Ark. Mat., 55 (2017), 131-153
DOI: 10.4310/ARKIV.2017.v55.n1.a6
© 2017 by Institut Mittag-Leffler. All rights reserved

Approximations and examples of singular
Hermitian metrics on vector bundles

Genki Hosono

Abstract. We study singular Hermitian metrics on vector bundles. There are two main
results in this paper. The first one is on the coherence of the higher rank analogue of multiplier
ideals for singular Hermitian metrics defined by global sections. As an application, we show
the coherence of the multiplier ideal of some positively curved singular Hermitian metrics whose
standard approximations are not Nakano semipositive. The aim of the second main result is to
determine all negatively curved singular Hermitian metrics on certain type of vector bundles, for
example, certain rank 2 bundles on elliptic curves.

1. Introduction

The main purpose of this paper is to investigate properties of singular Hermi-
tian metrics on vector bundles on complex manifolds. In complex algebraic geom-
etry, singular Hermitian metrics on line bundles and their multiplier ideal sheaves
are very important and widely used. The higher rank analogue of these notions
in the vector bundle case are also considered and investigated in many papers (for
example, [2], [5], [9], [12], [13], [14], etc.). There are several nonequivalent defini-
tions for singular Hermitian metrics on vector bundles. Here we adopt the following
most general definitions ([2] and [13], see Definitions 3.1, 3.2). Let X be a complex
manifold and let E be a holomorphic vector bundle on X. A singular Hermitian
metric on F is a measurable function on X whose values are nonnegative Hermitian
forms. We say that h is negatively curved if |s|? is plurisubharmonic for every local
holomorphic section s€ O(E), i.e. for every holomorphic section of E on each open
subset of X. We say that h is positively curved if the dual metric h* is well-defined
and negatively curved. In general, appropriate definition of curvature currents is
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not known for general singular Hermitian metrics on vector bundles. Thus we avoid
using a curvature current of a singular Hermitian metric to define the positivity and
the negativity here. Instead we use a characterization of Griffiths seminegativity of
smooth metrics (Lemma 2.2).

We have two main results in this paper. The first one is on the coherence of
a higher rank analogue of multiplier ideal sheaves. Let h be a singular Hermitian
metric on E. Following [5] and [9], we denote by E(h) the sheaf of locally square
integrable holomorphic sections of E with respect to h, i.e. E(h) is a sheaf of local
holomorphic sections s of E which satisfy |s|? € Ll .. The coherence of these sheaves
is a basic problem, and the line bundle case was established by Nadel [11]. The first
main result is as follows.

Theorem 1.1. Let X be a complex manifold, E be a holomorphic vector bundle
on X, and s1,52,...,syEH (X, E) be a global holomorphic section of E. Assume
that there exists a Zariski open set U such that, for each x€U, a fiber E, over x is
generated by {s;(x)}i=1,2,...n. Define a morphism of vector bundles

p: XxCVN —F

by sending (x, (a1, a2, ...,an)) to > a;s;(x). Let hg be a smooth Hermitian metric
on X xC¥ and let h be the quotient metric of ho induced by ¢. Then, the sheaf E(h)
of locally square integrable sections of E with respect to h is a coherent subsheaf of

O(E).

Here we note that ¢ is surjective on a Zariski open set U of X by assumption,
thus h is well-defined pointwise on U. Therefore h is well-defined as a singular
Hermitian metric (see Section 3 for well-definedness of singular Hermitian metrics).

Thus we can solve the problem of coherence of E(h) for metrics of this particular
form. On the other hand, if locally there exists a sequence of smooth Hermitian
metrics {h;} satisfying h;1Th pointwise and ©p; >Naxy®Idg for a fixed continuous
(1,1)-form 7, we have that E(h) is coherent ([5, Section 4]). For proving this, we use
Hoérmander’s L? estimate. The condition that Chern curvature is bounded below
in the sense of Nakano is important (although they can be weakened) for using L?
theory. For a more detailed discussion, see [13, Section 3]. We construct an example
of a singular Hermitian metric which has the form of Theorem 1.1, but its standard
approximation does not have uniformly bounded curvature in the sense of Nakano
(cf. Example 4.4).

Theorem 1.2. Let E=X xC? be a trivial vector bundle of rank two on X =C?2.
Let hy be the standard Euclidean metric on E. We denote by (z,w) the standard
coordinate on X and let s1=(1,0),s2=(z,w) be global sections of E. We define
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a singular Hermitian metric h on E as in Theorem 1.1 using s1,S2. Then, the
standard approximation defined by convolution of h does not have uniformly bounded
curvature from below in the sense of Nakano.

As a corollary of Theorem 1.1, we prove the coherence of E(h) even in this
situation.

Corollary 1.3. For h constructed in Theorem 1.2, we have that E(h) is co-
herent.

Thus Theorem 1.1 does not seem to be a consequence of the results in [5].

Our second main theorem is on the determination of singular Hermitian met-
rics on certain vector bundles. We are mainly interested in determining all singular
Hermitian metrics with certain curvature-positivity conditions on the vector bun-
dle in [8, Example 1.7]. First we explain this example. Let C be an elliptic curve
and let E be the vector bundle defined by the following non-splitting exact se-
quence:

0—0c—FE—0Oc—0.

It is known that the bundle F satisfying this condition is unique. In [8, Exam-
ple 1.7}, a line bundle L=0Opg)(1) on the projectivization P(E) is considered.
They determined all singular Hermitian metrics on L with positive curvature. In
this paper, we determine all negatively curved singular Hermitian metrics on F.
This is a parallel result with [8, Example 1.7], since singular Hermitian metrics on
L can be regarded as “singular Finsler metrics” on E. Our result is the follow-
ing:

Theorem 1.4. Let X be a compact complex manifold, L be a holomorphic line
bundle on X, and E,E’ be holomorphic vector bundles on X. Assume there is an
exact sequence

0—L-5ELE —o.
Suppose that there are a holomorphic section f€ H(X, L*) and a negatively curved
singular Hermitian metric h on E with |i(s)|2=|(f,s)|* for each s€ L, where (-,")
1s the natural pairing on L} X Ly. Then, this exact sequence splits.

