas.

First, using Lemma 2.1, there exists a point y, € Bg(xk) such that

k 1 % n/2
nerel /Srk(yk) A0 +18,00] 48,0
! kyn/2 ; k 1 1
<ct,g.om [ IRmg"dgt <c, 5y

Bos1(X)

Now we apply Theorem 2.5 in polar coordinates on Bf(yk) . We have
gk = dr* + Zg:(j(ﬁ, r)d6'd¢’, and identify B, (y,) with the unit Eu-
clidean ball B(1). By this geodesic polar coordinate, there exists a diffeo-
morphism ¢, : S(1) - S(1) = {x € R" | |X| = 1}, such that

* k n/2 1
- dg, <0 <—>
/TM) 6:8" — g,|"* dg, T

for the Euclidean metric g, = |a’x|2 on B(1). Here we extend ¢, trivially
to T(1, n), and will use 0(1/k) to denote a constant which converges to
zero when k — oo.
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Abusing notation slightly, we shall write gk as ¢,’: gk , and drop all the
k’s in the remainder of this section. Moreover, we shall simply write g
as gk , A for the Laplacian operator of (M, gk) , etc.

Let X = {x1 , -+, x"} be the Euclidean coordinate on B(1). For
g=>_8;x )dx'dx’,

we have

(1) Z/G(l’”)lgij(x)—Jij|"/2dg0<0<7(—>

Now, by solving the Dirichlet problem
{ AF =0,

Hora,m = Xlora,n
we obtain F: T(1,n)— B(1l).
The idea of- the proof of the lemma is given through the following se-
quence of lemmas. We shall show, in fact, that F is the desired map.
Lemma 3.2.

/ |VF—Vx|§dg<0(l>.
T(1,n) \k

Proof. First we note
ij 0 1 i
A(h' - x") \/_Z——( ja 5 (h —x))
zl 11
Za i )'
Let u=h'—x'. Integrating by part gives
/ [Vul dg—-—/ Au-udg
T(1,7) (1, n)
T(t.m il il
/ \/_ Z ( -9 ) udg
iy 0
- - —udg,.
./m,n)z \/§g )) ax' 0

By Holder inequality, this implies
2 il gil]?
vujdg<cy [ |vae'-o"[ dg,
/T(l,m 8 2 T(l,m‘ ' 0

Now, using [10, 1.11], we have for large k, C_'gO < g <cg,. This and
(1) clearly imply the lemma.
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Lemma 3.3. IVhili, - |Vx'.|§0 =1 almost everywhere on T(1, n).
Proof. This follows from (1) and Lemma 3.2.
Lemma 3.4. For small 7> 0, we have

12
'Vh" <C,n,t) onT(l-1,7+7).
Proof. Let us recall a well-known formula:

alvn]| =2 \vzh"f + 2Ric(VA', VA,

Let ¢ = |VA'|. Then we have
(2) Ap > -2H¢.
Noting the uniform Sobolev inequality on (M, , gk) and using the stan-
dard Moser iteration, we easily obtain the following estimate:
max 6 <Conm,v) [ g,
T(1—1,7+n) T(1,n)

which together with Lemma 3.3 clearly implies Lemma 3.4.
Lemma 3.5. For each i, we have

i 1
|h" = x| cori—e, ramy <0 <E> .

Proof. By Sobolev inequality and 3.2, we obtain

. . (n=2)/n )
( / | — X2 2 dg) <C \Vh' - Vx6il*dg
T(1,n) T(1,n)

<0(¢).

which shows that A’ converges to x' almost everywhere on 7°(1, n). By
3.4, we have

VA <C(n,n,t) onT(l—-1,7+7),

which clearly implies Lemma 3.5.
Lemma 3.6.

IV?h')Pdg <0 (l> .
T(1-2t1,2t+n) k
Proof. We shall use the formula
A$® = 2|V*h'} + 2Ric(VA', VA

for .
¢’ = |VA'.



CONVERGENCE OF RIEMANNIAN MANIFOLDS 371

Take a cut-off function 0 < u(¢) < 1, such that
0 {1, It+n<i<1-1Ir,
o= 0, t<3t+n or t>1-3t
Then we have

K@l < 20 < 5.

Let f =Y (h')* and a(x) = u(f(x)). Then
/A(¢2 - D= 2/ IV2h') o+ 2/Ric(Vh", vi i,
which gives
[ 1V [6 - visal+ [ Ricls’ g
Now, note that for k large, by 3.5 we obtain
suppa C T(1-1,7+7),

p=1 onT(l-1,2t+1n),
which imply

/ V2h'Pdg < i / (% - lAal + / ¢*| Ric| dg.
T(1-2t,21+7) T(1—-1,7+n)

Since Af = ZZIVhiIZ <C(n,n, 1), by 3.4, we clearly have
/ |v2h"|2dg50<1) +C/|Ric|dg
T(1-21,27+n) k

<ol 4ic /|Ric|"/2a’ 7oL
—_— k g —_— k .

