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Introduction

0.1. Background and motivation

For a closed, connected, oriented surface S of genus g>1, the Hitchin component Hit,, (S)

is a preferred component of the character variety
Xpgr, r) (S) = {homomorphisms : 1 (S) — PSL,(R)} / PSL,(R)

consisting of group homomorphisms g: 1 (S)—PSL,(R) from the fundamental group
m1(S) to the Lie group PSL,(R) (equal to the special linear group SL,,(R) if n is odd,
and to SL,(R)/{£1d} if n is even), where PSL, (R) acts on these homomorphisms by
conjugation. The quotient should normally be taken in the sense of geometric invariant
theory [34], but this subtlety is irrelevant here, as this quotient construction coincides
with the usual topological quotient on the Hitchin component. The “character variety”
terminology is justified by the fact that, by [37], the class of o:m(S)—PSL,(R) in
XpsL, r)(S) is determined by the character m;(S)—R associating the trace Tro(y)€R
with y€m;(S) (defined up to sign when n is even). In particular, we will refer to the
elements of Xpg,, (r)(S) as characters.

When n=2, the Lie group PSLy(R) is also the orientation-preserving isometry group
of the hyperbolic plane H?, and the Hitchin component Hit2(S) of Xpgr, ®)(S) consists
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of all characters represented by injective homomorphisms g: 71(S)—PSLy(R) whose im-
age o(m1(9)) is discrete in PSLy(R) and for which the natural homotopy equivalence
S—H?2/o(m1(S)) has degree 1. The Hitchin component Hity(S) is in this case called
the Teichmiiller component, and can also be described as the space of isotopy classes of
hyperbolic metrics on S.

When n>2, there is a preferred homomorphism PSLs(R)—PSL,(R) coming from
the unique n-dimensional representation of SLy(R) (or, equivalently, from the natural
action of SLa(R) on the vector space R[X,Y],—1=R" of homogeneous polynomials of
degree n—1 in two variables). This provides a natural map Xpgp,(r)(S) = XpsL, ) (S),
and the Hitchin component Hit,(S) is the component of Xpgr, (r)(S) that contains the
image of Hita(S) CXpgr,(r)(S). The terminology is motivated by the following funda-

mental result by Hitchin [23], who was the first to single out this component.
THEOREM 0.1. (Hitchin) The Hitchin component Hit,,(S) is diffeomorphic to

R2(g-1)(n?~1)

A Hitchin character is an element of the Hitchin component Hit,, (S5), and a Hitchin
homomorphism is a homomorphism g: 71 (S)—PSL,, (R) representing a Hitchin character.
We will use the same letter to represent the Hitchin homomorphism g: 71 (S)—PSL,,(R)
and the corresponding Hitchin character p€Hit,, (S).

About 15 years after [23], Labourie [27] showed that Hitchin homomorphisms satisfy
many important geometric and dynamical properties, and in particular are injective with
discrete image; see also [18].

Hitchin’s construction of the parametrization of Hit,, (S) given by Theorem 0.1 is
based on geometric analysis techniques that provide little information on the geometry
of the Hitchin homomorphisms themselves; see [30], [28], [29] for different geometric an-
alytic parametrizations when n=3. The current article is devoted to developing another
parametrization of the Hitchin component Hit,, (S) which is much more geometric, and
has the additional advantage of being well-behaved with respect to the data of a geodesic
lamination. Geodesic laminations were introduced by Thurston in order to develop a
continuous calculus for simple closed curves on the surface S, and provide very powerful
tools for many topological and geometric problems in dimensions 2 and 3. See §9 and §10
for two simple applications of our parametrization, one to the dynamics of the action of
a pseudo-Anosov homomorphism of S on the Hitchin component, and another one to the
length functions defined by a Hitchin character on Thurston’s space ML(.S) of measured
laminations on S.

In fact, our construction is a natural extension of Thurston’s parametrization of the

Teichmiiller component by shearing coordinates [42], [5]. It draws its inspiration from
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this classical case where n=2, but also from work of Fock—-Goncharov [18] on a variant of
the Hitchin component where the surface S has punctures, and where these punctures are
endowed with additional information. As in the classical case where n=2, the situation
is conceptually and analytically much more complicated for a closed surface than in the
case considered in [18]. The major contributions of the article are to adapt the analysis of
[42], [5] to the case where n>2. As a consequence, many of the arguments are new even
for the case n=2: this includes the slithering map of §5.1, the explicit reconstruction of
a character from its shearing invariants in §6.2, and the estimates of §8.2 relating growth
rates to positivity.

The companion article [9] is devoted to a special case of our parametrization, when
the geodesic lamination has only finitely many leaves. The situation is much simpler
in that case, and in particular the arguments of [9] tend to be very combinatorial in
nature. The current article has a much more analytic flavor. It is also more conceptual,
and provides a homological interpretation of some of the invariants and phenomena that
were developed in a purely computational way in [9]. And of course the framework of
general geodesic laminations, possibly with uncountably many leaves, considered in this
article is better suited for applications.

The article [16] was developed, to a large extent, as a first step towards the more
general results of the current paper. It investigates all deformations of a Hitchin character

o€Hit, (S) that respect its triangle invariants, as discussed in the next section.

0.2. Main results

We can now be more specific. Let A be a maximal geodesic lamination in S. See §2 for
precise definitions. What we need to know here is just that, for an arbitrary auxiliary
metric of negative curvature on the surface, A is decomposed as a union of disjoint
geodesic leaves, and that its complement S\ consists of 4(¢g—1) infinite triangles with
geodesic boundary. Some maximal geodesic laminations, such as the ones considered in
[9], have only a finite number of leaves, but generic examples have uncountably many
leaves.

Given a Hitchin character p€Hit,, (5), the rich dynamical structure for ¢ discovered
by Labourie [27] associates with each triangle component T; of S\ a triple (E, F,G)
of three flags of R", well defined modulo the action of PGL,(R). In addition, Fock and
Goncharov [18] prove that this flag triple (E, F, G) is positive, in a sense discussed in §1.5,
and is determined by 1(n—1)(n—2) invariants 7%, (E, F,G)€R. Since S\ has 4(g—1)
components, these flag triple invariants can be collected into a single triangle invariant
recR2(g-1)(n=1)(n=2)
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The really new feature introduced in this article describes how to glue these flag
triples across the (possibly uncountably many) leaves of the lamination, and simultane-
ously involves analytic and combinatorial arguments. The analytic part of this analysis is
based on the slithering map constructed in §5.1, which is a higher-dimensional analogue
of the horocyclic foliation that is at the basis of the case n=2 [42], [5]. This slithering
map enables us to control the gluing by elements of the homology of a train-track neigh-
borhood U for A, which we now briefly describe. The precise definition of train-track
neighborhoods can be found in §4.2 (and is familiar to experts); at this point, it suffices
to say that U is obtained from S by removing 4(¢g—1) disjoint disks, one in each com-
ponent of S\ . In addition, the boundary QU is decomposed into a horizontal boundary
onU and a wvertical boundary O,U in such a way that, for each component T of S\,
the intersection TNOU is a hexagon made up of three arc components of 9,U running

parallel to the sides of T" and three arc components of 9,U facing the spikes of T

The geodesic lamination A has a well-defined 2-fold orientation cover 5\, whose leaves
are continuously oriented, and the covering map A=\ uniquely extends to a 2-fold cover
U—U. In particular, Aisa geodesic lamination in the surface U. Also, as the components

of S\ A are infinite triangles, A is non-orientable and it follows that A and U are connected.

Our new invariant for a Hitchin character p€Hit, (S) is a certain shearing class
(02| Hy(U,d,U;R"1). This shearing class has the property that ¢, ([0¢])=—[0¢], for
the covering involution ¢ of the cover U—U and for the involution z+Z of R"~! that
associates T=(xp—_1, Tp—2,...,x1) with z=(z1, 22, ...,xp—1). In particular, [0?] can also
be interpreted as a twisted homology class [o2]€ Hy (U, 8,U; R"™!) valued in a suitable
coefficient bundle R"~! over U with fiber R"~!.

The triangle invariant 7¢ and the shearing class [09] satisfy two types of constraints.

The first constraint is a homological equality.

PROPOSITION 0.2. (Shearing cycle boundary condition) The homological boundary
8[09]€H0(8V[7; R"™~1) of the shearing class [O'Q]EHl(ﬁ, d,U;R"~1Y of a Hitchin charac-
ter o€Hit, (S) is completely determined by the triangle invariant 70 €R2(9-1(n=1)(n=2)

by an explicit linear formula given in Lemma 5.14 and Proposition 5.15.

The second constraint is a positivity property, proved as Corollary 7.13 in §7.2.
Because the leaves of the orientation cover \ are oriented, a famous construction by Ruelle
and Sullivan [38] interprets every transverse measure p for ) as a 1-dimensional de Rham
current in U. In particular, such a transverse measure p determines a homology class
[u|eH 1((7 ;R). See also Proposition 4.2 for a more explicit description of this homology
class [p].
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PROPOSITION 0.3. (Positive intersection condition) For every transverse measure p
for the orientation cover \, the algebraic intersection vector (1] [o?]€R™ of the homol-
ogy class ()€ Hy(U;R) with the shearing class [0¢)€ Hy(U,0,U; R*™Y) of p€Hit,(S) is

positive, in the sense that all its coordinates are positive.

The shearing cycle boundary and positive intersection conditions restrict the pair
(72,[09]) to a convex polyhedral cone P in R2(9-D(=1(n=2) fr (U, 9,U;R"1), with
finitely many faces. The main result of the article, proved as Theorem 8.13 in §8.3, shows
that these are the only restrictions on the triangle and shearing invariants, and that these

provide a parametrization of the Hitchin component Hit,, (.S).

THEOREM 0.4. (Parametrization of the Hitchin component) The map Hit, (S)—P,
which to a Hitchin character o€Hit,(S) assigns the pair (72, [0?]) formed by its trian-
gle invariant T2€R29-D=1(=2) 4nq its shearing class [0¢)€ H(U,8,U;R"™ 1), is a

homeomorphism.

When n=2, all triangle invariants are trivial and the shearing class [0¢] is closed.
The above theorem is just a rephrasing of the parametrization of the Teichmiiller space
T(S) by the shearing coordinates defined by A, as developed in [42] and [5].

The shearing cycle boundary condition provides some unexpected constraints on
the triangle invariants of Hitchin characters, as well as on their shearing classes. The
following two statements are abbreviated expressions of more specific computations given
in §8.4. These restrictions are somewhat surprising when one considers the relatively large
dimension 2(g—1)(n?—1) of Hit,(S).

PROPOSITION 0.5. An element 7€R2(0-D(=1(=2) s the triangle invariant ¢ of
a Hitchin character p€Hit,(S) if and only if it belongs to a certain explicit subspace of

codimension L%(n—l)J of R2(g—D(n—1)(n-2)

We already saw that shearing cycles have a simple symmetry property under the
covering involution ¢ of 17, and therefore they belong to the twisted homology space
H,(U,8,U; R"=1), consisting of those a€Hy(U,d,U;R"1) such that ¢, (a)=—a. The
dimension of this twisted homology space H(U,d,U ;@”_1) is computed in (the proof
of) Proposition 4.7, and is equal to 18(¢g—1)(n—1).

PROPOSITION 0.6. A twisted relative homology class [o]€Hy(U,d,U; R™™1Y) is the
shearing class [0®] of a Hitchin character p€Hit, (S) if and only if it belongs to a certain
open convex polyhedral cone, bounded by finitely many faces, in an explicit linear subspace
of H1(U,0,U,; Hi"‘l) of codimension 24(g—1) if n>3, of codimension 20(g—1) if n=3,
and of codimension 12(g—1) if n=2.
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At first, the relative homology space H (ﬁ, o,U ; R"™1) of a train-track neighborhood
U, and its twisted version Hy(U,0,U ;@”*1), may not appear very natural. In fact,
although we decided to privilege this more familiar point of view in this introduction,
Hy(U,8,U; R"1) occurs as a space Z(A, slits; R"1) of tangent cycles for the orientation
cover \ relative to its slits, where the slits of A are lifts of the spikes of the complement

S\ A; Proposition 4.5 then provides an isomorphism
2(A,slits; R" 1) = Hy (U, ,0; R"1).

A relative tangent cycle a€Z (), slits; R"~1) assigns a vector a(k)eR"! to each arc k
transverse to 5\, in a quasi-additive way: If k is split into two subarcs k1 and ko, then a(k)
is equal to the sum of a(ky), a(ks) and of a correction factor depending on the slit of A
facing the point k;Nks along which k& was split. In particular, Z(S\, slits; R 1) depends
only on the maximal geodesic lamination A\, and not on the train-track neighborhood U.

For the above isomorphism, the twisted homology space
Hy(U,8,U;R" ) c Hy(U,8,U; R" )

corresponds to those aeZ(\, slits; R"~1) such that a(c(k))=a(k) for every arc k trans-
verse to A, and for the covering involution ¢; in particular, H,(U, &,U;@”*l) is also
independent of the choice of U.

The lack of additivity of a relative tangent cycle aEZ(S\,slits;R"_l) has a nice
expression in terms of the boundary map 9: H; (17, 8V(7; R™1) —)Ho(&,ﬁ; R"~1), and is at
the basis of the shearing cycle boundary condition of Proposition 0.2. In the classical case
where n=2, all triangle invariants are trivial, and the shearing cycle boundary condition
says that the shearing class [UQ]EHl([/j, avﬁ; R"~1) has boundary equal to zero, and in
particular that the corresponding tangent cycle [o¢]€Z(),slits; R) is additive with no
correction factors; such objects were called “transverse cocycles” in [7] and [5].

This point of view enables us to shed some light on the positive intersection condition
of Proposition 0.3. Given a Hitchin character p€Hit,, (S), Labourie [27] shows that
for every non-trivial yem;(S) the matrix o(y) €PSL,,(R) is diagonalizable, and that its
eigenvalues m2(7y) can be ordered in such a way that |m{(y)|>|m3(y)|>...>|m&(v)|. If

we define £2(v)€R™ ™! by the property that its ath coordinate is

AGH

o) =g p o o)

3

the second author showed in [15] that this formula admits a continuous linear extension
02:CH(S)—»R" ! to the space CH(S) of Hélder geodesic currents of S, a topological
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vector space that contains all conjugacy classes of 71(S) in a natural way; this continuous
extension £2: CH(S)—R"~! is unique on the subspaces of CH(S) that are of interest to
us in this paper (see Remark 7.3).

A tangent cycle aEZ(j\;R), namely a relative tangent cycle aGZ(;\,slits;R) with
no correction factor, defines a Holder geodesic current a€CH(S) (see [7]), and we can
restrict the length function of [15] to £2: Z(\;R)—R"~L,

The following result, proved as Theorem 7.5 in §7.2, relates the length vector ¢2(«)€
R~ to the shearing class [02]€Z(\, slits; R* =)~ H, (U, 0,U; R"1).

THEOREM 0.7. (Length and intersection formula) If [09]€Z(],slits; R"~1)=
Hl(ﬁ,a\,ﬁ;R”’l) is the shearing cycle of a Hitchin character p€Hit,(S), and if a€
Z(S\;R)%Hl(ﬁ;R) is a tangent cycle for the orientation cover X, then the length vector

?(a) = o] [o¢] R

s equal to the algebraic intersection vector of the homology classes [a]EHl(ﬁ;R) and
[Ug]eHl(ﬁ,avﬁ;]R"_l) in the train-track neighborhood U of \.

This is the natural extension of the formula which, in the classical case n=2, relates
shearing coordinates and lengths of tangent cycles through Thurston’s symplectic form
[5, §3].

In the special case where the tangent cycle a€Z(\;R) is defined by a transverse
measure p for 5\, Theorem 0.7 establishes an equivalence between the positive intersection
condition of Proposition 0.3 and the property that all coordinates of the vector £¢(u) are
positive. In this version, this positivity property is an immediate consequence of the
Anosov property that is central to [27] (see Proposition 7.4).

The article concludes, in §9 and §10, with two brief applications of Theorems 0.4
and 0.7. The first one is concerned with the dynamics of the action of a pseudo-Anosov
diffeomorphism ¢: S— S on the Hitchin component Hit,, (S); applying the parametriza-
tion of Theorem 0.4 to the case of a maximal geodesic lamination A containing the stable
lamination of ¢ shows that the dynamics of the action of ¢ on Hit,, (.S) are concentrated on
submanifolds of Hit,, (.S) of relatively large codimension. The second application consid-
ers the restriction of the length function £¢: C(S)—R"~1 to Thurston’s space ML(S) of
measured laminations on S; a consequence of Theorem 0.7 is that, at each «eML(S), the
tangent map T, 02: T,ML(S)—R"~! is linear on each of the (possibly infinitely many)
linear faces that naturally decompose T,ML(S) for the piecewise linear structure of
ML(S). In particular, T, ¢¢ is linear at those generic « €M L(S) where T, ML(S) admits
a vector space structure (with a single face).

It should be possible to place the results of this article in a broader perspective,
by replacing the Lie group PSL, (R) with another split real algebraic group G. Indeed,
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many properties of the Hitchin component remain valid in this more general context
(23], [27], [18], [22]. In this extended framework, our triangle invariant 7¢ should then
associate with each component of S\ a positive triple in the flag space B\ G, where B
is a Borel subgroup of the Lie group and where B\ G here denotes the left quotient. The
shearing class would be a relative homology class [0¢] € Hy (U, 8,U; b) valued in the Cartan
algebra h of G, and equivariant with respect to the covering involution ¢: U —U and to the
opposition involution of h multiplied by —1. The shearing cycle boundary condition would
then state that the boundary d[o?] €Hy(8,U; ) is completely determined by the triangle
invariant 7¢¢€(B\G)*9~1 while the positive intersection condition would require that
the algebraic intersection vector [u]-[02]€bh belong to the principal Weyl chamber of b.
There are still a few missing technical steps in the existing literature to complete this
program in its full generality (and an additional stumbling block in the limited expertise
of the authors), but a large part of the extension to this more general context should

mostly be entailed by the use of the right vocabulary.

Acknowledgement. The authors are pleased to acknowledge helpful conversations
with Antonin Guilloux and Anne Parreau, at a time when they (the authors) were very
confused. They are also very grateful to the three referees for extensive feedback and
suggestions that have greatly improved the content and exposition of the article, and to

Giuseppe Martone for further comments on the manuscript.

1. Generic configurations of flags

Flags in R™ play a fundamental role in our construction of invariants of Hitchin characters.

This section is devoted to certain invariants of finite families of flags, borrowed from [18].

1.1. Flags

A flag in R™ is a family F' of nested linear subspaces F(O cFMWc...c Fn=Dc ™) of
R” where each F(® has dimension a.
A pair of flags (E, F) is generic if every subspace E(®) of E is transverse to every
subspace F(® of F. This is equivalent to the property that R = E(®) g F("~) for every a.
Similarly, a triple of flags (E, F,G) is generic if each triple of subspaces E@) )
and G respectively in E, F' and G, meets transversely in the sense that

dim(E@ +F® 1 G©)) = min{a+b+c,n}.
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(0,n,0)

RO

(n,0,0) (0,0,n)
Figure 1. The discrete triangle ©,,, with a hexagon cycle.

Again, this is equivalent to the property that R"=E(® & F® G for every a, b and ¢
with a+b+c=n.

1.2. Wedge-product invariants of generic flag triples

Elementary linear algebra shows that, for any two generic flag pairs (E, F) and (E’, F’),
there is a linear isomorphism R"”—R" sending E to E’ and F to F’. However, the same
is not true for generic flag triples. Indeed, there is a whole moduli space of generic flag
triples modulo the action of GL,(R), and this moduli space can be parametrized by
invariants that we now describe. These invariants, originally introduced by Fock and
Goncharov [18], are expressed in terms of the exterior algebra A*(R™) of R™.

Consider the discrete triangle
O, ={(a,b,c) €Z*:a+b+c=n and a,b,c >0}

represented in Figure 1.

A function ¢: ©,, —Z is balanced if, for every ag, by and cy,

Z w(ag,b,c)= Z w(a,bg,c)= Z w(a,b,co) =0,
(ao,b,c)€O, (a,bo,c)€O, (a,b,c0)€O,,
namely if the sum of the ¢(a, b, ¢) over each line parallel to one side of the triangle ©,, is
equal to zero.

Such a balanced function ¢ defines an invariant of a generic flag triple (E, F, G) as
follows. For each a, b and ¢ between 0 and n, the spaces A%(E(®), A*(F®)) and A¢(G(?))
are each isomorphic to R. Choose non-zero elements e(*) € A%(E(®), f®) e Ab(F®)) and
g9 eA(G?). We will use the same letters to denote their images e(® € A%(R™), f(®) ¢
AP(R™) and ¢(©) € A°(R™). We then define

W, (E,F,G)= H (@ A F®) A gle))elabe) c R
(a,b,c)€O,
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where we choose an isomorphism A" (R™)2R to interpret each term in the product as a
real number. The fact that the flag triple is generic guarantees that these numbers are
non-zero, while the property that ¢ is balanced is exactly what is needed to make sure that
this product is independent of the choices of the elements e(®) € A*(E(@)), f(®) c Ab(F®))
and ¢g(©€A°(G?)) and of the isomorphism A"(R™)=R. We say that W, is the wedge-
product invariant of generic flag triples associated with the balanced function ¢: © —Z.

We now consider a fundamental special case. For a, b, c=1 with a+b+c=n, namely
for a point (a,b,c) in the interior of the triangle ©,,, the (a,b,c)-hexagon cycle is the
balanced function @gpc: ©,, —7Z defined by

Pabe = 0(a+41,b,c—1) —O(a—1,b,c+1) TO(a,b—1,e41) ~O(ab+1,c—1) TO(a—1,b+1,¢) ~O(a+1,b—1,c)>
where (q,p,c): ©n—7Z denotes the Kronecker function such that

1, if (a,b,c)=(d,¥, ),

0, otherwise.

5(@,(),0) (ala bla CI) = {

The terminology is explained by the fact that the support of g is a small hexagon in
the discrete triangle ©,,, centered at the point (a,b,c); see Figure 1 for the case where
n=9 and (a,b,c)=(2,3,4). The wedge-product invariant associated with the hexagon
cycle pape is the (a, b, ¢)-triple ratio

e(a+1)/\f(b) /\g(c_l) e(a)/\f(b_l) /\g(c+1) e(a_l)/\f(b+1) /\g(c)

Tave (B, B, G) = Ty 1 F07 7 ger D)o@ p fOTD £ g o) gt A FO-TT A g

Note that there is no triple ratio invariant when n=2, and exactly one triple ra-
tio T111(E, F,G) when n=3. See [18, §9.5] for a reduction of any triple ratio invari-
ant Tope(E, F,G) to the 3—dimensional case, by consideration of the quotient space
R™ /(B D4+ FO-D 4 Ge=1))~R3 and its interpretation as a cross-ratio in the asso-
ciated projective plane.

Triple ratios have the following properties under permutation of the flags.

LEMMA 1.1.
Tupe(E, F,G) =Thea(F, G, E) = Tyoo(F, E,G) .

Proof. The proof is elementary. O

The natural action of the linear group GL,,(R) on the flag variety Flag(R") descends
to an action of the projective linear group PGL,,(R), quotient of GL,(R) by its center
(R\{0})Id,, consisting of all non-zero scalar multiples of the identity matrix. Note that
the projective special linear group PSL,(R) is equal to PGL,(R) if n is odd, and is an
index-2 subgroup of PGL, (R) otherwise.
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PROPOSITION 1.2. Two generic flag triples (E, F,G) and (E', F',G’) are equivalent
under the action of PGL,(R) if and only if Tuwe(E,F,G)=Tuw.(E', F',G") for every
a,b,c=1 with a+b+c=n.

In addition, for any set of non-zero numbers top. ER\{0}, there exists a generic flag
triple (E, F,G) such that Tope(E, F,G)=tupe for every a, b, c=1 with a+b+c=n.

Proof. See [18, §9]. O

In particular, the moduli space of generic flag triples (F, F,G) under the action of
PGL, (R) is homeomorphic to (R\{0})~1(=2)/2,

Corollary 1.4 below partially accounts for the important role played by the triple
ratios Type in Proposition 1.2. We will not really need this property, but it explains why
we will always be able to express in terms of triple ratios Ty, the various wedge-product

invariants that we will encounter in the paper.

LEMMA 1.3. The hexagon cycles {@apc:a,b,c=1 with a+b+c=n} form a basis for
the free abelian group consisting of all balanced functions ¢: ©,—Z.

Proof. The proof is elementary, by induction on n. O

COROLLARY 1.4. Every wedge-product invariant can be uniquely expressed as a prod-

uct of integer powers of triple ratios.

Proof. This is an immediate consequence of Lemma 1.3. O

1.3. Quadruple ratios

In addition to triple ratios, the following wedge-product invariants of generic flag triples
will play a very important role in this article.
For a=1,2,....,n—1, the a-th quadruple ratio of the generic flag triple (E, F, Q) is

the wedge-product invariant

e(a=1) A f(1=a) p g(1) ¢(a) p F(1) p gn=a=1) g(a+1) A f(n=a=1) g(a) p gln—a)
@(‘1) /\f(n—a—l) /\g(l) e(a_l) /\f(l) /\g("_a) e(“"‘l) /\g(n—a—l) e(a) /\f(n—a) ’

QQ(E,F,G):

where, as usual, we consider arbitrary non-zero elements e(® e Ab(E®), f®) e Ab(F(®)
and g® € A’(G®), and where the ratios are computed in A™(R")=R.