Our technique is different from [8]. To make the argument clear, we consider
the simpler case that h is a smooth Hermitian metric (in particular, h is positive
definite on every point of X). In this case, |i(s)|?2=]|(f,s)|?#0 for non-zero s€L,
thus f is non-vanishing. Therefore L* must be isomorphic to the trivial line bundle
Ox. In addition, for simplicity, we make additional assumption that E’ is also a
trivial line bundle. We will sketch the proof in this case.
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Let {U,} be a covering of X such that each U, is enough small. We can assume
E|y,, is isomorphic to a trivial vector bundle. Take a holomorphic frame (eq 1,€q,2)
of E satisfying i(1)=e 1 and p(eq,2)=1. Then there is a holomorphic function h.g
on U,NUg with eq 2 —ego=hages 1. Let vo:=(eq,2,€q,1)n, Where (-, -} denotes the
Hermitian inner product of h. Then we have

Yo = haﬂ +’Yﬁ

By the negativity of h, we can show that v, is a holomorphic function on U, (see
Proposition 5.2). Consider Cech 0-cochain (74, Us),. Its differential is the Cech
1-cocycle (hag, Uap)a,3, which is identical to the extension class of the given exact
sequence. Thus the extension class is 0 in H'(X,Ox) and the given sequence is
trivial.

The most important point is that negativity of h implies holomorphicity of 7.
The proof in the general case is similar to this argument, but it requires more
complicated calculation.

As a corollary of Theorem 1.4, we determine all negatively curved singular
Hermitian metrics on E.

Corollary 1.5. Let C be an elliptic curve, and E be a rank 2 bundle defined
by the non-splitting exact sequence

0—>Oc—>Ei>Oc—>0.

Let h be a negatively curved singular Hermitian metric on E. Then h=p*h’ holds
for a constant metric ' on O¢, where p*h’ is defined by the formula |s(z)|p=n =
|p(s(2))|n for any z€C and a section s of E.

The organization of the paper is as follows. In Section 2, we collect prelimi-
nary materials related to smooth Hermitian metrics on vector bundles and singular
Hermitian metrics on line bundles. Section 3 contains the definition of singular
Hermitian metrics on vector bundles and their properties described in [2], [5] and
[13]. This section also contains some examples of singular Hermitian metrics on
vector bundles. In Section 4 and 5, we prove the main theorems and make some
discussions.
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2. Hermitian metrics on vector bundles and singular Hermitian metrics
on line bundles

In this section, we review some classical notions such as smooth Hermitian
metrics on vector bundles and singular Hermitian metrics on line bundles. Basic
references for this section are [6] and [7].

Notation

Throughout this paper, X denotes a complex manifold and E denotes a holo-
morphic vector bundle on X. For z€X, E, denotes the fiber of E over . We
use the notation s€ E for denoting a vector in some fiber of F, i.e. a point of the
total space of E. The sheaf of holomorphic sections of E is denoted by O(E). The
natural pairing E x E,—C on each fiber is denoted by (,-). We denote by ‘A the
transpose of a matrix A.

2.1. Smooth Hermitian metrics on vector bundles

Let h be a Hermitian metric on F, i.e. h defines a positive definite Hermitian
inner product (-,-); on each fiber E, and, for any smooth local section s,¢ of E,
(s,t)p is a smooth function. We denote by |-|, the norm on E. If we fix a local
holomorphic frame (s1, s2, ..., $;) of E, we can identify s=) ¢;s;€ E with a column
vector Y(c1, ¢, ..., ¢). Then h has a matrix representation defined by

(s,t), ="shi.

The Chern curvature © of (E, h) is an End(E)-valued (1,1)-form locally defined
by @:5(%‘1%). For s,t€ F and differential forms «, 3, we introduce the following
notation

{s®a,t@B}n = (s, t)nanp.

Here we recall the notion of the positivity.

Definition 2.1. Let © be a Hermitian form on E®Tx.

(1) We say that © is Griffiths semipositive (resp. Griffiths positive) if ©O(s®&)>
0 (resp. >0) for every local section se E,£€Tx.

(2) We say that © is Nakano semipositive (resp. Nakano positive) if O3> s;®
&) >0 (resp. >0) for every local section s;€FE,§;€Tx,i=1,2,...,min(n,r).

We say that (E,h) is Griffiths semipositive if the Hermitian form ©(s®¢, t®
n):={0s,t}r(£,7) on EQTx defined by its Chern curvature © is Griffiths semi-
positive. It is equivalent to the condition that i{©s, s}, is a positive (1, 1)-form
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for every s€ E. When a Hermitian form © on E®Tx is Griffiths (resp. Nakano)
semipositive, we write ©>air0 (resp. >nax0). For two Hermitian forms ©; and
@2, we write @1 ZNak(")Q When @1—@2 2Nak0~

If dim X=1 or rank E£=1, Griffiths positivity and the Nakano positivity are
equivalent. Griffiths positivity has nice functorial properties. For example, it is
preserved under the quotient and the dual of a Griffiths positive vector bundle is
Griffiths negative. These properties do not hold for Nakano positivity. Nakano
positivity is often used to describe a condition for applying L?-methods.

We give the following characterization of Griffiths negativity. This will be used
as a definition in the singular case.

Lemma 2.2. ([13, Section 2]) Let h be a smooth Hermitian metric on E.
Then, the following conditions are equivalent.

(1) h is Griffiths seminegative (as in Definition 2.1).

(2) For every local holomorphic section s€O(E), |s|?=(s,s), is plurisubhar-
MONiC.

(3) For every local holomorphic section s€ O(E), log|s|2 is plurisubharmonic.

2.2. Singular Hermitian metrics on line bundles and plurisubharmonic
functions

On a line bundle, a singular Hermitian metric is also important. We begin with
the definitions.

Definition 2.3. (Cf. [7]) Let L be a holomorphic line bundle on X. A singular
Hermitian metric h on L is a measurable metric on L with locally integrable weight
function, i.e. locally h has the form |-|2=|-|?e~¢ for some L{, _ function ¢.

We note that two singular Hermitian metrics h, b’ are equal when ¢=¢’ holds
for their local weight. In this definition, the assumption that ¢ is locally integrable
ensures the existence of the curvature current. Formally we have ©=—00logh=
00¢. Since ¢ is locally integrable, the right-hand side can be defined in the sense
of currents. We can also show that the right-hand side is independent of the choice
of trivialization, thus the curvature current is globally well-defined.

A singular Hermitian metric & on a line bundle L is said to be positively curved
if its curvature current ©,, satisfies ©;>0 in the sense of currents. Note that h is
positively curved if and only if its local weight ¢ is plurisubharmonic.

For a plurisubharmonic function ¢, the associated multiplier ideal sheaf Z(¢)
is defined by

Z(9)(U) = {f €OU);|f[?e™? € Lie(U)}-
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For a positively curved singular Hermitian metric h=e~?, Z(¢) is independent of a
choice of local trivialization. Therefore Z(h):=Z(¢) is well-defined. The coherence
of Z(h) is obtained by Nadel using L?-methods:

Theorem 2.4. ([7, Proposition 5.7] and [11]) For any plurisubharmonic func-
tion ¢, Z(@) is coherent. It follows that, for any positively curved singular Hermitian
metric h, Z(h) is coherent.

This theorem is obtained by using L?-methods. The higher rank analogue of
this theorem also holds under the assumption on the Nakano curvature condition
which ensures that we can use L?-methods (see Proposition 3.4).

3. Definition and examples of Singular Hermitian metrics on vector
bundles

In this section, we introduce the notion of a singular Hermitian metric on
a holomorphic vector bundle. By de Cataldo, metrics approximated by smooth
metrics in C2-topology on an open set are considered [5]. This approach is suitable
to consider the Nakano positivity condition to use L?-methods. A more general
concept is given by Berndtsson and Paun in [2], where all measurable metrics are
considered. We follow this approach and consider curvature conditions similar to
[5] when applying L?-methods.

Definition 3.1. ([2, Section 3] and [13, Section 1, Definition 1]) Let X be a
complex manifold, and E be a holomorphic vector bundle on X. A singular Her-
mitian metric h on E is a collection of nonnegative Hermitian forms h, on E, for
almost every x€X such that, for every holomorphic section s,t of E, (s,t) is a
measurable function. In this paper, we admit the case det h=0.

We also admit the case h(s,)=oc for some s, € E,. In this case, we assume that
the set {x€X;h(s;)=00 for some s, €E,} has zero measure. Here, a Hermitian
metric on a complex vector space V' with values in [0, 00] is defined as follows:
there exists a subspace VoCV which satisfies that h|y, is a nonnegative ordinary
Hermitian metric and h(s)=o0 for all seV\Vj.

Two singular Hermitian metrics h, h’ are said to be equal if h=h' a.e.

Because this definition is too general to deal with, we should restrict our inter-
est to singular Hermitian metrics with appropriate curvature condition. However,
it seems difficult to define Chern curvature forms or currents for general singular
Hermitian metrics (see Section 3 in [13]). Thus, alternatively, we use the charac-
terization described in Lemma 2.2 to define the curvature condition of a singular
Hermitian metric in the sense of Griffiths.
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Definition 3.2. ([2, Definition 3.1] and [13, Section 1, Definition 2]) Let h be a
singular Hermitian metric on a holomorphic vector bundle E.

(1) h is negatively curved (or Griffiths seminegative) if |s|? is plurisubharmonic
for every local holomorphic section s of F.

(2) h is positively curved (or Griffiths semipositive) if the dual metric h* is
well-defined and negatively curved.

Note that, in our definition, the dual metric of h is well-defined as a singular
metric if det h#0 a.e. Therefore we define the notion of a positively curved metric
only for singular metrics with det h#0 a.e. We can also define a Nakano negative
singular Hermitian metric (cf. [13]) although we will not use the Nakano negativity
in this paper. If L is a line bundle with a singular Hermitian metric h, the positivity
conditions in Definition 3.2 and after Definition 2.3 coincide.

As a higher rank analogue of multiplier ideal sheaves, we define a subsheaf
E(h) of O(E) as follows.

Definition 3.3. ([5], Definition 2.3.1) For a singular Hermitian metric h on FE,
E(h) denotes the sheaf of locally square integrable holomorphic sections of E with
respect to h, i.e. holomorphic sections s€ O(E) such that |s|? € L]

loc*

If L is a line bundle, L(h)=L®Z(h). In the line bundle case, Z(h) is coherent
for positively curved h (Theorem 2.4). In the vector bundle case, we also have that
E(h) is coherent under an assumption related to Nakano positivity. The precise
statement is as follows.

Proposition 3.4. ([5], Proposition 4.1.3) Let h be a singular Hermitian metric
on E. Assume that locally there exists a sequence of smooth Hermitian metrics
{h;} satisfying h;Th pointwise and O, >Naxy®Idg, where v is a fized continuous
(1,1)-form. Then we have that E(h) is coherent.

This proposition also holds under the weaker assumption that the curvature of
h; is uniformly bounded from below in the sense of Nakano, i.e. hj>Nak—Cw for
some constant C' and a Hermitian form w on X.

To construct positively (or negatively) curved metrics, the following lemma is
useful.

Lemma 3.5. Let E, F be vector bundles on X, and let $:O(E)—O(F) be a
sheaf homomorphism.

(1) Let h be a negatively curved singular Hermitian metric on F. Then, a
singular Hermitian metric ¢*h on E defined by

<87 t>d>*h = <¢(S)7 ¢(t)>h

1s also megatively curved.
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(2) If $:O(E)—O(F) is surjective on an open set U of full Lebesque measure
and h is a singular Hermitian metric on E, then the quotient metric on F is well-
defined as a singular Hermitian metric. Moreover, if h is positively curved, so is
the quotient metric.

Proof. (1) For a holomorphic section s of E, we have that ¢(s) is a holomorphic
section of F. Since h is negatively curved, |s|s,=|d(s)|r is plurisubharmonic.

(2) We have that the quotient (singular) metric is well-defined on F'|y. Since
U is an open set with full measure, we have a singular Hermitian metric on F. If h
is positively curved, we have that the dual metric h* is a negatively curved singular
Hermitian metric on E*. The quotient metric coincides with the dual of (¢*)*h*,
where ¢*:O(F*)—O(E*) is the dual of ¢. It follows that the quotient metric is
positively curved by (1). O

FEzample 3.6. We can construct a positively curved singular Hermitian metric
using given global sections of a vector bundle. Let sy, sa, ..., sy € H(X, E) be global
sections of a vector bundle E on a complex manifold X. Then we have the following
morphism of bundles

¢: XxCN —E

sending (z, (a1, ag,...,an)) to > a;s;(z). We assume that there exists a Zariski
open set U on which these {s;} generate each fiber of E (we refer to this condition
as that these {s;} generically generate E). Then that ¢ is surjective on U. Thus,
by Lemma 3.5, the quotient metric h of the standard metric on CV is a positively
curved singular Hermitian metric on F.

In Proposition 4.1, we prove that E(h) is coherent. Note that we do not know
that h can be approximated by smooth metrics with Nakano positive curvature (or
metrics which have Nakano curvature bounded from below). In Example 4.4, we
will show an example of this kind of metric which does not seem to satisfy Nakano
curvature condition. This type of singular Hermitian metrics is also investigated in
[14, Example 3.6].

Ezample 3.7. We shall show that there are positively curved singular Hermitian
metrics on tangent bundles of toric varieties.

Let X be a toric manifold. By definition, there is a inclusion (C*)* C X and ac-
tion (C*)"~X. Considering the differentiation of the family of actions (eie7 1,...,1)
at #=0, we have a holomorphic vector field on X. Similarly, we have n=dim X
vector fields which generates TX on (C*)™. Therefore, by Example 3.6, we can
construct a positively curved singular Hermitian metric on T'X. Here, we can also
use toric Euler sequence (cf. [4, Theorem 8.1.6]) to construct such metrics on TX.
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In particular, we have a positively curved singular Hermitian metric on Tx on
the one-point blow-up X =BlpP? of P2 at PcP?. Note that X is isomorphic to a
toric variety associated to a complete fan ¥ defined by four rays Ry (0,1), R, (1,1),
R4 (1,0),Ri(—1,—1). This gives an example of a positively curved singular Her-
mitian metric on a vector bundle with no smooth Griffiths semipositive Hermitian
metrics. Indeed, the exceptional divisor C' on X is a (—1)-curve. Then we have an
exact sequence

0—Tc —>Tx|c —>NC/X —0

on C. If there is a smooth Hermitian metric on Tx with Griffiths semipositive
curvature, its restriction to C is also semipositive. Then we have a semipositive
metric on N¢/x =2O(—1), which is a contradiction.

Ezample 3.8. Let E be a holomorphic vector bundle on X. We denote by P(F)
the projective bundle of hyperplanes of E and by O(1)=0pg)(1) the tautological
line bundle on P(E). We denote O(k):=0O(1)®*. Let h be a singular Hermitian
metric on a line bundle O(1). Assume that h|p(g), is bounded for almost all 7€ X.
Then we can construct a singular Hermitian metric A’ on E®det F as follows. First,
we define a vector space F}, r€ X, by

F, =HO (P(E)a:, (O(T+1)®KP(E)/X)|]P’(E)T) .

Then the collection {F}; },ex forms a holomorphic vector bundle F. By computation
of transition functions, we have that F' is isomorphic to E®det E. We define a
singular Hermitian metric A’ on F by

(5, 8) :/ {5, s
P(E).

for s,teF,. Here, we use the notation {-,-} defined in Section 2.1. Recall that
when s®a is an E-valued p-form and t®( is an E-valued g-form, the product
{s®a,t®B}) is a (scalar-valued) (p+gq)-form. In this situation, we consider s,t
as O(r+1)-valued (r—1,0)-forms on the fiber P(E),, then {s,t}p+1 is an (r—1,
r—1)-form. Therefore we can integrate {s,t},-+1 on the fiber P(E),.

When h is smooth and semipositive, it is known that h’ is Nakano semipositive
(cf. [1] and [10]). We want to show that if h is a semipositive singular Hermitian
metric, we can locally approximate h' by Nakano semipositive smooth Hermitian
metrics. Let UCX be a small open set. We assume that E is trivial on U, then we
can write E=U xC" and P(E)=U xP"~!. The line bundle O(1) admits a smooth
positive Hermitian metric on UxP"~!. By the argument similar to the proof of
[3, Theorem 1], we can construct an approximation of h by smooth semipositive
metrics {h;} on VxP ! where V is a relatively compact subset of U. Each
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h;j induces a smooth Hermitian metric h; on E®det E|y, which is known to be
Nakano semipositive. Thus we can construct a local approximation of A’ by Nakano
semipositive smooth Hermitian metrics.