Lemma 3.7. From the Ricci formula, it follows that
AV = 29°h ) + 2Rm«V2R', VR
+2V(Rm+VA', V’h') — 2(Rm+VA', V1),
where we have used A x B to denote a bilinear form of A and B with

constant coefficients.
Lemma 3.8.

/ |V2hi|2n/(n—2)dg+/ IV3hi|2ng0(7i->-
T(1-37,3t+7) T(1-37,31+n)

Proof. Take a cut-off function & = u(f) similar to the one in 3.6, such

that
suppi C T(1 — 27, 21+71),

p=1 onT(l-37,31+n).
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Then we have ., ) ¢
_ !
An] = 'S+ 11V <

Using Lemma 3.7 and letting v = |V2hil2 , we have
/ AR’ =2 / VPR +2 / (Rm+V*h')i*
- 2/(Rm*Vhi, Vi - 2/<Rm*Vh", vih'y i
By the Cauchy inequality ga’ + %bz > 2ab, we obtain
[vo 22 [\9hPa - ¢ [ [Rmja* - € [ |Rm| (4]
—e/WVh’zz (@/}Rmfaﬂvw.
Applying the Holder inequality yields
3) |
@-o) [ B1VH7 < [vant+C [IRmia?
1/2 1/2
rc(f mm's’) (/ )

+C / IRm|"? )" 2>(n_2)/n
B(1) ’

Now, using the Sobolev inequality, we have

(n=2)/n ) (n=2)/n
(/(ﬁZW)n/(n—2)> _ (/ﬁlvzhll)zn/(rz—z) dg)
4 <c [Iv@vP+c [ @HT
< c/ VhPa + C V2P
T(1-2t,2147n)
(3) and (4) are combined to give

3,02 2 1\*" TN ) S
(1o [ IV°H74" + C—C(E) (fw&wre)
<C w2 2\ "
< v+C |Rm | &
T(1-2t,21+n)

e[ ntn)” ()"

For k large, we clearly prove this lemma by 3.6.
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Lemma 3.9.
AV*H' = V(Ric*Vh') + Rm + V?h'.

Proof. Forany x , choose the coordinate near x, such that g, j(x)=9,;.
Apply the Ricci identity to obtain

AV, V' =Y VAV Y,V + Y V(R 8™V )
=Y V(Y V) + Y VR, 8"V b+ RmxV R
=Y V(Y9 )+ VR, 8"V, h + RmaV R
(5) = SV VAR SV, (R, 8™ )
+ 3 V,Ryym&™ Vi + Rmxv’h’
=Y (R,&™V, 1)+ 3 VR, 8"V, b + RmsVh',
k

Now using the second Bianchi identity yields

Y ViRuim = ViR = =D ViR =D VR,
=+V,R,, -V, Ry,

which together with (5) implies

AV?h' = V(Ric*Vh') + Rm VA

/ V| dg <0 <1)
T(1-41,41t+n) k
forany g >m.

Proof. Take p > 0 and a cut-off function u, such that

Lemma 3.10.

suppu C T(1 -37,371+17),

=1 onT(l1-41,41+n).

Then we have
|[Vul <c/t.

Let y = |V2hi|2 . Using 3.9 and the Cauchy inequality 2ab < a’+b? , We
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obtain
Ay = |V +2(aVPH , VPR
=2|Vh'[* + 2(V(Ric+Vh'), V?h') + 2(Rm+V°h', V*h')
= 2|Vh' > + 2V(Ric+Vh', V*h') — 2(Ric«Vh', V’h')
+2(Rm+V2h', V2h')
> |V’h')P + 2V(Ric«Vh', V2A') — C|Ric|’|VA'|* = C|Rm |y.
Integrating by parts gives
_/AWWZp 12 /IV h12 2p— 1ﬂ2
< 2/((Ric*Vh VR, 0¥ )

+C/|R1c| VA Py +c/|Rm|y/2” 2

2p - 1) / Iy lu il + / AR s

< CH/IVzhi||Vv/|y/2” 2u2+CH/|V2hi|!//2p_1|Vﬂ2

|
+CH2/ - 2+C/|Rm|y/2pu +C/|V!//|l//2p 1|V;42|.
For (2p —1) >0, use 2ab < ea’ + %bz again to obtain
/lVWlZ -2, <C£/|Vl//|2 2p— 2/‘2+%(C/W2p_lﬂ2>