Note that Q. (E,G, F)=Q.(E, F,G)~!, but that this quadruple ratio usually does
not behave well under the other permutations of the flags E, F' and G, as E plays a
special role in Q,(F, F,G).

For this wedge-product invariant, we can explicitly determine the formula predicted
by Corollary 1.4.
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LEMMA 1.5. For a=1,2,...,n—1,
QG(E,F7G): H Tabc(EaF7G)7
b+c=n—a

where the product is over all integers b,c>1 with b4+c=n—a. In particular,
Qn—l(E7FvG):1 and Qn—Q(E7F7G):T(n72)11(E7FaG)'

Proof. When computing the right-hand side of the equation, most of the terms
eI A FO)Ag(€) cancel out and we are left with the eight terms of Q.(E,F,G). O

1.4. Double ratios

We now consider quadruples (F,F,G, H) of flags E, F,G, HeFlag(R™). Such a flag
quadruple is generic if each quadruple of subspaces (E(a), FO® G g (d)) meets trans-
versely. As usual, we can restrict attention to the cases where a+b+c+d=n.

For 1<a<n—1, the a-th double ratio of the generic flag quadruple (F, F,G, H) is

e(@) p fn=a=1) p g(1) gla=1) \ f(n=a) p (1)

DB, F, G, H) = =5 = amam o p a0 flral pg)

where we choose arbitrary non-zero elements e(“/)GA“I(E(a/))7 f(b/)eAl(F(b/)), gWMe
AN (GD) and RMW e AY(HM). As usual, D,(E, F, G, H) is independent of these choices.
The following statement gives a better feeling of what is actually measured by this

double ratio.

LEMMA 1.6. For a generic flag quadruple (E,F,G, H), consider the decomposition
R"=@._, Lq, where Lo=E@nF®=atl) = For arbitrary non-zero vectors ge G and
he HM  let g,, hqa€ Ly be the respective projections of g and h to the line L, parallel to
the other lines Ly with b#a. Then

a ha
Da(EaF7GaH):7g + )
ha+l YGa
where the ratios gy/hy ER are measured in the lines Ly.

Proof. This results from a simple computation. O

When n=2, —D;(E, F,G, H) is the familiar cross-ratio of the lines E("), F(1) G,
H® in R2. See [18, §9.5] for a reduction of any double ratio invariant D,(E, F,G, H) to
this 2-dimensional case, by consideration of the quotient space

Rn

~ T2
E(a—1)+F(n—a—1) =R"
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Note that D,(E, F,G, H) does not really depend on the whole flags G and H, but
only on the lines G and H"). The following elementary properties indicate how it

behaves under transposition of £ and F', or of G and H.

LEMMA 1.7.
Do(E, F,H,G)=D,(E, F,G, H)™!
Do(F,E,G,H)=D,_,(E,F,G,H)™",
D.,E,F\G,K)=—-D,(E,F,G,H)D,(E,F,H,K).

Proof. Again, the proof is elementary. O

The minus sign in the definition of D, (F,F,G,H) is justified by the positivity

property of the next section, and in particular by Proposition 1.8.

1.5. Positivity

An ordered family of flags (E1, Es, ..., Byy,) €Flag(R™)™ is positive if both the following
conditions hold:

(1) for every distinct ¢, j and k, and for every a,b,c>1 with a+b+c=n, the triple
ratio Type(Es, Ej, Ey) is positive;

(2) for every distinct i, j, k and ! with i<k<j<l or k<i<l<j, and for every
1<a<n—1, the double ratio D, (E;, E;, Ex, E;) is positive.

When n=2, the first condition is irrelevant. The second condition just means that,
up to reflection, the flags Ey, Es, ..., E,, €Flag(R?)=RP' occur in this order around the
projective line RP!.

Fock and Goncharov [18, §5] give a much more conceptual definition of positivity,
building on earlier work of Lusztig [31], [32]. In particular, they prove the following

result.

ProrosITION 1.8. ([18]) If the flag m-tuple (E1, Ea,...,Ey,,) is positive, any flag

m-tuple obtained by dihedral permutation of the E; is also positive.

Recall that a dihedral permutation is either a cyclic permutation, or the composition

of the order reversal (E1, Fa, ..., Ep )~ (Em, Em_1, ..., E1) with a cyclic permutation.

2. Geodesic laminations

Geodesic laminations are a now very classical tool in 2-dimensional topology and ge-

ometry. They occur in many different contexts, for instance when one takes limits of



HITCHIN CHARACTERS AND GEODESIC LAMINATIONS 215

sequences of simple closed curves. We state here a few basic definitions and facts, and
refer to [39], [14], [36], [8] for proofs and background.

To define geodesic laminations, one first chooses a metric m of negative curvature
on the surface S.

An m-geodesic lamination is a closed subset ACS that can be decomposed as a
disjoint union of simple complete m-geodesics, called its leaves. Recall that a geodesic
is complete if it cannot be extended to a longer geodesic, and it is simple if it has no
transverse self-intersection point. The leaves of a geodesic lamination can be closed or
bi-infinite. A geodesic lamination can have finitely many leaves (as in the case considered
in [9]), or uncountably many leaves.

An m-geodesic lamination has measure zero, and in fact Hausdorff dimension 1 [1],
and its decomposition as a union of leaves is unique. The complement S\ of an m-
geodesic lamination A is a surface of finite topological type, bounded by finitely many
leaves of A\. The completion of S\ for the path metric induced by m is a finite area
surface with geodesic boundary; it is the union of a compact part and of finitely many
spikes homeomorphic to [0, 1] x [0, oo[, where {0, 1} x [0, co[ is contained in two leaves of .
The width of these spikes decreases exponentially in the sense that the parametrization
by [0, 1] x [0, oo[ can be chosen so that its restriction to each {2} x [0, oo has speed 1, and
so that the length of each arc [0, 1] x {t} decreases exponentially with ¢.

Because the leaves of \ are disjoint, every point of S has a neighborhood U homeo-
morphic to [0, 1] x [0, 1] for which the intersection UNA corresponds to K x [0, 1] for some
totally disconnected compact subset K C|[0,1]; beware that, in general, the homeomor-
phism cannot be made differentiable, only Holder bicontinuous.

We will make heavy use of transverse arcs for A. These are arcs differentiably
immersed in S that are transverse to the leaves of A. In addition, we require that the
endpoints of such a transverse arc be disjoint from .

The notion of geodesic lamination is independent of the choice of the negatively
curved metric m in the sense that, if m’ is another negatively curved metric on S, there
is a natural one-to-one correspondence between m-geodesic laminations and m/-geodesic
laminations.

A geodesic lamination A is mazimal if it is not contained in any other geodesic
lamination. This is equivalent to the property that each component of its complement
S\ A is a triangle, bounded by three infinite leaves of A and containing three spikes of S\ .
If the surface S has genus g, an Euler characteristic argument shows that the number of
triangle components of the complement S\ of a maximal geodesic lamination is equal
to 4(g—1).

Every geodesic lamination is contained in a maximal geodesic lamination.
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We can think of maximal geodesic laminations as some kind of triangulations of
the surface S, where the edges are geodesic and where the vertices have been pushed
to infinity. This point of view explains why maximal geodesic laminations are powerful

tools for many problems, such as the ones considered in the current article.

3. Triangle invariants

Let g: 71 (S)—PSL,(R) be a Hitchin homomorphism. We will use a maximal geodesic

lamination A to construct invariants of the corresponding character p€Hit,, (.5).

3.1. The flag curve

The key to the definition of these invariants is the following construction of Labourie [27].

Let T'S and TS be the unit tangent bundles of the surface S and of its universal
cover S , respectively. For convenience, lift the homomorphism g: 71 (S)—PSL,(R) to a
homomorphism ¢': 71 (S)—SL,, (R). The fact that such a lift exists is classical when n=2,
and therefore also holds when g: 71 (S)—PSL,,(R) comes from a discrete representation
71(S)—=PSLy(R); the existence of the lift in the general case follows by connectedness of
the Hitchin component Hit, (S), and by homotopy invariance of the obstruction to lift.

We can then consider the twisted product

T1SxR"

T15>< /R™ = s
¢ m1(S)

where the fundamental group 7 (S) acts on T'S by its usual action on the universal cover
S, and acts on R" by ¢’. The natural projection T'Sx yR"—T'S presents T'S x , R™
as a vector bundle over T'S with fiber R™.

Endow the surface S with an arbitrary metric of negative curvature. This defines a
circle at infinity 908 for the universal cover S , and a geodesic flow on the unit tangent
bundle T1S. It is well known (see for instance [20], [11] and [19]) that these objects are
actually independent of the choice of the negatively curved metric, at least if we do not
care about the actual parametrization of the geodesic flow (which is the case here).

The geodesic flow (g¢)ier of 1S has a natural flat lift to a flow (G¢)ser on the total
space T1Sx ,R™. The flatness property here just means that the flow (Gi)ier is the
projection of the flow (ét)teR on T'S xR™ that acts by the geodesic flow (§;)ier of T'S
on the first factor, and by the identity Idg~ on the second factor.

Endow each fiber of the vector bundle 705 x  R" —T" S with a norm || - || depending
continuously on the corresponding point of T'S.



HITCHIN CHARACTERS AND GEODESIC LAMINATIONS 217

THEOREM 3.1. (Labourie [27, Theorem 4.1]) If p:m1(S)—PSL,(R) is a Hitchin
homomorphism, the vector bundle T*S X , R"—T'S admits a unique decomposition as a
direct sum Li®Ly®...®L,, of n line sub-bundles L,—T'S such that

(1) each line bundle L, is invariant under the lift (Gt)ier of the geodesic flow;

(2) for every a>b, there exist constants Aqp, Bap>0 such that, for every v, €L, and
vp €Ly in the same fiber of T'Sx yR™ and for every t>0,

Gl 1Gw)lpe
fon] ol

The second property is clearly independent of the choice of the norm ||-|. It is
referred to as the Anosov property of the Hitchin homomorphism p. This relative property
does not say anything about whether the flow (G;).cg» expands or contracts the fibers
of any individual sub-bundle L,, but states that, when a<b, the flow (G)icrn contracts
the fibers of Ly much more than those of L,. Writing this in a more intrinsic way, this
means that (G)iern induces on the line bundle Hom(L,, L) a flow that is uniformly
contracting when a>b.

Lift the sub-bundles L, of TlSXQ/R”:(Tlng”)/m(S) to sub-bundles L, of
TS xR". Because the line sub-bundles L, are invariant under the lift (G¢)ier of the
geodesic flow, the fiber of L, over €8 is of the form {#} x L,(g) for some line L, (g) CR™
depending only on the orbit g of x for the geodesic flow of T’ 13,

The line Lg (9)CR™ depends on the orbit g of the geodesic flow of TS or, equiv-
alently, on the corresponding oriented geodesic g of S. The Anosov property has the
following relatively easy consequence. Define a flag F(g)€Flag(R™) by the property that
E(9)=L1(g)®La(g)®...® La(g); then E(g) depends only on the positive endpoint of g.

More precisely, we have the following result.

PRrROPOSITION 3.2. (Labourie [27, Theorem 4.1]) For a Hitchin homomorphism
0:m(S) — PSL, (R),

there exists a unique map F,: 8OO§—>Flag(R") such that

(1) &, is Holder continuous for the visual metric of 0508 and for an arbitrary
riemannian metric on Flag(R™);

(2) for every oriented geodesic g of S with positive endpoint az+eaoo§, the image
Fo(Z) is equal to the flag E(g) defined above.

In addition, F, is p-equivariant in the sense that F,(vZ)=0(7)(F,(Z)) for every
ie@ocg and vem1(S).
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By definition, this map F,: 3w§%Flag(R") is the flag curve of the Hitchin homo-
morphism g: 11 (S)—PSL,(R). It is independent of the choice of the lift o':m(S)—
SL,(R) of g:m1(S)—PSL,(R), and of the negatively curved metric on S used to define
the geodesic flow of the unit tangent bundle T*S.

Note that the line decomposition R"=@"_, L,(g), associated by Theorem 3.1 with
an oriented geodesic g of S, is easily recovered from the flag curve J,: DooS —Flag(R"™)
by the property that L, (g) =5, (&, ) NTF,(7_)"~*+D for the positive and negative end-
points T, T_ €058 of g. The main content of Proposition 3.2 is that, for two oriented
geodesics g and g’ of S that share the same positive endpoint T, €0:8 , the corresponding

line decompositions R"=@)'_, Lq(g) and R"=)"'_, L,(g') may be different but define
the same linear subspaces F, (7, )@ =@y_, Ly(9)=D;_, Ly(¢') for every a=1,2, ..., n.
See also [21] for a nice exposition of Theorem 3.1 and Proposition 3.2.

The flag curve J, has the following important positivity property.
THEOREM 3.3. (Fock—Goncharov [18, Theorem 1.15]) For every finite set of distinct

points i, Ta, ...,xkeﬁoog occurring in this order on the circle at infinity 800§7 the flag
k-tuple (Fy(z1), Fp(z2), ..., Folzi)) is positive in the sense of §1.5.

3.2. Triangle invariants of Hitchin characters

We now define a first set of invariants for the Hitchin character represented by a homo-
morphism g: 71 (S)—=PSL, (R).

The complement of the maximal geodesic lamination A consists of finitely many
infinite triangles T1,T5, ..., T;,, each with three spikes.

Consider such a triangle component T of S\ A, and select one of its spikes s. Lift T
to an ideal triangle T in the universal cover S , and let § be the spike of T corresponding
to s. The spike § uniquely determines a point of the circle at infinity Oy S , which we will
also denote by s.

Label the spikes of T as s, s/ and s” in counterclockwise order around 7', and
let 5,5, 5" €055 be the corresponding points of the circle at infinity. The flag triple
(F,(3), F,(3),F,(3")), associated with 3,5, 5” €0x5 by the flag curve

F,: 900 S —> Flag(R™),
is positive by Theorem 3.3. We can therefore consider the logarithms

Tave(8) =108 Tape(Fo(5), To(5), T(5"))

abce
of its triple ratios, defined for every a, b, ¢c=1 with a+b+4c=n. By p-equivariance of the
flag curve J,, these triple ratio logarithms depend only on the triangle 7" and on the
spike s of T', and not on the choice of the lift 7.
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The following statement indicates how the invariant 7% (s) €R changes if we choose

a different vertex of the triangle T'.

LEMMA 3.4. If s, s' and s are the three spikes of the component T of S\, indexed

counterclockwise around T, then

Taé,)bc(s) = Tbgca(s/) = T(?ab(s”)’
Proof. This is an immediate consequence of Lemma 1.1. O

By invariance of triple ratios under the action of PGL, (R) on Flag(R™), it is imme-
diate that the triangle invariants 77, (s) depend only on the character p€Hit,,(S), and
not on the homomorphism g: 7 (5)—PSL, (R) representing it.

Because of Lemma 3.4, we can think of the invariant 7% (s) as mainly associated

abce
with the triangle component T of S\ A that has the spike s as a vertex, since choosing a
different vertex of T only affects the order in which the indices a, b and ¢ are considered.
For this reason, we will refer to the 7

2 .(s) as the triangle invariants of the Hitchin
character p€Hit,, (.5).

Remark 3.5. The companion article [9] uses a clockwise labeling convention for the
vertices of a triangle. As a consequence, the triangle invariants of [9] are the opposite of

those introduced here.

4. Tangent cycles for a geodesic lamination

The second type of invariants associated with a Hitchin character p€Hit,,(S) are more
closely tied to the maximal geodesic lamination A, and have a homological flavor. This
section is devoted to the definitions and basic properties of the corresponding objects.
Because of the scope of this article, we are restricting attention to maximal geo-
desic laminations. However, much of the discussion can be adapted to general geodesic

laminations.

4.1. Tangent cycles

Let A be the orientation cover of the geodesic lamination A, consisting of all pairs (z, 0),
where €\ and o is a continuous orientation of the leaves of A near . The map (z,0)—x
defines a 2-fold covering map A—\.

Intuitively, a tangent cycle for A is a certain real-valued local weight for the leaves of
)\, and defines a 1-dimensional de Rham current supported in \ as in [38]. Tangent cycles
were called “transverse cocycles” in [7] and in subsequent papers, with the discrepancy
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being explained by Poincaré duality. The change in terminology is motivated by the
relative tangent cycles that will be introduced in §4.4.

Let U be a neighborhood of the geodesic lamination A in S. If U is small enough
that it avoids at least one point of each component of S\, the cover A=) extends to a
2-fold cover U—U for some surface U.

A tangent cycle « for the geodesic lamination \ is the assignment of a number
a(k)ER to each arc kU transverse to A such that the the following conditions hold:

(1) «is finitely additive, in the sense that a(k)=a(k1)+a(k2) whenever the arc k
is split into two transverse arcs ki and ko;

(2) ais invariant under homotopy respecting X, in the sense that a(k)=a(k’) when-
ever the transverse arcs k and k' are homotopic by a homotopy respecting A

To be more precise in the definitions, a transverse arc is a closed differentiable arc
embedded in the surface U , whose boundary is disjoint from A and whose interior has
transverse intersection with the leaves of A that it meets. Such an arc is not assumed
to be oriented. Two transverse arcs k and k' are homotopic respecting \ if there is a
continuous homotopy H: [0, 1] x [0, 1]—)[7, restricting to homeomorphisms [0, 1] x {0} — &
and [0,1] x {1} —&’, such that H~1(\)=K x [0, 1] for some closed subset K C[0,1]. (Ex-
perts will know that in general H cannot be chosen differentiable, but this subtlety is
irrelevant here.)

It easily follows from the above two conditions that a(k)=0 for every arc k disjoint
from \. As a consequence, the notion of tangent cycle is independent of the choice of the
neighborhood U.

A well-known example of tangent cycle are transverse measures for A. These can
be defined as tangent cycles p such that p(k)>0 for every transverse arc k. Indeed, this
positivity property enhances the finite additivity condition (1) to countable additivity,
so that a positive tangent cycle defines on each transverse arc k a measure with support
kN that is invariant under homotopy respecting A See, for instance, [7, Proposition
18].

4.2. Train-track neighborhoods

To determine the space of tangent cycles for the geodesic lamination A, we will use a
very specific type of neighborhood U for A. Train tracks and train-track neighborhoods
are standard tools to work with geodesic laminations. See, for instance, [39] and [36]
for an introduction to these notions, with the warning that many slight variations in
conventions and terminology occur in the existing literature.

A (trivalent) train-track neighborhood for the geodesic lamination A is a closed neigh-
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borhood U of A which can be decomposed as a union of finitely many embedded rectangles
R; such that the following conditions are satisfied:

(1) the boundary of each rectangle R;2[0,1]x[0,1] is divided into a horizontal
boundary OnR;=[0,1]x{0,1} and a vertical boundary 0, R;={0,1} %10, 1];

(2) each component of the intersection R;NR; of two distinct rectangles R; and R;
is, up to swapping ¢ and j, a component of 0, R; contained in 0, R; and containing one
of the endpoints of 0, R;;

(3) each of the four endpoints of J, R, is contained in some rectangle R; different
from R;;

(4) the leaves of A are transverse to the arcs {z}x[0,1] in each rectangle R;*
[0,1]x [0, 1];

(5) a fifth condition indicated below is satisfied.

By construction, the boundary QU of the train-track neighborhood U naturally splits
into two pieces. The horizontal boundary O,U is the union of the horizontal boundaries
OnR; of all rectangles R;. The wvertical boundary consists of those points of QU that are

contained in the vertical boundary 0, R; of some rectangle R;.

We can now state the missing condition.
(5) no component of S\U is a disk with 0, 1 or 2 components of the vertical boundary

O, U in its closure.

In particular, the arcs {x} x [0, 1] of each rectangle R; [0, 1] x [0, 1] provide a foliation
of U, whose leaves are called the ties of the train-track neighborhood. A tie is generic if
it meets the boundary of U only at its endpoints. Otherwise, it is singular.

The origin of the train track terminology should become apparent when U is chosen
so that its ties are relatively short. See Figure 2. In particular, a singular tie is also
often called a switch, and the rectangles R; are the branches of U. The branches of the
train-track neighborhood U correspond to the edges of the (1-dimensional) train track

associated with U, which explains our frequent use of the letter e to denote a branch.

The definitions are such that a singular tie ¢ is adjacent to three branches R;, R;
and Ry, in such a way that ¢ is equal to a component of the vertical boundary 9, R;, and
is also the union of a component of 9, R;, of a component of 9, R, and of a component

of 0,U. The rectangles R; and Ry, are not necessarily distinct.

Every geodesic lamination admits a train-track neighborhood; see for instance [39]
and [36].

The above definitions make sense for any geodesic lamination. When the geodesic

lamination A is maximal, there is a crucial property of its train-track neighborhoods U

that we will use on a regular basis.
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Figure 3. Train-track neighborhoods and maximal geodesic laminations.

PROPOSITION 4.1. Let U be a train-track neighborhood of the mazximal geodesic lam-
ination \. Then, every component T of the complement S\ contains exactly one com-
ponent H=T\U of S\U; this component H is a hexagon, namely a disk whose boundary
is the union of three components of the horizontal boundary 0,U and three components
of the vertical boundary 0,U. In addition, the foliation of TNU by the ties of U is as

indicated in Figure 3.

Proof. Since )\ is assumed to be maximal, its complement consists of infinite trian-
gles. The property is then easily proved by extending the foliation of U by its ties to a
foliation of S with saddle-type singularities, and by using an index computation on each

component of the complement S\ \. O

Incidentally, another index argument applied to the whole surface S shows that the
complement S\ U consists of 4(g— 1) hexagons. In particular, this proves that the comple-
ment S\ A consists of 4(g—1) triangles. It also follows that the train-track neighborhood
U has 12(g—1) switches and 18(¢g—1) branches.
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4.3. Homological interpretation of tangent cycles

Train-track neighborhoods provide a convenient tool to perform computations in the
vector space @(5\; R) consisting of all tangent cycles for the orientation cover A of A.

Let U be a train-track neighborhood of the maximal geodesic lamination A. Using
Proposition 4.1, the orientation cover map A=) has a unique extension to a cover U—U.
Note that \ is a geodesic lamination in the surface U , and that U is a train-track neigh-
borhood of . Also, each component of U \5\ is an annulus bounded on one side by a
chain of six leaves of 5\, and on the other side by a dodecagon made up of six components
of the horizontal boundary 8hl7 and six components of the vertical boundary 8\,(7 .

The leaves of the orientation cover \ are canonically oriented (use the orientation o
near the point (z,0)€A). This enables us to orient each tie k of U from left to right with
respect to this canonical orientation of the leaves of A Indeed, Proposition 4.1 guarantees
that, for each component d of k\j\, the left-to-right orientations of k at the endpoints
of d coincide; as a consequence, all leaves of A meeting k induce the same left-to-right

orientation for k.

PROPOSITION 4.2. A tangent cycle aEZ(S\; R) uniquely determines a homology class
[a]EHl(U;R) by the property that

for every generic tie k of the train-track neighborhood U, where [k]-[a] is the algebraic
intersection number of [a]€Hy(U;R) with the relative homology class [k]€ Hy (U, 0U;R)
defined by the tie k, endowed with the above left-to-right orientation.

In addition, the rule a—[a] defines a linear isomorphism Z(S\;R)%Hl((/]\;R),

Proof. Because the geodesic lamination A is maximal, Proposition 4.1 shows that it
is tightly carried by the train track U, in the sense that each component of U\ is an
annulus. It follows that \ is tightly carried by U. The result is then a consequence of [7,
Theorem 11]. O

LEMMA 4.3. If the surface S has genus g,
C(A\R) 2 Hy (U5 R) =R~

Proof. Since the complement S\ consists of infinite triangles, the geodesic lami-
nation A is non-orientable. This implies that A is connected, and therefore so is U. By

definition of the Euler characteristic x,
dim H, (U; R) = —x(U)+dim Ho(U; R) = —x(U)+1 = —2x(U)+1.

We observed that the complement of U in S consists of 4(g—1) hexagons. Therefore,
x(U)=x(5)—4(g9—1)=—6(g—1). The result follows. O
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4.4. Tangent cycles relative to the slits

We now relax the additivity condition for a tangent cycle.

Let U be a neighborhood of X in S that avoids at least one point of each component
of S\ \. For instance, U can be a train-track neighborhood of X\. Extend the orientation
cover A=A to a 2-fold cover U—U. The complement (7\5\ has a certain number of
infinite spikes, in fact 24(g—1) spikes because the complement S\ consists of 4(g—1)
infinite triangles and because each spike of S\ A lifts to two spikes of (7\5\ In particular,
the spikes of 17\5\ are really independent of the choice of the neighborhood U. For this
reason, we will also refer to the spikes of (7\5\ as the slits of \.

We need to restrict our attention to a special class of transverse arcs for \. An arc
kU is tightly transverse to the geodesic lamination \ if it is transverse to 5\, if it has
non-empty intersection with A and if, for every component d of k\j\, one of the following
holds:

e d contains one of the endpoints of k;

e d separates one of the spikes of [/J\'\j\ from the rest of fj\j\

A fundamental example arises when U is a train-track neighborhood of the maximal
geodesic lamination A, so that its lift U is a train-track neighborhood of . Tt then follows
from Proposition 4.1 that every tie of Uis tightly transverse to A

The slits of 5\, namely the spikes of U \5\, come in two types because of the canonical
orientation of the leaves of the orientation cover A: the positive slits s where the two
leaves of A that are adjacent to s are oriented towards s for the canonical orientation
of A, and the negative slits where these two leaves are oriented away from s. Define the
sign € of the slit s of [7\3\ by

{ +1, if s is positive,
e(s)= o .
—1, if s is negative.

For mnemonic purposes, it may be useful to observe that our positive/negative
terminology is compatible with the boundary orientation coming from orientation of the
leaves of \. A positive slit corresponds to the positive endpoints of the two leaves of A
that are adjacent to it, whereas a negative slit corresponds to their negative endpoints.

An R-valued tangent cycle relative to the slits for \ assigns a number a(k)€R to
each arc kcU tightly transverse to A in such a way that

e « is, as before, invariant under homotopy respecting A in the sense that a(k)=
a(k’) whenever the transverse arcs k and k' are homotopic by a homotopy that keeps
each point of kN in the same leaf of \;

e « is quasi-additive in the following sense: there is a number da(s) €R associated
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with each slit s of \ such that
a(k) =a(kr)+alks)—e(s)0a(s)

whenever the arc kCU is tightly transverse to 5\, the arcs k; and k, are obtained by
splitting k at a point :EGk\j\ contained in a component d of k\j\ that is disjoint from Ok,
s is the spike separated from the rest of U'\S\ by the component d, and e(s)==1 is its

sign as defined above.

The function da: {slits of A\} =R is the boundary of the relative cycle a. We could
have combined da with the sign e to create a single function {slits of S\}HR, but the
current convention simplifies the homological interpretation of relative tangent cycles
that is given in Proposition 4.5 below. This homological interpretation will also explain

the boundary terminology.
We let Z,(;\, slits; R) denote the space of tangent cycles relative to the slits for A

Using the quasi-additivity property, one easily shows that the notion of tangent cycle

relative to the slits is independent of the choice of the neighborhood U of A.

These relative tangent cycles generalize the tangent cycles of §4.1, as indicated by

the following statement.

LEMMA 4.4. There is a natural correspondence between the set Z(X;R) of tangent
cycles for \ and the set {QGZ(S\,SlitS;R):aa:O} of tangent cycles relative to the slits

with boundary zero.

Proof. A relative tangent cycle with boundary equal to zero is additive. So the only
point that requires some discussion is the fact that relative tangent cycles are restricted
to arcs tightly transverse to 5\, whereas the definition of tangent cycles involves all arcs
transverse to A. In particular, a transverse arc k is allowed to backtrack so that a
component d of k\j\ has both endpoints on the same leaf of 5\, or to cut a component of
U \5\ diagonally so that the endpoints of a component d of k\j\ sit on leaves of A that are
not asymptotic to each other; both possibilities are forbidden for tightly transverse arcs.

However, every arc k transverse to A can be split into the union of finitely many arcs
ki, ks, ...,k that are tightly transverse to A It easily follows that every relative tangent
cycle aeZ(A, slits; R) with da=0 uniquely extends to a tangent cycle, by the property
that oz(k:):Zi:l a(k;) for every transverse arc k split as above into finitely many tightly
transverse arcs k;. Indeed, the additivity property guarantees that this «(k) does not
depend on the decomposition of k into tightly transverse arcs. O
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4.5. Homological interpretation of tangent cycles relative to the slits

We now focus on a train-track neighborhood U of the maximal geodesic laminations A. As
before, let A be the orientation cover of A, and extend the covering map A=\ to a cover
U—U. The canonical orientation of the leaves of provides a left-to-right orientation
for the ties of U.

By Proposition 4.1, there is a one-to-one correspondence between the slits of A and
the components of the vertical boundary &J} . Indeed, each component ¢ of &J} faces
a unique spike s of U\S\ (that is, a slit of 5\) in the sense that, if &k is the singular tie of
U that contains ¢ and if d is the component of k\j\ that contains ¢, then d separates s
from the rest of (7\5\, see Figure 3.

For a relative tangent cycle € Z(, slits; R), the boundary do: {slits of A} —R there-
fore assigns a real-valued weight to each component of o,U , and therefore can be inter-
preted as an element of Ho(&,ﬁ ;R).

PROPOSITION 4.5. Let U be a train-track neighborhood of the mazximal geodesic lam-
ination A\, and let U be its lift to a train-track neighborhood of the orientation cover .
A tangent cycle aEZ(;\,slits;R) relative to the slits of A uniquely determines a relative
homology class [a]EHl(ﬁ,&,ﬁ;R) by the property that

for every generic tie k of the train-track neighborhood U, where [k]-[a] is the algebraic

intersection number of [a]GHl(ﬁ, o,U; R) with the relative homology class
[k] € H (U, 0uU;R)

defined by the tie k, endowed with the above left-to-right orientation.

In addition, the rule a—[a] defines a linear isomorphism
2(\, slits; R) = Hy (U, 8,U; R),

for which the boundary Oa:{slits of X}%R of the relative tangent cycle a corresponds
to the image of [a]eHl(ﬁ, &,fj; R) under the boundary homomorphism

0: Hy(U,0,U;R) —» Hy (9, R).

Proof. We split the proof into a few steps to improve readability.

Step 1. Construct a linear map ¢: Z(j\,slits;R)%Hl(ﬁ, 8J7;]R).
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Pick a generic tie k. in each branch e of U. An easy homological computation (for
instance using a Mayer—Vietoris-type argument) shows that, as e ranges over all branches
of U, the relative homology classes [k,] form a basis for Hy (U, 8,U; R).

If we are given a relative tangent cycle a€Z (A, slits; R), the map [ke]— (k) there-
fore extends to a linear map H; (ﬁ , U ;R)—R. By Poincaré-Lefschetz duality and since
the boundary OU is the union of o,U and 8,U , there consequently exists a unique class
[a]€H,(U,8,U;R) such that a(k.)=]ke]-[o] for every branch e.

An arbitrary generic tie k of U is contained in a branch e. Therefore, [k]=[k] in
H,(U,8,U;R), and a(k)=a(k.) by invariance of o under homotopy respecting A. This
proves that a(k)=[k]-[a] for every generic tie k of U. As a consequence, [a] satisfies the
identity indicated in the statement of Proposition 4.5.

This provides a map ¢: Z(;\,slits;R)—)Hl(ﬁ,avﬁ;R), associating the above class
[a]€ Hy (U, 8,U;R) with a€Z(, slits; R).

Step 2. Construct a linear map : Hl([A], 6‘vl?;R)%Z(5\,shts;R).

We first associate a homology class [k]€ Hy (0, ahf]; R) with each arc k that is tightly
transverse to \.

A key observation is that the canonical orientation of A specifies a natural orientation
for k. Indeed, the definition of tight transversality implies that, if the arc k is tightly
transverse to 5\, the canonical orientations of the leaves of \ passing through the endpoints
of a component d of k\;\ induce the same left-to-right orientation for k. As a consequence,
all leaves of A define the same left-to-right orientation for k. We orient k with this
orientation.

We now extend the tightly transverse arc k to an arc k' CU with 0k’ C9,U. There is a
natural one-to-one correspondence between the components of the horizontal boundary
onU and the boundary leaves of A (namely those which are in the boundary of (7\;\,
counting isolated leaves twice); indeed, Proposition 4.1 shows that all ties originating
from a component of U leave U \5\ on the same boundary leaf of . For each component
d of k\\ containing an endpoint of k, we can extend d to an arc d’Cﬁ\j\ going from
a boundary leaf [ of \ to the component of 8}1(7 that faces [ in the component of U \5\
containing d, in the homotopy class specified by the arcs in ties of U that connect [ to
6},[7. Performing this operation for each of the two components d of k‘\j\ that contain an
endpoint of k, we have extended k to an oriented arc k' Dk whose boundary is contained
in 8}1(7 . There are many possible choices for £’ but all give the same relative homology
class in Hy(U,0,U;R), which we denote by [k].

Given a relative homology class cGHl(ﬁ , avﬁ; R), we can consider, for every arc k

tightly transverse to 5\, the algebraic intersection number

ac(k)=[k]-ceR
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k1 R k1
s A ks s 2 ks
ko ka2
The positive slit case. The negative slit case.

Figure 4. Splitting a tightly transverse arc.

of ¢ with the homology class [k]€ H 1((7, 6}1(7 :R) associated with k as above. We want to
show that this defines a relative tangent cycle Z(S\, slits; R).

The invariance of a.(k) under homotopy of k respecting )\ is immediate.

We need to check the quasi-additivity property. Let the arc kcU be tightly trans-
verse to 5\, let k1 and ko be obtained by splitting k£ at a point xek:\j\ contained in a
component d of k‘\j\ that is disjoint from Ok, and let s be the spike separated from the
rest of (7\5\ by the component d. Let ks be the component of avﬁ that faces the slit s.
Orient kg by the boundary orientation of ou.

Then, by the definition of the relative homology classes [k], [k1], [k2] EHl(ﬁ, onU; R),

including the left-to-right choice of orientation for k, one has
(k] = [k1]+ ko] +e(s) k] € Hi (U, 0T R),

where e(s)==1 is the sign of the slit s. See Figure 4. Taking intersection numbers with
ceH,(U,8,U;R), it follows that

ac(k) =ac(kr)+ac(ka)+e(s)ks]-c.

This proves that «. is a tangent cycle for ) relative to its slits, with boundary Oda,
defined by the property that da.(s)=—[ks]-c for every slit s. The minus sign comes from
our convention in the definition of quasi-additivity for relative tangent cycles in §4.4.

We define : Hl(ﬁ, &,U’; R)%Z(S\,slits;R) by the property that 1(c)=a, for every
ceHy(U,0,U;R).

Step 3. For every cEHl(ﬁ, 8Vﬁ;R) and every slit s of A, d¥(c)(s)€R is the weight
associated by dce HO(('?VU'; R) with the component kg of 8\,[7' facing s.
This is just a rephrasing of the property that da.(s)=—[ks]-c.

Step 4. The maps
©: Z(j\, slits; R) — Hl(ﬁ, &,[7; R) and 4: Hl(ﬁ, &,[7; R)— Z(j\, slits; R)

are inverse of each other.
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Pick a generic tie k. in each branch e of U. By construction, the image c=p(a) of
ozGZ(j\,SlitS;R) is defined by the property that a(k.)=[ke]-c for every branch e. Con-
versely, for every ce Hy (U, 8,U;R), a=1(c) is characterized by the fact that a(k)=[k]-c
for every arc k tightly transverse to A

In particular, [k.]-o(1(c))=[k.]-c for every branch e, and it follows that ¢(¢(c))=c
in Hy(U,d,U;R) by PoincaréLefschetz duality, since the [k generate Hy(U,8,U;R).
This proves that et is equal to the identity.

Conversely, for a relative tangent cycle a€Z(\,slits; R), the same argument shows
that ¥ (¢(a))(ke)=a(ke) for every branch e of U. For a slit s, let ks be the component of
8V(7 that faces s, let e be the branch of U that contains ks, and let e; and e be the other
two branches that touch k,. Then, by quasi-additivity of a and (p(a))€Z(A, slits; R),

e(s)0a(s) = alke,) +a(ke,) —alke) = Y (p()) (ke,) +1(p(a)) (ke, ) = (p(@)) (Ke)
=(5)09(p(a))(s)-

This proves that 1 (¢(«))—« has boundary zero, and is therefore a tangent cycle by
Lemma 4.4. Since ¢(¢(a))(ke) —a(ke)=0 for every branch e of U, it follows from Propo-
sition 4.2 that ¥ (¢(a))—a=0.

This proves that 1o is the identity, and completes the proof of Proposition 4.5. [

4.6. Twisted relative tangent cycles

So far, we have considered relative tangent cycles valued in R. In our analysis of Hitchin
characters, we will encounter relative tangent cycles that are valued in R”~! and behave
in a very specific manner with respect to the involution ¢: U—U that exchanges the two
sheets of the cover U —U.

More precisely, an R™"'-valued tangent cycle for \ relative to its slits associates
a vector a(k)ER™™! with each arc k tightly transverse to 5\, in such a way that « is
invariant under homotopy respecting A and is quasi-additive with respect to a boundary
function da: {slits of A} —R"~1.

A twisted tangent cycle for X relative to its slits and valued in R is an R L

valued relative tangent cycle « for A\ such that, for every tightly transverse arc k,

a(u(k)) = a(k),
where x++7 is the involution of R"~! that reverses the order of the coordinates, namely

that associates Z=(x,_1,Zn_2,...,21) to 2=(21, T2, ..., T,_1) ER" 1. Let

Z(\, slits; R" 1) = {a € Z(A, slits; R" 1) : a(u(k)) = a(k) for all k}
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denote the space of these twisted relative tangent cycles.

The terminology and notation is justified by the fact that these twisted relative
tangent cycles can be interpreted as tangent cycles for the geodesic lamination A, relative
to the slits of A, and valued in the twisted coefficient bundle R" == (U x R"~1) /Z over U,
where Zs acts by ¢ on U and by 2+ on R"~1,

We can similarly define the space of twisted tangent cycles

2R = {ae Z(NR™ Y :a(u(k)) = a(k) for all k} = {a e Z(),slits; R 1) : 00 = 0},

where the second equality comes from Lemma 4.4.

To compute the dimensions of Z(A; R"~1) and Z(), slits; R"~1), we use a version of
Propositions 4.2 and 4.5 that gives a homological interpretation of twisted tangent cycles.
Because the orientation of arcs is irrelevant for relative tangent cycles but does matter
in homology, we need to consider a different coefficient bundle @"‘1:(0 xR""1)/Zs,
where Z, still acts by the covering involution ¢ on U but now acts on R"~! by x——Z.

More precisely, because ¢ reverses the orientation of 5\, the map
©: 2(), slits; R) — Hy (U, 8,U; R)

of the proof of Proposition 4.5 conjugates the action of ¢ on Z(j\, slits; R) to —t., where
L*:Hl(ﬁ,ﬁvﬁ;R)—)Hl(ﬁ, 8V(7;]R) is the homomorphism induced by ¢. Therefore, the
tensor product p®Idg.-1 sends Z(\, slits; I@”_l) to {cEHl(ﬁ, 8Vl7; R 1Y): 1, (c)=—c},
which is naturally identified to H; (U, 0, U; @”_1). This provides a natural isomorphism
Z(\, slits; I@"‘l)%Hl(U, o.U; @"‘1), which also induces an isomorphism

Z(\ RPN 2 Hy (U; R,
PROPOSITION 4.6. The above construction provides natural isomorphisms
2(\, slits; R =~ Hy (U, 0,U; R 1),
Z(\ RPN 2 Hy (U; R,
Proof. This follows from the above discussion. O

PROPOSITION 4.7. The vector spaces Z(A;I@"il) and Z(\, slits; R"=1) have dimen-

s1ons

dim 2R =6(g—1)(n—1)+ |2 (n—1)|,
dim 2(, slits; R" 1) =18(g—1)(n—1),

where |x] denotes the largest integer that is less than or equal to x.
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Proof. Considering Euler characteristics,
x(U)(n—1) =dim Ho(U; R~ 1) —dim Hy (U; R*1).
Since U is connected,
Ho(U; R Y ={ce Hy(U;R" V)1, (c)=—c} 2 {z eR* 'z =—7}

has dimension |3(n—1)]. Moreover, because the complement S\U consists of 4(g—1)
hexagons, x(U)=x(5)—4(g—1)=—6(g—1). It follows that

dim Z(A\; R 1) = dim Hy (U; R ) = —x(U)(n—1)+dim Ho(U; R")
~6(g—1)(n-1)+ |2 (n-1)].
For Z()\,slits;ﬂi”_l)%Hl(U, 8VU;I§”_1), consider the exact sequence
0— Hi(U; R"™Y) — Hy (U, 0,U; R 1) — Ho(d,U; R" ™) — Ho(U; R 1) — 0.

We already observed that dim Ho(U; R"1)= |2(n—1)]. Since ¢ respects no component
of &,fj, the twisted homology space Hy(0,U; ]INQ”A) is isomorphic to Hy(0,U; R"~1) and
therefore has dimension 12(g—1)(n—1), as 9,U has 12(g—1) components. It follows from

the exact sequence above that

dim Z(\, slits; R" 1) = dim H; (U, 8,U; R* 1)
=dim Hy (U; R" 1) +dim Hy(8,U; R" ') —dim Ho(U; R™ 1)
=18(9—1)(n—1). O

As suggested by the formula and the fact that U has 18(g—1) branches, there
is a more elementary (non-homological) computation which deduces the dimension of

Z (A, slits; I@"‘l) from Proposition 4.5, but this one is more intrinsic and conceptual.

4.7. Relative tangent cycles from another viewpoint

We give a different description of relative tangent cycles. Compared to the original
definition, this presentation does not lend itself as well to the homological interpretation
and computations of the previous sections. However, it will be better adapted to the
geometric constructions that form the core of this article. It also bypasses the need to
consider the orientation cover .

In the universal cover S of S, let U be the preimage of a train-track neighborhood
U of A
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A relative tangent cycle a€Z (), slits; R) associates a number o(T,T")€R with each
ordered pair of distinct components T and T” of S \5\ as follows. Choose an oriented arc
kCS that is tightly transverse to X and joins T to T’; in this preliminary stage, one can
for instance take for k any geodesic arc going from T to T’, since every component of
S \5\ is a triangle. Using Proposition 4.1, one can modify k by a homotopy respecting
X so that it is contained in U , and is tightly transverse to Xin U. Project k to an arc
kCU, which is tightly transverse to A.

The tightly transverse arc k admits two lifts to the 2-fold cover U of U, each oriented
so that the canonical orientation of the leaves of the orientation cover A points to the left
of these arcs at each intersection point. Let U be the lift whose orientation projects
to the same orientation of k as that of k. By construction, k is tightly transverse to A in
U, and we can consider the number a(k)€R defined by a€Z(}, slits; R).

In this construction, the arc k is uniquely determined by T and T” up to homotopy
respecting \ in (7, which determines k up to homotopy respecting A in U. It follows that
(k) depends only on T and T”, and we can define (T, T")=a(k)€R.

The quasi-additivity property of an(j\, slits; R) has a relatively simple translation
in this context. Each slit s of A\, namely each spike of S\ A, lifts to two slits of A a positive
spike s* of U \5\ where the leaves of A adjacent to s™ are oriented towards the end of this
spike by the canonical orientation of A\, and a negative spike s~ where the adjacent leaves
are oriented away from the end of s=. Define two functions 9*a, 0~ a: {slits of A\} >R
by the property that 0Ta(s)=0a(s") and 0~ a(s)=0a(s™) for every slit s of A, where
dav: {slits of A} —R is the boundary of aeZ (), slits; R).

If T, T' and T” are three components of §\5\ such that 7" separates T from T"
in S, let §” be the spike of T" delimited by the two sides of T” that separate T from
T’, and let s be the projection of & to S. The quasi-additivity of a€Z (), slits; R) then
translates to the property that

a(T, T =a(T, T")+a(T", T") - 0" a(s")

if the spike §” of T” points to the left as seen from T, and
a(T, T =a(T,T")+a(T", T )+0" a(s")
if 8 points to the right as seen from T.

PROPOSITION 4.8. The above construction provides a one-to-one correspondence be-
tween relative tangent cycles a€Z(X, slits; R) and maps o associating a number o(T, T') €
R with each ordered pair of distinct components T and T’ of S \5\ for which there exist
two functions 8*a: {slits of A} —R with the following properties:

(1) « is m1(S)-invariant, in the sense that a(yT,~vT" )=«a(T,T") for every yem1(S)
and every pair of distinct components T and T’ of 5\5\,
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(2) if T" separates T from T’ in §, if § is the spike of T" delimited by the two
sides of T" that separate T from T', and if s” is the slit of \ defined by the projection
of 8" to S, then

a(T, T =a(T, T")+a(T", T") - 0" au(s")

if § points to the left as seen from T, and
a(T,T)=a(T,T")+a(T", T)+0" a(s")

if 5" points to the right as seen from T.
In addition, the boundary Oc: {slits of 5\}—>R is related to the functions

0% {slits of \} — R

by the property that da(s*)=0%a(s) for every slit s of X lifting to a positive slit s* and

a negative slit s~ of the orientation cover A
Proof. This is an immediate consequence of the discussion above. O

Proposition 4.8 has an immediate factor-by-factor extension to relative tangent
cycles valued in R"~!. By restriction to the space of twisted relative tangent cy-
cles Z(A, slits; I@"’l)CZ(S\, slits; R™~1), this automatically gives the following statement.
Recall that z+Z denotes the involution of R™~! that sends x=(zy,2,...,7n_1) to

T=(Tn_1,Tn_2,...,T1).

ProproSITION 4.9. Proposition 4.8 provides a one-to-one correspondence between
twisted relative tangent cycles aEZ(A,slits;@”*l) and maps a which associate a vector
a(T, T")eR™ 1 with each ordered pair of components T and T’ of 5\5\ such that there
exists a function 0" a: {slits of \}—R"~1 with the following properties:

(1) «is m1(S)-equivariant, in the sense that a(yT,vT")=a(T,T") for each y€m1(S)
and each pair of distinct components T and T’ of §\5\,

(2) if T" separates T from T’ in S, if § is the spike of T" delimited by the two
sides of T" that separate T from T', and if s” is the slit of \ defined by the projection
of § to S, then

a(T, T =T, T")+o(T", T") - 0" a(s")

if 5" points to the left as seen from T, and

a(T, T =a(T, T")+a(T", T") - 0" a(s")

if 5" points to the right as seen from T';
(3) (T, T)=a(T,T") for every pair of distinct components T and T’ of S\A.
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In addition, the boundary Oc: {slits of S\}HR is related to the function

0" a: {slits of \} —R

by the property that da(s™)=0"a(s) and da(s™)=—0%a(s) for every slit s of A lifting

to a positive slit sT and a negative slit s~ of the orientation cover .
Proof. This statement immediately follows from Proposition 4.8. O

Note that the function 9~ a: {slits of A\}—<R"~! that one would have expected in
this case is equal to 0”a=—0%« by the third condition of Proposition 4.9. In particular,
Oa(s¥)=—0a(s*) for every ozGZ.()\,slits;I@”’l)7 when s* and s~ are the positive and

negative slits of the orientation cover A that lift the same slit s of A.

5. The shearing tangent cycle of a Hitchin character

We will now associate a twisted relative tangent cycle
a? € Z( )\, slits; I@”_l) >~ Hy (U, 0,U; Hi”_l)

with each Hitchin character p€Hit, (S). The key ingredient of this construction is the

slithering map introduced in the next section.

5.1. Slithering

The slithering construction is a higher-dimensional analogue of the horocyclic foliation
defined, in the case where n=2, by a hyperbolic metric and a maximal geodesic lamination
A on the surface S; see [42] and [5] for that case. It only uses the Anosov property
of Theorem 3.1 and Proposition 3.2, and is independent of the positivity property of
Theorem 3.3. In particular, it quite possibly extends to more general Anosov contexts,
such as those of [22].

Consider a Hitchin homomorphism g: 71 (S)—PSL,, (R), and its associated flag map
?Q:aoogﬁFlag(]R{") as in §3.1.

In the universal cover S , let g be a leaf of the preimage ACS of the maximal geodesic
lamination AC.S. Choose an arbitrary orientation for g, and let z, and x_ be its positive
and negative endpoints, respectively. By Theorem 3.3, the flag pair (Fy(xy), Fo(z-))
is generic. It therefore defines a decomposition of R™ as the direct sum of the lines
La(9)=F,(z)@NTF,(x_)"=2+D  as in §3.1.

Note that reversing the orientation of g exchanges x, and x_, and therefore replaces
La(9) bY Ln—at1(9)-
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Now consider two leaves g and ¢’ C\. We say that g and ¢’ are oriented in parallel
if exactly one of the orientations of g and ¢’ coincides with the boundary orientation

determined by the component of S\ (gUg’) that separates g from g¢'.

PROPOSITION 5.1. There exists a unique family of linear isomorphisms
Y R" —R",

indexed by all pairs of leaves g, g’CS\, such that the following conditions hold:

(1) Byg=Idgn, Xyry=(Egy) " and Xy =40y 4 when ¢' separates g from g";

(2) X4g depends locally Hélder continuously on g and g¢'; namely, for an arbitrary
riemannian metric on the manifold consisting of all geodesics of the universal cover 5,
the map (g, 9’ )—X4q is Holder continuous on (the square of ) any compact subset of the
space of leaves of A

(3) if g and ¢' have an endpoint 2€0.08 in common and are oriented towards T,
and if E=9,(x)€Flag(R™), then ¥,, sends each line Lo(g') to La(g) and its restriction

La(g" )= La(g) is the composition of the two natural isomorphisms
Lo(¢)=EW/E@D =T, (g).

In addition, the maps Xqq satisfy:
(4) if g and g’ are oriented in parallel, ¥44 sends each line f/a(g') to the line Ea(g);
(5) Egg: R"—=R™ has determinant 1.

By definition, ¥,,/: R" —R" is the slithering map from the line decomposition

R™ = @ Iia (gl)
a=1
to the line decomposition
R" =D La(9).
a=1

We will construct ¥4, by sweeping through all the leaves of X that separate g from ¢’,
and by composition of a (usually infinite) sequence of pivot moves as in condition (3) of
Proposition 5.1. The terminology of “slithering” is motivated by the fact that, in general,
any small section of this sweep involves both pivot moves to the left and pivot moves to
the right.(%)

Note that, although the line decomposition R"=@"_, L.(g) depends on an ori-
entation for the leaf g, the slithering map 3,4: R™—R" is independent of a choice of
orientation for g or ¢’.

(1) In particular, this is unrelated to Thurston’s notion [41], [12] of “slithering” for foliations of
3-dimensional manifolds, beyond the analogy with the movements of a snake.
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Proof of Proposition 5.1. We will split the construction of the slithering map of
Proposition 5.1 into several steps and lemmas.

Let T be a component of S \:\ that separates the leaves g and ¢’ of A Itisa triangle
since the geodesic lamination A is maximal, and two of its three sides separate g from g¢;
among these two sides, let gr be the one that is closest to g, and g/ the one closest to g'.
Define Xp=3, . by condition (3) of Proposition 5.1. Namely, if Ex=3,(xr)€Flag(R")
is the image under the flag map F,: 058 —Flag(R™) of the common endpoint z7 €ds0S
of gr and g7, the map Xp=X%,, 4 sends R"=@,_, La(gy) to R"=@"_, La(gr) by
the property that its restriction L, (g4)— La(gr) coincides with the composition of the
natural isomorphisms Ea(gép)gE(Ta) / E(Ta_l)%ia(gT). Note that, in a basis of R” where
the ath vector belongs to L, (g4), the map Y7 is represented by a triangular matrix with
all diagonal entries equal to 1. In particular, ia(gép) has determinant 1 and therefore
belongs to SL, (R).

We will now define N
Ygg = HZT
T

as the composition of the maps Xr=3, ., :R"—R" as T ranges over all components
of S\ \ separating ¢ from ¢’. Of course, there usually are infinitely many maps in this
composition, and we also must be careful with the order in which we compose these maps;
the arrow over the product symbol is here to remind us that this is an ordered product,
if the components T are ordered from g to ¢’. To make sense of this composition, let Ty
be the set of components of §\5\ that separate g from ¢'. Let T={T1,Ts,...,T;n} be a
finite subset of T44/, where the indexing is chosen so that each ideal triangle T} separates

g from T}1. We can then consider the finite composition
Yg= ETl OZTQ 0...02Tm71 OETm S SLn(R)

We will then show that ¥ converges to some linear map X,y €SL,(R) as the finite
subset T={T4,T>, ..., T),} tends to the whole set T, of those components of 5\5\ which
separate g from ¢'.

The proof of convergence relies on the following estimate. Choose an arc kCS that
is tightly transverse to the geodesic lamination A, and crosses both g and ¢'; for instance,
we can choose k to be a geodesic arc.

In particular, for every component T of S\ that separates g from ¢/, kNT consists
of a single arc.

Endow the space End(R™) of linear maps R™—R"™ with any of the classical norms
|- || such that [[Idg~||=1 and |[petp|| <[]l [|1]]. Our estimates will also depend on the
choice of a negatively curved metric m on S for which the leaves of A are geodesic.
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LEMMA 5.2. Given an arc k as above, there exist constants A and v>0 such that

for every component T of 5\;\ that separates g from g', where £ denotes the arc length
for the auziliary metric m.

Proof. Let 1, yr, y%e@oog denote the three vertices of the triangle T’ in such a way
that zp and yr are the endpoints of the side gr that is closest to g, and zr and y/. are the
endpoints of the side g7, closest to g’. Then Xr=%,, ,
flag pairs (Fo(xr), Fo(yr)) and (Fo(zr), Fo(yf)). In fact, Lo depends differentiably on

these two flag pairs and, as T varies, these pairs stay in a compact subset of the space of

.. depends only on the two generic

generic flag pairs (depending on k and on the continuity of the flag curve F,). Therefore,
127 —Idgn || = O(d(Fo(yr), Fo(r))),

where d is an arbitrary riemannian metric on Flag(R"™).

Since the flag curve F, is Holder continuous (Proposition 3.2),

d(Fo(yr), Folyr)) = O(d(yr, y7)”)

for some Holder exponent v, where d now denotes the visual metric of 04 S. The required

estimate then follows from an easy geometric argument in the triangle T' showing that
d(yr,yr)=O0(L(kNT)). O

Note that the constant A depends on the arc k. The Hélder exponent v depends
only on the flag curve F,.

The second ingredient is a now classical property of geodesic laminations, based on
the fundamental property that S\ has only finitely many spikes and that the width of
these spikes decay exponentially.

LEMMA 5.3. As T ranges over all components of §\5\ separating g from ¢', the sum

> UknT)
TET 4

is convergent for every v>0.

More precisely, there is a function r:T,e—N and constants B,C,B’,C'>0 such
that the following conditions hold:

(1) Be= "M <UkNT)<B'e= ") for every T€Tyy;

(2) for every meN, the number of triangles T€T,q with v(T)=m is uniformly
bounded, independently of m.
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Proof. See for instance [5, Lemmas 4 and 5], and compare §8.2. O

We are now ready to show the convergence of the infinite product ﬁT .

Recall that T4, denotes the set of components of S \5\ that separate g from ¢’ and
that, for every finite subset T={T},T5, ..., T, } of T4y where the T; are ordered from g
to ¢,

Yg=3peXpe..08T

m—1

X

-

LeEMMA 5.4. As T ranges over all finite subsets of Tyq, the matrices X3 remain

uniformly bounded.

Proof. 1t T={T1,T5, ..., T}, Lemma 5.2 shows that | X1, || <1+ AL(kNT;)" for some
constants A, v>0. Then,

ISell<JJa+AeknT)*) < [ Q+AeknT)") < oo,
1=1

TE‘ng/

where the finiteness of the second product follows from Lemma 5.3. O
LEMMA 5.5. As the finite subset T tends to Tyq, the limit

I H Sr=_ hm R
TG‘J’ g’

exists in SLy (R).

Proof. Let T={T1,Ts,...,T),} be a finite subset of T, , where the T; are ordered
from g to ¢’. If T’=TU{T'} has one more element T'€T,,, and if T separates T; from
ﬂ+17 set {Il:{Tl, TQ, cony Tz} and TQZ{TiJrl, TQ, ceey Tm}, then

IS~ Sa ]| = [, (S~ Idgn ) S, | = O(E(RNT)")

by Lemmas 5.2 and 5.4. Lemma 5.3 then shows that, as T ranges over all finite subsets of
Tgg', the family of maps Y5 €SL,(R) satisfies the Cauchy property. The limit therefore

exists. 0

Having defined the slithering map X ,: R" —R", we now show that it satisfies the
properties of Proposition 5.1. We begin with condition (1).

LEMMA 5.6. For any two leaves g and g' of X, one has ¥,,=Idg» and Eg/g:E;gl
In addition, Lggn =X 440Xy 4+ when one of the three leaves g, g and g separates the

other two.
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In the missing case where none of g, ¢’ and ¢g” separates the other two, the rela-
tionship between ¥4, ¥4, and g4 is more complicated and involves the triangle
invariants of the unique component T' of S \5\ that separates these three leaves, as we

will implicitly see in §5.2 (and in particular in the proof of Proposition 5.15).

Proof. The first two properties are immediate from definitions. When ¢’ separates
g from ¢”, Tyqr is the disjoint union of Ty, and Ty g, and the property that Xg.0=
Ygg' 0B g is again an immediate consequence of the construction. The other two cases

follow from this one by an algebraic manipulation. O
We now turn to condition (2).

LEMMA 5.7. The slithering map X440 provided by Lemma 5.5 depends Holder con-

tinuously on the leaves g,g’CX meeting the tightly transverse arc k.

Proof. If the leaf h is close to g, and if the leaf A’ is close to the leaf ¢’, we can apply

Lemma 5.6 to decompose X as
Ehh' = Ehgozgg/ozg/h/,
The argument used in the proof of Lemma 5.5 shows that, for some >0,

0( > e(ka)V>.

TE‘Thg

150y —Idgn

By Lemma 5.3, the above series is dominated by a geometric series and, using the precise

estimate provided by the second half of that statement,

T; (kNT)Y = O(Tnel%ffg e*'*C’“T)) - O(Tnégfg e(lmT)V’)
hg

=O(Ulkng)"") = O(d(h,g)")
for v'=vC"/C with the constants C, C'>0 of Lemma 5.3, and where kj,, is the subarc
of k£ that joins the two points kNg and kNh. Therefore,
25y —Tdgn || = O(d(g, h)"").
Similarly,
89/ ~1dg+ || = O(d(g', 1')").
Combining these two estimates with the bound provided by Lemma 5.4,
(po% — gy | <[1Znns =Yg H“‘Hzgh’ —Xgg |
<[ Zng —Idgn [[Egn ||+ 11Egg [[[Egrn —Idgn ||
=O0(d(g, h)" +d(g', 1)),
which proves that the map (g,g)—X44 €SL,(R) is Holder continuous over the square
of the space of leaves of A that cross the arc k. O
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/
9T 41

Figure 5. Adding triangles between T; and T4 1.

Lemma 5.7 proves the local Hélder continuity condition (2) of Proposition 5.1.

If the leaves g and ¢’ share a common endpoint €055 , then all leaves of A that
separate ¢ from ¢’ also have x as an endpoint. In particular, ¥4, is defined as an infinite
product of elementary slitherings Xr=2%,, . that respect the flag E=5,(z) and act as
the identity on each line E(®) / E(@=1_ Tt follows that Y, satisfies the same property,

which proves condition (3) of Proposition 5.1.

LEMMA 5.8. Suppose that the leaves g, g’CS\ are oriented in parallel. Then, the slith-
ering map Yq4q provided by Lemma 5.5 sends the line decomposition R"=@"_, La(g)
to the line decomposition R"=@"_, La(g).

a=1"*~a

Proof. The strategy is to approximate by a finite lamination the part of A that
separates g from ¢’. The slithering map associated with this finite lamination will send

the line decomposition R*=@"_, L,(g’) to the line decomposition R*=@"_, L, (g), and
approximate the slithering map ¥,,/. Passing to the limit in the approximation process
will conclude the proof.

Let T={T1,T5...,T,,} be a finite subset of T4, where the T; are ordered from g
to ¢’. We insert two triangles U; and U] between T; and T;y; as follows. Recall that
gr, and g7, are the two sides of T} separating g from ¢', with gz, closest to g. Let h;
be the geodesic of S that joins the left-hand side (as seen from g) endpoint of g7. to
the right-hand side endpoint of 97,4, The two geodesics g7, and h; are two sides of a
unique ideal triangle U; CS, possibly reduced to a single geodesic when g7, =h;. We can
similarly consider the ideal triangle U/, possibly reduced to a single geodesic, with sides
hi and g, . See Figure 5. The same construction with the conventions that g7, =9 and
9r,,,, =9 also defines triangles U, Uj, Uy, and Uy,.

As before, the triangles U; and U] define an elementary slithering map Xy, sending

the line decomposition R"=@D);_, L,(h;) to the line decomposition R"=@,_, La(g}.),

Lo(91,,,) to the line

n

and another one Xy, sending the line decomposition R"=p,_,

decomposition R"=@!'_, Lq(h;). These slithering maps are equal to the identity when
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the corresponding triangles are reduced to geodesics.

Now consider

Yg= (ZUDOZUU’)OZTl O(ZU1 OZU{)OETZO(ZUzoEUé)OETg o...
oy, oy, oy, )oXr, o (Xu,, o Xu, ).

By construction, flzr sends the line decomposition

R" = @ f/a(ng+1) = @ La(g')
a=1 a=1

to the line decomposition

n

R" =P La(gf,) =P La(g).
a=1 a=1

To compare S and Y, choose an arc k tightly transverse to A and meeting both g
and ¢g’. Then, Lemma 5.2 provides constants A, v>0 such that ||y, —Idg~ || <AL(ENT;)Y
and || Xy —Idgn || <AL(KNU)".

Since a v-Holder continuous function on a compact set is also v’-Holder continuous
for every v’/ <v, we can assume that v<1 without loss of generality. Then, with this
condition,

(ENT)Y <L(ROTUU)) < > L(kNT)",

TeT
g/T'i 9Ty 44

where the sum is over all components T of S \5\ that separate T; from T;y;. A similar
estimate holds for £(kNUY)”. It follows that

Sy e =0( Y enTy),

The arguments used in the proof of Lemmas 5.4 and 5.5 can then be applied to show

that
Sr-sel=o( ¥ swnry).

TET —T

Lemma 5.3 then shows that ig and Y5 have the same limit as the finite subset T
tends to T4y Therefore, S33 also converges to the slithering map Yy as T tends to Ty
We already observed that each S sends the line decomposition R"=@)'_, La(g)
to the line decomposition R"="_, La(g). Passing to the limit, we conclude that X,
has the same property. O
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Lemma 5.8 proves condition (4) of Proposition 5.1.

We already observed in Lemma 5.5 that ¥, has determinant 1, which is condi-
tion (5).

The only property of Proposition 5.1 remaining to prove is the uniqueness of the

slithering map.

LEMMA 5.9. If a family of linear isomorphisms E'gg,:R"%R’H indexed by all pairs
of leaves g, g’ C X, satisfies conditions (1)=(3) of Proposition 5.1, then E;g/ is equal to the

map Xqq constructed above for every g and g'.
In particular, conditions (4) and (5) are consequences of conditions (1)—(3).

Proof. As usual, let k be a tightly transverse arc that crosses both ¢ and ¢’. Let
T={T1,T5,...,T;} be a finite subset of the set T, of components of §\5\ that separate
g from ¢’, indexed in such a way that the T} occur in this order as one goes from g to ¢’.
Let gy, and g7, be the sides of T; that are closest to g and ¢’, respectively.

By condition (1),

PSTED SN 3 oY oY 0..0% oY oY oY .
99' 991, ngga“l nglgTZ gT2g§"2 ngLflg’/Tnl—l ga"mflng 9Ty, 9T, 919’
Condition (3) implies that X’ =Y =37, so that
( ) % 9, g&"i 9,97, T;i»
¥oo=% oXNped 0¥, 0...00 oY X oY) .
99’ gng T g’lTl gT2 T> Tom—1 ga"m71 9r,, T g’lp7n g’

By condition (2), the map (h, h')— X}, is Holder continuous over the space of leaves
of X that meet the arc k. As a consequence, there exists a constant v>0 such that, for
every i,

1%, ,,  ~ ol =O(d(gr, 91,.,)").

Because the leaves g}i and 9gr,,, are disjoint, a classical estimate in negative curvature
geometry (see, for instance, [13, §5.2.6]) shows that d(g7,, 9, ,, ) is bounded by a constant

times the length g(kngi,gTi+1> of the subarc kg’lri,gTi+1 Ck delimited by the points kNg7.
and kﬂgTiH.

The geodesic lamination A has area zero ([39, §8.5], [1]). Its intersection with the
transverse arc k therefore has length zero, and

Ukgy gy )= > EkOD).

i+1

Assuming v<1 without loss of generality, we can combine all these estimates and

conclude that

Hz;,Ting —Idgn || = o( > €(ka)”).
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This also holds for i=0 and i=m, with the convention that g7, =g and 9T = q'.
From this estimate, we can then use the arguments of the proofs of Lemmas 5.4
and 5.5 to show that

15— || :o( > z(ka)").

TET 0 =T
By Lemma 5.3, this proves that
!/ _ . _
i = 1, B =B
which concludes the proof of Lemma 5.9. O
This uniqueness property completes the proof of Proposition 5.1. O

Remark 5.10. In Proposition 5.1 (and in Lemma 5.9), the uniqueness property would
be false without the hypothesis that the slithering map 3,4, depends locally Holder
continuously (and not just continuously) on the leaves g and ¢’. This is already true in
the classical case where n=2. Indeed, let & be a transverse measure for A that has no
atom (which is automatic if A has no closed leaf). The atom-free hypothesis guarantees
that the a-mass a(g, ') of the set of leaves of ) separating ¢ from ¢’ depends continuously
on g and ¢'. If g and ¢’ are oriented in parallel in such a way that ¢’ is to the left of g,
let E;g,:R2%R2 be obtained by postcomposing the slithering map g4 with the linear
map that acts by multiplication by e=(9:9") on the line I~/1(g), and by multiplication by
e®9:9) on Ly(g). This new family of maps 3, satisfies conditions (1) and (3)—(5) of
Proposition 5.1, the maps E; o depend continuously (but not locally Holder continuously)
on g and ¢, and they are of course different from the original family of slithering maps
Y4 if a is non-trivial.

To generalize this construction to all n, let aq, as, ..., a,_1 be atom-free transverse
measures for A such that a,_,=aq, for every a (so that in practice we only have HnJ

2
such ). For two leaves ¢ and ¢ of A, define S1(g,9"), B2(g,9"), -, Bn(g,g') by the

properties that o, (g,9")=Ba+1(9,9")—Ba(9,9") and >°i_, Ba(g,¢')=0. If g and ¢' are
oriented in parallel in such a way that ¢’ is to the left of g, let 3 ,: R™ —R™ be obtained
by postcomposing the slithering map ¥,,, with the linear map that respects each line
La(g) and acts by e+(:9) on L,(g). The maps ¥\, satisfy conditions (1) and (3)—(5)
of Proposition 5.1, and depend continuously on g and ¢’. They clearly differ from the
slithering maps 34, if at least one of the o, is non-zero. This construction automatically
generalizes to the situation where the «, are topological differential forms in the sense
of [26], in which case it completely describes how the uniqueness can fail if we remove
the Holder condition from Proposition 5.1.
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Figure 6. The triangles 7" and 7" and their vertices.

5.2. The shearing cycle

We now use the slithering map to associate with the Hitchin homomorphism
0:m(S) — PSL,(R)

a certain twisted tangent cycle o2 € Z(\, slits; I@"’l) relative to the slits of A. This relative
tangent cycle is the shearing cycle of the Hitchin homomorphism p.

Unlike §5.1, this construction uses in a fundamental way the positivity property of
Theorem 3.3; see Lemma 5.11.

We will use the point of view of §4.7. Let T and T” be two components of 5\5\

Let g be the side of T that is closest to T”, and let g’ be the side of T" closest to T
We orient these two leaves of A to the left as seen from T'. In particular, g and ¢’ are
oriented in parallel, and the slithering map ¥,4/: R® —R"™ of Proposition 5.1 sends each
line L,(g') to the line Ly(g).

Let x,yeaocg be the positive and negative endpoints of g, and let z be the third
vertex of the ideal triangle T. Similarly, let ' ,y’anog be the positive and negative
endpoints of ¢’, and let z’ be the third vertex of T’. See Figure 6. The flag curve
Fy: 8oo§%Flag(R”) of Proposition 3.2 now associates six flags

Fo(x), Fo(y), Fo(2), Fo(a'), Fo(y'), Fo(2') € Flag(R™)

with these vertices. By our definitions, the slithering map X,y sends F,y(z') to Fy(x)
and F,(y) to F,(y).

We want to consider the double ratio D, (F,(x), Fp(y), Fo(2), Xgg (Fo(2))), as in
§1.4.

LEMMA 5.11. The double ratio Do (F,(x), Fo(y), Fo(2), Bgq (Fo(2'))) is finite and

positive.
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Proof. When T and T” are adjacent so that g=g’, then X, =Idr~ and the state-
ment is an immediate consequence of the positivity property of Theorem 3.3. In the
general case, however, the appearance of the slithering map X4, requires a more elab-
orate argument. The key ingredient is a deeper consequence of the positivity property,
which is that the family of the line bundles L,—T'S of Theorem 3.1 carries a canonical
joint orientation, as we now define.

A joint orientation for the line bundles L, is the choice of an orientation for (the
fibers of ) each bundle, but determined only up to simultaneous reversal of all orientations.
More formally, a joint orientation for the bundles L, is an orientation for each of the line
bundles L,®Lg1.

Actually, we will see that the line bundles L, admit two equally canonical but
opposite joint orientations: the left-hand-side and right-hand-side joint orientations.

To define these joint orientations, focus attention on a point GeT'S. As in 83.1,

consider the line decomposition R"=@!_, L,(u) defined by the fibers over @ of the line

bundles L, —T'S lifting the bundles L, —T"'S. Then, if p, qeaoo§ are the positive and

negative endpoints of the orbit g of u under the geodesic flow, we have
Lq (@) = Srg(p)(a) H?Q(Q)(n_a+1)v

by definition of the flag curve &, in Proposition 3.2. Consider another point rE€0sS that
is different from p and ¢, and that sits to the left of p as seen from g. By Theorem 3.3,
the flag triple (F,(p), F,(q), Fp(r)) is generic. As a consequence, if v is a non-trivial
vector in the line F,(r)™1), the projection of vER"=@,_, Ly(@) to the line L, (i) parallel
to all Ly(a) with b#a is non-trivial, and therefore specifies an orientation for L, ().
Replacing v by any other non-trivial vector v’ €F g(r)(l) determines the same orientation
on L, (@) if the ratio v/v’ in the line F,(r)!) is positive, or reverses all these orientations
if v/v’ <0. Therefore, the joint orientation of the lines L, (@) is independent of the choice
of veF,(r)M.

To show that the joint orientation of the lines L (@) is independent of the choice
of the point redsS , consider another point r’ €009 different from p and ¢, and now
located on the right of p as seen from ¢. This point 7’ similarly defines a joint orientation
for the lines Lo (@), and we will see that this joint orientation is exactly the opposite
of that defined by r (considering joint orientations as orientations of the line bundles
Lo®Lay1). To prove this, pick non-trivial vectors v€F,(r)!) and v'€F,(r")M). Let v,
and v/, denote the respective projections of v and v’ to the line L, (@) parallel to all Ly (i)
with b#a. Since r and 7’ are in different components of D00 S \{p, ¢}, Lemma 1.6 and the
positivity condition of Theorem 3.3 show that
Va1V

0< Da(g:g(p)v ?Q(q)v ?Q(T)a 9"9(7’/)) -

/ ?
’Ua+1 Va
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where the ratios vj /v, €R\ {0} are computed in the lines Ly (). As a consequence, v and
v’ induce opposite orientations on the lines Lq(#)® Lat1(@). In other words, the joint
orientation of the lines L, (@) defined by the point 7/ €049 is the opposite of that defined
by 7. It immediately follows that the joint orientation defined by r is independent of the
choice of 7 in the left-hand-side component of 9,5\ {p, ¢} (as seen from q).

We will refer to the joint orientation defined by r as the left-hand-side joint orien-
tation of the lines L, (), whereas the right-hand-side joint orientation will be the one
defined by r’. These two joint orientations are opposite of each other.

Let h and A’ be two oriented geodesics of S that share the same positive endpoint pe
Oo S , and let 3, : R" —R"™ be the elementary slithering map, sending each line Za(h’ ) to
Lqa(h), defined as in Proposition 5.1 (4). The definition of ¥, through the isomorphisms

La(W) = F(p) ™ /F2(p)*~ 1) = L, (h)

makes it clear that X5, sends the left-hand-side joint orientation of the family of lines
Lq(h) to the left-hand-side joint orientation of the Ly (h).

We now return to the leaves g and ¢’ of A. As in the proof of Lemma 5.8 and with
the notation used there, approximate the part of A that separates g and ¢’ by a finite

lamination, and the slithering map 34,/ by a finite composition

S = (S, oSSy o (S, o Sy ) oSy o (S, o g ) Sy
w0y, oy, oy, )eXT, (X, °Xuy,)

of elementary slitherings where, for any two consecutive terms, the corresponding trian-
gles T; and U, or U; and U], or U] and T;41, share a side gr,, h; or g’THl, respectively.
By our earlier observation, each of these elementary slitherings respects joint orientations
of the appropriate families of lines. It follows that f)g sends the left-hand-side joint ori-
entation of the lines L,(g’) to the left-hand-side joint orientation of the L,(g). Passing
to the limit as the approximation f)g tends to X447, we conclude that the slithering map
Y44 sends the left-hand-side joint orientation of the lines L,(g’) to the left-hand-side
joint orientation of the Lq(g).

We are now ready to determine the sign of the double ratio

Da(Fo(2), Fo(y), Fo(2), Zgg (Fo(2)))-

Pick non-trivial vectors v and v in the lines F,(2)™) and F,(z')("), respectively. The
left-hand-side joint orientation of the family of lines Lq(g) is defined by the projections
vq of v to Lg(g) parallel to the other lines Ly(g) with b#a. Similarly, the right-hand-side
joint orientation of the lines L,(g’) is defined by the projections v/, of v’ to L,(g’) parallel
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to the lines Ly(g’) with b#a. Since we just proved that the slithering map Y44 respects
joint orientations, and since the left- and right-hand-side orientations are opposite of each
other, the joint orientation of the L,(g) by the vectors v, is opposite to that defined by

the vectors Xgg/ (v),). In other words, all ratios

Ygg' (vy) Va+1
Vo gy (Vgy1)

are negative. By Lemma 1.6,

Da(Fo(x), Fo(y), Fo(2), By (Fo(2))) = — Eggljczz}ﬂ) Zggl;iv:l) >0,

which concludes the proof of Lemma 5.11. O

Lemma 5.11 enables us to define the a-th shearing parameter of the Hitchin homo-

morphism o between the components T and T” of S \5\ as
02(T, 1) =log Da(F,(x), F (), Fo(2), Syt (Fol))) €R.
These shearing parameters are then combined in the shearing vector
o(T,T") = (o{(T,T"),09(T, T"), ...,0%_ (T, T')) e R" 1.

We now show that the family of shearing vectors o2(T,T") defines a relative tan-
gent cycle UQEZ,()\,slits;ﬂA%”_l) for A valued in the twisted coefficient bundle f&”, as in

Proposition 4.9. We begin with the easier part, namely condition (3) of that statement.

