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BAND ASYMPTOTICS
ON LINE BUNDLES OVER S*

V. GUILLEMIN & A. URIBE

1. Introduction

Let E —> M be a Hermitian line bundle over a compact Riemannian
manifold M. The choice of a connection, a, on E which is compatible with the
Hermitian structure determines a Bochner-Laplace operator, A,, acting on the
sections of E. If ¢ € C®(M), we can form the Schrodinger operator A, + ¢
and consider its selfadjoint extension to L?(E). The objective of this paper is
to study some spectral properties of this operator in the special case when M is
the standard 2-sphere. This problem has been studied recently by Ruishi
Kuwabara, [3], who showed that if the curvature of the connection is an odd
2-form the spectrum of the Schrodinger operator forms “bands” of fixed width
about the eigenvalues of the Laplacian associated to the SO(3)-invariant
connection. In this paper we sharpen Kuwabara’s results and describe the
asymptotic distribution of eigenvalues in the bands, thus generalizing a theo-
rem of Weinstein’s [5), in the flat case.

Added in proof. The referee has alerted us to another paper by Kuwabara
which has appeared recently (Math. Z. 187 (1984) 481-490). In this paper
asymptotic distributions of eigenvalues are obtained for connections in which
the curvature is not odd (in which case there is no clustering). The result
described in §4 can be regarded as a second order refinement of this result in
the same sense that [1] is a second order refinement of [5]

2. Preliminaries

The set of isomorphism classes of line bundles over S? is indexed by the
integers, the indexing map being the first Chern class followed by the canoni-
cal isomorphic H*(S? Z) = Z. More precisely, for every m € Z there is an
essentially unique Hermitian line bundle with Chern number m, E,, > S?, and
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such that the natural action of SO(3) on S? lifts to an action on E,, which is
unitary on the fibers. In fact, under the usual isomorphism S? = CP!, E| is the
hyperplane bundle, and the various E,, are tensor powers of E; and its dual.

For every m, the set X of connections on E,, which are compatible with the
Hermitian structure is naturally an affine space over the vector space A!(S?)
of real-valued 1-forms on S?. Furthermore, there is a distinguished connection
on E,, which we will denote by a,. This is the unique SO(3)-invariant
connection, with curvature Q,, = im® /2, 0 being the natural volume form of
S2. a, is also the unique connection with a harmonic curvature form and, from
the complex point of view, the (1,0) connection of E,. It is natural to take a,
as the origin in X and thus establish a bijection X = %}(S?).

Let A,, denote the Bochner-Laplace operator associated with the harmonic
connection a,. Our first task is to describe the Laplacian of an arbitrary
connection as a perturbation of A .

2.1. Lemma. Let E - M be a Hermitian line bundle over the Riemannian
manifold M, and let a,, a, be any two connections on E compatible with the
Hermitian structure. Let B = a; — a,, B € A (M), be the 1-form carrying agto
ay, and let A ; be the Bochner-Laplace operator corresponding to a;, j = 1,2. Then

(2.1) A=A, + %vﬁ + % divB + |B| .

Here B denotes the vector field on M metric-dual to B, and v ° denotes covariant
differentiation with respect to a,.

Proof. Let U C M be an open set over which there is a section e of E which
has constant unit length. Let a be the real 1-form describing covariant
differentiation v ° in the frame e, that is,

v(fe) = (df + iaf)e
for all f € C*®(U). It is not hard to see that then

(22)  Ay(fe) = [A(S) +(2/i)(df. o) +(i8(a) +al’)f]e.

where A is the Laplace-Beltrami operator on M, §: AY(M,C) - A°(M,C) is
the adjoint of exterior differentiation, and ( ) denotes the pairing given by
the Riemannian metric. Replacing a by a + B in (2.2) and using the fact that
8(B) = —divB, we obtain (2.1). q.e.d.

The previous lemma shows how the Laplacian of an arbltrary connection on
E, is a first order perturbation of the Laplacian A,, associated with the

harmonic connection. It can be shown (see [2]) that the spectrum of A,
consists of the eigenvalues

+1) m?
}\k=(k+'m'2 ) _m4+1, k=0,1,2,'--,
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with multiplicity 2k + 1 + |m|. As Kuwabara shows in [3], for connections
with an odd curvature form the above multiple eigenvalues split into bands of
bounded width. We will now describe the asymptotic distribution of eigenval-
ues in these bands.

3. The averaging method
Let 8 € A(S?), g € C®(S?), and consider the operator
. N 2
Q= (2/1)V§) +(1/i)divB +|B|” + q.

By Lemma 2.1, A, + ¢ = A, + Q, where a is the translate of the harmonic
connection by f8. Let

2 12
Am=(Am+m +1) ;

4
this is a first order, elliptic, selfadjoint pseudodifferentiation operator (¥ DO)
with principal symbol H,( X, {) = [{], the Riemannian norm. Instead of work-
ing with A, + g, we will consider (42, + Q)2
3.1.Lemma. LetR = 1(A,'Q + QA."). Then the ¥DO, S, defined by
(42 + Q) =4, +R+S
is of order (—1) and its principal symbol is — 1Hy >(B)>.

