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1. Introduction

Kazhdan’s property (T') is a rigidity property for unitary representations of a locally com-
pact group, which has found numerous applications in various areas of pure and applied
mathematics, see [3]. Vincent Lafforgue’s strong property (T) is a strengthening of prop-
erty (T) which deals with representations by bounded operators with small exponential
growth of the norm. Its introduction in [13] was motivated by the Baum—Connes conjec-
ture, as it is a natural obstruction to apply Lafforgue’s approach to the Baum—Connes
conjecture, see [15]. It has also found several applications, notably its Banach-space
version that we will discuss below, as it provided the first examples of super-expanders
(expanders which do not coarsely embed into any uniformly convex Banach space), and
as it implies strong fixed point properties for affine actions on Banach spaces. Another
notable recent application is also to dynamics, as it was one of the steps in spectacular
progresses on the Zimmer program [7].

So far, strong property (T') has been shown for higher-rank connected simple Lie
groups (or higher-rank simple algebraic groups over local fields) and their cocompact
lattices. The case when the Lie algebra contains sl3 was proven by Lafforgue in [13]. The
generalization to other algebraic groups was done by Liao [16] (for non-Archimedean local
fields) and de Laat and the author [12] (for Archimedean local fields, i.e. R). In particular
before the present work it was not known whether SL3(Z) has strong property (T'). The
aim of this article is to extend these results to cover the lattices which are not cocompact
(for example SL3(Z)) as well. This will have consequences on the Zimmer program [8].

We also take the opportunity to state and prove all the results more generally for (lattices
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in) semisimple groups rather than simple groups, and also to some non semisimple Lie
groups (Remark 4.3).

In the whole article, local field will mean commutative, non-discrete locally com-
pact topological field. So a local field is a finite extension of R (in which case it is
Archimedean), or of Q, or F,((¢)) for some prime number p (in which case it is non-
Archimedean). Higher-rank simple group will mean either real connected simple Lie
group of real rank >2, or connected almost F-simple algebraic group of F-split rank
>2 over a local field F. Higher-rank group will stand for a finite product of higher-
rank simple groups. We warn the reader that for us, products of rank-1 groups such as
SLy(R) xSL2(Q,) are not of higher rank. We refer to [18, Chapter I] for the terminol-
ogy. Note that real connected simple Lie group or real rank >2 is more general than
connected almost simple algebraic group of split rank >2 over R. It includes for example
some groups with infinite center, as the infinite covering group of Sp,,, (R).

Recall that a lattice in a locally compact group G is a discrete subgroup I' such that

G/T carries a G-invariant Borel probability measure.
THEOREM 1.1. Ewvery lattice in a higher-rank group has strong property (T').

Examples of lattices in higher-rank groups include SL,,(Z), SL,,(F,[t]), SL,.(Z[1/p]),
for n>3, and Spy,(Z), Spy,(Z) (the preimage of Spy,(Z) in the universal cover of
Span(R)), Spa, (Fp[X]), for n>2. None of these examples is a cocompact lattice, so
for all these cases Theorem 1.1 is new.

When T’ is a cocompact lattice in a locally compact group G, every representation of
I by bounded operators on a Hilbert (or Banach) space can be induced in a satisfactory
way to a representation of G by bounded operators on a Hilbert (Banach) space. This
is what allows one to prove that (Banach) strong property (7') passes to cocompact
lattices; see [13]. As we shall explain in §2.2, when I' is not cocompact, induction of
representations which are not uniformly bounded does not behave well, and we do not
see any reasonable way to define an induced Banach space representation. So the proof
of Theorem 1.1 does not proceed by proving that strong property (T") passes to lattices.
And we still have no idea whether such a statement is true (although amusingly, it is true
that the negation of strong property (') passes to lattices; see Corollary 5.9). This might
appear at first sight a bit surprising, because it is now very well understood (this seems
to go back at least to the proof of the normal subgroup theorem by Margulis) that,
although they might not be cocompact, higher-rank lattices are very much integrable
(for example they are L,-integrable for every p<oo in the sense of [23]), and these good
integrability properties enable to induce in a satisfactory way cocycles with values in
isometric representations. The new idea that we introduce to overcome this difficulty is
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a form of induction of representation m:I'—GL(X) which, under some assumption on
the integrability of the lattice and the growth rate of the norm of |7 (7)||, produces a
representation-like object, where one is only allowed to compose once, and that we call

a two-step representation.

Definition 1.2. A two-step representation of a topological group G is a tuple
(XO7 X17 X27 0, ﬂ—l)a

where Xy, X7 and X5 are Banach spaces and 7;: G— B(X;, X;11) are strongly continu-

ous(!) maps such that

m1(99" )mo(g") =m1(g)mo(g'g") for every g,¢',9" €G.

In this case, we will denote by m: G— B(Xj, Xs) the continuous map satisfying

m(99") =m1(g9)mo(g’) for every g,¢' €G.

It turns out that a form of strong property (T") also holds for two-step representations
of higher-rank groups. And this property passes to undistorted lattices (Theorem 5.4).
This is the content of our main result Theorem 1.3, which contains Theorem 1.1 as a
particular case.

Before stating it, we recall the notion of length function that we use, which contains
as its main examples the word-length with respect to compact symmetric generating sets.
A length function on a locally compact topological group G is a function ¢: G—R™ such
that

e / is bounded on compact subsets of G;

o U(g71)=((g) for every geG;

o ((gh)<L(g)+L(h) for every g,heqG.

The exponential growth rate of a two-step representation (X, X1, Xo,mg,m1) with
respect to a length function £ is

i sup 08179
max lim sup —————.
1=0,1 £(g)—o0 f(g)

We say that a pair (G, ¢) of a locally compact group with a length function satisfies
(%) if there exists s,t,C>0 and a sequence m,, of positive probability measures whose

support is contained in {g:£(g) <n} such that the following holds. Let (Xg, X1, X2, 7o, 71)

(1) Le., for every z€X;, the map G>g+ m(g)r€X;4+1 is continuous; see §2.
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be a two-step representation and L a real number such that X; is a Hilbert space and
|7 (9)|| <Le*@ for all g€ G and i€{0,1}. Then, there is P€ B(Xo, X2) such that

()~ Pl < L2, (11)
and such that
lim [|7r(8g%my, %) —m(my,)|| =0 for every g,¢' €G. (1.2)
n

Strong property (1) corresponds to the case when Xg=X;=X5=X and 7 is a repre-
sentation. In that case, (1.2) is usually replaced by the equivalent property that P is
a projection on the space of invariant vectors {z€ X :m(g)x=x for all g€ G}, parallel to
a 7(G)-invariant complement subspace. The condition (1.2) is nothing but a reformu-
lation which remains meaningful in the above generality when there is no such thing as
invariant vector or projection.

We say that G satisfies (x) if (G,¢) satisfies (%) for every length function ¢, or
equivalently if G is compactly generated and (G, /) satisfies (x) for the word-length

function coming from a compact generating set. See Lemma 2.6 for the equivalence.
THEOREM 1.3. Ewvery higher-rank group or lattice in it satisfies property (x).

Examples of maps 7 as in (%) are when X is a topological vector space (for example
the space of measurable functions on a manifold, or just a measure space) and m: G—
GL(X) is a continuous representation of G on X which a priori does not preserve any
Banach space in X (for example because of losing of derivatives, as in the Nash—-Moser
theorem, or of integrability). But there are three Banach spaces Xo, X1, Xo with X; a
Hilbert space with continuous embeddings into X' (for example encoding different scales
of derivability or integrability) and such that 7(g) maps X; to X;;1 with norm < Le*“(9),
In that situation, we can apply the conclusion of the theorem. In particular, we get, for
every x€ Xy, that m(m,,)z converges in the norm of X; (and hence in the topology of
X) to a m(G)-invariant vector. In this setting, property (*) has therefore to be seen as a
procedure to systematically produce and locate invariant vectors in X.

T would like to point out that, even if one is only interested in strong property (T') (so
to representations on Hilbert spaces), it is crucial that in property (x) we allow arbitrary
Banach spaces Xy and X5. Indeed, the induction procedure explained in §5.2, which is
the heart of this work, cannot produce Hilbert spaces but more general Banach spaces

(namely Hilbert-space valued L, spaces for various values of p).
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Banach space extensions

Higher-rank groups over non-Archimedean local fields and their cocompact lattices are
known to satisfy strong Banach property (") with respect to every class of Banach spaces
of non-trivial (Rademacher) type [14], [16] (see §2 for the definitions). Moreover, this
class is essentially the optimal class. Although some partial results have been obtained
[21], [12], [11], it is still not known whether the same holds over the real numbers. Iregard
this question as the main open problem on the subject, as a positive answer would settle
positively the conjecture in [1] that every action by isometries on a uniformly convex
Banach space of a higher-rank lattice has a fixed point, and prove that the standard
Cayley graphs of SL3(Z/nZ) form a family of super-expanders.

In this article we also extend to all lattices the above mentioned results.

To state the results, we introduce the following notion: if £ is a class of Banach
spaces we say that G (respectively (G, ¢)) satisfies (x¢) if in () the assumption that X;
is a Hilbert space is replaced by X;€€£.

The following result extends the results of Lafforgue and Liao [14], [16].

THEOREM 1.4. Let G be a higher-rank simple group over a non-Archimedean local
field, or a lattice therein. Then, G satisfies (xg) for every class of Banach space & of

non-trivial type.

In particular, every lattice in a higher-rank group over non-Archimedean local fields
has strong property (T') with respect to every Banach space of non-trivial type.

In the real case, the conditions we have to impose on the Banach spaces are a bit
longer to state, but we believe that they are equivalent to having non-trivial type. For
n>2, denote by S™ the unit sphere in Euclidean R"*' and define a family (Té("))(;e[_LH
of operators on Lo(S™) by T(S(n)f(x) is the average of f on {yeS":(x,y)=0}.

For #eR /27 Z, denote by Sy the operator on Lo(SU(2)) given by

2m —i0 i d
o[ A 2%

The following result extends the results of [21], [12], [11]. A version for general
higher-rank groups is stated as Theorem 5.11.

