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A REMARK ON THE SYZYGIES
OF THE GENERIC CANONICAL CURVES

LAWRENCE EIN

Let C be a genus g nonhyperelliptic curve. Consider the canonical ring

R = φ H°(ω"c).
n

Set V = H°(ωc) and let S be the polynomial ring Symm(F). Then R can be
regarded as a graded S-module. Let C = S/μ, where μ is the irrelevant ideal
of S. Then C has a minimal graded Koszul resolution:

0 -> Λ gF ® S(-g) -> -> F <S> S(-l) -> S -> C -> 0.
Kpq{C) is defined to be the Koszul cohomology group Kp q(R) [1, §1] which
is isomorphic to the homogeneous degree /? + g part of Tor^(JR,C). Observe
that if

0 -> Lg_2 -> Lλ -> Lo ^ iί -> 0

is a minimal graded free resolution of R, then Lp ® C = Tor^ί^, C).
Mark Green conjectures that if C is generic, then Kpl{C) = 0 for p <

Kg ~ 3 ) / 2 ] ? [1> 5.6]. It is elementary to show that KpJ(C) = 0 for j > 3
(Proposition 2). Now one observes that K12(C) = 0 is equivalent to Petri's
theorem, which says that the homogeneous ideal of C in P(V) is generated by
quadrics. In [2], Green and Lazarsfeld showed that if the Clifford index of C is
less than or equal to m, then Km2(C) Φ 0. Green conjectures that the converse
is also true [1, 5.1].

In this paper, we study the Koszul cohomologies of a generic curve by the
degeneration method. We show that if Kp2(X) = 0 for a curve of genus «,
then K 2(C) = 0 for a generic curve of genus m/if m = n (mod p + 1) and
m > n.

With the aid of the computer program Macaulay, Bayer, and Stillman had
showed that if C is generic and g < 12, then Kp2(C) = 0 for p ^ \(g - 3)/2].
Using their results, we prove that K22(C) = 0 for g > 7 and K32(C) = 0 for
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g ^ 9 as conjectured by Green. K22(C) = 0 is equivalent to saying that if

{<7i> * ' ' >4n} i s a basis for the quadrics containing C, then the relation among

the quadrics are generated by the elements of the form lxqx + + \nqn = 0

when l v ,lw are linear forms.

I would like to thank M. Green and R. Lazarsfeld for many helpful

discussions. I would also like to thank Bayer and Stillman for their help.

Throughout the paper, we shall work over the complex numbers.

Consider the exact sequence

0 -* Mc -• V <8> Θc -> ωc -+ 0.

Set Qc = M*.

The first two propositions are well known to the experts. But I include them

for the convenience of the readers.

Proposition 1. Assume C is a nonhyperelliptic curve of genus g. Then

(a) There is an exact sequence,
g-2

0 ^ ω~c

ι Θ ΘC(D) -> Mc ^ £ 0c(-Pi) -> 0
1

where pl9 ,pg-2 we general points on C and D = pλ + p2 + +/*g_2

(b) Ifp<g- 1, ίteΛ H\N'MC ® ω 2 ) = 0.

(c) ΓΛe natural map

φ + 1 : HιyAp+1 Mc ® ωc) —> H1yAp+ι V ® ω^ j

is surjective. Hence

h°(Λp+1Qc) = A H Λ ^ M C ® « c) > (^ + ! )•

(d) K 2(C) = 0 (p < g — 2) if and only if

(a) See 2.3 of [3].

(b) Set £ = Σf~ 2^ c(-/? /). Consider the sequence

0 - Λ ^ " 1 ^ ® ω c ® ^ C ( D ) -> Λ^Me ® ω2

c-* ΛPE Θ ω 2 ^ 0.

One sees that H\APMC ® ω£) = 0 for /? < g - 1.
(c) Consider

0 -> Ap+ιMc 0 ω c -> A77""1 F Θ ω c -^ Λ^Mc 0 ωj -> 0.

Observe that cokφ /,+ 1 = H\f\pMc <S> ωj). So φ / > + 1 is surjective for /? < g - 1.

The second assertion follows from the first part by Serre's duality.

(d) Consider

Now (d) follows from (c).
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Corollary 2. Assume C is a nonhyperelliptic curve of genus g. Then

(b) Kptg(C) = Oifq> 4.
Proof. Since the homological dimension of R is g — 2, then K q(C) = 0

for p > g — 2. Now assume g — 2 > p ^ 0. Consider

H°(A'+ι V®ω2

c)^> H°(A*>MC Θ ω£) -> tf X (Λ' + 1 M C ® ω£).

^ 3(C) = cokα = 0 by Proposition 1. Similarly KPtq(C) = 0 for # > 4.
Proposition 3. Assume C is nonhyperelliptic of genus g. Consider the minimal

resolution of R,

(3.1) 0^Lg_2^-+Lg_3-* ••• - ^ L i ^ L o ^ / l ^ O .

Denote by Lt the corresponding locally free sheaf on Pg~ι.