Here by 8 we mean the function on T*S? given by contraction with the
vector field B. The proof of Lemma 3.1 is practically identical to the proof of
Lemma 4.5 in [4}, and will be omitted.

We now apply the averaging method to the operator (A2 + Q)% see
[4, §6]. Let ,

|m| + 1
"7
and U(T) = expit A°. This is a 1-parameter group of Fourier integral opera-
tors which is 2#-periodic since the spectrum of 4° consists of the nonnegative
integers. For every ¥DO, P, on E,, define
1

27
P =ﬁf0 U(t)PU(—1) dt,

A°=4

7(P) = %f:" dt f(-)' U(s)PU(~s) ds.

By Egorov’s theorem P¢’ and 7(P) are ¥DO of the same order as P. By
Lemma 6.3 of [4], we have
3.2. Lemma. With the notation of Lemma 3.1, (A% + Q)'/? is unitarily
equivalent to
A, + R* + 3[7(R), R]* + §*,
modulo operators of order (—2).
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‘Squaring, we obtain
3.3. Corollary. A, + q is unitarily equivalent to

A, + Q%+ 54,2(0%) + 4,[7(R), R]* + 24,5,

modulo operators of order (—1).

Q“ is generally of order one, so the “band” phenomenon does not occur.
However, in certain cases Q“* is of order zero. Let ¢, denote the Hamiltonian
flow in T*S?-{0} associated with the Hamiltonian H,. Given any f €&
C*(T*S2-{0}), let

”U—L 27 *
f —277[0 ¥ dr.

We will denote the Poisson bracket of functions on T*S? by { , }.

3.4. Proposition. Q¢ is of order zero if and only if the curvature, Q, of the
connection a is odd,i.e., 1*Q = —Q, where 1 is the antipodal map. In that case,
A, + q is unitarily equivalent to an operator of the form A,, + B, where B is a
zeroth order operator with principal symbol

av A av H T t A _ A —
(3.1) (18" - Hy2(B2)“ - 2—3[()2 dt/o (orBH; l,fp;"BHOl}ds+q“”,

which Poisson commutes with H,.

Proof. Q% is of order zero if and only if (8)“’ = 0, that is, iff [, = 0 for
all geodesics y C S2. By Proposition 3.3 in [3], this is equivalent to the
existence of f € C*(S?), B’ € A! such that B = B’ + df and *B’ = B’. This
implies that ¢*Q = —§. Conversely, if Q is odd, an easy application of Stokes’
theorem shows that [, 8 = 0 for all oriented geodesics vy, and so Q“’ is of order
zero.

If © is odd, the principal symbol of Q“’ is simply (|B|> + ¢)**, because the
subprincipal symbol of (2/i )V,;O + (1/i )div B3 vanishes (apply equation A4 of
[1]). By the Corollary 3.3 and Lemma 3.1, the symbol of B is

2 av _ Any AU
(I8 +q)" = Hy*(B*)™ + Heo,
where o is the symbol of [7(R), R]’. It is not hard to show that

-1 ' :
°o=5_ 02 dt'/(: {¢;"r,¢;“r} ds,

where r is the principal symbol of R, i.e., H; 'B.



BAND ASYMPTOTICS ON LINE BUNDLES 133

4. Band asymptotics

We keep the notation of the previous section and assume that the curvature
{2 of the connection a is odd. As we mentioned earlier, the spectrum of A,
consists of the eigenvalues

k=0,1,2, -,

2 2
)\k=(k+ |m|+1) _m*+1

2 4

with multiplicity d, = 2k + 1 + |m| (see [2]). By the second part of Proposi-
tion 3.4 and standard max-min arguments, there is a constant C such that the
spectrum of S = A, + g is contained in UY_o(A, — C, A, + C). In fact, it is
not hard to see that for large k there are precisely d, eigenvalues of S in
(A, — C, A, + C), counting multiplicities. Denote such eigenvalues by
pi, - -+, p() and let

R I R s

Let Z be the unit cosphere bundle of S? and let dv denote the SO(3)-invariant
measure on Z with total mass equal to one. We can now state our main result.
4.1. Theorem. The sequence of measures {v,}, given by

d,
di(A) = % 8(A - Ap),

Jj=1

converges weakly to the measure F(B, q)s dv, where F(B, q) is the restriction of
the function (3.1) to Z.

Wih Proposition 3.4 at hand, the proof is identical to that of Weinstein, [5],
in the scalar case.
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