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NEW LI-YAU-HAMILTON INEQUALITIES FOR THE
RICCI FLOW VIA THE SPACE-TIME APPROACH

BENNETT CHOW & DAN KNOPF

Abstract

‘We prove Li—Yau—Hamilton inequalties that extend Hamilton’s matrix in-
equality for solutions of the Ricci flow with nonnegative curvature operators.
To obtain our extensions, we apply the space-time formalism of S.-C. Chu
and one of the authors to solutions of the Ricci flow modified by a cosmo-
logical constant. Then we adjoin to the Ricci flow the evolution of a 1-form
and a 2-form flowing by a system of heat-type equations. By a rescaling
argument, the inequalities we obtain in this manner yield new inequalities
which are reminiscent of the linear trace inequality of Hamilton and one of
the authors.

1. Introduction

In [11], Hamilton determined a sharp differential Harnack inequality
of Li—Yau type for complete solutions of the Ricci flow with nonnegative
curvature operator. This Li-Yau-Hamilton inequality (abbreviated as
LYH inequality below) is of critical importance to the understanding
of singularities of the Ricci flow, as is evident from its numerous ap-
plications in [10], [12], [13], and [14]. Moreover, it has been informally
claimed by Hamilton that the discovery of a LYH inequality in dimen-
sion 3 valid without any hypothesis on curvature is the main unresolved
step in his program of approaching Thurston’s Geometrization Conjec-
ture by applying the Ricci flow to closed 3-manifolds. See [13] for some
of the reasons why such an inequality is believed to hold. (One may also
consult the survey paper [2].) Based on unpublished research of Hamil-
ton and Hamilton—Yau, the search for such a LYH inequality appears to
be an extremely complex and delicate problem. Roughly speaking, their
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approach is to start with the 3-dimensional LYH inequality for solutions
with nonnegative sectional curvature and try to perturb that estimate
so that it holds for solutions with arbitrary initial data. Because of an
estimate of Hamilton [13] and Ivey [15] which shows that the curvature
operator of 3-dimensional solutions tends in a sense to become nonneg-
ative, there is hope that such a procedure will work. Some unpublished
work of Hamilton and Yau appears close to establishing a general LYH
inequality in dimension 3. However, so far no such inequality is known.

Due to the perturbational nature of the existing approaches, it is
also of interest to understand how general a LYH inequality one can
prove under the original hypothesis of nonnegative curvature operator.
In this direction, Hamilton and one of the authors [6] obtained a lin-
ear trace LYH inequality for a system consisting of a solution of the
Lichnerowicz-Laplacian heat equation for symmetric 2-tensors coupled
to a solution of the Ricci flow. Since the pair of the Ricci and met-
ric tensors of a solution to the Ricci flow forms such a system, their
linear trace inequality generalizes the traced case of Hamilton’s tensor
(matrix) inequality. In [10] Hamilton had already observed the formal
similarity between his proof of the 2-dimensional trace LYH inequality
for the Ricci flow and Li and Yau’s proof [16] of their Harnack inequality
for the heat equation on Riemannian manifolds. In a sense, the linear
trace inequality generalizes this link to higher dimensions. In dimension
2, meanwhile, the link was made stronger and more evident by the dis-
covery [3] of a 1-parameter family of inequalities interpolating between
the Li—-Yau and linear trace estimates.

In another direction, one recalls that Hamilton’s matrix inequality
is equivalent to the positivity of a certain quadratic form. Hamilton
observed [13] that the evolution equation satisfied by that quadratic
suggests that his LYH inequality may be some sort of extension of non-
negative curvature operator. This was shown to be true by S.-C. Chu
and one of the authors in [4]. They introduced a degenerate metric
and a certain compatible connection on space and time that extends
the Levi-Civita connection of a solution of the Ricci flow. They proved
that Hamilton’s quadratic is in fact the curvature of that connection.
Because the space-time metric and connection satisfy the Ricci flow for
degenerate metrics, one can then apply the methods of [8] to show that
the quadratic satisfies a nice evolution equation. This fact is the starting
point for the present paper.

In this paper, we prove a new differential Harnack inequality of Li—
Yau-Hamilton type for the Ricci flow by generalizing the construction in
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[4]. Our inequality applies to solutions of the Ricci flow coupled to a 1-
form and a 2-form solving Hodge-Laplacian heat-type equations. In this
sense, one may regard it as a linear-type matrix LYH inequality. In its
general form, it looks quite different from Hamilton’s matrix inequality
— except in the Kahler case, where as a special case, one may take
the 1-form to be the exterior derivative of the scalar curvature and the
2-form to be the Ricci form, thereby obtaining an inequality slightly
weaker but qualitatively similar to Hamilton’s. (Note that Cao [1] has
extended Hamilton’s LYH inequality in the Kéahler case to solutions
with nonnegative bisectional curvature.) We state the general form of
our result (Theorem 39) as our main theorem:

Main Theorem. Let (M,g(t)) be a solution of the Ricci flow on
a closed manifold and a time interval [0,2). Let Ay be a 2-form which
is closed at t = 0, and let Ey be a 1-form which is closed at t = 0.
Then there is a solution A(t) of

0
5 A=A, A0)= 4

and a solution E(t) of

9 2
—E=A4F—d|A E(0) = E
oy d |A[5 (0) = Eo
which exist for t € [0,Q), where —Ag = dd + dd is the Hodge—de Rham
Laplacian. Suppose that the quadratic
V(A EUW)

= Rm (U, U) = 2(VwA,U) + [A (W) = (Vw E, W)

= RyjneUT U™ 4+ 2WIV; AU + (g7 Ajp Agg — V1 Be) WIW*
is nonnegative at t = 0 for any 2-form U and 1-form W. Then the
matriz inequality W (A, E,U, W) > 0 persists for all t € [0,9Q).

The above linear-type inequality is a special case of Theorem 38 ob-
tained by taking a limit which actually scales away part of the main
highest order terms in the more general LYH matrix inequality estab-
lished in Theorem 38.

Corollary A. Under the hypotheses above, the trace inequality
0<y(A EW)=Rc(W,W)—2(0A) (W) +|Af +E

persists for all t € [0,9).
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Corollary B. Let (M,g(t)) be a Kdhler solution of the Ricci flow
with nonnegative curvature operator on a closed manifold M. Then for
any 2-form U, 1-form W, and all t > 0 such that the solution ezists,
one has the matriz estimate
€
4¢2

1
+Re? (W, W) + o (VVR) (W, W),

1
0 <Rm (U, U) = 2(Vwp,U) + 5 [W[* + L Re (W, W)

where p is the Ricci form. By setting U = X AW and tracing over W,
this implies the trace estimate
0 2R n

0< ~R+—+

<5 =+ g3 +2(VR.X) + 2Re (X, X)

for any 1-form X.

Although this LYH inequality is weaker than the trace inequality
special case of the matrix inequality in [1], it qualitatively similar, and
it arises from a much more general inequality.

Corollary C. Let (/\/l2,g (t)) be a solution of the Ricci flow on a
closed surface. If (¢, f) is a pair solving the system

0
a(ﬁ = A¢+ Ro
9. _ 2
il = DL+ 6
then the trace inequality
0<RIX|*+2(Vé,X) +§tf

s preserved.
This paper is structured as follows:

e In §2, we extend the methods of [4] to the case of the Ricci flow
with a cosmological term p. Only by doing so for u = 1/2 are we
able to display Hamilton’s differential Harnack quadratic of Li-Yau
type as exactly equal to the curvature of a space-time connection,
and thus to provide the reader with a precise glossary between the
space-time approach and the computations in [11]. A similar but
less precise correspondence was earlier established in [4].
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e In §3, we study all symmetric space-time connections that are com-
patible with the degenerate space-time metric and evolve via the
Ricci flow for degenerate metrics. Because these connections are
not unique, their curvature tensors yield new Li—Yau—Hamilton in-
equalities, which include Hamilton’s matrix inequality as a special
case. We then employ scaling arguments to derive a nonnegative
symmetric bilinear form on space-time, which is equivalent to the
quadratic ¥ described in classical language in the Main Theorem,
and whose traced form yields Corollary A.

e In §4, we develop some examples in order to compare a few special
cases of the new Li—Yau—Hamilton inequality with known results.
In particular, we derive Corollary B (Proposition 43) and Corol-
lary C (a result of tracing the matrix inequality in Proposition 46).

Acknowledgement. The authors wish to thank Grigori Perelman
for calling their attention to an error in the original preprint of this

paper.
2. The Ricci flow rescaled by a cosmological term

2.1 Self-similar solutions of the Ricci flow

In this section, we recall the equations for self-similar solutions to the
Ricci flow (called Ricci solitons by Hamilton) in order to motivate the
introduction of the Ricci flow with a cosmological term. The basic
reference is §3 of [11].

Definition 1. A solution (M", g (¢t)) of the Ricci flow

0
—g =2
8tg Rec

on a time interval Z containing 0 is called a homothetic Ricci soliton if

(2.1) g (1) =a(t)(o:9) ()

for some fixed metric § on M, some function a of time satisfying a (0) =
1, and some 1-parameter family of diffeomorphisms {¢; : t € Z} gener-
ated by vector fields —V (¢) with the property that their dual 1-forms
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are closed:
(2.2) ViV =V,V,.

In this case, we say that (M™, g (t)) flows along V.

It is not obvious that the representation (2.1) is unique, because
the family {¢;} may contain homotheties. We put Equation (2.1) in a
canonical form as follows:

Lemma 2. Suppose g is a homothetic Ricci soliton having the form
(2.1). Let a = a(0), and let {¢; :t € I} be the 1-parameter family of
diffeomorphisms generated by the vector fields

with Yo = idaq. Then
g9 (1) = (L+at) (big) ().

Proof. Let G (t) be a smooth 1-parameter family of metrics, and let
{60:} be a family of diffeomorphisms generated by vector fields —W (¢).
Then we have

23) 5060 = 5 (0.6 +)
— o <§tG(t)> + aas B [(9{1 00;4s) (BZ‘G(t))}
— o (th (t)) Lo i (0iG (1),
_ g7 <§ta (t) — LG (t)) .