LEMMA 5.12. For any two components T and T’ of g\;\,
o2(T",T)=02_,(T,T").
Proof. Using the notation of Figure 6,

o3(T",T) =log Da(Fo(y'), Fola'), Fp(2), Bgrg (Fo(2)))
=10g Dn—a(Fo(2), Fo(y'), Bgrg(Fo(2)), Fo(2'))
=log Dy —a(Xgg(Fo(x)), X ( o) Zgrg(Fo(2)), Fo(2))
=log ana(?g(x)ﬂf"g(y)aff"g(Z) Ygg' (9, ( )
=0, (T, T'),
where the second equality is a consequence of the elementary properties of double ratios
stated in Lemma 1.7, the third equality comes from the fact that ¥, sends each line

Ly(g) to Ly(g'), and the fourth equality follows from the invariance of double ratios under
the action of X,y =%, ESL (R). O
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The quasi-additivity property, namely condition (2) of Proposition 4.9, will involve
the quadruple ratios Q. (F, F,G) of §1.3. The following computation, which connects

quadruple ratios to double ratios and slithering maps, is the key to this relationship.

LEMMA 5.13. Let z, y,y’eﬁmg be the vertices of a component T of 5\5\, occurring
in this order counterclockwise around T. Let g be the side of T going from x to vy,
and let ¢’ be the side going from x to y'. In particular, the elementary slithering map
Ygg: R"—=R"™ respects the flag E=%,(x)€Flag(R™) and sends F'=%F,(y') to F=%F,(y).
Then,

Qa(E, L, F/) :Da(E,F,F’,Egg/(F))*l.

Proof. By definition of the double ratio,

| dpfam DA PO amDp fma s (FO)
@A fr—a=D AT, (fD)  ela=D A fln-a) g f/(D

Da(E,F,F’,Zgg/(F)):

for arbitrary non-zero e® € Ab(E®) fO)c Ab(F®)) f/(0)  Ab(F'(0)),

The elementary slithering map 3,, respects the flag E and sends F' to F. By
condition (3) of Proposition 5.1, it acts trivially on each A’(E®), including A™(E™))=
A™(R™). If we choose f’(b):Z;gl/(f(b)), we consequently have that

e(b)/\f(nibil)/\zgg/(f(l)) - Egg’(e(b))/\zgg’(f/(nfbil))/\zgg/(f(l))
— Egg’ (e(b) /\f/(n—b—l) /\f(l)) —e® /\f/(n—b—l) /\f(l)

for every b. Similarly, e® A f(?=0) =e®) A £/("=0) for every b.

Combining these properties and rearranging terms provides

D, (E, F,F',%Syq(F))
el A fnma=1) p /(1) gla=1) p fr(n=a) o (1)
el A frin—a=1) A (1) gla=1) A f(n—a) A /(1)
el p fnma=1) o /(1) gla=1) A £(1) A f7(n=a) glatl) A fr(n—a=1) p/(a) A f(n—a)
ela=D A fn=a) A f1(1) g(@) A (D) A fr(n—a=1) elatl) A f(n—a=1) g(a) A\ f/(n—a)
= Q.(E, H,H) ™. H

Let s be a slit of A or, equivalently, a spike of the complement S\ . Lift s to a spike
of §\5\, namely to a vertex €055 of a triangle component 1" of 5\5\ Let y and z be the
other two vertices of T, indexed so that x, y and z occur in this order counterclockwise
around T'. The flag curve F, then determines a positive triple of flags F,(z), F,(y) and
Fo(z)eFlag(R™). Considering their quadruple ratios as in §1.3, define

€3(s) =1log Qa (T (), T4 (y), Fp(2));
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which is clearly independent of the lift of the slit s to the universal cover S.
This invariant £2(s) can be expressed in terms of the triangle invariants 7% (s) of o
that we introduced in §3.2.

LEMMA 5.14.
E(s)= D The(s):
b+c=n—a
Proof. This is an immediate consequence of Lemma 1.5. O

Recall that, by definition, a slit § of the orientation cover \is positive if the canonical
orientation of A orients towards § the two leaves that are adjacent to §, and that s is

negative when these two leaves are oriented away from 8.

PROPOSITION 5.15. The rule (T,T")—o8(T,T") defines a relative tangent cycle o2&
Z(j\, slits; R). The boundary do8: {slits of /A\}%R is defined by the property that, for every
slit § of A projecting to a slit s of A,

(s if § is a positive slit o 5\,
80—5(<§){£a( )3 .f/\ ‘ p ‘ f
—&2_.(s), if 3 is negative.
In the classical case where n=2, the boundary do{ is trivial, since there are no

triangle invariants, and of 62.(5\; R) is consequently a (non-relative) tangent cycle.

Proof. Using the framework of Proposition 4.8, let T', T and 7" be three components
of S\\ such that T” separates T from T’ in S. Let 3 be the spike of T delimited by
the two sides of T" that separate T from T".

We first consider the case where §” points to the left as seen from 7.

Let g be the side of T that is closest to 77 and T, and let ¢’ be the side of T” that is
closest to T and T"”. Let f be the side of T" that faces T, and let f’ be the side of T" that
faces T”. Orient these leaves of A to the left as seen from 7. Let E, F, E', F',E" H,H' €
Flag(R™) be the flags respectively assigned by the flag curve F,: DnoS —Flag(R™) to the
positive endpoint of g, the negative endpoint of g, the positive endpoint of ¢’, the negative
endpoint of ¢/, the positive endpoint §” of f and f’, the negative endpoint of f, and the
negative endpoint of f’. Similarly, let G, G’ €Flag(R™) be respectively associated with
the vertex of T' that is not contained in g, and with the vertex of 7" that is not contained
in ¢’. See Figure 7, where the vertices of T, T and T" are labelled by the flags assigned
to them by the flag curve J,.

Then,

Ug(Tv T/) ZIOg Da(Ea F.G, Eyg’(G/)) ZIOg Da(EN’ H, Efy(G)v Efg/(G/))7
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G/
T/
E’ — o
g
H/
f/
Jod T"
f H
g
E T E

G

Figure 7. The triangles T', T’ and T/, their sides, and the flags associated with their vertices.
by using the fact that the slithering map ¥, sends E to E” and F to H. Similarly,
ol(T,T")=log Do(E, F,G,S4;(H')) =log D, (E", H,X4(G), H")
and
o2(T", T")=log Do(E",H'\H,X ¢/ (G')) =log Do (E" ,H, S ¢4/ (H), X4 (G")).
Using the elementary properties of double ratios stated in Lemma 1.7, it follows that
o2(T,T")=0%(T,T")+c2(T",T")+log D, (E”, H,H S¢p(H)).
Lemma 5.13 now shows that
od(T,T) = od(T,T")+03(T",T')~log Qu(E", H, H') = 0 (T, T") +02(T", T") = £3(s"),

where s” is the slit of A that is the projection of the slit §” of A.

This computation holds when §” points to the left as seen from T. When 3" points
to the right, a very similar computation or an application of Lemma 5.12 shows that in
this case

o2(T,T)=o2(T, T")+c2(T", T")—£2_(s").

n—a

Considering these two cases, Proposition 4.8 then shows that the rule
(T, T")— o2(T,T")

defines a relative tangent cycle 02€Z (A, slits; R), whose boundary da2: {slits of A} »R is
the one described in the statement of Proposition 5.15. This concludes the proof of that
proposition. 0
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Through Proposition 4.9, the combination of Lemma 5.12 and Proposition 5.15
shows that the relative tangent cycles O’SEZ(S\,SlitS;R) can be combined to define a
relative tangent cycle o@€Z (), slits; R"~1) valued in the twisted coefficient bundle Rn—1
introduced in §4.6. This twisted relative tangent cycle is the shearing cycle of the Hitchin

character p€Hit, (S) with respect to the maximal geodesic lamination \.

6. Hitchin characters are determined by their invariants

The goal of this section is to show that, if two Hitchin homomorphisms g, o': 71 (S)—
PSL,,(R) have the same triangle invariants and the same shearing cycle, then they rep-

resent the same character in the Hitchin component Hit,, (S).

6.1. Revisiting the slithering map

We give in Proposition 6.2 below a different description of the slithering map 3,4 of

85.1. This new formulation is based on the following simple algebraic trick.

LEMMA 6.1. Let Ay, Ao, ..., Ay, be elements of a group. Then,

A1 A o Ay 1Ay = Ay A1 ... Ax Ay

where Ai:(AlAQ Ai_l)Ai(AlAg Ai_l)_l.

Proof. Observe that A;As ...Am,lAm:flmAlAg ...A;m—1, and proceed by induc-
tion. O

We return to the construction of the slithering map 3,44 in §5.1. Let g and ¢’ be
two leaves of the preimage ACS of the geodesic lamination A, and let Ty, be the set of
components of S \5\ that separate g from ¢’, where these components are ordered from g
to ¢’. For such a component T'€T,, we consider the elementary slithering ZT:ZQT b
defined by condition (3) of Proposition 5.1, where gr and g4 are the two sides of T" that
are respectively closest to ¢ and g'.

We now consider the infinite product of the maps
Sr=%gg,081° 5,

More precisely, let T={T1,T>, ..., T, } be a finite subset of T, , where each T; separates
T;+1 from g. We then consider the limit



252 F. BONAHON AND G. DREYER

The reverse arrow on top of the product sign is here to remind us that the composition
of the f]T is taken in the order opposite to the ordering of the elements of T4 from g

to ¢',

PROPOSITION 6.2. The slithering map Xgq is equal to

H ~
Ser = [ Sr.
TET,y

Proof. First of all, the fact that the infinite product converges is proved by the
estimates of §5.1, using the fact that the X4, are uniformly bounded (Lemma 5.4) and
the estimates on Y7 —Idg~ given by Lemmas 5.2 and 5.3.

As usual, let T={T1, T, ...,T,,} be a finite subset of T, , where each T; separates
Ti41 from g. By Lemma 6.1,

T ST ST ST T 1T ST
[ Sr=%nSne..o81, o5, =57, 5F  0..o87,:57 =[] &7,
TeT TeT

where
£ = (B oEne..oBn_,)oXn o (S oy 0.08n_ )7

For a fixed T, the map i% tends to iT:ZggToEToZ;ng as the finite family T
tends to the set Tyy of all components of S\ separating g from ¢', by definition of the
slithering map. By uniformity in the exponential estimates guaranteeing the convergence

of the infinite products, it follows that

— — — =

Sg = _lim [ Sr=_lim [[EF=_lm [[Zr= [] O
T—=T o T—=T ot T—=T ot

99 TeT 99 TeT 99 TeT TEeT g

6.2. Reconstructing a Hitchin homomorphism from its invariants

We now show how to reconstruct, up to conjugation by an element of PSL,,(R), a Hitchin
homomorphism g: 71 (S)—PSL, (R) from its triangle invariants and its shearing cycle.

For this, we first normalize g to avoid having to worry about conjugations. Fix a
component Ty of S \5\, with vertices g, Yo, zoeaoj . Also, choose a generic flag triple
(Eo, Fo, Go).

LEMMA 6.3. The flag triple (Eo, Fo,Go) can be chosen so that every Hitchin char-
acter is represented by a unique homomorphism o: w1 (S)—PSL,(R) for which the flag
F,(x0) is equal to Ey, the flag F,(yo) is equal to Fy, and the line F,(z0)") is equal to
the line G(()l).
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Note that the last condition involves only the line F,(z9)*), not the whole flag
?Q(Zo).

Proof. For a Hitchin homomorphism g: 71 (S) —PSL, (R), we know from Theorem 3.3
that the flag triple (F,(zo), Fo(y0), Fo(20)) is positive, and in particular generic. By
elementary linear algebra, there consequently exists a unique projective isomorphism
¢, €PGL,(R) sending the flag T, (o) to Ey, the flag F,(yo) to Fy, and the line F,(zo)V
to the line G(()l). This ¢, depends continuously on p.

If ¢,,€PGL,(R) is in PSL,,(R) for some Hitchin homomorphism g¢ (which is au-
tomatic when n is odd), then ¢, belongs to PSL,,(R) for all g, by connectedness of the
space of all Hitchin homomorphisms. Conjugating ¢ by ¢,€PSL, (R) replaces the flag
curve F,: 8W§—>Flag(R”) by its composition with the action of ¢, on Flag(R™), and
consequently provides a representative of the class of ¢ in Hit,(S) with the requested
properties. The uniqueness of this representative is an immediate consequence of the fact
that the stabilizer of (Ey, Fy, Gél)) in PSL,,(R) is trivial.

Otherwise, ¢, is in the complement of PSL, (R) in PGL, (R) for every Hitchin ho-
momorphism p. Replace the flag triple (Ey, Fo, Go) by its image under an arbitrary v
in this complement. This replaces each ¢, by ¥o¢,, which is now in PSL,, (R) for every

Hitchin homomorphism. We then conclude as in the earlier case. O

Note that all generic flag triples (Ey, Fy,Go) can be used in Lemma 6.3 when n
is odd, and “half” of them (namely those in one of the two equivalence classes of an
appropriate equivalence relation) when n is even.

The following lemma will help in the exposition, by decreasing the number of cases
to consider. Let gg be the side of Ty joining x¢ and g, and let hy be the side joining g

and zg.

LEMMA 6.4. The fundamental group m1(S) is generated by finitely many elements
~vem1(S) whose azes cross both gy and hg, and send Ty to a triangle yTy contained in

the component of §\TO that is adjacent to gg, as in Figure 8.

Proof. The axes of 71(S) are dense in the space of geodesics of S. Therefore, there
exists an element o€ (S) whose axis crosses both go and hg, and whose attracting
fixed point in 800§ is contained in the closure of the component U of S \T, delimited
by go. In particular, o7} is contained in U.

Let 1,72, ..., be a set of generators for 71 (S). The ping-pong lemma shows that,
for m;,n; >0 large enough, the attracting and repelling fixed points of v/ =~7""viv,* are
very close to the attracting and repelling fixed points of ~y. In particular, the axis of ~;
crosses both go and ho, and +/T} is contained in U.
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Figure 8. The triangles Tp, v7p and T'.

Then, the family of elements ~y,7], 73, ..., 7}, generates m1(S) and has the required
properties. O

For a Hitchin homomorphism g:m (S)—PSL,(R) and an element yem(S), the
projective map o(y) €PSL,, (R) sends the flag pair (F,(z0), Fo(20)) to (Fo(yzo), Folv20))
by o-equivariance of the flag map F,. We would like to compare it to another map
sending (F, (o), Fp(20)) to (Fy(vw0), Fo(720)), namely the slithering map X5y, =
Y (vho)go © Bgoho: R —R™. Focusing on the side go of the triangle T instead of hg, we
conclude that ¥y (yn,)°0(7)°Xnheg, stabilizes the flag pair (F,(x0), F,(y0)), and we expect
this element of the stabilizer to be related to the shearing vector o¢(Tp,yTp)€R™ 1.

With this in mind, we introduce a family of elements of the stabilizer of (Fy, Fy)=
(Fo(m0),F,(y0)), assuming ¢ normalized as in Lemma 6.3. For t=(t1,tq,...,t,—1)ER" 1,
let uy, wug, ..., uy, be uniquely determined by the properties that t,=ug,—uqs4+1 and
>or_, uq=0. Namely,

n

1 -1 a—1
Ug = E Z(n_b)tb_ztb'
b=1

b=1
Then, let ©%, p :R"—R"™ be the element of SL,(R) that acts by multiplication by e*
on each line an)ﬂFén7a+1).

We will also need to replace the slithering map 3,5, by another map ®,€PGL,(R)
that stabilizes the flag F,(z0), and sends F,(z0) to F,(yo), but is normalized in such a
way that

Da(Fo(x0), Fo(y0), Fo(20), Po(Fo(y0))) =1

for every a€{1,2,...,n—1}. The existence and uniqueness of the projective map ®o€
PGL, (R) is elementary. By comparison, the slithering map X5, was normalized so that
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it acts by the identity on each F,(x0) @1 /F,(2¢)@ =R. The normalization defining ®

is better adapted to shearing parameters.

LEMMA 6.5. Let o be normalized as in Lemma 6.3 and y€m1(S) be as in Lemma 6.4.
Then,
_ a?(To, T
o(y) = Egol(,yho) O@EO(FOO 7o) o®p € PGL,(R),

where GtEJOFO and ®q are defined as above, and where o(Ty,vTo)ER™ 1 is the shearing
vector of o between Ty and Ty defined in §5.2.

Proof. Note that, since ~y satisfies the conclusions of Lemma 6.4, the side of vT that
is closest to Tg is vhg, while gq is the side of Tj closest to vTy. See Figure 8.
The map Xy (yne)°0(7) sends the flag triple (F,(20), Fy(20), Fo(yo)) to

(?Q(m()),gjg(y()% G/O) = (E(), FO, G6)7

where G{):Zgo(vhg)ofﬂ,(vyo).
Similarly, @EO(FZ;O’VTO)oq)O sends (Fy(z0), Fp(20), Fo(yo)) to

(f‘fg(ﬂ?o),?g(yo), Gg) - (E()v Fo, Gg)v

where Gjj= @%Zg)o 10) Do F, (o).

We want to compare the lines Gg(l) and Gg(l). The key property is that
Da(Fo(20), Folyo), Fo(20), Go) = Da(Fo(0), Fo(y0): Fol20): Zgo(vh0)°Fe(70))
_ effg(To,’YTo)7
by definition of the shearing parameter o2(Ty,vTp).
We have designed the definitions so that

Da(Fo(@0), Fo(y0), To(20), Gi)) = Da(Fo(20), T (y0), Fo(20), O 7 o @0(F5(30)))
="M D (F (o), T (o), T (20), Bo(To(%0)))

_ e(fg(To,’YTo)7

where the second equality comes from Lemma 1.6 and from the definition of GEE%TOO’WTD).

Comparing these two double ratios for every a=1, 2, ..., n, we conclude that the lines
Gg(l) and Gg(l) are equal (use for instance Lemma 1.6 again).

Therefore, the two projective maps Xy, (yne)°0(7) and @%i%°’7T0)0®0 send the flag
Fo(zo) to the same flag Fy(xp), send the flag F,(29) to the same flag Fy(yo), and
send the line F,(yo)") to the same line Gg(l):Gg(l). By genericity of the flag triple
(Folzo), Fp(20), Fo(yo)) they consequently coincide, which proves the lemma. O
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In the formula of Lemma 6.5, the term @22%0’7%) depends only on the shearing
cycle 02. The term @y is defined by the generic flag triple (F,(x0), Fo(20), Fo(y0)) and,
because of our normalization that F,(zo)=FEo, F,(yo)=Fp and ff@(zo)(l):Gél), is com-
pletely determined by the triangle invariants 7% .(s) of the base triangle To. We now
turn our attention to the remaining term, the slithering map ¥, (yn)-

By Proposition 6.2, -

290(7}00) = H Xr,

T€Tg4(vho)

with the notation of that statement.

-1

Consider the contribution $7= YgogroXTeoXy o

of a triangle T'€ Ty (y1,), separating
go from ~vhyg.

LEMMA 6.6. For each triangle T'€ Ty (yn,), the map iTGPSLn(R) is uniquely deter-
mined by the shearing vector o@(Ty, T)ER™™! and by the triangle invariants 75, (s)€ER
of the triangle T.

More precisely,
iT _ @"Q(TO’T)OE’TOQ*UQ(TO’T)

where i'T depends only on the triangle invariants 72,.(s) of T.

Proof. Index the vertices of T as x7, y7 and zr, in such a way that the side gr=yrxr
is the one that is closest to go=yoxo, and is oriented in parallel with gg. See Figure 8.

As in the definition of the map @, there is a unique projective map &1 €PGL,, (R)
sending F,(z7) to Fy(zo)=Eo, Fo(yr) to Fy(yo)=Fo, and F,(2r) to a flag G’ such that

Da(Ty(20), Ty y0), Ty 20). Gp) = 1

for every a=1,2,...,n.

A fundamental observation is that, although the map ®7 depends on the flag triple
(Folar), Fpyr), Folzr)), the flag GI.=P 7 (F,(27)) depends only on the orbit of that flag
triple under the action of PGL,, (R) or, equivalently, on the triangle invariants 72, (s) of
the triangle T.

The two maps ®7 and 3,4, both send F,(xr) to Fy(xo) and F,(yr) to F,y(yo). As

in the proof of Lemma 6.5,
Da(?!_)(:co)v S:Q(yo)v S:Q(ZO)v E!]U.‘]T (S:Q(ZT)) = 6JQ(TO’T)
by definition of the shearing parameter o,(Ty,T), and

Da(Fo(w0). Fo(40). Fo(20), 0% w0 0@ (Fy (7)) = e7(T0T)
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by construction. Again as in the proof of Lemma 6.5, it follows that

_ o°°(To,T)
EgogT—@EoFo o Q.

: _ —t .

Noting that (0% )~ '=0O%. f, , e set
a —02(To,T) & o(Ty,T
Xp= GE;TF(() ’ )OETOG(;:O(FOO :

_o-°(To,T) -1 o?(To,T) _ -1
=05, r °Xgogr X186, °Op g, = PreXro®r .

There are now two cases to distinguish in the exposition, according to whether the
side g/ of T that is closest to vTp is equal to zpzp or to yrzr.

Consider the case where T points to the right, namely where ¢/, is equal to yrzr, as
in Figure 8. Then, the elementary slithering Yp=X, g I8 the unique linear map that
fixes the flag F,(yr), acts by the identity on each line F,(yr) @+ /F,(yr)@, and sends
the flag F,(2r) to Fo(xr). It follows that i\:/T:q)TOETO(I)El is the unique linear map
that fixes the flag ®1(F,(yr))="Fb, acts as the identity on each line F\*™/F{* and
sends the flag &7 (F,(27)) =G4 to ®p(F,(xr))=Ep. Since we already observed that the
flag G/ is uniquely determined by the triangle invariants 7% (s), so is the map f]’T and

ET — @UQ(TO,T)OilTo@—UQ(TmT)

depends only on these triangle invariants as well as the shearing vector o2(Ty, T).

The argument is essentially identical in the case where the triangle T' points to the
left, namely when g; is equal to the geodesic zpzr. In this case, i’T is the unique linear
map that fixes Ey, acts as the identity on each line Eéaﬂ)/Eéa), and sends G/ to Fp.

Again, this proves that EA]’T is uniquely determined by the triangle invariants 72, (s). O

LEMMA 6.7. Let o be normalized as in Lemma 6.3 and yem1(S) be as in Lemma 6.4.

Then,
T (1.7 “) ) gt o)
[ed y ! —0 y g y
o(v)= H (®E0F00 OETOG)EOFO ’ )) °’9EOF007 o
TE(‘T!J()(’Yho)

in PGL,(R), with the definitions introduced above. In particular, the maps f]’T and
®( depend only on the triangle invariants 7%,.(s) of o, while the terms @ﬁg;gTo’T) are

determined by its shearing cycle 02 €C(\, slits;ﬂ/é”*l).

Proof. This follows from the combination of Lemmas 6.5 and 6.6, together with the

observation that @y depends only on the triangle invariants 7.2, .. O

COROLLARY 6.8. Two Hitchin homomorphisms o, ¢": 71 (S)—PSL,(R) that have
the same triangle invariants Ufbc(s):ogéc(s) and the same shearing cycles 00=0¢ €
C(A, slits; IEAR”) are conjugate by an element of PSL,, (R), and therefore represent the same
character in Hit,, (S).
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Proof. Conjugate g and ¢’ by elements of PSL,,(R) in order to normalize them as in
Lemma 6.3. Then, for every element y€m(S) satisfying the conditions of Lemma 6.4,
the formula of Lemma 6.7 shows that o(y)=¢'(y). Since these v generate m1(S), this
proves that p=¢'. O

7. Length functions

Our next goal is to determine which triangle invariants and shearing cycles can be realized
as invariants of Hitchin characters. The length functions considered in this section provide

one of the constraints that need to be satisfied by these invariants.

7.1. Length functions associated with Hitchin characters

Let o: 11 (S)—PSL, (R) be a Hitchin homomorphism. Labourie proves in [27] that, for ev-
ery non-trivial y€m1(S), the matrix o(y) €PSL, (R) is diagonalizable and its eigenvalues
can be indexed as p1(0(7)), u2(0(7)), -, in(0(7)) in such a way that

ta(0(v))

o (e()

for every i=1,2,....,n—1. (Note that eigenvalues of an element of PSL,(R) are only
defined up to sign when n is even, but that the quotient between two such eigenvalues
makes intrinsic sense.) This property is in fact an easy consequence of Theorem 3.1.

Eigenvalues are invariant under conjugation. This consequently defines n—1 func-
tions

£2: {non-trivial conjugacy classes of m1(S)} — R

by the property that
(2(4) 1o ta(e(7))
Ha+1(0(7))
The same conjugation invariance shows that the length function ¢¢2 depends only on the
Hitchin character p€Hit,(S), not on the Hitchin homomorphism p: m (S)—PSL,(R)

that represents it.

> 0.

The set of conjugacy classes of the fundamental group 7 (S) is discrete, but these
length functions have a natural extension to a continuous space. Indeed, endowing the
surface S with an arbitrary negatively curved riemannian metric, a conjugacy class of
71(S) uniquely determines an oriented closed geodesic of S, and therefore a closed orbit
of the geodesic flow of the unit tangent bundle 7'S. This closed leaf is endowed with an
integer weight m >0 if the conjugacy class is an m-power of a primitive class. Considering
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the Dirac transverse measure defined by this closed orbit and this weight, this provides
an analytic interpretation of a conjugacy class of m1(S) as a transverse measure for the
geodesic foliation Fg of T'S, whose leaves are the orbits of the geodesic flow.

This defines a completion of the set of conjugacy classes of 71(S) by the space
C™(S) of all (positive Radon) transverse measures for the geodesic foliation Fg [2], [3],
[4], analogous to Thurston’s completion [39], [17], [36] of the set of isotopy classes of
simple closed curves in S by the space ML(S) of measured laminations on S.

