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RIGIDITY OF SINGULAR SCHUBERT VARIETIES IN
Gr(m,n)

JAEHYUN HONG

Abstract

Let a = (p{*,...,p%) be a partition and a’ = (p’lq;, . ,p’rq;‘)
be its conjugate. We will prove that if ¢;,¢; > 2 for all 1 <4 <r,
then any irreducible subvariety X of Gr(m,n) whose homology
class is an integral multiple of the Schubert class [o,] of type a is

a Schubert variety of type a.

1. Introduction

Let Gr(m,n) be the Grassmannian of m-planes in C". For a partition
a = (a1,...,anm), a Schubert variety o, of type a is defined by the set
of all m-planes E such that dim (F N (C"*m”*“i) >qforalll <i<m
for a flag {C! € ... € C"}. Then they form a basis for the homology
space H,(Gr(m,n),Z).

For a= (p?)* = ((n—m)™ %, (n —m — p)?9), the Schubert variety oa
of type a is smooth and every smooth Schubert varieties in Gr(m,n)
is of this form. Smooth Schubert varieties in Gr(m,n) are Schur rigid
with trivial exceptions: for any smooth Schubert variety o, in Gr(m,n)
other than a non-maximal linear space, any irreducible subvariety whose
homology class is an integral multiple of the Schubert class [oa] of type
a is a Schubert variety of type a ([W], [B] and [Ho]).

In this paper, we will prove the Schur rigidity of singular Schubert
varieties of certain types in Gr(m,n).

Theorem. Let a = (pI',...,pl"), pr # 0 be a partition and let a' =
/g A

Py, T, pl # 0 be its conjugate. Then, the Schubert variety oa
in Gr(m,n) is Schur rigid if ¢i, ¢, > 2 for all 1 < i <r.

The proof is divided by two parts as in [W], [B] and [Ho]: Schubert
rigidity and the equality Ba = Ra*. Schubert differential system B, is
the differential system with a fiber at © € Gr(m,n) given by the set of
all the tangent space of Schubert varieties of type a passing through =x.
If any irreducible integral variety of B, is a Schubert variety of type a,
then we say that the Schubert variety o, is Schubert rigid.
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Putting together the tangent space of all the subvarieties X with
[X] = rloal, 7 € Z at each point, we get another differential system
Rax, which we call the Schur differential system ([B], [W]). By the
construction, if any irreducible integral variety of R+ is a Schubert
variety of type a, then the Schubert variety o, is Schur rigid. Further-
more, the Schubert differential system B, is always contained in the
Schur differential system Ra+. Thus, the equality B, = Ra+ and the
Schubert rigidity is a necessary and sufficient condition for the Schur
rigidity ([B]). While proving the equality By = Ra+ is computing in-
tegral elements of exterior differential systems, which is an algebraic
problem, proving the Schubert rigidity is finding integral varieties of a
differential system, which is a local differential geometric problem.

To prove the Schubert rigidity of a singular Schubert variety o,, we
use the fact that there is a natural foliation on ¢, by smooth Schubert
varieties of type, say b. But this does not say that any integral variety of
B, is foliated by the Schubert varieties of type b. We find a condition
that is needed to get such a foliation by applying the theory on the
integral varieties of F-structures by Goncharov (Section 3.2).

Once we get such a foliation on the integral variety of B,, the space of
leaves is again a Schubert variety of type, say c, in the parameter space
of the Schubert varieties of type b. Then we can apply the induction
to get the result. This inductive step forces us to consider the following
problem: When o, is contained in a smooth Schubert variety of type
b, then will any integral variety of B, be contained in a Schubert vari-
ety of type b? We obtain a condition which ensures such an inclusion
by using the theory on the integral varieties of F-structures as above
(Section 3.3).

To prove the equality Ba = Rax C Gr(k, E* ® Q) for the fibers of B,
and Ra+ at [E] € Gr(m,n), we use the description Ry = Gr(k, E*®@Q)N
P(Sa(E*) ® Sa(Q)) as in [Ho] and then we compute the complement
of the tangent space of B, in the tangent space of Gr(k, E* ® Q) by
hands, while in [Ho| the theory of Lie algebra cohomology developed
by Kostant used to compute it (Section 4).

One of the applications covered in [B] is the one to the holomorphic
vector bundles generated by global sections which satisfies vanishing of
certain Chern classes. It is related to Schubert varieties in Gr(m,n)
and from our result on the rigidity of Schubert varieties in Gr(m,n),
one can get the classification of such holomorphic bundles for various
vanishing conditions.

Even though Grassmannian Gr(m,n) we considered is a special Her-
mitian symmetric space, most of the method in this paper can be applied
to prove the rigidity of singular Schubert varieties in general Hermitian
symmetric space. The only thing to do is to verify the conditions in the
above, which needs some works on the representation theory of simple
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Lie algebra. We expect that the result in this paper will be generalized
to Hermitian symmetric spaces.
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2. Differential systems

2.1. Schubert and Schur differential systems. Let Gr(m,n) be
the Grassmannian of m-dimensional subspaces of V' = C". Let P(m,n)
be the set

{a=(a1,...,am)|n—m>a1 > > a, >0}

of partitions. Fix a flag {V4} of V with dimV; = i. For a € P(m,n),
define the Schubert variety oa(Ve) of type a by the set

{E € Gr(m,n)| dim(ENV,_mti—q;) > 1}

Then 0,(Ve) is an irreducible subvariety of Gr(m,n) of codimension
la|] :== a1 + -+ + a,. By varying the flag {V4}, we get a family of
Schubert varieties o, of type a.

For a € P(m,n), define its dual a* by

a*=(n—-m-—am,...,n—m—ay)

and define its conjugate a’ = (a},...,a,_,,) by

a’ = the number of {jlaj > i} for 1 <i<n—m.

