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SHARP AFFINE Lp SOBOLEV INEQUALITIES

ERWIN LUTWAK, DEANE YANG & GAOYONG ZHANG

Abstract

A sharp affine L, Sobolev inequality for functions on Euclidean n-space is
established. This new inequality is significantly stronger than (and directly
implies) the classical sharp L, Sobolev inequality of Aubin and Talenti, even
though it uses only the vector space structure and standard Lebesgue mea-
sure on R™. For the new inequality, no inner product, norm, or conformal
structure is needed; the inequality is invariant under all affine transforma-
tions of R™.

0. Introduction

In this paper we prove a sharp affine L, Sobolev inequality for func-
tions on R™. The new inequality is significantly stronger than (and
directly implies) the classical sharp L, Sobolev inequality of Aubin [2]
and Talenti [39], even though it uses only the vector space structure
and standard Lebesgue measure on R™. For the new inequality, no in-
ner product, norm, or conformal structure is needed at all. In other
words, the inequality is invariant under all affine transformations of
R™. That such an inequality exists is surprising because the classical
sharp L, Sobolev inequality relies strongly on the Euclidean geometric
structure of R™, especially on the isoperimetric inequality.

Zhang [42] formulated and proved the sharp affine L; Sobolev in-
equality and established its equivalence to an L; affine isoperimetric
inequality that is also proved in [42]. He also showed that the affine L;
Sobolev inequality is stronger than the classical L Sobolev inequality.

The L; Sobolev inequality is known to be equivalent to the isoperi-
metric inequality (see, for example, [17], [18], [34], [10], [35], and [38]).
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The geometry behind the sharp L, Sobolev inequality is also the isoperi-
metric inequality. For the affine Sobolev inequalities the situation is
quite different. The geometric inequality and the critical tools used to
establish the affine L; Sobolev inequality are not strong enough to en-
able us to establish the affine L, Sobolev inequality for p > 1. A new
geometric inequality and new tools are needed. The inequality needed
is an affine L, affine isoperimetric inequality recently established by
the authors in [31] (see Campi and Gronchi [11] for a recent alternate
approach). We will also need the solution of an L,, extension of the clas-
sical Minkowski problem obtained in [29]. It is crucial to observe that
while the geometric core of the classical L, Sobolev inequality (i.e., the
isoperimetric inequality) is the same for all p, the geometric inequality
(i.e., the affine L, isoperimetric inequality) behind the new affine L,
Sobolev inequality is different for different p.

Let R™ denote n—dimensional Euclidean space; throughout we will
assume that n > 2. Let HYP(R") denote the usual Sobolev space of
real-valued functions of R" with L, partial derivatives.

The classical sharp L, Sobolev inequality of Aubin [2] and Talenti
[39] states that if f € HP(R"), with real p satisfying 1 < p < n, and if

11

q is given by % =5 W then

0.1) ([ vsra) =l

where |V f| is the Euclidean norm of the gradient of f, while | ||, is the
usual L; norm of f in R", and

oo (52) (e -2 o]

where w, is the n-dimensional volume enclosed by the unit sphere S™~!
in R™. Generalizations of (0.1) and related problems have been much
studied (see, e.g., [3], [5], [6], [7], [8], [9], [12], [13], [16], [23], [24], [26],
[27], [41], [42], and the references therein).

Since the case p = 1 of the sharp affine L, Sobolev inequality was
settled in [42], in this paper we will focus exclusively on the case p > 1.

The basic concept behind our new inequality is a Banach space that
we will associate with each function in H'P(R™). The critical observa-
tion here is that this association is affine in nature. For real p > 1, we
associate with each f € H'P(R™) a Banach norm || - ||f, on R". For
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v e S™ 1 define

ol = 101y = ([ 1Dus@Pas)” = ([ o vspa)

where D, f is the directional derivative of f in the direction v. The
integral on the right immediately provides the extension of || - || ¢, from
Sn=1 to R™. Now (R™,|| - ||,) is the n-dimensional Banach space that
we shall associate with f. Its unit ball B,(f) = {v € R" : ||v||s, < 1}
is a symmetric convex body in R™ and our new inequality states that
the volume of this unit ball, | B,(f)|, can be bounded from above by the
reciprocal of the ordinary L,-norm of f. Specifically, we have:

Theorem 1. Suppose p € (1,n) and q is given by é = % — % If
f € HYP(R™), then

(0.2) IBo(N)IV™ < et/ f g

where the best possible c1 is given by

o (i:;>1—i <r<;>rml— ;>>

and equality is attained when
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fx) = (a+ |Alw —z0)[71) 7,
with A € GL(n), real a > 0, and zo € R™.