Applying (2.3) with G (t) = a (t) g and 0; = ¢, we get

10 la a N
(2.4) Re(g) = *iag (t) = *559 + §¢t (‘CV(t)g) .
Now define

g(t) = (1 +at) (4rg).
Applying (2.3) with G (t) = (1 + at) g and 6, = )4, we obtain

0 ~ * [ An A\ A * (A A ~
5.9 (1) =¥ (ag — L1y (1+at) 9)) =7 (a9 — Lv(©0)9) -

1+at
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But evaluating Equation (2.4) at t = 0 shows that

. 1., 1 .

Re(9) = Re(9)li—g = —599 + 55\/(0)9
Hence

0. . -

507 (1) =¥ (=2Re(9)) = —2Re(g (1)) -
So g (t) is a solution of the Ricci flow with g (0) = ¢ (0). Since solutions
of the Ricci flow are unique, it follows that g (¢) = g (¢) for as long as
both solutions exist. q.e.d.

The gist of the lemma is that in (2.1) and (2.4) we may assume
a (t) = ais independent of ¢, so that a (t) = 1+at and a (t) V (t) = V (0).

From the point of view of motivating the differential Harnack in-
equality of Li-Yau type, Hamilton considered the extreme case for the
function a (¢) in the definition of Ricci soliton. In particular, he was in-
terested in the case where the initial metric g (0) is singular (such as the
metric of a cone) and the metric g (t) expands as ¢ increases. Formally,
this corresponds to letting @ = @ (0) tend to infinity,
a 1

a
2.5 lim — = lim
(2.5) Aam o= tim e =

and motivates the following definition:
Definition 3. A solution (M", g (t)) of the Ricci flow

0
_ 9
g9 = T2Re

on a time interval (0, Q) containing 1 is called an ezpanding Ricci soliton
flowing along V if

(2.6) g9 (1) =t(0:9) ()

for some fixed metric § on M and some 1-parameter family of diffeo-
morphisms {6; : ¢ € (0,9Q)} such that 6; = idy and the dual 1-forms of
the vector fields —V (¢) which generate 6; are closed.

Differentiating (2.6) leads to the equation

(2.7) Rij = vz‘/; 21‘59”7
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where V (t) = 7V (1). Notice that (2.7) can be obtained formally by
passing to the hrmt (2.5) in Equation (2.4).

Now observe that t~1g () = 6} (g (1)) evolves by diffeomorphisms.
This motivates us to make the following transformation for any solution
g (t) to the Ricci flow:

i) =590,

To get a nice equation for g, we change the time variable by ¢ = Int.
Then g (f) is a solution to the equation

0 _ — 1_
579 = 72 <Rij + 29w‘>

on the time interval (—oo,In2) containing ¢ = 0. We call this equation
the Ricci flow with cosmological constant 1/2. More generally, there is
the following:

Definition 4. We say that (M”, g (f)) is a solution of the Ricci
flow with cosmological term p (f) € R on a time interval 7 if

0 _

(2.8) =

A solution of the Ricci flow with cosmological constant p = 1/2 is
an expanding Ricci soliton

10
) R = ’LV - 5.9

“20t% T ViVi = 59
if and only if g (f) = e lyg (ez) satisfies

10 1 N
2.9 Ri' —q; iV
( ) 2 8tgzj J + 291] v
where V; (T ) = V; (t), hence if and only if g (f) is a steady Ricci soliton.
Note that V" (2) = g% (1) V; () = tV*(t) = V¥ (1) is independent of
t, so that

0 —,

(2.10) vt =
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Taking the divergence of (2.9), using (2.2), and commuting derivatives,
we compute

(2.11)

2.2 The space-time connection for the Ricci flow rescaled
by a cosmological term

In this section, we show that the definition of the space-time connection
for the Ricci flow in [4] may be extended to the case where there is a
cosmological term u (f) in the flow equation. Motivated by the discus-
sion in the previous section, we are mainly interested in the case p = %
Since the relevant computations are modifications of those in [4], we
shall omit many details of the proofs.

Let M = M" xZ and denote the time coordinate by 20 = 7. Recall
that the degenerate space-time metric on T*M is defined by

(2.12) I AR
' "o ifi=0o0rj=0.

Modifying the definition in [4], we define a symmetric space-time con-
nection V by specifying its Christoffel symbols to be

(Cl) Fz] - Fij
(C2) M = — (R + uof)
~ 1
(C3) Tk = —Qv’“R
(C4) f80 =4
(05) fgj = f?o =0,
where 7,5,k > 1.
Lemma 5. The connection V is compatible with the degenerate

metric g: for all i,5,k >0,

Vv, =o.
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Proof. This is a straightforward computation using the identity
Vig* = 0ig* + T g™ + Thg'"
with formulas (C1), (C2), and (C5). q.e.d.

Given a time-dependent vector field W (f) on M, we associate to it
the space-time vector field

—~ 0 o
Wi(t)=—=4+W{(t).
0=2 w0
In local coordinates, WO =1 and Wi = W if j > 1.

Lemma 6. The formulas for the covariant derivative of the vector
field W are

(CW1) ﬁle = VZW] - (EZ + M(S?)

2wl _ (R J s v/
(CW2) Vol = 7 (Rk + msk) W' - V'R
(CW3) VoW = —pu
(CW4) Vi =0

foralli,j, k> 1.
Proof. This follows from V; W7 = 9; W7 + > =1 f{pWP + ngWO and
all of the formulas (C1)-(C5). q.e.d.
We can now make the important observation that the space-time
of a steady soliton flowing along V has a geometric product structure.
Recall that a parallel vector field on a Riemannian manifold A gives a

local splitting of A as the product of an open interval with an (n — 1)-
dimensional manifold P. Hence the observation follows from:

Proposition 7. Ifg(i) s a steady soliton of the Ricci flow with
cosmological constant p = % flowing along the vector fields V' (f), then

61- (e%Ef/)j =0

for alli,5 > 0. That is, the space-time vector field 2tV is parallel.

Proof. If i = j = 0, the formula follows from (CW3). For the
case i = 0, 7 > 1, we apply Equations (CW2), (2.10), and (2.11). If
i > 1 and j = 0, the formula follows from (CW4). And for the case
i>1, 7 >1, we apply (CW1) and (2.9). q.e.d.
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2.2.1 The Riemann curvature tensor

Denote the Riemann curvature tensor of the space-time connection v
by

(213)  R(X.V)Z=VgVpZ-VyVeZ - Vg y 2.
Since €2tV is parallel and R ()? , ?) Zisa tensor, we immediately get:

Corollary 8. If g (f) is a steady soliton flowing along V (&) with
W= %, then
(2.14) R ()? 17) V=0
for all X and Y.

We shall see in the next section how this relates to the derivation of

the Li-Yau-Hamilton quadratic in §3 of [9].

The formulas for the space-time Riemann curvature tensor are as
follows:

Proposition 9. Ifi, 5,k £ >1 and a,b,c > 0, then Rm satisfies:
{

(Rl) Efjk - Rz’jk

(R2a) RYy = V;R; - ViR,

(R2b)  RYy =V Ry — ViR,

(R3) Ry — ;Rf SR RIR, - iR+
(R4) Ry = 0.

Remark 10. The standard asymmetries satisfied by the curvature
of any connection imply in particular that

=~ =~
Roji + Rjor, =0
Rl + R = 0.

Because V is torsion-free, the first and second Bianchi identities take
the form:

for all ¢, 7, k,¢,m > 0.
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Remark 11. Using the evolution equation

05t =t =l pq =¢

we may rewrite (R3) as

s _wnt leols , opt Bra pent Bl U
The identities in Proposition 9 are proved in a manner similar to
Theorem 2.2 and 3.1 of [4], which give the corresponding equations for
the case u = 0. N N
TEe components of the Ricci tensor are given by R = E?ZOR::M =
SR ;- Hence tracing (as in Corollary 2.4 of [4]) gives the following:
Corollary 12. The Ricci tensor satisfies the identities:

(RCl) RZ']' = Rij

~ 1— —
(Re2) Roj = S VR

~ 10 = dp
(Re3) Ry = §§R + nﬁ

As in Lemma 3.3 of [4], we notice that:

Remark 13. The covariant derivatives of the Ricci tensor obey
the symmetries

(CRcel) 61'}?53'0 = 61‘]3;@‘0
(CRc2) ViRoo = VoRio
for all 4,5 > 1.
Proof. Using (Rc2) and (C2), we find that
%iéjo = ﬁiﬁj}? + R?j + #sz = %jé’iO’
which proves Equation (CRcl). Using (Rc2) and (Rc3), we get

o~ ~ ~ — (10 = ~p =
ViRoo — VoRio = V; <2 81&R> — 2T Rpo

0 (1= = ~ ~ ~ o~ ~n
5 ( B ViR) + T4 Ryo + T Rip + Loo Rio
where p is summed from 1 to n. Equation (CRc2) then follows by
applying formulas (C2)-(C4) and (Rcl)—(Re3). q.e.d.

Generalizing the definition in [4], we have the following;:
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Definition 14. A degenerate metric and compatible connection
(ﬁ, 6) satisfy the Ricci flow with cosmological term p if for all i, j, k > 0,

(2.15) Bl . g ( \V2 R]g Vjéig + %gézj) .

Proposition 15. The pair (ﬁ, %) satisfies the Ricci flow with cos-

mological term p.

Proof. 1f i,j,k > 1, the standard formula

ot ¥ 29 |:v (8759[]) + v <6tgz€> Vi <atgz]>:|

shows that (2.15) holds. If k£ = 0, the result is trivial by Equations (C4)
and (C5). If i = 0 and j,k > 1, the observation I‘&R’; = Flng? and
identity (CRcl) together imply that
=~ S SE Sk = =~ 9 sk _ 8 T
k k kp k_
If i = j =0 and k > 1, the observation fgoﬁk = Fk Rp and identity
(CRec2) imply

~ )~ ~ o~ o o~
—2VoRE + V*Rog = —VoRE = ~5 <2v R) 8tr’go.

q.e.d.