]

The Young diagram Y, is defined by the set of boxes consisting of a;
boxes in the i-th row, the row of boxes lined up on the left.

Then the Young diagram Y, is obtained by rotating the complement
of the Young diagram Y, by 180 degree and the Young diagram Yy is
obtained by transposing the Young diagram Y.

Example. Let m = 5, n — m = 6. Young diagrams Yj, Ya+, Yo for
a=(6,6,4,2,2). a* = (4,4,2), a’ = (5,5,3,3,2,2) are given by
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Ya Var
Y

Define n, to be the vector space of matrices Z = (2¢) € M;,—p, m that
satisfy 2 = 0 when a > n —m — a;. This is the tangent space of the
Schubert variety oj.

For a as in the above Example, n, is the spaces of all matrixes of the
form

boocooco
bPocooco
booco|* ¥

oo | *|*¥|*]|*
o | *| *| %[ *

We will use the notation a = (p',...,p¥), pr # 0 for the partition
with g1 p1’s, ..., ¢ py’s.

Now, we will define two differential systems B, and R+ associated to
the Schubert variety o, following [W] and [B]. A differential system F
on a manifold M is a subvariety of the Grassmannian bundle Gr(k, T M)
of tangent k-subspaces of M. So, it assigns a family F, of k-subspaces
of the tangent space T, M at each point z € M.

A subvariety X of M is said to be an integral variety of F if at each
smooth point z € X, its tangent space T, X is contained in the fiber F,.
We say that F is integrable if at each point x € M and y € F,, there is
an integral variety passing through z and tangent to the subspace W,
of T, M corresponding to y.

A typical example of an integrable differential system is obtained
from a family of subvarieties of M which covers M, by assigning at each
point x € M the set of all tangent space of the subvarieties in the family
passing through .

Definition. For each a € P(m,n), the Schubert differential system
Ba of type a is the differential system with a fiber consisting of the
tangent space to the Schubert varieties o, of type a passing through a
given point. We say that o, is Schubert rigid if Schubert varieties of
type a are the only irreducible integral varieties of Bj,.

Let [E] € Gr(m,n) and Q = C"/E. Then TigGr(m,n) = E* ® Q

and AF(E*®Q) = Dlaj=kSa(E£”) @Sar(Q), where S, is the Schur functor
of type a. There exists a SU(n)-invariant positive (k, k)-form ¢, which
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can be written as the sum (v/—1)%* > & A& at [E], where {¢} is an
orthonormal basis of S;(F) ® Sa/(Q*) C /\k(T[j‘E}Gr(m, n)). Then we

have [ ¢y, = 6P for a,b € P(m,n). (For details, see [B].)

Definition. For each a € P(m,n), the Schur differential system Ra
of type a is defined by the intersection

Nb£a,[bl=|a| Z (Pb);

where Z(¢p) is the set of |b|-subspace of Tr(Gr(m,n)) on which ¢y
vanishes. We say that o, is Schur rigid if Schubert varieties of type a*
are the only integral varieties of R,.

Thus Ra is the differential system on Gr(m,n) such that X is a
subvariety of Gr(m,n) with [X] = r[oa+] for an integer r if and only if
X is an integral variety of Ra([B], [W]). Clearly, Ba« is contained in
Ra.

2.2. F-structures, prolongations and integral varieties. In this
section, we review the theory on the integral varieties of F-structures

([G))-

Definition. Let F' be a submanifold of Gr(k,V) with a transitive
action of a subgroup of GL(V). A fiber bundle F C Gr(k,TM) on a
manifold M of dimension n = dim V' is said to be an F'-structure if at
each point € M there is a linear isomorphism ¢(z) : V' — T, M such
that the induced map op(z)* : Gr(k,V) — Gr(k, T, M) sends F to F,.

Schubert differential systems are F-structures for various F’s. In-
tegrability and the uniqueness can be obtained by studying the co-
homology space H®!(F) and H*2(F) associated to (W;, V,TF) for
f € F(IG]). When an F-structure is integrable, if H*!(F) = 0, then
the family of all integral varieties passing through a fixed point and
tangent to a fixed subspace has dimension » ., ; dim H J1(F). In par-

ticular, if H'(F) = 0, there is only one such integral subvariety. Higher
cohomology gives the information on the higher jet of the integral vari-
eties.

In general, Schubert differential system for singular Schubert variety
has order > 2, i.e. its integral varieties are determined by higher jets.
But smooth Schubert varieties depend only 1-jet and there is a canonical
map from the differential system of a singular Schubert variety to that
of a certain smooth Schubert variety(Proposition 3.1). So, in this paper,
we will consider only the first cohomology H'!(F), which contains the
information on the 2-jets of integral varieties.

Let F be a subvariety of Gr(k,V) with a transitive action of a sub-
group of GL(V). Let F be an F-structure on M with the projection
map 7 : F — M. For x € M and y € F, let W, denote the k-subspace
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of T, M corresponding to y. For a k-subspace H of T,F such that
my : H — Wy is an isomorphism, define 0H : /\ZWy — T, M /W, by

aH(‘/I7 ‘/2) = [‘717‘72] mOd Wy7

Vi,i = 1,2 is a local vector field on M with V;(2') € Wy () for a local
section ¢ of F with ¢, (W,) = H. It is well defined([G]).

A k-subspace H of T, F is said to be a 2-jet of an integral variety if
Ty restricts to an isomorphism H C T,7 — W, C T, M and 0H = 0.
Such an H is indeed a candidate for the 2-jets of actual integral varieties
of F and the set of such an H is again a subvariety of Gr(k,V + T F).

