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Abstract. Let p be an odd prime number, and E an elliptic curve defined over a number field. Suppose that
E has good reduction at any prime lying above p, and has supersingular reduction at some prime lying above p.
In this paper, we construct the plus and the minus Selmer groups of E over the cyclotomic Zp-extension in a more
general setting than that of B.D. Kim, and give a generalization of a result of B.D. Kim on the triviality of finite
A-submodules of the Pontryagin duals of the plus and the minus Selmer groups, where A is the Iwasawa algebra of
the Galois group of the Z p-extension.

1. Introduction

Let p be an odd prime number, Fj a finite extension of Q, Fuo/Fp the cyclotomic Z-
extension and F;, the n-th layer. Denote A = Z,[[Gal(F/Fo)]]. Let E be an elliptic curve
defined over Fp.

When E has good ordinary reduction at any prime of Fy lying above p, the Pontryagin
dual of the p-primary Selmer group of E over Fs is conjectured to be A-torsion. This
conjecture is proved in several cases now. For example if the p-primary Selmer group of E
over Fy is finite, or if E is defined over Q and Fy/Q is abelian, then the conjecture is known
to be true (cf. [2] p. 55).

On the contrary, when E has good supersingular reduction at some prime of Fy lying
above p, the Pontryagin dual of the p-primary Selmer group of E over F, is no longer A-
torsion. S. Kobayashi [11] defined the plus and the minus Selmer groups Seli(Foo, E[p*™)])
when E is defined over Q,ap, =1+ p — #E(IF,,) = 0, and Fy = Q(up), where E denotes
the reduction of E at p, and ), denotes the group of p-th roots of unity. He proved that the
Pontryagin duals Seli(Foo, E[p®>])Y are A-torsion. A. Iovita and R. Pollack [6] generalized
definitions of the plus and the minus Selmer groups to the case when Fj is a number field in
which p splits completely, E is defined over Q and a, = 0. Further B.D. Kim [7] generalized
them to the case when Fj is a number field in which p is unramified, E is defined over Q and
ap =0.
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B.D. Kim proved in [8] the following theorem on the triviality of finite A-submodules of
Sel* (Fuao, E[p™])V.

THEOREM 1.1 ([8] Theorem 1.1). Let Fy be a finite extension of Q in which p is un-
ramified, E an elliptic curve defined over Q, and a, = 0.

(1) Assume that Sel™ (Foo, E[p™1)Y is A-torsion. Then Sel™ (Foo, E[p™])Y has no
nontrivial finite A-submodule.

(2) Assume further that p splits completely in Fy, and Selt (Fs,, E[p
Then Sel™ (Fso, E[p™>1)Y has no nontrivial finite A-submodule.

)Y is A-torsion.

Throughout this paper, we assume that Sel* (Fo, E[p™])" is A-torsion as in the above
theorem. The following proposition on the local conditions of the plus and the minus Selmer
groups was an important ingredient for Theorem 1.1.

PROPOSITION 1.2 ([7] Proposition 3.13, [8] Proposition 2.2 and Proposition 2.3).
Let ko be a finite unramified extension of Qp, and ke the cyclotomic Zp-extension of ko. We
denote the completed group ring Z,[[Gal(k/ ko)]] by A.

(1) We have

(E™ (koo) ® Qp/Z))Y = A

where d = [ko : Qp].
(2) Assume further that ko = Qp. Then we have

(E¥ (ko) ® Qp/Zp)” = A.

When B.D. Kim studied the plus Selmer group in [8], he restricted the base field Fy as
in Theorem 1.1 (2) to apply Proposition 1.2, and he got the result only in such a case. Even
when he studied the minus Selmer group in [8], the base field Fp was a finite extension of Q
in which p is unramified. He did not consider the case when 1, C Fp.

In this paper, we consider more general fields for Fy and ko, and a more general elliptic
curve E, than those of the above known results. In particular, we remove the assumption
on the splitting behavior of p in Fp/Q in Theorem 1.1 (2) and the assumption kg = Q), in
Proposition 1.2 (2). We also note that we also consider the case when v, C Fy. We get the
following result.