Since the volume of the symmetric convex body B, (f) is obviously
given by
1 _
BNl =5 [ 1D,

we can rewrite our main theorem as the following affine L, Sobolev
inequality:

Theorem 1’. Suppose p € (1,n) and q is given by % = % - % If
f € HYP(R™), then

—-1/n
0.3 ([ 1puflymae) = ealsl
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where the best possible co is given by

- (2m2) 7 (HERe ) )
MR L+ 1) VAT(R)

and equality is attained when

f(@) = (a+1A@—w)"1) 7,
with A € GL(n), real a > 0, and z¢ € R™.

Using the obvious fact that

1

1
a e_”D'Uf”pd’U — / HD’UfH;nd’U,
- JRn n Jgn-1

we can in turn rewrite Theorem 1’ as:

Theorem 1”. Suppose p € (1,n) and q is given by % = 1% — % If
f € HY(R™), then

(0.4 (/’e“Dﬁhmﬁ > ¢ Il

where the best possible c3 is given by

o= (22) 7 (M o) (rpre)-
T\t T(n)T(n + 1) NEoN

and equality is attained when

3=

1—n

f@) = (a+ A —a0)[7T) 7,

with A € GL(n), real a > 0, and z¢ € R™.

Observe that inequality (0.4), and thus also inequality (0.3), is in-
variant under affine transformations of R"™, while the L, Sobolev in-
equality (0.1) is invariant only under rigid motions.

That the affine L, Sobolev inequality (0.3) or (0.4) is stronger than
the classical L, Sobolev inequality (0.1) follows directly from the Hélder
inequality, as will be shown in Section 7. We also note that the affine Lo
Sobolev inequality and the classical Ly Sobolev inequality are equivalent
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under an affine transformation since the Lo Banach norm || - |2 is
Euclidean.

In Section 8, we present an application of the affine L, Sobolev
inequality to information theory. For a random vector X in a finite
dimensional Banach space that is associated to a function f, we prove
a sharp inequality that gives the best lower bound of the moments of
X with respect to the Banach norm in terms of the A\-Renyi entropy
of X and the L, norm of f. Additional applications will be given in a
forthcoming paper.

1. Background

For quick reference we list some facts about convex bodies. See
[19], [37] and [40] for additional details. A convez body is a compact
convex set in R™ with nonempty interior. In this paper it will always be
assumed that a convex body contains the origin in its interior. A convex
body K is uniquely determined by its support function h(K, - ) = hg :
R™ — [0, 00), defined for v € R™ by

hi(v) =max{v-z:x € K},

where v - z denotes the usual inner product of v and z in R™. The
n-dimensional volume of K will be denoted by V(K) or |K]|.

For real p > 1, convex bodies K, L and real € > 0, the Minkowski-
Firey L, combination, K +, €-L, is the convex body whose support
function is given

WE +pe-L, )P = h(K, P +ch(L, - )P.

The L,-mized volume V,(K, L) of convex bodies K and L is defined
by

Note that V,(Q,Q) = V(Q) for each convex body Q. It was shown in
[29] that there exists a unique finite positive Borel measure S,(K, - )
on S"~! such that

1

(1) V(K.Q) =~

/ ho(v)PdS, (K, v),
Snfl

for each convex body @. The measure S, (K, - ) is called the L,-surface
area measure of K. The measure S1(K, - ) = Sk is the classical surface
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area measure of K. It was shown in [29] that the measure S,(K, - )
is absolutely continuous with respect to Sk and the Radon-Nikodym
derivative
dS,(K, -)
dSk

If the boundary, 0K, of K is C? with positive curvature, then the
Radon-Nikodym derivative of Sk with respect to the Lebesgue measure
on S™"~! is the reciprocal of the Gauss curvature of K (when viewed
as a function of the outer normals of 0K).

A compact domain is the closure of a bounded open set. For compact

domains Mi, Ms and real A\, A1 > 0, the Minkowski linear combination
A1 M1 + A9 M> is defined by

_ pl-p
—hK .

MMy + MMy = {)\1l’1 + Xoxo i x1 € My and z9 € MQ}.

The Brunn-Minkowski inequality states that if My, My are compact do-
mains in R™ and Ay, \; > 0, then

VAMy + Ao Mo)'™ = MV (M)Y™ 4 MoV (M),

where V' denotes n-dimensional Lebesgue measure. If M is a com-
pact domain and K is a convex body in R"”, define the mixed volume,

Vi(M, K), of M and K by

WVi(M, K) = lim inf L8 = VM)

e—0t £

We shall require the following Minkowski mized volume inequality for
compact domains: If M is a compact domain in R™ and K is a convex
body in R", then

(1.2) Vi(M,K)" > V(M)" 'V (K).

Note that (1.2) follows immediately from the definition of mixed volumes
and the Brunn-Minkowski inequality:

1 M+eK) = V(M
Vi(M, K) =  lim inf LM+ €K) = VM)

n e—0* €
1 1/n 1/nn _

L V0D v - v
n e—0+ €

n

— V(M)*5 V(K)w.
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We will also require the following integral representation: Suppose
M is a compact domain with C' boundary, OM. Then, if K is a convex
body in R",

1

(1.3) Vi(M, K) = /6 () dSs (),

where v(x) denotes the exterior unit normal at = € M, and dSy(z) is
the surface area element at x € 9M. Identity (1.3) can be found, e.g.,
in [42)].

2. Affine L, isoperimetric inequalities

We require an L,-affine isoperimetric inequality that was first proved
in [31] (see Campi and Gronchi [11] for an alternative proof and gen-
eralizations). This inequality is one of the key ingredients in the proof
of Theorem 1. Special cases of this new inequality and their relations
to other affine isoperimetric inequalities can be found in, e.g., [28] and
[25].

While the L, mixed volume V,( -, - ) has been defined only for
compact convex sets that contain the origin in their interiors, a simple
continuity argument allows us to extend the definition of the L,-mixed
volume V,(K, L) to the case where K is a compact convex set that
contains the origin in its interior and L is a compact convex set that
contains the origin in its relative interior. For u € S"~!, let @ denote
the line segment connecting the points —u/2 to u/2. Note that from
(1.1) we have

1

o .
(2.1) VD) = g [ o uPasy(K.0),

for each v € "L
Let ¢4 be defined by

The following affine isoperimetric inequality was established in [31] and
will be critical in establishing the affine L, Sobolev inequality:
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Theorem 2.1. Ifp > 1 and K is a convez body in R™ that contains
the origin in its interior, then

p

(2.2) (/ ) Vp(K, v)_zdv> ! V(K) " <2r Ipltiey,
Sn—

with equality if and only if K is an ellipsoid centered at the origin.

As an aside, we note that the actual inequality presented in [31]
relates the volume of a convex body to that of its polar L, projection
body. However, the polar coordinate formula for volume quickly shows
the equivalence of (2.2) and the polar L, projection inequality that was
established in [31].

3. The L, Minkowski problem

We shall construct a family of convex bodies from a given function
by using the solution to the even L,-Minkowski problem. This will allow
us to use the affine isoperimetric inequality (2.2) to establish Theorem 1.

A Borel measure on S"! is said to be even if for each Borel set
w C S ! the measure of w and —w = {—x : x € w} are equal. In [29],
the following solution to the even case of the L,-Minkowski problem is
given:

Theorem 3.1. Suppose j is an even positive measure on S™~1 that
is not supported on a great hypersphere of S*1. Then for real p > 1
such that p # n there exists a unique origin-symmetric convex body K
in R™ whose Ly,-surface area measure is pi; i.e.,

K= SP(K> - )

We now define for functions (rather than bodies) the notions of L,
mixed volumes. Suppose f € HYP(R™) N C°°(R™). For each real t > 0,
define the level set,

[fle ={z e R" : | f(x)] = t}.

Then [f]; is compact for each ¢ > 0. By Sard’s theorem, for almost
all t > 0, the boundary of the level set 9[f]; is a C! submanifold with
everywhere nonzero normal vector Vf. Abbreviate the surface area
element of J[f]; by dS;. If Q is a compact convex set that contains the
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origin in its relative interior, then define the Ly,-mized volume V,,(f,t,Q),
by

1
n

(3.1) Vo(f: Q) /<9[f] ho(v(2))?|V f(x)[P~dSi(2),

where v(z) = Vf(z)/|V f(z)| is the outer unit normal at z € 9[f];. In
particular, when @ is the line segment joining the points —v/2 and v/2,
we have

3.2)  Vp(fit,0) = 1/ [0 Vf(@)[P[V f(x)| " dS(x),
olfle

2Pn

for each v € S~ L.
The following lemma shows that, for each fixed real p > 1, there is a
natural way to associate a family of convex bodies with a given function.