Proposition 2.1. Let F be an F-structure on M. Let x € M and
let y € Fp. If X s an integral variety of F passing through x and
tangent to Wy, then the tangent space H = Tyf( C T,F of the lifting
X = {(z,[T. X))z € X,[T.X] € Gr(k,T,M)} of X to Gr(k,T,M)
satisfies

(1) my : H— Wy is an isomorphism

(2) OH = 0.

Proof. See Chapter 1 of [G]. q.e.d.

The condition that 7, : H — W, is an isomorphism is equivalent to
the condition that H is the graph of a map p : W, — T,(F;) C Wy ®
(T.,M/Wy). Define dp : AW, — T, M /W, by dp(V1, Va) = p(V1)(Va) —
p(V2)(V1), considering T, (F;) as a subspace of Wy & (T,;M/Wy). Then,
OH = 0 if and only if dp = 0.

Definition. Let F be an F-structure on M. The first prolongation
FO) of F is defined by the union Uye}‘fél) of the set of all 2-jets of
integral varieties tangent to W, for y € F

Put HYY(F) = Ker(0 : Wi TF — /\QW; ® (V/Wy)) and put
FU) = {H C V + T;F|H is the graph of a map p € H"“'(F)}, where
f € F. Then, FM is an F()-structure on F.

If HY1(F) = 0, then FM) ig just a point and the first prolongation
defines a distribution on F. In this case, the integrability of this dis-
tribution is equivalent to the integrability of the F-structure F. So,
there is at most one integral manifold passing through a given point
and tangent to a given k-subspace of the tangent space. For the details,
see Chapter 1 of [G].

3. Schubert rigidity

3.1. Description of the Schubert differential system. For a se-
quence (nq,...,n,) with ny < ---n, < n, denote by F(nq,...,n.,n)
the flag space of all flags (Vi,...,V;) in V = C" with dim V; = n; for
1< <r.
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Example. For a = (p?)*, the Schubert variety o, of type a is the
sub-Grassmannian {E € Gr(m,n)|C™ 1 C E C C™?} ~ Gr(q,p + q).
The Schubert differential system B, is the flag space F(m — q,m,m +
p,n) and the parameter space of the family of Schubert varieties of
type a is F(m — ¢,m + p,n). In this case, there is a double fibration
F(m —q,m+p,n) < Ba — Gr(m,n).

In general, the Schubert differential systems B, is a generalized flag
variety because SL(n) acts on B, transitively and B, is compact. Thus,
we have only to find the corresponding subset of simple root system
generating the isotropy group which is parabolic.

Let S ={ai,...,an—_1} be the set of simple roots of G = SL(n) and
let P be the parabolic subgroup of SL(n) generated by S! = S — {a,},
i.e. S!is the set of simple roots of the semisimple part SL(m) x SL(n—
m) of P. Then, Gr(m,n) is expressed as G/P.

Proposition 3.1. Fora= (p{',....p{"),pr # 0, put

Sa=8"—{ag, - agttg } U{n_p s anp.}.

Let Qa be the parabolic subgroup of SL(n) generated by Sa U {am} and
P, be the parabolic subgroup of SL(m) x SL(n —m) generated by the
set Sa. Then By is the homogeneous manifold G/(Qa N P) and Py is
the isotropy group of the action of SL(m) x SL(n —m) on the fiber
Ba of Ba — Gr(m,n). If Sa C Sp, then there exists a quotient map
Yab : Ba — By which preserves the fibers.

For example, the following figure describes n,, my and Q, for n =
10,m = 4 and a = (6,4,2,2), where m, denotes the tangent space of
Ba. ny is the space of all n x n-matrix with non-zero elements only in
x and m, is the space of all n X n-matrix with non-zero elements only
in . The Lie algebra of the reductive part of Q5 is the space of all
n X n-matrix with non-zero elements only in ©.

oo |0 O
[ B e

*

*
X R | R x| OO
K| Rk | R[] OO

o o0 0 |0
o o0 0 |0
[ B BRNIRe
o0 OO
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3.2. Foliation by smooth Schubert varieties. In general, a Schu-
bert variety which is Schubert rigid depends on higher jets (See Example
13 in [B] and our Theorem). But smooth Schubert varieties in Gr(m, n)
depends on only one jet, which will play a central role in proving the
Schubert rigidity of singular Schubert varieties.

Proposition 3.2. For a = (p?)*, the Schubert variety oa of type a
is Schubert rigid except when (p = 1 and ¢ # m) or (p # n —m and
q = 1). Furthermore, there is a unique Schubert variety passing through
a given point and tangent to a given tangent subspace.

Proof. See [W] or [Ho]. q.e.d.

We will say that a Schubert variety o, is strongly rigid if there is a
unique Schubert variety passing through a given point and tangent to
a given tangent subspace.

To prove the Schubert rigidity of general Schubert varieties, we start
with the simplest case and then will use the induction to generalize it.

Example. The case when a = (p?) is studied in Example 13 and
Remark 33 of [B]. Fix a (n —m — p + q)-subspace A = C"~""P+4 of
C™. Then, oa(A) can be expressed as a union of a family of Schubert
varieties of type b = ((n — m)9) = ((n — m)m=9)*,

ca(A) = {E € Gr(m,n)|dim(ENA)>q}
= U {E € Gr(m,n)|C? C E}
CacA
Note that Gr(g,n) is the parameter space of the Schubert varieties of

type b and {C? € Gr(q,n)|C? C A} is a Schubert variety of type ¢ =
((n—m —p)9)*in Gr(g,n).