For differentiability properties, it is useful to consider more general transverse struc-
tures for the geodesic foliation, namely transverse Holder distributions in the sense of [7]
and [6]. When the geodesic foliation Fg is realized by the geodesic flow of a riemannian
metric m of constant negative curvature, it inherits from that construction a transverse
differential structure, namely a smooth structure on the space of leaves of FsNU for
every sufficiently small open subset of T'S. A transverse Holder distribution then is
a distribution, in the usual sense, on these local leaf spaces with additional regularity
properties that makes the notion independent of the auxiliary riemannian metric m. See
[7] and [6] for details.

In particular, a transverse measure is a special type of transverse Holder distribution.
This embeds the set of conjugacy classes of 7 (S) in the topological vector space CH(S9)
of all transverse Holder distributions for the geodesic foliation Fg. In other words, we

now have embeddings
{non-trivial conjugacy classes of 71 (S)} C €™(S) c CH(S).

The elements of C™(S) and CH(S) are respectively called measure geodesic currents
and Hoélder geodesic currents for the surface S. See the references mentioned above for

a proof that these constructions depend only on the topology of the surface S.

THEOREM 7.1. ([15]) For each Hitchin character o€Hit,,(S) and for each a=1,2, ...,
n—1, the length function

£2: {non-trivial conjugacy classes of m1(S)} — R

extends to a continuous linear map ¢2: CH(S)—R.

Remark 7.2. The reader should beware that the above functions ¢2 are slightly
different from those introduced in [15]. Namely, our functions 2 would be called £2—/¢2_
n [15]. Although mathematically equivalent to those of [15], our conventions are better
adapted to the framework of the current article, as will be apparent in Proposition 7.4
and Theorem 7.5 below.
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Remark 7.3. By linearity and continuity, the extension ¢¢: C1(S)—R is uniquely
determined on the closure of the set of all linear combinations of conjugacy classes of
71(S). We do not know if this closure is equal to all of C(S) (this seems unlikely), but
it can be shown to contain all the Holder geodesic currents that we will encounter in this
article, including the image of the embedding Z(A; R)—€H(S) that will appear in §7.2.

The following statement will be particularly important in our characterization of

which relative tangent cycles can occur as shearing cycles of Hitchin characters.

PROPOSITION 7.4. Let a€C™(S) be a non-zero measure geodesic current. Then,
2(a)>0

for every Hitchin character p€Hit, (S) and every a=1,2,....,n—1.

Proof. This is a simple consequence of the Anosov property of Theorem 3.1.

For this, we need to remind the reader of the construction of the length functions
22: CH(S)—R in [15], taking Remark 7.2 into account. As in §3.1, consider the geodesic
flow (g¢)ter on the unit tangent bundle T1S (for an arbitrary metric of negative cur-
vature) and its flat lift to a flow (G¢)ier on the vector bundle 775 x , R™, twisted by
a homomorphism ¢’: 71(S)—SL, (R) lifting o. In addition, choose a riemannian metric
|- || on the vector bundle T'S x , R"—T1S.

The vector bundle TS x , R™ — TS splits as a direct sum of line bundles L, —T"S
as in §3.1. For a=1,2,...,n, this data provides a function f,:T'S—R defined by the
property that, for €TSS,

b

t=0

fole) == ( Gy 108 1Gelwalal o)

where v, () is an arbitrary non-zero vector in the fiber L, (x) of the line bundle L, —T*S.

For a measure geodesic current a€ €™ (S), the length ¢2(«) is then defined as the integral

5(@)= [ (a=fusn)axds

of the function f,—f,+1 with respect to the measure axdt on TS that, locally, is the
product of the transverse measure « for the geodesic flow (g:)icr with the measure dt
along the orbits of this geodesic flow.
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The measure a xdt is invariant under the geodesic flow. Therefore, for every t3>0,

faaxdt— faoguaxdt

/ / facguduaxdt
t() T8

to
:?/ / —*logHGu(va(:c))ng(x)duaxdt(m)
0JT1ts Jo

1 / Hva( )HZ
_ log axdt(z),
to TS ||Gt0(va( ))Hgto(ﬁf) )

T'S

so that
gQ( ) 1 / log H'Ua(x)Hw ”Gto (U‘l""l('r))Hgfo(m)
to Jris G (0a(@))llgy @) [vat1(@)le
Theorem 3.1 provides constants A, B>0 such that
[|va ()| 1G o (Va+1(2))ll g, ()
Gt (va(@)llgiy ) lvas1(2)]e

for every to>0. In particular, this integrand is strictly positive for ¢y large enough, and

x dt(z).

2 log A—|—Bt0

it follows that the integral ¢2(«) is strictly positive. O

7.2. Shearing cycles and length functions

We now consider a special type of Holder geodesic current.

We saw in §4.1 that a positive tangent cycle MGZ(S\;R) determines a transverse
measure for \. A general tangent cycle a€Z(\;R) determines a transverse Holder dis-
tribution, which lifts to a Holder geodesic current a€ CH(S) [7], [6]. This provides an
embedding Z(X; R)C€H(S), and the length functions £2: GH(S)—R of the previous sec-
tion restrict to linear functions £2: Z(\;R) —R.

The following statement connects these length functions to the homological inter-
pretation of relative tangent cycles in §4.5, based on a train-track neighborhood U of the
orientation cover . Proposition 4.5 provides isomorphisms Z(, slits; R) 2 H 1((7 ,0,U; R)
and Z(A\;R)2H, (U;R).

THEOREM 7.5. Let p€Hit,(S) be a Hitchin character with shearing cyle
o? € Z(A,slits; R 1) € Z(A, slits; R" ).

Then, for every a=1,2,...,n—1, the a-th component 0562(5\, slits;R)ng(ﬁ, 3\,6;R) of
0? is related to the length function £2: Z(;\;R)%R by the property that

(@) =a]-[og]
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for every tangent cycle aGZ(S\;R)%Hl((j;R), where - denotes the algebraic intersection
number of relative homology classes in the train-track neighborhood U of the orientation

cover .

In the case where n=2, this statement is implicit in [42], and explicitly expressed
in [5, Theorem E] in terms of the Thurston intersection form on the space Z(A\;R) of
tangent cycles.

We will split the proof of Theorem 7.5 into several lemmas.

We first give a homological interpretation of the length function ¢¢: Z(S\, R)—R, by
connecting it to a certain closed 1-form 2, defined on U. Because of the lack of transverse
regularity of the geodesic lamination A and of the line bundles L, —T'5 , we however need

a version of closed 1-form that is weaker than the usual differentiable definition.

7.2.1. Topological closed 1-forms

Remember that a differential form is closed if and only if it is locally exact. This motivates
the following definition. A topological closed 1-form ) on a topological space X is defined
by a family {(V;, F;) }ier such that the following conditions hold:

(1) each V; is open in X, and X=J,.; Vi;

(2) each F;: V;—R is a continuous function;

(3) for every 4, j€l, the function F;—F) is locally constant on V;NV;}.

By definition, two such families {(V;, F;)}ier and {(V},, F},)}irep define the same
topological closed 1-form when, for every i€l and i'€I’, the function F;—F), is locally
constant on V;NV},. In other words, a topological closed 1-form € is defined as an equiv-
alence class of families {(V;, F;) }ier satisfying the above three conditions. Equivalently,
a topological closed 1-form is a maximal family {(V;, F;)}ier satisfying the above three
conditions.

The motivation of the definition comes of course from the case where X is a differen-
tiable manifold and all functions F; are differentiable. Such a family of charts {(V;, F;) }ier
uniquely determines a closed differential 1-form € by the property that 2|y, =dF; on each
chart V;CX.

The definition of a topological closed 1-form €2 is specially designed so that we can

integrate 2 over every oriented continuous arc k. Indeed, if 2 is defined by a family of
charts {(V;, F;) }ier, the arc k can be split into a finite family of arcs ki, ko, ..., k, such
that each k; is contained in some chart V;,. Then, the integral of 2 over the arc k is
defined as

/kQ = Z(Fij (l‘j)_FzJ (Jj;))’
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+
where 7, x;

that this definition is independent of the decomposition of k into subarcs k; (and of the

€V, are the positive and negative endpoints of the arc k;. It is immediate

chart V;, containing each individual k;), and that the integral fk Q) is invariant under
homotopy of k fixing its endpoints.

The construction is of course designed to coincide with the usual definition when €2
is a closed differential 1-form and the arc k is differentiable.

The invariance of the integral |, , §2 under homotopy of k fixing endpoints yields the
following result.

LEMMA 7.6. A topological closed 1-form Q on the space X defines a cohomology
class [Qe H'(X;R), represented by the singular cochain assigning the integral [, Q to

each continuous arc (=singular 1-simplex) k.

When X is a metric space, we say that a topological closed 1-form €2 is Holder
continuous if it can be defined by a family of charts {(V;, F;)}icr, where each function
F;: V;—R is Holder continuous. The terminology is convenient but somewhat abusive,

because such a form is only, locally, the “differential” of a Holder continuous function.

7.2.2. A homological interpretation of the lengths of tangent cycles

The length functions £2 are constructed in [15] by using the differential 1-forms w, = f, dt,
defined on the orbits of the geodesic flow in the unit tangent bundle TS, that we
encountered in the proof of Proposition 7.4.

The (geodesic) leaves of X have canonical lifts to orbits of the geodesic flow in TS,
so that the 1-forms w, induce 1-forms along the leaves of 5\, which we will also denote
by w,. We want to extend the forms w, to the train-track neighborhood U of A

We first extend w, to the subset A

LEMMA 7.7. There exists a Hélder continuous topological closed 1-form Q. on the
orientation cover \ whose restriction to each leaf of \ is equal to the form w,=f, dt

above.

Proof. We need to remember the precise definition of the form w,. We fix a rie-
mannian metric ||- || on the flat bundle TS X » R", where o': 71 (S)—SL, (R) lifts the
Hitchin homomorphism ¢: 7 (S) —PSL,(R). Each 2€\ determines a point (z,v) in the
unit tangent bundle 715 by considering the unit tangent vector v€T,S of the (oriented)
leaf of A passing through z. This enables us to identify A to a subset of T1S, which is a
union of orbits of the geodesic flow.

Locally choose a non-zero section x+v,(x) of the restriction of the line bundle L,
over this subset A, in such a way that the section is flat over each of the leaves of A. This
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restriction is possible because the line bundle is flat over these leaves, by invariance of L,
under the flat lift of the geodesic flow (see Theorem 3.1). The choice of the local section
x+>vg(x) locally defines a function F, on A by the property that

Fo(z) = —log [[va(2)]]2

which is smooth along each leaf of \. Then wg 18 defined as w,=dF, on each leaf of A
The construction is designed so that w, does not depend on the choice of the local section
vo(x). However, its “antidifferential” F}, does, and the crux of the argument is to choose
the local sections z+v,(z) so that locally F,, only changes by a constant as one moves
from one chart to another, as required in the definition of topological closed 1-forms. We
will use the slithering maps of §5.1 for this purpose.

Every z€X admits a small neighborhood VICU such that, if we lift V,, to an open
subset ‘71, in the universal covering S , the leaves of ACS that meet 1790 are parallel in the
following sense: given any three such leaves g, ¢’ and ¢, one of them separates the other
two in S. The leaves of Xﬂffx are oriented by the canonical orientation of the leaves of
ANV,. As in §5.1, the lift of the line bundle L, associates a line f/a(g)C]R” with each
oriented leaf of \.

Pick an arbitrary non-zero vector 9% () € Lq (g, ) for the leaf g, of X that contains the
lift €V, of z€V,. Then, for every y€V,NA, define 2 (y)=2g, 4. (9% (x)) € La(gy), where
29y9x . N
line bundle L, over V,NA, which is flat along the leaves of V,NA because 9% (y) depends

:R™—R" is the slithering map of §5.1. This map ¥, projects to a section v, of the

only on the leaf g,, and which is Holder continuous because of the Holder continuity

property of the slithering map X (condition (2) of Proposition 5.1). We can then

9y 9z
consider the Holder continuous function F¥: V,NA—R defined by

Fo(y) =—log [lvg (y)lly-

We claim that the family {(V, N\, F )} ca defines a Holder continuous topological 1-
form ,. Namely, we will prove that F; fF,f/ is locally constant near each yeV, NV, N
Consider such a point yeV, NV, NA. We arranged that the leaves of A that meet f/x

are parallel to each other. By Lemma 5.6, it follows that for every z€V, NV, NA

Uy (2) = 2g. 9. (vg(x)) = Egzgy Ozgygm (vg(x)) = Egzgy (05 (v))-

In the construction of the local sections v* and v*', we can choose the lift Var CS so
that it contains the lift j €V, of y€V,NV,. In particular, the vectors 5% (y) and 9% (y) are
both in the line L, (g,) associated with the leaf of X passing through ¢, and there exists
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Figure 9. A spike s of [7\5\ and its neighborhood W;.

a non-zero number c¢€R such that % (y)=co®(y). Each zeV, NV, N\ that is sufficiently

close to y lifts to the same point Z in V, and in V., and as before,

’ ’

U (2) =2g.g, (0g (¥)) = Ey.q, (Vg () = 0 (2)-

It follows that v (z)=cv®(z) for ze\ sufficiently close to y.
This proves that

Fy(2)=Fy (2) = = log g (2) |- +log vy ()] = — log |5 (2)|: +1og levg (2)]|- =log ¢]

for every ZE\ near y. As a consequence, we have that F¥ —F, ;’f/ is locally constant near
each yEVzﬂleﬂj\.

This concludes the proof that the family {(V,NA\, F @)} zes defines a Holder contin-
uous topological closed 1-form €2, on A. This form €2, was specially designed so that its

restriction to the leaves of A coincides with the original 1-form wy. O
We now extend €2, to the whole train-track neighborhood U.

LEMMA 7.8. There exists a Hélder continuous topological closed 1-form Q, on the
train-track neighborhood U of X\ whose restriction to each leaf of \ s equal to the

form w,.

Proof. Each spike s of U \5\ admits a neighborhood W foliated by half-geodesics
converging to s; see Figure 9. Choose these neighborhoods so that they are pairwise
disjoint, and so that each of them is delimited by a differentiable (say) arc.

The union W of A and of these neighborhoods W; is then foliated by complete
geodesics (namely leaves of A) and complete half-geodesics (in the neighborhoods W, of
the spikes). The slithering maps of §5.1 straightforwardly extend to the preimage of W
in the universal cover S , by elementary slitherings on each component of the preimage
of the W,. This enables us to use the argument of the proof of Lemma 7.7 to extend the
topological closed 1-form Q, to W.



266 F. BONAHON AND G. DREYER

Each component A of U \W is an annulus, bounded on one side by a component of
OU and on the other side by a dodecagon, made up of six arcs contained in leaves of A
and of six arcs delimiting the W associated with the six spikes of the component of U \5\
that contains A. As a consequence, there is a Holder continuous retraction 7: U—W.
We can then pull back by r the topological closed 1-form €2 that we have constructed on
W to extend it to U.

Since the retraction r fixes W, this does not change the restriction of ) to the leaves
of \, which consequently coincides with the form w,=f, dt. O

By Lemma 7.6, the topological closed 1-form €, provided by Lemma 7.8 defines a
cohomology class [Q,]€ H*(U;R). Also, a tangent cycle a€2(A;R) determines a homol-
ogy class [a]e H 1([7 ;R) by Proposition 4.2. The following statement connects these to
the length ¢2(a)€R.

LEMMA 7.9. For every tangent cycle a€Z(\;R), the length (2(a) is equal to the

evaluation
t3() = ([Qa] = [Qata], [a])
of the cohomology class [Qa]—[Qai1]€H(U:R) over the homology class [o]e€ Hy(U;R).

Proof. The tangent cycle 0462.(5\; R) defines a transverse Holder distribution for the
geodesic lamination \; see [7] and [6]. As in [38], we can then interpret the data of the
geodesic lamination X endowed with this transverse Holder distribution as a closed de
Rham current in U. The homology class of H 1((7 ;R) defined by this de Rham current is
exactly the class [a] introduced in Proposition 4.2.

By definition, the length £2(«) is obtained by locally integrating the differential form
Wq—Wq41 over the leaves of A, and then integrating the corresponding function of the
leaves of A with respect to the transverse Holder distribution defined by a. See [15] for
precise details, using a suitable partition of unity for T1S. Since w, is the restriction of
the topological closed 1-form €2 to the leaves of 5\, this construction is identical to the
expression of [38] for the evaluation of [Qa—Qa+1]eH1(U;R) over the homology class
[a] € H,(U;R) represented by the de Rham current a€CH(}). O

7.2.3. A homological interpretation of the shearing cycle o2

We now relate the shearing cycle o2 to the topological closed 1-form €2, provided by
Lemma 7.8.

For this, consider an arc k in U that is tightly transverse to A. As usual, orient k
to the right of the leaves of A\, and lift k to an oriented arc k in the universal cover S.
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z

Figure 10. Integrating €, over a tightly transverse arc k.

Consistently with the canonical orientation of the leaves of 5\, we orient the leaves of \
that meet k to the left of k.

We first consider a component d of k\ that does not contain any of the two end-
points of k. In particular, the positive and negative endpoints z; and x; of d belong
to A.

The tangent of the oriented leaf of A passing through x§ determines an element
ucil €T'S of the unit tangent bundle of S.If gj denotes the leaf of A passing through xcil
and if we use the same letter to denote the projection dCkcU of the arc dCl%Cg, we
now connect the integral f 4 $2a to the elementary slithering map X of g;:R”%R”. The
riemannian metric on the vector bundle TS QQ/R” used in the definition of the forms
Qq=f, dt along A defines, for each u€T"S, a norm || - ||, on R".

LEMMA 7.10. Let k be an arc in U that is tightly transverse to 5\7 and let d be a

component of k\j\ that contains none of the two endpoints of k. Then,

[va ()l
Q. =log 4
Je=r g

q;g; (Ua(u(;)) Hui

for any non-zero vector v, (uy) in the line Lq(uy).

The property is rather immediate when €, is the form provided by our proof of
Lemmas 7.7 and 7.8, and when d is sufficiently small. However, we need a proof that is
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valid for all components d of k\j\ that are disjoint from the endpoints. Our argument
will be valid for all forms €2, satisfying the conclusions of Lemma 7.8, not just the one

provided by our proof.

Proof. The two leaves g7 and g; are asymptotic. We can therefore find points
y;€gy and y; €g; which are arbitrarily close to each other. Let wj be the element of
the unit tangent bundle TS determined by the tangent of the oriented geodesic gj at
the point y;. See Figure 10. We can then deform d to an arc consisting of the arc from
x; to y; in the leaf g, followed by a short arc from y; to y, and completed by the arc
from y; to x) in g7. Then, by definition of the restriction w, of €, to the leaves of 5\,

va vi va(ug)ll,> — pva l[va (ug)ll,+
/Qa:/ Qa—l—/ Q —|—/ =log ———% Iva ey < —|—/ Qa—i—logﬂ
AL LA R ToaCap)l;

for arbitrary non-zero vectors v (u)) Gf/a(ug) and v (uy) Ef/a(uc’l). In particular, we can

choose va(ug):EgIg; (va(uy)), in which case

l[va (ug)ll,- l[va (g~ v
Q. =log —d —log —d +/ Q,.
/d || by ))Hw+ )

Zg;g; (%J,('Uad))HudJr || gigg (Ua(ud + -

Now, we let the points y; and y; tend to the common endpoint of g} and g; in such a
way that the distance from y to y; tends to zero. Looking at the projections to S, the
integral f vi ), tends to zero by continuity of the functions F, that locally define €,,
while the quotlent

o ()=

IZytor Walu)) oy

tends to 1 (compare Lemma 5.2 and use the p-equivariance of the riemannian metric

|l -1). Tt follows that
Va(uy)|l -
[
d 1%,

toz (Va(ug ))Huj

for any non-zero vector vy (uy)€ La(uy). O

We will now choose preferred vectors v, (u])€ Ly (uy).

Let d* and d~ be the components of K\ that contain the positive and negative
endpoints of %, respectively. In particular, their endpoints x, and x_ are the points of
kN that are closest to the positive and negative endpoints in k, respectively. As usual,
let uj. €T'S be defined by the vector tangent to the (oriented) leaf g;x of A passing
through z7. . See Figure 10.
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The flag map fr"gsﬁoog —Flag(R™) associates several lines of R™ with the vector
u7, €T'S. This includes the n lines L (ug, )=F,(x) @ NF,(y) "+ of §3.1, defined by
the flags F,(z) and F,(y) respectively associated with the positive endpoint = and the
negative endpoint y of the leaf g, . We can also consider the line Fo(2)M of the flag F,(z)
associated with the third vertex z of the triangle component of S\ that contains d.
Pick a non-trivial vector v(u,,) in this line Fo(2)V), and let v, (u(;+)€l~'/a(u;+) be the
projection of v(u,, ) parallel to the ib(u(;r) with b#£a.

In particular, the quantity

[[va (ugs )l

foari (g,

ud+

is independent of the choice of the vector v(uy, ) €F,(z)M). Note that this ratio is finite
and positive by genericity of the flag triple (F,(x), Fo(y), Fo(2)).

We can introduce similar definitions at the point 2 of kN that is closest to the
negative endpoint of k. Considering the triangle component of S \5\ that contains the

negative endpoint of k, this leads to a well-defined positive ratio

lva(ug)ll+

Vot (g e

LEMMA 7.11. Let k be an arc in U that is tightly transverse to A Then, for the

above definitions,

[[va (g )l

ﬁ%z/ (€20 —Qat1)+log o
k\(d+ud-) " |\va+1(ud+)||u;+

l[va (gl

Vot (gl

Note that the notation is ambiguous in the special case where uj, =u}_, which
occurs when the arc k crosses \ in only one point. We will leave to the reader the easy

task of lifting the ambiguity in this case.

Proof. By a well-known result of Birman-Series [1], the intersection kN has Haus-

dorff dimension zero. Since the topological closed 1-form (2, is Holder continuous, if

follows that
Qa = /Qaa
/k\(d+ud) ; d

where the sum is over all components d of k\ that are different from d* and d-.
(The critical property is that the image of a set of Hausdorff dimension zero under a
Holder continuous function has Hausdorff dimension zero, and in particular has Lebesgue

measure zero in R.)
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We now apply Lemma 7.10 while choosing vg(uy ) =X (va(u}_))€La(uy), where

-t
B 9a gd*
va(u)_ )€ Lq(uj_) is determined as above by the vertices of the triangle component of
§\5\ that contains d*. Then,

||Zg; q; (U (u}»* ))”u;
¥
d—

Q=S log 24 %"
[ D R )

by observing that

Zg;g; (’Ua(u(;)) = Zg;g; Ozg;g:7 (’UU« (uzif )) = Eg;g;7 (’Ua(u;7 ))

If g, denotes the oriented leaf of A passing through zekNX and if uzGTlg is the

unit vector tangent to g, at x, the map xr—>||Eg o (va(ug_))Hu is Holder continuous,
e g1 .

because g, depends Lipschitz continuously on z by [13, §5.2.6], and because the slithering

map Egg:lr_ is a Holder continuous function of the leaf g by Proposition 5.1. Using again

the fact that N\ has Hausdorff dimension zero, it follows that

+ +
/ 0= log 12 g+ (valug-Dllu; log [CACH]
A\ (d+Ud-) T 1Zgpgr (alug )y 12, gt (valug))l

ud+

By construction, the slithering map Egngr sends f/a(ug, to Ly (ugy ). In particu-
d d—

lar, there exists a non-zero number u, such that ng_+ e (va(uj-))=pava(ugy). Then,
[[va (gl + [[va(uge )l
/ (Qe—+1) =1log —— —log ——9* __log Ha
k\(d+ud-) \|Ua+1(ud7)Hudt |\va+1(ud+)||u;+ Ha+1
[[va (ug—)ll,+ [[va(ugs )l
o8 s e odk).
[va-t1(ug=) [Vat1(uge)lly-,
d d
by definition of the shearing parameter ¢2(k) in §5.2 (and using Lemma 1.6). O

LEMMA 7.12. For every homology class [a]eHl(ﬁ;R),

([Qa]=[Qa11], [a]) =[] [07).

Proof. We already observed, in the proof of Proposition 4.5, that Hl((A],é‘hﬁ;R)
admits a basis where each element is represented by a generic tie of U. We can there-
fore write the image [a]€ Hy (U, 8,U; R) as a linear combination [a] =Y, tilki] of classes
represented by generic ties k;, with coefficients u; €R.

Recall that the ties of U are oriented to the right for the canonical orientation of
the leaves of A. In particular, the components of the horizontal boundary U are of two
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types: those components where the orientation of the ties point outside of U , and those

where it points inside. Also, because of this orientation convention,
=3 g ko) = 3 s ré )
i i

by definition of the homology class [02]€ H 1([7 ,0,U; R) associated with the relative tan-
gent cycle 02 €Z(), slits; R) by Proposition 4.5.

We now modify each arc k; by a homotopy respecting A and Bhﬁ to obtain an arc k;
such that the following holds: for every component C of the horizontal boundary 8}1[7 ,
there is an arc kccﬁ such that, for every arc k; with an endpoint in C, the component
of k;\j\ containing this endpoint is equal to k. The only case where this regrouping of
arcs near the horizontal boundary requires some care is when the original tie k; meets A
in one point; in this special situation, one needs to first choose the relevant arcs ko so
that k=k;, and then modify the other k; accordingly.

Now, by Lemma 7.11,

Zum@ Zu/ Qa—Qat1) Zﬂi/dj(ga_QaJrl)_Z:ui/(Qa_QaJrl)

llva(u ), - [lva(uf )+
+ ) pilog - =) pilog —,
zi: lvasa(u ), 21: HUa+1(Ud—)Hu:_

where d and d; are the components of k;\j\ containing the positive and negative end-
points of k], respectively. In particular, each d is equal to one of the arcs k¢ associated
with the components C' of the horizontal boundary nU.

The key observation is now that [a]=)", pilki) € Hy (U, 0,U;R) comes from an el-
ement of Hl(ﬁ; R), and in particular has boundary zero. This implies that, for each
component C' of 8}1(7 where the ties point outwards, the sum of the p; such that k; has
an endpoint in C is equal to zero; equivalently, the u; such that df =kc add up to zero.
Similarly, for each component C' of OnU where the ties point inwards, the sum of the
coefficients p; such that d; =k¢ is equal to zero.

This implies that most terms cancel out in the above sum, and that

> wiotk) =3 / (= Qus1) =[]~ [R0s1), 0]).

For the second equality note that, because the p; for which the positive (resp. negative)
endpoint of k] is in a given component C of U add up to zero, the chain ), u;k; is
closed and represents the class [a] € Hy (U;R).
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This proves that
[a]-[oa] = Z pioa(ki) = Z pioa (ki) = ([Qa] = [Qat1], [a])- O

The combination of Lemmas 7.9 and 7.12 completes the proof of Theorem 7.5.

COROLLARY 7.13. Let pu be a non-trivial transverse measure for the orientation

cover \, and let [u]eHl(ﬁ;R) be its associated homology class as in §4.3. Then,
[u]-[0g] >0
for each component 0562(5\,Slits;R)%’Hl(U,avﬁ;R) of the shearing cycle
o2 € Z(\,slits; R* 1)

of a Hichin character p€Hit, (5).

Proof. This is an immediate consequence of Theorem 7.5 and Proposition 7.4. [

8. Parametrizing Hitchin components

In §3 and §5.2, we associated certain invariants with a Hitchin character p€Hit,, (.S).
The first type of invariants are the triangle invariants 7%, .(s), defined as s ranges over
the slits of A and as a,b,c>1 range over all integers such that a+b+c=n. Noting that
1

there are 5(n—1)(n—2) such triples (a,b,c) and 12(g—1) slits of S\, we can combine

all these invariants into a single map
Hit, (S) — R6(g—D(n—1)(n—2)
The second invariant is the shearing cycle o2 €C(A, slits; @”), which provides a map
Hit,, (S) —s C(, slits; R") = R189-D(n=1),

where the isomorphism is given by Proposition 4.7.

Combining these two maps, we define
®: Hit,, () — ROW-D(=D=2) . @() slits; R™) = ROG-D+D(m=1),

which sends each Hitchin character p€Hit, (S) to its triangle invariants and its shearing
cycle. We proved in Corollary 6.8 that this map @ is injective. We will show that
® induces a homeomorphism between Hit,, (S) and an open convex polyhedral cone P
contained in a linear subspace of R6(g—1)(n+1)(n=1)
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LEMMA 8.1. The above map
®: Hit, (S) — RO D=D(=2) s () slits; R™)

18 continuous.

Proof. The key property is that the flag curve JF,: 0o0S —Flag(R™) depends continu-
ously on the Hitchin homomorphism g: 71 (S)—PSL,,(R), and is uniformly Hélder contin-
uous as g ranges over a compact subset of the space of homomorphisms 7 (S) —PSL,, (R).
These two properties follow from the application to the setup of §3.1 of the classical struc-
tural stability theorems for Anosov flows, and Holder continuity properties for their stable
and unstable foliations; see for instance [24, §18 and §19].

The continuity property immediately shows that the triangle invariants 7%, (s) de-
pend continuously on p.

The case of the shearing cycle o2€C(\, slits;f@") requires an additional argument,
because its construction relies on the slithering maps 44.: R” —R". The uniform Hélder
continuity property makes the estimates used in the construction of slithering maps in
§5.1 uniform, and guarantees uniform convergence in this construction. It follows that,
for any two leaves g and ¢’ of A, the slithering map ¥4, depends continuously on p.
After this, the continuous dependence of the flag map JF, on p is enough to prove that

0? depends continuously on g. O

8.1. Constraints between invariants

There are clear constraints on the image of ®. The first one is the following consequence

of Lemma 1.1, which we have already encountered in Lemma 3.4.

Triangle rotation condition. If the spikes of the component T of S\ are indexed as

s, s’ and s” in counterclockwise order around T, then

Tape(8) = Tha (87) = 72, (s7).

The second constraint comes from the quasi-additivity property of the shearing cy-
cle 02. Recall that the lack of additivity of the ath component agGZ(X,slits;Rnfl) of
o?eZ (), slits; I/@”’l) C Z(;\, slits; R" 1) is measured by its boundary do¢, which associates
a number do?(3)€R with each spike § of the orientation cover X of the geodesic lami-
nation A\. The spikes § can be positive or negative, according to whether the canonical
orientation of the leaves of A orients the two leaves that are adjacent to § towards § or
away from § (namely, according to whether § sits at the positive or negative end of these
leaves).
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The following constraint comes from the computation of do¢ provided by Proposi-

tion 5.15 and Lemma 5.14.

Shearing cycle boundary condition. For every positive slit s™ of A projecting to a
slit s of A,

dol(s™)= Z 7% .(9).

b+c=n—a
Note that this property for positive slits, combined with the equivariance property
of UQGZ,()\,slits;@”*I)CZ(S\,SIitS;R"’l) with respect to the covering involution of the

cover A— A, determines 0o¢ on negative slits. More precisely,

Do(s™)=— Z 7 _aypel5)

b+c=a
for every negative slit s~ of A projecting to a slit s of A.
The last condition is provided by Corollary 7.13.

Positive intersection condition.
[1]-[0g] >0
for every non-trivial transverse measure p for A, where
[ € Hi(U;R) and [09) € Hy(U,0,U;R)

are the homology classes respectively defined by uEZ(S\; R) and by the ath component
02e (), slits; R) of the shearing cycle a2 € Z(\; @”*1)CZ(5\, slits; R™~1), and where - de-

notes the algebraic intersection in U.

Let P be the set of pairs (7, 0) such that

(1) 7 is a function which associates a number T4p.(s) €R with each triple of integers
a,b,c=1 with a+b+c=n, and with each slit s of A;

(2) oeZ(\,slits; R"~1) is a tangent cycle for A valued in the coefficient bundle R~
and relative to the slits of A; in particular, o is defined by n—1 relative tangent cycles
oa €Z(A, slits; R);

(3) 7 and o satisfy the above triangle rotation condition, shearing cycle boundary
condition and positive intersection condition.

We will call a function 7€R—D(=1("=2) a5 in (1) a triangle data function. It is

rotation-invariant when it satisfies the triangle rotation condition.

PROPOSITION 8.2. The space P is an open convex polyhedral cone in a linear sub-
space of R6(G=DMm=1)(n=2)  7() dlits: R"~1) of dimension 2(g—1)(n2—1).
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Proof. The transverse measures for the geodesic lamination \ form a positive cone
over a finite-dimensional simplex [25], [35]. It therefore suffices to check the positive
intersection condition on the vertices of this simplex (corresponding to ergodic measures).
This reduces the positive intersection condition to finitely many linear inequalities, in
fact at most 6(g—1) such inequalities by the main result of [35]. As a consequence, P is an
open convex polyhedral cone in the linear subspace of R6(—Dn=1(n=2) » () slits; I@")
defined by the triangle rotation condition and the shearing cycle boundary condition.
We need to compute its dimension, which will require a few lemmas.

The triangle rotation condition divides the dimension of the space of triangle data
functions by 3, in the sense that the space of rotation-invariant triangle data functions
reRO(—D(n=1)(=2) ig jsomorphic to R2@-D=1(n=2) Tndeed, if we pick a spike s; for
each triangle component T; of S\, such a rotation-invariant 7 is completely determined
by the 2(g—1)(n—1)(n—2) numbers 74p.(s;). We will use this observation to denote by
R2(g-1(n=1)(n=2) the gpace of all rotation-invariant triangle data functions 7.

Consider the linear subspace £CR2(9-D(n=D(n=2)  2() glits; R"~!) consisting of
all pairs (7,0), where 7 is a rotation-invariant triangle data function and o is a twisted
tangent cycle for A relative to its slits, and where 7 and o satisfy the shearing cycle
boundary condition.

To analyze £, we introduce a new vector space Z(slits; R" 1), consisting of all func-
tions &: {slits of A} +R"~L. For a=1,2,...,n—1, we denote the ath component of such
a £€2(slits; R"™1) by &,: {slits of A\}—+R. The definition of the space £ can then be

expressed in terms of two maps
9: Z(\, slits; R" 1) —» 2(slits; R*™1)  and Z:R20-DO=D0=2) __, o (glits: R 1).

The first map 9: Z (A, slits; @”*1)%2(511‘55; R"~1) is the usual boundary map of §4.4,

and associates with a relative cycle o €Z (A, slits; ]1?@”*1) the restriction
do: {positive slits of A\} = {slits of \} — R"~*

of its boundary do to positive slits of the orientation cover . (Recall that this restric-
tion completely determines do by the definition of twisted relative tangent cycles, since
004(s™)=—00,_q(s*) when the negative slit s~ of A projects to the same slit of A as the
positive slit s*.)

The second map Z: R2(0-D(=1(n=2) _, 7 (4]its; R" 1) associates with each rotation-
invariant triangle data function 7€R>@-1D(=1(n=2) the function £7: {slits of A} »R"~!

defined by the property that
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for every slit s of A and every a=1,2,...,n—1.
Then the subspace £ consists of all pairs (, ) ER2(-D(=D(n=2) x 7() glits; Rn—1)
such that do=Z=(7) in Z(slits; R"~1).

LEMMA 8.3. The image of the boundary map O: Z(/\,slits;ﬂ/énfl)ﬂz.(slits;R”fl)
consists of all £€€Z(slits; R" 1) such that

Z als) = Z En—a(s)

s slit of A\ s slit of A

for every a=1,2,...,n—1. This image has codimension |%(n—1)| in Z(slits;R"~!)=
RlQ(g—l)(n—l)'

Proof. This is an immediate consequence of the homological interpretation of twisted
relative tangent cycles in §4.6, and more precisely of the isomorphism Z (A, slits; I@"‘l)%“
Hy(U,8,U; R"1) constructed there.

This construction is well behaved with respect to the boundary maps 0 in the follow-
ing sense. There is a unique isomorphism Z(slits; R"~1)= H,(9,U; @”_1) defined as fol-
lows: this isomorphism associates with £€Z(slits; R" 1) the element of Ho(0,U; @"‘1) -
Ho(avﬁ ;R"~1) that assigns to each component of GVU facing a positive slit s the weight
£(s)ER™ 1 associated by ¢ with the projection s of s* (and, by definition of the twist-
ing of the coefficient bundle @”7 assigns to the component of 8V(7 facing a negative slit
s~ projecting to s the vector —£(s)€R™! whose ath coordinate is —&,(s)=—E&,_a(5)).
Then, for these isomorphisms Z()\,sli‘os;]l?R’l_l)%Hl(U7 AU; R™1) and Z(slits; R"1)=
Ho(8,U; R"1), the boundary homomorphism 8: Z(), slits; I@”‘U%Z(slits; R"~1) corre-
sponds to the homological boundary 9: Hy (U, 0,U; @”*1)%1{0(3\,& @”*1).

Lemma 8.3 is then an immediate consequence of the long exact sequence
o Hy(U.O,UR™™Y) — Ho(0,U; R™™1) — Ho(Us R™ 1) — Ho(U, 0. Us R™™),
using the properties that, because U is connected and avﬁ is non-empty,
dim Ho(U; R" 1) = [ (n—1)]

and Ho (U, 0,U; R"1)=0. O

LEMMA 8.4. For n>3, the image of Z:R29-Dn=1(n=2) 2 (dlits; R"~) consists
of all £€Z(slits; R" 1) such that
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whenever sy, sa and s3 are the three spikes of the same component T of S\A. In
particular, the image of Z has dimension 12(g—1)(n—3).
When n=3, the image of Z:R*9~1) 2(slits; R?) consists of all &€ Z(slits; R?) such
that
L2(s1) =0 and & (s1) =E&i(s2) =&i(s3),

whenever s, ss and s3 are the three spikes of the same component T of S\A. In
particular, the image of Z then has dimension 4(g—1).
When n=2, the image of Z: R® — Z(slits; R) is of course trivial.

Proof. If €"=Z(7) for a rotation-invariant function 7€R>¢—D(=1("=2) then by
definition & _1(s)=>_y, . T(n—1)be(s)=0 for every slit s, since all indices b and c are
supposed to be at least 1.

Less trivially, if n>3 and if s1, sy and sz are the three spikes of a same component

T of S\ A, in this order counterclockwise around T,
a—1 a1 a1
n_352(81)+; m&:(@”; - —38alss)
a1 a1
Z Tabc(sl)+; =3 Z Tabc(52)+z n_3 Z Tabe(83)

n—2

b+c=n—a b+c=n—a a=1 b+c=n—a
n—2 a—1 n—2 bh—1 n—2 c—1
= Z n—3 Z Tabc(sl)+ m Z Tabc(sl)+z n—3 Z Tabc(sl)
= b+c—n a b=1 at+c=n—>b c=1 at+b=n—c
a 1 — c 1
(;C(n 3 n— 3 n— 3>Tabc(sl)
= Z Tabc(sl)
a,b,c

n—1
= &i(s0),
a=1

where the second equality uses the rotation invariance of 7. It follows that

n—2
5{(81)=Z<Z ; > (s1) +Z—£T (s2) +Z —E (s3).

a=2

As a consequence, any function {=Z(7) in the image of = satisfies the relations of
Lemma 8.4.

Conversely, as a ranges from 2 to n—2 and s ranges over all slits of A, the functions
T++¢€7(s) are linearly independent in the space R2(9=D(n=1(=2) of rotation-invariant



278 F. BONAHON AND G. DREYER

triangle data functions 7. Indeed, this follows from a simple computation focusing on
the coeflicients of the terms 71p.(s) and Tope(s) in any linear relation between these
functions.

The dimension computation then follows from the fact that A has 12(g—1) slits.
This completes the proof of Lemma 8.4 in the case considered, when n>3.

The proof is much simpler when n=3, as the triangle data function 7 assigns only
one number 7111(s) to each slit s. This makes the argument in this case completely
straightforward. O

LEMMA 8.5. The intersection im(0)Nim(Z) of the images im(9)=0(Z (A, slits; @”_1))
and im(Z)=Z(R2-D(=D("=2)y has dimension

{ 12(9—1)(n—3)—|3(n—-1)|, if n>3,
495, if n=3.

As in Lemma 8.4, the case n=2 is trivial since im(Z)=0 in this case.

Proof. This is an immediate consequence of the characterization of these images in
Lemmas 8.3 and 8.4. Indeed, one very easily checks that the restrictions of the L%(n— 1)J

relations of Lemma 8.3 to the image im(Z) are linearly independent. O

We now return to the subspace £CR2(9-D(n—1)(n—2) xZ(A,ints;I@"’l), consisting
of all pairs (7,0) such that do=Z(7) in Z(slits; R"~1). The maps = and 9 induce the
same linear map £ —Z(slits; R" 1), associating Z(7)=dc with each (7,0)€L. The image
of this map is im(9)Nim(=), and its kernel is the direct sum of ker = and ker . Note
that ker 9 is just the space Z(\; I@"’l) of closed tangent cycles. Therefore, by combining

Lemma 8.5, Lemma 8.4 and Proposition 4.7,
dim £ = dim im(9)Nim(=) +dim ker E+dim ker 0
=12(9—1)(n—3)— |2 (n—1)|+2(9—1)(n—1)(n—2)
—12(g—1)(n—=3)+6(g—1)(n—1)+ |3 (n—1)|

=2(g-1)(n?~1),

when n>3.

When n=3, the same argument gives that
dim £ = (49—5)4+0+(12g—11) =16(g—1),

which is equal to 2(g—1)(n?—1) in this case as well.
Since P is an open convex polyhedral cone in the space £, this concludes the proof
of Proposition 8.2. O
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COROLLARY 8.6. The map ®: Hit,,(S)—P is a local homeomorphism.

Proof. The map @ is continuous by Lemma 8.1, and injective by Corollary 6.8.
By the invariance of the domain theorem, it is therefore a local homeomorphism, since

Hit,, (S) and P have the same dimension by Proposition 8.2. O

8.2. An estimate from the positive intersection condition

This section is devoted to a key estimate (Lemma 8.8) which will play a crucial role in
our proof, completed in the next section §8.3, that the above map ®: Hit, (S)—=P is a
global homeomorphism.

For the preimage X of the maximal geodesic lamination A in the universal cover S
of S, we want to quantify the complexity of the relative position with respect to each
other of the components T' of the complement S \5\ For this, we choose a train-track
neighborhood U of A, with preimage Uin S.

We also select an oriented arc k tightly transverse to Xin S ; recall that this means
that k is transverse to the leaves of A and that, for each component T of S \5\, the
intersection TNk is either empty, or an arc containing an endpoint of l::, or an arc joining
two distinct components of T. As in §4.7, using Proposition 4.1, we can arrange by a
homotopy respecting X that k is contained in U.

Let T'be a component of S \5\ that meets k, and does not contain any of the endpoints
of k. Then kNT consists of a single arc, since k is tightly transverse to A, and kNT can
be joined to the complement T\(} by a path contained in T. We define the divergence
radius r(T)>1 of T with respect to U and k as the minimum number of branches of U

that are met by a path joining kNT to the complement T\ﬁ inT.

LEMMA 8.7. For every integer ro, the number of triangles T with divergence radius

r(T)=ry is uniformly bounded, independently of rg.

Proof. Instead of counting the components 71" of S \5\ meeting I::, it is easier to count
the components of 15\5\ Cutting k into smaller arcs if necessary, we may assume without
loss of generality that k is sufficiently short that it projects to an arc k embedded in S.
Then there is a natural correspondence between the components of l~€\/~\ and those of
k\A. For each component d of k\X, let T; be the component of S\ A that contains the
component of £\ X corresponding to d, and define r(d)=r(T;). We need to show that the
number of components d of k\ A with r(d)=rg is uniformly bounded.

As e ranges over all branches of the train-track neighborhood U, the components
of e\ form a family of rectangles R; whose union is equal to U\\. In particular, this



280 F. BONAHON AND G. DREYER

decomposes U\ A in two pieces:

(1) the union of the finitely many rectangles R; that meet the boundary oU;

(2) 12(g—1) infinite chains of rectangles R;, UR;,U...UR;, U..., where each R;,
shares with R

Compare Proposition 4.1 and Figure 3.

ire, @ side contained in a tie of U, that form the spikes of U\ \.

If d is a component of k\ A whose divergence radius r(d) is equal to 1, then it meets
one of the finitely many rectangles R; of (1) above. The number of components of £\
meeting a given rectangle R; is uniformly bounded, by a constant depending on the
diameter of the rectangles R; and on the minimum distance between & and its iterates
under the action of 71(S). Therefore, there are only finitely many components of k\\
with divergence radius 1.

If d is a component of k\\ with r(d)>1, it is contained in one of the spikes R;, U
R;,U...UR; U... as in (2) above. In fact, d meets the (r(d)—1)-th rectangle R of

this spike, by definition of the divergence radius r(d). Since the number of components

Upr(d)—1

of k\ A meeting each R; is uniformly bounded, and since there are only 12(g—1) spikes,
it follows that for ro>1 the number of components d of k\ A with r(d)=r¢ is uniformly
bounded. O

To explain the divergence radius terminology, consider the two sides of T’ that meet k.
These two leaves of A follow the same train route in U over a length of approximately
7(T') branches (up to a bounded error term) before diverging at some switch of U.

The side of the oriented arc k where this divergence occurs will greatly matter.
There are two possibilities for the two sides of 7" meeting k: Either they are asymptotic
on the left-hand side of 12, or they are asymptotic on the right-hand side. We say that
T points to the left of k in the first case, and points to the right in the second case. We
already encountered this terminology in §4.7 and §6.2.

Finally, remember that A denotes the orientation cover of A, and that the covering
map PRESY uniquely extends to a cover U—U for some train-track neighborhood U of A.

Let Ty be the component of §\/~\ containing the negative endpoint of k. Using
the point of view of §4.7, a relative tangent cycle an(&,slits;R) associates a number
o(Ty, T)€R with each component T of S\ \.

LEMMA 8.8. Suppose that the relative tangent cycle JEZ(S\, slits; R)%Hl(ﬁ, &,U’; R)
satisfies the positive intersection property of §8.1: [u]-[0]>0 for every non-trivial trans-
verse measure [ for 5\, defining a homology class [u]eHl(ﬁ;R), Then, there exists a
constant C'>0 such that, for all but finitely many components T of §\5\ meeting k,

e o(Ty, T)=Cr(T) if T points to the right of k:

o o(Ty, T)<S—Cr(T) if T points to the left of k.
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Figure 11. The arc k/, =k!/UloUL, UtoUty,.

Proof. Pick a tie k. in each branch e of the train-track neighborhood U. Then, for

each transverse measure p for ), define
il = palke),
e

where the sum is over all branches e of U. This defines a norm II-]| on the space
M(X)CZ(A; R) of transverse measures for A. The space of transverse measures of norm 1
is compact for the weak* topology and, since o satisfies the positive intersection condition,
there consequently exists a number € >0 such that [u]-[o] >¢€ for every transverse measure
p with ||p||=1. Let us show that the conclusion of the lemma holds for every C'<e.

For this, we use a proof by contradiction. Suppose that the property does not hold.
Then, there exists a sequence of distinct components T,, of S \5\ meeting k such that
o(Ty, T,))<Cr(T,) if T, points to the right of k, and o(Ty, T,,)>—Cr(T},) if it points to
the left. Passing to a subsequence if necessary, we can arrange that either all T}, point
to the right, or they all point to the left.

Let us focus attention on the case where all T;, point to the left, in which case
o(To,Tn)>—Cr(T,) for every n. The other case will be similar.

Let k, be the subarc of k going from the negative endpoint of k to an arbitrary
point of l;ﬂTn. Let k,, be the projection of l%ncﬁ to U. Among the two lifts of k,, to the
cover U of U, let k,, be the one where the canonical orientation of the leaves of \ points
to the left for the orientation of ki, coming from the orientation of k. (We are here using
the fact that k is tightly transverse to 5\) In particular, k, is tightly transverse to A in
U, and o(Ty, T)=0(ky) by the construction of §4.7.

Let [l;’n}eHl(l?,@hﬁ ;R) be the relative homology class associated with ky as in
Step 2 of the proof of Proposition 4.5. Namely, [l%n] is represented by an arc l%,ﬁlcﬁ with
dk!, cH,U that is made up of the following five pieces: the arc &/ obtained from k, by
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removing the two components of lAcn\jx that contain its endpoints; two arcs Iy and [,, in
the leaves of A that contain the endpoints of IE:;: ; two arcs to and t,, contained in ties of U ,
with one endpoint in the horizontal boundary 8}1(7 , with the other endpoint in 5\, and
whose interior is disjoint from A. We choose the indexing so that [,, joins the positive
endpoint of I%;{ to the negative endpoint of ¢,,, and [y joins the positive endpoint of ¢y to
the negative endpoint of I%;{ In addition, we can arrange that ¢y and [y are independent
of n. See Figure 11.

By Step 2 of the proof of Proposition 4.5, the homology classes [o]€ Hy (U, 0,U;R)
and [k =[k.]€ H,(U,d,U;R) are such that

(k1) [o] = o (kn) = 0 (To, Trn).

By definition of the divergence radius r(7},), the arc l,, crosses approximately r(7},)
branches of U (counted with multiplicity). Because the triangles T;, are all distinct, (T5,)
tends to infinity as n tends to oo by Lemma 8.7. Passing to a subsequence if necessary,

the standard weak* compactness argument provides a non-trivial transverse measure p

for \ such that )
= lim ——#(kNlL,
/k p= lim T(Tn>#( )

for every arc k transverse to \, where #(kNl,) denotes the number of points of kNI,,.
In addition, ||u||=1 by definition of the norm || - ||.

Note that &/, \l, has uniformly bounded length. In addition, the orientation of i,
coming from the orientation of l%; is opposite to the canonical orientation of the leaf of
A that contains it. Therefore,

1
lim
n—oo 1 (Tn)

(k5] = ~[u]

in Hl(lA], &J};R). Then, intersecting with the class [O’]EHl(ﬁ,a\,ﬁ;R) represented by
oeZ(\,slits; R) gives
1

. Lo
[MHU]:—nlgrolom[kn]'[a]——gggoma(%aﬂ)<Ca

since o(Tp, T),)>—Cr(T,) by hypothesis.

Therefore, we have constructed a transverse measure g for A such that [u]-[o]<C
and ||p]|=1. But this contradicts our hypothesis that C'<e<[u]-[o] for any such p, and
provides the contradiction sought when all T}, point to the left of k.

The argument is similar when all T,, point to the right. The only difference is that

the transverse measure p then constructed represents the homology class

= Jim i)
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in Hl(ﬁ,ahﬁ ;R), because the orientation of l,, now coincides with the canonical ori-
entation of the leaf of A containing it. Since the inequality o(Ty,T},)<Cr(T}) is also
reversed, this again provides a transverse measure p for A such that [p]-[o]<C<e and

ll£]|=1, concluding the proof in this case as well. O

COMPLEMENT 8.9. The conclusion of Lemma 8.8 holds when o is replaced by any

o’ in a small neighborhood of o in the finite-dimensional vector space Z(\, slits; R).