Lemma 3.2. If f € HYP(R™) N C®(R"), then for almost every
t > 0, there exists an origin-symmetric convexr body K; whose volume is
given by

(3.3a) VI(Ky) = Vp(f,t, Ki)
and such that for allv € S"71,
(3.3b) V(£ 1.) = V(K0 0).

Proof. Define the positive Borel measure p; on S~ ! by

= v(x 2)P~1dS, (x
By [ e = [ @@,

for each continuous g : S"~! — R. Define the even Borel measure yuj on
S™=1 by letting

i () = gpw) + (),

for each Borel w C S"!. Obviously, for each continuous even g :
sn—1 _, R,

(35 | s@aie) = [ ) i)

Sn—1
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From (3.5), (3.4), and the fact that [f]; has nonempty interior, it
follows that for each v € S*1,

/sn_l LR /Sn_l [ vldpe ()
- / Ju- v(@)|[Vf ()"~ dSi(z) > 0.
o[ fl¢

Hence, the measure pf is not supported on any great hypersphere of
S7=1. By Theorem 3.1, there exists a unique origin-symmetric convex
body K} so that

(3.6) dpi = dSy(Ky, ) = hy:PdSk,.
To see that for each origin-symmetric convex body @,

(37) ‘/P(Kth) - va(fat@)a

note that from (1.1) and (3.6), (3.5), (3.4) and definition (3.1), it follows
that

VL Q) = [ o dii (o

n

- % /sn—1 hq(v)? dpe(v)
B 1/ ho(v(@))P|V f(z) P dSy(x)
o[ fle

n
=V([:1,Q).

Now (3.7) and a continuity argument immediately yields (3.3b). To
get (3.3a) take @ = K; in (3.7) and recall that V,(Q, Q) = V(Q). q.e.d.

4. An integral inequality

The following well-known (see, e.g., [1]) consequence of Bliss’ in-
equality [4] will be needed. For the sake of completeness we include an
elementary proof that uses techniques similar to ones used in [15].

Lemma 4.1. Let f be a nonnegative differentiable function in
(0,00), ¢ = %, and 1 < p < n. If the integrals exist, then

( [ i@ rp:c“da:)’l’ > o ( I f<a:>%"1dx)‘1’ 7
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v (B22) 7 e () (1= 2) fron] = G

Equality holds if f(x) = (axﬁ + b)lf%, with a,b > 0.

Proof. 1t suffices to prove the inequality for a nonnegative compactly
supported smooth function f satisfying

/00 f(z)iz"tde = 1.
0

Let fo: (0,00) — [0,00) be a continuous function that is supported on
a bounded interval [0, R) for some R > 0 and that satisfies

/ fo(z)12"dx —/ folw)la? " de = 1,
0

where p* = ~E5. Define y : [0, 00) — [0, R] by

T y(x)
/ f(s)is"lds = / fo(t)9t"Lat.
0 0
It follows that

A1) foly) Yy = fla)?nam [(y)n_ly/r

< f@r e (-2 +y)
1

= fl@)* (2" y)

Equality in the inequality holds if and only if y = Az, A > 0.
Integration by parts and the Holder inequality give

42 [ ety

=~ (0-7) | F@TE @ yde
q

0= 1) [ et @l yde

1

([ 7 ) ([ )
([ ) ([ )

27
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By (4.1) and (4.2),

an  ([Tirret) s MR [T gy

Since (4.3) holds for any compactly supported function fy, it holds for

any positive continuous function. Moreover, equality holds for (4.3) if
n 1

y=MAzr and f' = Sf»—ryr-1 for some constant 3. Integrating this gives

the extremal function. In particular, the desired inequality follows by

setting fo(y) = (ay% + b)lf%, where a and b are chosen so that fj
satisfies the required normalizations. q.e.d.

5. A lemma about rearrangements

For f : R™ — R and real t > 0, let
[fle ={z e R" : [f(2)| = £},

denote the level sets of f. We always assume that our functions are
such that the level sets [f]; are compact for all ¢ > 0.
The decreasing rearrangement, f, of f:R™ — R is defined by

f(x) =inf{t > 0: V([f):) < wnlz|"},

where wy|z|™ is the n-dimensional volume of the ball of radius |z| in

R™. The set [f]; = {z € R" : f(x) > t} is a dilate of the unit ball,
B = {x € R": |z| < 1}, and its volume is equal to V' ([f];); i.e.,

V([fl) = V().