0o o]o 0]0]o]o |0 oJo]o]

my | O 010 mp| 0 |O]0 0[me/O]0O
a= b = c=

na [na] 0 ]O 0 [npJO]O n. [ 0 ]0]0

0 |[na|lmalO 0 |np |00 0 ||lmc|0OfO

From this expression, we get the following desingularisation mo of
oga(A).
By, = F(q,m,n) = Gr(q,n) D Gr(q,\)
T |
Gr(m,n) D oa(A)
Here, 04(A) is equal to ma(m; (Gr(q,A))) and 73 : 7 (Gr(g, A)) —
oa(A) is generically one-to-one. The smooth locus of 0,(A) is foliated
by Schubert varieties of type b in Gr(m,n) and the space of leaves of
this foliation is a Schubert variety of type c in Gr(q,n).
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In the same way as above, we get a different desingularisation of
oa(A) by considering o,(A) as a union of a family of another type of
Schubert varieties:

oa(A) = U {E € Gr(m,n)|E C C""P}.
ACCn—p

Proposition 3.3. For the partition a = (p?), the Schubert variety
oa of type a is rigid if p > 1 and g > 1.

It is proved in Example 13 and Remark 33 of [B]. We will prove it
again in such a way that can be generalized to the case of the Schubert
differential systems of other singular Schubert varieties.

Lemma 3.4. Let a and b be two partitions such that ny s a subspace
of na with Sa C Sy (and thus, there is a projection @ayp : Ba — Bp as
in Proposition 3.1). Assume that By is strongly rigid. For p: ng — my,
define p by the composition ng — my — my,.

If p(v) = 0 for all v € ny, and for all p € HY'(By), then the smooth
locus of any integral variety of Ba is foliated by integral varieties of By,
which are Schubert varieties of type b.

Proof. By the strong rigidity of By, its first prolongation BS) gives
a distribution D on By which is integrable because By, is integrable.
Integral varieties of D are isomorphic to Schubert varieties of type b
via the map 7, : By, — Gr(m,n).

Let X be an integral variety of B,. Let X C B, be the lifting of X,
that is, X = {(z, [T.X])|z € X}. Tt suffices to show that @, p(X) is
foliated by the integral varieties of the distribution D induced by Bg),

that is, at each point y € X, (@ap)«(T,X) contains Dy, vw)-

BV
!
X C Ba 22 By D gap(X)
NS
X C Gr(m,n)

The map (pab)« is given by the projection m + my — m + my, and
Ty)z' is the graph of a map p : n, — m, with dp = 0. So, (goa,b)*(TyX') is
the graph of the map n, 2 my — my, with Op = 0. On the other hand,
D%,b(y) is the graph of the zero map np, — my. By the assumption,

p(v) is zero for all v € ny, S0 Yap(T,X) contains Dy, o q.e.d.

y)*
Consider the Schubert differential system B, on Gr(m,n) for a = (p?)
and the Schubert differential system B on Gr(gq,n) for ¢ = ((n — m —

p)?)*.
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Lemma 3.5. For a subvariety A C Gr(q,n), define a subvariety X 4
of Gr(m,n) by X := ﬂg(wfl(A)). If X 4 is an integral variety of Ba on
Gr(m,n) and dim(rw; ' (A)) is equal to diim(X4), then A is an integral
variety of Be on Gr(q,n).

Bb = F<q7m7n) L Gr(Q?”) > A
mo |
Gr(m,n) D Xy

Proof. We will follow the arguments in Example 16.6 of [H]. Define
T, = 1,2 to be the projection from Gr(gq,n) x Gr(m,n) to the first
and second component, respectively. Then mo(m(A)) is (77 (A) N
F(g,m,n)).

Let T be a smooth point in A. Then 7, *(A) is smooth at (T, E) for
all E € Gr(m,n) with the tangent space

~— ' —-C" Fv €TrA
T(F,E')Wl I(A) = {(777()0)‘ ZE%Cn//E, ! ' }

The tangent space of F'(¢,m,n) at (I, E) is

_ n:I' - C"/T,
T(F,E)F(Q7m7n)_ {(777()0)‘ QOE_)Cﬂ/E? @’FEW mod E .

By dimension counting, we see that the two tangent spaces are transver-
sal so that m; '(A) = ;7 '(A) N F(q,m,n) is smooth at all (T, F) with
I' C F, and the tangent space of m; '(A) at (T', E) is given by

1 B n:I' - C"/T', nelrA
T(F,E)Trl (A)—{(UMPN QOE_>(CTL/E7 W’FEU mod E (-

For each F € X4, there are only finitely many I' € A with I' C E. If
there are more than one I' € A with I' C E, then X 4 is not smooth at
E (Proposition 16.8 of [H]). Let E be an element in X 4 such that there
is only one T' € A with T' C E. Then, o : 7, (A) — X4 is one-to-one
over I so X4 is smooth at E with the tangent space

Tp(Xa)={p: E—>C"/E | ¢lr=n mod E, n € 1TrA,}.

Since Tr(X4) is of type a in Gr(m,n), Tr A is of type ¢ in Gr(g,n).
q.e.d.

Proof of Proposition 3.3. We will show that for all p : n, — m, with
p € HY(B,), the induced map p : np C ny — my — my, is zero. Then,
for an integral variety X of Ba, the space of leaves A = 71 (pap(X)) C
Gr(q,n) of the foliation on X given by Lemma 3.4 satisfies the conditions
in Lemma 3.5. Thus, A C Gr(q,n) is an integral variety of Be(Gr(q,n)).

Since ¢ > 1 B is rigid. So, A is the Schubert variety Gr(q, A) for a
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(n —m — p+ q)-subspace A of C™ and hence, X is the Schubert variety
oga(A).

Let E;; be the n x n-matrix with only one non-zero element in the
i-th row and j-th column. Then, [E;;, Ei | = 0;xEi — 0; ¢E} ; for all
1<4,j,k,0<n.