THEOREM 1.5. Let G be a connected simple Lie group with Lie algebra g and I'CG
be a lattice. Then both G and T have (xg) (and therefore strong (T) with respect to &)
if one of the following conditions holds:

e g contains a Lie subalgebra isomorphic to sp,, and there is a€(0,1] and C>0
such that, for every X €&,

a/4
HSg—Sﬂ/4||B(L2(SU(2);X))gc’@—iﬂ" / for all 6 €10, 2x] (1.3)
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and

1T T B(Lanexy) < C101*/% for all §€[~1,1]. (1.4)

e g contains a Lie subalgebra isomorphic to sls,_3 for n>2, and there is a€(0,1]
and C>0 such that, for every X €&,

TS =T || B Lasnaxy < CI8|%7% for all §€[1,1]. (1.5)

All the conditions (1.3)—(1.5) imply that X has non-trivial type, and we believe
that they are actually all equivalent. However, we only know that the condition when
g contains sp, is formally stronger than when it contains sls, and the condition (1.5)
becomes formally weaker when n grows. When X is a Hilbert space, both (1.3) and (1.4)
hold with a=1. Therefore, (1.3) and (1.4) hold if X is isomorphic to a subspace of an
interpolation space [Xg, X1]o between a Hilbert space X; and an arbitrary Banach space
X, or more generally if X is #-Hilbertian (with #=cq) in the sense of [20]. This holds
in particular if X is isomorphic a subspace of a super-reflexive Banach lattice [19]. This
includes for example all reflexive Sobolev spaces or Besov spaces.

Since every real simple Lie algebra of real rank >2 contains a Lie subalgebra iso-
morphic to sl3 or sp,, the preceding implies that every higher-rank lattice has strong
(T') with respect to 6-Hilbertian Banach spaces, but the results are more general as they
include some non super-reflexive spaces, for example those having good enough type and
cotype exponents; see [21].

We end this introduction with another particular case of the above theorem (see [11]
for the proof that the assumption in Corollary 1.6 implies that (1.5) holds for n large
enough).

COROLLARY 1.6. Let X be a Banach space for which there is B<% and C such that,
for every integer k, every subspace of X of dimension k is at Banach—Mazur distance
<CkP from (5. There is Nx such that every lattice in a connected simple Lie group of
real rank > Nx has strong property (T') with respect to X .

Theorem 1.3, as well as its Banach space generalizations, is proven in several steps.
The first step is to prove the theorem for the basic building blocks of higher-rank groups,
namely for G=SL3(F), Sp,(F) for F=R, Q, or F,((t)), or G:§f)4(R). This is achieved
in §3. The second step is to extend this to all higher-rank groups in §4. The last step is
to deal with lattices in such groups in §5. A crucial ingredient is the fact that higher-rank

lattices are exponentially integrable.
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2. Preliminaries
2.1. Notation

If G is a locally compact group, we will denote by P.(G) the set of all compactly supported
Borel probability measures on G. To lighten the notation, the convolution of probability

measures my,me€P.(G) will be written as mims. So,

/fd(mlmz)Z//f(glgz)dml(gl)dm2(92)-

We view P.(G) as a set of linear forms on the space of continuous functions on G,
and equip it with the restriction of the weak-* topology.

If X and X’ are Banach spaces, a map m: G— B(X, X') is called strongly continu-
ous if, for every z€ X, the map G3g+—7(g)z€ X’ is continuous. In that case, for every
meP.(G), we denote by m(m)€B(X, X') the operator z— [ 7(g)x dm(g) (Bochner inte-
gral). By applying the definitions, we readily obtain the following.

LEMMA 2.1. If m:G—=B(X,X') is strongly continuous, then the map
m: P (G) — B(X, X')

1s still strongly continuous.

We recall the definition of Lafforgue’s strong property (7).

Fix a left Haar measure dg on G. If { is a length function on locally compact group
G, denote by C;(G) the Banach algebra obtained by completion of convolution algebra
C.(G) under the norm || f||;=sup{||7(f)||}, where the supremum is over all strongly
continuous representations 7 of G on a Hilbert space for which ||7(g)||<e9) for every
g€G. As for measures, 7(f) is here the operator z+— [ f(g)m(g)z dg.

For example, if £=0, we obtain C*(G), the full C*-algebra of G.
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Definition 2.2. (Lafforgue) A locally compact group G has strong property (T) if,
for every length function ¢, there exists s>0 such that, for every c¢>0, the Banach algebra
Cst+c(G) has a Kazhdan projection, i.e. an idempotent P such that 7(P) is a projection
on the space of invariant vectors for every representation m satisfying ||7(g)| <e®(9)+e

for every ge@.

A justification for this definition is the following well-known characterization of prop-
erty (T'), which in particular asserts that the particular case =0, ¢=0 in Definition 2.2

is equivalent to property (7).

PROPOSITION 2.3. For a locally compact group G, the following are equivalent:

(1) G has property (T).

(2) There is a compactly supported probability measure p on G such that, for every
unitary representation m of G on a Hilbert, |7 (1) —Pr|| <3, where Py is the orthogonal
projection on the space of invariant vectors and the norm is the operator norm on G.

(3) G has a symmetric compact generating set (Q and there is a sequence p, of
probability measures supported in Q" such that, for every unitary representation m of G
on a Hilbert space, ||m(p,)— Pr||<27".

(4) For every length function £ on G, there are constants C,s>0 and a sequence
tn of probability measures supported in {g€G:L(g)<n} such that, for every unitary rep-
resentation © of G on a Hilbert, ||m(py)—Pr||<Ce™ ™.

(5) C*(G) has a Kazhdan projection.

Remark 2.4. Actually this proposition holds representation-by-representation: given
a unitary representation m of a locally compact group G, the following are equivalent:

e 7 has spectral gap in the sense that the orthogonal of the space of invariant vectors
does not carry almost invariant vectors.

e There is a compactly supported probability measure pu on G such that
17 (1) = Pr|| < 5-

e There is a symmetric compact subset Q CG, and a sequence of probability mea-
sures g on Q" such that
[l (k) — Prel| <277

e For every length function ¢ on G, there are constants C,s>0 and a sequence

of probability measures supported in {g€G:£(g)<n} such that

(|7 (pn) — Pr|| < Ce™*".
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If one defines correctly a Kazhdan projection for arbitrary Banach-algebra completions
of C.(G) (see [22]), these definitions are in turn equivalent to the existence of a Kazhdan

projection for the completion of C.(G) for the norm || f||=|=(f)]|.

If € is a class of Banach spaces, one can denote similarly by C;¢(G) the Banach
algebra obtained by completion of C,(G) under the norm | f||sc=sup{||=(f)||}, where
the supremum is over all strongly continuous representations 7w of G on a Banach space
in & for which ||7(g)||<e®9 for every g€ G, and define Banach strong property (T) with
respect to & as strong property (T') by replacing Cso1c(G) by Csptc.c(G).

Recall that a Banach space X has non-trivial Rademacher type (or simply non-trivial

type) if there exists p>1 and a real number T such that

<E‘ st p>l/p<T<§; |xi||p>1/p (2.1)

for every finite sequence z; in X, where ¢; are independent identically distributed random

variables uniformly distributed in {—1,1}. This is equivalent to the fact that ¢! is not
finitely representable in X: there is N >0 and c¢>1 such that every linear map u between
¢} and every N-dimensional subspace of X satisfies ||ul| [u™!||>c.

More generally, a class of Banach spaces £ has non-trivial type if there exists p>1
and T'<oo such that (2.1) holds for every X €& and every finite sequence (z;); in X, or
equivalently if ¢! is not finitely representable in &.

2.2. Why the naive attempt does not work

We now explain why the classical notion of induction of representations, that we first
recall, is not well suited to induce strong (T') to non-cocompact lattices.

Let ' be a lattice in a locally compact group G. Let 2 be a Borel fundamental
domain for G/T: € is a subset of Q, belonging to the Borel o-algebra, and such that
QOxT's(w,y)—wy€eG is a bijection.

Let m be a representation of I' on a Hilbert or Banach space X. Consider the

topological vector space X of (Bochner-measurable) functions f: G— X satisfying

flgv) =7(v)""f(9),

moded out by functions that vanish outside of a negligeable set. Make G act on this
space by left translation: 7(g)f(h)=f(g~h).

It is natural to consider the Hilbert space of such functions satisfying moreover

([ 1z dw)w <co.
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This space is naturally identified with Lo(€; X). Under this identification, if
gw=(g-w)al(g,w)
is the unique decomposition of gw in G=QI', then 7(g) reads as
(7(g)f)(w)=n(a(g™ W)™ f(g w) forall geG and we.

The problem that occurs is that 7(g) preserves Lo(€2; X) if and only if the function

1

w || (a(g™t, w) 7Y is essentially bounded on €.

LEMMA 2.5. The norm of #(g) on La(Q); X) is equal to the essential supremum of
w|[m(alg™h w) I

Proof. Let C, be the essential supremum of ||r(a(g~!,w)™!)||. The inequality
(7 (g) )l <lm(alg™ w) HIIIf(g~"-w)|l implies that

17 (9) /) @)1, :x) < CS/Q 1£ (g™ )1 dw = CFIIFIIZ, :x)

1

because wr— g~ -w preserves the measure on 2.

For the other direction, for v€T', denote
A={weQ:alg t,w) =11 =0ngQy .

If A has positive measure, then for every x€X we can consider f=xaz. It has norm
|A|Y/2||z||, and its image X am(y)r has norm |A|'/2||r(v)z|. Taking the supremum
over z yields the inequality ||7(g)||=||7(7)||. Taking the supremum over all g such that
QNgQy~! has positive measure prove that ||7(g)| is larger than or equal to Cy. O

So, in general, T is not a representation by bounded operators unless I' is cocom-
pact or m is a uniformly bounded representation. There does not seem to be any other
reasonable pseudo-norm on X for which 7(g) is by bounded operators. There is always
the pseudo norm || f||=oc0 for all f#0, but this is clearly unreasonable. We do not give
a precise meaning to “reasonable”, but it should at least remember the whole represen-
tation, for example by giving finite norm, for every x€ X, to the constant function equal
to z on .

We mention however the construction in [9] where a pseudo-norm is constructed
on X, which, under the assumption that the bounded cohomology H}} (T;m) is non-zero,
gives rise to a non-zero space for which H}(G; X ) is also non-zero.
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2.3. Comparing Theorems 1.1 and 1.3

We recall that C; ¢(G) has a Kazhdan projection if and only if there is a sequence my,
of signed(?) compactly supported measures on G with [ 1dm,=1 and C>0 such that
llmn —mpt1lle,e <Ce™™ and such that lim, ||gm,, —my||¢,e =0 for every geG. Moreover,
m,, can be taken to be of the form (m;)™ (the nth convolution power of m4). In particular,
my, is supported in {g:£(g) <nR} if m; is supported in {g:4(g) < R}. Also, if £ is stable by
duality and subspaces, then the preceding implies that lim,, ||m,g—my|le,e =0 for every
g€E€G. For details, we refer to [22], where these assertions were established.

