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KAHLER SURFACES OF NONNEGATIVE CURVATURE

ALAN HOWARD & BRIAN SMYTH

1. A well-known theorem of Andreotti and Frankel [4] asserts that any
compact Kahler surface of positive sectional curvature is biholomorphically
equivalent to the complex projective plane. In this paper we investigate com-
pact complex analytic surfaces which carry a Kéhler metric of nonnegative
curvature. Our basic assumption is ostensibly weaker than that of nonnegative
sectional curvature, and invokes the notion of holomorphic bisectional curva-
ture recently introduced by Goldberg and Kobayashi [5]. If p and p’ are
planes in the tangent space of a Kéhler manifold each invariant with respect
to the almost-complex structure tensor J, then the (holomorphic) bisectional
curvature H(p, p’) is defined by

(1) H(p,p) = R(X,JX,Y,JY),

where R is the Riemann curvature tensor, and X and Y are unit vectors in the
planes p and p’. From Bianchi’s identity,

(2) H(p,p) = RX,Y,X,Y) + R(X,JY,X,JY),

so that H(p,p’) is the sum of two sectional curvatures. It follows that non-
negative sectional curvature at a point implies nonnegative bisectional curva-
ture at that point. (For complex dimension 2, it follows from the results of
this paper that everywhere nonnegative bisectional curvature is equivalent to
everywhere nonnegative sectional curvature.) With this definition, we may
state our main result.

Theorem. Let M be a compact Kihler surface whose holomorphic bisec-
tional curvature is everywhere nonnegative. Then one of the following holds:

(i) M is biholomorphically equivalent to the complex projective plane P*.

(ii) M is biholomorphically equivalent to P' X P', and the metric is a
product of metrics of nonnegative curvature.

(ii) M is flat.

(iv) M is a ruled surface (i.e., P'-bundle) over an elliptic curve. In this
case, the universal covering space of M is C X P! endowed with the product
of the flat metric on C and a metric of nonnegative curvature on P'.

In § 3 we show that if the Ricci tensor is nondegenerate at any point, then
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(i) or (ii) holds, and we obtain the Andreotti-Frankel theorem as a corollary.
In § 4 we show that if the Ricci tensor is everywhere degenerate but is non-
zero at some point, then (iv) holds. For this case we describe those surfaces
which occur by explicit construction as quotient spaces of C X P' and also
in terms of Atiyah’s classification of ruled surfaces over a torus [2].

2. We begin by fixing some notation and pointing out some obvious but
useful facts. First, by taking X =Y in (1), it is apparent that nonnegative
(resp. positive) bisectional curvature at a point implies nonnegative (resp.
positive) holomorphic curvature at that point. Secondly, let S denote the Ricci
tensor on M, suppose X, JX, Y, JY are orthonormal unit vectors at a point
of M, and write K(X,Y) = R(X,Y,X,Y). Then

(3) S(X,X) = K(X,JX) + K(X,Y) + K(X,J]Y) ,
and our assumption on the curvature implies that S is positive semi-definite, and
(4) S(X,X) > K(X,IX)

for any unit vector X.

Since S(JX,JX) = S(X, X), the eigenvalues of S occur in pairs, and the
proof of the theorem separates naturally into three cases corresponding to the
maximum rank of S on M. The first case is easily disposed of by the following:

Proposition 1. Let M be a Kahler surface of nonnegative bisectional curva-
ture. If the Ricci tensor of M is identically zero, then M is flat.

Proof. It is easily seen that all holomorphic curvatures of M are zero. A
simple algebraic argument then shows that M is flat (see, for example, [7,
Vol. 1, p. 167]).

From now on, we assume that the Ricci tensor is not identically zero.

Lemma 1. (i) If the Ricci tensor is nondegenerate at any point of M,
there are no holomorphic 1-forms.

(ii) If the Ricci tensor is nonzero at any point of M, there are no holomor-
phic 2-forms.

Proof. Thereal and imaginary points 3, y of a holomorphic form « of degree
p are harmonic, and so 8 (and y) satisfies the Bochner-Myers formula [3]

(5) [wF® + sws.7)av ~0

(and F, we introduce below). What we show is that if p =1 (resp. p = 2) then
F,(B) = 0 (resp. Fy(B) > 0) and not identically zero unless j is zero whenever
rank, S = 2 (resp. rank,.S > 1). But then, by (5), g is parallel and so must be
identically zero. Let {x', X', x*, X’} be normal coordinates in a neighbourhood of
p € M associated with an orthonormal basis {e,, e;, €,, e;} at p where e; = Je,.
In the summands which follow i,j, k,le{1,1,2,2} and whenever the suffix i
occurs we interpret this as i with a sign change in that term.
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(i) In this case we have clearly

F\(p) = 28;BB; >0,

and F,(B) > O wherever S is nondegenerate unless § is zero.
(ii) The condition that « be of type (2, 0) may be written in terms of its
components

(6) Bu + Bu = 0
with the same equation for y. Now at p we have
FZ(B) = ZSij‘Bik‘le - %ZRijkl‘Bij‘BkL )

and the curvature terms may be collected in groups of four as follows:

R;ji1BisBri + RiguiBiiBri + RimiBisBu + Riubiiba
= RyjulBisBer + BiiBrr + BisBr + Biifril
= RyjulBi; + Bl + Bl = 0 by (6) .

Thus F,(8) = 2S;;B:xB;, and since the original frame at p might have been
chosen to diagonalize S this expression for F,(f) may be simplified to

FyB) = s(Bh + FD) »

by using (6) several times, where s denotes the scalar curvature of M. Hence
F,(p > 0 and F,(f) > 0 wherever s > 0 unless j is zero there. This concludes
the proof of Lemma 1.

Lemma 2. Let M be a compact Kdihler surface of nonnegative bisectional
curvature, whose Ricci tensor is not identically zero. Then M is algebraic.

Proof. Let h?? denote the dimension of the space of harmonic (p, g)-forms.
Since M is Kiahlerian, it follows from Lemma 1 that 4A%2 = h*° = 0. Moreover,
the first Betti number of M is even. It now follows from [10, Theorem 10]
that M is algebraic.

Next let £ be the canonical bundle of M, let k™ be the m-fold tensor product,
and let 0(k™) denote the sheaf of germs of holomorphic sections of k™. We
recall that the plurigenera of M are defined to be the integers

P,, = dim H'(M, O(k™)) , form=1,2,....

We also need the following facts about the Chern classes c(k™), for which we
refer to [7, Vol. I1], [8]. First, c(k) = —c,, where c, is the first Chern class of
M. Secondly, c, is represented by the exterior 2-form ¢/(2x), where ¢(X,Y) =
SJX,Y) (see, for example, [8]). It follows that c(k™) is represented by the
form —mg/(2n).
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Lemma 3. Let M be a compact Kahler surface of nonnegative bisectional
curvature, whose Ricci tensor is not identically zero. Then P,, = 0 for m > 1.

Proof. We first show that ¢ is not exact. Suppose ¢ = dy for some 1-form
#- Let ¢ denote the fundamental form of M, defined by ¢(X,Y) = 1g(JX,Y)
where g is the metric tensor. Then

Ozld(p/\go)-—"fa/\go.

M

On the other hand, ¢ /\ ¢ = csdV, where c is a positive constant, s the scalar
curvature, and dV the volume element of M. Since s is nonnegative and not
identically zero, we have

fo‘/\goq&O,

M

which contradicts the assumption that ¢ = dp.

Now suppose P,, > 0 for some m. Since ¢, # 0, the bundle k™ is nontrivial
and is therefore represented by a divisor 2r,C,, where each r, is a positive in-
teger and each C, is an irreducible curve. Let C be any irreducible curve in M
such that C = C, for any « but C-C, > 0 for some «. (Since M is algebraic
we may, for example, choose C to be a suitable hyperplane section.) Then, on
the one hand,

C.-km=2rC,-C>0,
but, on the other hand,

C.km:——rn—- O'SO.

2n
c

Therefore P,, = O as asserted.

If C is a nonsingular complex analytic curve lying in M, we denote by K¢
its Gaussian curvature, and by K the sectional curvature in M of planes
tangent to C. At any point of C these are related by the Gauss equation [12,
Corollary 1],

(7) K = K¢ + 2{g(4X, X)* + g(JAX, X)*} ,

where X is a unit vector tangent to C, g is the metric, and A4 is the second
fundamental form of C; the second fundamental form is defined by

—AX = tangential component of Vx¢ ,

where ¢ is a field of unit vectors normal to C, and  denotes covariant differen-
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tiation in M. We remark that 4 = 0 on C if and only if C is totally geodesic
in M. )

Combining (4) and (7) we obtain

Lemma 4. For any nonsingular complex analytic curve C in M and any unit
vector X tangent to C,

SX,X) > K> K, .

Moreover, K = K, on C if and only if C is totally geodesic.

It is convenient at this point to recall some notions concerning complex
analytic surfaces. If C; is either a line bundle or a divisor on M for j = 1,2,
then the intersection number may be defined either as the intersection of the
cycles determined by C, and C, or as the cup product of the corresponding
Chern classes. Since M is oriented by its complex structure, we obtain a well-
determined integer denoted by C,-C,. If C, and C, are distinct irreducible
divisors, their intersection number is greater than or equal to the number of
points at which they intersect, with equality holding in the case when every
intersection is transversal and occurs at a point of regularity for both curves.

Next let C be any nonsingular connected complex analytic curve in M, and
let k denote the canonical bundle of M. Then the genus p of C is determined
by the formula

(8) kC+C=2p—-2,

[9, p. 119]. Using this formula, we prove

Lemma 5. If C is a nonsingular connected complex analytic curve in M,
then C?* > 0. Moreover, C* = 0 if and only if C is totally geodesic.

Proof. The Chern class c¢(k) of the canonical bundle k is represented by
the exterior 2-form — ¢/(2x), where ¢ is given by o(X,Y) = S(JX,Y). Let
dA be the area element of C. From the Gauss-Bonnet formula, Lemma 4, and
formula (8), it follows that

2—2p:_1_chdAgLdeAgifa
27:0 2710 271'0
— _kC=2—-2p+4C.

Consequently C* > 0, with equality holding if and only if K, = K on C, that
is, if and only if C is totally geodesic.

By an exceptional curve (of the first kind) on a surface is meant a non-
singular connected curve C of genus O such that C* = —1; it is known that
a curve is exceptional if and only if it arises as the result of blowing up a
peint via a quadric transform. From Lemma 5, we obtain at once

Lemma 6. M does not contain any exceptional curve.

3. We now prove
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Proposition 2. Let M be a compact Kahler surface of nonnegative bisec-
tional curvature. If the Ricci tensor is non-egenerate at some point, then M is
biholomorphically equivalent to either P? or P' X P'. In the latter case the
metric is a product of metrics of nonnegative curvature.

Proof. It follows from Lemmas 1 through 6 that M is an algebraic surface
without exceptional curves, whose first Betti number is zero, and whose pluri-
genera P,, vanish for m > 1. A theorem of Castelnuovo [11, p. 46] asserts
that an algebraic surface with b, = 0 and P,, = O for m > 1 is rational, and
Andreotti proved in [1] that any rational surface free of exceptional curves is
biholomorphically equivalent either to P? or to one of the so-called Hirzebruch
surfaces Y,,, m > 0. These surfaces may be described as follows: Consider P?
and P! with homogeneous coordinates (x,, x,, x,) and (y,,y,) respectively, and
let 5, be the surface in P? X P! defined by the equation x,y,™ = x,y,™. Clearly
Xy, = P' X P'; furthermore, it is easy to see that for m > 0, %, contains a
nonsingular curve C with C* = —m. (For example, take the curve defined by
the equations x, = x, = 0.) It follows from Lemma 5 that M = %, for m > 0;
hence M is biholomorphically equivalent to P? or P' X P'.

It remains to show that the metric is a product in the case M = P' X P'.
For any point (p, g) ¢ P' X P' we write C, = {p} X P' and D, = P' X {q}.
Letting z, and z, be (nonhomogeneous) coordinates in each factor, we write the
fundamental form as ¢ = 3g;;dz; A\ dZ;, and let |g| denote the determinant.
For any (p, q) the function (/g|/g,)(p, z,) is well-defined on all of C,, i.e., is
invariant under a change of coordinate from z, to w, in C,. Similarly,
(gl/8:)(z,, q) is well-defined on all of D,. In addition, each of these functions
is bounded away from zero. From the proof of Lemma 5 we see that

7 i
8,,0s, log &1 = 0:,0s,
on D,. Thus log (/g|/g,) is harmonic on D, so that |g|/g,, is constant on D,.
Similarly, |g|/g,, is constant on C,. We write |g|/g,, = f(z,) and |g|/g,, = h(z,).
For convenience let C}, = C,— {0}, Dj = D, — {0}, and M’ = M —(C.UD.),
so that (z,, z,) is a set of global coordinates on M’, and the functions f, A, |g|,
etc., are defined throughout.

For a fixed (p,q),C, and D, generate H,(M,R), and C,’ = D’ = 0,
C,-D, = 1. In terms of cohomology, the fundamental form may be repre-
sented as ¢ ~ aC, + bD,, where a,be R, and ~ denotes Poincaré duality.
We thus obtain

log [g]

(9) 2ab=fgo/\go=f2|g]dz1/\d21/\dzz/\d22,
M M’
(10) a=fso=fgndz1/\d21,
Dq D‘/I
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11 b= fgo = fgndzz A dZ, ;

Cp A
and since |g| = f(2,)8x, (9) and (11) yield

ab = ff(zl)gzzdzl VAN dzl A dzz A\ dZZ = bff(zl)dzl VAN le
M b
and hence
a= [fz)dz Az, .
D

Similarly,

b= f h(z)dz, N dZ, .

Op

Finally, we note that

fzohz) = 8L < gl
81182

so that

ab = [fIh@)dze, A dz, A dzy A dz, .

M’

2
= [ az naz naz ndz < (lg1de Aoz A dz A az,
5 8u8n n

=ab .

It follows that 8] = 8,8, i.€., &, = &, = 0, and g,, = f(z,), &, = h(z,), which
completes the proof.

Corollary 1. If the bisectional curvature of M is everywhere nonnegative
and positive at some point, then M is biholomorphically equivalent to P*.

Proof. Since the Ricci tensor is positive definite at some point, it follows
that M is biholomorphically equivalent to either P? or P' X P'. In the latter
case, however, there is at every point a pair of vectors X, Y such that K(X,Y)
+ K(X,JY) = 0. In the notation of the proof of Proposition 2, it suffices to
take X tangent to C, and Y tangent to D,.

In particular, Corollary 1 contains the theorem of Andreotti and Frankel,
as well as a theorem of Goldberg and Kobayashi [5] to the effect that any
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Kihler surface of positive bisectional curvature is biholomorphically equiva-
lent to P2

4. We next consider the case when the Ricci tensor is everywhere de-
generate but is nonzero at some point.

Proposition 3. Suppose that M is a compact Kihler surface of nonnegative
bisectional curvature whose Ricci tensor is everywhere degenerate but not identi-
cally zero. Then M is a ruled surface (i.e., P'-bundle) over an elliptic curve.

Proof. Again using Lemmas 1 through 6, we may apply a theorem of
Enriques [11, Chap. IV, Theorem 13] to the effect that an algebraic surface
with P,, = 0 is birationally equivalent to B X P', where B is an algebraic curve
whose genus equals the irregularity g of the surface. (We recall that the irregu-
larity g = 1b, of an algebraic surface is equal to the number of linearly inde-
pendent holomorphic 1-forms.)

The assumption on the Ricci tensor implies that ¢,> = 0. By Lemma 1, more-
over, g < 1. Since, by Lemma 6, M has no exceptional curve, it follows that
M must be either P?, one of the surfaces Y,,, or a P'-bundle over an elliptic
curve. The first two possibilities are not compatible with the requirement ¢;* =
0; hence M is as asserted.

Examples of surfaces satisfying the hypotheses of Proposition 3 may be con-
structed as follows. Choose a complex number « with Im « > 0, and let T be
the torus with periods 1 and «, i.e., T=C/I" where ['={m + na: m,ne Z}.
Now consider the space C x P' endowed with the product of the flat metric
on C and the standard metric of curvature 1 on P'. For any pair of numbers
6., 0, with 0 < 0; < 2z, let G = {gn.: m, neZ} be the group of holomorphic
isometries defined as follows:

8unt (Z,W) —> (2 + m + na, eMIW)

where w is a nonhomogeneous coordinate on P'. It is clear that the surface
S(e, 6,,6,) = C X P'/G is a ruled surface over T and satisfies the hypotheses
of Proposition 3.

Another class of examples is the following. Considering P' as the unit sphere
§* C R* = {(x, x%, x°)}, we let g; denote rotation through angle = around the
x’-axis. Each ¢; is a holomorphic isometry of P', so that G = {g,,} acts on
C X P! as a group of holomorphic isometries by

8mn: 2, W) — (2 + m + na, a,"a;"(W)) .

The surface S(o) = C X P'/G is a compact Kahler surface of nonnegative
curvature and is ruled over T.

In the other direction we prove

Proposition 4. Suppose that M is a compact Kihler surface of nonnegative
curvature whose Ricci tensor is everywhere degenerate but not identically zero.
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Then M is biholomorphically equivalent to one of the surfaces S(e, 8,,8,) or
S(a).

Proof. By Proposition 3, M is a ruled surface over a torus 7. We have a
projection p: C—>T =C/I', where ' ={m+ na: m,neZ},ae C,Ima > 0.
Now let M be the P'-bundle over C induced by M under the map p, so that
we have the commutative diagram:

It is clear that M is the universal covering space of M, and that under the in-
duced metric M satisfies the same curvature assumptions, and M = M /G
where G is a group of holomorphic isometries of M.

Lemma 7. M = C X P! metrized by the product of the flat metric on C
and a metric of nonnegative curvature on P'.

Proof. M has at least two linearly independent harmonic 1-forms ¢, and ¢,
to which we may apply the Bochner-Myers formula [3], so that

0= Uy ) = [Sr.gdV + 917

where 4 is the Laplacian, V' is covariant differentiation, ¢* is the vector field
dual to ¢, and (,) denotes the global inner product on M. Since the Ricci
tensor S is positive semi-definite, it follows that S(¢¥, ¢¥) = 0 and F¢; = 0.
Thus the distribution spanned by the vector fields ¢, ¢F, on M is parallel and
therefore invariant under the action of the restricted holonomy group of M.
It follows at once that M is reducible, and the de Rham decomposition theorem
for Kihler manifolds [7, Vol. II] asserts that M is a product of Kihler
manifolds. It is easily seen that the decomposition is the one indicated above.

For the group G we have

Lemma 8. There exist holomorphic isometries ¢ and t of P! (in the metric
induced from M) such that ¢t = 7 and G = {fmn: m,ne Z}, where

Ymnt @W) — (2 + m + na, a™c"W) .
Proof. Let y be any element of G. We may choose coodinates such that
g (21,2) — W, wy) = (2, + m + na, f(z,,2)) .

Here z, and w, are coodinates in C, and z, and w, are local coordinates in P'.
We claim that f is, in fact, a function of z, alone. For, if we write the funda-
mental form in coodinates as ¢ = ¢, dw, N\ dw, + @, dw, /\ dw,, then
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750 = (on + @p|ow,/02,)dz, N dZ, + ¢, (0w,]0z,)(Ow,[0z,)dz, N dZ,
+ Sozz(awz/azz)(awz/az1)dzz N dz, + @2 |0W, /02, dz, \ dz, .

Since 7 is an isometry, the middle terms vanish; and since ¢,, = 0 and

ow,w,) _ | 1 0

= 0,
9(z,, z,) ow,[dz, Ow,/0z,

it follows that ow,/dz, = 0. Hence w, = f(z,). Thus we may write

Tmn: (Zla zz) I (zl + m + na, fmn(zz)) 5

and if we write ¢ = f,, and r = f,, then it is clear that ¢ and r are holomor-
phic isometries of P!, ¢z = 7g, and f,, = ™"

Since ¢ and ¢ are holomorphic isometries of P' (in the induced metric), each
has a pair of fixed points. For, if ¢ has only one fixed point, we way choose a
nonhomogeneous coodinate z, on P! so that oo is the fixed point. But then ¢
is an automorphism of C = P! — {x}, and so is given by a(z,) = az, + b
(0 # a,b e C). The fundamental form of the metric on P! is ih(z,)dz, /\ dZ,,
where A(z,) is positive real function on C with lim,, ., A(z,) = 0. Since ¢ is a
holomorphic isometry, h(z,) = |a[** h(6™(z,)), and consequently we have the
contradiction A(z,) = 0 if |a| < 1. If |a| > 1, the same argument applied to
o~! again provides a contradiction. However, if |a| = 1 then, since b + 0,
lim,_.., 6”(0) = o, and therefore A(0) = 0.

We assume for the moment that ¢ and = have the same pair of fixed points
p and g, and show that M is biholomorphically equivalent to one of the surfaces
S(a, 6y, 6,). Let p be a holomorphic transformation of P' such that p(p) = 0
and p(q) = oo. Then ¢/ = pop~' and ¢’ = prp~! are holomorphic transforma-
tions of P! fixing 0 and . Hence ¢/(z,) = pz, and 7'(z,) = vz,. Since ¢’ and 7’
are isometries with respect to the metric induced by p~!, we conclude as in the
previous paragraph that x| = [v| = 1, thatis, g = e’’* and v = €‘’2. Define
0: C X P'— C X P'by p(z,,2,) = (z,, p(z,)). Then C X P'/G = M is biholo-
morphically equivalent to C X P!/pGp~* = S(e, 6,, 6,).

When the fixed points p and g of ¢ do not coincide with the fixed points p
and ¢ of r, we note that ¢(p) and t(g) are also fixed points of ¢ as follows
from the commutativity of ¢ and z. Consequently z(p) = g and ¢(q) = p, and
in particular 7 fixes p, g, p, §. Therefore > = ¢* = identity. Let p be a holo-
morphic transformation of P! such that p(p) = 0 and p(q) = oo. Then ¢’ =
pop~* fixes 0 and oo, so ¢/(z) = uz. Since ¢* = identity, it follows that p =
—1. For the automorphism 7’ = prp~' we have ¢/(0) = o~ and /() = 0,
so that 7(z) = v/z. Define p'(z) = np(z) where 7’v = 1, and we see at once
that ¢’ = p'a(p)™! and "/ = p'z(p’)~" are given by ¢’’(z) = —2z,7"(2) = 1/z.
Then C X P'/G = M is biholomorphically equivalent to the surface
C X P'/pGp~* = S(a), where p is given by p(z,, 2,) = (z;, 0'(z,).
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Remark. As the proof of Proposition 4 shows, if we add the assumption
that M has constant scalar curvature, then M is, in fact, isometric to one of the
surfaces S(a, 6,, 0,) or S(x).

If M is any ruled surface over an elliptic curve, and there is a holomorphic
reduction of the structure group from the projective linear group to the group
of nonzero complex numbers, then we say that M comes from a line bundle.
The following proposition places the above examples within the context of
Atiyah’s classification of ruled surfaces over an elliptic curve [2].

Proposition 5. For any given « the class of surfaces S(a, 6,,6,) consists of
those ruled surfaces over the torus determined by «a, which come from a line
bundle with Chern class zero.

Proof. As a P!-bundle, M = S(a,6,,0,) has two disjoint holomorphic
sections, i.e., the curves C X {0}/G and C X {o}/G (in the notation of the
proof of Proposition 4). It follows that M comes from a line bundle, so that
we may identify M with an element of H'(T, 0*), where 0* denotes the sheaf
of germs of nonvanishing holomorphic functions, and T is the base curve.

Now consider the sequence

H(T,I) — H(T,C*) — H(T, 0%)

induced by inclusion, where C* (resp. I') is the constant sheaf of nonzero com-
plex numbers (resp. complex numbers of absolute value 1). In the canonical
metric on M all fibers are isometric, and therefore the corresponding line bundle
is in the image of HY(T,I"). Conversely, for any line bundle in the image of
I', we can metrize the corresponding P!-bundle so as to have nonnegative
curvature, thus obtaining one of the surfaces S(a, 6,, 6,). In other words, the
class of surfaces S(a, ,, 8,) consists of all surfaces coming from line bundles in
the image of H'(T, I"). It is well known (see, for example, [6, p. 134]) that
any element in the image of H'(T, I')—in fact, any element in the image of
H'(T, C*)—has Chern class zero. For the converse, we consider the commuta-
tive diagram:

0 H(T, do) 25 B T, €) 2 B(T, 0) s BT, doy 25 BT, €) - 0
L
H\(T,Cc*) — HXT, 0%)
lc
HXT, Z)
Here the top row comes from the exact sequence of sheaves 0 - C — @ — d0

— 0, and ¢ comes from the map f — exp (2xif). Obviously those elements of
H\(T, 0*) with zero Chern class are in the image of ¢. Futhermore, H'(T, d0®)
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and H*(T, C) are both isomorphic to C; hence d; = 0, and j, is surjective. An
examination of the map 4, shows that any element of H (7, C) is represented,
modulo the image of 4,, by a cocycle {r,,} where r,, are real constants. Thus
any element of H'(T, 0*) with zero Chern class is represented by a cocycle
of the form {exp 2xir,}, i.e., is an element of H'(T, I") as asserted.

5. It should be remarked that we have recently found a partial generaliza-
tion of this result to higher dimensions:

Theorem. Let M be an n-dimensional compact Kihler manifold of non-
negative bisectional curvature, and r the maximal rank of the Ricci tensor.
Then there exist a flat manifold N of dimension (n — r) and a holomorphic
fibering n: M — N, such that the metric on M is locally a product compatible
with the fibering. Moreover, the Ricci tensor of the fiber F has maximal rank
r, and under the de Rham decomposition, F = F, X --.- X F,, each F; is
simply connected and has second Betti number equal to one.
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