Since [p(X),Y]—[p(Y), X] € ny for all X,Y € ny and [ma/my, np] C
np, [P(X),Y] — [p(Y), X] € n, for all X,Y € ny,. Assume that ¢ + 1 <
h,j<mandm+1<r,s<n—pandn—p+1<a,b<n. Note that
for a fixed a, if X € mp, and [X, E, ;] = 0 for all 4, then X = 0.

0 0 00
mp| O 00
* ETJ' 0 0
0 |Fail ® 0

From [p(Eq;), Erj] — [P(Er;), Eqai] € na, we get both [p(Eq;), Er ;]
and [p(Ey ), Eq ] are contained in na. Thus, [p(E:.;), Eq ] is zero, which
implies that p(E, ;) = 0.

Since [p(Ea;), Ey ;] — [P(Ep,;), Eay) is contained in n,, it should be
zero and thus, both [p(Eqa;), Ep ;] and [p(Ey ), E, ] should be zero for
a # b. Here, we use the condition that p > 1. So, p(Ep ;) is zero. qg.e.d.

3.3. Sub-Grassmannians. To extend the result in Proposition 3.3
to the general case, we consider the following problem: Suppose that
a Schubert variety o, is contained in a proper sub-Grassmannian of
Gr(m,n) and oy, is the minimal sub-Grassmannian among them. Then,
will any integral variety of B, be contained in a sub-Grassmannian op,?

Proposition 3.6. Leta = (p{',...,pl") € P(m,n) be a partition and
let a' = (p’lqa, . ,p;q;‘) be the conjugate of a. Suppose that ny is con-
tained in a proper rectangle in m. Let b be the partition corresponding
to the minimal rectangle among them. Then any integral variety of Ba
is contained in a sub-Grassmannian oy, except when q1 +---+¢q =m

and ¢ =1 or¢y+---+q.=n—mand q. = 1.

If both g1 +---+¢ < mand ¢; + -+ ¢. < n—m hold, then
there is no proper sub-Grassmnnian containing o,. So, the cases we
will consider below are either when ¢; + -+ ¢ = m and ¢, > 2 or
when ¢ +---+¢. =n—m and ¢, > 2.

Lemma 3.7. Let a and b be two partitions such that ny is a subspace
of np with Sa C Sp and thus, there is a projection Ba — By as in
Proposition 3.1. Assume that By is strongly rigid. For p : ng — ma,
define p by the composite map ng — my — my. Ifp = 0 for all p €
HYY(B,), then any integral subvariety of Ba is contained in an integral
variety of By, which is a Schubert variety of type b.
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Proof. The proof is similar to the proof of Lemma 3.4. q.e.d.

Proof of Proposition 3.6. First, we consider the case a = (p{', p2*, p¥*),
p3 # 0 is a partition with ¢1 + g2 + g3 = m and g3 > 2. As the proof
will show, the general case can be obtained in the same way.

Claim. Put b = (p").

0{0|0}OfO|O 0j]0|0fjOf0O]|O0O
e(0|0Y|lO]0O|O0 0j]0{0fjO|0O]|O0O
e e |0|0]0O]O 0j0|{0fjOf0O]|O
a= b=
O|*«|x0[0/|0 * || x|0]0]0
0Ol0Olx[|e]|0]0 * || *x|0]0]0
0[0|0||e|e®]|0 0/0|0|e|e®]|0

Then any integral variety of B, is contained in a Schubert variety of
type b.

Proof of the Claim. Let p:ny — my be a map with dp = 0 Then
P(X),Y]—[p(Y),X] € ny for all X,Y € ny. Put p: nyg — my, to be the
composition of p with the projection my — my,.

Since [ma/mp,na] C np, we have [p(X),Y] — [p(Y), X] € np, for all
XY €n,. Assume that 1 + 1 <k l<qgi4+q, 1 +qgp+1<ij<m,
m+1<r,s<n—pjandn—pi+1 <a,b < n—ps. Notethat for X € my,
if [X,E,;] = [X, Eq;) =0 for all r and a for a fixed 7, then X=0.

0 0 0 01010
° 0 0 0 010
° ° 0 0 0 0
0 |[Ex|E ] 000
0] 0 [Ewil[ |00
0 0 0 mp | Mp 0

From [p(E, k), Esi] — [D(Es), Er k] € np, we see that both [p(E; k), Es ]
and [p(Es;), E, 1] are contained in ny,. So, [p(Er ), Es;i] = 0. The same
equation holds if we replace Es; by E, ;. Thus, p(E, ) = 0.

Put ¢ = ((n —m)@+a) pi),

OO e | OO
[en] Newl Nenl| i 1 Neo] Nan)
Ol % | % || OO O
[} NevlNen]| Nev] Nan) Nan)
[} NeslNen]| Nen] Nan) Nan)
[en] Nenl Nl | Hen) Nen] Nan)
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Then p restricts to a map ne — mp C me. Also, we have [p(X),Y] —
[p(Y), X] € ne for all X, Y € n.. Since g3 > 2, B is strongly rigid so
that p is zero on n.. Hence, p is zero. By Lemma 3.7, any integral
variety of B, is contained in a Schubert variety of type b.

In the same way, we can show that any integral manifold of B, is

/ n—m)

contained in a Schubert variety of type b for b = (ph

0[{0|0}Of0O|O0 0j0|0fjOf0O]|O
e 0/0Y|0O]0O]O e 0]|Of|O|O]O
el  0|0O[O0]O « e 0|0|O|0O]O
a = b:
Ol*x|*x|0]0]|0 Olx[*x]0]0]|0
0|0 x||e]|0]0 O|x|=*x|0]0|0
0[0|0||e|e®]|0 Ol*«|*x[]J0[0]0

Here, we use the rigidity of the Schubert differential system Bz with
&= (ml+a) i), gy > 2.