Lemma 16. If u is constant, the space-time curvature tensor sat-
isfies the divergence identity

(2.16) JPIV,RE, = R,

qik —
between components of the (2,1)-tensor on the LHS and components of
the (3,1)-tensor on the RHS.

Proof. If j > 1 and k > 1, this is just the contracted second Bianchi
identity

S B —e
gpqvagjk = V”Rmk A Rj, — ViR;.

If > 1, k=0, and p is constant, this follows from Remark 11 and the
calculation

oy 1 g
7'V, Ryjo = —AR; + 5V,V' R—2R" R}, + R/R, - uR;.
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If j =0 and k£ > 1, one computes
PN Rlyy = VIR, — V'V Ry + R Ry, = 2R Ry = 0.
Finally, if j = k = 0, one obtains

o o~ 1—— m
7V, Rlyy = V'AR, — fAVER + oV (R R )

pam
_§%ﬁ%_ﬁﬁém
=0

by a straightforward calculation. (See also Lemma 2.2 and the remark
after it in [5]). q.e.d.

Remark 17. Tracing formula (2.16) and applying (B2) yields
~ . ~ ~ ~ ~ 1~,~ 1—v—
Y k 14 ¢ ¢
Ry =g" "'V Ry = ¢V, R, = iv R = §V R,
in agreement with (Rc2).

The evolution equation for the space-time curvature tensor is given
by:

Proposition 18. If u is constant, then

534 1514 534 1514 534
VOR”k = ARZ]k‘ (Bz‘jk: — Bjir, — Bji; + Bikj) + 2u R
where
Bmk = _qungqum

Proof. This formula may be proved along the lines of [8]. Instead,

we give an alternate proof using the space-time Bianchi and divergence

identities. We note that taking the covariant derivative of identity (2.16)
yields

Vil = Vi (1Y, Reg ) — T R
So by using (B2), substituting, and cancelling terms, we directly obtain
VOR’L]]C - v RO]k v ROzk
(v VRl — V¥ quk) R + TR
534 ¢ 534 m
- AR 7k + 2§pq <R1ka]qm Rzpm jqk)

NPqRZZqumk + QHRz‘jk,
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where A = §pq§p§q is the space-time Laplacian. Then using (B1) and

the identity Efjk = —gP? R™ R!

pjillkmgs We conclude

S e X Bl = =
> > 0 =0 0
+ g (Rpji - Rz}j) (qum - kaq) + 20R;),
X Bl =0 =0 =0 =0 0
= AR, + 2 (Bikj — Bji; — B, + Bijk:) + 2uR;

q.e.d.

2.2.2 Space-time curvature as a bilinear form

We shall find it convenient to regard the curvature tensor as type (4,0).
Since the space-time metric is degenerate, we lower indices as follows:

Gl ife>1
(2.17) Rijre = { ~giplt;, i £=0and k> 1
0 if £ =Fk=0.

We may now consider Rm to be a symmetric quadratic form on A2TM
by defining

n
(2.18) Rm (§ T) = 3 RS
6,4,k 0=0
Note that this differs slightly from [4], where Rm was regarded as a
tensor of type (2,2).
Setting éijkg = —ﬁpqéggjf%kqmg, we restate Proposition 18 in the
form:

Corollary 19. If u is constant, then
(2.19)
%Oéz‘jkﬂ = Eéz‘jké +2 (Eijké - Ejik( — Ejki( + Eikjé) + QMEJM-

Recall that the degenerate metric g induces an inner product and
Lie bracket on A2T*M as follows:

(2.20) <§ T> = %58, The

(2.21) (S.T| =" (SuTy - TSes)

4]
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(Compare formulas (10) and (11) in [4].) The structure constants C’?jb’Cd
defined by

CePl gyt A dad = [da® A da®, da® A dxd]
for0<a<b<n,0<c<d<nand0<i<j<n are then given by
bed ~ —
Cit = 6769g" — 67659

In terms of the natural isomorphism between A2T *M and A2T*M @
AT* M, formula (2.21) corresponds to

XaV,YeW]=[X,Y]® (VY -W.X),

where J denotes the interior product. Analogous to [9] and the extension
in [4], we define a symmetric bilinear operator # on A2T* M @ A2T* M
by

(F#G)jpe = T abchpqrsCijb’quec/? "

and adopt the notational convenience F i# F#F. We also define the

square of an element in A’T*M @ A?T* M by

2 . ~adb
Fiine = 9" Fijab Feare-

With these definitions, following [9] and [4], we find that (2.19) takes
the form:

Lemma 20. If u is constant, then
(2.22) VoRijue = ARjjre + Ry + FZZ?M + 20 R
We omit the long but straightforward computations.

2.3 Hamilton’s quadratic for the Ricci flow

As was remarked in [4], the results above give an explanation for the
surprising identities observed by Hamilton in §14 of [13]. Here, we shall
exhibit a correspondence between the machinery Hamilton uses to prove
his tensor inequality and the geometric structure of space-time, in order
to show that his quadratic and the assumptions made in its derivation
arise very naturally in the space-time context. A similar but less precise
correspondence appeared earlier in [4].
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Recall that Hamilton proved that for any 2-form U and 1-form W
on a complete solution (M™, g (t)) of the Ricci flow with nonnegative
curvature operator, the quadratic

(223) Z=Z(UW)= M;WWI 4+ 2P UW* + R, UTU*

is nonnegative at all positive times, where Rijre = gem R},

1 1
(2.24) M;; = AR;j — EVNJR + 2Rjpg; RP? — RipR§ + %Rij>
and
(2.25) Pijx = ViR, — VjRy.

We shall now relate Hamilton’s proof to our construction. In §2 of
[11], tensors of type (7, s) on a Riemannian manifold (M, g) are regarded
as GL (n, R)-invariant maps from the linear frame bundle GL (M) to
R""". For instance, if P € M and Y = (Yi|p,...,Yp|p) € GL(M)
is given by Y, = y! 9/0z" in a chart {xl} at P, a 1-form 6 may be
identified with the system of component functions 6, = 0 (Y,) it in-
duces on GL (M). Regarding the Levi-Civita connection of (M, g) as a
GL (n,R)-invariant choice of horizontal subspace for each Ty GL (M),
Hamilton takes space-like derivatives by means of the unique horizontal
lift D, of Y, at Y € GL (M). Hamilton then identifies the vertical vec-
tor field V& with the differential of the map Y, +— y} (y_l)? Y,; namely!

0

\/a == 17
b yba%

Note that Vy acts on a covariant tensor by

(226) \/chd...z - 52de...z + 53ch...z + -+ 5chd...b-

For a solution (M, g (t)) to the Ricci flow on an interval Z, one con-
siders the bundle GL (M) xZ — M = M x T and the sub-bundle of

orthonormal frames O (M) = Uez (O (M, g (t)),t) — M. Hamilton

takes time-like derivatives by means of a vector field D; on GL (M) x T
defined by

)
2.27 Dy = = + Ruypg™ Ve
( ) t = ot + bg c

'Hamilton writes V2 for what we denote V2.
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Dy is tangent to O (/W), because

(2.28) Digap = 0.

The geometric structure of space-time reveals why this construction is
natural. Indeed, definition (2.27) corresponds to (C2) in the definition of
the space-time connection V for the Ricci flow without rescaling (1 = 0),
because

Vo = gt — P]gj\/i
when acting on covariant tensors. Property (2.28) corresponds to the
compatibility of V with the space-time metric g (Lemma 5).

Now suppose (M, g (t)) is a homothetically expanding soliton flow-
ing along a gradient vector field V. (See Definition 3, and recall that
(M, g (f)) is then a steady Ricci soliton flowing along V = e{V.) In §3
of [11], such a solution is described by the equation

1
(2.29) DaVp = DyVa = Rab + 5 9ab-
Here and in what follows, we use the symbol £ to denote an identity that
holds for an expanding gradient soliton. By applying formula (CW1) to
V', we note that condition (2.29) holds if and only if for all 4, j > 1, one
has

Vv,V =o.

Hamilton next defines the quadratic Z in terms of the tensors M,
P, and Rm. (Recall (2.23)—(2.25) and note that our sign convention for
the Riemann curvature tensor is opposite Hamilton’s.) In analogy with
Theorem 2.2 of [4], we apply Proposition 9 with u = 1/2 to observe that
these also correspond to natural space-time objects:

Lemma 21. Let (M,g(t)) be a solution of the Ricci flow. Set
t=1Int and g (t) = %g (t). Then fori,j,k,0 > 1, one has

(2.30) Rijre = ezﬁijkf
(2.31) Puj = Rojke = Rieo,
(2.32) M = e Rigos.
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Thus we arrive at the key observation that the LYH quadratic may
be identified with the space-time curvature tensor:

n
Z:et Z ﬁijkgfijfek,
2,7,k £=0
where the space-time contravariant 2-tensor T is defined in _terms of
the natural isomorphism A?T*M = A’T*M @ A'T*M by T = U @
(eftW/2>. In components i,j > 1,

(2.33) T =U¥

o~ ~. 1 - . 1 )
2.34 TY = 790 = —e7 Wi = — W9,
(2.34) 5¢ %% 5

(See also Corollary 2.3 of [4]; a key difference from that paper is that

taking p = % accounts for the term %Rw in My.)

Differentiating the expanding gradient soliton equation (2.29), Ha-
milton obtains the following two relations:
(2.35) Py +RL Va2 0
(2.36) Mgy + Py VE £ 0.
Together, these equations prove the Li-Yau-Hamilton inequality is sharp.
Indeed, if W is arbitrary and one sets Uy = % (VuWy, =V, W,), a straight-

forward computation gives Z (U, W) £ 0. This fact can be interpreted
using the result of Corollary 8 that

(2.37) R VR 20

holds for all 4, ,¢ > O:

Lemma 22. The identities (2.35) and (2.36) are equivalent to the
fact that the space-time Riemannian curvature tensor Rm vanishes in
the direction of the parallel space-time vector field et/*V when p = 1/2.

Proof. 1f i,5,¢ > 1, Lemma 21 implies that
RijreVF = —€!/? <Pij€ + Rz‘jeka>
and

onkgf/ik = —63Z/2 (Mj@ + Pkfjvk> .
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Since onk = 0 for all 4,7, k, it is clear that (2.37) holds if and only if

)

both (2.35) and (2.36) do. q.e.d.

The evolution equations satisfied by the coefficients of Hamilton’s
quadratic are derived in Lemmas 4.2, 4.3, and 4.4 of [11]. Written in
Hamilton’s notation, they are

(238) (Dt - A)]%abcd = 2(Babccl - Babdc + Bacbd - Badbc)a

(2.39) (D¢ — A)Pape = —2Rge D Rapee
+ 2 (Radbepdec + Radcepdbe + RbdcePade) y

and
(2.40)
(D¢ — A)Mgp = 2Req (DePyab + DePapa) + 2RachaMed
+ 2P Pocd — 4Pacd Pode + 2RcqRee Radbe — T;Raba

where Bgpcq = RaevfReeqr- In §2.5, we prove the following:

Proposition 23. The evolution equations (2.38), (2.39), and
(2.40) are equivalent to the evolution equation

(2.41) VoRijre = ARijre + 2 (éijkzé — Bjire — Bjie + Eikjﬁ) + Rijie

satisfied by Rm when pw=1/2.

In computing the evolution of the quadratic Z, Hamilton makes the
following assumptions on the 2-form U and the 1-form W at a given
point:

1
(Al) (Dt - A) Wa = ;Wa
(A2) (D —A)Uyp =0
(A3) DW= 0
1 1
(A4) D,Up. = 5 (Rach - Rach) + It (gach - gach) .

(See the hypotheses in Theorem 4.1 of [11], and note that Equation
(A4) is motivated by the fact that it holds on a soliton if (A3) holds
and U = V AW.) We shall now demonstrate that the four assumptions
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above are also very natural from the space-time perspective. Indeed,
Equations (A1)-(A4) hold at a point in space-time if and only if e!T%
satisfies the heat equation and is parallel in space-like directions at that
point:

Lemma 24. If p=1/2, assumptions (A1)-(A4) are equivalent to
(2.42) (% A+ 1) T =0
(2.43) ViTH =0,
foralli,j >0 and k > 1.

Proof. For i,j,k > 1, we use (C1), (C2), (2.33), (2.34), and the fact
that R), = tR} to compute
ViT¥ = ViU + T T 4 T4, T
g 1.\ 1. 1 1
= U _ [ tR" 26 =W tR’ Y] i
VU <Rk+2 k)th +<R v )mW

Hence (2.43) is valid for all 7,5,k > 1 if and only if (A4) holds. For
1 =0 but j,k > 1, we have

~ 1 .
TV = =V, W7
Vi Qth
So (2.43) is valid for ij = 0 and all ¥ > 1 if and only if (A3) holds.

Similarly, since V T = 1 Vg Wi and ATY = gr1vV,V, 70 — 1 AWJ
we compute that

o I
(Vo—2+1)7% = 8t< WJ>+F80T07 + 19 T
1
_,A VRN v e
SAW 4 W
_1 aW] RjWP_AWj_}Wj .
ot P t

It follows easily that (2.42) is valid for ¢j = 0 if and only if (A1) holds.
Finally, we use (C3) to calculate

- S U 5
(Vo+1) T4 = U 4+ T, U7 4 T3 T + T, U 4 T3 T 4 U

B L p 1 . . 1 . .
o pirpl _ Rt _ ZWIN W\
<6tU RUY — RIU ) (WIVIR+ WIVIR,

21
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Then noting that for ¢,57 > 1,
VT = VU + % (RIW' — R\WY) + % CAUSEAU D
we compute
AT = PV, T
P B Gt I
4V (BT = W) + TV, T + T3V, T
—t [AUU’ + RIVPW' — RIVPW + i (W'V/R— WjV’R)]

(VW' — V')

[N

+

and collect terms to obtain

0

(Vo—A+1)TH =t |:825Uij — AU — RiU™ — Rg;UiP]

w1 ; A .
+ (tRZp + lep) v, W — <tR”’+ 2gﬂp> v, W

So if (A3) holds, then (2.42) is valid for ¢, j > 1 if and only if (A2) holds.
q.e.d.

2.4 A generalized tensor maximum principle

In order to utilize space-time methods fully in investigating potential
Li—Yau—Hamilton quadratics for the Ricci flow, one needs a version of
the parabolic maximum principle for equations such as (2.22) and (3.9)
Accordingly, we now derive a generalization of the tensor maximum
principle originally proved in [8]. We begin with the observation that
any smooth family {g(¢):0 <t < Q} of Riemannian metrics on M"
induces a nondegenerate metric § on M x [0,) given in coordinates
(a/at =20 2!, ... ,x") by

gy f1<ij<n
Jis 8; ifi=0orj=0.

We denote the Levi-Civita connection of § by V.
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Proposition 25. Let g (t) be a smooth 1-parameter family of com-
plete metrics on M"™, indexed by t € [0,82). Let M = M x [0,Q) and
let g be the degenerate metric defined on T* M by

5 = 97 ifif1<ij<n
’ 0 ift=0orj=0.
Let V be a compatible connection (ﬁzf]]k = 0), and let Q denote the
space of symmetric bilinear forms on a tensor bundle X over M. Sup-
pose @ € Q is a solution of the reaction-diffusion equation

(2.44) VoQ =AQ+®(Q),

where ® : Q — Q is a (possibly nonlinear) locally Lipschitz map which
satisfies the null eigenvector condition that ® (P)(X,X) > 0 at any

point where P (X, -) vanishes for P € Q and X € X. Assume ‘6 -V

A

g
and the Lipschitz constant for ® are bounded on any

(- 9)

i N
subset M x [0,nm] € M. If M is not compact, assume also that there
exists p : M — [1,00) with p~t([1,s]) compact for every s € [1,00)
and such that |Vp|, and |Ap| are bounded on M x [0,n]. If Q >0 on

M x {0}. then @ >0 on M.

Proof. The metric § induces an inner product on & in the usual
way; we shall abuse notation by writing g (X,Y) for X, Y € X. If M is
compact, take p = 1, and otherwise let p : M — [1,00) be the function
in the statement of the theorem. (By [7] and Lemma 5.1 of [11], such
a function always exists if the time derivatives dg/dt of g and OI'/0t
of the Levi-Civita connection of g are bounded, and if M has positive
sectional curvature.)

By considering translates in time, it will suffice to prove there is
1 > 0 such that for every € > 0, the quadratic form Q is strictly positive
on M x [0,7], where

Q(z,t) = Q(z,t) +e(n+t)p(x) g (x,1).

Suppose Q does not remain strictly positive, and let ¢ty € [0,7] denote
the infimum of all ¢ such that Q (Y,Y)‘( - 0 for some Y € X and
z,t

r € M with [Y[; =1 at (2,7). We claim t’o > 0. If not, there will be a
sequence of compact sets IC; exhausting M, points x; € K;\K;_1, and



24 B. CHOW & D. KNOPF

times ¢; \, to = 0 such that the first zero of Q on IC; x [0,n] occurs at
(xj,t;). Since @ > 0 on M x {0} and p (z;) — oo if M is not compact,
this is impossible.

By the null eigenvector assumption,

Q) (Y,Y) > 0.

(z,t0)

Define a tensor field X in a space-time neighborhood O of (z,ty) by
taking X =Y at (z,t9) and extending X by parallel transport along
radial geodesics with respect to the connection V. (It suffices to ex-
tend X first radially along all %-geodesics which start tangent to the
hypersurface M x {tp}, and then along any curve with tangent /0t at
(x,tp).) Notice that all symmetric space-like second covariant deriva-
tives of X vanish at (z,%p). (Compare §4 of [9].) Indeed, with respect
to a g-orthonormal frame {eg = 0/0t, e1,...,e,}, one observes that for
1=1,...,n,

Ve, Ve, X

? K3

(wt0) Ve, (%X> - eeeielX =0-0.

Hence for any P € Q, we compute at (x,tp) that

Rpixx) =g | VDX

P)(X,X) +4(V,P)(X,V;X)
+2P(V;X,V;X) 4+ 2P(X, V;V; X)

= (AP)(X,X).

Now consider the function F' defined in O by

Fly.)=QXX)| .

Even though § may not be compatible with the connection %, we still
have [X|; > 1/2 in a possibly smaller neighborhood 0" C O. Hence F’
attains its minimum in O’ N M x [0, o] at (z,tp), where we therefore
have

0> %Fz (Vo@) (x. ),

and

0=

aiiF - (%Q) (X, X)
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fori=1,...,n, and

. OF ~, OF ~
0<g <8xi8xj F” axk) AF.

To finish the proof, observe that there are constants C; and Co

depending only on the bounds for V-V ~and ‘@ (% — @) ’Aon M x
g g

[0,7] such that

P (%g) (X, X)

> —C X2 =-C

(wto)

and

2 (Kg) (X, %)|

<G |X[2=Ch.

z,to

There is C5 depending only on the Lipschitz constant of ® on M x [0, 7]
such that

— (Q) (X, X)|(540) < Q) (X, X) = 2(Q) (X, X)
< Csen |X |3 = enCs,
and there is Cy depending only on the bounds for |Ap|, [Vp|,, and
’6 — ﬁ)g such that

) p <5§> (X, X)
(BF) (@,t0) = (BQ) (X, X) +=(n+t0) | 42 (Ve,0) (X.X)
+(Ap) g (X, X)

< (&Q) (X, X) +en (pCs + Cy).

Combining these estimates with Equation (2.44), we conclude that at
(Ia tO)a

0>=F

Sl

Vo) (X, X) +& (n+1t0) p (Vo) (X, X) +2pg (X, X)
AQ) (X,X) + @ (Q) (X, X) + & (n+1t0) p (Vog ) (X, X) +2p

> AF - en (pCa + Cy) — enCsz — enpCh + €p
€[P(1 _77(01 +C2)) _7](034-04)].