Hence, in the particular case when Xg=X;=X5=X and 7 is a representation on X,
property (k) for (G, ¢) says a bit more than that Cs4.(G) has a Kazhdan projection for
every ¢>0: first it says that m, can be taken independent from ¢, that C=0(e?¢) and

most importantly that m,, can be taken to be positive.

2.4. Basic properties

The first basic lemma implies that to prove Theorem 1.3, it is enough to consider the
word-length function with respect to some compact symmetric generating set (which
exists because () is formally stronger than property (T'), which already implies compact
generation [3]), or any other length function quasi-isometric to it. Indeed, if ¢ is any
length function on a locally compact compactly generated group G, and @ is a compact
symmetric generating set for G with associated length function ¢g, then there is a>0

such that /<afg. Namely, the supremum of £ on Q.

LEMMA 2.6. Let £ and ¢ be two length functions, and a,b>0 such that ¢’ <al+Db.
If (G,0) has (xg) then so does (G,V).

Proof. If (G,£) has (xg) with s, ¢, C' and m,,, it is immediate that (G, ¢') has (x¢)
with s/a, t/a, C' and m|(n_p)/a), Where C'=Ce(2sbtattt)/a, L)

In each section of the paper, the proof of (x) or (xg) is divided in two parts: one
first finds a sequence m,, such that, if >0 is small enough and 7 is as in (x), then 7(m,,)
converges as in (1.1). Then one proves that (1.2) also holds. This second part is always
much harder than the first one. The next remark shows that it is not necessary to prove

the norm convergence in (1.2).

Remark 2.7. In (x), condition (1.2) can be strengthened (or weakened). Indeed,
once one knows that (1.1) holds for every 7 as in (x), then, for any i, us€P.(G), one

can apply it to the new 7’ given by «’(m)=m(u1mus). Indeed, this 7’ satisfies the same

(?) It is not known in general if m,, can be taken to be positive.
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assumptions, but with L replaced by Le(s/2)(Fi+F2) if the support of j; is contained in
{g:4(9)<R;}. And so there is ,, P,, € B(Xo, X2) such that, for every n,

I (pmmapiz) =, Puol| < CL2e*FatRa) tn, (2.2)

So, (1.2) is equivalent to each of the following properties:
® 5, b5, =P;
17 (gmng’) = (my)|| <20 L2es (o) HHla)=tn;

o for every xz€ Xy, lim, [|[7(gmng’)x—m(my,)z|=0;

o for every x€ Xy, lim, (7(gmng’)x—m(m,)x)=0 weakly.

LEMMA 2.8. If (Gy,41) and (Ga,¥l2) have (x) (resp. (x¢g)), then so does (G1 X Ga, ),
where £(g1, g2)=max(¢1(g1), £2(g2))-

Proof. Fori=1,2,let s;, t;, C; and mg) be as in (x¢) for G;. Define mnzmg)(@mg).
By definition, it is a probability measure supported in {g€G1 x G3:£(g)<n}.

Let m: G1 x Ga— B(Xp, X2) be as in (xg) for C and s. We claim that the conclusion
of (xg) holds if s>0 is small enough.

We can compute

2
I (m) =7 (1) | < [ (m D @m @) =m(m P @m )|

2 1 2
(s @m, 2y ) =y @m).
By (1.1) applied to the map G23>gs »—>7T(m,(11) ®0g, ), if s<sg the first term is dominated by

20, L2%e?" 21 Similarly, if s<s, the second term is dominated by 2C; L2e2s(nt+1)—tin,

So, if s:min(%tl, %tQ,Sl,Sg), then
17 (M) =7 (M1 < (2C1* +205) L2e ™5™,

This implies that 7(m,,) is Cauchy and that (1.1) holds with t=s and

. 261623 +2C,
 l—es

C

The validity of (1.2) follows with a similar proof, taking into account Remark 2.7. [

3. Proof of Theorem 1.3 for SL3 and Sp,

The aim of this section is to prove Theorems 1.3-1.5 for SLj, Sp, and §f)4(R), and
Theorem 1.5 for SL3,_3. As we shall see, the proofs use the same two main ingredients
as the proofs of strong property (T'): one is harmonic analysis in the maximal compact
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subgroups, and the other is a careful exploration process of the Weyl chambers using
some elementary moves coming from the maximal compact subgroup. These ingredients
are the same, but they are combined in a different way. We will give a complete and
essentially self-contained proof for SLs and be much more sketchy for the other groups.
This allows us to divide the length of the paper by a factor of at least 2, and we believe
that the interested reader will be able to fill the details. The proof for SL3(F) is essentially
independent from the local field, but for a better readability we have chosen to first focus
on the real case, and then explain the small changes that one has to make to deal with
non-Archimedean local fields.

3.1. Case of SL3(R)

We prove the theorem for G=SL3(R). We denote by K=SO(3) CG the maximal compact
subgroup. By Lemma 2.6, it is enough to prove the theorem for the length function

U(g) = max(log [lg]].log g~ ).
where || - || is the norm induced from the natural K-invariant Euclidean norm on R3:
(51, 52, 53)]| = (s7+53+53)"/2.

More precisely, we will prove that (SL3(R.),£) has property (x) with the parameters

100
1 _1 _
5<z, t=5-25 and C= T—ds’
and m,, being any K-biinvariant probability measure on {g:n—1<£4(g)<n}.
Let 7 as in Theorem 1.3 with s<i. Denote by d the distance on the compactly
supported Borel probability measures on G defined by

d(m,m’) =[x (m) —m(m") || p(x.x2)-

The following lemma lists the properties of d. In (3) and in the rest of the proof, A
stands for the left regular representation of K. It is the representation on Ly(K) given
by Ak)f(-)=f(k=1-) for every k€ K and f€Ly(K). The crucial property is (3). It
is an incarnation for the compact group K of more general phenomenon: uniformly
bounded two-step representations of amenable groups are governed by the left regular
representation. We do not elaborate on this, as all we need is (3).
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LEMMA 3.1. The distance d has the following properties:
(1) (Convexity) For every mi, ma€P.(G),

d(5(m1+ma), 5(m}+my)) < 3(d(my, m})+d(ma,my)).

(2) (Lower-semicontinuity) If QCG is compact and m; (resp. m}) is a net of prob-

ability measures supported in Q and converging weak-+ to m (resp. m'), then
d(m,m’) < lim inf d(m;, m}).
(3) If p and p' are probability measures on K and g1, g2€G, then

d(8g, 18g,, Ogy 1/ 0g,) < L2 OITI2) N (= 11" || 51, (1)) -

Proof. Property (1) is obvious, and (2) is immediate from the strong continuity of
mo and 71 (and hence of 7); see Lemma 2.1. For (3), consider x€ X, and yeX;. For
every k€ K define F(k)=mq(k~1ge)z€X; and H(k)=m1(g1k)*yeX;. For ki, ko€ K we
have

(H (K1), F(k2)) = (y, m(g1k1 k5 ' go)).

We view the continuous function F as an element of Lo(K;X;). Its norm is less
than supye g [|[mo (k™ g2)x|| < Le**92)||z||. Similarly, we view H in the topological dual
Lo(Q; X1)*, and it has norm <Le**9)||y| x;. We can compute

(H, (A\(n)®idy, )(F)) = / /K (L (ky), F (kg k) dpa(ha) dby = {y, 7(8,, 16, ) ).

One deduces
|<y77r(591 (M_ul)égz)m>| < ||)‘(M_M/)®idxl ” ||F||L2(K§Xl) ||H||L2(K;X1)*7

which is less than
A=) B(La(ryy L7 D) [l |1yl

because X; is a Hilbert space. The lemma follows by taking the supremum over all z

and y in the unit balls of X; and X3, respectively. O

Remark 3.2. If we are in the setting of property (x¢) (that is, if X7 is a Banach
space in &), then Lemma 3.1 and its proof still holds, with (3) replaced by

d(591 :uagz ’ 691 Mldgz) < L2es£(g1)+sf(gz) HA(M_M/) ||B(L2(K;X1))-
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We shall prove Theorem 1.3 for SL3(R) in the generality given by the previous
lemma. So let d be a distance on the compactly supported probability measures on G
satisfying the three conditions (1)—(3) in the previous lemma.

We say that a probability measure v on a compact group K is admissible if it is
absolutely continuous with respect to the Haar measure on K and if the Radon—Nikodym
derivative is strictly positive and is a coeflicient of a finite-dimensional representation
of K. We say that v is central if it belongs to the center of the convolution algebra of

Borel measures on K.

ProrosSITION 3.3. Denote by A the Haar probability measure on K, seen as a
probability measure on G. There exists C'>0 such that, if s<i and t::(%—Qs) >0, then

ANk I i, Ay Mg ) < 1_7048L2 max(e ) ¢ty (3.1)

For every admissible and central probability measure v on K, there is C(v)€R such that,

for every g€G,
Ao Ak, MOy i) < C(v) L2 9, (3.2)

This proposition easily implies the theorem. Indeed, the first half implies that there
is P in the completion of (P.(G),d) (which is contained in B(Xy, X3) in our case) such

that
C

1—-4s
More generally if mg€P.(G), applying the same to

d(Axd Ak, P) < L2e=t9),

d'(m,m'") =d(mom, mom’)

(which satisfies the same assumptions than d with L? replaced by L2?e* if m is supported
in {g:4(g9)=R}), we obtain ,,, P in the completion of (P.(G),d) such that

c .
d(moAx g Ascs moP) < ﬁL%éR_tag)- (33)
—4s
LEMMA 3.4. The map morrm, P is lower-semicontinuous.