Proof. By compactness of the space of transverse measures p with [|u||=1, we can
choose £>0 so that [u]-[0"]>¢ for every o’ €Z (), slits; R) sufficiently close to o and ev-
ery transverse measure p with ||u||[=1. Then the proof shows that the conclusion of
Lemma 8.8 holds for any such ¢’ and C<e. O

8.3. Realization of invariants, and parametrization of Hit,, (S)

At the beginning of §8, we introduced the map
®: Hit,, (5) — P Cc ROG-D(=D(=2) (X dlits; R™)

that associates its triangle invariants and shearing cycle with a Hitchin character. We
showed in §8.1 that the image of ® is contained in the convex polyhedral cone P defined by
the triangle rotation condition, the shearing cycle boundary condition and the positive
intersection condition. We also showed in Corollary 8.6 that ®:Hit, (S)—P is a local

homeomorphism.
PROPOSITION 8.10. The map ®: Hit,,(S)—P is proper.

Proof. We need to prove the following property: Let {o; };en be a sequence in Hit,, (.S)
such that {®(0;)}ien={(7%,0%)};en converges to a point (7°°,0°°)€P; then the se-
quence {g; }ieny admits a converging subsequence.

For this, we will revisit our proof that a Hitchin character is determined by its
triangle invariants and its shearing cycle, as in §6.2. In that proof, we showed that the
fundamental group 71 (.9) is generated by elements 7 of the type described in Lemma 6.4,
and then proved that

«— —1
0% (Ty,T) Qi  —0% (To,T 02 (Ty AT i
an={ [ (©LDSheopm® )>> 0% 0T i ¢ P (R),
TeTg4(vhg)

with the notation of Lemma 6.7, except that 3%, and @} were respectively called 3,

and ®( there. Recall that the terms @Eii;f"j) depend only on the shearing cycles o9,

whereas S, and @} depend only on the triangle invariants of g;. Also, the expression of
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f)’T given in the proof of Lemma 6.6 involves two cases, according to whether 7' points

to the left or to the right as seen from Ty, as defined there (or again in §8.2).
LEMMA 8.11. There exists a constant C, independent of T, such that

H@Ugi(ToyT) OE%O@—UQi(TO7T)

— —(n=1)ogi(To,T)
EoFy EoFy Idg- || <C maxe ,

if T points to the right between Ty and yTy (as seen from Ty), and

(To, T) i — 6% (T, T .
165, 0T 2 o0 1) _Idg. | < € maxen=Doe (To.T),
a

if T points to the left.

Proof. Fix for R"™ a basis in which the ath term belongs to the line E(()a) ﬂFén_aH).
Then, by definition, the matrix of @‘;?}()TO’T) in this basis is diagonal, with diagonal
entries e¥!,e%2 ... e%", where ui,us,...,u, are uniquely determined by the properties
that ug —ue1=08 (Ty, T) and >._; ua=0.

Consider for instance the case where T" points to the left. Then the map f)if respects
the flag Ey, and acts by the identity on each of the lines Eéa) / Eéa_l). Therefore, in the
above basis for R™, the matrix A of @T is upper triangular with all diagonal entries equal
to 1.

By construction, the map f]ZT is completely determined by, and depends continuously
on, the triangle invariants 7% (s) associated with the slit s of A that is the projection of
the spike of T delimited by the two components of 9T that separate Ty from 7Tj. Since
these triangle invariants converge to 755.(s), we conclude that each ab-entry Agp of the
matrix A is uniformly bounded by a constant C. We already observed that A,,=0 if
a>band A..=1.

Multiplying matrices, we conclude that for a<b the ab-entry of the matrix of

% (To,T) i =% (To,T)
GEO F, © ET © EoF, - Ian

is equal to Agpe”e~" and bounded by

_ _ _ b—1 _ b—1 _o; _ o;
| Ay et < Cletia 0 — o= D= eri—e) — 0eXIZL 02 (0, T) O e (D)o (T0,T)
C

The other entries of this matrix are 0 since A,,=0 if a>b, and since A,,=1.
This proves the estimate required when the triangle T' points to the left.
The proof is almost identical when T' points to the right, except that the matrix A

is now lower triangular. O

We now use the property that the limit (7°°, ) €R6(-D(=D(n=2) » 7(\ dlits; R")
actually belongs to the polyhedron P, and more precisely the fact that the relative tangent
cycle o> € Z(\, slits; I@") satisfies the positive intersection condition.
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LEMMA 8.12. For yem(S) as above, the g;(7) €PSL,, (R) are bounded independently
of 1.

Proof. Because o™ satisfies the positive intersection condition, the combination of
Lemma 8.8, Complement 8.9 and Lemma 8.11 provides constants C, D>0 such that, in

the expression

— -1
0% (To, T) Qi —0% (To, T 02 (To T, i
Qi('}/): H (GEOI«EOD )DZTO@EOFO( 0 ))) o@E (To,y O)O(I)O’

o Fo
T€Tg4(vho)

the contribution of each triangle T is such that

1055 "o Zhe @, 0T g [ < Cem P,
for the divergence radius r(T) defined in §8.2. In addition, for every integer ro>1,
Lemma 8.7 shows that the number of triangles T such that r(T)=rq is bounded inde-
pendently of ry. It follows that the product

T %(To,T) Qi -0 (To,T)
H <®EOFOO’ OZEFO@EOFD " )

Tej’go(’vho)

converges and is uniformly bounded.
By construction, the remaining terms @UE?ISOT“’WT“) and ®{ are completely determined
by, and depends continuously on, the triangle and shearing invariants of g;. Since these

invariants converge, it follows that these two terms are also uniformly bounded. O

Lemma 8.12 shows that the sequence (9;(7y))ien admits a converging subsequence
in PSL,(R). Doing this for all v in the finite set of generators for 71(S) provided by
Lemma 6.4, we conclude that the sequence (g;);en admits a converging subsequence in
Hit,, (5).

Therefore, every sequence of Hit,, (S) whose image under ® converges in the poly-
hedron P admits a converging subsequence in Hit,(S). This proves that the map
®: Hit,, (S)—P is proper, and concludes the proof of Proposition 8.10. O

THEOREM 8.13. The map ®:Hit,(S)—P is a homeomorphism from the Hitchin
component Hit, (S) to the polyhedron PCREG—Dn=1(=2) 5 7 () lits; R").

Proof. The map @ is a local homeomorphism by Corollary 8.6, and proper by Propo-
sition 8.10. Since ® is injective by Corollary 6.8 and since the convex polytope P is
connected, this proves that ® is a homeomorphism. O
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Remark 8.14. The formulas of §6.2, in particular Lemma 6.7, provide an explicit
construction for the inverse map ®~!: P—Hit,, (S). The boundedness estimates that we
just used in the proof of Lemma 8.12 show that the infinite products involved in these
formulas do converge. This immediately proves that this inverse map ®~! is real analytic.

It can be shown that the forward map ® is also analytic, using the fact [10] that
the flag curve F,: Do S —Flag(R™) depends real analytically on the homomorphism g.
However, this is beyond the scope of this article.

8.4. Constraints among triangle invariants, and on shearing cycles

The shearing cycle boundary condition does more than connecting the boundary of the
shearing cycle o2 of a Hitchin character p€Hit, (S) to its triangle invariants 72 (s). It
also puts constraints between the triangle invariants themselves, and restricts the twisted
relative tangent cycles that can occur as shearing cycles of Hitchin characters. As a
complement to Theorem 8.13, this section is devoted to emphasizing these somewhat

unexpected phenomena, which we already encountered in Lemmas 8.3 and 8.4.

COROLLARY 8.15. A rotation-invariant triangle data function TeR2(9-D(n-1)(n-2)
is the triangle invariant T of a Hitchin character o€Hit,,(S) if and only if

Z Z Tabc(s) = Z Z T(nfa)bc(s)

s slit of X b+c=n—a s slit of X b4c=a

for every a=1,2,...,n—1.
As a consequence, the triangle invariants of Hitchin characters form a linear subspace
of codimension L%(n— 1)J in the space R29—D(=1(n=2) or 411 rotation-invariant triangle

data functions.

Proof. Theorem 8.13 shows that 7 is the triangle invariant of a Hitchin character if
and only if there exists a relative cycle o €Z(\, slits; I@”’l) such that the pair (7,0) sat-
isfies the shearing boundary condition, and such that o satisfies the positive intersection
condition.

The proof of Proposition 8.2, and in particular Lemmas 8.3 and 8.5, takes care
of the first constraint. More precisely, with the notation of that proof, there exists
an(A,slits;@"’l) such that (7,0) satisfies the shearing boundary cycle condition if
and only if Z(7) belongs to the image im(9). Lemma 8.3 shows that this is equivalent
to the condition stated in Corollary 8.15, while Lemma 8.5 shows that =~ (im(9)) has
codimension |$(n—1)| in R29-Dm-1n=2),

The only thing left to prove is that the positive intersection condition has no impact
on this property. Namely, if there exists o€Z (), slits; R"~1) such that (7, o) satisfies the



HITCHIN CHARACTERS AND GEODESIC LAMINATIONS 287

shearing cycle boundary condition, the relative tangent cycle o can be chosen so that, in
addition, it satisfies the positive intersection condition.

For this, we will use the existence of a closed twisted tangent cycle oo€Z()\; ]ﬁ”’l)
that satisfies the positive intersection condition. An easy way to construct such a tangent
cycle is to consider the shearing cycle op=02 € Z(\, slits; @"’1) of a Hitchin character gg €
Hity(S) CHit,, (S) coming from a discrete homomorphism g: 71 (S) —PSL2(R) CPSL, (R).
All triangle invariants 727 (s) of such a Hitchin character are equal to zero; the easiest
way to see this is to apply Lemma 1.1 and to observe that, for every triangle component
of § \5\ with vertices §, §' and §”, there is an element of PGL,,(R) coming from an element
of PGLy(R) that fixes the flag F,, (5) €Flag(R"™) and exchanges F,,(5) and F,,(5). It
therefore follows from the shearing cycle boundary condition that dog=0, namely that
oo is closed. And g satisfies the positive intersection condition by Corollary 7.13.

n=1)(n=2) gatisfies the con-

If the rotation-invariant triangle data function 7€R2(9—1)(
ditions of Corollary 8.15, we just showed that there exists o€ Z(), slits; @"‘1) such that
(1, 0) satisfies the shearing cycle boundary condition. For ¢>0 sufficiently large, o+cog
satisfies the positive intersection condition since this property holds for oy and since the
space of transverse measures for A is finite-dimensional [25], [35]. In addition, the pair
(1,0+4co) satisfies the shearing cycle boundary condition since d(o+cog)=00, and the
triangle rotation condition by choice of 7. As a consequence, Theorem 8.13 provides a
Hitchin character p€Hit, (S) whose triangle invariant 72 is 7, and whose shearing cycle

¢ is equal to o+-coy. O]
There is a similar characterization of the shearing cycles of Hitchin characters.

COROLLARY 8.16. Let n>3. For a twisted relative tangent cycle o €Z(\, slits; I@"_l)
and for a=1,2,...,n—1, let o, be the a-th component of its boundary do: {slits of 5\}—>
R"~1. Then, o is the shearing cycle 0 of a Hitchin character o€Hit, (S) if and only if

o satisfies the positive intersection condition and

do,_1(s7) =0,

n—2 n—2 n—2
a—1 a—1 a—1
doi(s1) = Z (n—S —1) aaa(sf)—l—aZ:Q maaa(sg)-ﬁ-; maoa(sg),

a=2

whenever s, s5 and s are positive slits of the orientation cover \ that project to the
three spikes of the same component T of S\A.
As a consequence, the shearing cycles of Hitchin characters form an open convex

polyhedral cone in a linear subspace of codimension 24(g—1) of

Z (), slits; R 1) = R18(g- D) (n—1)
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Proof. This is a consequence of Lemma 8.4 and Proposition 4.7. O

COROLLARY 8.17. When n=3, a twisted relative tangent cycle UGZ()\,SlitS;I@z) is
the shearing cycle 0@ of a Hitchin character p€Hits(S) if and only if o satisfies the

positive intersection condition and
doa(s7)=0 and doi(s])=001(s5)=001(s3)=0,

whenever s, s5 and s are positive slits of the orientation cover \ that project to the
three spikes of the same component T of S\A. As a consequence, the shearing cycles
of Hitchin characters form an open convex polyhedral cone in a subspace of codimension
20(g—1) of Z(A,slits; R2)=~R36(9—1)

When n=2, a twisted relative tangent cycle UEZ,()\,Slits;@):Z(A,slits;R) s the
shearing cycle 0@ of a Hitchin character p€Hity(S) if and only if o is closed (namely o€
Z(A\;R)) and satisfies the positive intersection condition. The shearing cycles of Hitchin
characters (=fuchsian representations) consequently form an open convez polyhedral cone
in a subspace of codimension 12(g—1) of Z(\,slits; R)=R*®(9-1),

Proof. This also follows from Lemma 8.4 and Proposition 4.7. O

We conclude this article by giving, in the next two sections, two brief applications
of the machinery developed in this article. In particular, these applications require the
full generality of geodesic laminations (as opposed to the much simpler case of geodesic

laminations with finitely many leaves considered in [9]).

9. The action of pseudo-Anosov homeomorphisms on the Hitchin component

Let ¢: S—S be a pseudo-Anosov homeomorphism of the surface S. We can use our
parametrization of Hit, (S) to show that the action of ¢ on the Hitchin component
Hit,, (S) is concentrated in a relatively small factor of Hit, (S), where it acts linearly.
This section is only intended as an illustration of the possible applications of the main
results of the article; we are consequently limiting its scope to avoid making an already
long article much longer.

The pseudo-Anosov property of ¢ is usually expressed in terms of transverse mea-
sured foliations on the surface S [40], [17]. It will be more convenient to use the point
of view of [14], so that the homeomorphism ¢:S—S is (isotopic to) a pseudo-Anosov
homeomorphism if there exist a geodesic lamination \°, a transverse measure p° for A°
and a number R>1 such that, after an isotopy of ¢, the following conditions hold:

(1) each component of the complement of the topological support A* of u® is a
topological disk;
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(2) e(A%)=X%

(3) the pull back ¢*(1®) of the transverse measure p® is equal to Ru®.

The homomorphism ¢: S— S acts on the character variety Xpgy,, &) (S) as 0+ 0°@x,
where @,:m1(S)—m1(5) is any homomorphism induced by ¢ (by choosing a path joining
the base point to its image under ¢). When o€ Xpgr,, (r)(S) comes from a Teichmiiller
character of Hity(.S), it is immediate that so does pop.. By connectedness, it follows
that the action gr gop, respects the Hitchin component Hit,, (.S).

Replacing ¢ by one of its powers does not significantly change its dynamics.

LEMMA 9.1. There exists an integer k>0 and a mazimal geodesic lamination A%
containing \° such that *(\*)=\* after isotopy of ©*. In addition, ¥ can be chosen

so that it respects each slit of \*.

Proof. The homeomorphism ¢ permutes the finitely many slits of A*>. Therefore,
there exists k such that ¢* respects each slit.

Let AT be any maximal geodesic lamination containing A*. Because each component
of S\® is a topological disk, or more precisely an ideal polygon, A" is obtained from
X\ by adding finitely many diagonal leaves joining spikes of these polygons. Since ¢¥
respects each slit of A®, namely each spike of S\ %, it can easily be isotoped to respect

these diagonal leaves (as well as \*). By construction, ¢* respects each slit of A*. O

We can now use the maximal geodesic lamination A* to construct a parametrization
of the Hitchin component Hit,,(S) by the polytope

P C ROW-D(=D(=2) 7 (\* lits; R 1)

as in Theorem &8.13.

Because "

respects the geodesic lamination A', it acts on Z(A*,slits;]ﬁ”*l) as
follows. Lift ¢ to a homeomorphism ¢: S—S of the universal cover S ; in particular,
@* respects the pre-image A\* of A*. Then, using the point of view of §4.7, define a
linear map ¢¥: Z(A*, slits; R"=1)— Z(A\*, slits; R"~1) by the property that ¥ (o) (T, T")=

(G (T), 3" (T")) for any two components T and T of S\ A*.

PROPOSITION 9.2. For the homeomorphism
®: Hit, (S) — P C ROW—Dn=D(=2) o (A+ glits; R* 1)

provided by Theorem 8.13, the action of ¢* on Hit, (S) corresponds to the restriction
to P of the product of the identity Idges—1)(n-1)n-2 and of the linear action of ©* on
2(A*, slits; Rn=1).



290 F. BONAHON AND G. DREYER

Proof. For peHit, (S), we need to compare the triangle invariants ngf’: (s) and the
shearing cycle ot GZ()ﬁ,slits;fR\{”’l) of po@¥ to those of .

Lift ¢ to a homeomorphism @: S— S of the universal cover S , which is equivariant
with respect to @,: 1 (S)—71(S) in the sense that G(vz) =, (7)@(x) for every z€S and
yem (S). It is well known what @ extends to a homeomorphism of SN8S. The flag
maps F, and F ., k: 055 —Flag(R™) are then related by the property that F oot =F ok,
Going back to the definitions of these invariants and remembering that ©* respects each
slit of A\*, it immediately follows that ¢ and po@* have the same triangle invariants

k
7577 (s)=7%.(s), and that o =k (59). O

This is better described in terms of the map m: Hit,,(S) —»R6(G—D=1(=2) cop
responding to the projection of Hit, (S)=P to the first factor of RO(9=D(n=1)(n=2)
Z(Aﬂslits;@”’ﬂ. Namely, 7 associates its triangle invariants 72, (s) with a Hitchin

character p€Hit, (S). The image L=n(Hit,,(5)) is the vector space of dimension

2(g-1)(n—1)(n—2)~ [ 3(n—1)]

determined by Corollary 8.15. This defines a fibration =: Hit,,(S)— £, where the fiber

7~1(7) above each T€L is a convex polyhedral cone of dimension

3(g-1)(n—1)+ [ 1(n—1)]

in Z(AH, slits; ]IA%"_l)’ERw(g_l)(”_l).

Then, Proposition 9.2 states that the action of ¢* on Hit,, (S) respects each fiber
7=1(7), and acts on each of these polyhedral cones 7~ (1) CZ(A*, slits; R"~1) by restric-
tion of @F: Z()ﬁ’,slits;I@”‘U—)Z(Aﬂshts;@"‘l).

If U is a train-track neighborhood of A*, the endomorphism ¢¥ of Z(A\*, slits; I@"‘l)%“
H,(U,0,U; ]ﬁ”_l) can be explicitly described in terms of a classical object associated with
the pseudo-Anosov homeomorphism ¢, namely the incidence matrix of ¢ with respect
to the train track U (see for instance [17, Exposés 9-10]). However, this would take us

beyond the intended scope of this article.

10. Length functions of measured laminations

One of the motivations for this article is to extend to the Hitchin component the dif-
ferential calculus of lengths of simple closed curves that was developed for hyperbolic
geometry in [39], [42], [6], [5]

For a Hitchin character p€Hit,, (S), the length functions ¢, /5, ..., (2

n—1»

of [15] and
87.1 can be restricted to Thurston’s space ML(S) of measured geodesic laminations.
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There is just a little subtlety, which is that the geodesic currents discussed in §7.1 form
a completion of the set of homotopy classes of oriented closed curves, whereas ML(.S)

completes the set of homotopy classes of unoriented simple closed curves.

An unoriented simple closed curve v in S defines two oriented curves v* and ~**,
one for each orientation, and therefore two measure geodesic currents that we also denote
by v*,v**€€™(S). Then there is a unique continuous embedding ¢: ML(S)—C™(S) that
is homogeneous, in the sense that «(tp)=ti(p) for every peML(S) and every ¢>0, and
such that +(y)=3(v*+7**) for every simple closed curve yEML(S); see for instance [3].
Combining this embedding with £2: €™(S)—R defines, for each a=1,2,...,n—1, a length
function £2: ML (S)—R. The definition, and in particular the introduction of the factor
%, is designed so that when n=2 the function ¢7 coincides with Thurston’s length function
£2: ML(S)—=R for the hyperbolic metric on S associated with p€Hits(S), which plays a
fundamental role in hyperbolic geometry; see for instance [40], [17], [39], [3], [33] for a

few applications of this length function ¢¢.

Because £2(y**)=(%_,(7*), the length functions ¢2 and ¢2_, coincide on ML(S) so
that, in practice, we have only L%nJ length functions £2: ML(S)—R.

The space ML(S) of measured geodesic laminations is homeomorphic to R6(9=1),
but admits no differentiable structure that is respected by the action of the mapping class
group. As a consequence, we cannot use the standard concepts of differential calculus on

this space.

However, ML (S) is naturally endowed with a piecewise integral linear structure;
this means that it admits an atlas locally modelling it over R6(9—1) where the coordinate
changes are piecewise linear and where the linear pieces of these coordinate changes have
integer coefficients [39], [36]. In particular, because a piecewise linear map does have a
tangent map, a consequence of the piecewise linear structure is that ML(S) admits a
well-defined tangent space T, ML(S) at each point ue ML(S).

Each tangent space T, M£(S) is homeomorphic to R(9=1) and is homogeneous, in
the sense that there is a well-defined multiplication of tangent vectors by non-negative
numbers, but it is not always a vector space. Indeed, there exist points peML(S) where
the tangent space T, ML (S) admits no vector space structure which is respected by all
coordinate charts; a typical example of such points are the positive real multiples of simple
closed curves, which are dense in ML(S). Conversely, at a measured geodesic lamination
1 whose support is a maximal geodesic lamination, the piecewise integral linear structure
does define a natural vector space structure on the tangent space T, ML(SS); these p form
a subset of full measure in ML(S). See [42], for instance.
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THEOREM 10.1. For a Hitchin character o€Hit, (S) and for every a=1,2, ..., L%nJ,
the length function £2:ML(S)—R admits a tangent map T,02: T, ML(S)—R at each
REML(S), in the following sense. For peML(S) and veT,ML(S), let t—a; be a
curve in ML(S) such that ag=p and the right-hand-side tangent derivative

4 .,
",
exists and is equal to v. Then
d—fg(at) =T,0%v)eR.
dt+ a =0 rra
Proof. See [15, §3.2]. O

The proof of Theorem 10.1 relies on two key ingredients: the analytic interpretation
[7], [6] of tangent vectors veT,ML(S) as a certain type of Holder geodesic currents as
in §7.1; and the continuity of the length function ¢2: €% (S)—R for the Holder topology,
proved in [15]. In particular, 7,,¢2(v) is equal to the ath length ¢2(v) of the Hoélder
geodesic current veCH(S) associated with ve€T, ML(S).

The results of the current paper, and in particular Theorem 7.5, provide a description
of the tangent map T),£2 on the faces of T, ML(S).

This is based on a more combinatorial interpretation, also developed in [6] and [7],
of tangent vectors veT, ML (S) as tangent cycles for geodesic laminations A containing
the support A, of u; these tangent cycles must satisfy a certain positivity condition
(unrelated to the positive intersection condition of §8.1). This decomposes the tangent
space T, ML(S) into a family of cones F), indexed by geodesic laminations A containing
the support A, of p, where F\ consists of those tangent vectors ve€T, ML (S) that can
be described as tangent cycles for A. In particular, each F) is naturally identified to a
convex polyhedral cone in the vector space Z(A;R) of all tangent cycles for A, and the
homogeneous and additive structure induced on the cone F) by the vector space structure
of Z(A\;R) is compatible with the piecewise linear structure of ML(S). The Fy are the
faces of T,ML(S) for the piecewise linear structure of ML(S). See [42] for a slightly
different approach.

In the generic case where the support A, of pe ML (S) is maximal, there is only one
face in T),ML(S), namely Fy,. This face F, is equal to the whole vector space Z(\,; R)
of tangent cycles for A,.

Because of the positivity condition involved in the interpretation of tangent vectors
veT,ML(S) as tangent cycles for geodesic laminations, it is quite possible that different
geodesic laminations A and )\’ define the same face F\=F)/. The correspondence \— F
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can be made bijective by restricting attention to chain recurrent geodesic laminations
[42], [7]. Instead of chain recurrent geodesic laminations, we will focus on the case
where the geodesic lamination A is maximal, as it is better adapted to our purposes.
Every geodesic lamination )\’ is contained in a maximal geodesic lamination A, so that
every face of T, MXL(S) is contained in a face F) associated with a maximal geodesic
lamination A. Note that, although A is maximal, the dimension of the associated face Fy
may be significantly smaller than the dimension 6(g—1) of T, MXL(S).

THEOREM 10.2. The tangent map T,02:T,ML(S)—R is linear on each face of
T, ML(S).

More precisely, if the face Fx\CT,ML(S) is associated with a mazimal geodesic lam-
ination X, if we interpret the tangent vector v€F)y as a tangent cycle for A, and if
UQEZ()\,slits;I@”’l) is the shearing cycle of o, then

Tutg(v) = [og]-[v]

where, as in §4.5 and §7.2, the dot - denotes the algebraic intersection number in a train-
track neighborhood U of the orientation cover A of A, [08]€ Hy(U,8,U;R) is the a-th

component of the twisted relative homology class
[09) € Hy (U, 0,U; R ) c Hy(U,d,U;R")

defined by o®€Z(\,slits; R"™1), and [v]e Hy(U;R) is the homology class represented by
veZ(MR)CZ(A;R).
Proof. We already observed that T),02(v)=/2(v) where the right-hand side interprets

v as a tangent cycle for A and involves the function £2: Z(A\)—R introduced in §7.1. The

formula then occurs as a special case of Theorem 7.5. O]
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