MAIN THEOREM 1.3 (Theorem 4.8). Let F be a finite extension of Q, Fo = F(jp),
Foo/ Fy the cyclotomic Z,-extension, and E an elliptic curve defined over a subfield F' of
F. Let S;S be the set of all primes of F' lying above p where E has supersingular reduction.
Assume the following conditions:

(1) E has good reduction at any prime of F’ lying above p,
(i) S} is nonempty,

(iii) any prime w € Sy is unramified in F,
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(iv) F,, = Q) forany prime w € S}, where F,, is the completion of F' at the prime w,

W) ay=1+p-— #Ew(IF‘p) = 0 for any prime w € S%°, where E., is the reduction of E at
w, and

(vi) both Sel* (Fxo, E[p™1) are A-torsion.

Then both Sel™ (F, E[p>®1)Y have no nontrivial finite A-submodule.

REMARK 1.4. (1) We assume the condition (i) since we expect the condition (vi) au-
tomatically holds true under this condition.

(2) In the case S5 = @, we have Sel*(Fuo, E[p™®]) = Sel(Fuo, E[p™]). Finite A-
submodules of Sel(Fy,, E[p™°])Y was studied by Hachimori and Matsuno [3]. Thus we will
be interested in the case (ii).

(3) The conditions (iii) and (iv) on the fields F and F’ will be used in applying the local
result discussed in Section 3.

(4) The condition (v) is crucial in this paper. In our method, it is important to study
the local conditions E* (k) and E~ (k,), where k, is the n-th layer of the cyclotomic Z p-
extension keo/ ko with ko a finite extension of Q. In the case when a,, # 0 for some w €
S;S, one might need another submodule of Sel(F, E[p™°]) instead of Seli(Foo, E[p)).

F. Sprung [16] defined Sel*(Fso, E[p™®]) and Sel’(Fs, E[p>°]) instead of the plus and the
minus Selmer groups in the case when Fy = Q(u,), and E is defined over Q which has
supersingular reduction at p without assuming a, = 0. He defined E fkoo) and E’ (ko) in
the case when ko = Q, (), however, did not define E %(k,) nor E®(k,). We cannot yet apply
our method in the case when a,, 7 0 for some w.

(5) In some cases, Sel* (Fuo, E[ p>1)Y is actually known to be A-torsion. For example,
let Fp be a finite abelian extension of Q, and Fu,/ Fp the cyclotomic Z,-extension. Suppose
that E is defined over Q and has supersingular reduction at p with a, = 0. In this case,
one can actually show that Seli(Foo, E[p*>])Y is A-torsion. Our main theorem implies that
Sel* (Foo, E[p™1)" has no nontrivial finite A-submodule for any finite abelian field Fy. On
the other hand, we need a certain assumption on Fj to apply B.D. Kim’s result.

For the proof of Theorem 1.3, we will generalize Proposition 1.2 to the case of our
setting. In the study of (E ko) ® Qp/Zp)Y, we find that its A-module structure in our
setting is generally different from those in the settings of previous works. We now explain
some known results on the A-module structure of (E* (ko) ® Q p/Zp)Y.

Takeji [17] considered the case when ko is a quadratic unramified extension of Q,. He
generalized Proposition 1.2 to this case, i.e. he proved that (Ei(koo) ® Q,,/Zp)v is a free
A-module of A-rank 2. Applying this result, he proved that Sel® (Fso, E[p°])" has no non-
trivial finite A-submodule in the case when Fj is a quadratic number field in which p inerts,
which is a generalization of Theorem 1.1.

M. Kim proved in his dissertation [10] that £ *(k,) are cyclic Z,|[Gal(k, /Q,)]-modules
for all n, where k; is the n-th layer of the cyclotomic Z,-extension koo / ko, in the case when
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k is a general finite unramified extension of Q p and kg = k(up), however, he did not notice
that the assumption [k : Q,] # 0 (mod 4) is needed. From this cyclicity, one can show that
(E*(koo) @ Q »/Zp)" is a free A-module of A-rank [ko : @], which is a generalization of
Proposition 1.2.

B.D. Kim [9] independently generalized Proposition 1.2 to the case when ko is a finite
unramified extension of Q, and [ko : Q,] = 0 (mod 4), i.e. he proved in this case that
(Ei(koo)@)(@p/Z,,)v is a free A-module of A-rank [ko : Qp] (cf. [9] Theorem 2.8). Applying
this result, we can generalize Theorem 1.1 to the case when Fp is a finite extension of Q in
which p is unramified and [Fp,, : Qp] = 0 (mod 4) for all primes v of Fy lying above p,
where Fp , is the completion of Fj at the prime v.

We remark that we consider more general settings than those of all the above known
results.