0J0J00[0]0
e 0]0[ 000
. |e]0]0O}0O|0]0
CT[0[+]*]0]0]0
0l0l0el0[0
0l0l0fel0]0

q.e.d.

Theorem 3.8. Let a = (p{',...,p¥) be a partition and let a' =

(p’lqi, . ,p;q;) be its conjugate. Then, oqa is Schubert rigid if ¢;,q; > 2
foralli <r.

Proof. We will use the induction on r. Thanks to Proposition 3.6, we
may assume that there is no proper sub-Grassmannian containing o, so
that ¢+ ¢ <mand ¢f +---¢. <n —m.

By Lemma 3.4 and the same argument as in Proposition 3.3, any
integral varieties of B, are foliated by the Schubert varieties of type
b = ((n —m)?), where ¢ = ¢ + ---¢,. Then the space of leaves A
of this foliation will be an integral variety of the Schubert differential
system B on Gr(g,n), ¢ = ((p1 + (m — @)%, ..., (pr + (m — q))¥).
By Proposition 3.6, any integral varieties of B, are contained in a sub-
Grassmannian of type ((p, + (m — ¢))?) in Gr(g,n). Thus, A is an
integral variety of the Schubert differential system B4, d = ((p1 —
pr)? . ., (pr—1 — pr)? 1) on this sub-Grassmannian, which is rigid by
the induction hypothesis.

q.e.d.
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4. Schur rigidity

Let 0, be a Schubert variety of type a in Gr(m,n). If o, is Schubert
rigid and the Schur differential system R+ is equal to the Schubert
differential system B,, then o, is Schur rigid. In the previous section,
we proved the Schubert rigidity of o, under some assumptions on a
(Theorem 3.8). In this section, we will prove that B, is equal to Rax
under a weaker assumption (Proposition 4.3) and that this assumption
is critical (Remark 2).

4.1. Criterions for the equality B, = Ra+. Let a be a partition
in P(m,n) and b be a partition with |b| = |a|. Since ¢y, is equal
to (v/—1)PF S & A& for an orthonormal basis {&} of (Sp(E*) ®
Sk (Q))* at the origin, the intersection Ra = Npq |bj=|a|Z(¢b) is equal
to Gr(lal, E* ® Q) NP(Sa(E*) ® Sa(Q)) € P(A2(E* ® Q)) (Proposi-
tion 2.8 of [Ho]).

Note that we adapt the convention that o, is a Schubert variety of
dimension |a*|, while X,, is a Schubert variety of dimension ¢(w) in
[Hol]. Thus, when a* € P(m,n) corresponds to w € WF, B, is equal to
By and Ra+ is equal to Ry,.

From the transitive action of Py on the fiber B,, we have the de-
composition pg = m, + lo + m}, where the tangent space of B, at a
point is isomorphic to ma. Put In = Sax(E*) ® S(a+y (Q). By compar-
ing the tangent space T},,]Ba and the intersection of the tangent spaces
Ting G (K, E* @ Q) and Tjpn, P(Ia), we get a sufficient condition for the
equality Ba = Ra+ as Proposition 3.4 in [Ho].

Proposition 4.1. Assume that for the highest weight vector ¢ of
every irreducible ly-representation space in the complement of my in
n; @ m/n,, we have

gok(vl A ANog) € 1a/ AF g,
where {vy, ..., v} s a basis of na and ¥ : ANFng — AFm/AFn, is defined
by
(v A A o) :Zvl/\---/\cp(vi)/\'--/\vk mod AF n,.
i

Then By is equal to Rax.

Now, we will compute all the irreducible [,-representation spaces in
the complement of m, in n} @ m/n,. Let E be an m-subspace of C" and
Q@ be the quotient C"/E. Then m is equal to E* ® ). Take a partition
a= (p{',...,pI") € P(m,n) and let a’ = (p’lqll, . ,p;q;'), pl. # 0 be its
conjugate.

Write £ = @7, F; and Q = @,%,Q, so that [, = (®]Z sl(E;)) @
(@:2,51(Q,)). Note that rg is r if ¢ + -+ ¢ = m and is 7 + 1,
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otherwise, and rq is r if ¢{ +---¢. = n —m and is 7 + 1, otherwise.
We indexed E; and @, keeping the order of the basis {ej,...,e,} of C"
such that {eq,...,e,} is a basis of E. Set r; = dim F; and s, = dim Q,
for 1 <i <rgand1 < a < rg. Then E; = (ey,_,+1,...,€,) and
Qa = (Gsq_141- -+ »Gs,), Where g, :=e€pyyp for p=1,...,n —m.

Let II be the index set of (i,a) such that na = @ q)en(E; © Q).
Then m/na = @ 0)gn(E; ® Qu). As a subspace of ny @ m/n,, my =
(DicjEf @ Ej) ® (Dr<a@f @ Qa) is equal to

(®i<iB; ® By © (Tdo,en, @.)0) © (SbcalTdo,en, , £)c ® Q) © Qu)

where II; ; = {a : ({,a) ¢ II,(j,a) € II} and I, = {i : (3,b) €
IL, (i, a) & I1}.