Proof. Let m; (resp. m}), i€I, be a net converging weak-* to mg (resp. m() and
supported in a common compact subset of G, say {g:{(g)<R}. For every ge@, (3.3)
yields

Ao Py my P) < Z&L%SR*”(Q) +d(moA g dg Ak, MOy Ak )-

By the lower-semicontinuity of d, we deduce

Ao Py my P) < 2%?@53*“(9) +lim inf d(mid g Sy A i, MiAKOgAKc),
s g
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which (by (3.3)) is bounded above by

4%L265R*M(9)+hmlinf d(m7P7 m/, P)
—4s ¢ l

The lemma follows by making ¢(g) — co. O

The second half of the proposition implies that

d(vd i, P) < ( +C(z/)> L2e 9,

1—4s
if v is an admissible and central probability measure on K. Using the convexity (1) and
the lower-semicontinuity (2) of d, we get that, for g1 €G,

c 2 _—tb(g)+t6(g1)

d(Vdg, Ak 0g K, P) < ﬁ+C(V) Lre7t9)THtgn),

—4s
Making £(g)—o0, we obtain vs,, P=P. By the Peter-Weyl theorem, we can find a
sequence v, of admissible and central probability measures on K converging weak-x
to 01. By Lemma 3.4, we deduce that

d(P, §g1 P) < limiinf d(ul P, Vi5g1 P) = 0.

To summarize, if my is the K-biinvariant probability measure on KgK, we have proven
that
d(mg, P) < LL%%Z(.@)
1—4s

and limg d(d4, mg, P)=0 for every g1 €G. If we consider the distance (m,m’)—d(m,m’)
for 7 the image of m by the inverse map,(*) we also have lim, d(myd,,, P)=0 for every
92€G, and hence limg d(d4,mgdg,, P)=0. This proves the theorem.

It remains to prove Proposition 3.3. As in Lafforgue’s original proof [13] (see also the
exposition in [21]), the proof is based on the harmonic analysis in the compact group K.

We introduce the subgroups U, UCK of block-diagonal matrices

* 0 0 * *x 0
U= 0 *= = NK and U= * x 0 NK.
0 * = 0 0 =

Note that U and U are both isomorphic to O(2).

(3) This new distance satisfies the same hypotheses as d.
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For 6€[0, 1] we introduce the following matrix ks € K with entry (1,1) equal to d:

4] —V1-02 0
ks = 1—-42 ] 0
0 0 1

The fundamental inequality proven by Lafforgue in [13, Lemme 2.2] is that

‘ // A uksu') =N (ukou') du du’ < 2|6]1/2.
UxU

B(L2(K))

This implies more generally that if 1 and py are admissible probability measures

on U, then

|/ k)Mo s () e < Clur, ) l31172.
UxU

B(L2(K))
See [13] or [11, Proposition 2.1].
For a, 8,veR with a+p+~=0, we denote
e* 0 O
D(a,3,7)=] 0 € 0
0 0 ¢

For a>0, we simply write D,, for D(2a, —a, —a). It has norm e?® and ¢(D,)=2a.
We start with the proof of (3.1). Denote by A the Weyl chamber, that is

A={(ay,as,a3) € R?:a1 >as>as and a;+as+as = 0}.
For (a1, as,a3)€A denote
C(ala az, a?)) = )\K§D(a1,a2,a3))\K-

By the K AK-decomposition, (3.1) is equivalent to the inequality

d(c(ar, az, az), c(ay, as, a3)) < 1—4 L? max(e‘tmax(“l’_%),e‘tmax(a’l’_“é)).
—4s

Since D, commutes with every element of U, we can write
AKOD ks Dy AK = AKOD, AUk \UOD, Ak -
It therefore follows from (3.4) and the properties of d in Lemma 3.1 that

d()\K(SDak(;Da/\Ka )\K(stkODa)\K) < 2L2€45a|5|1/2.

To make this formula more readable, we compute the KAK decomposition of DyksD,.

For =0, we have
DykoDy = D(a, o, —2a) k.

For §#0, we have the lemma.
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LEMMA 3.5. For every r€la,4a] there are 6€[0,1] and ur,a,u;ﬂ’aeﬁ such that
d<e™ 4L and
DuoksDo =ty o D(r, 2a—r, —204)u'r7a.

Proof. For §#0, we have that g=D,ksD, is block diagonal with one eigenvalue
e~2% and another block of the form DkD for D=diag(e?*,e~) and k being an isometry.
In particular, [|g~!||=e2®. If we define 7,(5)€[0,00) by ||g|]|=€"=®), we therefore have
that

g€ UD(ro(8),2a—74(8), —2a)U.

By saying that the norm of g is larger that the absolute value of its (1,1) entry, we get
the desired inequality de*®<e"=(®). It remains to show that r, is surjective. But 74 is
continuous on the interval [0, 1], so its image contains the interval [r,(0), r(1)]=[c, 4a].
We do not need it, but it is not hard to check that r, is actually bijective from [0, 1] onto
[a, 4ar]. O

In particular, for every (a1, as, as), (a}, ab,as) €A satisfying ag=aj, by applying the

preceding lemma with —2a=a3z=a% we have that
d(c(ar, az, a3), c(al, ay, ay))| < 4L?(em/>H(1=20)as /24 (1=28)a5), (3.7)
Notice that, if as>—1, we have
%aﬁ—(l—?s)ag = %(al +a2+a3)+(%—25)a3—%a2 < %+(%—2s)a3.
Therefore, (3.7) implies that
d(c(ar,as,as), c(a, al, al)) < 14L2e(/2729)93 if g3 —afy and ag,al > —1. (3.8)

If we apply the same for the distance d'(m, m’)=d(g.m, 0.m’), where g is the Cartan

automorphism
-1
0 0 1 0 0 1
g— 0 1 0|lW@Hfo 1 of ,
1 00 1 00
we get that
d(c(ar,as,as), c(a, ab, al)) <14L2e~ /272801 if ) —a/ and ag, al < 1. (3.9)

In particular, if ¢,=c¢(r,0, —r) and 1<r  <ro<r1+1,

d(cry,cry ) <d(cpy, c(ra, 71 =72, —11)) +d(c(r2, 71 =72, —71), Cry)

< 14L2(e—(1/2—25)r2 +€_(1/2_25)T2).
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s=t

Figure 1. The zig-zag path in the Weyl chamber A.

This implies, since

267(1/2723)1@ <3

S 1-4s’
k>0
that, for every r,r’>1,
d(cp, ) < 12 L? max(e~(1/2729)r o=(1/2=25)r")
Ty =T ~X 1_48 B .

It follows easily from the above estimates that

70
d ror <
(C(alaa2aa3)7c(a17a27a3)) 1—4s

L2 max(67(1/2725) max(al,—a3)7 6*(1/2725) max(al,fa‘g))

)

which is exactly (3.1). The previous computations are best understood on a picture (see
Figure 1): (3.8) expresses that c is almost constant on lines of slope —3 in the region
s>=—1, whereas (3.9) expresses that ¢ is almost constant on vertical lines in the region
$<0. These estimates are combined by the zig-zag path in Figure 1.

We now move to the proof of (3.2). We start by a general lemma, valid for any pair

of compact groups U C K.

LEMMA 3.6. FEvery admissible probability measure v on K can be written as vy for

admissible probability measures v, on K and p on U.

Proof. By assumption, the Radon—Nikodym derivative dv/dk of v is positive and
is a coefficient of a finite-dimensional representation V' of K. Denote by Cy the finite-
dimensional space of real-valued matrix coefficients of V', equipped (say) with the Lo, (K)-
norm. Let pu, be a sequence of admissible probability measures on U converging weak-*
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to d.. Then T,:Cy 3 f— fxu, €Cy converges pointwise to the identity. Since Cy has
finite dimension, for n large enough this linear map is invertible and there is a sequence
fn€Cy converging to dv/dk such that T,, f,=dv/dk. Since dv/dk is positive, so is f,, for
n large enough. In other words, vy =f, dk is a probability measure such that vy pu,=pu,

as requested. 0

Let us fix an admissible and central probability measure v on K. Let v=viu be
a decomposition given by the previous lemma. Since D, commutes with every element
of U, one can write, for >0 and d€[—1, 1],

V0D, ks Da AK = V10D, 0k; AUOD, AK -

By the convexity and lower-semicontinuity of d, the distance

d(VOD ks Do AK s VOD ko Do AK)

is therefore bounded by

sup d(0kp, 1Oks AUOD ks Ok Do Ok AUOD L k7 )-
kb €K

By combining this inequality with the last point in Lemma 3.1, (3.5), (3.6) and Lemma 3.5,
we get a constant C'(v) such that, for every « and r€|a, 4a],

d(ydunaD(r,2a7r,72a)AKa V(SD(a,a,f2oc) AK) < C(V)LQer/2_(2_4S)a'

In particular and as for (3.8), if a=(a1, as, az) €A satisfies a3 >0 and az=—2q, then there
is ug €U such that

d(VJuaD(al,az)QB)/\K, V§D(a,a7—2a)>\K) < C(V)L26(174s)a.

Let us apply the preceding to the distance d’'(m,m’)=d(6, —1m,d —1m’) for some ueﬁ,

UlUg P YU,
which satisfies the same assumptions as d. Note that, since v is central and D(«, o, —2cv)

1

commutes with uu, -, we have

(;uu;l WsuaD(ahaz,ag)/\K = 5uV5D(a1,a2,a3)>\K

and

5uu;1 V5D(a,a7—2a)>\K = V5D(a,a,—2o¢))\K~

Therefore, we obtain

d(5uV5D(a1)a2,a3)/\K, V5D(a,a7—2a)>\K) < C(V)L26(174S)Oé. (3.10)
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In particular, by the triangle inequality,
d(6“V5D(a1>a2,as)/\K’ V§D(a17a27a3))\K) < 20(1/)[/26(1/2725)“3

for every ueU and (ay, as, asz)€A with ax>0. Similarly, by applying the Cartan auto-

morphism g, we obtain
A(8uV8D(ay az.a3) N s VOD (ar as,a5) A ) < 20 (v) LPe™ /272800

for every ueU and (a1, as,a3)€A with a3<0. Indeed, ¢ exchanges U and U and pre-
serves v.
Consider for a moment the particular case as=0. In that situation both estimates

can be applied, and give that
d(3u0D(a,0,—ay\ics VOD(a.0,—a) Ak ) < 2C (v) L2e~(1/2729)a

for every ueUUU. But every element of K can be written as a product of <3 elements

of UU 17, so the preceding inequality implies
d(ékl/(SD(a,O,fa))‘K) VéD(a,O,fa) AK) < GC(V)L2€_(1/2_2S)a

for every ke K. If we average with respect to K (and use one last time the convexity

and lower-semicontinuity of d), we obtain
AAKOD(a,0,—a) K> VOD(a,0,—a) A i) < 6C (v)L2e™ (/272900
By (3.10), we get
AAKOD (a0, —20) N VO D (s, —20) A i) <8C(v) L2e ™ 49)e,
By (3.10) again, this implies that
AAKOD(araz,a5) A V0D (ar an,a5) A ) < 10C(v) L2 elH/2728)as

for every (a1,as,a3)€A, with a3>0. By symmetry (i.e. by conjugating by the Cartan

automorphism) we also get
A(AKOD(ar,az,a0) A V0D (ar a,a5) A ) < 10C(v) LPe™ (H/2729)m
for every (a1, as,as)€A with a3<0. To summarize, we have proven that
d(AkOgA K, VIgAK) < 10C (v) L2e~(1/2725)t9)

for every g of the form D(aq,as,as). Considering the KAK decomposition, we obtain
the validity of the preceding inequality for g€ G arbitrary. This concludes the proof of
(3.2), and therefore of Theorem 1.3 for SL3(R).
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Remark 3.7. The only place in the proof where we used in an essential way that X,
is a Hilbert was in the conclusion (3) of Lemma 3.1, which allowed us to exploit (3.4) and
(3.5). However, for Banach spaces we have Remark 3.2, and the rest of the above proof
shows that (SL3(R.), ¢) satisfies (x¢) provided that there is «>0 and C'>0 such that, for
every 6€[—1,1] and X €&,