4. Singular Hermitian metrics induced by global sections

In this section, we study singular Hermitian metrics on vector bundles which
are induced by holomorphic sections (Example 3.6).

Proposition 4.1. Let X be a compler manifold, E be a holomorphic vector
bundle on X, and s1,52,...,syEHO(X, E) be holomorphic sections. Assume that
there exists an open dense set U such that, for every x€U, a fiber E, over x is
generated by these {s;(x)};. Define a morphism of vector bundles

p: XxCV —F

by sending (x,(a1,as,...,an)) to > a;s;(x). By assumption, ¢ is surjective on a
Zariski open set. Let hy be a smooth Hermitian metric on CN and h be the quotient
metric of ho induced by ¢ (When hg is the standard Euclidean metric on CN, it
is constructed in Example 3.6). Then, the sheaf E(h) of locally square integrable
sections of E with respect to h is a coherent subsheaf of O(E).

Remark 4.2. By Proposition 3.4, E(h) is coherent if h can be approximated
by smooth metrics {h;} such that the curvature is uniformly bounded below in the
sense of Nakano (i.e. there is a constant C'>0 satisfies

On,; >Nak —Cw®ldg,

where w denotes a fixed Hermitian form on X). Here, some metrics defined in
Example 3.6 seem hard to approximate in such a manner. See Example 4.4 after
the proof.

Proof. First, we consider the case that hg is the standard Euclidean metric.
To prove the proposition, we calculate the value of |s|i explicitly, and use the result
in the line bundle case. Since the statement is local, it is sufficient to show the
proposition on a small open set U. We assume that F is trivialized on U by a holo-
morphic frame ey, es, ..., e, on U. We regard each Sizzj fije; as a column vector
Y fidy fizs oo fin). For s=(f1, fa,..., fr), we will show the following equation.

Lemma 4.3.

2
Z1§¢1<1‘2<...<u_1§N ‘det(s Siy Siy "'sir—l)’

} : ] 2
1<j5 < << <N| ( jl j2"' j7‘)|
S71<J2 Ir>

sl =



142 Genki Hosono

Proof. We recall that h is a quotient metric of the standard metric on X x CV
induced by ¢:X xCN — E. By considering the dual, h can be regarded as the dual
metric of the restriction of the standard metric via ¢*:E*—C~. We denote the
dual of h by h*. We have that ¢*(&)=(£(s1),...,&(sn)) for £€ E*. Therefore the
norm of £ with respect to h* is

N
€l =D 1)1,
i=1
thus the matrix representation of h* is as follows:
N
= fiifir
i=1
Since the dual metric h* can be represented as th~!, we have that
N
Wyt => Fiifix
i=1

Now we shall prove that det(h~!) is the denominator of the right hand side of the
equation above. We have that

deth™t= Z sen(o thm

o€S,
= Z sgn(o) H Z iz fizot)-
oES, J=1i;=1

Extending the product, it follows that

Z ngn ) fis i fir oy Fivr fivo(r)

When some two of iy, ..., i, are the same, cancellation occurs in the sum ) __¢ and
it becomes 0. Therefore

Z Zbgn le,lle,o(l) fzr,rfzmo(r)

i1,...,0p=10€S,
i #’Lk

M

Z Sgn fu,lfzha(l) fzr Tfu ,o(r)s
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because this sum is a real number. On the other hand, we have

Z |det(s;, si2...sir)|2

1<i1 <ia<...<ip <N

= Z Z Sgn(U)fil,gu)---fi,,,a(r)] [Z sen(7) fiy vy fi ()

11<...<ir LOES, TES,

= > D> sen(on) fiy o) far ) Firo) o)

i1 <...<ir 0€ES, TES,

We rearrange each term in this sum so that the sequence o(1),...,0(r) becomes
1,2,...,7. Then we obtain

= Z Z ZSgn(o—’r)figfl(l),1fi671(1),‘r(o’_1(1))'~'fiU,1(T),Tfia,1(T),T(o"l(r))

11<...<ir 0€S,. TES,

N
S0 sen(ro N i fir@or @y fiva i @1 ) -

i1,..,ir=10ES,
157k

Here we use sgn(o7)=sgn(to1).
Thus we have that

det(h™) = > |det (s, 8j,--55.)]%

1<j1<j2<...<jr <N

By changing basis, it is sufficient to prove in the case s=(1,0, ...,0). In this case,
|s|n="h11 holds. We have to calculate hq1, which can be written using (1,1)-cofactor
of h=! and det(h™1). We can calculate this cofactor similarly as above, because
(1,1)-cofactor is the determinant of (n—1)x (n—1) submatrix. This completes the
proof. [

Now we continue the proof of Proposition 4.1. By the lemma, |s|? is locally
integrable if and only if each term in the right hand side

2 2
|det(s s;, Siy--5i,_,)| /Z |det(sj, 8j,..-55,)]

is locally integrable for all 1<i; <ig<...<i,—1<N. We define a multiplier ideal
sheaf J by using a weight ¢=log 3" |det(s;, 5;,...5;, )", i.e.

_ . /12 1
j(U) - f € O(U) € Lloc .

, 2
Zlfjl <jo<...<jr<N |det(3j1 S, "'Sjr)|

Then the condition s€ E(h) is equivalent to the condition that det(s s;, Siy...Si._,) €
J for each iq, 1o, ...,7,_1. We have that J is coherent, because multiplier ideals are
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coherent. It follows that, for each 1,19, ...,4._1, the sheaf of sections s satisfying
det(s s;, Siy..-8i,_, ) €J is coherent. Since E(h) is the intersection of all such sheaves,
we have that E(h) is coherent. Note that it is a finite intersection of coherent
sheaves.

Now we consider the general case. We denote by hg,. the standard metric
on CV. Then locally we can write as

Chiue <hg < C'hpyc
for some C, C’>0. Therefore, taking quotient, we have that
Chy <h<C'hy,
where h; denotes the quotient metric induced by hgyc. It follows that
Clsln, < sl < C'|sln,

for any section s€ E. This shows that E(h1)=F(h) and E(h1) is coherent by the
preceding discussion. [J

Here, for the next example, we will represent the curvature condition in Re-
mark 4.2 in the matrix form. In the following, we regard h as its representation
matrix. The Chern curvature of h is written as @:5(5_105)22 0;; dz;ANdZz;,
where ©;; is a section of End(E). Then, the Hermitian form on E®Tx induced by

© can be written as follows:

O(s®¢, tom) ={Os, t}(£,7) = ("s'ONt)(€,7)

for s,t€E and §,neTx. If we take ¢;00/0z; (i=1,2,...,r, j=1,2,...,n) for the
frame of E®Tx, the corresponding matrix representation of O(:,-) is as follows:

‘O11h '©1sh .. 'O,k

t@g,lh t@272h t@g’nh
ONak = : : N .

'{Op1h 'On0h ... 'O,k

Here, each t@ijh is an r xr matrix and then On,x is an nrxnr matrix. Then the
condition that the curvature of h is bounded from below in the sense of Nakano is
equivalent to the condition that the following matrix is nonnegative:

ONak +C- (wijh)i g,

where we write w=>_ w;;i dz; AdZ;.
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Example 4.4. Take X=C2. Let E=X xC? be a trivial rank two bundle. Let
(z,w) be the standard coordinate on X. We choose sections s1=(1,0), so=(z,w).
Then the metric induced by s1, s2 on E can be written as

b 1 lw|? —wz
w2 \—zw |2 +1)

Every entry of h is smooth on C?\{w=0}. The dual of h is

2 .
hdual:thi1 = <|Z j_l zw) .

wZ |wl|?

We approximate h in two ways, and calculate eigenvalues of Onax+C'- (wj;h); ;.
As the consequence, we will see both the approximations do not have bounded
curvature below in the sense of Nakano. In particular, we will show that the Nakano
etgenvalue of the approximation of h obtained by convolution is not bounded below.
We consider the following two approximations of hqual:

|2]2+1 2w 0 0
h ual,e = — =h ua
dual, < wz  |w]?+e dual € {

;o (1ZPH1+e 2w 10
duaLa_( wz |w‘2+€ = haual +€ 0 1

Let h. and h. be the dual metrics of hqyal . and h’duaLE, respectively.

Note that hy,,, . is obtained by convolution of hqua1 by an appropriate smooth
kernel function. Indeed, let x be a smooth function with compact support on C?
such that y depends only on |(z, w)|=|z|*+|w|* and [, x dA=1. Let f(z,w):=|z[?,
We will show that y*f=f+e,, where ¢, >0 is a constant. Let z,p€C?. Then we
have

wf@)= [ ) fa=p) )

x(®)f(x—p) dA(p)

2

X(=p) f(z+p) d\(p)

2

N~

/ ()@ —p) dAD) +
C2

N~

o— o

N~ N~

/ (D) F(@—p) dA(p) +
C

2

= [ 03+ f ) NG,

C2
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because y is symmetric under pr—p. We have that f(z—p)+f(z+p)=2|z1|*+

2|p1|27 where x=(z1,22), p=(p1,p2). Thus,

wf@)= [ x@)lan P o) i)

=z 2 1 2
~ '+ [ xlnl axw)
= f(z)+ey.

Similarly we have yx|w|?=|w|*+&, with the same constant e, (because x is sym-
metric under (z,w)— (w, 2)).

For a function g=zw, we have x*g=g by similar calculation using an equation
g(z—p1,w—p2)+g(z+p1, w—p2)+9(z—p1, wHp2) +g(z+p1, w+p2)=4g(z, w).

We denote by ©Onak,. and Gi\lak,a the corresponding matrix representation of
the Hermitian form on E®Tx induced by h. and h’, respectively. By calculating

this matrix, we have that @Nak,s:*WM, where M is a matrix

—(|w|2—&—5)2 w (Jw]?+e) z w (Jw]?+e) z —w? 7>

w (Jw*+e) 2 —|w|? 2|2 = (JwlP+e) (|2[P+1) wz (]2*+1)

w (Jw|?*+¢) 2 — (Jw*+e) (|212+1) —|w|?|z|? wz ([z]2+1) |’
—w? 22 wz (|2]2+1) wz (|2]24+1) —(\z|2—|—1)2

and @{Vak’sz— (E‘Z‘2+E‘w€|(2i‘_|3‘2+62+8)3 M’, where M’ is a matrix

7(|w|2+6)2 w (jw*+e) z w (Jw*+e) 2 —w?7?

w (Jw]*+e) 2 —|w|? 2|2 = (lwlP+e) (J2P+e+1) wz (Jz]*+e+1)

@ (Jw?+e) =2 — (jw*+e) (|]z]*+e+1) —|w]?|z]? wz (|z]*+e+1)
—w2 22 wz (|2]*+e+1) wz (|2[*+e+1) —(|Z|2+6+1)2

We claim that, for every constant C'>0, there is €>0 which does not satisfy
ONak,e > —Cw®Idg. We take w=idzAdZ+idwAdw. Then the matrix representa-
tions of w®Idg as a Hermitian form on EF®Tx are

(hs 0) or (h/‘g O) respectively
0 h) 0 n) :

We will show that for every fixed C'>0, Onak . +Cw®Idg (resp. @{\Iak@JrC’w@IdE)
has a negative eigenvalue for sufficiently small €. By direct computation, one of
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the eigenvalues of Onay . +Cw®Idg (resp. Oy, . +Cwldg) at (z,w)=(0,0) is as
follows:

(e+1)C—+/(1—¢)2C?+4

% for @Nak,sa
(2e+1)C—VC?+4 ,
for ONak e
2e242¢ ’

For a fixed C'>0, these eigenvalues go to —oo as e—0. Therefore, the Chern curva-
ture of the approximations of h., h. are not bounded below in the sense of Nakano.

5. Existence of negatively curved singular Hermitian metrics on
bundles given by extensions

We consider an extension of vector bundles 0— L — E— E’—0 with a line bun-
dle L. We will show that the existence of a negatively curved singular Hermitian
metric on F with some conditions on L implies splitting of this sequence. Using
this, we can determine all negatively curved singular Hermitian metrics on certain
vector bundles.

Theorem 5.1. Let X be a compact complex manifold, L a holomorphic line
bundle on X, and let E, E' be holomorphic vector bundles on X. Assume that there
is an exact sequence

0—L-“SE2 5 0.

Suppose that there are a holomorphic section f€ H°(X, L*) and a negatively curved
singular Hermitian metric h on E with |i(s)|2=|(f,s)|* for each s€ L, where (-,")
15 a natural pairing on L} x L. Then, the exact sequence above splits.

We begin the proof of Theorem 5.1 with local consideration.

Proposition 5.2. Let U be a (small) ball in C™ and let h be a singular
Hermitian metric on UxC". We assume the representation matriz of h has the

form
IfI> B
h= ( B C) ’

where f is a holomorphic function and B,C are measurable function valued 1Xx
(r=1) and (r—1)x(r—1) matriz on U (r>2). Assume that h is negatively curved.
Then, there are holomorphic functions g; € Oy with B;=fg;.

To prove Proposition 5.2, we use the following lemma.
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Lemma 5.3. Let ¢, be locally integrable functions on UCC"™. Assume that
to+1 is plurisubharmonic for every t>0. Then, ¥ equals to a plurisubharmonic
function almost everywhere.

Proof. When t—0, t¢+1 converges to 1 as currents, so we have iaé(t¢+w)—>
i00y as currents. By assumption i00(tp+1)) is a positive current for any ¢>0.
Therefore the limit 199 is also positive, so we have 1) equals to a plurisubharmonic
function almost everywhere. [

Proof of Proposition 5.2. We can assume r=2 and we denote B1=B,C; 1=C.
First, we assume f is a constant function f=1 and prove B=g for some holomorphic
function g.

Let u€C be a constant. Then,

(u 1) (é g) <?) = |[ul*+uB+uB+C

is plurisubharmonic. Since |u|? is constant, wB+uB+C is also plurisubharmonic.
Taking u€R and u€iR, we have that 2t Re B+C and 2t Im B+C' are plurisubhar-
monic for every t€R. Then, 2ReB —|—%C and 2ImB —|—%C are plurisubharmonic for
t#0 and Lemma 5.3 shows that B is a (complex-valued) pluriharmonic function.
It follows that B can locally be written as a sum of a holomorphic function and an
antiholomorphic function, namely B=g,+35.

Since gy is holomorphic, we have that for any ueC

1 +92 u _ _ _
(o) (5t e (&) = a4l mnga+ulon gz +on PO

91+92 g1
is plurisubharmonic. The term |u|? is constant, and %g; g2, ugigs are pluriharmonic
since they are holomorphic and antiholomorphic respectively. Thus we have u|g; |+
u|g1|*+|g1|>C is plurisubharmonic for every u€C. Lemma 5.3 shows that |g;|? is
pluriharmonic. Therefore we have

i00|g1|* =091 AOgT =0,

which implies that 0g;=0. Thus g¢; is constant and B=g; +¢s is antiholomorphic,
hence the proposition holds when f=1.

For the general case, we can similarly show that B/f is antiholomorphic on
{f#0} using sections (u/f,1),(u/f,g1) instead of (u,1),(u,g1). Since h is non-
negative, we have det h=|f|>C'—|B|*>0, thus |B/f|?*<C. Since C=|(0,1)|? is
plurisubharmonic, C' is locally bounded from above. Therefore, |B/f| is locally
bounded. Riemann’s extension theorem implies that B/f is an antiholomorphic
function on U. O
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Proof of Theorem 5.1. Let rank E=r. Let {U,} be a covering of X by suffi-
ciently small open sets. We assume that given bundles are trivial on each U,. We

denote a trivializing section of L on U, by s, and a holomorphic frame of E’ on U,

/ , , . e
by €, 25 €4 35 -5 €4 - We take a holomorphic frame eq,1, €q,2, .., €a,r Of £ satistying

7;(504) =€q,l,

pleai)=en; (1=2,...,7).