The functions f and f are equimeasurable, and therefore for all ¢ > 1

(5.1) 1£llg = 1lFllq

Note that since f(r) depends only on the magnitude, |z|, of z
(and not on the direction of x), there exists an increasing function

'~

f:(0,00) — R defined by
(5.2) F(z) = f(1/))).

Observe that provided f is sufficiently smooth, f(z) = t implies (by
definition of f) that V([f]¢) = wnl|z|”, or equivalently, f(1/|z]) = ¢
implies V' ([f]¢) = wnl|x|™.

The following is needed in the proof of the main theorem:
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Lemma 5.1. If f € HYP(R™) N C*°(R"), then

(5.3)
e n—1 nl—p 0o
| v v ra =" [T sl
0 o o

and

(5.4) 17119 = neon /0 ” Fsys—lds,

Proof. Let t = f(s). Since f(1/]x|) = ¢ implies V([f];) = wn|z|",

V([f]t) = s "wn,
and hence p
_p_1ds
V(A1) = s
It follows that
p(n=1) i oy (dS\ TP 12
V(1) =V ([f)) Pt = n} P> 1<dt> sk

which gives (5.3). To get (5.4) simply rewrite the defining integral for
|| f1I# in polar coordinates. q.e.d.

6. Affine L, Sobolev inequalities

Theorem 1’. Suppose p € (0,1), and q is given by % = % - % If
f € H'P(R™), then

—1/n
(6.1 ([ 1Duflymas) ™ = ol sl

where the optimal co is given by

o= (520 (MR T (et )’
VR RN /AT ()

— (2/nea)? (nwn) "w o

-
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and equality is attained when

SIE

f(@) = (a+ |Alz — z0)|771)" 77,

with A € GL(n), real a > 0 and zo € R™.

Proof. It suffices to prove the inequality for compactly supported
f € C®(R™). For t > 0, consider the level sets of f,

[fle ={z e R" : [f(2)| = t}.

By Sard’s theorem, for almost all ¢ > 0 the boundary, 9[f]:, of the level
set is a C'' submanifold which has everywhere nonzero normal vector
Vf. Let dS; denote the surface area element of 9[f];. For t > 0, let K}
be the convex body constructed from f in Lemma 3.2.

We first need

o0
(6.2) Do 1 =2 [ Vi oyt

To see this simply note that by rewriting the integral, using (3.2), and
then using (3.3b) we have

Do f5 = /]R lv- Vf(z)Pds
= [T [ o Ve ) s @
0 olfle
= 2%/0 Vo (f,t,0)dt
— 2%n /0 Vi (K, B)dt.
We need the fact that
(6.3) V(E)"™ > V([f10) P (=n V([ 10))" 0P

To see this, note that from (3.3a), definition (3.1), the Holder inequality,
definition (3.1) again, the extended Minkowski mixed volume inequality
(1.2), and the co-area formula, we have
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V()
= V() wVy(f, 1K)
— vy (2 / i, (@) |V £ () P dSi(x) |
n Jolf].
nii ¢ — 148, N v(x (x
> 0V (K) (/athfr dS> /amthm(())ds()
V(K ( / . |Vf|—1dst> " Vi(fe K

1-p

>nl / vras ) v
O[f]t

n

_1 1-p n—1

=n'"r (=V'([f10) = V([fle) -

To complete the proof, observe that from (6.2), the Minkowski in-

equality for integrals, the affine inequality (2.2), (6.3), (5.3), (5.4), and
p

(5.1),
([ 1pstyma)
= 2Pp (/Snl (/OOO Vp (K4, D) dt>_z dv>_n
> 2Pp, /OOO (/Sn_1 Vp(Kt,v)_Zdv)_ dt

3

33

2 o0 n—p
_— V(K;) ™ dt
> /0 (K)
opP—1-n oo (n—1) _
> / V([f]e) p(_V/([f]t))l Pdt
C4 0
271_%%:% * a 2p—n—1
=——— [ (fi(s)Ps?P" ds
Cq4 0

2 .
> —40(f)p\|f||§

2 .
= TC(f)prllé’,
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where

«h=([ w(f’@))%?p—“—lds)‘l’ ([ f<s>q5—“—1ds)_; .

Make the substitution ¢ = 1/s and then define the function g by g(t) =
7(1/1), to set

=" |g’<t>\pt"1dt)’l’ ([ owmerar)

(recall that f is increasing and thus ¢’ is always negative). Lemma 4.1
gives

Q|

N

c(f) =5
and this proves the desired inequality. q.e.d.