+C/;1|V/tlv/2”'”2+C/!//”"’ﬂ2
+C/|Rm[y/2p 2
+Co [1vpPu 2t + S [P Ivul

which clearly implies that for ¢ small,

2 2p-2 2 2p—1 2
/lVWl ’ uSC/v/” u

+C/ v |vu +C/Rm|y/2p 2
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Now, using the Holder and Sobolev inequalities, we get
2 2p-2 2 2p—1 2 2 2
/ww ’ uSC/w” u+C/w”WM

a2\ " poanjin—2\ """
+C|( [ |[Rm| (uy”)

sC/wz" ' 2+C/!//2”|V#I

we(z) " {e muitee i)

SC/!//ZP l 2+C/w W+ vul)

1 2n 2 D2
+C<E> /u|w|.

For any fixed ¢ > 0, we take k large, such that qz(l /k)
Then we have for p <g¢q

2 2p-2 2 2p—-1 2
/|VW| - #SC/V/” +C/w (u* +|Vu|

and the Sobolev inequality yields
2n/(n—2) (n=2)/n -2 2
(/(w”#) ) SC/W” +C/¢// W+ vl

which clearly can be iterated by using 3.8 to obtain

(Juor) <o(z)
Lemma 3.11.

’thi|2 . 1\ <0 (%) on T(1 =51, 51+7).

2/m is small.

Proof. Let f = IVhiI2 — 1. Then
Af =2|V?h'} + 2Ric(Vh', VA') =
From 3.10 it follows that fr,_, 4., |u|"dg < C(q) for ¢ > n. Then
we use Moser iteration with slight modifications. Define
fo=max{f,0}, [ =max{-f,0},

and let / = f, + f_. For any cut-off function x with suppu C
T(1 —4t,4t+n), we have

/Af 2p12 /#2p12
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Integrating by parts gives

2p-1) [IVAPR70 % [0, 9 == [uf ™,

o= 1) [ VAP < [IVAIVRE + [
Let f = f, + f_ . Then by adding the above inequalities we obtain

o= [0 < [ 7 wa7 ™ [
<50p-1) [ 9777
2 [P+ [

for 2p — 1 > 0, which together with the Holder inequality yields

[rori<c froutr+ ([ue) " (fuir) ",

where 1/g+ 1/k =1 and k < n/(n —2). Using the Sobolev inequality,
we get

</(uf”)2"/(""2’>(n 2 <C/ IVul + u )f2”+C</(ﬂ 77 )UK.

Since f < |f| is bounded, we have

o 2njin-2)\ "I 2p—1 -1\ /¥
(nf") <C 7 +C f
supp u supp

1/x
<C (/ j—up—l)x)
supp u

Take p, > 1 and p, , such that (2p, — 1)k =2p, _,(n/n—2). Then
we obtain

18"-1

D = Zﬂ +B Py» ﬂ=M>1_

K

Iterating easily gives

(6) max f_' S C / fZIJo(n/("—z))
T(1—-57,5t+n) T(1—47,41+n)

for some g, = q,(n, x, p,) > 0.

9
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From 3.3 and 3.4 it follows that |f| < C,and f — 0 almost everywhere
on T(1-4t, 47+n) by the Lebesgue convergence theorem. Thus we obtain

/ P dg <0 (1)
T(1—4t1,41+n) k

for any p > 0. By taking p, =2 and p =4n/(n - 2), (6) clearly implies
3.11.
Lemma 3.12.

(VA , ) - 67| <0 (%)

on T(1=57,5t+n). ' .
Proof. Obviously we can apply the above estimates to 7 = A.h' + A jh’

for Af-i—li = 1. Then |\7h|2 — 1, which together with the above estimates
easily proves 3.12. - . _
Now, for large k and h” = (Vh', VK’), we have

B~ 6] e <0 (%) .
Therefore, for k sufficiently large, we obtain the following.
Lemma 3.13. F = (h',---,h") defines a diffeomorphism from
T(l-61,6Tt+n) onto F(T(1—-61,6Tt+n))C B(l), and
F(T(1-61,6t+n)D>T(l-T71,7t+n),
F N T(1 =71, 7t+n) D T(1 - 87, 87 + 7).

Lemma 3.14. In the harmonic coordinate F = (hl , -, h"), we have

08" | < C(H, K, 7,1, 0)

on T(1-8t,8t+n)C F(T(1—-6t1,6T+1n)).
Proof. In such a coordinate system, we have

AR = 20" W Ry, + 23T Ty " n™

which implies -
|ARY| < € + Cldn*!) .

