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BOUNDS ON THE VON NEUMANN DIMENSION
OF L>-COHOMOLOGY AND THE GAUSS-
BONNET THEOREM FOR OPEN MANIFOLDS

JEFF CHEEGER & MIKHAEL GROMOV

0. Introduction

In this paper we continue the discussion of [6]. In §§1-3, we prove those
results concerning the Von Neumann dimension of L2-cohomology spaces (L2
Betti numbers) whose proofs were given only for normal coverings which are
profinite.!

The L2-cohomology techniques turn out to be useful in other contexts as
well. For example, in [7] we simplify the proof of the theorem of Gottlieb and
Stallings, which states that if a K (o, 1)-space is homotopy equivalent to a finite
complex and « has nontrivial center, then the Euler characteristic x (K (=, 1))
vanishes. In fact, we show that it suffices to assume that = has a nontrivial
normal amenable subgroup.

In §4 we extend the result of [6] concerning the n-invariant to the not
necessarily profinite case. For this we define a corresponding invariant 7,, by
means of the I'-trace.

In §5 we extend our results to certain metrics which are conformally related
to those considered in §1. We also give an intrinsic criterion (Theorem 5.5) for
a metric to be of this type.

As background for §§1-3 of the present paper, we now recall some material
from [6). There we considered a complete riemannian manifold M", whose
sectional curvature, K, and volume, Vol(M), satisfy |K| < 1, Vol(M) < co.
Here we will be concerned exclusively with the particular case in which
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VA covering M is profinite if there exist subgroups I; € m(M), of finite index, such that
NAL; =T = m( M).
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geo(M) < 1 for some normal covering p: M —» M, M/T = M. The condition
geo(X) < 1 means that |[K| <1 and the injectivity radius, i(X), satisfies
i(X)> 1. As in [6], it actually suffices to assume geo(U) <1 for some
neighborhood U of infinity. The details of this generalization are not difficult
and will be omitted.

Let 75 denote orthogonal projection on $', the space of closed and coclosed
square integrable i-forms of M. Then

(0.1) ms(@) = [ H(xp) A%, w(p),

where &'(x, y) is a symmetric C* double form. The assumption geo(M) < 1,
together ~with the elliptic estimate for the Laplacian implies that the pointwise
norm of h'(x, y) satisfies

(02) In'(x, »)ll < e(n)

(n = dim M).? Since h(x, ) is invariant under isometries, we can regard its
pointwise trace, tr(h'(x, x)), as a function on M, and put

(0.3) bipy (M) = [M tr(R(x, x)) dx < oo,

where the integration is with respect to the natural volume element. Observe
that T acts on the reduced L>-cohomology space H, (M) = kerd/im d. The
number b, (M) can be interpreted as the Von Neumann dimension (from
now on we just say I'-dimension) of the I''module H,,(M) (see §2 and the
references cited there for further discussion of I' modules). It follows by a
standard argument that Z)éz)(M ) is a quasi-isometry invariant of M. A main
concern here is to show that in fact, b;,(M) is a homoto?y invariant (Theorem
6.2 of [6]). To this end we show that the I'-module H,(M") is the inverse limit
of the system ﬁ(’z)( p~Y(B)), corresponding to the possibly disconnected cover-
ing spaces p~!(B), over all open sets with compact closure B € M". We can
then apply the known fact that (the isomorphism class of) the I'-module
H_(iz)(fi’) is a homotopy invariant of B (see [13]).

The above result and others proved below are easy consequences of the
assertion that M admits an exhaustion M = UM, by compact submanifolds
with boundary such that

(0.4) Vol(aM,) — 0,
(0.5) (3m,)|| < ¢

2 Throughout the paper we indicate the dependence of constants appearing in estimates on
parameters, by writing, e.g... ¢(n) for a constant which depends only on .
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for some constant c. (II(dM,) denotes the second fundamental form of 0M,.)
The sequence { M, } is called a sequence of good choppings. Grant for the
moment that such a sequence exists. Let 4% denote the kernel corresponding to
projection on the harmonic i-forms for p™}(M,) C M. By the elliptic estimate
for manifolds with (controlled geometry of the) boundary, as in (0.2),

(0.6) 7Gx, )] < e(n).
It follows that
(0.7) kli_{l; b, (M) = 0,

and in the same way

(0.8) klirr; biy(M\ M,,3(M\ M,)) = 0.

Let b, ( B) be defined by

(0.9) B, (B) = dimp(im H,,(p~(B), p*(3B)) c H,,(p7'(B)))
and for 4 C B, put

(0.10) b, (4, B) = dimp(im Hy(p7'(B)) € Hy(p7'(4))).
Then

(0.11) b, (4) < biy(B),

(0.12) b(4) < b, (4, B) < b (4).

It follows from (0.7), (0.8) and the exact cohomology sequences for L2
cohomology spaces which are I'-modules (see §2) that

(0.13) i’('z)(M) = klifr:o B;Z)(Mk) = kli_{T:o Il_i’n;b(iz)(Mk, M,).
By (0.11), (0.12) we then have
(0.14) B(iz)(M) = klin; i’l('z)(Bk) = kli_{'f:o ll_ifI;Z’(iz)(Bk, B))
for any exhaustion M = UB,. This is easily seen to be equivalent to the
statement that H) (M) is the inverse limit of { Hy(p~'(B))} (where B is
compact); compare [7].

However, as noted in [6], condition (0.5) in the definition of a good
chopping is technically difficult to achieve. In the profinite case, we cir-

cumvented this point by passing to a sufficiently large finite covering space
Pneky MN(k) — M (where M — M, = M) on which, say,

(0.15) geo( Pt (M,)) < 2.
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A cruder chopping result could then be applied (see [6, Theorem 2.1 (Neigh-
borhoods of bounded geometry)]). Since the b, b’ are multiplicative under
finite coverings, (0.14) follows directly.

Here, rather than constructing a sequence of good choppings, we will
generalize the argument just described for the profinite case. The basic
observation is that in a suitable sense, an arbitrary covering is locally profinite.
More precisely, we have the following (compare [14]). Let |K| < 1. There are
constants c;(n), ¢,(n) such that if Bg(q) is a metric ball of radius R < ¢;(n)
and i: Bg(g) — B,g(q) is the inclusion, then i(7;(Bg(q))) C B,r(q) is a
nilpotent subgroup of index < c¢,(n).> As a standard algebraic consequence, if
U C Bg(q), i: m(U) » (M) and T C #,(M), then i X(T') C =, (U) is pro-
finite.

The induced covering space U corresponding to the subgroup i }(T') € 7, (U)
can be identified with a single component of p~}(U) C M. It is clear from (0.3)
that

(0.16) dimpHg (p™(U)) = dim - H3,(0).

Let T.(U) denote the tubular neighborhood of radius » and asume that
T.(U) € Bg(gq). Then applying the argument in the profinite case gives the
basic local estimate

(0.17) b (U, T,(U)) < e(n)(1 + r=")Vol(T,(U)).

In fact, the estimate given in (0.17) holds without the hypothesis T,(U) C
By(q). This can be seen by combining (0.17) with an argument based on the
double complex associated to an open covering U, U, = X C M. The resulting
global estimate is the main step in proving (0.14).

We are grateful to Han Sah for several helpful conversations.

1. Statement of main results

For the convenience of the reader, we begin by recalling the results of [6]
concerning L?-cohomology, whose proofs in the general case were deferred to
this paper. Theorem 1.1 corresponds to Theorem 3.1(1), (3), Theorem 5.1 and
Theorem 6.2 of [6]. Theorem 1.2 corresponds to Theorem 7.1 of that paper.