/N 7N

25
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Because p > 1 and the constants C; cannot increase if n decreases,
choosing 1 > 0 sufficiently small gives a contradiction. So @) remains
strictly positive on M x [0,7], and the result follows by letting € \ 0.

q.e.d.

2.5 Evolution equations relating to Hamilton’s quadratic

This section is devoted to the following:

Proof of Proposition 23. Assume p = 1/2, and denote the RHS of
(2.19) by F jjke. Lemma 21 implies that the following identities are valid
for all 4,4, k, £ > 1:

( ) BZ]]CO - _g Rpl]RkJQTO — tg Rpl]P
(2.46) BzOOE _g szOROqM - _tQ.qpquSPzprPEsq
(2.47) Bioe = —g" Rpioquro = t?gP1g"* Pipy Py
(2.48)

Biwo = —" R, ZZROqTO = —t*g" R

pz@MqT‘

Thus for i,¢ > 1, we have
Fiooe = ARioo0 + 2 (2B100€ Boioe — Eoow) + Rigoe
= ARZ’OOZ + 2t2gpqgrs [Riprqus - Pipr (2P£sq + Pq(s)] + tMi€~

On the other hand, we use (C2)—(C4) with Lemma 21 to compute di-
rectly that

. 9 ~ o o o _
VoRioor = ﬁRiOOK — T Rpooe — I8, Rioop — I (Ripoz + RiOpE)

3
= to, (tMie) + + (tRY 4 167 (tMpe) + (tR] + pdy) (¢Mipp)

< t2VpR> (Ppie — Popi) + 24 (t M)
— 42 9 P
=1 o M;, + R? i Mpe + Rngp + - (V R) (P, it Ppgz)
+ 3tM;y.
In the same way, we compute for g, m < 1 that

VaRiooe =t (VMig + R Poie + BRI Prgi) + 1 (Pyie + Pyti)
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and
S & p
quimOZ = vqpmié + RgRimrl + ?Rimqf-

Then by using the divergence identity

1
VAPyie = Mig — RM Ripge — 5 Rie,

we can write
ARjo00 = §pq% \Y EiOOZ
= t*V (VgMio + R} Pric + R} Poti) 4tV (Pyic + Pysi)
g7 (tRg + 167") (Vo Pie + Ry Rinyt + & Rt
+tg" (LR} + pdy') (VquEi + Ry Ripme + %Rz'qmz>

t2
=t*AMy + — (VqR)( it + Poei) + 22 RPN, (Pie + Pyes)

1
+ 2tZRgLquRipqg + 2tMjp — 5 Ri.

Cancelling terms yields

_ B
VoRiooe = ARigor + t* (8 - A) i — 2 RPN, (Pyig + Pogi)

1
+ t? (RfMpg + RZMip — QRf’anqRipqg) + tM;p + §RM.

Recalling (2.26) and (2.27), we conclude that the special case VoRioor =

I i00¢ of Equation (2.19) holds if and only if

0 0
DM,y = a M+ Rq \/p My EMM + R?Mpg + RfMip
= AM;p + 2RPINV ), (Pgie + Pyi) + 2RV, R™ R0
1
+ Qgpqgrs [Riprqus - Pipr (2P£sq + Pqﬁs)] - ﬁRiZa

hence if and only if Equation (2.40) holds.
Now if 4,7,k > 1, identities (2.45)—(2.48) let us write
FijkO = Eﬁijk() + 2tgpq (sz]P Rpsz - Rp]k qir + R, szQJr)
+ Pijik

= EﬁijkO + 2tgpq ( ;n] qrk — Rpngqzr + Rplk;qur) + Pzgk

27



28 B. CHOW & D. KNOPF

On the other hand, (C2)-(C4) and Lemma 21 imply that

- 9 ~ o . S I
VoRijro = zzBijo = LoiBpjko — Loj Ripko — g Rijpo — Loo Rijky

=t (gtﬂ-jk + R} Pyjk + RY Py, + R Pijp + ;Rijkpva>
+ 2P
and
VeRijko = VPiji — Tl Rijup = Vo Pijic + R Rijup + %szkq.
Noticing that VIR, = P by the second Bianchi identity, we write
the diffusion term in the form

Eéijko = tgpq%p%qéijk()
1
== th <vqp7;jk + RgRijkp + %Rijkq)
m 1 m
+ gpq <tRp + §6p ) (quZka)
1
=t <AP¢jk + iRijkpva + QRZVqRijkp> + Pk

and cancel terms to obtain

- B
VoRijko = ARjro + 1t [(61& - A) Piji + R} VY Pij — QRZVqRZ‘k]

+ Piji.
Thus the special case %Oéijko = [ ijko of Equation (2.19) holds if and
only if
DyPiji = APk + 2RIV Ry
hence if and only if (2.39) holds.

Finally, the equivalence of (2.38) and the case i, j, k,¢ > 1 of (2.19)
is clear when we observe that

+ 29" (RpiPork — RyjpPoir + Ry Pajr)

1
Fijke = ARijke + 2 (Bijke — Bjike — Bjkie + Bikje) + %Rijkf
and

~ ~ 0 (1 2 1
Volijre =t <tRijk€) + Ry VG Rijre + 5 Rijke = DeRijre + 5 Rigie.

q.e.d.
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3. GGeneralized space-time connections

In this section, we derive new matrix LYH inequalities for the Ricci
flow by generalizing the definition of the space-time connection in §2.

So let (M", g (E)) be a solution of the Ricci flow rescaled by a cos-
mological constant u:

i7 = _2 ﬁ + g .
577 (Re + 1g)
Consider the family of symmetric connections V defined on space-time

(M, ) by

(GC2) % = = (Bi + pof + a})
(GC3) Tk = — <;VkR + B’“)
(GC4) oo = —(u+0C)

(GC5) Y =T% =0,

fori,j,k > 1, where A is a tensor of type (1,1), B is a vector field, and C
is a scalar function. We saw in §2 that the space-time connection V has
a number of useful and interesting properties when A = B = C' = 0.
Our goal here is to investigate what conditions on A, B, and C are
necessary and sufficient for V to retain certain desirable characteristics.
In particular, we determine which connections of this form are both
compatible with the space-time metric and satisfy the Ricci flow for
degenerate metrics. Such space-time connections are worth studying,
because their curvatures satisfy parabolic evolution equations and thus
furnish Li—Yau—Hamilton quadratics for the Ricci flow.
Define a (2, 0)-tensor A by
Aij = A7 Gp;-

Our first observation is that V is both torsion-free and compatible with
g exactly when A is a 2-form:

Lemma 26. The metric g is parallel with respect to the symmetric
connection V,
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if and only if (GC1)-(GC5) hold, where A is a 2-form,
(3.1) Alght 4 AkgiP = 0,
and there are no restrictions on either B or C.
Proof. For i,j,k > 1, the equation
0= Vig* = 0ig* + T, " + Tg"

is equivalent to

since V is the unique torsion-free connection compatible with g; this is
(GC1). Assuming (GC2), the equation

0= Vog’* = 0og’" + T4,37* + T,

is valid for j,k > 1 if and only if
Alg* + AFgP = 0.

This says that when we lower an index, Eij = AP Gpj 1s a 2-form. The
equation

0=V,3% = 9,5% + f?p?k + ffpﬁop
is valid for ¢ > 0 and k£ > 1 if and only if

I =0

holds for all i > 0 and p > 1; this is (GC5). The identity V;g% is
satisfied automatically for all i > 0. q.e.d.

Hence by lowering indices, we may regard A as a 2-form, B; = BP Tpi
as a 1-form, and C' as a 0-form.
3.1 The Riemann curvature tensor

The space-time Riemann curvature tensor is defined by (2.13); in com-
ponents, one has

(3.2) Riji = 05, — 015 + TRIG, — THLY,.

By definition, we have the asymmetry Efjk = —]Sbﬁik. The remaining
formulas are as follows:
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Proposition 27. Ifi,5,k, £ > 1 and a,b,c > 0, then Rm satisfies:

GR1) Rl = R

GR2a) Rly=V,R, — V,R; + VA — VAL
GR2b) Ry, = V' Ry — ViR + VAL

8 =t = le=ts  zms
- ;Af + AT AL+ (u—C) AL+ RIAL + ATR,,
+V; B — uCé5.

(GR4)  RY, =0.

GR3)  Rij=

Proof. Identities (GR1) and (GR4) follow easily from (3.2 ). To
derive (GR2a), we use (GC2) to compute

8F0+Flm% (‘3F Jm%

=V, (Ri +Af?) -V, (Rj +A§> .

'LjO -

To derive (GR2b), we recall that

8 = 55t = 5, =t

and calculate

Rojp = 00T ) (@'fék —IRTG,, + 15, m)
=tk tVi (Rk + Ak)
= V'Rji — ViR + V, AL
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Finally, to derive (GR3), we use (GC3) and (GC4) to compute
Rijo = 00T% — (0iTh + T4, T8 ) + TTG,,

0 (R +45) +, <;V€R + B£>

Tt
— (u+C) (B + o + AF)
+ (R + pst + A1) (Rﬁl + ot + Afn>

=0 = ls=ts  smst

T
- gtAg +ATAL + (n—C)AS+ R AL + A;ﬂfzfn
+V; B — uCs5.
q.e.d.

Corollary 28. Ifi,j > 1, then Re satisfies:

Ry = By
Rox = %m - (57),
Foo = ;;m C (R+np) + |Af%+ 3B,
where
(6A), =~V A,y = V, A7
and
5B~ —V'B, — —V,B".

Proof. The first two equations are easy. For the third, we substitute

the formula
105 l1ows 5 =g —
into the calculation
Roo = _R{)j()
0 — = l—e —m=m moai S i
= ER—F(C—M)R— §AR—RJ« Rm—Aj Al —V;B? +nuC
q.e.d.

and cancel terms.
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3.2 Solutions of the Ricci flow for degenerate metrics

The goal of this section is to determine necessary and sufficient condi-
tions on A, B, and C for (ﬁ, V) to satisfy the rescaled Ricci flow for

degenerate metrics. (Recall Definition 14.) Our results here are most
easily stated if we introduce the 1-form

E = B+ 20A.