We may choose the order of the set of roots of SL(n) in such a way
that the maximal root is located in the most left and the lowest box
E7®Qs and the minimal root is located in the most right and the highest
box Ef®@1. Then the highest weight vector in my C nj®@m/n, is either

Zaen,-,j D 4y€00 Lo, @T,, Where zo, = €7 @gp and zg, = €7, 1@
qp for some @ < j, or,

Zz‘eHb,a ZepeEi $Zp ® xg,, Where x,, = e; ® qs,_,+1 and x5, =
e, ® gs, for some b < a,

For example, consider a = (92,72,3%) in P(10,19). Then, we have
E = @?zlEia Q= @Zlea and

= {(27 1)7 (37 1)7 (37 2)7 (47 1)7 (47 2)7 (47 3)}
The highest weight vector of m, is like

By By Es LBy Ey Ey  E3 By
X1 Ld1
Ql X9 o Ql
X3 o3 X3 o3
X4 L2 or X4 L2
Q2 X . Q2 o o
X6 5 X6 o
X7 o7 X7 o7
Q3 |¥8 o3 Q3 X8 o3
X9 o9 X9 9
T, = Xp Loy = @ T, = Xp  Ta, = %

Proposition 4.2. Let E = &;F; and Q = $,Q, be the decomposition
associate to a as in the above and {ey, ..., ey} be a basis for C" indexed
as in the above. Then, the highest weight vector of an irreducible l5-
representation space in the complement of my in n), @ m/n, is either

(1) a decomposable vector x}, ® xg, where xo = €r; @ Qs,_y41 s the
lowest weight vector of E;k ®@ Qp and x5 = €. 1 @ qs, 1s the
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highest weight vector of Ef @ Qq for some (j,b) € 11, (i,a) ¢ 1I,
or,

(2) queQa To, ®Lg,, where Lo, = €5 @qp and xg, = €7 11 ®qp for
some (j,a) € I, (i,a) € II such that (j,a—1) € Il and (i,a—1) &
II, or,

(3) ZepeEi ‘sz ®$Bp’ where Loy, = eZ®QSb_1+1 and Tp, = €Z®QSQ f07’
some (i,b) € I1, (i, a) & I such that (i+1,b) € Il and (i+1,a) & 11

Proof. Ifi # j and a # b, then (B} ®Qy)* ® (E;] ®Q,) is an irreducible
[a-representation space. The highest weight vector of the irreducible
representation spaces (E7 ® Qp)" @ (E] ® Q) is of type (1).

But if i # j and a = b, then (£} ®Qq)"® (B} ®Qq) ~ E; @ Ef ®(Q,®
Q) is decomposed as (E; ® Ef ® (Idg,)c) ® (E; ® Ef @ sl(Qq)), each
of which are irreducible sl(E;) x sl(E;) x sl(Qq)-representation spaces.
The highest weight vector of the irreducible representation spaces (E; ®
Ef ® sl(Qg)) is of type (1).

The component F ® E; of m, corresponds to the component E; ®
E;® (IdGBaen,-,an%C in n; ® m/na, so its complement in @, ; £ ®
E; ® (Idg,)c is @aeﬁi,jE; ® E; ® (Idg,)c, where 11, ; = {a : (i,a) &
IL, (j,a) € I, (i,a — 1) € I1, (j,a — 1) € II} is obtained from II; ; by ex-
cluding the smallest index in II; ;. The highest weight of the irreducible
representation space in these components is of type (2).

Considering the case when i = j and a # b, we obtain the highest
weight vectors of type (3). q.e.d.

For example, the highest weight vector - o @7 ® xg, of type (2)
is

E, By Es Ey Ey By E3 Ey
Q1 Q1
X3 3
X4 L2
Q2 o5 . or Q2
X6 ®6
X7 o7
Q3 Qs X8 o3
X9 o9

Ty = Xp  Tap, = % g, = Xp Loy, = O

4.2. Proof of the equality B, = Ra+. We will use the same notations
as in the previous section. When {v1, ..., vt} is a basis of n, such that
V] = Ty, we will use the notation zg A&, A- - - Avg to denote the k-vector
obtained from v1 A - - - Avg, which may be considered as a base k-vector,
by replacing v, = x, with zg.
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We call the union of all the columns corresponding to e,’s in Ej; the
E;-column. Similarly, we call the union of all the rows corresponding

gp’s in @ the Qq-row.

Proposition 4.3. Let a = (p{',...,p¥") be a partition and let a' =
(p’lqa, e p;q;‘) be its conjugate. Take a decomposition E = @®;E; and
Q = ®,Q, associated to a as in the previous section. Let I1 be the index
set of (i,a) such that na = O e ] @ Qu-

Suppose that for any (i,a) & Il with (i+1,a) € I and (i,a — 1) € 11,
both E; and Q, are not one dimensional. Then the Schubert differential
system Ba+ is equal to the Schur differential system Ra.

Proof. We will divide the proof into two parts: 1. when the highest
weight of the irreducible component in the complement of m, in n} ®
m/ng is of type (1) and II. when it is of type (2) or (3). (See Proposition
4.2 for the types of the highest weight vectors.)

I. Type (1): Fix (j,b),€ 11, (i,a) ¢ II. Let {v1,...,...,vx} be a
basis of n, with v; = z,, is a lowest weight vector of Ej* ® Qp and xg is
the highest weight vector of E ® Q.. We will show that zgAZoA---Avy
has a non-zero component in I}, for a partition b # a with |b| = |a|.
Then by Proposition 4.1, By« is equal to Rj,.

Ny Np
ad(z,)
—
[ ]
(o] ad(z;3) \_‘
T o]
ad(z-,) [x]
7
X |x X || L
ad(z~, )
—
To = one of e’s Ty =0
xg = one of x’s Ty = *

Case 1. Assume that ¢ > 2 for all i. Denote by zg the highest
weight in the boxes EY ® Q. for all ¢ with (j,c) € II and by z, the
lowest weight vector in the boxes Ef ® Q, for all k with (k,a) ¢ IL
Then, there is a partition b such that ny, = ng — {zg} U {zy}.
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By construction, there is z,,7 = 1,...,4 in pg such that

ad(y,)ad(zy, )23 = Tor  and  ad(z.,)ad(xy,)zs = Tqo.

If all zo, 23, v and z, lie neither in the same Ej-column nor in the
same Q,-raw as in the picture, then all v; are distinct. Thus,

ad(xy,) -+ -ad(xy, ) (g N ANTa N ANVE) = Tor A= NEgr A Ay,

But o/ A---AZg A~ - - Avy is the lowest weight vector of I,. Since ad(po)
preserves Iy, there is a non-zero I,-component in xg A+ AZg A+ Avg
and thus, it is not contained in I,.

If all 4,23, g and z, lie either in the same Ej;-column or in the
same QQq-row, then either 5 is equal to 4 or v is equal to v3. We
consider the case when 9 = 74 as in the picture (the proof for the other
case is similar to this case).

Ny Np
Le]
ad(w"/g)
o] _
ad(z-,) |ES
T
X || |
l PEEN
3] o ol
X [

Then the multivector xo A g A --- A v € Iy can be obtained from
the multivector xg A Zo A -+ A vy by applying g o ad(z,)ad(x, ), where
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g € SL(m)x SL(n—m) which exchanges the most left column e}, ., ®
qp,1 < p <n—m with the most right column ey, ® ¢,,1 <p<n-—-m
in the Fj-column. This shows that g A £o A --- A vy is not contained
in I,.

Case 2. If some ¢/, = 1, then there may be no partition b with such
property as in Case 1. This is the case when dim @), is one and a = b+1
and E;‘H ® Qa & na. Then z, is left to 3 and they are adjacent so
we cannot find such a partition b.

Ny Np

X [x]°]

But in this case, consider b’ such that ny = na —{zg} U{z } where
xgr is the highest weight vector in the boxes Ej ® Q) for all k with
(k,b) € I and =z is the lowest weight vector in the boxes E ® Q. for
all ¢ with (i,¢) ¢ II.

Ny

Ix

If 4 # j + 1, then there is such a partition b’. If i = j + 1, then, by
the assumption, dim F; is not equal to one and thus, we can find such a
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partition b’. Then by the same argument as in the case 1, we can prove
that zg A Zo A --+ A v is not contained in I,.

IL. Type (2) or (3): Let >, o, %7, ® zg, be the highest weight
vector of type (2) of an irreducible representation space in the comple-
ment of my in n; ® m/na, where 24, = €] @qp and zg, =€, ;@ gy
for some (j,a) € I1, (i,a) ¢ II such that (j,a—1) € Il and (i,a—1) & II.
We will show that queQa xg, NZa, A\ Avg has a non-zero component
in Iy +1I¢ if dim @, > 2, and has a non-zero component in Iy, otherwise,
for some partition b and c.

Applying the adjoint actions successively to

Z Tg, Nday, Ao Ao = @p, L Nay o N Ay
quQa
P=S8a
+ Y wg, Ada, A A,
p=Sq—1+2
we can get

T8y, o1 NBasy N ANvg + T, Aoy, A A,

where xg, ., =€ 11 ®qs, »41 and Zq,, = €7 @ qa,, and c is the
largest index ¢ such that (j,c) € II.

——
X

X3 o3 X

X4 L2 =

X5 o5

X6 o

T, = Xp Ta, = &

Applying the adjoint actions again, we can get

yﬁsa_1+1 A gase ARERRA Vk + yﬁsa_2+1 A QQSC ARERRA Uk,

where YBsy 141 = eih & Gsq_1+1 and YBsy_ot1 = eii QX Qsy_o+1 and Yas, =
€, 1+1 ® da,, and h is the largest index h such that (h,a) ¢ II. This
is the sum of the lowest weight vector of I, and that of I. for some
partition b and c such that all a, b, ¢ are distinct.
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Np Ne

q.e.d.

By Theorem 3.8 and Proposition 4.3, we get
Theorem 4.4. Let a = (pI',...,pI"),p, # 0 be a partition and let

/
/ dr

a = (Pllqia co Db, Pl #£ 0 be its conjugate. Then og is Schur rigid if
¢, q. > 2 foralli <r.

Remark. One of the problems in algebraic geometry is the smootha-
bility of a singular Schubert variety X, of G/P. We say X,, is smooth-
able if there is a smooth subvariety X of G/P with [X] = [X,] in
H.(G/P,Z)(|B]). Assume that a = (p?) and that p =1 or ¢ = 1, but
both are not 1. Then o, is a singular Schubert variety and the non-
smoothability of X, is proved in [B]: if X is a subvariety of Gr(m,n)
with [X] = [0a), then X is a Schubert variety of type a. By Theorem 4.4,
for a partition a = (p', ..., p") with its conjugate a’ = (p/1‘Ji7 . ,p}qi),
if g;,q} > 2, for all 4, then the singular Schubert varieties o, of type a
is not smoothable, neither.

Remark. With the same notations as in Proposition 4.3, if both FE;
and @, are one dimensional for some (i,a) ¢ II with Ef ® @, adjacent
to ny, then B, is a proper subvariety of Rax.

Consider the highest weight vector z, ® xg of an irreducible com-
ponent in the complement of m, in n ® m/n, such that z, € n, and
z3 € B ® Qq C m/ns. Then one can check that g N Ta N ANy
is contained in I,. Thus, this gives a non-trivial element in 7, :=
T Gr(k,m) N Tk, P(Ia) C nj @ m/na. Note that as an element of
TiprngP(Ia), this tangent vector gives the map

ZL’a/\’Uz/\"'/\Ukl—>l’g/\v2/\"'/\vkEIa//\kna,

where {vi = 24, v2,...,v;} be a basis of na. Then, ¢(t) = (o +txg) A
va A+ Avg, t € C,is acurve in Ry = Gr(k,m) NP(I,) whose tangent
vector is x}, ® xg. But this tangent vector is not contained in m, and
thus, By is a proper subvariety of Ra«. This is a generalization of the
counterexamples considered in [W] or Example 9 of [B].
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