Remark. The affine L,-Sobolev inequality (0.4) implies the affine
L,-isoperimetric inequality (2.2). This can be seen by taking
1—n

f@) = (14 pre(@)™7) 7,

where pg(r) = max{\A > 0 : Azx € K} denotes the radial function of
K.
A simple calculation shows that

[1DufIIp = c6Vp(K, D),

cg = n2P <Z:f)plr (Z) r <n—|—1— Z) /F(n).

Therefore, (2.2) is one of the consequences of the new inequality (0.4).

where

7. The L, and affine L, Sobolev inequalities

We will show that the new affine L, Sobolev inequality is indeed
stronger (and directly implies) the sharp L, Sobolev inequality.
First observe that

1 2
1 D,f|;"d < — Pdax.
a0 (oo [ IDuflyrae) < 2 v

n
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To see this, note that from the Holder inequality and Fubini’s theorem
we have

p

1 n
D,f|,"d
(Wn [ 10u1;m0)

1
Do flpdv

nw. Sn—

IN

|v- Vf(x)Pdxdv

n

Sn—1

= // |v-V f(x)|Pdvdx
nwn n Jgn—1

- / fup - o]Pdo / IV f(a) P,
nwn Sn

2
= \Y% Pd
o | Vs,

where ug is any fixed unit vector.
Now combine (7.1) with the affine L, Sobolev inequality (6.1) to get:

(7.2)

(/ IVf!pda:)pz[HC4/2]l/p< s HvaHpndv)nZConHq-
R™ nwy Jgn-1

From the equality conditions in the Hoélder inequality it follows that
equality in the left inequality in (7.2) occurs precisely when f is such
that || D, f||, is independent of v € S~ L.

8. An application to information theory

In this section we use Theorem 1 to prove a moment-entropy in-
equality for a Banach space—valued random variable X.

Let X be a random vector in R™ with probability density g. Given
A > 0, the A-Renyi entropy power Ny (X) is defined by

Ny(X) = {ngn;* A1

e~ Jolegg N =1.

Observe that Nj(X) is the Shannon entropy power of X, and

/l\irnlN)\(X) = Nl(X)
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A random vector X in R™ with density function ¢ is said to have
finite r*™-moment, r > 0, if

/ |z|"g(x)dx < oo.
Rn

If X is a random vector in R with finite r**-moment, and K is an origin-
symmetric convex body in R™, then the dual mixed volume V_, (X, K)
was defined in [32] by

~ n—+r

(8.1) V. (X,K) =

/ el (z) da,
Rn

where g is the density function of X and || - ||k is the norm of the
n-dimensional Banach space whose unit ball is K; i.e., for x € R”

|z x = min{\ > 0:2 € AK}.

The following is a special case of the dual Minkowski inequality
established in [32].

n

Lemma 8.1. Suppose r > 0 and A > . If K is an origin-
symmetric convex body in R™ and X is a random wvector in R™ with
finite r'-moment, then

3=

V_o(X, K)" > er[ NA(X)/|K| 7,

where the best constant cy is given by

(1-0) ) 7N (A= \ " r ~a
n(l— n(l— T ntr T 1 n
(1= (22E) (22 A5 -1) A<,

e = (%)%r(gﬂ); 1 1 A =1,
nA-D)\n@TD (A7 " (npn A ) 7
<1+ = )) ( T ) (?B(wm)) A>1

Given a function f € HYP(R"), let || - ||s, denote the associated
Banach norm defined in the Introduction. If X is a random vector in
the Banach space (R™, || -||f,), the 7" moment of X is E(| X|| ). The
following theorem gives a sharp lower bound of the moment E (|| X[/} ,)
in terms of the Renyi entropy power N)(X) and the L, norm || f||,.

1
n

Theorem 8.2. Suppose 1 <p<n,q= - r>0, and A > -2

n—p’ n+r’
If f € HYP(R™) and X is a random vector in R™ with finite r**-moment,
then

E(lX

) = s NAX) =[£G

where the best constant cg = nche;" /(n+1).
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Proof. Let By(f) denote the unit ball associated with the norm

|| - |lzp- Let g be the density function of X. Note that inequality (0.3)

holds when p = 1 (see [42]), and thus inequality (0.2) holds when p = 1.
From (8.1), Lemma 8.1, and (0.2), we have

B(IXI7,) = [ el o) do
= VL (X, By())
"IN/ 1B, (£)] ]
X))

NAOISIE]

Y

n—+r

Y

q.e.d.
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