We shall see that a particularly nice set of equations is obtained when A
and E are closed initially. In this case, there is always a solution (g, V)

satisfying Definition 14 for as long as g (Z) exists.
Proposition 29. Suppose C = . Then (5, %) satisfy the Ricci
flow with cosmological term p, namely

O ~ ~ ~ ~ ~ o~
(3.3) Em:fw@—wﬁﬁvwm

if and only if the 2-form A = A;j dx' ® da? satisfies

o _ _ _
(3.4) A= 6~ 2ud

and the 1-form E = E;dx' satisfies

0 = — = -2
3.5 —F=—dF —2uFE — d|A|-.
(3.5) P p 4[5
If dA = 0 initially, then dA = 0 for as long as a solution exists; and if
dE = 0 initially, then dE = 0 for as long as a solution exists. So if A
and E are closed initially, (3.3) is valid if and only if A and E evolve

o_ _
. 9 A=RA 27
(3.6) 5 d [0

and

(3.7) O = RyE—2uE — d|A
' gr o T g

respectively, where —Ag = db + éd is the Hodge—de Rham Laplacian.
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Remark 30. When A and F are closed initially, (3.6) and (3.7) are
both parabolic equations whose solutions exist as long as the solution
of the Ricci flow with cosmological constant p exists.

Remark 31. The choice C = p is useful to obtain good evolution
equation if either A or B is nonzero. But if A and B are both identically
zero, taking C' = 0 as in §2 generally yields better results.

Remark 32. If (ﬁ, E) is a pair of initially-closed forms satisfying
Equations (3.6) and (3.7), then the pair (AA, \*E) is also, for any A € R.

Proof of Proposition 29. Let Ffj denote the RHS of (3.3). If 4,5,k >

1, then formula (3.3) reduces to the standard evolution equation for ff]
It is easily checked that both sides of (3.3) vanish if £ = 0, provided
that p and C are constant. If j =0 but 4,k > 1, then

ng = —6z§§ — 60&5 + 6kﬁzo

I _ _
_ v, [2ka (5A)k} (Rt AR

~ DR~ (R4l + AD) RS + (RS + sl + A5 Y
v [;viR - (5A)Z.] g (R + puo? + A?) Ry
= DR 2APRl VAL - VT, AL
Since ffo = — (Rf + udk + Af), it follows that (3.3) holds for j = 0

and 4, k > 1 if and only if

O 4k ook, TF Bk
EAi =V,V A + V'V, A7 + 2A7R,

hence if and only if

0 0/ 4 _ _
Ay = = (Afgi) = - (49A),; - 2u;.
If i =45 =0 but k£ > 1, we recall that

v (;1%) _ gt (V'F) -2 (REV'R+ 4% F)
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and compute
FISO = —60}}3 — %oélg + %kéoo
9 (lokn sk _ o 7k, Tk B
S [& <2v R (54) ) TRk T R

—t (10 = — _ __ ~ o~
+V < =R+CR+ yA@MB) — 25" T Rpo

20t
= o (V'R) - V'V, - 287 R
0 ([ = =k |72 = =kp=
+2 <g’ffvp,4§> + VAL +2(u-0) (VPA’;) — 4RV, AL,

Since f’go = —%ﬁ’“}? — B* it follows that (3.3) holds for i = j = 0 and
k > 1 if and only if

I (n oo 4\ _ 9[- k| o=kiT AP
= (B +2V,47) = = (951 (B + 25"V, 47 ) |

= V;V,B” = 2uB; — V; | A5+ 2 (u+ C) V' Ay,
When C' = pu, this equation is the same as

9
ot

(B+264) = —d5B — 21 (B + 264) — d| 4]

= —d5 (B +264) — 21 (B +254) —d [4[;,

because & = 0.
To complete the proof, it suffices to note that

O (ax) = d (;’tA) — oy (dA)

and

gt (dE) = d <;E> = —2u (dE),

because the exterior derivative is independent of the metric and satisfies
d>=0. q.e.d.

In analogy with Remark 13, we make the following observation:

Remark 33. If A evolves according to Equation (3.4), one has the
symmetry

%iéj() — %jéio = V()Zij.
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Proof. Because

. 1 _ L
ViRjo = Vi <2VJR +ﬁpApj> — o Rip
1 _ o
= §Viij + ViﬁpApj + R?Rpj + pulij + Aprj,

we observe that when (3.4) holds, we have

-9 -

Vodij = 2 Aij = Lo Ap; — T Aip
= Vﬁpﬁm — ﬁjﬁpjpi + A?Em — A?Epi
= %iéjo — ﬁjéio.

3.3 New Li—-Yau-Hamilton quadratics

q.e.d.

We now wish to regard Rm as the bilinear form defined on A2TM by
(2.17) and (2.18). To be useful as a LYH quadratic, it is desirable that
a bilinear form be symmetric and positive. Fortunately, symmetry of
Rm is compatible with the other properties we wish V to possess. In

particular, we have the following:

Lemma 34. The bilinear form Rm has the symmetry

Rijoe = Rouij

for alli,j,¢ > 1 if and only if A is a closed 2-form. Moreover, Rm has

the symmetry

Rojor = Roeoj

for all j, £ > 1 if A evolves by (3.4), C' = u, and E is a closed 1-form.

Proof. By (GR2a) and (GR2b), we have

ﬁijof - EO&']’ = %ﬁfjo - §jp§gei = VA — Vidj + VA = (dA)

Next we observe that

jil "
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and

_ 0 0 0

(38) — ggpﬁ = 8{1@' + QijAzg — 2R@A§ + 4/1,2@‘.

Hence by (GR3),

éog'oe - éOZOj = §ep§gjo - §jp§gm
(0= 0 _ [0 d
= Tip ((%Re + &Af) ~ G (atﬁ; &A?J)
+2 (,u — C) Eje + 2A§RM — QAIERM + (ngg — ﬁggj)

a_ _ _
= 2§Agj +2(M—|—C) Agj — (dB)Zj'

If QQZ = —d5A — 211 A, this becomes

5N

RO]‘OZ - ROZO]’ =2(C—p) Ay —d(B+ 252)@- .
q.e.d.

It is also fortunate that the maximum principle applies to the curva-
ture Rm of a generalized connection. To see this, it will be convenient
to introduce a (1, 1)-tensor A defined for i,j > 1 by

A= Al
A = (B+64)
AV =0
AY = pu.

Proposition 35. Let A and E be closed initially and evolve by
(3.6) and (3.7), respectively. Let C = p be constant. Then Rm is a
symmetric bilinear form which evolves by

(3.9) VoRm = ARm + Rm’ + Rm” + 2uRm + AV Rm.
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Proof. Because V is symmetric, one computes directly from the
definition that

Hence by Proposition 29 and the Ricci identities,
O B =, (il - 9By - . (il - 9By
+ RS, R — R RE

On the other hand, the second Bianchi identity implies that
ARy = PV, VR, = —37V, (ﬁiéqu + 63‘&511@)
= ViV'Ry, — ViV RS — V,;V Ry,
+ 6]%k§£ — R’méé — R’mﬁﬁ ;
m Dl m Dl 334 m
Rpl] qu szk R] qm Rmm quk
+ g7 ;
m pl m 534 m
Jer]zqu R quzm Rp]quzk

while straightforward calculations reveal that

R k)g "”qu Rl]pTqukf (szj quké + Rp]zqukZ>

and

Ry = RuveaBpars (90015 — 78%5°7) (65039 — 07015

= _gpq (éqzméﬁz}k + R szquf + ijmZquk + R qu'mef)
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Because Equation (3.9) is readily verified for k = ¢ = 0, we may assume
without loss of generality that £ > 1. Then we can combine the identities
above to obtain
J 5 _ 0 Dm D pm 53
ER@M = g@mﬁRi]‘k‘ = 2R Ry, — 20 Rijie
= ARijie + Rijey + Rjy — 2nRijee — R VE Rijue,

because glmﬁﬁgk = Kﬁijkg and ﬁz”fiijkm = Rgmfé?}k. Now if we regard

- SN
[y as a (globally-defined) space-time (1, 1)-tensor (F 0) =T{ , we may
p

Op>»
write

-~ o ~ ~
Vol = geRigre — (ToVEm)

yielding
(310) VoRm = ARm + Rm’ + Rm" — 2uRm — (fo + ﬁ:) V Rm,

where Re here denotes the (1,1)-tensor fig = ]?ipmﬁmq. We claim Equa-
tion (3.10) is equivalent to Equation (3.9). Indeed, it follows from

(GC2)—(GC4) and Corollary 28 that for p,q > 1 one has
(To +Re)’ = —pog — ag
p
(Fo+Re)’ = —B7— (52)"
~ O
(Fo + Rc) —0
p
~ O
(Fo + RC)O = —2u.

So one need only check that if N denotes the number of space-like
components of Rijkg, the RHS of (3.10) contains -2+ N +2(4 — N) =
6 — N terms of the form ,U,Eijkg, while the RHS of (3.9) contains 2 +
(4 — N)=6— N such terms. q.e.d.

Armed with the tools to show that Rm remains nonnegative, we are
now ready to construct Li-Yau-Hamilton quadratics.

Condition 36. Assume in the remainder of this paper that g (¢) is a

solution of the Ricci flow on M for ¢ € [0,2), and that g (¢) = ety (et>
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is the associated solution of (2.8), the Ricci flow with cosmological con-
stant = 1/2, for t € (—o0,In ). Assume further that the generalized
connection on (M, g) defined by (GC1)-(GC5) has C = p=1/2.