H// AMuksu') =X ukou') du du’ <62
UxU

B(L2(K;X))

and
] M) Makon! s () o ey < Clor, a1
UxU

The first equality is equivalent to (1.4), and the second actually follows from the first,
see [11, Proposition 2.1]. This proves Theorem 1.5 for the group G=SL3(R).

3.2. Case of SL3(F)
The proof of Theorem 1.3 for G=SL3(F) and F=Q,, or F,((¢)) for some prime number

p is essentially the same as for F=R.
We only give a rapid overview of the small adjustements one has to make. In
that case the maximal compact subgroup K CG is SL3(0), if O is the ring of units of F

(namely O=Z, or F,[[¢]]). It is more natural to prove the theorem for the length function

(g) =max(log ||g[|,1og [[g~"[]),

where || - || is the norm induced from the natural K-invariant norm

(51, 82, 83) || = max(|s1], [s2], |s3])

on F3 (where |s| is the standard absolute value on F, i.e. the amount by which the Haar
measure on (F,+) is scaled under the multiplication by s). With this normalization, as
for the case F=R, Theorem 1.3 holds with any s<i7 t:%—?s7

_ Cop

¢ 1—4s

for a universal constant Cy (independent from p) and for any K-biinvariant sequence m.,
supported in {g€G:4(g)=n}.

Indeed, Lemma 3.1 holds in this setting, and all amounts to proving Proposition 3.3.
For that, one defines the subgroups U and U by the same formulas as for the real case,
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but in that case they are both isomorphic to GLz(O). The matrix ks€ K is defined for
every 6 €0 by the formula

6 -1 0
ks=11 0 0
0O 0 1

Both formulas (3.4) and (3.5) hold in this setting. This can be derived from [13]; see also
the more general Proposition 3.10 below.

The Weyl chamber is now replaced by its discretized version
A={(a1,a2,a3) €Z*:a; > a; >a3 and a; +as+az =0},

which still parameterizes the K-double cosets by the matrices

e* 0 O
D(a,B,v)=| 0 € 0 |,
0 0 e7

where e denotes the inverse of a uniformizer in 0. To fix ideas, e=p~! if F=Q, and
e=t~1 if F=F,((t)).

Lemma 3.5 is replaced by its formal analogue.

LEMMA 3.8. Let a«€N. For every integer r€[a,4a] there are €O and Uy o, u el
such that |6|<|e|"~**<1 and

I
T,

DoksDo =ty o D(r, 20—, —2a)u;w.

The proof is similar and actually even simpler than in the Archimedean case, because

when F' is non-Archimedean the operator norm of a matrix g€SL3(F') is simply

9]l =max |g; ;|-
2,7

Therefore, one may take =e" 4.

Proposition 3.3 is deduced from (3.4) and (3.5), and the preceding lemma in the same
way as in the real case. There is just one difficulty that occurs from the discreteness of A.
Indeed, since « has to be an integer in the preceding lemma, one obtains (3.7) only when
az=as=—2a is even. A way to obtain the same inequality also when az=a} is odd (say
equal to 1—2a« for an integer «) is to apply the same reasoning (by replacing D, ks D, by
Dy ksDy—1) to the new distance d'(m, m')=d(ug(m), up(m’)), where ug is the (non-inner)

automorphism of G preserving U and given by
el 00 e 0
up(g)=1 0 1 0]gfo0 1
0 01 0 0

(3.11)

= O O
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Indeed, one easily checks that ug(DaksDa—1))€UD(a1,az,a3)U if §=¢>*3~% and that
D(o,a—1,1—2a)U if §=0, and this leads to the validity of (3.7) also when ag=a} is
odd, at the cost of replacing L by L|e|®. The reason for this is that, since ug does not
preserve the length but only satisfies |¢(g) —¢(uo(g))|<log|e|, Lemma 3.1 holds for &',
with L replaced by L|e|®. The same adjustment has to be made to obtain (3.2).
Another way to fix this parity issue is to work from the beginning with PGL3(F),

where the automorphism ug becomes inner, as in [13].

Remark 3.9. When X; is a Banach space, Remark 3.7 holds similarly, except that
in that case we know exactly for which Banach spaces there exist o, C>0 such that, for
every 6€0,

<622,
B(L2(K:X))

H// Muksu') =N ukou') du du’
UxU

These are exactly the Banach spaces of non-trivial Rademacher type, see [14] or Propo-
sition 3.10 below. This proves Theorem 1.4 for the group G=SL3(F).

We are left to prove the following proposition, which is a variant of [14, Lemme 4.4].

PRrROPOSITION 3.10. Let £ be a class of Banach spaces with non-trivial type. There
is a>0, and for every admissible probability measures py1 and ps on (7, a constant
C(p1, p2) such that

< C(p1, p2)|0]*/2.
B(L2(K;X))

H//UXU Auksu') = Mukou') dpn (u) dpz (u”)

The starting point is the following consequence of the Hausdorff-Young inequality
of Bourgain [6]; see [14, Corollaire 2.2]: there is >0 and C'>0 such that, for every finite
Abelian group G, every X €€ and every f:G—X,

1/2 1/2
(Z ||Eseax(8)f(8)ll2> <CHG) ( 3 ||f(s)ll2> | (3.12)
XEG‘

seG

Let us fix a€(0,e). We shall prove Proposition 3.10 for this value of «, by applying the
preceding to the additive group of the residue rings O,,:=0/e "0 for different values
of n, in which case C(#G) ¢=Cp~". We start with the following consequence, which

follows rather easily from [14, Lemma 3.2].

LEMMA 3.11. There is a constant C' such that, for every integer h>1, every non-

trivial character x of the additive group of Oy and every integer n>h, the operator

S € B(2(0, x 0,))
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defined by
Smxf(yv t) =Ezc0,,2c0, X(Z)f(x, t+ehinz+xy)

satisfies

HST“X”B(ZZ(OTLX(’)”;X)) < C/p_a(n_h),
for every X eE&.

Proof. Define hy as the smallest integer satisfying (Cp~"0)<p~2". We consider

three cases.

Case 1: x is non-degenerate, that is x is not trivial on the subgroup
e "lo/e O c Oy,
and h>hg. In that case, [14, Lemma 3.2] applies and, together with (3.12), shows that

HS’th”B(b(On X OniX)) < (Cpfeh)n/hfl < pfot(nfh)7

where the last inequality holds because (Cp~")<p~*" (we assumed h>hy).

Case 2: 1<h<hgy and yx is non-degenerate. The homomorphism
Op3z— el hoze Oh,

induces a surjective g: (/’)\hoﬂ(/?\h and, for every 2€Oy,,, the orthogonality of characters

implies that

s P x(2), if z=elrozceh o,
> X(3)= .
0, otherwise.

X€q~1(x)

As a consequence, we have

Sn,x = Z Sn,iv

xX€q~1(x)
and moreover every character in ¢~!(x) is non-degenerate. Taking into account case 1,
we obtain

1Sn x| Bea(0, x0,:x)) <P pa(nmho) = plte)(ho=h) pman=h) " fo1 every X €£.

To summarize, we have proven the lemma with €’ =p1T®(0=1) ynder the additional
restriction that y is non-degenerate.
In the general case, let d>1 be the largest integer such that x is trivial on

e 40/e 0.
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Then, x induces a non-degenerate character x’ of Oy, and one checks that
S”%X - iDSnchrd),X’ OP,

where : o (On—ptrd X On—ntda) —€2(On x Oy,) is the natural isometric embedding and P

is the orthogonal projection. This shows that
1S x ®idx || < [|Sn-ptaidx || < C'p~ o= = grpatn=h)

and proves the lemma. O

Now, for an integer n and §€O,,, we define the operator S,, s on ¢2(O0,, xO,,) by

Snsf(y,t) =Eeco, f(x, t+i+xy).

We deduce the following result.

LEMMA 3.12. For every integer h, there is a constant C(h) such that, for every
n>h and 6,0 ceh "0y,

19,6 = Sn.6' | B(es (0, x 0ns X)) < C(h)p—en=h

for every Xe€&.

Proof. Write 6=e"""a and §'=e""b with a,b€O,,_;, and consider the function

©=p"(5,—8): O, —R. We can decompose ¢ in the basis of characters

w= Z IxX-

XEOn

Since ¢ has mean zero, the trivial character does not appear in this decomposition, and

it follows from the definitions that

Sns=Snor= Y tySnx

xX€O0n

Lemma 3.11 implies that

15,6 —Sn,5' | Bt2(0, x O ;X)) < C'pen=h Z [tyl.
X

The lemma follows with C(h)=2C"p", because t, =x(a)—x(b) has modulus <2. O
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When £ is made of Hilbert spaces, a direct diagonalization of the operators S, s
show that Lemma 3.12 holds with a constant C'(h) independent from h. We believe that
this should hold for every class £ of non-trivial type, but we could not prove it.

We now move to the proof of Proposition 3.10.