Here we prepare some notations of our settings and explain an obstruction for general-
izing Proposition 1.2 to the case of our setting, which we have overcome in this paper. Let
k be a finite unramified extension of Q, of degree d, ko = k(u ), koo the cyclotomic Z -
extension of ko, k,, the n-th layer, A = Gal(k(up)/k), I' = Gal(koo/ ko), T’y = Gal(keo/ ki),
G, = Gal(k,/Qp) and A = Z,[[T']].

An essential property, expected in all previous works [7], [8], [9], [10], and [17] was
that E* (k,) are cyclic Z p[Gr]-modules for all n. From this expected property, we can show
that (E* (kso) ® Qp/Zp,)Y is a free A-module of A-rank [kg : Qp,]. On the contrary to
this expectation, we find that E*(k,) are not cyclic Z plGn]-modules when d = 0 (mod
4) (cf. Proposition 3.16 and Remark 3.17). An obstruction is that this non-cyclicity makes
(E* (koo) ® Qp/Z,)" more complicated. In fact, we find that (E™ (keo) ® Qp/Z))" is not
a free A-module in the case when d = 0 (mod 4) (cf. Remark 3.26). Therefore, the same
statement with the conclusion of Proposition 1.2 does not hold in the general setting.

A crucial step for the proof of our main theorem is to investigate the A-module structure
of (E*(koo) @Q »/Z,)" more precisely. We prove the following proposition on the local con-
ditions of the plus and the minus Selmer groups, which is a generalization of Proposition 1.2
and an important ingredient for our main theorem.

PROPOSITION 1.5 (Proposition 3.28). (E¥ (keo) ® Qp/Zp)Y has no nontrivial finite
A-submodule and its A-rank is [ko : Qp].

We prove this proposition by calculating the I',-coinvariants of the y-component
(E* (ko)X ® Qp/Zpy)Y for all n, where x : A — Z; is a character of A. The original
idea for such calculations, to calculate the I"-coinvariants and to apply Nakayama’s lemma,
was suggested by M. Kurihara. The authors are very grateful to him.

As a consequence of Proposition 1.5, we prove the following proposition which is also
an important ingredient for our main theorem.
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PROPOSITION 1.6 (Proposition 3.32). We have

( H' (keo, E[p*™]) )V ~ A8lkoQ]
E*(kso) ® Qp/Zp '

In comparison with the strategy for the proof of Theorem 1.1, we develop another strat-
egy also for the proof of our main theorem. Our strategy is to prove that the triviality of finite
A-submodules of Sel(Fao, E[p™®])V is inherited to that of Sel® (Fa, E[p™])V, and use the
following theorem.

THEOREM 1.7 (Theorem 4.5). Assume that both Sel* (Faso, E[p>®DY are A-torsion.
Then Sel(Foo, E[p™°1)Y has no nontrivial finite A-submodule.

The above discussion is enough to prove our main theorem, however, we can determine
the explicit structure of the A-module (E* (kso)* ® Qp /Z,,)V, on which we explain here.
We prepare some notations concerning the character decomposition. Let x : A — Z be a
character of A = Gal(k(up)/k). If M is a Z,[A]-module, then M is decomposed into

M=PeM,
X

where ¢, = ﬁ deA )((o)o_1 € Zp[A]. We denote by MX the x-component e, M. We
fix a topological generator y € I, and identify Z,[[I"]] with the ring of formal power series
Zp[[X]] by identifying y with 1 + X. We get the following theorem.

THEOREM 1.8 (Theorem 3.34). Let x : A — Z; be a character. We have

(EF (ko) ® Qp/Zp)" =A% @ (A/X)P,
(E~ (ko) ® Qp/Z,)" = A®4

where

2 otherwise.

{ 0 ifd#0(mod4)oryx #1,

The outline of this paper is as follows. In Section 2, we define the plus and the minus
Selmer groups following Kobayashi, and fix a global setting. In Section 3, we study the lo-
cal conditions in a local setting. Subsection 3.1 is a preparation for the rest of Section 3.
In Subsection 3.2, we give a description of E*(k,)X in terms of formal groups and a sys-
tem of local points. In Subsection 3.3, we study the A-modules (E*(koo)* ® Qp/Zp)Y
and (H'(koo, E[p®°1)/(E* (koo) ® Qp/Zp))Y. In Subsection 3.4, we further determine
the explicit structure of the A-module (E*(koo)* ® