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COMPLEX EARTHQUAKES AND DEFORMATIONS OF
THE UNIT DISK
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Abstract

We define deformations of certain geometric objects in hyper-
bolic 3-space. Such an object starts life as a hyperbolic plane
with a measured geometric lamination. Initially the hyperbolic
plane is embedded as a standard hyperbolic subspace. Given a
complex number ¢, we obtain a corresponding object in hyper-
bolic 3-space by earthquaking along the lamination, parametrized
by the real part of ¢, and then bending along the image lamina-
tion, parametrized by the complex part of . In the literature, it
is usually assumed that there is a quasifuchsian group that pre-
serves the structure, but this paper is more general and makes
no such assumption. Our deformation is holomorphic, as in the
A-lemma, which is a result that underlies the results in this pa-
per. Our deformation is used to produce a new, more natural
proof of Sullivan’s theorem: that, under standard topological hy-
potheses, the boundary of the convex hull in hyperbolic 3-space
of the complement of an open subset U of the 2-sphere is quasi-
conformally equivalent to U, and that, furthermore, the constant
of quasiconformality is a universal constant. Our paper presents a
precise statement of Sullivan’s Theorem. We also generalize much
of McMullen’s Disk Theorem, describing certain aspects of the
parameter space for certain parametrized spaces of 2-dimensional
hyperbolic structures.

1. Introduction

The central ingredients in our work are geodesic laminations (A, )
in the hyperbolic plane H?, with a transverse measure p, possibly in-
variant under a fuchsian group G representing a finite area quotient
surface H?/G. Our investigations involve one-parameter deformations
defined using the measured laminations, and the corresponding embed-
ded pleated surfaces in hyperbolic space H?.

Our study is based on a generalization of the method of complex scal-
ing (see [9] for an elementary exposition). The generalization is related
to quakebends or complex earthquakes [8], [12]. In Chapters 2-4 we
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introduce a series of five functions which culminate in a holomorphic
family ¥ : C x Qp — S?. Here € is (any) fixed quasidisk. For fixed
z € Qp, ¥? : C — S? is holomorphic. For fixed t € C, ¥, : Qy — S? is
quasiregular. We show how to extract from ¥ : C x Qg — S? a holo-
morphic map from a certain simply connected domain containing the
upper halfplane into the universal Teichmiiller space T. Its construction
uses the boundary values of ¥; : Qg — S%. If Qg is invariant under a
quasifuchsian group, ¥, is correspondingly equivariant.

The existence of ¥ is used to prove two theorems.

Theorem 5.1 is a new and more natural proof of Sullivan’s theorem
that there is a universal constant K with the following property. Given
any simply connected region Q # C, construct Dome (£2), namely the
relative boundary in H? of the hyperbolic convex hull of S?\ Q. Consider
the family Fq (homotopy class) of all quasiconformal mappings f :
0 — Dome (2) that pointwise fix the common boundary. This class
is non-empty, and extremal maps in this class have maximal dilatation
at most K. If in addition € is invariant under a group G of Mébius
transformations, the functions f can be taken to be G-equivariant. If G
represents a surface of finite area, the theorem shows there is likewise a
universal bound K, for equivariant maps f. The new proof yields the
estimate K < 13.88, and the same estimate K., < 13.88 is proved in
the equivariant case. The equivariant estimate is much better than our
original 82.8, but in the nonequivariant case it is not as good as Bishop’s
7.8 found by an explicit construction. We will indicate below how we
obtain a more precise characterization of F for the class of euclidean
convex regions.

The second main theorem is the proof of Theorem 7.8 which we call
the Disk Theorem, since it is related to a theorem of that name by
McMullen [12]. Let X C C denote that (closed) set of parameters ¢ for
which the map ¥, : Qg — S? is injective. The Disk Theorem states that
no component of C\ X is bounded. In particular, each component of
the interior of X is simply connected. Numerous questions about this
intriguing set remain open. The set X might be considered analogous
to the Mandelbrot set.

We want to thank C. Earle for helpful discussions.

2. Defining the deformation: scaling for a discrete set of
crescents

The basis of our work in this section is the standard wedge of angle
a’

Wy={2€C:0<arg(z) <a},
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where 0 < a < 27. The wedge W, is foliated by the set of its rays from
0 to co. In the usual orientation of W, the ray arg(z) = 0 will be called
its right edge. See Figure 2.0.1i.

left edge . . bisecting ray

right edge

Figure 2.0.i. A standard wedge with angle . Note the
bisecting ray at angle a/2. We indicate the foliation of
the wedge by rays.

Let 2 be any simply connected region of S? containing W, such that
both 0,00 € 9Q. The bisecting ray {argz = «/2} of W, separates 2
into two parts: let 2, denote the component containing the positive
real axis, and 2_ the other component. See Figure 2.0.ii.

Definition 2.1. Given a standard wedge W,,, define the scaling map
E:(t,z)) eCxQw— E(t,z) eC
as follows:
o For € Oy \Wyandt € C
E(t,z) = z.
e For z = re'™ ¢ W, with 0 < 0 <1, and for t = u+ iv € C,
E(t,z) = etz = eWagivfay,
e For z€ Q_\W,and t € C,
E(t,z) = %z = e"e™?.
We define E; : Q — C by Ei(z) = E(t, 2).
The effect of a scaling map is indicated in Figure 2.1.i.

The unit circle centered at 0 carries the obvious measure given by
arclength along the circle, or equivalently by the angle subtended from
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\ \

Figure 2.0.ii. This is the same wedge as that shown
in Figure 2.0.i. We indicate the subsets 2, Q4 and Q_
referred to in Definition 2.1, by means of hatching.

0. This gives a transverse measure on the foliated wedge, with total
measure equal to a.

Lemma 2.2.

e For fizred z € Q, E(t,z) is a holomorphic function of t.

e For fized t € C, the restriction of E; to a c-leaf {argz = Oa} of
the foliation of Wy, or to a component of Q\ Wy, is a Mdbius
transformation.

For each t = u + iv € C, the image of W, under FE; is the wedge
Wis41)a- The image of 2 is a new region E(2). In general E; : Q — C
is not an embedding. If Im(¢) > —1, then the scaling map FEj is locally
injective and is injective on Wi,.

There is a one parameter family of hyperbolic Mobius transforma-
tions, namely {z — et z} ACR? that fixes each vertex 0,00 and maps

W, onto itself. For t € C, we write 4; : z € C — ¢e*-z € C. The Mébius
transformation B defined by B(z) = €'®/z also sends W, to itself, in-
terchanging the two vertices and the two edges. Note that B! = B.
The group of Mobius transformations preserving W, consists of the Ay,
together with all products of the form Ay.B. We have

EtOA)\:A)\OEt andEtoB:AtaoBoEt.

The Ay and B also preserve the foliation of W, and its transverse mea-
sure.
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|eft edge

%

%
©

Figure 2.1.i. This picture shows the effect of scaling.
The particular scaling parameter ¢ has been chosen so
that «.Re(t) = log(2) and Im(¢) = 1. The effect is to
magnify at the lefthand edge by a factor 2 and to rotate
by doubling the angle a. To help the reader understand
the effect of the scaling, it is applied also to the label
“left edge”. At the righthand edge, the scaling map is the
identity. In between, the magnification and the amount
of rotation vary as a linear function of the original angle.
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It follows that the conjugate of E; by A) is equal to E;. The conjugate
of F; by B is given by

BoFE,0oB ' =A_4,0FE;.

This keeps the left edge of W, fixed, rather than the right edge. To keep
the right edge fixed, we normalize by postmultiplying by Ay, obtaining
the same scaling map FE; as the one we started with.

We now generalize the use of the term scaling map in a way that will
be more convenient to use. In particular we extend the concept to any
crescent C, of vertex angle a > 0. Here we are using the term crescent
to denote a region in S? bounded by two circular arcs.

There is a Mobius transformation 7' such that T'(W,) = C,. The
scaling map Ey = T o E; o T~! fixes the image of the right edge of W,
under T'. If instead one wants to fix the other edge of C,, one needs to
replace T' by T'B. These two choices are related by postmultiplication
by T o Ay o T~1. Replacing T by T o Ay does not change E. (The
domain 7'(£2) may change, but this makes no difference to any of our
arguments. )

More generally, we may not want to fix either edge of C. Instead,
we may want the image under T of the right edge of W, to be mapped
by the Mobius transformation S;. Here S; is a Mobius transformation
depending holomorphically on ¢, with Sy = Id. In this case, the scaling
map is given by

Ey=SioToE 0T 1

The left edge of C,, is then mapped by S;0T 0 Ay 0T, We summarize
the situation in the following lemma.

Suppose the crescent C, with a designated right edge lies in a simply
connected region 2 C S?, with the vertices of Cy, in 9. Let Q4 ,Q_ be
the two components of {2 determined by the c-leaf which bisects C,, so
labelled that the right edge of C, lies in ;. Let Sy be a holomorphic
family of Mobius transformations, with Sy = Id.

Lemma 2.3. Let E : C x Q — S? be the scaling map associated to
the crescent C, C €2, such that E; = Sy on the right edge of Cy. The
following properties hold:

2.3.1) E is continuous.

2.3.2) For fived z € Q, E(-,z) : C — S% is holomorphic.

2.3.3) Ep: Q — S? is the identity map.

2.3.4) For fired t € C, the restriction of E; to any c-leaf ¢ C Cyq, or to
Q4 orto Q_, is a Mdbius transformation.

2.3.5) For each t = u+ iv € C with v > —1, the scaling map is a locally
injective Ky-quasiregular mapping with mazimal dilatation

1+ k()] —t

K; = h t) =
C= T e ) = 55

IR
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2.3.6) The restriction of E; to the crescent C.,, itself is injective if and
only if 0 < (v + 1)a < 2.

We next extend the definition of scaling maps to the case of a finite
number of crescents {C1,...,Cy}. It is convenient to take the crescents
as open and we assume they are mutually disjoint in a given simply
connected region 2 C S? (however the closures of two crescents may
touch tangentially). As before we assume that the vertices lie on 9.
We allow distinct crescents to share the same pair of vertices. Each
crescent is foliated by arcs of circle going through the two vertices.

Definition 2.4. By a crescent leaf, we mean one of the arcs of circle
just described. We abbreviate this to c-leaf.

The components of 2\ UC; are called gaps. Thus gaps are closed
sets in 2. The interior of a gap may not be connected; this will happen
when there are tangencies between various crescents. A gap has at least
three boundary points on 0f2, unless the gap is itself a crescent.

The following lemma is proved by an induction argument, interpolat-
ing in the gaps between crescents by the Mdobius transformations which
act on the successive edges of the crescents.

Lemma 2.5. There is a continuous map E : C x Q — S? (which we
call the scaling map) with the following properties:

2.5.1) For fived z € Q, E(-,2) : C — S% is holomorphic.

2.5.2) Ey:Q — S? is the identity.

2.5.3) For each i, the restriction of E to the crescent C; is a scaling map.

2.5.4) The restriction of Ey to a gap, or to a c-leaf of the foliation of a
crescent C;, is a Mobius transformation.

E; is uniquely determined by the above properties up to postcomposi-
tion by Mébius transformations Sy, provided S; depends holomorphically
on t.

Figure 2.4.1 illustrates the effect of a scaling map.

2.6. Normalization. We will invariably normalize the scaling map.
For example, we choose three distinct points {z1,z2, 23} in Q, where,
for i = 1,2,3, if x; ¢ Q then x; € 9V; for some gap or c-leaf V;. We
then define E;(x;) = x; for all t. By choosing {z1, 2,23} C V, where
V' is a gap or a c-leaf, we can ensure that, for all t, E;|V = Id|V. We
will normally use this slightly more special style of normalization.

There is no loss in generality in assuming that the three points fixed
are —1,1,4. Alternatively, if we want V' to remain fixed, we may assume
that V is placed in some special position.

The following corollary can be proved by a countable induction and
limiting process.
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Figure 2.4.i. We start with a number of crescents in a
topological disk. In this case, the topological disk is a
triangle A. We use the notation of Lemma 2.5. The first
diagram shows A and its crescents. The other four dia-
grams show the images of the various intervals and arcs
in A under the scaling map E; for the four values of ¢ in
{-0.06 + 0.37, —0.18 + 0.9¢, —0.4 + 1.24, —0.18 + 1.8i}.
The last two diagrams show that E; : A — S? is not
necessarily injective. In the last diagram, several of
the finite regions in the domain triangle have an image
which includes co. The scaling map E; is surjective for
many values of t. F; is normalized by taking it to be the
identity map on a six-sided region, one edge of which
lies on the bottom edge of the triangle. This shape can
be observed in each of the five diagrams. All scaling
maps with Im(¢) > 0 are locally injective.
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Corollary 2.7. Lemma 2.5 continues to hold in the case of a set of
disjoint crescents which is locally finite in €.

For future reference, we record the following result in the case of a
family of disjoint crescents which is locally finite in 2. We use the same
assumptions and notation as in Lemma 2.5 and Corollary 2.7.

Lemma 2.8. Let ) be a Jordan region and let W be the union of
all the crescents in the locally finite family. The scaling map E; on §
extends continuously to those points ( € ) which are in the boundary
of a crescent, or in the boundary of a component of Q\ W. For each
such fized ¢, the map E(-,¢) : C — S? is holomorphic.

If there are only a finite number of crescents, Lemma 2.8 shows that
the scaling map can be extended to the whole of C x Q. However, this is
not possible in general for an infinite family, even if the family is locally
finite in the interior of €2, as the following example shows. (There is no
problem if the family is locally finite in ©.)

Example 2.9. Consider an infinite “chain of beads” which covers
the open interval (—1,1) in the z-axis in the plane. Each bead (open
disk) meets exactly two other beads. Successive beads overlap, but the
overlap is a tiny amount so that successive beads are almost tangent
to each other. As we go to one of the endpoints of the interval, the
successive exterior angles of intersection increase to m, that is, the beads
become more and more nearly tangent. The situation is illustrated in
Figure 2.9.i.

Figure 2.9.i. The picture illustrates Example 2.9. It
represents a countable union of round disks, getting
smaller and smaller. The union of the interiors is sim-
ply connected. The angle between successive circles gets
smaller and smaller. In other words, successive disks
become more and more nearly tangent to each other.

The union 2 of the beads is an open simply connected region. Its
dome corresponds to a discrete lamination, each g-leaf carrying a bend-
ing measure which is almost equal to w. We can find a geodesic T,
lying on the dome, that is orthogonal to all the leaves. We can assume
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that the hyperbolic distance between successive leaves increases to in-
finity. Let (A, u) be the corresponding measured geodesic lamination
of H? = D2. Let r : Q — Dome () be the nearest point retraction.
For each g-leaf £, we have a crescent r~!(¢) with angle nearly 7. From
Corollary 2.7, we see that we can define a scaling map E; : D> — S? for
all t € C. We have Q = E;(D?), and € is a Jordan region.

For values of ¢ € C with small imaginary part (the exact condition
is explained in [10, Section 4]), we can extend E; continuously to S! =
OD?, so that, for z € S', E(t, 2) is a holomorphic function of such ¢.

However, it is not possible to extend E; continuously to either end-
point of 7, if ¢ lies on the imaginary axis, with Im(¢) just bigger than 1.
On the other hand, F; can be extended continuously to the closed disk
when t =i = /—1.

In a similar way, consider a region 2 with a prime end which has
an impression consisting of more than one point (see Definition 5.2).
Suppose 2 is the image of D? under the scaling E;, where i = /—1.
The ability to extend E; to a point of D? implies that the impression
of its image is a single point. Therefore we cannot extend E; to 0D? in
such a situation.

3. Defining the deformation: complex earthquakes

In [8, Chapter 3], there is a thorough discussion of measured lamina-
tions, with complex valued transverse measures. We discussed associ-
ated surfaces in H?, using what we called “quakebends”. These surfaces
are special cases of pleated surfaces, where the pleating happens to be
associated to a transverse measure. The concept is due to Bill Thurston,
who used the idea in computer programs. Subsequent authors rechris-
tened the notion of quakebend with the name “complex earthquake”,
and we will use the newer terminology. A complex earthquake is a map
from H? (which we shall usually represent as the Poincaré disk D?) into
H3 (which we shall usually represent as the Poincaré ball D3). The im-
age may be embedded, but typically it is not; the image may even be
dense in H3.

In essence, a complex earthquake is the composition of a pure earth-
quake in H? (the real part) followed by a pure bending of H? C H?
within H? (the imaginary part). It is the first factor that is discon-
tinuous. We will also bring in associated maps, called scaling maps,
D? — §% = oD3.

The purpose of this section is to recall the notion of complex earth-
quakes and their properties.

In [8, Section 3.11], measured laminations were discussed in terms
which made easier the link to standard measure theory ideas. The space
of geodesics in H? can be identified with the open Mobius band X of
pairs of distinct points of 9H? = S'. A measured lamination was defined
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as a Borel measure on X with the property that, given any two pairs
of points in the support of the measure, the corresponding geodesics
do not cross. The space of measured laminations was topologized as
a subspace of all Borel measures on X, using the weak topology from
continuous functions f : X — R with compact support.

Suppose we are given a measured geodesic lamination (A, i). A com-
ponent of D? \ [JA is called a flat, because its image under a complex
earthquake is always flat, in the sense that it is isometrically embedded
in a hyperbolic plane which is a subspace of hyperbolic 3-space.

Definition 3.1. We will usually refer to an element of A as a geodesic
leaf or g-leaf. We will refer to a crescent leaf, as in Definition 2.4, as
a c-leaf. It will turn out that there is an intimate relationship between
these two types of leaf.

3.2. Orientation. The flats determined by A are oriented from the
orientation of D?. Choose a flat or a line £ € A with u(f) = 0 to serve
as the basepoint Vj of our construction. Except in a very special case,
we can always choose V| to be a flat, and for simplicity we will assume
this can be done. Orient the leaves bounding Vj so that V{ lies to their
left.

There is a geodesic segment o from Vj to any g-leaf /. Orient ¢ so
that it is consistent with the direction of the boundary g-leaf £y of Vj
that o first crosses. The orientation of ¢ is independent of the particular
o chosen. This process gives a consistent orientation to all leaves of A.
We can now do earthquakes consistently along A. An earthquake by a
positive amount along an oriented g-leaf ¢ moves its right side in the
positive direction of ¢, with respect to its left side.

We will regard D? as the equatorial plane in the Poincaré ball D3.
Then we designate the positive direction of rotation about an oriented
g-leaf ¢ as the direction of rotation of a corkscrew motion. This is
the usual direction of increasing argument of a complex number in the
(z,y)-plane, when rotating about the positively oriented z-axis.

Although the general theory of earthquakes applies to all complex-
valued transverse Borel measures, we simplify the discussion by restrict-
ing our attention to measures of the form tu, where t € C and p is a
non-negative measure with support on A.

Let V denote a flat or a g-leaf, and let 0 < § < 1. The complex
earthquake CE}; associated to (A,tu) assigns to each such pair (V,0)
a unique Mobius transformation, which we denote by M (t,V, ). The
notation is deceptive: M (t,V,0) and CE; depend on t only via their
dependence on A and on tu. Thus if ¢ is multiplied by a positive real
number and p is divided by the same number, then M(¢,V, ) and CE}
are unchanged. For the base element V, we assign, for each t € C,
M(t,Vp,0) =1d. M(t,V,0) depends on 6 if and only if V € A is a g-leaf
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with positive measure. We will often omit the parameter # where it is
unnecessary.

3.3. The finite case. Suppose that A is a finite measured lamination,
in which case every g-leaf has strictly positive py-measure. Let V'’ and
V" be two flats, and choose a geodesic arc v from a point of V' to a
point of V”. Denote the successive leaves of A crossed by o by #1,...,4,,
oriented according to the convention in §3.2. Let A;; be the loxodromic
transformation with axis ¢;, translating the signed distance Re(t)u(¥;)
along ¢; and bending through the signed angle Im(¢)u(¢;) around ¢;.

A defining property of a complex earthquake is that, on the flats,

(3.3.a) M, V) Lo M(t, V") = A10Aipo...0 Ay,

In fact (3.3.a) itself determines the complex earthquake on the flats up to
postcomposition with a Mobius transformation. In the present context,
(see §2.6) we have already normalized the map on Vj as M (¢, Vp, 0) = 1d,
so the earthquake is determined without ambiguity on the flats. If V is
a flat, then the image M (¢, V)(V) C D3 is also called a flat. See Figure
3.3.1 for an illustration of the situation.

We obtain a map CE} : D? — D3 by defining, for each flat V, CE;|V =
M (t,V)|V. This defines CE}; except on the g-leaves, where it is so far
undefined.

3.4. G-leaves with positive measure. We now examine the situ-
ation at a g-leaf /; C A. There is a flat V_ bordering ¢; on the
left, and a flat Vi bordering on the right. We know that M (¢, V) =
M (t,V_)A; ; where the rotational part of A;; rotates about the g-leaf
¢; with signed angle Im(¢)u(¢;), and the translational part translates
along /; a signed distance Re(t)u(¢;). In particular, A;; preserves ¢;
and therefore M (t,Vy)(¢;) = M(t,V_)(¢;). We denote this geodesic in
D3 by CE:(¢;), even though CE; is not well-defined on ¢;. The flats
CEy(V-) and CE(V,) share the edge CE;(¢;).

We define the pleated surface Py 4, to be the union of the sets CE; (V)
as V varies over flats and g-leaves.

We have already associated a Mobius transformation M (¢, V') to each
flat V of A. Now let V' = ¢; € A, and suppose 0 < 6 < 1. We define
M(t,V,0) = M(t,V_,0)Bgy,(v),; where By ; is the Mébius transforma-
tion with axis £; which translates signed hyperbolic distance Re(s) and
rotates signed angle Im(s) about £;. Unless otherwise stated, if we have
to make a choice, we set § = 1/2. Using 6 allows us to interpolate
continuously between M (¢, V_) and M (¢, V).

There is another way of looking at the Mobius transformations
M(t,V,0), which demonstrates that their intrinsic significance goes fur-
ther than simply providing a continuous interpolation. Let Q C C be
a simply connected proper open subset. Let A be the bending lamina-
tion on Dome (2) and let i be the bending measure. Suppose that A is
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Figure 3.3.i. This is a picture of a finite geodesic lam-
ination. We are using the Poincaré metric on the unit
disk. To each of the regions shown is assigned a Mdbius
transformation. The transformations on different sides
of a geodesic differ by a Mobius transformation having
that geodesic as an axis.

finite. We think of (A, ) as a geodesic lamination of D? with a trans-
verse measure, and compute the Mobius transformations M (¢, V, ) for
this situation. Let X be the hyperbolic convex hull of S? \ Q. The
set of hyperbolic support planes P for X is then equal to the set of
planes {M(i,V,0)(D?)}, where V varies over all g-leaves and flats, and
0 < 0 < 1. The correspondence between the set of support planes P
and the set of such Mdobius transformations is bijective. However, the
correspondence between the set of such Mobius transformations and the
set of such pairs (V) is not bijective—one Mo6bius transformation may
arise from many distinct pairs (V, 6).

3.5. The general case. The complex earthquake associated to (A, tu)
is defined by approximating (A, p) by finite measured laminations
{(An, ttn)}. We will think of the approximation in terms of the M&bius
transformations defined on the successive flats and leaves of each A,,.



132 D.B.A. EPSTEIN, A. MARDEN & V. MARKOVIC

Let 0 € D? lie in Vp, the flat or g-leaf of measure zero that we have
chosen as our base. We can also assume that, for each n, 0 lies in a
flat of A,,. Let z € V, where V is a flat or a g-leaf of A. It is shown
in [8] that, as (A, in) gets nearer to (A, u) in the topology described
at the beginning of this section, the Mobius transformation at z for tu
converges to a Mdbius transformation M (¢, V'), provided that, when V
is a g-leaf, p(V) = 0.

For a g-leaf ¢, with pu(¢) > 0, the approximating laminations A,, can
have the property that ¢ splits up into a finite number of disjoint leaves,
each very near to ¢, with the measure u(¢) distributed between the
finite number of leaves. By changing the approximation a little, we can
ensure that, for each n, z lies in a flat V}, of A,, and not on a g-leaf. The
corresponding sequence (M (t,Vy)), oy lies in a compact set of Mobius
transformations. Any convergent subsequence converges to a Mobius
transformation of the form M(t,V,0) = M(t,V_) o By, (), where Bj
has axis ¢ and s € [0,tu(¢)]. Moreover, given 6 with 0 < 6 < 1, we can
choose our approximating laminations so that the limit of the sequence
is exactly M(t,V_) o By For V. = ( the image M(t,V,0)(¢) is a
g-leaf of the pleated surface P, ;, which is independent of 6.

The bottom line is that given a measured lamination (A,tu), and
given V| a g-leaf or a flat, there is a uniquely defined M6bius transfor-
mation M (t,V,0). These satisfy the composition formula (3.3.a). For
leaves £ with non-negative measure, there is a range of possible choices
for M(t,¢,0), and we usually choose to use the middle point § = 1/2 of
this range of choices.

There results a complex earthquake CE; which maps D? onto a pleated
surface in D®. This map is continuous except possibly along a g-leaf ¢,
where it is discontinuous if and only if Re(t)u(¢) # 0.

Definition 3.6. Let (A, i) be a geodesic lamination of D?, with non-
negative transverse measure p. Let t € C. We define CE; : D? — D3 to
be the corresponding complez earthquake. More precisely CFE; is defined
except on g-leaves ¢ with Re(t)u(€) # 0, and it is discontinuous at such
g-leaves.

We will be particularly interested in how, for a fixed geodesic lamina-
tion A, the complex earthquake changes with the parameter . The com-
plex earthquake CFE; has its image in hyperbolic 3-space, so it does not
have direct sense to say that it depends holomorphically on t. However,
the following lemma shows that the component parts of the complex
earthquake do depend holomorphically on t.

Lemma 3.7. Let (A, ) be a measured lamination with non-negative
measure. Then, for each flat or g-leaf V and each 0 with 0 < 0 <
1, the Mobius transformation M(t,V,6) depends holomorphically on t.
(Our earthquakes are assumed to be normalized, for example so that one
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particular gap or c-leaf is pointwise fized—see §2.6.) M (t,V,0) depends
on 0 if and only if V is a g-leaf with pu(V') > 0.

To prove the lemma, we use the fact that these transformations are
holomorphic for a finite lamination, and then use the fact that a uniform
limit of holomorphic functions is holomorphic.

3.8. Another way to construct Ppg, is to first construct the signed
earthquake using Re(¢)u. This sends D? to D?, moves A to a new geo-
desic lamination A*, and correspondingly transfers p to 1. Then bend
along A*, using Im(¢)u™. Since bending is a continuous operation, we
can consider the pleated surface as being the image of a continuous map
D? — D3, using only the bending in the construction just described.

4. Defining the deformation: scaling maps and non-atomic
measures

In this section we will consider the construction of particular maps
CxD? — S?, although sometimes C is replaced by some open connected
subset of C. We do not have axioms which characterize the kind of maps
that interest us, but they always have the property that if z € D? is fixed,
the corresponding map C — S? is holomorphic. They will also have the
property that, for every parameter ¢ in a certain open connected subset
of C, the corresponding map D? — S? is locally injective; it will be
either quasiconformal or quasiregular.

We recall that a quasiregular map is a map of the form f = hog
where g is quasiconformal and A is meromorphic on the range of g. The
map f is locally injective if and only if A is locally injective. The reason
such maps are important is that a locally injective quasiregular map
D? — §?, like a quasiconformal map, determines a point of universal
Teichmiiller space. In §6.1 we will briefly remind the reader of some of
the basic facts in this theory.

The data used to define our mappings will be a pair (A, tu), where A
is geodesic lamination on D?, ¢ € C and p is a non-negative transverse
measure on A.

Definition 4.1. We introduce the norm
(|2l = sup p(7),
T

where T ranges over all transverse open geodesic intervals of length one.
4.2. The mapping ¥, x D? — S2. In Section 4 of [10], we introduced

the function
(4.2.a) f(u,z) = min <arcsinh(e‘m‘ sinh(u)), e|$|/2u> .

In the cited paper, we defined a “strip” U about the real axis. Here
we will use a somewhat larger neighbourhood ¥, which will give better
numerical estimates.
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We also defined the constant co, which was the largest positive num-
ber with the following property.

Let (A, ) be any measured geodesic lamination with ||u]| < c2. We
proved that the corresponding pleated surface map CE; : D? — D3
is an embedding when t = i = v/—1. We showed that .73 < ¢y <
2arcsin(tanh(1/2)) ~ .9607. Unpublished work by David Epstein and
Dick Jerrard should prove that cy > .948, though detailed proofs have
not yet been written. We conjecture that the correct value is co =
2 arcsin(tanh(1/2)).

If p € R, let [p] denote the smallest integer greater than or equal to
p. We will consider the following two simply connected subregions of
the parameter ¢-plane, a “strip” and a “halfplane”:

Definition 4.3.

[F (1, [ul)]

. . co
S—Interlor{t—u+wzv> —7}.
[f(1, |u])]

These subspaces are illustrated in Figure 4.3.i and Figure 4.3.ii.

c
‘Zo:Interior{t:u—Fiv o) < —2},

0.4}
Il_li 0.2} ‘\—\—\;
-4 2 2 4
_\—\_L -0.2 4I_,—I7
-0.4¢

Figure 4.3.i. This is an illustration of ¥,. This is the
set of values of t € C for which we can show that the map
®, of Theorem 4.4 is injective. It is the set of points lying
between the lower and upper curves shown in the illus-
tration.

The following result is proved as Theorem 4.14 of [10] as an applica~
tion of the extended A-lemma. We will work with the Poincaré models
of 2- and 3-dimensional hyperbolic space D?, 3.
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1+

‘ ‘ 0, ‘ ‘

Figure 4.3.ii. Here we illustrate T = T, U U?. This is
the set of points in C, lying above the curve shown. This
is the same as the curve shown in Figure 4.3.i, but drawn
to a different vertical scale. As explained in §4.5, there
is a holomorphic map from ¥ to universal Teichmiller
space. The point B = (0,¢1) (B stands for Bridgeman)
is marked in the diagram. Here ¢; comes from Definition
6.10. The Poincaré metric on D? is pulled back to ¥ using
the Riemann map ¥ — D?. The proof of Theorem 5.1
needs a computation of the hyperbolic distance from 0
to B with respect to this metric on ¥.

Theorem 4.4. Suppose (A, 11) is a measured geodesic lamination with
||| = 1. The following properties hold for points t € Ts.

4.4.1) The complex earthquake map CE; : D? — D3 is a quasi-isometry.

4.4.2) CE; extends to a holomorphic motion of S* = 0D? in S? = OD3.

4.4.3) The extension of CE; to S' is itself the restriction to S' of a holo-
morphic motion of S? in S?, which we denote by ®; = DAty ¢
S? — §2.

4.4.4) The restriction ®;|S is injective. Its image is a Jordan curve
bounding the region Q; = ®;(D?). The bending measure of
Dome(Q;) is Im(t) - u*, where p* is defined in §3.8.

4.4.5) In particular, ®; : D*> — S? is a quasiconformal homeomorphism
with mazximal dilatation Ky given by

1+ [A(1)]

K; < .
1 — [n(t)]

Here h : 5 — D? is a Riemann map taking 0 to 0.
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4.4.6) If there is a group T' of Mdébius transformations which preserves
(A, ), then the holomorphic motion ®; can be chosen so that there
is a homomorphism ¢ : T' — T, with

Dy(v(2)) = p(y) 0 ®(2), for ally €T and z € D?.
Here T is another group of Mdébius transformations.

Our normalization convention (§2.6) ensures that CE, fixes a flat or
g-leaf and ®; fixes the corresponding gap or c-leaf.

4.5. The map V. We continue to assume that ||u| = 1. So far we
have defined the holomorphic motion of S? in S§? ®; : S* — S? for
t € T,. We will be able to deduce from this a holomorphic map from
T, into universal Teichmiiller space T, as we will see later in Section
6. It turns out that Sullivan’s Theorem (Theorem 5.1) can be deduced
from the existence of such a map. However, the larger the domain of
such a holomorphic map into universal Teichmiiller space, the better
the estimate we will get for the constant K in Sullivan’s Theorem. In
particular, it seems a reasonable objective to extend the holomorphic
motion ®; so that it applies for all t € T,UU2. If we take this objective
literally, then it is unattainable. Instead we will proceed by constructing
another map, denoted by ¥; and defined for ¢t € U%. ¥ will give rise
to a holomorphic map U? — T which agrees on U? N T, with the map
induced by .

Our first task is to give the domain of ¥. We fix a point tg = ivg on the
positive imaginary axis, so that tg € ,. The map ®;, : S* — S? restricts
to map the unit disk onto a quasidisk that we will denote by €y (or by
Q). In particular, Qg is a Jordan domain. The complex earthquake
CEy, : D* — D? has image Dome (£), which is the boundary in D? of
the hyperbolic convex hull of S?\ . In Figure 4.5.i, we have a picture
of Qo.

We wish to define U : C x Qy — S? in such a manner that the
boundary values of W, are related to <I>t|Sl. We first explain how this
is done when (A, ) is a finite lamination. In that case €y contains
some intrinsically defined crescents. To construct these, let r : Qo —
Dome (£29) be the nearest point retraction. Then for each bending line
¢;, we have the crescent C; = r~1(¢;), of angle vou(¢;).

Let E; be the scaling map defined in Lemma 2.5 using ¢ with the
crescents {C;}. By Lemma 2.8, for each t € C, E; extends to a contin-
uous map E; : Qo — S%. E;|0€) is closely related to ®;|S'. It is even
more closely related to (®;[S")o (®4,)"!0) : Qo — S?. To make them
match precisely, we perform an affine transformation on the parameter
t. We set Wy = Ej;_y)/4,- 1t is easy to see, for example by induction
on the number of crescents and using Definition 2.1, that

(4.5.a) Wy 0 By, |ST = ByST,
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i\

NN~

Figure 4.5.i. The lefthand picture shows the unit disk,
thought of as a hyperbolic plane with the Poincaré met-
ric, together with a measured geodesic lamination. The
measure of each geodesic is proportional to the angle of
the corresponding crescent in the righthand picture. The
middle picture shows {2y, the result of applying ®;, to
the unit disk. The righthand picture shows €y with its
canonical crescents. Each crescent is the inverse image
of a bending line under the nearest point retraction onto
Dome (£29). These crescents are, by their definition, dis-
joint, and they can therefore be used to “extend” the
holomorphic motion ®; to all ¢ € C. The reason for the
inverted commas round “extend”, is that the extension
is not really an extension, but it is close enough to give
a well-defined map into universal Teichmiiller space, as
we will see in due course. We have normalized earth-
quakes and scaling maps so that the region V;y shown in
the lefthand and righthand pictures is fixed.

provided ¢ € T, (to ensure that the righthand side of (4.5.a) makes
sense). A quick check, which is not a formal proof, is obtained by
looking at the special cases t = 0 and t = {.

We want to carry out a similar construction for ¥; when (A, u) is a
general measured lamination with non-negative transverse measure. We
require that (4.5.a) should continue to be satisfied, provided that ||u| =
1 and t € §,. The natural way to approach this is to take a sequence
of finite measured laminations (A, p,) which converges to (A, p) in
an appropriate sense, and then show that the corresponding sequence

of maps (t,2z) +— W, (z) converges uniformly on compact subsets of
C x QO-
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71 B Y2

Figure 4.5.ii. For a finite measured lamination of D2,
it is always possible to fit disjoint crescents, with ver-
tices at the endpoints of geodesics in the lamination, and
crescent angles proportional to the measure of the corre-
sponding leaf. The definition of ®;—in our case carried
out using the A-lemma—can then be replaced by that of
W,. The question arises of why this is not always pos-
sible. Here we provide an example of a countable lam-
ination, where it is not possible to insert such disjoint
crescents. We take a countable set of disjoint geodesics
(7i)ien- all orthogonal to a fixed geodesic . We then
join the geodesics (7;),cy With geodesics (/3;);cy. Where
B; joins the end of +; with the beginning of ~;11. If the
measure on each of the geodesics ; and (; is the same,
then we would have to insert disjoint crescents, each with
crescent angle ¢ > 0. It is easy to show that the angle of
the crescent associated to ; to the boundary circle is at
least € greater than the angle of the crescent associated
to 7y;+1 to the boundary circle. So we would be able to
fit at most [27 /€] crescents associated to the 7;. This is
the explanation of why we construct our crescents in €2
and not in D?.
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Such a proof by approximation, though presumably possible, is not so
easy to carry out entirely within S?, because Mobius transformations do
not preserve a metric on S2. It is much easier to carry out the proof in
hyperbolic 3-space, since the hyperbolic metric is preserved by Mébius
transformations. Even better, the necessary analysis has already been
carried out in this case, in [8, Chapter 3], and so, if we can make the
appropriate connection with this previous work, all we need to do is
to cite it. We now proceed to set up the apparatus which enables us
to carry out the construction of ¥; in hyperbolic 3-space instead of in
S?. But first we need to make a point about approximations by finite
measured laminations.

As explained near the beginning of Section 3, there is a topology on
the space of measured laminations, so that we know what is meant by
an approximating finite measured lamination.

Lemma 4.6. Let (A, p) be a geodesic lamination with non-negative
transverse measure. Suppose that ||p|| = 1. Then p can be approximated
by finite measured laminations p, with ||p,|| = 1.

Proof. The danger we have to avoid is that, in some situations, an
obvious approximation can have norm around two, instead of around
one. Suppose, for example, that v is a geodesic. We mark on v a
basepoint 0 and all points on « at an integer distance from 0. We set A
equal to the set of geodesics orthogonal to v and passing through some
marked integral point. We take u(f) = 1, for each ¢ € A. We define
A, to consist of 2n + 1 geodesics, all orthogonal to v, through points
on v at distance j(1 — #) from 0, for 0 < j < mn. We set u,(¢) =1 if
¢ € A,. Then (A, uy) converges to (A, ). But, for each n, ||u,|| = 2.
The situation is shown in Figure 4.6.1.

Here is a sketch of a more careful way to approximate which avoids
this kind of problem. Let 0 be the centre of D? and let B,, be the open
disk of radius n with centre 0. If 0 € £ € A, then we can assume that
wu(€) = 0. We construct (Ay, i) as follows.

4.6.1) All leaves of A,, meet B,,.

46.2) A, C A

4.6.3) For each boundary component V of D? \ A, such that 9V has at
least three components meeting B,,, include in A,, all components
of OV meeting B,,.

4.6.4) Include in A,, all leaves ¢ € A, such that /NB,, # () and p(¢) > 1/n.

4.6.5) By inserting additional elements of A into A,, arrange that, for
each open geodesic arc v C B, disjoint from A,, we have u(vy) <
1/n.

4.6.6) For each ¢ € A, choose p € { N By, and let [p,q) C [p,0) be a
half-open geodesic arc, such that (i) ¢ either lies on a g-leaf of A,

or ¢ =0 and (ii) (p,q) NUA, = 0. Define 11, (¢) = u([p, q)).
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Figure 4.6.i. We show a picture in the upper halfplane
with the hyperbolic metric. The dotted semicircles are
geodesics a hyperbolic distance one apart. The solid
semicircles are approximating geodesics. The measure
of each leaf in the original (dotted) lamination is one,
and the norm is then one. In the approximating lamina-
tion each (solid) geodesic also has measure one, and the
approximating lamination has norm two. This picture is
relevant to discussion in the proof of Lemma 4.6.

For each open geodesic interval « of length 1, it now follows that
(4.6.a) pula) —2/n < pp(a) < pla) +1/n.

The reason the inequality is true is illustrated in Figure 4.6.ii.
It follows that 1 —2/n < ||uy|| < 141/n. The approximation we seek

is (An, pin/ |l pnl])- q.e.d.

4.7. Normal vectors. We denote the unit tangent bundle of hyper-
bolic three-space by T1(H?), or by T;(D?) when we use the Poincaré
disk model. Since the group of Mobius transformations can be iden-
tified with the group of orientation-preserving isometries of hyperbolic
3-space, the Mobius transformations act on 77 (D?). We have the real
analytic map exp, : T1(D?) — S?, which assigns to a unit tangent vec-
tor u, based at a point p € D3, the end at infinity of the unit speed
geodesic through p with tangent vector wu.
The next lemma is obvious.

Lemma 4.8. The map exp, : T1(D?) — S? is equivariant for the
group of all isometries of hyperbolic 3-space, and in particular for the
group of Mébius transformations.

We denote by r : Qg — Dome (€)y) the nearest point retraction. Given
a point z € €y, we obtain a unit vector v(z) € Ty(D?) based at r(z), by
taking the tangent vector of the unit speed geodesic from r(z) to z. We
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G

p<l/n

nw<l/n

Figure 4.6.ii. These two diagrams illustrate the proof
of the two inequalities of (4.6.a). In each case, we have
a geodesic segment @ C B, of length one. We mark the
intersections of « with the geodesics of A,,. Each subin-
terval shown has measure less than 1/n, and this is indi-
cated by the arrows. The upper diagram shows the situ-
ation when « contains 0. We see that the upper diagram
leads to the inequalities u,(a) < p(a) < pp(a) + 2/n.
The other possible configuration, shown in the lower di-
agram, is that 0 does not lie in «, In this case we have
pn(a) —1/n < pla) < pp(a) +1/n. The inequalities of
(4.6.a) follow.

denote the image of v : Qg — T1(D3) by N and talk of it as the space
of normal vectors to Dome (£)p). Since exp, maps N to )y, we have
proved the following lemma.

Lemma 4.9. The maps exp, : N — Qg and v : Qg — N are inverse
homeomorphisms.

The situation of Lemma 4.9 is illustrated in Figure 4.9.i.
The map ¥, : Qy — S? will be defined as the composite

Qo - N2 1(D3) 22 82,
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Figure 4.9.i. This picture illustrates Lemma 4.9. It can
be thought of as the intersection of the general configura-
tion with a hyperbolic plane orthogonal at a fixed point
p to the bending line through p. The set of unit normal
vectors (elements of N) at p is, topologically, a closed
interval. We show the two endpoints of this interval—
the two normal vectors n; and n_. The dotted lines are
geodesics leading to the corresponding points in €.

where the map N; : N — T (D?) will be induced by the complex earth-
quake map CFE;, in a way which we have not yet made explicit.

We call N the space of normal vectors to Dome (£29). Note that
a normal vector based at p € Dome (§29) is orthogonal to one of the
support planes at p for the hyperbolic convex hull of S \ Qq, and that
it points towards €.

Let N, denote the set of such normal vectors at p. Most points of
Dome (£29) have only one normal vector. But if p lies on a bending line
¢ with positive bending measure vgpu(¢), then NN, corresponds to an arc
in the unit tangent bundle 71 (H?). The length of the arc is equal to the
bending measure.

4.10. The map N; : N — Ty(D3). We have seen in §3.5 how, for
each t € C and each V, a gap or bending line of measure zero, we can
determine a Mobius transformation M;y. These transformations are
used to define Ny.
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Let n € N be a unit normal vector based at a point p € Dome ().
Suppose p € CE;,(V), where V is a gap or a bending line of measure
zero. Then we define N¢(n) = M,y o Mtglv(n)

Now suppose p € Dome (£2g) is a point on a bending line of positive
measure. That is, p € CEy,(¢), where £ € A and p(¢) > 0. We orient
¢ so that it makes sense to consider its left and right sides. There are
two canonical unit normal vectors based at p, which we denote by n
and n_. The first of these is the limit of unit normal vectors based at
points p; € Dome (€y) converging to p from the right. The second is the
limit with respect to convergence from the left. Since the limit from the
right (or left) of support planes has a well-defined limit, it follows that
n4 and n_ are well-defined. The angle between n_ and n, is equal to
vopu(€) > 0, where ty = ivg. The unit vectors n, n_ and ny are coplanar
in the tangent 3-space at p.

Let 6 be the ratio of the angle between n and n_ to the angle between
n4 and n_. Then 0 plays the same role here that it played in Definition
2.1,and 0 < 0 < 1. Let M; _ be the limit of the Mébius transformations
My, as V approaches ¢ from the left through gaps or bending lines of
measure zero. We define

Nt(n) = Mt,— o Ag(t*to)/l(f) o] M_l

to,—>

where, for s € C, A, is defined to be the Mobius transformation with
complex translation length s and oriented axis ¢ lying in the equatorial
plane D? C D3,

To summarize, when the complex earthquake CE; gives a method
of defining N¢(n) which is unambiguous, then we use the unambiguous
formula. Note that the answer is unambiguous exactly at the points
where CFE; is differentiable, and at such points N; could be defined
using the derivative. When the complex earthquake gives an answer
which is not unique, then we interpolate in the only possible reasonable
manner.

This completes our description of the continuous map N; : N —
T1(D3). Tt is defined for all ¢ € C.

W, has now been defined in two different ways when A is a finite
lamination. The first way was described in §4.5, and the second way
is described just after the statement of Lemma 4.9. The next lemma
states that these two ways give us the same answer.

. v N. 3\ P+ 9 .
Lemma 4.11. The composite Qg — N — T1(D°) — S is equal
to W, for finite laminations.

The proof is an easy induction, using the description of a scaling map
in Definition 2.1 and Lemma 2.5.

In order to define the Mébius transformations M,y associated to a
general measured lamination (A, ), as in §3.5, we approximate by a
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sequence of finite measured laminations (A, i,). The Mobius trans-
formations M; 1 are defined by this limiting process. The limit is well-
defined if V' C D? is a gap or a bending line of measure 0. However, if
V is a bending line ¢ of positive measure, the limiting values are am-
biguous, and the limit value of My can be varied by premultiplication
by Asge)- Here 0 < 6 < 1 and, for s € C, Ay is the Mobius transfor-
mation with complex translation length s and oriented axis ¢ lying in
the equatorial plane D? C D3.

Clearly Ay, s depends holomorphically on t. If V is a gap or a
bending line of measure zero, then the Mébius transformation M; - also
depends holomorphically on t—this follows from the fact that the limit
of a sequence of holomorphic functions which is uniformly convergent
on compact subsets is holomorphic.

We have proved the following result.

Lemma 4.12. For fivzed n € N, exp, (Ny(n)) € S? varies holomor-
phically with t € C. For fived z € Qq, ¥i(z) € S? varies holomorphically
with t € C.

Most of the following results have already been proved.

Theorem 4.13. Let (A, u) be an arbitrary non-negative measured
lamination with ||u|| = 1. Fiz ty = ivg € T, and denote by Qo the image
of D% under the map ®, : S* — S%. We denote by Q; the image of D?
under ®;. (A typical image is shown in Figure 4.5.i.) The normalized
map (see §2.6) W, : Qg — S? has the following properties.

4.13.1) ¥y, =1d.

4.13.2) For each z € Qq, V(t,z) € S? depends holomorphically on t € C.

4.13.3) For each t € T, ¥y can be continuously extended to 0y so that
Equality (4.5.a) is satisfied. In particular, Vo : 0y — S' and
Dy, S — 9Qqg are inverse homeomorphisms.

4.13.4) Fort € U2NT,, Uy : Qo — S? is injective, and ¥ (Qg) = ®4(D?) =
Q.

4.13.5) WhenIm(t) > 0 and t = u+iv, Uy : Qo — S? is a locally injective
Ki-quasireqular mapping, where

LIl gy VE P

K= : = :
FT k()] 21 (01 0)?

Proof.

All the statements are proved by taking a sequence ((An,fin)),en
of finite measured laminations of norm one, converging to (A, u). On
any compact subset of C x Qq, (¢,2) — (expJr oN; o 1/) (z) converges
uniformly as n tends to infinity. Note that both domain and range of v
and N; vary with n.

To prove 4.13.2, note that if a sequence of holomorphic functions con-
verges uniformly on compact subsets, then its limit is also holomorphic.
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The proof of 4.13.3 follows from Equality (4.5.a), since both @St
and W, are defined through limits of finite measured laminations.

One proves 4.13.5 by first showing that it is true for finite lamina-
tions, and then taking limits. In particular, the claimed local injectivity
follows from the fact that locally we have quasiconformal homeomor-
phisms with bounded constant. To ensure that the limit is not degen-
erate, we can normalize (see §2.6) using a leaf that passes through the
small neighbourhood in which we are interested.

Finally we prove 4.13.4. Note that 4.13.3 shows that W¥;|Q is a proper
map onto its image X;, and that X; U W, (0Q0) = ¥4 (Qp), which is
compact. By 4.13.5, X, is open. So its frontier is a topological circle.
Therefore X; is an open topological disk. The proper local homeomor-
phism ¥, : Qg — X; is a covering, and is therefore a homeomorphism.
It also follows that X; = €. q.e.d.

Thus, what has been accomplished, through Theorem 4.13 and The-
orem 4.4, is the following. We have constructed a holomorphic family
of generalized scaling maps C x Qg — S? which for ¢ € T, are related
to the boundary values of complex earthquakes OD? — 9Dome(Q;) by
4.13.4 and 4.13.3.

5. Sullivan’s Theorem: a careful statement

Let Q C C C S? be a simply connected region which is not the whole
plane. We recall that Dome (£2) denotes the boundary of the hyperbolic
convex hull of §?\ Q. By a theorem of Thurston, if the dome is given
its path metric induced from the hyperbolic metric on H?, then the
dome is isometric to a hyperbolic plane. We begin by stating Sullivan’s
Theorem in its usual form.

Theorem 5.1. There is a universal constant K > 1 with the follow-
ing property. Let Q be a simply connected proper subregion of C. Let T’
be the group of Mobius transformations which preserve ). Then there is
a T-equivariant K -quasiconformal homeomorphism fq : Q@ — Dome ()
which extends continuously to the identity map on the common boundary
in S% of domain and range.

In interpreting the theorem, there is one exceptional case: Namely
when Q C S? is the complement of a circular arc, say the positive real
axis Ry C C, then Dome (£2) must be interpreted as the two sides of the
hyperbolic halfplane rising from R . Each point of the halfplane needs
to be thought of as giving rise to two points of the dome, one for each
side of the halfplane.

This simple example exposes a subtle problem with the stated hy-
pothesis.

Quasiconformal homeomorphisms are normally mappings between
open subsets of S?, and are necessarily orientation preserving. But
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in the statement of the theorem, the domain and range of fq are in
different spaces, and so we have to specify an orientation for each.

If the complement of ) is a topological arc, it may be possible to
“reflect” topologically across the arc, obtaining a solution in the wrong
homotopy class. Consider for example the logarithmic spiral with equa-
tion r = e’ in polar coordinates. The closure A of the spiral is a
topological arc in S?. Set Q = S?\ A. Consider the homeomorphism
g : C\{0} — C\{0} given by g(r,8) = (r,2log(r)—0), using polar coordi-
nates. This extends to a homeomorphism, also denoted by g, of S* which
fixes the spiral pointwise. In a neighbourhood of a point of the spiral,
g interchanges the sides of 92 locally. Composition with g, combined
with changing the orientation of Dome (2), gives us, for every standard
solution fq : 2 — Dome (Q2), a strange solution fq o g : {2 — Dome (Q2).

This raises the concern that there might perhaps be an infinite num-
ber of distinct homotopy classes of solutions to Sullivan’s Theorem for
some regions where the boundary has bad local connectedness proper-
ties. Here we are talking of homotopy classes of maps f : Q© — Dome (),
where the homotopy restricted to 0€ is always the identity map. We will
consider some foundational questions concerning solutions to Sullivan’s
Theorem, with the objective of showing that this concern is unfounded.

We first recall some standard definitions.

Definition 5.2. The topological definition and basic properties of
prime ends are given in [2, Theorem 4.3]. Fix a basepoint zgp € . A
crosscut is a closed arc in €2, with the property that only its endpoints
lie in 0. A fundamental sequence in  is (not a sequence but) an
infinite countable set A of points of 2, with the property that for each
€ > 0 there exists a crosscut of diameter less than e, separating all
except a finite number of points of A from zy. T'wo such sets are said to
be equivalent if their union is also a fundamental sequence. This is an
equivalence relation. A prime end is an equivalence class of fundamental
sequences. The tmpression of the prime end is the intersection of the
closures of the regions cut off by smaller and smaller crosscuts, and
containing all except a finite number of elements of A. There is no loss
of generality in restricting to crosscuts whose endpoints do not lie in the
impression.

To define a topology on the on the union of Q and the set of its
prime ends, we take () as an open subset, and then need only define a
neighbourhood of a fixed prime end p. Such a neighbourhood is defined
by fixing one of the crosscuts used in the definition of p, and taking all
points of €2 on the appropriate side of the crosscut, together with all
prime ends defined by fundamental sequences on the same side of the
crosscut. The basic theorem, due to Carathéodory, is that the union of
Q) and its prime ends is homeomorphic to a closed disk.
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Lemma 5.3. The nearest point retraction r :  — Dome () extends
continuously to a homeomorphism of the spaces of prime ends.

The definition of prime ends given above can be equally well applied
to the dome, using the euclidean diameter in D3.

Proof. The nearest point retraction is a quasi-isometry. Any quasi-
isometry from D? to itself induces a homeomorphism of 9D?. A prime
end of D? can be identified with a point of S' = 9D?. If the quasi-
isometry is continuous, then with its extension to the boundary it is

. =2
continuous on the closure D" q.e.d.

Theorem 5.4. Let (2 be an open simply connected subset of S? and
let f be a homeomorphism of Q) with itself such that the restriction of f
to 0N} is the identity. Then

5.4.1) EITHER f|Q) extends continuously to the space of prime ends, and
on the space of prime ends is the identity map
5.4.2) OR f reverses orientation and OS2 is a topological arc or a point.

The case of a point cannot arise in this paper, because we do not
allow Q) = C.

Proof. Extend f to S? by defining it to be the identity in the comple-
ment of Q. The fact that f extends to the space of prime ends follows
from the uniform continuity of f. Moreover the extension to the space
of prime ends is continuous. Let w be a prime end of €2, and let p be
a point in the impression of w. Let U be a small round open disk with
centre p, and let V' be a smaller concentric open disk with centre p such
that fV CU.

To this situation, we can apply [7, Theorem 4.1], which we now state.

Theorem 5.5. Let M be a connected n-manifold. Let X be a closed
subset and let U be an open subset of M. Let f : U — M be an
embedding, such that f|X NU =1d. Let V be an open connected subset
of M, such that VN X # 0 and V U fV is orientable, and is contained
in U. We suppose that f preserves orientations on X NU. Then, for
each y € V\ X, y and fy lie in the same component of U \ X.

We apply this theorem with n = 2, M = S?, X = 90Q, and with V,
U and f as above. Since U and V are arbitrarily small, it is easy to
deduce from Theorem 5.5 that if f preserves orientation, then f must
fix each prime end.

So we now assume that f reverses orientation. Since f is the identity
on S?\ , this subset must be empty. We can now apply [7, Theorem
2.5], which we now state in a form applicable to our situation.

Theorem 5.6. Let f : S — S? be an orientation reversing home-
omorphism, such that [ fixes 0 pointwise and sends Q) to itself, as
above. Then 0S) is an interval or a point.
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This completes the proof of Theorem 5.4. q.e.d.

In proving Sullivan’s Theorem (Theorem 5.1), we are looking for a
particular homeomorphism fq : Q@ — Dome (2). We don’t yet know fq,
but we want at least to determine some elementary topological prop-
erties that it must have in order to satisfy Theorem 5.1. We will do
this by applying Theorem 5.4. However, that result applies to home-
omorphisms from a region to itself. This leads us to seek a standard
homeomorphism o : Q — Dome (€2), which would enable us to apply
Theorem 5.4 to o~ ! fq.

If the convex hull of S? \ Q has no interior, it is contained in a hyper-
bolic plane. Then we know that €2 is a slit plane. In this case there is a
unique solution for fo which minimizes the maximal dilatation K among
all quasiconformal maps with the same boundary values. The extremal
map can be found explicitly (it is the appropriate map introduced in

§2).

Figure 5.6.i. This illustration is in the projective
model, where hyperbolic convex sets are the same as eu-
clidean convex sets. This makes it easier to draw hyper-
bolic convex sets. We show the centre of projection ¢g. In
the projective model, hyperbolic radial projection from
q is the same as euclidean radial projection. We indicate
the effect of 7, on = € €.
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So, from now on, we assume that the convex hull has non-empty
interior. Given a point ¢ in the interior of the convex hull, let ry : @ —
Dome (€2) be the radial projection along geodesics through g. Then 7
is a homeomorphism which extends continuously to a homeomorphism,
again denoted by r, : Q — Dome (), which is the identity on Q. We
illustrate r, in Figure 5.6.1.

Clearly r4(z) is continuous in the pair of variables (g, z). Therefore,
varying ¢ causes r, to change by an isotopy. It follows that the effect
on the prime ends of any two such radial projections is the same. This
observation allows us to prove the following result.

Lemma 5.7. The nearest point retraction v :  — Dome (Q) and
any radial map rq : © — Dome () have the same effect on prime ends:
Each extends continuously to a homeomorphism between the spaces of
prime ends and their values on the prime ends are identical.

Proof. If £ is a bending line, then 7~1() is a crescent which is foliated
by circular arcs. The bisector of this crescent is a circular arc. Once
a positive direction for ¢ has been specified, the positive endpoint of
¢ determines a prime end p; for Dome (2). We orient the bisector so
that r sends the orientation of the bisector to the orientation of £. The
bisector defines a prime end ps for Q and r sends po to p;.

The bisector together with ¢ determine a hyperbolic plane in U con-
taining £ and orthogonal to the bisector. We choose ¢ to lie in this plane.
Then r4(p2) = p1. By the observation made before the statement of this
lemma, we obtain the same equality for any other radial projection.

A similar argument works for a boundary point of a flat. But bound-
ary points of flats together with endpoints of bending lines are dense in
01, and dense in the space of prime ends. It follows that r and radial
projection have the same effect on all prime ends. From Lemma 5.3 we
see that the extensions of r and r; are homeomorphisms giving rise to
the same homeomorphism between the spaces of prime ends. q.e.d.

We orient Dome (2) so that radial projection from (2 preserves orien-
tation.

Lemma 5.8. Suppose Q C S? is a simply connected region and f :
Dome (2) — Q is any homeomorphism that continuously extends to OS2,
where it is the identity. Assume that OS2 is not a topological arc or a
point. Then f is orientation preserving and it has the same effect on
prime ends as the nearest point retraction and as radial projection.

Proof. Composing with the inverse of radial projection, we obtain a
homeomorphism from € to itself, which is the identity on 9. To this
homeomorphism apply Theorem 5.4. This shows that f has the same
effect on prime ends as the nearest point retraction. q.e.d.
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To prove Sullivan’s theorem, we will work consistently with the fol-
lowing analytic characterization of the homeomorphisms of interest.

Theorem 5.9. Suppose f : Q@ — Dome () is a quasiconformal or
anti-quasiconformal homeomorphism. Then the following two condi-
tions are equivalent:

5.9.1) f extends to the identity on 02 and f preserves orientation.
5.9.2) d(f(z),7(2)) is uniformly bounded for z € Q). Here r is the nearest
point retraction and d is the path metric in the dome.

If Q is a Jordan region, then the above conditions are automatically
true.

Proof. In one direction, the result is immediate: Suppose d(f(z),r(2))
is uniformly bounded. Since r extends continuously to the identity on
0%}, the same is true for f. Moreover, f and r, both extended, are
homotopic by a homotopy which is the identity on 92, and therefore
along with r, f preserves orientation.

The proof in the reverse direction requires the following well-known
result. For completeness, we will outline a proof.

Lemma 5.10. Let f, g : D> — D? be two quasi-isometries with respect
to the hyperbolic metric, which have the same boundary values. Then
there is a constant c, such that, for each z € D?, d(f(2),g(z)) < c. The
constant ¢ depends only on the constants of quasi-isometry.

Proof. The following proof is illustrated in Figure 5.10.1.

Given a point z € D?, we take two orthogonal geodesics o and 3
through z. Since f and g are quasi-isometries, they have well-defined,
equal, extensions to S! = 9D?. We continue to denote the extended
maps from the closed disk to itself by f and g respectively. We denote by
af = a4 the geodesic which connects the image under f of the endpoints
of o and similarly for 3y = ;. The angle between the geodesics ay
and (3; is bounded away from 0 by a positive constant, depending only
on the constants of quasi-isometry. For each ¢ > 0, the intersection
of the e-neighbourhoods of a; and 3; has compact closure. We can
choose €, depending only on the quasi-isometry constants, so that the
e-neigbourhood of a ¢ contains f(a) U g(cv) and the e-neighbourhood of
Bf contains f(3) U ¢g(B). The diameter ¢ of the intersection of these
two neighbourhoods can be bounded in terms of the constants of quasi-
isometry. Both f(z) and g(z) lie in this bounded set. q.e.d.

We can now complete the proof of Theorem 5.9. Let f : Q@ —
Dome (€2) be a quasiconformal homeomorphism which extends to the
identity on 9) and which preserves orientations. Then by Lemma 5.8,
f and r have the same effect on prime ends. By [10, Theorem 5.1],
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Figure 5.10.i. This picture illustrates the proof of
Lemma 5.10. We illustrate the geodesics oy = a4 and
B = By and their e-neighbourhoods.

every K-quasiconformal homeomorphism h : D? — D? is a (K, a(K))-
quasi-isometry. Also r is a quasi-isometry. We apply Lemma 5.10 to
complete the proof. q.e.d.

6. Sullivan’s Theorem: a new proof

This section is devoted to a new proof of Sullivan’s Theorem (Theo-
rem 5.1). In [14] we find a half-page sketch proof. A complete proof,
with an estimate K < 82.8, appeared in [8] and a simpler proof, with-
out any estimates, was suggested by Bishop and presented in [9]. Our
original proof, involving difficult estimates of a differential geometric
nature, was quite complicated. The proof we now give is much sim-
pler and seems to us to be the most natural, involving exactly those
elements of the situation which have to be involved. It also allows for
much improved estimates.

6.1. Teichmiiller space. We will use universal Teichmiiller space 7.
This is the space of all quasisymmetric homeomorphisms of S, modulo
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the action of the group of Mdébius transformations by composition on
the left. This quotient can equally be taken as the set of quasisymmetric
homeomorphisms of S' which fix three points. As usual, we will take
these points to be —1, 1 and i. This space can be given a suitable
topology and complex structure—see [1, Chapter 6]. The basic result
we need is that the map from the space of Beltrami differentials, that
is the open unit ball in L>°(D?), to T, given by solving the Beltrami
equation, is holomorphic.

Let g : D? — S? be a locally injective quasiregular map; we recall that
this means that ¢ = h o f where f is a quasiconformal homeomorphism
and h is locally injective and holomorphic on the image of f. The locally
injective property of g can be used to transfer the complex structure on
S? to D? using g. We obtain a complex structure Cy on D?. We then
have a quasiconformal homeomorphism § : D? — Cy.

Let R : C; — D? be a Riemann mapping. Ro g : D? — D? is a
quasiconformal homeomorphism. By choosing R appropriately, we can
assume that the three points —1, 1 and ¢ are fixed. The map g has a
homeomorphic extension to OD?. Its restriction to 9D? is quasisymmet-
ric. We will denote this normalized boundary function by ¢s(g).

In this way the locally injective quasiregular g determines a point
qs(g) € T. If g is itself a normalized quasiconformal map of D? onto
itself, then ¢s(g) is given by the boundary values of g.

6.2. The program. Return to our geodesic lamination A C D? with a
transverse non-negative measure u satisfying ||u|| = 1. Our program is
as follows.

6.2.1) Let T, C C be the open subset defined in Definition 4.3. Given
t € T,, according to Theorem 4.4 there is a quasiconformal map
fr=® 4y : D* = Q CS%

The map extends to a homeomorphism of the closed disk D2 onto
Qy, which is therefore a quasidisk. We will make use the map

F:te%,—qs(fi) €eT.

6.2.2) From Theorem 4.13, for each point in the upper halfplane {¢ :
Im(t) > 0}, there is a locally injective quasiregular map ¥; =
U(t,-): Qo = Qyy — S? The map ¥ depends on a choice of tg € T,
lying on the positive imaginary ¢-axis. Recall that W, : 2y — Q9
is the identity map.

Consider the locally injective quasiregular map
gt = W0 Py :D? - Qp — S?,
and the associated map

G : U? — T given by G(t) = qs(g:).
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6.2.3) We prove below that F' = G on their common domain
{t € T, : Im(t) > 0}.

6.2.4) We prove below that F' is holomorphic for ¢ in its full domain %,

6.2.5) It is harder to prove that G is holomorphic for ¢t € {Im(¢) > 0}.
We will prove this using some more abstract methods.

6.2.6) Putting the above material together means that G is the holomor-
phic extension of F' to ¥ = T, U {t : Im(¢) > 0}, as in Definition
4.3. We will finally show how the existence of G allows us to
deduce Sullivan’s Theorem.

6.3. Proof that I'=G on {t € T, : Im(t) > 0}. From Theorem 4.13,
especially 4.13.4, we see that f; and g;, though not equal, have the same
boundary values and quasidisk image €;. Therefore gs(f;) = ¢s(g:)-
Thus F' and G are identical on their common domain, as announced in
Step 6.2.3.

6.4. Proof that F' is holomorphic. This is essentially a consequence
of the following theorem.

Theorem 6.5 ([3]). Let Q : (t,2) € D, x Dy — Q(t,2) € S* be a
continuous map, where D,, Dy are open disks about the origin with radi
r, s, respectively. Assume that

e For eacht € D, the map z — Q(t, z) is injective, where z € Dy.
e For each z € Dy the map t — Q(t, z) is holomorphic, wheret € D,.
o 21— Q0,2) is a quasiconformal map of Ds.
Then for each t € D, the map z — Q(t, z) is quasiconformal on Ds.
Moreover the complex dilatation with respect to z, namely
0Q/0z
k(t,z) = Q/ Z,
0Q/0z
has the following property. For fixed z € Ds, the function t — k(t, z) €
L>(Dy) is holomorphic, t € D,.

Actually this is a slight strengthening of [3] in that we are not assum-
ing that Q(0,z) = z, z € Ds. We will need the stronger form. However
the stronger form as stated follows immediately from the expressions in
[1] for the complex dilatation of the composition of two quasiconformal
homeomorphisms.

We apply Theorem 6.5 to the holomorphic motion resulting from
Theorem 4.4. This gives a holomorphic map from ¥, to the unit ball
in L>°(D?), by taking the complex dilatation of ®; = DAp) D? — S2.
The quotient map from the unit ball in L>(ID?) to T is also holomorphic.
This shows that F' is holomorphic.

Now we come to Step 6.2.5. We first prove a local version of what we
need.
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Lemma 6.6. Let U C {t : Im(t) > 0} be a relatively compact, open
neighborhood of the basepoint to = ivy. Given z1 € D?, there exists a
neighborhood z; C Ny C D? with the following two properties: For each
t € U, the map z — g¢(z) 1is injective for z € Ny. For each z € Ny, the
map t — gi(z) is holomorphic fort € U.

Proof. Recall from §6.2 that g = ¥; o ®4,. We will determine N; by
determining its image Ny = gi, (V1) C 4y, = Qo. Recall that Qg has
a partial foliation or lamination by c-leaves. Each c-leaf is a circular
arc contained in the inverse image of a bending line under the nearest
point retraction rg : Q9 — Dome (). This foliation has a transverse
measure induced from the bending measure vou of Dome ().

Set zo = g1,(z1) € Q. Then zg lies either on a c-leaf, or it lies in
a gap. For each t € U, there is a Mobius transformation A; such that
Ay oW, 1 Qo — S? fixes the gap or c-leaf in which zg lies; this is just a
renormalization of W.

If 2y lies in a gap, we take Ny to be that gap.

Suppose instead that zg lies on a c-leaf. Choose a neighborhood Ny
so small such that its transverse measure with respect to tou is small
(as Np shrinks to zp, this measure tends to 0). Here we can assume that
the leaves of the foliation and lamination of 2y meet Ny in a parallel
family. Since U is compact, we can take Ny small enough so that it also
has small transverse tu-measure for ¢t € U.

Consequently, for each t € U, A; o ¥; : D? — S? restricts to an
embedding of Ny in S?. The same is then true of ¥, itself. Now apply
Theorem 6.5 to complete the proof. q.e.d.

We next show how to combine the small neighbourhoods of Lemma
6.6. First we introduce some terminology.

Let {H;},cy be a countable collection of Banach spaces. Define the
L -product of this collection to be the space H of all bounded sequences
{v = (v1,v2,...)} with v; € H;. Associated with H are the projections
m; : H — H;. Define the norm of v € H to be ||v|| = sup; {||vi||}

Lemma 6.7. Suppose we are given a region U C C and a map h :
U — H with bounded image such that, for each i € N, the composite
h; =m;oh :U — H; is holomorphic. Then h is holomorphic.

Proof. First we have to prove that h is continuous. Choose t € U
and a circle v € U around t. By the Cauchy Integral Formula, for each

index 1,
1 h;
ha(t) = —,/ﬁdz.
2mi )y 2z —t

Since h has bounded image, {h;} is an equicontinuous family. It follows
that A is continuous.



COMPLEX EARTHQUAKES AND DEFORMATIONS OF THE UNIT DISK 155

In particular i can be integrated so that the expression

h(t)—i/Mdz
v

21 z—t

is meaningful. In fact, it is equal to zero, since, for each ¢, its projection
to H; is zero. The fact that h is analytic follows immediately.  q.e.d.

Corollary 6.8. Let X be a measure space which is the union of
measurable subspaces X = ;e Xi. Suppose we are given a region
UcCCand amap h:U — L>®(X) with bounded image such that, for
each i, the composition U — L*°(X) — L*(X;) is holomorphic. Then
h is holomorphic.

Proof. From Lemma 6.7, the associated map from U to the L* prod-
uct of the L*°(X;) is holomorphic. The result follows since L>®(X) is
isometric to a subspace of the L product. q.e.d.

Proposition 6.9. The map G : {t : Im(t) > 0} — T, defined by
G(t) = qs(gt), is holomorphic.

Proof. Choose a relatively compact open set U C {t : Im(¢) > 0}.
Let {N;};cy be an open covering of D?, such that, for each index i and
each t € U, (i) the map g; : N; — S? is an embedding of N;, and (ii) for
each z € N;, the map is holomorphic for ¢ € U. The existence of {N;}
is proved in Lemma 6.6.

For each t € U and each index ¢, the complex dilatation of g; at
z € D?, namely k(t,z) € L>®(D?), satisfies |x(t,2)| < 1. According to
Corollary 6.8, the map pu(t,z) : U — L>®(D?) is a holomorphic function
of t € U. As pointed out in §6.1 the map from the unit ball of L>(D?)
to 7, given by solving the Beltrami differential equation, is holomorphic.

Consequently the map G : {t : Im(¢) > 0} — T (see Step 6.2.2) is
holomorphic. q.e.d.

This completes our discussion of Step 6.2.5.

We are finally ready to complete our proof of Sullivan’s Theorem, as
promised in Step 6.2.6.

Start with a simply connected region € C C, with © # C. Denote
the bending measure of Dome (2) by cu, where ¢ > 0 and ||| = 1.

The map g;. : D? — S? defined in 6.2.2 is known to be quasiregular.
We know from 4.13.4 that ;. : Q¢ — ;. is a homeomorphism. From
4.13.5 we know that it is quasiconformal. In fact then, g;. is a quasicon-
formal mapping of D? onto ;.. We have normalized consistently so that
—1, 1 and i are fixed. We also have an isometry ¢ : D?> — Dome (£;),
which fixes the prime ends corresponding to —1, 1 and 4.

Furthermore, g;. and the nearest point retraction r: ;. — Dome (£;.)
induce inverse bijections on those prime ends which correspond to end-
points of bending lines or boundary points of flats. Therefore the homeo-
morphism of prime ends induced by g;. is inverse to the homeomorphism
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of prime ends induced by r. From the results of Section 5, it further
follows that

Lo gi_c1 : Qic — Dome ()
is a quasiconformal homeomorphism which extends continuously to the
identity on 0€2;c.

Applying for example Theorem 5.9, we see that any quasiconformal
extension § of the quasisymmetric map G(ic) = ¢s(gic) to D? gives rise
toamap t™'ogo R : Q. — Dome(Q;) of the kind demanded in
Sullivan’s Theorem. Here R : ;. — D? is a normalized Riemann map.
Finding the quasiconformal homeomorphism in Theorem 5.1 is therefore
the same as finding a good representative for G(ic) € T (see Step 6.2.2
for notation).

The Teichmiiller distance between two quasisymmetric maps f,g :
S! — S!, representing points of Teichmiiller space and fixing —1, 1 and
1, is defined as

dx(f.g) =loginf K(f~' 0 ),
where the infimum is taken over the maximal dilation K of all quasi-
conformal extensions f,§ : D? — D2

Definition 6.10. For each proper simply connected open subset €2 C
C, let ¢(f2) be the norm of the associated bending measure. Let ¢; =
supq ¢(Q2), as Q varies over all such subsets. In [5] it is shown that

L 1
(6.10.a) c1 < 2m —2sin~! (coshl) ~ 4.8731.

Theorem 6.11. Let K be Sullivan’s constant, the infimum of the
quasiconformal constants of homeomorphisms between Q and Dome (2),
pointwise fized on the boundary. Let ¢ be as in Definition 6.10. Then

log(K) < dg(G(ic1),1d) < dz(ic1,0) < dz(4.87327,0) ~ 2.63.
So K < 13.88.

Proof of Theorem 6.11. From Step 6.2.5 we have the holomorphic map
G : T — TJ. The Kobayashi metric can be defined on any complex
manifold. It is a generalization of the hyperbolic metric on Riemann
surfaces; as in the Riemann surface case, it has the important property
that distances get reduced under a holomorphic map from one manifold
to another.

In the case at hand, the Kobayashi metric in the simply connected
region ¥ C C is simply the hyperbolic metric. In T, on the other hand,
it is a famous theorem of [13], extended to the general case in [11] that
the Kobayashi metric is the Teichmiiller metric. In particular, in the
respective metrics,

dg’(G(iCl), Id) < dz(icl, 0).
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Now d(G(ic1),1d) = inf log(K), where the “inf” (or “min”) is taken,
for fixed (A, p), over all quasiconformal maps sending €2;., — Dome (., )
which are the identity on the common boundary, as discussed in Section
5. Therefore the best constant K for Sullivan’s theorem for fixed (A, p)
is the supremum —or equivalently mazimum—of the minima computed
for all admissible {c}.

The rightmost inequality in Theorem 6.11 is obtained by bringing in
Bridgeman’s estimate (6.10.a), which is independent of the choice of
with [|p|| = 1. q.e.d.

6.12. The equivariant situation. Now let I" be the group of (orien-
tation preserving) Mobius transformations which preserve (2.

The group I' acts as well by isometries on Dome (2) and acts in-
jectively on the common prime ends of © and Dome (2). To satisfy
Theorem 5.1, we now look for I'-equivariant quasiconformal homeomor-
phisms fq : Q@ — Dome (2).

Let K(fq) be the maximum dilatation of fo. We define K.4(12) to
be the infimum, or minimum, of values of K(fq) as fq varies over I'-
equivariant quasiconformal homeomorphisms. We define K¢, to be the
supremum or maximum over all Q of K, (£2). We next discuss the value
of Keq.

First we recall the general theory. Let I' be a group of Mébius trans-
formations preserving D?. It has a right action on T as follows. If f € T
is a normalized quasisymmetric function and v € I', the right action of
v sends f to [f o], the result of normalizing f o~ to fix —1,1,4, as
usual.

There is a corresponding right action by v € I' on the complex di-
latations {x(g)} C L$°(D?), where g is a quasiconformal map D? — D?
and L3° denotes the unit ball in L*°. Namely, x(g) — k(g o y) where

w(for) = L g)on.

If, for all v € T, k(goy) = k(g), then k(g) is called a Beltrami differential
for T. For k(g) to be a Beltrami differential means that there is an
isomorphism ¢ : I' — IV to a new group I"” of Mdbius transformations,
such that g oy = ¢(v) o g. Such a g is called I'-equivariant.

The Teichmiiller space T(I') C T for T is the set of quasisymmetric
maps which fix —1, 1 and 4, as usual, and which extend to I'-equivariant
quasiconformal homeomorphisms of the disk. Such an extension is pos-
sible if and only if the quasisymmetric map itself is I'-equivariant.

Using the fact that all of the constructions developed for the proof of
Theorem 6.11 are equivariant, we obtain the following strengthening of
Theorem 6.11, with the same numerical upper bound.
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Theorem 6.13. Let K., be Sullivan’s constant for equivariant qua-
siconformal homeomorphisms between  and Dome (2), pointwise fized
on the boundary. Let c1 be as in Definition 6.10. Then

log(Keq) < dg‘(G(iCl),Id) < dg(icl,()) < d3(4.8732i, 0) ~ 2.63.
So K., < 13.88.

Remark 6.14. We would like to thank Toby Driscoll, [6], for his
Matlab package SC, which was used to compute the number 13.88 ap-
pearing in the statement of Theorems 6.11 and 6.13. This number is
substantially better than 82.8, the upper bound for K, found by Ep-
stein and Marden in [8]. It is worse than the bound 7.8 found by Chris
Bishop for K in [4]. The method given here looks only at the transverse
measure of open geodesic intervals of length one. There should be an
improvement on the method which takes into account simultaneously
the transverse measures of all intervals of all lengths. Such an adap-
tation of our method should give a result better than 13.88 for K.,.
Improvements over Bridgeman’s bound for ¢; (and analogues of his re-
sult for intervals of lengths other than one) could result in a substantially
improved bound for K.

Note that the approach here will not give the best result for K.,, no
matter how far one pushes the details of the computation, because we
are looking at the distance between two points in exactly one slice of
universal Teichmiiller space. The actual Teichmiiller distance is given
by the minimum of the hyperbolic distance as one varies over all slices of
complex dimension one passing through the two points—Royden proves
this in [13].

7. The Disk Theorem

Let (A, 11) be a geodesic lamination on D?, endowed with the Poincaré
metric, and let pu be a non-negative transverse measure, with support
equal to A. By Definition 3.6, for each t € C, we have the map CE}, :
D? — Ppy C D3, whose image is a pleated surface Pp 4, in hyperbolic
3-space. CE; is not necessarily continuous; it factors as

CERe(t) CEimm(t)
- —

(7.0.a) D2 Pp Rty = D? Pp 4, C DA,

We recall that this factorization was introduced in §3.8, together with
the following notation. We set A* to be the image lamination and p™* to
be the image transverse measure on A* under the earthquake Re(t)u.
Then CEjpy ) is pure bending, using the bending measure Im(t) w* on
A*. Also Pp oy = Pyx

ATm () p* -

Definition 7.1. Let X = X, ,, C C be the set of ¢ with the following
properties:
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7.1.1) For each geodesic A € A, we have [Im(¢)|u(N\) < 7. (If A contains
only one geodesic, we allow equality.)

7.1.2) The pure bending factor CEjpy ) : D? — D3 of CE; in 7.0.a is a
proper embedding—see Example 7.2.

Example 7.2. To see that Condition 7.1.2 is not vacuous, we con-
struct an example of a non-proper C*®-embedding R — D? which maps
each unit tangent vector to R to a unit tangent vector for the hyperbolic
plane structure on D?. For example, we may assume that the image is a
spiral in an annulus, with limit at each end one of the circles bounding
the annulus. Such a spiral has a certain geodesic curvature, which we
can think of as the bending measure. We take the inverse image of this
spiral under the (hyperbolic) orthogonal projection D? — D? to obtain
a pleated surface which is not properly embedded.

Figure 7.2.i. This illustrates Example 7.2. It is a spiral
converging to the two boundary edges of an annulus.

Let X1 be the subset of X where the imaginary part of ¢ is positive,
and X_ the subset of X where the imaginary part of ¢ is negative.

Note that X = RU X, U X_. Complex conjugation interchanges X
and X_. It follows that understanding X is equivalent to understanding
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X . Moreover, the real line is in the interior of X—this follows readily
from the discussion in Section 4.

Remark 7.3.
If A consists of a single geodesic A, then X = {z: |Im(2)| < 7/u(N)}.
Laminations consisting of exactly one geodesic are easy to deal with,
and the relevant arguments will be left to the reader. From now on, we
assume that A contains at least two geodesics.

Lemma 7.4. X is the set of t € C such that Py, = Dome (§;) for
some simply connected open subset Q; C S?, and such that the dome has
bending measure Im(t) (Re(t)x(p)).

Proof. If Py 4, = Dome (€;) for some simply connected open subset
Q; C S%, and the dome has bending measure Im(t) (Re(t)x(u)), then
it is clear that ¢ € X. We need to prove that, if t € X, then Py, =
Dome (£;) for some simply connected open subset Q; C S?, and that
the dome has bending measure Im(t) (Re(t)x(u)).

If t € R, then Ppy, is a hyperbolic plane with boundary a round
circle. So it is the dome of the disk bounded by the circle, and the
desired result follows. For the remainder of this proof, we may assume,
by symmetry, that ¢t € X .

We may assume without loss of generality that ¢ = iy, with y > 0
(to prove this, change A to A* and p to p*). Then CE;y, : D? — D3 is
a proper embedding, separating D% into two components U and V. We
choose the names so that U = 9V is locally convex from the point of
view of U and locally concave from the point of view of V.

We repeat a standard argument, due to Hadamard, to prove that U
is convex. Part of the argument is illustrated in Figure 7.4.i. Given
two points in U, the Ascoli Theorem gives us a shortest path v in U,
parametrized by pathlength and joining the two points. Inside U, ~
must be a geodesic. Suppose u € yNOU. Then u € F, where F is
either a g-leaf of A or the closure of a flat. Clearly, v N F' is either a
point or a closed interval. Let u; and ug be the endpoints in the case
of a closed interval, and let u; = uo = v N F otherwise. Then u; and
ug must be the endpoints of . For otherwise, local convexity shows
that one can shorten ~, as shown in Figure 7.4.i. This shows that ~ is
a geodesic in H3. So U is convex.

Let ©; C S? be the complement in S? of the closure of V in D3 and
let w € U. Radial projection from u gives a homeomorphism between
OU and §;. This shows that 2 is homeomorphic to an open disk. Since
each flat or g-leaf of A is the convex hull of its ideal boundary points, we
see that AU is contained in the convex hull of S?\ €. It follows that U is
the hyperbolic convex hull of §?\ Q, and that U = Py 1, = Dome (£2;).

q.e.d.

Proposition 7.5. X is a closed subset of C.
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Figure 7.4.i. This illustrates the proof of Hadamard’s
Theorem, which arises in the proof of Lemma 7.4. F
here represents a flat. If u; is an endpoint of v N F, but
not an endpoint of v, then we can shorten ~ near uq,
giving a contradiction. The dotted line shows a typical
shortcut.

Proof. We prove the equivalent statement that X, is a closed subset
of U2, Let (ti);en be a sequence of complex numbers converging to
ts € U?, and suppose that, for each i < oo, t; € X,. We must show
that o € X 4.

By Lemma 7.4, we have, for each t € X, the open simply connected
subset Q; C S?, such that Pp 1y, = Dome (§2;). In order to avoid double
subscripts, we write €, instead of €, . Set A, = S?\ Q,, and C,,
equal to the hyperbolic convex hull of A,,.

First we show that, for each A € A, Im(to0) () < 7. We will suppose
that Im(t)p(A) = 7 and prove a contradiction. By Remark 7.3, there
is a short open geodesic interval A which is disjoint from A, such that
w(A) > 0. Let K C D? be a closed hyperbolic disk containing both A
and a portion of A. For each t € C, each flat or g-leaf V' of A, and for
0 < 0 <1, there is a Mdbius transformation M; v, as discussed in §3.5.
By Lemma 3.7, the dependence on t is holomorphic. The parameter 0
only comes into play if V is a g-leaf with positive measure.

Let m € N be sufficiently large, so that, for each flat or g-leaf V
meeting K, the Mobius transformation M, , v is extremely close to
the Mobius transformation M;__ . It follows that, for each flat or g-
leaf V' of A that meets K, the image CEy,, (V) C Pay4,,, = Dome (Qy,)
is very near to CE;_ (V) C Prt.p-

It follows that the bending line CE;,, () has a bending angle which is
arbitrarily near to m. By the geometry of convex sets, we see that u(A)
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is arbitrarily small and therefore (A) = 0. But this is a contradiction,
showing that Im(teo)u(N) < .

Next we show by contradiction that CEjppy, .. D? — D? is a proper
map. We assume that we have a sequence (z;);cy in D2, converging to
a point 0D, such that (CEiIm(too)(:Bi))ieN is a sequence converging to
some point =+ € D3, and prove a contradiction. We choose three points
from the sequence: y; = z;;, for j = 1,2, 3, such that, firstly, they are
at least a hyperbolic distance 100 from each other in D?, and, secondly,
they have images which are a hyperbolic distance less than 10~* from
Too. For j =1,2,3, let B; C D? be a closed disk of radius 1, centred
at y;. Now choose n large enough, so that the embedding CEjppyy,,) is
a very close approximation to CEjjy 4,y on B1 U By U Bs. Let B be a
ball in D?, centred at Zo, of radius 1072, Then CE;jpy,.)(B1U B2 U Bs)
separates B into components in such a way that at least two distinct
components are on the convex side of CEjppy4,,) (]1))2). This is illustrated
in Figure 7.5.i. But these components are joined by a geodesic interval in
D3, and this interval does not meet the surface CEitm(t,) (D?), so we have
a contradiction. This completes the proof that CEjpy ., D? — D3 is
a proper map.

Figure 7.5.i. This illustrates part of the proof of Propo-
sition 7.5 and we follow that notation. B is a 3-
dimensional disk, with three sheets passing through it,
labelled By, By and Bs. The points z and y lie on the
convex sides of By and Bj respectively. But the geodesic
joining x to y must then cross Bs, which is impossible.
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Our next claim is that, given a compact subset K C D?, there is
an ¢ > 0, with the property that, for each disk D C K of radius e,
the restriction CEjpy 4. )|D is an embedding. For suppose this is not
true. Then we can find sequences (U ),,cy and (vm),,cy in K with
the same limit w € K, such that, for each m € N, u,, # v, and
CEitm(to) (um) = CEitm(1o.)(vm). So w is contained in a g-leaf A € A,
and not in a flat. We have already shown that Im(te)u(A) < 7. We
take a very short transverse open interval A which meets A, such that
Im(too)it(A) < . This contradicts the existence of u,, and v, as above.

We now prove that the assumptions ui,us € D?, u; # us and
CEitm(to)(u1) = CEipy(¢..) (u2) lead to a contradiction. For i = 1,2, let
D; c D? be a hyperbolic disk centred at w;, and suppose D N Dy = ().
For m sufficiently large, CEjiy4,,)[D1U Dz is a very close approximation
to CEjim(t..)| D1 U D2. The images of Dy and Dy under CEjyyy,,) must
then be convex pieces of surface, facing each other, with the hyperbolic
convex hull Cp, (in the notation introduced near the beginning of this
proof) between them.

If we let m tend to infinity, we see that the images of Dy and Do
must flatten up against each other. It follows that D; and Do must lie
inside flats F} and F,. Convexity also shows that the images of F} and
F5 must flatten up against each other, matching exactly, as m tends to
infinity. We then get a contradiction by examining the consequences of
non-trivial convexity in the vicinity of boundary geodesics of F} and F.
It follows that to, € X 4. q.e.d.

We use the notation introduced in Section 4. We recall that ®;, :
D? — Qq is a quasiconformal homeomorphism onto a quasidisk. The
map (¢, z) — Wy(2) gives a function C x Qg — S?, which has the prop-
erties specified in Theorem 4.13. In particular, it is holomorphic as a
function of ¢. Recall also that ¥, =1Id : Q¢ — Q.

For each flat or g-leaf V' C D? of A, for each ¢t € C, and for each @
with 0 < 6 <1, we have a Mobius transformation My v .

Lemma 7.6. The image of Yy is equal to Uv,e M; v (]D)Q).
Proof. Note that

v, (D?) = U (V) = UMt,v,e(V) C UMt,V,G(DQ)-
\%4 \%4 \%4
So we need only show that M, ye(D?) C W:(Qp). This is easy when
A is a finite lamination. In general, we approximate (A, ) by a finite
lamination. Then M, v is closely approximated by the similar Mobius
transformation defined for the finite lamination. The result follows by
taking the limit. q.e.d.

Lemma 7.7. X, is the set of t € U? such that ¥; : Qy — S? is
mjective.
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Proof. If t € X1, Lemma 7.4 shows that W, : Qg — {2 is injective.

Conversely, suppose that ¥, : Qy — €); is a bijection. Since it is
continuous, it is a homeomorphism. We must show that Dome (€2;) =
CE(D?). Let V C Qg be a gap or a c-leaf mapped homeomorphically by
the nearest point retraction 7 : 9 — Dome (€y) onto a flat or bending
line of Dome ().

By Lemma 7.6, Q; = Uy Meve(D?). Now, M;ye(D?) is a maximal
disk in €;: to see this, note that M;y (V) will have ideal boundary
points inside any larger disk, and so the larger disk cannot be a subset of
Q. It follows that My (V) is a gap or c-leaf sent homeomorphically by
r¢ : 0y — Dome (€;) to a flat or bending line. It follows that Dome (£2;)
is the union of subsets of the form M,y (V). Therefore t € X, . qg.e.d.

Let X = X\, be the set of Definition 7.1.

Theorem 7.8 (The disk theorem).

7.8.1) C\ X has no bounded components.
7.8.2) If X' is a component of X, then C\ X’ has no bounded component.
7.8.3) Every component of the interior of X is simply connected.

Proof. Suppose by contradiction that B is a bounded component of
C\ X. Since X is closed, B is open. Given any compact subset of B,
we can enlarge it to a connected compact submanifold with boundary
in B. Exactly one of the boundary components of the submanifold
bounds a disk in C which contains the submanifold. We can therefore
find a sequence of closed disks U; C int(U;1), whose union U is an open
topological disk. Then B ¢ U € C and OU C X N B. It follows that
U = U UOU is compact.

Note that BNR € BN X = (). Therefore the above construction
takes place entirely in X or entirely in X_. Without loss of generality,
we will work in X,. Fix t € B. By Lemma 7.7, ¥, : y — S? is not
injective. Therefore there exists zg € ¢ and a gap or c-leaf V', such
that zo ¢ V and Uy(zg) € ¥(V).

We normalize (compare §2.6) so that, for each t € C, W;|V = Id|V.
Then 29 ¢ V.

For t € C and z € §p, we write t.z = W;(z). Given P C C and
Q C Qp, P.Q will denote the set of all points ¥(z) with t € P and
z € Q.

If 2 € V, we have U.z = z. Now W, is locally injective, and, if
variables in both C and 2y vary over compact subsets, we can choose a
fixed radius for the disk in Qg on which ¥, is injective. So, by continuity,
if z € Q is near enough to V (while staying more than some definite
positive spherical distance from 9€)), then U.z is disjoint from V.
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Figure 7.8.i. This illustrates the proof of the disk the-
orem 7.8. V is a gap or c-leaf which is kept fixed, z € g
is a point which is near V and not near 09g. U.z is
compact, near V', and contains z.

By the maximum modulus theorem, for all z € €, the topological
boundary of U.z is contained in OU.z. Now, for each z € Qy \ V,

oUNVcX.znV =0.

Moreover, for z near V as above, U.z NV = (). The situation is shown
in Figure 7.8.i. By continuity, it therefore follows that U.2 NV = 0, for
all z € Qg \ V. But this contradicts our choice of zg, and we have proved
that there is no bounded component of C \ X.

It follows immediately that, if X’ is a component of X, then C\ X’
has no bounded component.

Now consider a component W of the interior of X. If W is not
simply connected, then there is a Jordan curve in W that bounds a disk
in C, but not a disk in W. But the disk would then contain a bounded
component of C\ X, and this is impossible. q.e.d.
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