Given any 2-form U and 1-form W on M, we define X=U®a %W,
so that for 4,5, > 1,
X — i
X0 = %90 = Ly,
2
If there exist A and B such that Rm is symmetric, we define the forms
A = A{gjk = tA;
By = Blgjr, = tBy,
By = (Bj + 2 (SK)]> gjk = By + 2t (5A)k ,

and make the following observations:

Remark 37. Let Ay and A, denote the Hodge-de Rham Lapla-
cians of (g, V) and (g, V), respectively. Then A is closed and evolves
by

o_ _ _ _
— A =AzA—-2uA
o d Y

if and only if A is closed and evolves by

QA:AdA+1_2M

A.
ot

Moreover, E = B + 25A is closed and evolves by

0= —« = = -2
—FE =AqF —2uE — d|A|=
if and only if £ = B + 2t0A is closed and evolves by

0 1-—
Y E=AJE
ot b+

2
B —d)aP.

If o = 1/2 and A is closed (exact) initially, then A remains closed
(exact). Likewise, if p = 1/2 and E is closed (exact) initially, then E
remains closed (exact).
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Proof. The evolution equations are straightforward calculations. To-
gether with Proposition 29, they imply that A and E remain closed if
they are initially. To prove the assertions about exactness, suppose that
A(0) = dag and E (0) = deg. Let a (t) and € (t) be solutions of

0
5= Aga, a(0) = ag
and
9 2
aEZAdE—M]g, £(0) =¢p

respectively. Then

gt (da) = d (gtoz> = —d (d6 + 6d) o = — (d6 + bd) (da) = Ay (dav),

and similarly

0 B J \ 2\ _ 2
5 (de) = d <ate> =d (Ade - |A\g> = Ay (de) — d|A]2.

By uniqueness of solutions to parabolic equations, we have A (t) = do ()
and E (t) = de (t) for as long as g () exists. q.e.d.

Theorem 38. Let (M™, g(t)) be a solution of the Ricci flow on a
closed manifold and a time interval [0,Q). Let Ay be a 2-form which is
closed at t = 0 and let Ey be a 1-form which is closed at t = 0. Then
there is a solution A (t) of

0
&A = A4A, A(0) = Ay
and a solution E (t) of
OB — AJE - d| AP E(0)=E
RN (0) = By

which exist for all t € [0,9). Suppose that
1
0 <Rm (U,U) + 5 W2+ |AW)? —2(VwA,U) — (Vi E, W)

at t = 0 for any 2-form U and 1-form W on M, and let Rm be the
curvature of the generalized connection on (M,g) with B = E — 2t A
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and C =1/2. Then for all t € [0,92), one has the estimate
0< e'Rm <)~(, )Z')
= RijreUU™ + 2[t (ViR — ViRjo) + VjAp] W/ U™
2 (ARje = 3V, ViR + 2Ry BP — B Ry )
|+t (2uRje + AVRy + ALRy; — 2V, VR Ay, ) | W
+1gje — AT Ay — VB
Proof. By Remark 37, there are closed solutions A and E of (3.6)

and (3.7), respectively, existing for —oco < ¢ < logQ. Set Q = e "Rm.
Then by Proposition 35,

(3.11) —Q - lezgt (Jf{ﬁ)

= gtRm—l—f{El
— 2 __ ~ ~ __
— ARm+Rm +Rm" +2Rm + (PO+A) v Rm.

Since Q > 0 at t = 0, it will suffice to apply the space-time maximum
principle (Proposition 25) to @ for 0 <t < . Notice that for j,k > 1,

(Fo+ A)" = —tR — ot

and define a generalized symmetric connection V on M x [0,€) for
i,j,k =1 by

f’?. = F’?.
ZO = _Rk
Ik = — <ka + F’f)

I‘00 = on = F?g 0,
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where the T'¥. are determined by the Levi-Civita connection of g, and

Fr = 5 (=1 VER — (6A)"

Let g be the space-time metric on M x [0,) induced by g: namely,
G = ¢¥ and §"¥ = =0 for ¢,7 > 1. By Lemma 26, § is parallel with
respect to V. One verifies by straightforward calculation that

ARm = Mqu V Rm = gqu \Y, Q= AQ

and
R0 = 35" Rijap Reare = 99" QijabQedne = Q2i1e,
and
Ez‘?kg = }N?vabcdqursCabquCd T = QabchpqrsCl]bqu;Z "= Q”kg’
where cab ed - = 606dgbe — 65abgd = ~tcoed Thus Equation (3.11) can

be ertten in the form
Vo = AQ +Q* + Q7,

whence the theorem follows by applying Proposition 25 to @ for 0 <

q.e.d.

t <.
If Rm is symmetric, we define another symmetric bilinear form H

on A2TM by stipulating that H obey the symmetries
Hapde = Hedab

Hapea = —Hyaea =
for all a,b,c,d > 0 and satisfy
Hijre = Rijie
f[Oij = V; Ak
Hojog A Ape+ V;Ey
for all 4,4, k,£ > 1. Then we define and expand

U (A, B UW)=eH ()ZX)
= Rl'jszijng + QWjVjAMU%

— (A?Apg n vng> Wi,
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Theorem 39. Let (M",g(t)) be a solution of the Ricci flow on a
closed manifold and a time interval [0,2). Let Ag be a 2-form which is
closed at t =0, and let Eg be a 1-form which is closed att = 0. Then
there is a solution A (t) of

0

—A=A4A A0)=A
9t d4, (0) 0
and a solution E (t) of
—FE=A E—d\A|2 E(0) = E
Ot d g 0

which exist for all t € [0,€). Suppose that
0 S v (Aa Ea U7 W)|t:0
=Rm (U,U) - 2(VwA,U) + [A(W)]* — (VwE, W)
for any 2-form U and 1-form W on M. Then ¥ (A, E,U, W) remains
nonnegative for all t € [0, ).
Proof. Suppose (M, g (t)) exists for ¢t € [0,2), and define
& (A, B,U,W) = e¢'Rm ()N( )?) ,
where Rm is the curvature of the generalized connection on (Mv ,g) with
B =FE —2t6A and C = 1/2. By hypothesis,
0< (A EUW)<®(A EUW)
at t =0forall U and W. So ® (A, E,U, W) >0 for all t € [0,Q2) and all
U, W by Theorem 38. Now since ¥ ()\A, NE, U, W) =V (A E,UXW),
it follows from Remark 32 that ® ()\A, NE, U, W) >0 for all t € [0,9Q),

all U, W, and all A > 0. In particular, at each fixed ¢ € [0,€2), we have
0<o ()\A, \E, U, )\_1W) for all U, W and A > 0, and hence

0< lim ® (AA,NE,UXN'W) =T (A, E,UW).

A—00

q.e.d.

Corollary 40. Let the hypotheses of Theorem 39 hold. Then for
any 1-form V, we have
0< 4 (A EV)=Rc(V,V)—2(5A) (V) +|A] +0E
=Rc(V,V) —2(0A) (V) + |AP® + 6B

for as long as the solution (M, g (t)) exists.
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Proof. For an orthonormal frame {e;}, take U;; = 3 (V;W; — V;IV;)
and trace over W € {ey,...,e,}. g.e.d.

4. Examples

We shall now develop some examples, which may be regarded as
further corollaries of Theorem 39. Our intent is to explore the utility of
the new LYH quadratics by comparing their implications with known
results in a few special cases. Although our principle examples come
from Kahler geometry, we emphasize that the main results of this paper
are more general, and in no way require a Kéahler structure.

4.1 Kahler examples

By definition, a Riemannian manifold (M",g) is Kéhler if there is
an almost-complex structure J : T/M — TM such that g is Hermi-
tian ¢ (JX,JX) = ¢g(X,X) and J is parallel Vx (JY) = J(VxY).
The latter condition immediately implies the symmetry R (X,Y) JZ =
J(R(X,Y) Z) of the Riemannian curvature.

There is a one-to-one correspondence between J-invariant symmetric
2-tensors and J-invariant 2-forms on a Ké&hler manifold. Indeed, given
a J-invariant symmetric 2-tensor ¢ (JX,JY) = ¢(X,Y) = ¢ (Y, X),
let F(X,Y)=¢(JX,Y). Then F is a 2-form F (Y, X) = —F (X,Y)
which is J-invariant F (JX,JY) = F(X,Y). Conversely, given a J-
invariant 2-form H (JX,JY)=H (X,Y) = -H (Y, X), let n(X,Y) =
—H (JX,Y). Then n is symmetric n (Y, X) =1 (X,Y) and J-invariant
n(JX,JY)=n(X,Y). The Kdhler form w is defined to be the 2-form
induced by a Hermitian metric g, and the Ricci form p is defined to be
the 2-form induced by the Ricci tensor Rec of g. These definitions are
justified by the following standard facts:

Lemma 41. Let J be an almost-complex structure on (M",g).
1. If (M, g) is Kdhler, then Rc is J-invariant.

2. If (M, g) is Kahler, then p is closed.

3. If g is Hermitian, then J is parallel if and only if w is closed.

It follows easily that the Ricci flow preserves a Kéhler structure.
Indeed, (1) implies that g remains Hermitian, whence (2) and (3) imply
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that J remains parallel, because

% (dw) = d <§tw> =d(—2p) = 0.

A key observation for the constructions in this section is the following:

Lemma 42. Let ¢ be a J-invariant symmetric 2-tensor and let F
be the corresponding J-invariant 2-form. Then ¢ satisfies the Lichner-
owicz-Laplacian heat equation

0
ZH=A
if and only if F satisfies the Hodge-Laplacian heat equation
0
—F = A4F.
ot ¢

Proof. 1f %qﬁ = A ¢, then direct computation gives

0 0
aFij =5 (J@'kd)kj) = JF <A¢kj + 2Rppqj o — Rf%z - Ridm)

= AFjj + 2JF Rypgj#*? — REFy — JERL G0,
The Hodge—de Rham Laplacian of F is
AdFij = - (déF)ij - (5dF)ij
= (ViVE By = VY ) + VF (V4B = ViFlg + V5 F)
= AFy — (V*Vi = ViV*) By + (V4 = W,V B
= AFj; + 29" R} Fyny — R Fyj — R} Fyp.