The transition function of L and E’ are denoted by gas and g4 ;. ; as follows:

Sa = GaBSB,
Coi= Z Gnpij€sy (1=2,..,7).
2<j<r

Then we have that p(ea,i —>_; ns,: j¢8,7) =0, thus there exist holomorphic functions
hap,i on UoNUg, 1=2, ...,, satisfying

/ — .
€a,i— E 9ap,i,;€8,5 = hap,i€p1-
2<j<r

In this notation, the transition function of E can be written as

€a,1 = GaB€s,1,

€a,i =hap,i€p1+ Z glaﬁ,i,jeﬁ,j (i=2,...,7).
2<j<r

Let s be a section of E. When we write s=ajeq,1+...+areq,r=b1€g1+...4+br€3 7,
the transition function is as follows:

by Jap haﬁ,2 haﬁ,r ai
ba 0 9hgoo - YGapre ag
br 0 Gapar - Yaprs) \0r

We will denote this matrix by G.g.
We denote the local matrix representation of h by

AO( Ba
ha = (@a ca> !
where A, is a scalar, Bo=(Bq,2,-..; Ba,r) is a 1 X (r—1) matrix, and C, is an (r—

1) x (r—1) matrix. We write the given section f€ HY(X,L*) as f=f,s;", where f,
is a holomorphic function on U, and s ! is a dual of s,. By s, =gaB53, We have f,=
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Japfs. By assumption |s|i:|(f,s)|% for s€ L, we have Aa:|ea,1\i:\(f, ean)?=

|fo|?. The transition function for h,, is as follows:
ho = tGQBhﬁGag.
By calculating the first row, we have that

Bai=9apAphapit Y, 90sBsi9hs.
2<;<r

= /31’ gaphas,i+ Z 908Bs,j905.; -

2<j<r
By dividing both sides by fo=gasfs, we have
|f51°9ashap,i | 2o0<j<r 9a8B8.90p,i,5
Ba,i/fa =
gaﬁfﬁ gaﬁfﬁ

= fohapi+ Y _ GhpiBsilfs-
J

Let vo,;=DBa.i/ fa, then v, ; satisfies

Yai = F8hapit Y Gapi V8.
i

By Proposition 5.2, 7, is a holomorphic function on Ul,.
Let &, 5, ..., &, be the dual frame in (E')* of €, 5, ..., e}, .. We consider a Cech

a,2 o Cagrt

0-cochain <Z2§i§r Yo,ilp i @ F 7 Ua) . Then, the differential of this cochain is

_ _ hag,i
> Yailo i ®F =Y pah®f =) ;‘; L€l iSa-
. «
1

2<i<r i

Next we consider the extension class in H!(X, L& (E’)*) of given exact sequence.
It is known that the extension class is the image of Idg € H(X, E'®(E")*) by
the connecting homomorphism H°(X, E'®(E’)*)— H' (X, L& (E’)*) induced by the
following short exact sequence:

0—L®(E) — E®(E)" — E'®(E') —0.
We can calculate this class using following diagram:
C%'(Uy, LX (E")*) —— C%(Uy, Ex (E)*) —— C%(U,, E' x (E)*)

| | |

C (Un, Lx (E')*) —— CY(Un, Ex (E)*) —— CY(Ua, E' x (E)*),
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where C*(U,, F) denotes the space of Cech i-cochains. Then, we have the following:

Z;:Q(ea,j ®§L{X,]) s Z;:Q (eil,_]®€(/x7_j)

|

hag,j
22:2 ;ﬁ] §g’jsa ’22:2(6044'@5&,3‘_65’j®§;57j)'
«

Calculating the map in the second row, we can show that the extension class is iden-
tical to the differential of the O-cochain described above. Thus the extension class is
represented by a exact 1-cocycle, which implies that given extension is trivial. [

Ezample 5.4. Using Theorem 5.1, we can determine all negatively curved sin-
gular Hermitian metrics on a nontrivial rank two vector bundle on an elliptic curve,
which appeared in [8], Example 1.7. Let C be an elliptic curve. We define a vector
bundle E on C' by the nontrivial exact sequence

0— 0Oy —FE—0y—0,

where O1=03=0¢. Note that dim H'(C,O¢)=1, thus E is uniquely determined
up to isomorphism.

There is a more concrete description of E in [8]. We can obtain E as the
quotient E=Cx C?/T", where I =Z+7Z is a lattice for the elliptic curve E. Here,
an action of 1,7€T to the space C x C? is described by (z, 21, 22) (2 +1, 21, 22) and
(z, 21, 22) > (T 47, 21+ 22, 22).

Let h be a negatively curved singular Hermitian metric on E. Then the restric-
tion h|e, is also negatively curved. A negatively curved metric on the trivial line
bundle corresponds to a subharmonic function on C via h|1]3. Since any subhar-
monic function on a compact Riemann surface is constant, h|p, is also constant and
we can write this constant by h|o, =Cjy. If Cy#0, the assumption of Theorem 5.1 is
satisfied and it follows that given exact sequence splits. It contradicts the definition
of E. Therefore, we have h|p,=0. Moreover, we can show that h has the form
p*(R'), where h' is a metric on Oy which is negatively curved (Lemma 5.5). This
curvature condition implies k' is constant.

In this example, we showed that det h=0 for every singular Hermitian metrics
h on E. This is why we admit singular metrics with det h~=0 everywhere.

Lemma 5.5. Let L,L' be line bundles, 0—L—E5L'—0 be an exact se-
quence, and h be a singular Hermitian metric on E. Assume that h|, =0. Then,
there exists a singular Hermitian metric h' on L' with h'(p(s))=h(s) for s€E.
Moreover, if h is negatively curved, so is h'.
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Proof. Let sg, s(, be trivializing sections of L, L’ respectively. We take a local
holomorphic frame e, ey of E with

61:i(80), p(€2)286,

where i: L—FE. Then h(e;,e;)=0 by assumption. It follows that h(ey,e2)=0 by
the Cauchy-Schwarz inequality.

For each s’€ E’, take s which satisfies p(s)=s" and define h'(s’) by h(s). Since
we have h(e1,e2)=0 in the local frame, this definition is independent of the choice
of s. Then we have for s€ £

(p*h)(s)=h'(p(s)) = h(s),

here the second equality is by the definition of A'.

Assume that h is negatively curved. For holomorphic section s'€O(E’), we
can find a holomorphic section se O(FE) with p(s)=s’. Therefore h/'(s')=h(s) is a
plurisubharmonic function. This proves that A’ is also negatively curved. O
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