Proof of Proposition 3.10. By the very same argument as in the proof of [11, Propo-
sition 2.1] (suitably adapted to replace Lie groups by totally disconnected groups), we
could restrict to the case when pj =ps is the Haar measure on U. But it does not require
much more effort to provide the argument in the general case, we therefore do so. Let
11 and po be two admissible probability measures on U, and for k€ K denote by Ay, By
and Cj, the following operators on Lo (K):

A= [ Mkt () ),
Bk:/U)\(uk’) dpq (u),

Cp = /U Aku') dps (u),

so that B,Cy =Apwr.

For every integer j, denote by U; the kernel of the reduction morphism U —SL3(O;).
Since (U;); forms a basis of neighbourhoods of the identity in U, every finite-dimensional
representation of U is trivial on Uj for all j large enough, and therefore every admissible
probability measure on U is left- and right-invariant under Uj, for all j large enough.
Fix j such that this invariance holds for 1 and ps. So we have that A=Ay for every
ke K and u, v €U;.

Let n>j. Denote by O,>z—3i€O any section. For a,b,z,y€O,, we define the

following matrices in K:

1 —eJa —e 2 e %y —1 0
ala,b)=10 0 1 and B(z,y)=| e 7 0 -1
0o -1 0 1 0 0
Then,
e Y(j—ai—b) —1 e a
ala,b)B(x,y) = 1 0 0
—e Ui 0 1

If §€ O is such that |§|>p’ ", then, for every a, b, z,y€O,, such that y—ax—b=5+e "0,
we have §—ai—bed+e "0 and

_y—ai—b

5 cl+e 0.
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We have that a(a,b)B(x,y) €Ujke-2:5U; as the explicit computation shows:

w00 10 0
0 1 0 a(a,b)ﬁ(x,y) 0 w eJwla =ke—2j5-
0 ewi w 0 0 wl

In particular, Ay (a,b)8(z,y) =4k,

—2js5°
Consider unit vectors €€ Lo (K; X ) and n€ Lo (K; X)*. Define f: O, x O, = La(K; X)

and g: O, x Oy, — Lo (K; X)* by f(2,y)=DBg(s,y)§ and g(a,b):C’;(a’b)n. Then, the norm

of fin £2(O, x Op; La(K; X)) is less than p™, and similarly for g. Moreover,

<f(.’L', y)v g(aa b)> = <Coc(a,b) Bﬁ(z,y)ga 77> = <Aa(a,b)ﬁ(x,y)§7 77>

For § as above, denote by ¢ its image in O,, and compute

(Susfr9)=Y_ Eaco,(f(z,b+d+ax), g(a,b))

a,beO,

= Z ]Ezeon <Ake—2j(;€7 77>

a,beO,

:p2n<Ak872j(557 77)

We deduce that, for 6 and 6’ of absolute value >p'~",

(A sy~ An ) = <<Sn,5—sn,5/> f g>-

PP
Taking the supremum over £ and 7, we obtain, for every Banach space X,
||Ake—2_7’5 _Ake—2_7‘5/ HB(Lz(K;X)) < HSn,é_Sn,S’ HB(Z2(O'H,XO"L;LZ(K;X))).

By Fubini’s theorem, this last quantity is equal to [|S,, 5—5, 5l B(t.(0, x0,;x))- From
now on, we assume X €. We deduce from Lemma 3.12 that, if n>h>j and |§| and |¢'|
belong to [p?~", p"~"], then

—a(n—h).

||Ake—2j5 _Ake—2j5/ ”B(Lz(K;X)) < C(h)p

In particular, if |§|=p'*/~" and |§'|=p’ ", we can take h=j+1 and obtain

1Ak, ;s = Ak, 255 | B(L2(5;x)) S C(G+1)[6].
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Making n vary, we see that the previous inequality holds for every 4,6’ €O satisfying
6]/]6'|=p. Now take 8,8’ €O with 0<|§’|<|6|. Denote |§|]=p~" and |§'|=p~™, and thus
m<m’. Pick a sequence =00, 81, ..., Oy —m:=0" such that |6;|=p~ "+, Then, we have

1Ak sy = Ak sy 1B (Lo < D 1Ak oy, = Ak oy, IB(La(x)
i=1
m—m/ _
< Z O(j+1)p7a(m+171)
i=1
C(j+1
1—p—@
Making §’—0 we obtain
C(j+1)

0.
el

1Ak, 255 = Ako | B(L2(5;x)) <

This concludes the proof of Proposition 3.10. O

3.3. Case of Sp,(F)
The case of Sp,(F) for F=R, Q, or F,((t)) proceeds in the same way as for SL3(F):

Lemma 3.1 holds without any change, and again all amounts to proving Proposition 3.3.
This is achieved by adapting the known proofs of strong property (") [16], [12] in the same
way as for SLz. Actually, the same strategy allows us, as in [12], to prove Theorem 1.3 for
the universal cover §134(R). The same arguments also show the conclusion of Theorem 1.4
for Sp, (F) and of Theorem 1.5 for Sp,(R) and %4(R). We leave the details to the reader.

3.4. Case of SL3,,_3(R)

A particular case of the results of the next section is that SLy (R) satisfies property (x)
for every N >3, and more generally that it satisfies (xg) whenever SL3(R) does. The
reason is that SL3;CSL,. This does not prove Theorem 1.5 for SLj,_3(R), because it
is unknown whether condition (1.5) implies (1.4). However, we can inject in the general
argument presented in §3.1 the exploration process of the Weyl chamber of SL3,, ¢ that
was obtained in [11] using copies of S"~! and obtain Theorem 1.5 for SL3,_3(R.).

4. Generalization to other higher-rank groups

We now prove Theorem 1.3 for higher-rank groups, using that we already know that it
holds for SLs3, Sp, and Sp,. By Lemma 2.8 we can restrict to the case of higher-rank
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simple groups. The arguments are close to [13, §4] and [16, §5]. We refer to these
references for the missing details.

We start with the proof for the case when G is a connected simple Lie group of real
rank >2.

By the classification of higher-rank Lie algebras, G contains a closed subgroup H
whose Lie algebra is sl or sp,; see [18, Proposition 1.1.6.2]. This means that H is
isomorphic to a finite extension of SL3(R) or Spy(R), or to %4(R). Since, as the reader
can easily check, property (*) remains true if one replaces H by a finite extension or by
a quotient by a finite group, we know that the theorem holds for H: let s(H):t(H)>0
and m,, be a sequence of probability measures supported on {h€ H,¢(h)<n} as in the
theorem.

Let a€ H be the exponential of a non-zero semisimple element X, and g=€p, gx be
the decomposition as eigenspaces for Ad(a). In this way, for Y €gy, ad(a)(Y)=eY and
aexp(Y)a l=exp(e'Y).

We shall prove that (%) holds for (G,¢) with the parameters s,t=t(H) and the
sequence m,, (seen as probability measures on G) if s<s(H) is small enough.

Let m be as in (%) for (G,¢). Then, since s<s(H), we know that there is P€
B(Xy, X2) such that

| 7(m,)—P|| < Ce ™. (4.1)

Moreover, if ¢ and v are probability measures on G supported in

{9:¢(9) <R} and {g:l(9)<R'},

respectively, then, by applying the preceding to (- )=n(u-v), we obtain , P, € B(X1, X>)
such that
7 (pmnv) = Py || < CLZe*FHRD =, (4.2)

We have to prove that , P, =P for every y and v. By assumption, we know that , P, =P
if u and v are supported in H. More generally, , P, only depends on the images of u
(resp. v) in G/H (resp. in H\G). Finally, as in Lemma 3.4, the map (u,v)~,P, is

lower-semicontinuous.
LEMMA 4.1. The following holds if s is small enough. Let pu and v be compactly
supported measures on G. Then, for every A#£0 and Y €ga,

o P, :/LPV'

exp(Y)” ¥

Proof. Since V|| 5., Pv— Pyl is lower semicontinuous, we can restrict the proof

to the case when v belongs to some dense subset. So we may assume that v is absolutely
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continuous with respect to the Haar measure with a compactly supported and Lipschitz
Radon-Nikodym derivative. By replacing a by a=! (i.e. X by —X) we may also assume
that A>0. Let ¢ be an integer, the value of which will be determined at the end of
P, and
wPy=ps5,en Py. Applying (4.2) with p replaced by pdexp(yyaen and pdqen, we obtain, by

the proof. From the preceding discussion, we know that uéexpw)PV:uéexp(y)acn

the triangle inequality,

oy Po— Py | DO R +ent(a) (s ) —nt

H{|7 (1exp (v yacn MnV — ppbgenmpv)||.

The first term goes to zero as n—oo if s<t/cl(a).

Let us bound the second term. Let «,, denote the measure
HOexp(Y)acn MV — Ogen M V.
Then, «, is supported in {g€G:¢(g)<R,} for some R, <C’'+n(1+£(a)). Therefore,
17 () || < CL? e ||y v -
But, by the triangle inequality, the total variation norm ||, ||7v of «,, is less than

sup |[0g-1a-cn exp(v)acng? = VTV -
L(g)<n
However, a~“" exp(Y)a“" =exp(e~**"Y), as Y €gy. Let C'>0 be such that ad(g) is -
Lipschitz on the 1-neighbourhood of the identity in G for every g with £(g)<1. For
{(g)<n, ad(g) is e"C-Lipschitz on the e~¢(~N_neighbourhood of the identity, so that in
particular, if ¢ is large enough (namely such that C'—Ac<0), we have that

gflafcn exp(Y)ac”g

is at distance O(e(®~*9") from the identity. Remembering that v has a compactly

supported and Lipschitz Radon—Nikodym derivative, we obtain
sup [|0g-14-cn exp(vyacng? — VTV = O(elCAem),
Lg)sn

One deduces that ||7(ay,)|| goes to zero if eCFs(1+£(a)=Ae

so that Ae>C for every A#£0 in the sectrum of ad(a), then

<1. To conclude, if ¢ is chosen

PV_[_LPV”:O?

Hllfzsexp(Y)

<min(2=C¢ _t N
oS 1+0(a) cl(a) )’

provided that
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We can now conclude the proof of the theorem, for the value of s<s(H) given by
the preceding lemma. Clearly, the set of elements of G such that 5, P,=,P, for every
compactly supported measures p and v on G is a group. Lemma 4.1 shows that this group
contains the group generated by |J, . exp(gx), which is the whole group G. Similarly,

we have that , Ps ,=,P, for every g€G. In particular, we have
5,05, =PFs, =P forevery g,g'€G.

This proves the theorem.

Consider now a non-Archimedean local field F and an almost F-simple algebraic
group G with F-split rank >2. We may assume that F=Q, or F,((¢)) for some prime
number p. Indeed, if F' is a finite extension of F’, then G is isomorphic to an almost
F’-simple algebraic group with F’-split rank >2. Moreover, replacing G by a finite
extension, we may assume that G is simply connected as an algebraic group over F' ([16,
Lemma 5.5]). In that case, by [16, Lemmas 5.3 and 5.4], we are in the same situation as
in the real case and the rest of the proof applies with no change.

Remark 4.2. The preceding argument shows more generally that if a higher-rank
simple group G contains a group locally isomorphic to a group with property (xg), then
G also satisfies (x¢). Together with Remark 3.9 (resp. Remark 3.7 and §3.4) this proves
Theorem 1.4 (resp. 1.5) for higher-rank groups.

Remark 4.3. The above proof for simple Lie groups shows the following more general
fact. Let H be a closed subgroup of a connected Lie group G, with Lie algebras hCg.
Assume that H satisfies property (x) (resp. (*¢)), and that g is the smallest Lie subalgebra

containing h and
{Y € g:there exists X € b such that [X,Y]=Y}.

Then, G satisfies (x) (resp. (xg)).
For example, SL(n, R) x R™ satisfies (%) for n>3, and even (x¢) for every class £ for
which SL(n,R) satisfies (x¢).

5. Passing to lattices
5.1. Facts on lattices

We collect two facts on lattices.
The first one is a celebrated theorem from [17] which asserts that the embedding of
a lattice in a higher-rank group is a bilipschitz map (we call such a lattice undistorted).
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THEOREM 5.1. (Lubotzky—Mozes—Raghunathan) Let G be a higher-rank group with
word-length £ with respect to some compact generating set, and I'CG be a lattice with
word-length ¢r with respect to some finite generating set. There is C'>0 such that, for
every vel,

lr(v) < Clg(v).

The results in [17] do not formally include the preceding statement, as they do not
include the non-algebraic groups (as é\f)%(R)) However, the general case follows, as in

[12, §7], from the following lemma which is certainly well known.

LEMMA 5.2. Let G be a higher-rank group, with center Z(G) and I'CG be a lattice.
The image of T' in G/Z(G) is a lattice in G/Z(G).

Proof. Let G=]],¢;
each G; is either a connected simple Lie group of real rank >2, or a connected almost

G; be the decomposition of G into finitely many simple pieces:

F;-simple algebraic group of F;-split rank >2 over a local field F;.

Note that T preserves a probability measure on G/Z(G), so we have to prove that the
image of ' in G/Z(Q) is discrete, or equivalently that I'Z(G) is discrete in G. For this,
we prove that the centralizer C' of T' coincides with Z(G), and in particular is discrete.
This is enough: by property (T), T is finitely generated, and so the discreteness of its
centralizer is equivalent to the discreteness of its normalizer (which contains I'Z(G)).

For each €1, the group G;/Z(G;) is a linear algebraic group over Fj, and the image
in it of C centralizes the Zariski closure of the image of ', which is G;/Z(G;) by [18,
Theorem 11.2.5 and Lemma I1.2.3]. Since G;/Z(G;) is centerless, this implies that the
image of C' in G;/Z(G;) is trivial. This proves that

ccllz@G)=2@G)
1€l
and the lemma. O

Proof of Theorem 5.1. Let G be a higher-rank group and I'CG be a lattice. Let
G'=G/Z(G)

and IV CG’ be the image of T" in the quotient. Denote by ¢, ¢', 1, ¢r and £z the word-
length functions on G, G', T, I” and Z(G), respectively, with respect to some compact
generating sets. By Lemma 5.2, IV is a lattice in G’, and so I" has finite index in the
preimage in G of I'. Without loss of generality, we may assume that I" is actually equal
to the preimage in G of T".
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We have that G’ is a finite product of connected almost simple algebraic groups over
local fields, so we can apply [17] to every irreducible component of IV and obtain that
{r, and ¢'|p are quasi-isometric.

By [10], the central extension G of G’ is given by a bounded 2-cocycle. This implies
that G is quasi-isometric to G’ x Z(G), and that (T, fr) is quasi-isometric to

(FI X Z(G), EF/ ng(G))
with compatible maps. Putting everything together, we get
(F, EF) ~ (F/ X Z(G), [F/ ng(G)) ~ (F/ X Z(G), g/‘p/ ng(G)) ~ (F,Zh“),

which proves the theorem. O

The second result says that, for higher-rank lattices, the measure of the cusps in G/T°
decay exponentially fast. In a first version of this paper, I had sketched a proof, similar
to [18, §VII.1], relying on Margulis’ arithmeticity theorem and the Harish-Chandra—
Borel-Behr-Harder reduction theorem for S-arithmetic lattices. Francois Maucourant
explained to me that this is a direct consequence of property (T') (actually even of spectral
gap), and that it applies more generally to all Lie groups and all simple algebraic groups

over local fields [2], [5], [4]. I thank him for allowing me to include this proof here.

THEOREM 5.3. (Maucourant) Let G be a locally compact group satisfying property
(T), £ be a length function on G, and I'CG be a lattice. There is a Borel fundamental
domain QCG and so>0 such that

/ %049 dp < 00.
Q

More generally, if TCG is a lattice in a locally compact group equipped with a length
function £, and if and GG/T has spectral gap, then there is a compact subset QCG
such that the image of Q™ in G/T' has measure >1—-27".

Proof. The second statement is clearly more general than the first one, so let us focus
on the second. Equip G/T" with the unique G-invariant probability measure, and consider
A, the regular representation of G on Lo(G/T"). The invariant vectors are exactly the
constant functions on G/T. Denote by P: Lo(G/T)— Lo(G/T) the orthogonal projection
on the constant functions, i.e. the linear map sending f to the constant function equal
to fG /T f- By Remark 2.4, there is a symmetric compact subset @ CG and a sequence
of probability measures on Q™ such that || A(u,)—P||<27". We may assume that @ has

positive measure.
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For an integer n, denote by €, the image of @™ in G/T". Let f,, the indicator function
of Q,. If g€Q", we have that gQ™*! contains @, so

(Ag) frr1, f1) = 191N [ =[]
and
(AMn) fras1s f1) = ).

On the other hand, we have

<an+1a f1> = |Qn+1‘ |Ql|
So, we have
€0 | (1= |Q2ns1]) = ((Aptn) = P) frg1, f1) <277

We deduce 1—|Q,41|<C27"=202"""" for C=1/|Q]|, which is finite because @Q has

positive measure. Replacing @) by some power allows to remove the factor 2C. O

5.2. Inducing from exponentially integrable lattices
Our goal in this subsection is to prove the following result.

THEOREM 5.4. Let I'CG be a lattice in a locally compact group G and £ be a length
function on G. Then, (G,£) satisfies (x) if and only if (T',f|r) satisfies (x).

Remark 5.5. More generally, if £ is a class of Banach spaces which is stable by
XLy (Q, p; X) for every measure space (§2, 1), then (G,¥¢) satisfies (x¢) if and only if
(T, £|r) satisfies (x¢g).

Proof. We may assume that G has property (T'), as otherwise I' does not have
property (T') either and the theorem is empty. By Theorem 5.3, I' admits a fundamental
domain QCG and sg>0 such that

/ el dg < oo, (5.1)
Q

We may assume furthermore that every element w of €2 almost minimizes the length

of its T'-orbit, for example that it satisfies
fw) < in%ﬂ(w7)+1 for every y€T. (5.2)
YE

Indeed, if (yn)n>0 is an enumeration of I' (say with yp=e), and if f(w)=w?y, for the
first n satisfying ¢(w7,)<1+inf, (wy), then we may replace Q by f(£2), which remains
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a Borel fundamental domain for I', which still satisfies (5.1) and which moreover satisfies
(5.2). Of course, in most interesting cases, ¢ is proper and we can remove the +1 in (5.2).

For convenience, we choose the normalization of the Haar measure on G so that )
has measure 1.

For every geG and wef), we denote by

gw=(g-w)a(g,w)

the unique decomposition of gw as a product of g-we) and a(g,w)€el. Recall that
(g,w)>g-w is a probability measure preserving action of G on €, and that « is a cocycle,

i.e. is satisfies the cocycle relation

a(g191,w) = (g1, g2-w)a(ge, w)

for every g1, g2 €G and we). We start with a lemma which shows that, in a sense close to

Shalom’s notion of L,-integrable lattice, (5.1) implies that I' is exponentially integrable.

LEMMA 5.6. There is C'>0 such that, for every sgéso,
/ 510(59) gy < 0259,
Q

Proof. We write a(g,w)=(g-w) *gw. By the symmetry of £ and (5.2), we have
U((g-w)™h) =L(g-w) <L(gw)+1.
By the subadditivity of ¢, we deduce that
U a(g,w)) < 1+20(gw) < 1420(g)+26(w).

The lemma follows by integrating, with C'=e*0/? Jo et dy. O

We start with the interesting direction, namely the implication
(G, 0) satisfies (x) = ([, ¥|r) satisfies (x).

Let 3,7,C>0 and 7, be a sequence of probability measures on {geG:£(g)<n} as in (x)
for (G,¢).

Let m:I'— B(Xy, X2) be such that 7(gg’) factors as m(g)mo(g’) for a Hilbert space
X1 and two maps m: I'— B(Xy, X1) and 71: T'— B(Xy, X2). Assume that there is L>0
such that ||m;(7)||<Le*® for all y€T and i€{0,1}, with s=min(s, 3).
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For z€ Xy, geG and we(), define
fo(g)x(w) =mo(alg™ w) ™)z € Xi.

By Lemma 5.6, since sé%so, the measurable function 7y(g)x is Lo-integrable:

1/2
[7o(9)2l La(0:x)) < ( / LPe2stela” "*’))szdw) < CLe*U9,
Q

This proves that 7(g) has norm <CLe?*(9) from X to Ly(Q; X1). Similarly, for every
f€La(; X1), we can bound

/ I (a(g™ @)~ g )l x dow < / Le? @™ D) £(g™ ) | x, do

» 1/2
<L</ e2s£(o¢(g ,w)) dw> ||,f||2

Therefore, we can define a map 71(g): L2 (Q; X1)— X5 by
A1) = [ mlaly ) (e w) do= [ mlalw)f @) do,

and it satisfies ||71(g)||<CLe?**9). Tt is easy to check that 7o and 7; are strongly

continuous. By the cocycle formula, we have

T1(9)70(9") =7 (g9),

where

w(g)x= / mla(g™, w) ™ Hr dw.

So, since s< %5, the map 7 satisfies the assumption in (x), so that there is P€ B(Xj, X2)
such that

|77 ) — P|| < CC2 L2
and, for every g1, g2 €G,

lim |7 (m2,,) _7?(5917%71592)” =0.

Let us denote by m§?) the probability measure on I' given as the image of m,, ®dw by the
map (g,w)—ra(g™tw) ™!
To summarize, we have proven that, whenever m:T'— B(Xj, X;) is as above with s=

min(§so, 55), then 7(m'?) is well defined (i.e. the series >, m®(y)7(7) converges in

,w)~t. Then, by Fubini’s theorem, one can write ﬁ(r?zn):w(mglo)).
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norm) and is Cauchy in B(Xp, X3). In particular, for every v1,v2 €T, lim,, 7 ('ylmgl )72)

exists.

We shall prove that this limit is P. To do so, we will prove that
lim7(yym?)e =Pz  for every z € Xo. (5.3)

for every 1 €I'. Before we do so, let us explain how (5.3) allows us to conclude the
proof of Theorem 5.4. By the preceding discussion, (5.3) implies the seemingly stronger
conclusion that

lim [[r(1m{”) ~ P =0.

By symmetry (consider the dual maps 7(¢~1)*€ B(X3, X)), (5.3) implies that
lim [|7(m{52) — P|| =0

(0)

for every v2€T". Hence, ||7(y1mn ’)/2)—7T(m$LO))||, which is less than

(0)

I (rim{O) = () |+ [ (rim?) = ()|

by the triangle inequality, goes to zero for every ~1,v2 €I" (for the first term, this is (5.3)
applied to the map y+—m(y17y)). The preceding inequality is almost (x) for (', ¢), except
that m!" is not supported on B, :={yel:4(y)<n}. This is however almost true for

Mmys5, as will be deduced from the following lemma.

LEMMA 5.7. If sgiso, then, for every integer n,
/esl('}’) 1£(’Y)>5n dm'ELO) ('Y) < 06 —3s0/2+5s)n <Ce” 50/4)n

Proof. We have 654(7)1g(.y)>5n<e(30/2)€(7)_5(30/2_5)". By integrating and using the

(0)

definition of m,, ', we obtain

/ D 1y son dml® (7) <, / e(s0/2)(a(g™ @) ~5(s0/2-5)n g,

One concludes by Lemma 5.6. O

So, one defines m,, as the conditional probability mn /5( NB,) /mn /5( n). By def-
inition, m,, is supported on B,. On the other hand, Lemma 5.7 provides a constant C’

(depending on C and sq only) such that, if sgiso,

|7 (1) —W(mﬁlo/)f)) II< C'[2e—(s0/20)n
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Therefore,
|7(m,)—P|| <C"L*e ™

for t:min(%so7 %f) and C"=C"+CC?2. Similarly,
lim | (ympnz) =7 (1imy)92) ]| =0

for every 1,72 €. This proves (x) for (I',¢) with s=min(§so, 35) and t=min (5550, £¢).
It remains to justify (5.3).

Fix a probability measure vy on I' with full support and satisfying

/esz(“’) dvp(7y) < o0.

Let v be the probability measure on G given by [ fdv=[ f(wy)dw dvy(y). We define a
new map 7} (g): L2(9; X1)— LY (G, v; X3) by setting

(9 fwy)=m(y talg ™ w) ) flgHw),

so that 71(g9) f=[(71(9)f)(w) dw. To check that 7} (g) maps L2(2; X1) to L' (G, v; Xa),

we compute

/ Im(ytale ™t w) ™) Flg™tw) | de i (y)

<L / st )| £~V dus dg (7).

This is less than
L [ e din) 0 1

by the Cauchy—Schwarz inequality and Lemma 5.6. Also, we have 7 (g)7o(¢")=7"(g99"),

where

T(g)r(wy) =m(v  alg™ w) e

for z€Xy. So (recall 2s<3) we can apply (x) for (G,£). In particular, if z€ Xy, we get
that f,=7"(m,)z converges to some f€L'(G,v;Xs), and 7'(gm, )z converges to the
same f for every ge€G.

On the one hand, for g, ¢’ € G and almost every wy € G, one checks from the definitions

that

(7 (99")x)(wy) = (&' (g")x) (g~ w).

This means that both functions f,, and h+s f,,(g~1h) converge in L*(G, v; X5) to f. Since
v is equivalent to the Haar measure of G, this implies that f(g~h)=f(h) for almost every
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he@G. But this holds for every g€G, therefore there exists y€ Xs such that f(h)=y for
v-almost every h.

On the other hand, by definition of m'? and by the fact that 7(g) is the composition
of 7'(g) and of the map f~ [ fdv, we have

ﬂ(m%o))z:ﬁ(ﬁln)x:/fn(w) dw

and

Px:/f(w) dw=1y.

Similarly,
(0)y,. — -1 -1 ~ _ -1
w(yimy, )x—//w(’yla(g W) )xdwdmn(g)—/fn(w71 ) dw.

By our choice of v, the map h+— [ h(wy; ')dw is bounded on L'(G,v; X2). This implies
that lim,, W('ylmgbo))x:f f(wy ) dw, which is equal to y=Pz. This concludes the proof
of (5.3) and therefore of the “only if” direction in Theorem 5.4.

The “if” direction is easier. Assume that (I', ¢|r) satisfies (%), with s, ¢, C, (mn)n>0-
Without loss of generality, we may assume that s<sg. Let m: G— B(Xy, X7) be as in the
definition of (x) with this value of s. We may apply (x) to the restriction of 7 to I'. More
generally, for every measures p1 and pe on G such that C(ui):szesz(g) dui(g)<oo,
we may apply () to the map y—m(u1d,u2) and get an operator ,, P,, in B(Xo, X1)
satisfying

102 Pz = (1 p2) | < CC () Cpz)e ™™

and ;5. Ps., uy =ps Py, for every 71,72 €. But, since s<sp, we may in particular apply
the preceding to p; =ps=p the probability measure on €2, and to its translates by any
g€G. For g1 €G, we can decompose the probability measure dq, ¢t as a sum Z'\/EF Ly Ory

for a family of measures p, on {2 summing to p. This leads to the equality
QllLP#:Zﬂv‘;vPl‘:ZM’YPM:HPH’
¥ gl

where the easy justifications of the convergence are left to the reader. Similarly,

Py, =P, forevery gi,920€G.

gip

This is almost () for G and the sequence of probability measures m,,=pxm, *u. The
only issue is that m, is not supported in {g€G:€(g)<n}. This is fixed by suitably
truncating m,, as in the “only if” direction. O
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We also have the following variant of the easy direction in the preceding theorem.

PRrOPOSITION 5.8. Let G, I' and £ be as in Theorem 5.4. There exists so>0 such
that, for every s<sg and ¢=0, if Csyc(T') has a Kazhdan projection, then so does
Cserc(G).

More generally, if GAG/T has spectral gap, if € is a class of Banach spaces and if
Csttc,e(T) has a Kazhdan projection, then so does Cspyc.e(G).

Proof. If Csp4(T") has a Kazhdan projection for some s,c>0, then in particular T’
has property (7') and G also. Let € be the fundamental domain and so>0 be the real
number given by Theorem 5.3. Let p be the uniform probability measure on Q. If
s<sp, then p belongs to Csppee(G) with norm < [, es9+e du(g), and more generally
the map f€C[[T—>puf (the convolution of y and of f, seen as the measure > _ f(7)d,
on G) extends to a linear map of norm < |, es9redy(g) from Copyee(T) t0 Coryee(G).
We claim that, if P€Cspyce(I') is a Kazhdan projection, then uP€Cspyce(G) is also a
Kazhdan projection. We have to prove that, for every g1 €G, we have 4, pP=pP. As in
the preceding proof, we can decompose the probability measure dq, 1t as a sum ) | ~yer iy Ory

for a family of measures p, on Q summing to u. This leads to the desired formula
Og, P = Z pryOy P = Z py P = pP,
v ¥

where the middle inequality is because P is a Kazhdan projection for I', and where the

justification of the summability of both series is straightforward. O

A direct corollary of Proposition 5.8 is that the negation of strong property (7') is
inherited by lattices in full generality.

COROLLARY 5.9. Let T' be a lattice in a locally compact group G. If G does not
have strong property (T'), then T’ does not have strong property (T) either.

5.3. End of proof of Theorem 1.3

The fact that every higher-rank group satisfies property (%) has already been proven
in §4. It remains to prove it for a lattice I' in higher-rank group G. Let £ be the
word-length function on G with respect to some compact generating set. By Lemma 2.6
and Lubotzky—Mozes—Raghunathan’s theorem (Theorem 5.1), it is enough to prove that
(T, £|r) satisfies (). By Theorems 5.3 and 5.4, this follows from the fact, already proven,
that G satisfies ().

Remark 5.10. If we take into account Remark 5.5 and note that having non-trivial
Rademacher type, as well as (1.3)—(1.5), are all Banach-space properties which are stable
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by the operation X+ Lo(Q, u; X), we complete similarly the proofs of Theorems 1.4
and 1.5. In fact, we get the following more general result. In the statement, if G=][,.; G:
is a product of higher-rank simple groups, the real factors are those GG;’s which are real
Lie groups, whereas the non-Archimedean factors are the others, that is those G;’s which

are algebraic groups over non-Archimedean local fields.

THEOREM 5.11. Let G be a higher-rank group, T CG be a lattice and &€ be a class of
Banach spaces. Then, both G and T satisfy (xg) (and therefore strong (T) with respect
to &) if one of the following conditions holds:

e G has no real factor and £ has non-trivial Rademacher type;

e the Lie algebra of every real factor of G contains a Lie subalgebra isomorphic to
spy or sls, and there is a€(0,1] and C>0 such that (1.3) and (1.4) hold for every X €€&;

e the Lie algebra of every real factor of G contains a Lie subalgebra isomorphic to
slgn—3 for n>2, and there is a€(0,1] and C>0 such that (1.5) holds for every X €&.
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