The identity

(R(Z,W)X,Y) = (R(X,Y)Z,W)
= (R(X,Y) JZ,JW) = (R(JZ,JW) X,Y)

implies in particular that R (JZ, W)X = —R(Z,JW) X, and hence

Jf Ripgj " = = Rikgg Jy " = 9" Riijq S} 6 = " Ry, Fry-
Thus

0

&Fz‘j = AgFyj — JFR{.¢j0 + RI ;.
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But since the Ricci tensor is J-invariant, we have

JLRY = J' Ry,
so that
—JfRije = —JiRi¢je = — R} Fi.
Hence 8tF Ag4F. The converse is proved similarly. q.e.d.

Proposition 43. If (M™,g(t)) is a Kdhler solution of the Ricci
flow with nonnegative curvature operator on a closed manifold, the
choices

1
A:tp—l- 5&)
and
")
EF=—-——dR
2

yield the estimate
0<Rm(UU)—-2(Vwp,U) + 4t2 |W| + - RC(WW)
1
+Re? (W, W) + 5 (VVR) (W, W)

for allt > 0 such that the solution exists.
Proof. The choice A =tp + %w satisfies

0 0 1
— A= 2p) = tA AgA
A= pttgpt g (=20) =thap = Ag

by the preceding lemma, and

|A]> = £2|Re|* + tR + %.

If E = df for some smooth function f, then F will satisfy

0
—FE=A4F—d|A
O B =8B - d|AP

if and only if

3 a ) 2 n
d<8tf> B = d(Af—t IRe] —tR—Z).
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The choice f = —t2R/2 satisfies
gf:Af—t2|Rc|2—tR
ot '

So to apply Theorem 39, we need only check that U (A, E,U, W) > 0 at
t = 0 for any 2-form U and 1-form W. Noting that Rc? (JW, JW) =
Rc? (W, W), we compute

1
(A, E,U,W) = Rm (U,U) = 2t (Vwp,U) + W%+t Re (W, W)

t2
+t2Re? (W, W) + 7 (VVR) (W, W).

This is clearly nonnegative at ¢ = 0 whenever the curvature operator is.
Hence Theorem 39 implies in particular that 0 < ¥ (A,E, U, %W) for
all U and W at any t > 0 such that the solution exists. q.e.d.

To apply Corollary 40, we note that 0F = ddf = %AR. Because

(54), = £ (3p); + 5 (), = 1V piy = LIV Ry = LIEVLR,
we have
(6A) (V) = %JkaRVi = % (VR,JV).
Then setting V = tJ X, we compute
Y (A, E,V)=Rc(V,V)—t(VR,JV)
+ (t2 IRe|? + tR + %) + t;AR
2 AR+ 2|[Re|* + & ]

2 [ +2(VR,X)+2Rc (JX, JX)
1 n
+5 (tR+2),
obtaining:

Example 44. If (M, g(t)) is a Kéhler solution of the Ricci flow
with nonnegative curvature operator on a closed manifold, then for any
vector field X and all £ > 0 such that a solution exists, we have the
estimate

0 R R n
, <|=R+Z=4+2(V + =+ = ).
(41)  0< |2 R+ +2( R,X>+2RC(X,X)} (t +2t2)
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The terms in square brackets compose Hamilton’s trace quadratic.
So this special case of our general inequality is weaker than that esti-
mate. To gauge the potential usefulness of our inequality, however, we
can make qualitative comparisons. Taking X = 0, we obtain

n

ogt2%+2m+2 :%[t(ﬂﬂg)]

Hence at any z € M and times to > t1 with t # 0, we have

2
1 n 3]
R(zx,to) > | — ) R(x,t —(—==1].
@)= (1) R+ 5 (1 -1)

If we have an ancient solution, so that the interval of existence is t €
(—o0, ), we can translate in time ¢ — t—7 and take the limit as 7 — oo
to conclude that R is a pointwise nondecreasing function of t. Thus this
particular example (4.1) of our general result is strong enough to recover
that important fact. (Compare [12] and [13].)

On the other hand, suppose t; > 0 and there is some constant C > 0
such that R (x,t;) > nC/t;. Then for all ty € [t1,Ct;] we have

R (z,t1) t\*nC n (1 R (z,t1)
to) > — W (L) 2 D () >
Rlrto) 2 =5+ <t2> 2 o \C = o2

In all known applications of a trace LYH inequality, one has t; > ¢ >
0. Thus in this sense also, the special case (4.1) of Corollary 40 is
qualitatively equivalent to Hamilton’s estimate.

Remark 45. If (M™, g (¢)) is a Kdhler solution of the Ricci flow on
a closed manifold, we can choose A = p and E = —dR/2 (thereby drop-
ping the explicit time dependency from Example 44) and thus obtain
the quadratic

1
v <p7 —5dR. U, W) =Rm (U,U) — 2(Vwp,U)
1
+Re2 (W, W) + 5 (VVR) (W, W),

One would not, however, expect this to be positive for general initial
data.
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4.2 Other examples

Proposition 46. Let (./\/l2,g(t)) be a solution of the Ricci flow
on a closed surface, and let dS denote the area element of g. Then for
any pair (¢, f) solving the system

0
4.2 —¢p=A
(4.22) 570 = Do+ Ro
0
4. —f= 2
(42b) oS = A6,
the choices A = ¢dS and E = —2df yield the trace quadratic
0
V(A B, X) = RIX]+2(Ve, X) + o f

and the matriz quadratic

U (A E,UW)
=R|UP> =2V, W) (w,U) + ¢> [W[*+2(VV ) (W, W).

Ifp >0 (¥ >0) att =0, then ) > 0 (U > 0) for as long as the solution
exists.

Example 47. On any closed surface (/\/12, g) of nonnegative cur-
vature evolving by the Ricci flow, the pair (¢, f) given by

p=tR+1
f=to=t’R+t

yield the estimate

2tR+1

o
0< =R+2(VR,X)+R|X|* + 3

ot
for any vector field X and all £ > 0 such that a solution exists.

It is remarkable that this special case of Proposition 46 recovers the
result in Example 44. Even though Proposition 46 is a priori more
general than Proposition 43 in the sense that it depends only on the
dimension, the construction in Proposition 46 is specific to surfaces,
and does not generalize readily to higher-dimension manifolds (whether
Kahler or not).

In analogy with Remark 45, one can drop the explicit time depen-
dency in Example 47 and notice that the choices ¢ = f = R solve
system (4.2a)-(4.2b), obtaining:
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Remark 48. On any closed surface (MQ,g(t)) evolving by the
Ricci flow, one has the trace LYH quadratic

V(A E, X) = %R+2<VR,X>+R\X|2.

Proof of Proposition 46. Write the area element of g as (dS)ij =

Ji"’gkj, and suppose that A = ¢ dS for some smooth function ¢. Then
using the standard fact that %dS = —RdS, we get

0

0
5= <8t¢> - R¢>> ds.

Because AjA = (A¢) dS, it follows that A satisfies the Hodge heat
equation %A = A4A if and only if ¢ evolve by Equation (4.2a). Now
suppose F = —2df for some smooth function f. Then since

, .
|A]? = 29" g7 TP gy T gae = 267,

it follows that E satisfies %E = A4E — d|A)? if and only if

—2d <§tf> = 2(dd + dd) (df) — dpdep = —2d (Af + ¢*) .

Hence we can apply Theorem 39 with any solution f of (4.2b).
To apply Corollary 40, we first calculate

(64); = (6 (¢dS);) = (V) (dS);; = VI gy = JFVio = (] dg); -
Then we need only note that §FE = 2Af and set V = 2JX in the

resulting expression:

V(A E,V) = %R V]2 =2(Ve, JV) + 24% 4+ 2Af.

Proof of Example 47. The choice ¢ = tR + 1 satisfies

gt =t(AR+ R?) + R= A¢ + R¢.

Then if f =t¢ = t?R + t, we get

gt =t(Ap+RP)+d=Af+(tR+1)p=Af+ ¢
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Hence the trace LYH quadratic takes the form
G(A,B,tX) = (R|XP +2(VR,X) + AR+ R?) + 2R +1,
which is certainly positive at ¢t = 0. q.e.d.

Remark 49. On any surface (M?,g(t)) of strictly positive cur-
vature evolving by the Ricci flow, the trace inequality

0§RX\2+2<V¢,X>+§tf

in Proposition 46 can be deduced from the following calculations. Let
F = Af+ ¢*— R 1|V¢|* and observe that

O F — A(Af+¢%) + RF + R6* + 266 — | Vo’

ot
— 2R ((Vo, VAP + ¢ (Ve, VR)) + R™2|Ve|* AR.

Since by Bochner,

AF = A (Af +¢?) — (<VA¢ Vo) + |VVe|: + |V¢y )
= (|V¢\2AR+ 2 <VR, v |v¢12>) 2R3 |VR]|Vo]?.
we have

%F = AF + RF + R¢* + 20A¢
+2R7 (|VVo— RIVR® Ve|* ~ 6 (Ve,VR))
> AF+RF+ R (A¢— (Vo,VInR) + ¢R)?.

The inequality on the last line is equivalent to the estimate

N = R (R¢® + 20A¢) +2 (\vw ~R'VRe V|’ - ¢ (Ve VR>)
— (A¢ — (V¢,VInR) + ¢R)?

—2(|vvef - <V|V¢y VlnR>—|—|V¢|2|V1nR|2)

( ) =286 (V6,VInR) + (V6, Vo R)?)

2|VVp—Vop @ VIn R[> — (Adp — (Vé, VInR))* >0
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Our final example makes no use of a Kahler structure:

Example 50. If (M", ¢(t)) is any solution of the Ricci flow on
a closed manifold, the choice A = 0 lets us take £ = —df for any
solution f of the ordinary heat equation % f = Af, and leads to the
LYH quadratic

U (0, —df,U,W) = Rm (U,U) + (VVf) (W, W)

In case the curvature operator of (M, g) is nonnegative initially (hence
for all time), Theorem 39 applies whenever VV f > 0 initially and is
equivalent to the statement that the weak convexity of f is preserved.
(Compare Remark 2 in §6 of [6].)
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