(a) 0 ^ L* Θ S(-g - 1) t L* Θ S(-g - 1) - -> L*_2 ® S(-g - 1)

w αgα/« a minimal resolution ofR.
(b) One can recover the curve C from a boundary map dt.
(c) // 0 < p < g - 2, then Lp = Ep Θ Fp where Ep = 0 Θpg-i(-p - 1)

i^ ~ 0 Θpg-i(-p - 2). Furthermore,

(d) IfKp2(C) = 0 /or on /Hteger/? (/? < g - 2), then KJ2(C) = 0 /or/ < p.
Proof, (a) Observe that

0, otherwise.

So

is an exact complex of sheaves. Set Nj = kerd? (2 < y < g - 1). Then

^ K - i ( 0 ) « ^ 2 K - 2 ( 0 ) « ••• - ^ - 2 ( l o * ( O ) = o.
Similarly, one shows that H\Nj(i)) = 0 for 2 <y < g - 1. Thus (3.1)* <g>
5(-g — 1) is a minimal resolution of R.

(b)Let Mj, = kerrfy,Then

E , r t ^ 2 ( ^ c , βp,-i(-g - 1)) - 0c{\) - E*t*-;- 3(M, , Φp,-i(-g - 1)).

(c) By Noether's theorem and (a), we conclude that Lo - 0p8-ι and
Lg_2 = (Pp,-i(-g - 1). Since C is nondegenerate in P * " 1 and KλJ(C) = 0
for y > 3, Lγ « ^ Θ Fx where

-i(-2) and Fx = ®Θpg-ι(-3).
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Since (3.1) is a minimal resolution, Kpq

Corollary 2, this implies that

g-ι(-p - 1) and F = 0 Φp8-i(-p - 2).

Lp - Ep Θ Fp

(C) = 0 for q < 0 and p >
(/? < g - 2) where

1. By

dim ^ and rank /^ « dim Kp2(C).
Furthermore, rank Ep =

(d) If Kp2(C) = 0, then Lp = 2̂ ,. Suppose for contradiction that Kp_12(C)

^ ^?-i where Fp_λ Φ 0. We can decompose dp asΦ 0. Then = E
p - i

/^ θ gp where /^ e Horn(^, Ep_λ) and g / ? e Hom(^, Fp_λ). Since (3.1) is a
minimal resolution, gp = 0. Set Bp_2 = cokdp. Then Bp_2-Fp_ι®Bp_2.
Now consider

jβ: 0 = 1)) - ( - ^ " 1)).

Observe that /} is not suqective. This contradicts that (3.1)* is a minimal
resolution of R(g + 1). Thus J^/,_12(C) = 0. It follows by induction that
KJ2(C) = 0 for j ^ p.

Theorem 4. Let Xbe a nonhyperelliptic genus n curve. Assume Kp2(X) = 0
for an integer p where 1 < p ^ n — 3. Tfte/i:

(a) i / C w ύf general curve of genus n + /? + 1, ί/ze« ^ 2 (C) = 0.
(b) // C zs α general curve of genus m, wλere m = n mod(/? + 1) ύwd m > n,

then Kp2{C) = 0.

Protf/ (a) Consider a stable curve Co = X U 7, where 7 = IP1 and X Π r
= a\ + 2̂ + ' *" +#/>+2 a r e Z7 + 2 general points on X. Now consider a
one-parameter degeneration π: #-» T where ^ is a surface and T is an
affine curve. Assume that TΓ is proper and flat and there is a point t0 ^ T
such that π~ι(t0) - Co. Furthermore if / =̂  /0 in Γ, then ir~\t) = Ct is a
smooth curve of genus « H- ^ + 1. Now consider the following line bundle on

Θ<e(X). Observe that «JδP | c = ωc for ί Φ t0, S£ \ x = ω x, and

4.1. /z°(j^|Co) = w + p + 1 and o^ | C o is generated by its sections.
Consider

(4.1.1)

(4.1.2)

By (4.1.1), Aϋ(i?| C o) = Λ + p + 1, A^JS?|Co) = 1, and H\&\ C Q ) maps onto
H°(ωx). Since the g,'s are general points,
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Thus H°(£C\Co) maps onto H°(&pι(2p + 2)). So JS?|Co is generated by its
sections. After replacing T by a smaller open set if necessary, we may assume
WφJSf = (n + p + \)ΘT and μ: π*π*.£?->3? is surjective. Set Mv= kerμ, and
Q<g = M£. Observe that

C/α/w 4.2. /!1(Λ / ) + 1ρ^|C o) < C 1 ^ 1 ) - Consider

0 - Ap+1Q«\ y ® M-/» - 2) -» Λ ^ + I ρ ¥ | Co

Observe that

k = 0

' n + p + 1

by Proposition 1 and Proposition 3. Thus h°(Ap+ιQv\Co) < ("Y+Ϋ). It
follows that for generic r, /i°(Λ;7+1ec/) < ("V+V)- Thus ^ ( Q = 0 by
Proposition 1.

(b) This follows from (a) and induction.
Theorem 5. Let C be a general curve of genus g.

(b) K32(C) = 0ifg> 9.
(c) K42(C) = 0 ifg > 11 έiΛrfg = 1 or 2 mod5.
Proof, (a) Using the computer program Macaulay, Bayer, and Stillman had

checked that Kp2(C) = 0 for p < [(g - 3)/2] if g < 12. So #2,2(C) = 0 for
g = 7, 8, or 9. Then Theorem 4 will imply that K22(C) = 0 if g > 7. Similarly
one can prove (b) and (c).
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