3 Actually, more is true, but the above suffices for present purposes (¢;(n) is called the Margulis
constant).
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If M is a riemannian manifold with |K| < 1 and Vol(M) < o we put

(1.1) x(M,8) = [ P(2),

(1.2) o(M,g)=fMPL(Q),

where P, () and P, (&) denote the Chern-Gauss-Bonnet form and Hirzebruch
L-form, respectively.
We now define the L*-Euler characteristic and signature by

(1.3) X (M) = X (-1)'By (M),
i=0
(1.4) 6(2)(M) = trl-(* 77521((/[,[«”()).
According to the L%*index theorem of [6] (compare [1], [11], [18]).
(1.5) x(M, g) =X (M),
(1.6) o(M,g) =6,(M).

Theorem 1.1.* Let M be complete, |K| < 1, Vol(M) < oo and suppose that
geo(M) < 1 for some normal covering.
(1) For any exhaustion M = UM,

(1-7) kli_)n:o i)l(.z)(fwk) = kli_)n;o /Eﬂ;bfz)(Mk’ MI) = sz)(M)-

In particular, the B{z)(M ) are homotopy invariants of M.

(2) x(M, g) and o(M, g) are homotopy (respectively proper homotopy) in-
variants of M.

(3) If M has the topological type of some M, C M, then

(1-8) Z’(iz)(Mk) = i)(iz)(M)’

(1.9) x(M, g) = x(M,).

Proof. (2) The homotopy invariance (respectively proper homotopy invari-
ance) of x(M, g) and o(M, g) is a consequence of (1) and the L%*index
theorem, (1.5), (1.6).

(3) If M has finite topological type, we can find an exhaustion such that the
inclusion M, — M is a homotopy equivalence for all k. In this case we have

(1-10) bfz)(Mk’ Mk) = B(il)(Mk)
and the equality (1.8) follows from (1.7). Thus,
(1-11) i(z)(Mk) = )~((2)(M)

4We refer to [6] for earlier results concerning x(M, g).
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and (1.9) follows from (1.5) together with the corresponding L2-index theorem
for the compact space M, (proved, for example, as in [1], [6] or [11]).

(1) The equality (1.7) is an immediate consequence of the various subcases of
(3.13) of Theorem 3.3. Hence, its proof will be deferred.

The homotopy invariance of B{z)(M ) follows from (1.7). In fact, let f:
M - X, g2 X > M determine a homotopy equivalence and let M, X be
corresponding normal coverings. We can assume f, g are simplicial with respect
to some triangulations of M, X. To each finite subcomplex, say K’ ¢ M", we
can associate simplicial L*-cohomology spaces H("z).c(K /), defined using square
integrable cochains. By [13], the H),, (K) are functorial and are homotopy
invariants. Moreover, we have

(1.12) Hp, (K") =p Hy(K")
if K" determines a compact submanifold with boundary.

Let U, M, = M and U, . X,. = X be exhaustions. For fixed k, let k' be
chosen so large that

(1.13) f(M,)cX,.

Next fix /" with

(1.14) X, C X,.

Let &, be a homotopy of gf to the identity. Choose / so large that for each ¢,
(1.15) h,(M,)c M,

(1.16) g(X,) c M,

Let p, 5 denote the inclusion of 4 into B and p% p the corresponding
restriction map, p} p: Hj5(B) = Hj,(A). Then we have a commutative dia-
gram

X,
f Px,.x, I \ g
(1.17) /v N
M, P Xy < - M,

where the composition gf is homotopic to the inclusion p,,, ,,. Hence

(1.18) b, (M, M) = rankp}, = rank-(gf)* = rankr(gpxk,‘xu,f)*
< rankppy | x, = z)(iZ)(Xk" Xp).
Then

(1.19) IEIgbZZ)(Mk’ M) < /'li—>moo b (X, X;)
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and so

(120)  lim lim b (M, M) < lim ~ lim B (X, X,).
Thus, by (1.7),

(1.21) By (M) < By (X),

and, in the same way, the reverse inequality follows.

Theorem 1.2. Let N be compact and let N — N be normal. If [0, 00) X N
admits a complete metric with Vol([0 c0) X N) < oo, geo([0, 00) X N) < 1, then
for all i,

(1.22) bi(N) = 0.

Proof. If we apply (1.7) to the exhaustion U[0, k] X N of [0, 0) X N, it
follows that

(1.23) 0 = bi, ([0, k] X N) = Biy) ([0, k] X N, [0, 1] X N) = iy (N).

In summary, all the results of this section are consequences of (1.7), which is
contained in Theorem 3.3.

2. Homological properties of I'-modules

In this section we discuss some basic homological properties of '-modules.’
Essentially, complexes of I'-modules behave like complexes of finite-dimen-
sional vector spaces, provided a certain technical condition (d is I'-Fredholm)
is satisfied. But the fact that the ['-dimension can be an arbitrarily small real
number gives a characteristic flavor to the applications (compare (0.17) which
has no analog for ordinary Betti numbers).

Let T" be a discrete group. A I'-module 4 is a pre-Hilbert space on which I’
acts by isometries and which can be equivariantly isometrically imbedded as a
subspace of L%(I') ® H. Here, the action of T on L*(Q) is via the left regular
representation and H is a Hilbert space on which I' acts trivially. As in the
references cited, we can attach to A a nonnegative extended real number,
0 < dim 4 < o0, which is independent of the imbedding ¢.

If A # 0, then dim 4 > 0. Moreover, the I'-dimension of a pre-Hilbert space
is equal to that of its completion. As usual,

(2.1) dimp(A4; ® 4,) = dimpA4; + dimpA4,.

5 We refer to [1], [6], [11]. [16] for further background on T-modules.
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The following property of I'-dimension is crucial. If B; ., C B;, j = 1,2,---
are closed and dim B, < oo, then

)

(2.2) dimp N B; = lim dimB;.

j— o0
Finally, let I, € T, and let 4; be a I',-module. If 4, is the I',-module arising
from the induced representation of I, then

Example 2.1. Let M = M/T,, Vol(M) < oo and geo(M) < 1. Let p: M —
M and UcC M be open. Then U= p}(U)/T,, but p"{(U) need not be
connected. Consider some I',-module naturally associated to M, for example
the space E/(A, M), corresponding to the spectral resolution of the identity for
the Laplacian on i-forms of M. As in (0.2), (0.3), the elliptic estimate implies
dim E'(A\, M) < o0. If i: U= M, then T, = m(M)/m(M). The isotropy
group, T}, of some component U of p~!(U) is isomorphic to m,(U) /i ~}(m(M)).
The T,-module E’(A, p~!(U)) arises from the representation of T, induced
from the T';-module E/(A, U), and by (2.3)

(2.4) dimp E/(X,U) = dimp E’(A, p/(U)).

A morphism i;: A; »> A, of I'-modules is a densely defined (possibly
unbounded) linear operator which commutes with the action of I'. All maps
below are assumed to be of this type.

Let
(2.5) A S Ay S 4,
Since
(2.6) dimpi;(4,) = dimp i;(4,),

we make the following convention. The sequence (2.5) is called exact if

(2.7) im i, = keri,.

The statement that dim[ is independent of ¢ can be extended significantly.
Namely, if

(2.8) 0> A4,>A4,-0

is exact, then dimpA4, = dimpA4,. To see this, replace i; by (ifi,) /%, the
isometric part of its polar decomposition.
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A differential T-module is a I'-module A4, together with a morphism d:
A — A, satisfying d* = 0. Morphisms of differential I'-modules are always
assumed to be bounded and to commute with differentials. We define the
homology spaces H(A) by

(2.9) H(A) = kerd/imd .

Note that since we use im d (in order to be assured of obtaining a Hilbert
space), H(A) is a so-called reduced cohomology space and not a cohomology
space in the usual sense. Clearly, H(A) is a I-module in a natural way. From
now on we assume dimpH(A)< oo (this assumption will have to be
strengthened below). Suppose '

(2.10) 0 — dom d, 5 dom d, 3 dom d,—>0

is exact and that there exist bounded morphisms i;*: dom d je1 Nimi; -
dom d j»J =1,2. Then the reduced homology sequence

H(A) S H(4,)

ANPL

H(4,)

(2.11)

can be defined by a trivial modification of the standard definition for ordinary
homology. However, in this degree of generality (2.11) need not be exact. The
pathology arises as a consequence of the fact that 4! need not be a bounded
operator. Equivalently, im d need not be a closed subspace.

Example 2.2 ( Manifolds with cylindrical ends). Let M be a compact rieman-
nian manifold with dM # &. Assume that the metric is a product near dM.
Put X = M U [0, 00) X M, where the union is along 0M and the metric on
[0, 00) X dM is the product metric. If we view the reduced L>-cohomology as a
I'-module with trivial I'-action (so that dim = dim) we have

Hj)(X,[0,00) X 0M) = H'(M,3M),
(2.12) H,([0,0) X aM) =0,
Hj(X) =im H(M,3M) c H'(M).
Thus, the reduced L%*-cohomology sequence of the pair (X,[ 0, 00) X dM) is
not exact if im H'(M,0M) + H(M).
In order to ensure the exactness of (2.11) a condition must be placed on the

operators d ;. In general, a morphism i; 4; — 4, will be called I'-Fredholm if
for some A, > 0, the spectral projections, E(A), of the unbounded selfadjoint
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operators i;i* and i}, satisfy dimpE(A,) < oo (in our notation the spectral
measure is dE())).

Theorem 2.1 ( Exact homology sequence). Let A ; be as in (2.10), and assume
in addition that the differentials d; are T-Fredholm. Then the reduced homology
sequence (2.11) is exact.

Proof. We will check that im i;* = ker i¥. The other cases follow by similar
arguments. Since clearly im i;* C ker i, if we put

(2.13) u=(imiy)" Nkerif,
it suffices to show dimp 11 = 0. For j = 1,2,3 let
(2.14) 9, ={z€4)|dz=d*z=0}.

Then p: 4 — H(AJ) is an isometry. We identify 11 with the corresponding
subspace of §,. Since U C keri,,

(2.15) i,(1) € §* N Ey(c0).

Let 7, denote orthogonal projection on E;(A). We claim that ker m,i,|U1 = 0
for A > 0. For if x € ker m,i,, then i,x € dom d !, and in fact,

(2.16) ld~2iyx| <lipx] /A2
Put

(2.17) y = i34 Yy (x).
Then

(2.18) x —dy € keri, = imi,

contradicting (2.13). Thus, mi,|U is an injection for all A > 0. Since d, is
I'-Fredholm, by (2.2) we have

(2.19) )}1_% dim $3 NE;(A) = 0.
So
(2.20) dim 11 =0,

which suffices to complete the proof.

Example 2.3 (Mayer-Vietoris). The Mayer-Vietoris sequence, implied by
Theorem 2.1, can be employed to estimate the L?-betti numbers, b'(U" U Uy"),
where for example, U;", U,' C M" are compact submanifolds with smooth
boundary such that 9U}", dU;" intersect transversally. In this case, U U Uy,
U" N Uy are piecewise smooth and hence are quasi-isometric to smooth
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manifolds with boundary. Thus the hypothesis of Theorem 2.1 is satisfied
(compare [5]) and we obtain the estimate

(2.21) biny (U, 0 Uy) < By, (Uy) + by (Uy) + B (U, N Uy).

Our main estimate, (2.52), is in the spirit of (2.21) but for (possibly infinite)
locally finite covers {U,} of some X = U_U,, by arbitrary open sets with
compact closure. Since the U, are arbitrary, it becomes necessary to replace
b,,(U) by a relative invariant bl (r,U) (0 < r < o) which is automatically
finite if » > 0 and U, has compact closure. In fact, keeping in mind the
definition of “I'-Fredholm”, we will consider invariants Zw(z)()\, r,U)(A=0)
defined as follows.

Let p: A(p YT, (U)) = A(p~'(U))) denote the restriction map. Consider
the unbounded operator d'p on the subspace of closed forms y €
AN(p N(T(U))) N L? such that p(y) € imd. Let E(\) denote the spectral
resolution of the selfadjoint operator (d "'o)*(d ~'p). Set

(2.22) Zh(A, r,U) = [ker d|N(p™(T,(U)))] N E(A)™" .

In particular, for no ¢ € Zj (A, r,U) does there exist n, with p(¢) = dn,
IImll < A/2||¢|l. However, this does hold if ¢ € E(X).

We put
(2.23) by (A, r,U) = dimpZ}) (A, r,U),
and
(2.24) B (0, 7, U) = Biy (r.U) = By (U. T,(V)).
It follows easily that if
(2.25) UcYcT(Y)cT(U),
then
(2.26) By(M 12, U) < Biy(A, 1, Y).

In particular, if U has compact closure, taking ¥ = Y" to be the interior of a
compact smooth submanifold with boundary, we see that

(2.27) biy(A, r,U) < 0.
Now let {U,} be a locally finite cover of X = U, ¢ M". The multiplicity N,
of {U,} is the supremum of integers k, such that there exists
(2.28) u,n--nU, + 2.
We will put (ag,- - -,a;,) = (a),
(2.29) U,N N, = Yy

A
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We denote by N,(a) the number of sets U (B # @) such that U, N Uy + @.
The norm, N,, of {U,} is then defined to be

(2.30) supN,(a) = N,.

Clearly, N; < N, < .
Associated to {U, } is the double complex of T-modules®
(2.31) @ C(X) = KE)'B D NM(p(U,)) N L2
i.j a)|=i j
Thus, a cochain ¢ of C"/(X) consists of a collection of j-forms ¢, €
A(p~}(U,)) such that if 7 is a permutation of ay,- - -, &, then

(2.32) Dnay = (_l)lﬂld’(a)'

The differentials 0 = @9, ;,d = &4, ),

(2.33) 3, ;s CH/ = CHL,

(2.34) d, ;: CJ - Chitl,

are given by

(235) (a¢)(d) = Z (_1)1(4)(&0.“'.&,(,---,a,-,,l)’
k

(2.36) (do) gy = d($)p)-

Clearly,

(2.37) d0d = do.

From now on we will assume that the sets U, have compact closure and that
the multiplicity of {U,} is finite. In this case sections of A/(p~}(X)) N L? can
be identified with cochains ¢ € C%/( X) such that

(2.38) ¢ € kerd, ;.
(2.39) Y o)’ < .

Suppose, in addition, there is a partition of unity 1 = ¥ f, subordinate to
{U,} such that the pointwise norm ||df ||, is bounded independent of a. Then
for i > 1, an operator

(2.40) I R

© The symbol @& denotes direct sum in the sense of Hilbert spaces.
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satisfying
(2.41) 979 +90t=1

can be defined by the following standard formula. If B = (B, --,B,_,), we
put

(2.42) Upay=Ug, N - N s N,
and

_ i—1
(2.43) (37%)g = (-1)"" X fuBipw|Usp)-

Finally, let A = d§, + 8,d denote the Laplacian for generalized absolute
boundary conditions (see e.g. [5]). Let 7¢ denote orthogonal projection on ker
A and A™! the Green’s operator,

(2.44) AN =AA=1—mg.
Then as usual,

(2.45) d—'=§,A",

(2.46) dd1'+dld=1-m,.
Since there will be no danger of confusion, we also define
(2.47) dl:ci/ - i/t

by

(2.48) dH(¢)y=d (d)-

We are now in a position to state the main estimate of this section (compare
15). ~

Theorem 2.2 ( Double complex estimate). Let p: M"™ — M" be normal and
let {U,} be a cover of X =U_ U, C M" by open sets with compact closure.
Assume

(1) {U,} has finite norm N, < oo and multiplicity N; < N,.

(2) There is a partition of unity 1 = ¥ f,, subordinate to {U, }, such that for all
a, the pointwise norm ||df,|| is uniformly bounded,

(2.49) ldfull < c.

For fixed j, we put

(2.50) J = min( j, N;).

For X\ > 0 (c as in (2.49)) and a suitable constant c(N,), we define p by

1

J
(2.51) i~ (M) X (¢/m) ”
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Then forany0 =ry<ry < .-+ <174,
J
- __—
(2.52) b('z)()‘v i1 X) < Z Z by (I", Ty—ksr = Ty—ko Tr,,kH(U(a)))~
k=0 {(a)|=k

Remark 2.1. Of course, the implication of Theorem 2.2 is vacuous unless
the sum on the right-hand side of (2.52) is finite.

Proof of Theorem 2.2. 1In view of (2.2), the case A = 0 follows from the case
A > 0 by letting A — 0. Thus we assume A > 0 and hence, p > 0.

Put

(2.53) c(r(x) = & MpT,(Ua))) N L2

If z € kerd, ; C CHI(T(X)), let m,(z) denote its projection on the subspace

.n? )IZ(IZ)(F" =T T’/—x((](a)))'

We will define maps, ¥, = Ident| Z}, (i, 1,41, X), ¥y, - -4y,
(2.54) Y kermy, > imd, , ;_, Nkerd, ;_,
< €T, (X))

(1 < k < J) and a decreasing filtration

(255) Vlg 0 C VOQ V—1=Z(j2)(>"rj+l’X)’
given for k > 0, by
(2.56) V,=kermy,.
It will suffice to establish that for p as in (2.51),
(2.57) V,=0.
For then,
» J
(2.58) bhy(A, 1y, X) = Z dimy (V,_1/V}),
k=0
and
(2.59)
J J J o
Dy Vio/Vi> D D Z(jz)_k(l"a Troks1 — Tk Tr,,k(U(a)))
k=0 k=0 k=0 (a)|=k

is an injection.
For k' > k, let p, denote the restriction map

(2.60) e ®C(T, (X)) - CH(T, (X))



VON NEUMANN DIMENSION OF L2-COHOMOLOGY 15

Set
(2.61) B,y =3d"o_;: @ C™/(T, (X)) > @ C/7NT,_(X)).
ivJ ij
As in (2.38), (2.39) we identify Z{z)(oo,O, T, . (X)) with the correspondiing
subspace of

(2.62) ker d, ; N kerd, ;,
and put

(2.63) Yo =Ident| Z, (u, 1y11, X),
(2.64) Vi =B, ji1¥i-a

To see that imy,[kerm,y,_, C kerd, ;_, as claimed in (2.54), we can
assume by induction that

(2.65) dd =N, _\kerm,_y =,
Then

(2.66)  dy, =dB,_;.1¥x_1 =8dd o1y = Pr_18¥4_, = 0.
Next observe that if N} < j, we have automatically

(2.67) ¥y +1=0.

On the other hand, if N; > Jj, since the only closed 0-forms are constants,
(2.68) kermy, = kery,

Thus, if we put

(2.69) J* =min(N,, j — 1)

on V, we have

(2.70) Vo1 =0.

To show that ¥, = 0, we introduce
@7)  A=dd @ CH(T(X))~> @ CTMTT(X))

izl j i>1,
and the operator
(2.72) K:V,->Cc%/!
given by
j#
(2.73) K=py X (-1)a*d"%, o,
k=0

(where A° = 1). Since d4 = 0, clearly
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where /,, denote the identity operator on V;. Moreover, we claim that

(2.75) im(K) C kerd, ;_;.

To see this note that by (2.37), (2.41), (2.66),

(2.76) 04 = 0dd ' =dod ' =d(1 —9719) =d — 49,
from which it follows easily by induction that

(2.77) 94k = (-1)* 4+ +(-1)* 4%,

Thus,

2.78)  ddko,_,d N, = [(-1)* T4k + (-1)* 4%3]d o,
= (-D)* 7 o + (1) A
= (-1)“py A Ny, +(-1) Al

By combining (2.73), (2.78) and using (2.70) we get

(2.79) 0K = (-1)” " ppA’Y e 1y = 0.

According to (2.75), given x € ¥/, we can regard

(2.80) K(x) e N7 '(p (X)),

and it suffices to show that

(2.81) 1K Gl < llxll /A2,

But in view of (2.43), (2.71) (the definitions of 3!, K) and (2.66), on V, we
have

"(AkPJ—k‘Pk(X))B“ =

Z dfal A A dfakd-1p.l—k’1bk(x)(ﬁ‘¥1"'“k)
oAy

(2'82) + z fakdfal A A dfak_lpJ—k¢k(x)(Ba1"'ak)
oy

o

<e)[(/m)* 2 +(/m)]  swp
Y=oy B
where the supremum is over a such that U, N Up # &. For p as in (2.51), this
easily yields (2.81) which completes the proof.
Remark 2.2. Clearly the constant in (2.51) can be estimated explicitly.
Remark 2.3. There is an analog of Theorem 2.2 in the more familiar
context of forms on X rather than on p~'( X).
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Remark 2.4. In case B{z)(Ua) =0 for i > 0, an easy variation of Theorem
2.2 identifies the I'-module ﬁ("z)(i’ ) with the reduced L-cohomology of the
complex ({U,},d) with local coefficients in the system of I'-modules
{Ha(p™'(U,)} (compare [13)).

3. Proof of main results

As noted in §0, the basic fact which allows us to introduce profiniteness into
the general situation is the existence of constants ¢,(n) (the Margulis constant)
and c,(n) with the following properties. If Bgx(q) is a metric ball of radius
R < ¢i(n), then i(m(Bg(q))) € m(B,x(q)) contains a nilpotent subgroup of
index at most c¢,(n). As a consequence, for any U C Bg(q) a normal covering
U — U is profinite, provided it is induced from a covering

(3.1) P:B4R(q) - Byr(q)”
This observation together with the argument of [6] yields

Lemma 3.1. Let UC T,(U) C Bg(q) and let p: B4R(q) — B,x(q) be a
normal covering with geo(T.(U)) < 1. If R < ¢,(n), then

(3.2) by (A, r,U) < c(N)Q = N+ r~")Vol(T,(U)).

Proof. By an easy scaling argument, we can assume A < 1, r > 1. Since p:
E,l(q) — B, (q) is profinite, there exists a finite covering p,: T(U) - T(U) of
order j such that T(U) - f",(U ) = T(U). As explained in Example 2.1, we
can work with T.(U) rather than p~}(U) C M. By Theorem 2.2 of [6] we can
find a manifold Y” with smooth boundary such that

(3.3) Vol(3Y") < ¢(n)T(U),
(3.4) v I1(dY")| < e(n, i),
(3.5) pi(U) c Y" cpiY(T,(U)).

If we apply the elliptic estimate on Y, together with (2.26), we obtain
(36)  Bin(A,r, p'(U)) <bip(A.0,Y") < Vol( p;(T,(V))).

Then (3.2) follows by dividing by ;.
Our first main estimate is the global version of Lemma 3.1, in which the
hypothesis T,(U) € Bx(q), R < ¢,(n), is removed.

7 For “most” small balls, Bg(q) is a deformation retract of B,z(g). For such balls, m(B,(q))
itself is nilpotent (compare [15]).
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Theorem 3.2. Let UC M"and p: T(U) - T(U) be a normal covering with
geo(T.(U)) < 1. Then (3.2) holds.

Proof. By an easy scaling argument, we can assume » > 1, A < 1. Take a
maximal set of points { ¢, } which is ¢;(n)/2(i + 1) dense in U (where i is as in
(2.50) and we can assume c¢;(n) < 1). Then for r = ¢(n)/(i +1), B,(q,) = U,
we have

(3.7) Ucx=UU,c T, (X)cT,(U).
As in [14, 2.2.A], the assumption | K| < 1 gives a bound
(3.8) N, < ¢(n)

on the norm of the covering. Our claim now follows from (2.26), Theorem 2.2
and Lemma 3.1.

Before proceeding to our final estimate we introduce some notation. If U is
an open set, we put

(39) T.(U) = Un(T,(20)).

Let No(T_(U)) > N(U). Let E(N) denote the spectral resolution of
(d'7)*(d '1), where ¢ € dom d "7 if ¢ € kerd,, and 7(¢) € im d. Put

(3.10) Ziy (N, -r,U) = kerdy|No(T_,(U)) N E(A) ™.
(3.11) by (A,~r,U) = dimpZ (X, -r,U).

Let U, c U,,0 <r <s5;,0<r < o.Then

(3.12) T,(U,)cT,(U,)cUcUcT (L)

and we have
Theorem 3.3. For alle > 0 and s, > ry,

i)f2)()\, -r,U;) < z){z)(}\, r, Uy)
< b, (1 +e)A,-r,U))
(3.13) +e(m)(T+N+e2+(sy,—r) "+ +r5")
X VOl T (U)\ Toqy, ) (U)).

Remark 3.1. If (say for r, large) 7_, (U,) = &, then i);'z)((l + e, -n,U,)
= 0 and Theorem 3.3 reduces to Theorem 3.2.

Proof of Theorem 3.3. By scaling, we can assumeA < 1, (s; — ry), r, 1, > 1.
We can also assume ¢ < 1, and we have only to establish the second inequality.
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Recall that for any U

(3.14) kerd|p (T(U)) = UZ, (X, r,U).

A
We introduce the following notation for orthogonal projections.
(3.15) 7(A, r,U):kerd|p ™ (T(U)) = Z, (X, r,U),
(3.16) 7(X,-r,U): kerdy|p™(T_(U)) = Zip, (X, -r,U).
Also put
(3.17) A, =U\T,(U).

We will show that for 212¢}/? = e,
(3.18) Z’(iz)()\, r,Uy) < b{z)(efl,rz,A_sl) +i):2)((1 + &)\, -, Up)
+i’(i2)(£1_1’ r/3. T, ;s(U)N\ Ty, 5(U)) )

Then (3.13) follows by applying Theorem 3.2 to estimate the first and third
terms of (3.18).
Let f: p~(4_, ) = [0,1] be a smooth function such that

1’ p-l(A-rl)’

(3.19) /= 0, pH(U\4.,),
(3.20) Il < =<5
If

(3.21) ¢ < kerw(efl, "z,A-sl)
there existsn € A'"'(p~'(4_, ), with

(3.22) n=d7"¢,
(3.23) Inll < &/l

Set

(3.24) B(¢) =9 —d(fn).
Then

(3.25) B(¢)lp(4.,) =0,

(3.26) IB(o)II <X = £)oll +lldf |- Imll < (1 + 3¢l7)lo].
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We have
(327) 7((1 + &)\, —r, Uy)B: ker (e, rp, A_, )= Zipy (1 + &)X, -y, Uy).

Suppose, also

(3.28) ¢ € kern((1 +¢)A,-r,U,)B.
Then there exists y € A'~}( p~'(U,)) such that
(3.29) y =d"(B(9)),
(3.30) Il < mna(wn.
Let
(3.31) g P (Tan (U T, (0 ) = [0,1]

be a smooth function such that

1, P—I(T—7r1/12(Ul)\ T—Zrl/J(Ul) ),

(3.32) g=
0, P-I(T—Srl/lz(Ul)\ T—7rl/12(Ul))’

(3.33) lldgll < 12/7 < 12.

Suppose
(3.34) yekern(ef!,n/3, T, 5(U)\ Ty, 5(0)) ).
Then there exists
(3.35) 0 e 87 p (T, L(UN T, () )
with
(3.36) 6=dy,
(3.37) 6l < &”?llvll-
Thus, d(g#) extends to a form ¥ on p~'(U,) and
(3-38) ?IT-Wl/lz(Ul)\ T—2r1/3(U1) =7
(3.39) dy = B(¢),
(3.40) IRl <llvll + lldgll - 161l < (1 + 1267217
Therefore, on p~'(U,)
(3.41) ¢=d(y+fn),

1

3.42) |+ fall< |2+ 7 )5,
(3.42) |19 + fall< |2 +(1 + 36/2)(1 + 12¢] )(1+£)1/2}\1/2

llol-
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Using A < 1, it follows easily from the choice

(3.43) 2126l/2 = ¢,
that
(3.44) 19 + fall < A2lgll.

Thus (3.18) follows (see (3.21), (3.28) and (3.34)). Thus (3.13) follows as well.
To obtain our main result (1.7) from (3.13) take U, = M,, U, = M, r, = 1,
s;=2,r,=1and A = 0.

4. 7 p-invariants and collapse with bounded covering geometry

Let N¥~! be a compact oriented riemannian manifold. The n-invariant is
defined by?

1 0
41 N471) = t7 V2 tr(xde22-1") dt.
Here e ~42-1* is the heat kernel on (2/ — 1)-forms.

Suppose N*/~1 is the boundary of a riemannian manifold M*# and that the
metric is a product near the boundary. According to [2], we have

(4.2) o(M*¥) =o(M*, g) +n(N¥"1),

Note that o(M* g), the reduction mod Z of o(M*, g), depends only on
N*~1 it is an example of the invariants P(N*/~!) (where P is a polynomial in
the Pontrjagin classes) which were studied in [10], [17], [9]. In the notation of
those papers, o( M*, g) = P, (N*1).

The invariants n(N*~!) does not behave multiplicatively under coverings,
and hence, cannot be obtained by integrating a canonical local expression
derived from the metric. However, let g,, g, be a pair of metrics on N. Then, as
follows easily from (4.2) (and also from (4.1)), the difference n(N, g;) —
n(N, g,) is a locally computable function of the pair (g, g;). The analogous
statement also holds for the invariants P(N). As a consequence, for any finite
covering space N of order d,

(43) p(N, N) = (N, g) = 3n(¥, )

is independent of metric. Moreover, we can study the nonlocal and topological
aspects of the invariants n(N) and P(N) by the following approach.

® Everything in the present section applies equally well to the n-invariant with coefficients in a
flat orthogonal bundle, but we will not mention this explicitly.
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Given N4/~ possibly with some auxiliary structure, define a class of metrics
(possibly degenerate) for which the invariants (/N ) and P(N) have a purely
topological interpretation.

Here, isolating the relevant features of the topology is itself an element of
the problem. Also, the actual geometry of those metrics which arise is of prime
interest and importance. Note that we do not require uniqueness of the
auxiliary structure, nor that it should always exist.

In [6], the above program was applied to the n-invariant for those manifolds
N which admit a volume collapse with boundary covering geometry. A family
of metrics g, on N is said to volume collapse with bounded curvature (from now
on we just say volume collapse) if for all e,

(a.4) K <e.
(4.5) lim Vol(N, g,) = 0.
e—0

This collapse is said to have bounded covering geometry if the induced metrics
8. on the universal covering space N satisfy

(4.6) geo( N, g,) < c.

(By scaling, we can take ¢ = 1 in (4.4), (4.6).)

In [6], it was necessary to assume that the covering N is profinite (the
argument is recalled below). The purpose of this section is to remove this
hypothesis by introducing an invariant 7, (N ) defined using the concept of
I'-trace. Most of the discussion, but not the main conclusion (Theorem 4.1),
also applies to the invariants P(N).

Before proceeding further we mention that in [8], a second realization of our
program is given for manifolds admitting a volume collapse which is compatible
with a polarized F-structure. (The simplest example of a polarized F-structure is
a nonvanishing Killing field; for the general definition see [8].) The discussion
of [8] applies not only to the n-invariants, but to the invariants P(N ) as well.

A given manifold N*~! may admit no volume collapse or it may admit
(possibly infinitely many) essentially different ones. This may or may not have
bounded covering geometry (the latter condition is relatively rare). If the
volume collapse (N*~1, g ) is compatible with a polarized F-strucure, then

(47) Elii,%n(NM—l’ ge)’ Eli—I;I})P(NM_l, ge)

always exist and can be evaluated explicitly as topological invariants (which
are cobordism invariants of the structure; see [6] and [8]). Examples show that
these limits are not independent of the choice of F-structure in general. On the
other hand, we will see that the first limit in (4.7) exists for arbitrary collapses
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with bounded covering geometry. Hence, for any two such collapses the limits
are equal. It would be remarkable if this were also true for the invariants
i‘) ( N4I— 1).

The main analytic point in [6] was the estimate

(4.8) (Y4 1| < c(4l = 1)Vol(Y¥~1),

provided geo(Y*~!) < 1. This was applied as follows. Let (N*"!, g.) be a
volume collapse with bounded covering geometry, for which N is profinite.
Then for each ¢, there exists a covering Ne, of order d,, for which

(4.9) geo(N,, g,) < 2.

If we put 7)5,(N, g,) = n(N,)/d,, then (4.8) and (4.9) imply

(4.10) oy (N, g.)| < (41 = 1)VoI(N).

Since any two finite coverings have a common finite covering, it follows that
(4.11) lim (N, g,) = lim p(N, N,)

exists and is independent of the particular collapse with bounded covering
geometry.

In order to remove the hypothesis that N is profinite, we now define the
invariant #,,(Y*~') for possibly infinite normal coverings N. We will show
that if N, in (4.9) is replaced by N, then (4.10) remains valid. Moreover, for a
pair of metrics gy, gon Y*/ 71,

(4-12) ﬁ(z)(Y7 81) - ﬁ(z)(Y’ 30) = n(Y, gl) - "l(Y» go)-
If we put
(4-13) 5(2)(Y)="7(X» g)_ﬁ(Z)(Y,g)’

then by (4.12), p,,(Y) is independent of g. Using the new (4.10), we obtain
Theorem 4.1. Let (N*~1, g.) be a volume collapse with bounded covering
geometry. Then

(4'14) eli_I}})n(N‘”“l’ ge) = 5(2)(N4/_1)-
The invariant 7 ,,(Y) is defined by
. _ 1 ® i ~Ay
(4.15) Ay (Y) = —_F(I/Z)-/(; V2 e (e Bt) dr,
where e ~321-17 is the heat kernel on Y. To see that this makes sense, we observe

that standard arguments based on the elliptic estimate for A,,_; show that
xde %2-1" (initially defined by the spectral theorem) is given by a smooth
kernel. In fact, since geo(Y) < 1, the usual parametrix construction applies. If
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P(x, y, t) is a parametrix for c 321 O is the heat operator and Q =0, P,
then

(4.16) E=P—-PxQ+dP*xQ*xQ---

(see e.g. [12]). This is one way of seeing that we have the uniform pointwise
estimate

(4.17) tr(*de22-11) ~ tr(*dP (1)) = O(¢'/?)

on Y.

Using the spectral theorem, a trivial modification of the argument of [6]
shows that the integral in (4.15) converges. In the same way, it follows that the
estimate (4.10) holds with a constant which, a priori, might depend on the
higher covariant derivatives of the curvature tensor (as does Q in (4.16)). The
proof in [6] that the constant can be estimated only in terms of the bound
geo(N) < 1, utilizes a regularization theorem ([6, Theorem 2.5]) for the metric
g, on N.. This is combined with an estimate (see Lemma 2.6 of [6]) which
compares 71(1\75, g.) with the n-invariant of the regularized metric (the covariant
derivatives of whose curvature tensor are bounded). Since in [6], ]Ve is a finite
covering, there is no need for the regularized metric to be the pullback of a
metric on N (in order for its n-invariant to be defined). But in the present case,
it is necessary to stay within the class of such metrics on the infinite covering
space N, so that the expression try. in (4.15) makes sense. Equivalently, we must
regularize the metric g, on N. Thus we cannot appeal to the hypothesis
geo(N, g,) < 1, which is required for Theorem 2.5 of [6]. However, according
to a recent result of [3] (whose proof depends on analysis), the conclusion of
Theorem 2.5 of [6] is actually valid without assuming a lower bound on the
injectivity radius. So g, can be approximated by a metric, the covariant
derivatives of whose curvature are bounded. The proof of (4.10) is then
completed as in [6] (to which we refer for further details).

To finish the proof of Theorem 4.1 it suffices to establish (4.12). As in the
case of the ordinary n-invariant this is a simple consequence of the formula for
the variation of trr(*de‘lz"l’ ) under change of metric. We now indicate the
derivation of this formula, following closely the arguments of [4].

Put g, = (1 — u)g, + ug,. It is convenient to define €(z): A*"Y(N) -
AZI -1 ( N) by

(4.18) &(1)(w) = fw E(x,z,1)%, Ae.

Then, in the (usual) sense of I'-trace of linear operators, we wish to compute

(4.19) L e (+d € (1)) = (trp(+dG(1)))".
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Write (Duhamel’s principle)
+ 48 (1 = &) Eo(e) = %, dE () Eolt — o)

- _je"‘ [+,d€.(t = 5)&o(s)] ds
(420) = [T [5,d&(1 = 5)&o(s) = %,dE (1 = 5)Ei(5)] ds

- _fz—s [*0 dA, G, (1 —5)&(s) —x dE (1 - S)GO(S)AO] ds.

€

If we take the I'-trace, the second term of the last line in (4.20) can be rewritten
as

[ we{[x, d€.u(e = $)Eols/D] [Eo(s/2)A,]  ds

€

(4.21) - f‘ tre{[€o(s/2)Bo] [+, d & (¢ = &) &4 (s/2)]} ds

= j‘"s tfr(*o dA,€ (1 - s)@o(s)) ds.

Here, note that range € (¢ — s) € dom A, as a consequence of the fact that
the constants in the elliptic estimates for A , are mutually bounded independent
of u (g, is induced from g, ). Thus, (4.20) yields

trp(x, d €, (1 — €) o (e)) — trp(x, dE,(e) €2 — )
= [Tt {x,d(Bo - B,) € (1 = 5) &y (s)) ds.

If we differentiate (4.22) with respect to u and set u = 0, the right-hand side
becomes

(4.22)

[ e {+dBE (1)) ds
(4.23) = —(t - 2¢) trp(+ d8d G (1))
= (t—2e)trp{*dsdxdC (1) + xdxd+d€*(1)}.
By permuting factors as in (4.21) this yields

(4.24) -2(t — 2¢) trp.(+ dAG (2)).
Taking the limit ¢ — 0, we get
(4.25) 2% 15 (+d (1)),

To make the corresponding evaluation for the left-hand side of (4.22), note
that

(4.26) (trp(+d € (1)) = trp (3 d & (1)) + trp(»d E(2)).
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Also, for fixed e,

(srp(xd € (1)) = trp(dE (1)) + trr(+d & (1 — £) E(e))
+trp(+d G (7 — e)@(e))

Letting ¢ — 0 and comparing (4.26) with (4.27) gives

(4.28) 113?) trr(xd € (1 — ¢)E(e)) = 0.

(4.27)

So the derivative at u = 0 of the left-hand side of (4.22) is
lim trp(*d G (1 — ) € (e)) — trp(xdC(z — ) E(e))
(4.29) e=0 5 . .
= trp(xd € (1)) — trp (+d €(1)),
(the corresponding point in [4] was somewhat muddled although the correct-
ness of the answer was unaffected). Combining (4.25) and (4.29) gives

(trp(+dE(1))) = trp(+d € (1))
(4.30) d
= tr.(#d€(1)) + 2 trr(*d@(t))

which is the formula we are seeking. To obtain the analogous formula with
& (1) replaced by €(t) = e~ %2, replace try. by tr in (4.30).
To complete the proof of (4.12) we write

f 712 te (% de 84t dt

(4.31) m/ 2

- 1 : 1 4 _1n A1
= T2) [ (e a
where the limits are uniform with respect to u. For the lower limit, this follows
for example from the uniform convergence of (4.16). For the upper limit it is a
direct consequence of the fact that the metrics g, are all uniformly quasi-
isometric.

In view of (4.30) and (4.31)

d . 1 “12 . At
e = fim F(1/2){ft trr(ie™) de

(4.32) ) p
+ fe 2II/ZE trp. (% de37) dt},

and so, integrating the second term by parts,

(4.33) d%ﬁm = lim 2/Y2trp(+de™®") — lim 212ty (+ de%7).
A— e—0

Let dE, denote the spectral measure for A. Note that for any fixed A > 0
[242 trp (% de~24)|

(4.34)
<2etdimp(E, N Ey) + 24 % M4 Dir(e7?).
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Letting A — oo in (4.34) and recalling that
(4.35) lim dim(Ef NE,) =0,
-0

it follows that the first term in (4.32) vanishes. In the second term, * de™3' can
be replaced by a parametrix. This gives

d d

(4.36) 21;:"](2) = Eﬂ,

which suffices to complete the proof of (4.12). Thus Theorem 4.1 follows as
well.

Remark 4.1. It is tempting to try to generalize Theorem 4.1 to the in-
variants P(N*~1) by considering n-invariants with coefficients in suitable
(rational combinations of) bundles associated to the tangent bundle of N4/~1,
In this more general case, (4.10) is still valid but, a priori, (4.12) is not. The
difficulty is well known. Namely, the kernel of A, is now no longer indepen-
dent of u and the possible spectral flow across 0 gives a correction to (4.12). In
more concrete terms, the discussion of lim,_  in (4.32)-(4.35) no longer
applies.

5. Conformal changes of metric

In this section we consider riemannian manifolds (M ", g) for which

(5.1) g = e %,
where (M, g,) is complete and satisfies

(5.2) K, |<1,
(5.3) Vol, (M) < oo.

Since the Pontrjagin forms are conformal invariants, the geometric Pontrja-
gin numbers satisfy

(5.4) P(M, g) = P(M, g,).

In particular, we have immediately
Theorem 5.1.  If (5-1)—(5.3) hold and

(5.5) geo( M, §,) <1,
then
(5.6) U(M’g)=5(z)(M, £0)

where the right-hand side is a proper homotopy invariant.
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The Chern-Gauss-Bonnet form, however, is not a conformal invariant. Thus,
to obtain information on the geometric Euler characteristic, we put additional
conditions on the function ¢.

Let H, (¢) denote the Hessian of ¢ with respect to g,. By a standard
calculation, for any 2-plane 7 € A%(M,),

(57) K () = e2#K, ()| < e2*{lldgllz, + | Hy (9], }-
So, if in addition to (5.1)—(5.3) we assume

(5.8) ldglley <. [Hy ()], < e
it follows that
(5.9) x(M, g) =fM P (9,) < oo.

Moreover, we have
Theorem 5.2. Let (M, g,) be complete with |K, | < 1 and Vol , (M) < co.
Then g = e™*%g,, [|d¢ll,, < ¢, |H (), < c imply

(5.10) x(M, g) =x(M, g).
If also geo( M, g,) < 1, then
(5.11) x(M, g) =xy (M, g)

is a homotopy invariant.

In order for Theorem 5.2 (as well as (5.4)) to be of interest there must be
conditions on g which guarantee the existence of g,, ¢. These will be given in
Theorem 5.5 below.

The proofs of Theorems 5.2 and 5.5 depend on the following lemma (the
point of which is that no bound on the injectivity radius is required). If Y
is a riemannian manifold, Y its completion and x € ¥, we put x, o0 =
dist(x, Y\Y).

Lemma 5.3. Let Y be a riemannian manifold with |K | < 1. Let f be a function
on Y such that for some ¢ > 0,

(5.12) [F(x) —f(W)l <c

ifx, y < eandx, oo > & Then there exists a function f* such that
(5.13) [F*(x) = f(x)] < e,

(5.14) ldfll < c-c(n)et,  [H(f)] <c-c(n)e?

Note that (5.12) holds if f satisfies a uniform Lipschitzv condition.
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Proof. Let y(r) be a nonnegative C*-function on [0,1/2] such that ¢ = 1
near r = 0 and ¢ = O nearr = 1/2. Put y (r) = Y(r/¢). Let B,(O,) denote the
ball of radius & about the origin in Y, equipped with the pulled back metric,
and dy the associated volume element. Set

(515) f*() = [ few 9(5.0.) 8/ [ (5,0,) .
5/2( x 5/2(0 )

Note that for z, x < ¢/2 and 2, O < ¢/2, we have

(5.16) f*(y)=fB B flexp, )95, 2 dy/f Y v(3.2) @,
e/2\ e/2 “

where B, ,(2) C Y,. Also (5.12) clearly implies

(5.17) |f (exp, 7) — f(exp, 2)| < ¢

if X, 2 < &. Finally, since |K| < 1 and we may assume & < 7/2, a standard
comparison argument bounds the Hessian of 4’5@;) in terms of ¢ 2. The
claim now follows by differentiating under the integral as in the well-known
Euclidean case.

Proof of Theorem 5.1. Fix x € M, and apply Lemma 5.3 to the function
Y R(y_,)—c) (where Y is as in Lemma 5.3). Using (5.7), we have

(5.18) P(M,g) = lim P(M,e**¥ig,) = P(M, g,).

Here, the second equality follows from the fact that ez""”gg0 and g, agree at
infinity.

In order to give conditions under which g,, ¢ can be produced from g, we
introduce functions p(x), B(x) as follows.

If (M, g) is a riemannain manifold which is not complete and flat, set
(5.19) p(x)= sup |K(r)"".

TE AZ(MX)
If (M, g) is complete and flat let p(x) denote any nonnegative upper bound
for the right-hand side of (5.19) such that p # 0 and [, p" < 0.

Let M be the universal covering space of M and % € M. Define /(%) to be
the supremum of r, such that exp; is defined on B (0) C M . and is a diffeomor-
phisrn. Put
(5:20) B(x) = max(p(x), 1/:(x)).

Roughly speaking, we would like to set g = p~%g,, g = B~ %g,, to produce
conformally related metrics satisfying |K, | < 1 (respectively geo( M, g)<1)
with the smallest possible volume (which might still be infinite). Then
Vol, (M) < oo if and only if

(5.21) p" < o0, B" < o0,
'/(.M"-g) '/(.M".g)
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respectively. However p~2g, 8%g need not be complete and (5.8) does not hold
for p = e?, B = e?, in general.

To remedy these defects, we first replace p, 8 by functions p, 8 which do not
vary too rapidly. Then p, B are further regularized by a suitable local
application of Lemma 5.3. If we denote the resulting functions by p*, 8* and
set g, = (p*)%g, g, = (B*)%g, then the rough argument outlined above is
actually valid.

Let (M, g) be a riemannian manifold which might not be complete and let
k(x) be a nonnegative locally bounded function on M such that k£ # 0. Put

(5.22) k(x) = inf{% R< x,0, sup k(y)< —113}
YE Bp(x)

Lemma 5.4 (Harnack property). Ifé6 < 1/2,
(5.23) x,y < 8(k(x) + k().
(5.24) k(y) < k(x),
then
(5.25) k(y) < k(x) < T2k(y)

Proof. It follows immediately from (5.22) that if x, y < k(x), then
(5.26) k(y)=k(x)- x,y.

This, together with (5.23) and (5.24) yields (5.25).
Theorem 5.5. Let k denote p or 3.
(1) There exists k* such that

(5.27) k/3 < k*(x) < 3k(x).
(2) If k* = e*and g = e~ *%g,, then
(5.28) ldgllg, < c(n),  |Hy (@), < c(n).

(3) (M, g,) is complete. |K, | <1 if k = p (respectively geo( M, g <1if
k = B). Moreover, Vol , (M) < co if and only if

(5.29) f k" < 0.
(M, g)

(4) If (5.29) holds, then
(5.30) X(M, g) - X(l)(M’ go)

is a homotopy invariant.



VON NEUMANN DIMENSION OF L2-COHOMOLOGY 31

Remark 5.1. It is simple to check thei converse. Let g = e~ %%g,,, where g, is
complete, |K, | <1 (respectively geo(M, g,) < 1, Vol g(M) < oo, and (5.8)
holds). Then (5.29) holds as well.

Proof of Theorem 5.5. Let { x,} be a maximal set of points such that for all
]

(5.31) X, x; > (k(x) + k(x,))/7.
Then for all z € M, there exists x, such that

(5.32) x,z < (k(x) +k(2))/7.
It follows from (5.25) that

(5.33) z €& B}(x,)/3(xi)’

and hence that
(5.34) M =UBg,,(x,).

The multiplicity of this covering can be bounded as follows. If z €
Bz(x,),3(x;), then using (5.25) we have

(5.35) Bz 1a(%:) € Bi(oy 1 € Bagay3(2)-

If instead of g we use the rescaled metric k2(z) ¢ 0N Bz 5(2), then (5.35)
becomes

(5.36) B1/14(xi) = B;(x,)/77<(z)(xi) c Bz/a(z)-

By construction, the balls B, , ,(x;) in (5.35) are disjoint for different values
of i. Hence, so are the balls B, ,;,(x,) in (5.36). By (5.19), (5.20) and (5.22), on
B, /3(z) we have

(5.37) |Kz2ol < 1.

So using the relative volume estimate as in [15, 2.2.A], we find that the
multiplicity N of the covering in (5.34) satisfies

(5.38) N < c(n).

Apply Lemma 5.3 to the function ¢, ;5(x;, y) on the ball B, ;(x,), where the
distance in each case is measured with respect to the rescaled metric k2(x,)g.
Then construct a partition of unity ¥ «; = 1 by putting

‘V;/a( X Y)
(539) (!,-(y) = - == [ —\
Z,‘PZ/s( Xis Y)
In view of the preceding discussion, it is clear that for all z,
“dai(z)“}z(:)g < C(”)’

5.40
( ) |IHE2(z)g(ai(Z))

K(z)g S c(n).
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Set
(5.41) k*(z) = Y (2)k(x,).

(1) It follows from (5.25) that if a;(z) # 0 and a,(z) # 0, then
(5.42) k(x;) < 3§(xj), }(xj) < 3k(x;).
This gives (1).

(2) By (5.40) and (5.42), a straightforward calculation gives

ldo(2) 7225 < c(n),
||H7<2(Z)g(¢)”7<2(z)g < c(n),
where k* = e°. But this (together with (5.27)), easily implies (5.28).

(3) Notice that each point z € M is contained in a ball of radius 1/3 with
respect to g,, which does not meet infinity. This follows from the condition
R < x, 00 in (5.22), together with (5.27). Thus M is complete. The remaining
assertions are direct consequences of the definitions (5.19) and (5.20) together
with (5.27).

(4) This is an immediate consequence of the fact that (5.29) implies
Vol g(M) < oo and Theorem 1.1.

Example 5.1 (K| < c/r% Vol(B.(x)) < r"*). Let (M", g) be complete. Fix
x € M and put x, y = r. Suppose that for some constant c, the relation

(5.44) sup |K(7)| < _%
TeA(M,) r

(5.43)

holds outside a compact set. For example, if M" is diffeomorphic to the
interior of a compact manifold with boundary N”~%, then such a metric can be
chosen to be of the (exterior conical) form
(5.45) g=dr*+r*h, r>1,
where & is some metric on N™ . For g of this form,
(5.46) Vol(B,(x)) ~ r".
Applying Theorem 5.5 yields the cylindrical metric
(5.47) go=ds’>+h,
which, of course, has infinite volume.
However, if in addition to (5.44), we have

(5.48) f r-"< oo,
(M, g)

e.g., if

(5.49) Vol(B,(x)) < r" ¢,

then

(5.50) Vol, M < oo.
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To obtain examples of the above type, let 3M” = N"~! and let X be a
nonvanishing Killing field on N”~! for the metric 4. Let ¢ be the restriction of
hto X* . Put

2
X*
(5.51) hy,, = r'2( ) +q.
i X117

Then as r — oo,
(5.52) Vol(N, hy,,) = r ' Vol(N, h)
but
(5.53) K, | < ¢
(see [6], for details). If

x* \’
(5.54) g=a’r2+rz(h,)=dr2+(“X“2) + rg,,

then Theorem 5.5 exhibits the conformal equivalence between g and the
cusp-like metric

(5.55) go = ds2 + h,-

with | K| < ¢ and Vol (M) < oo, which was constructed in [6].

More generally, by starting with the metric in (5.55) and multiplying by
those functions f(s) for which log f is uniformly Lipschitz, we obtain examples
of complete metrics and incomplete metrics for which (5.8) holds

Remark 5.2. We have only stated explicitly those applications of the
present section which relate to earlier sections of this paper. However, there are
analogous applications in connection with the results of [6].
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