Letting G = (h") € R" , we obtain
IAG| < C + C|dG,

ie.,
‘Z h"’aka,G’ < C+CldG)
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where 0 denotes the partial derivative with respect to the harmonic coor-
dinate F = (h',--- , h").

Now take a cut-off function u, similar to the one in 3.6, with Supp x4 C
T(1 - 61, 6T+ 7). Applying the L? estimate of the Laplace operator A,
of Euclidean space, we have

2, 2
107 ("Gl < CllAG 7 »
which implies

10 (6 G)le < IAGI, + | (K - 6)9,0,(47G)

r
From 3.12, it follows that for large k,
(i, Vi)~ 57| <0 (%) ,
which together with the above inequality yields
2, 2 2 2
107 (WGl < C+ Cll|0GI | 1o
By the Holder inequality and 3.10, we have for p > n
18>’ Gl < C+C < C.
Applying the Sobolev imbedding theorem we obtain
I0(uG)llc- < C,

which implies 3.14.
Lemma 3.15. If |Ric(g)| < H, then

18°h"||, < C

on T(1-8t,8t+mn),and p>n.
Proof. From the proof in 3.14 it follows that

18 (uG)|l,» < C|Ric|+ C||dG|3x,

which together with 3.10 clearly implies 3.15.

Proof of Lemma 3.1. We simply take 7 = n/100 in the above lemmas.
This completes the proof of Lemma 3.1.

Lemma 3.16. For any 0 < n < 1, there exists a small constant k =
k(H,n,n) >0 such that if

/ |Rm(g)[">
Bl+Zr/(XO)

dg <k,
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then there exists a diffeomorphism F from Q(x,) D T, (1- i1, 3n) into
T(1+n,n), such that

(a) F is harmonic, i.e., AF =0,
(b) FTNT(L+4n, §m) > T, (1-2n, 3n), and

image F > T (1+1in, 37).

Let h = (Vh', VI’) be the metric tensor in this harmonic coordinate,
where F = (h',--- , h"). Then (h”) satisfies the conclusions of (c), (d),
and (e) of the main lemma.

Proof. This lemma follows from the main lemma by simply noting that

in the main lemma we have
T, (L=3n,3n) > T, (1+4n, 3n),
T, (1=2n,3n) C T (1-n,2n).
Now we need to restate the above results in geodesic balls.

Lemma 3.17. For small n,0 < n < 1, there exists a small constant
k=x(H,n,n) >0, such that if

/ |Rm(g)|
By, 2,(Xp)

then, for any 0 <d < 5 and x € B, , (x,), so that d(dy, x) < 1_;5-2n,
there exists a harmonic coordinate F with domain O By(x) and image
FOB((1-n)={x€eR"||x| <d(1—n)} such that

(a) F~'(B(S(1 = 1)) D Byy_yy(%).

Let HY = (Vh', VK'Y be the metric tensor in such a harmonic coordi-
nate, where F = (h',--- , h"). Then

(b)

"Pdg <k,

|h" - 6") < n*/100n.
(c)
ldh”| e <C(H,n,n), 0<a<1, onB(d(1-n)).
Proof. If 3n+0 <d(x,,x) < 1—3J—2n, then by Lemma 3.16 there
exists a harmonic coordinate F on Txo(l —2n,3n). Since Bs(x) C

Txo(l —2n,2n), we can use F and a translation in R” to define a har-

monic coordinate F on Bj(x) with F(x) =0. (b) and (c) follow from
3.16, and (a) follows from (b) by taking 1 small < C(n).

Now, consider 37+ J > d(x,, x). First, note that the constant 1+ 27
does not play an essential role in 3.16. Then we can replace 14275 by %—n ,
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and the constants change accordingly. For such x, we can find a point
y on the extension of the geodesic from x to Xx,, such that d(y, x) =
3n+6,and d(y, dB(x)) > -3n. Since B,,;_,(¥) C B, ,,(x,) , we apply
Lemma 3.16 to the ball B, /3— ”(y) . There exists a harmonic coordinate F
with domain F > T,(§ — 47, 3n) and image F D T(3-3n, 3n). Since
Bs(x) C T(%— — 4y, 3n), we can use F and a linear translation of R” to
define a harmonic coordinate (still call it F') on Bj(x) such that (b) and
(c) are satisfied, and F(x) = 0. Thus (a) follows from (b) for n small
< ¢(n). This completes the proof of Lemma 3.17, and so also the proof
of Theorem 3.0.
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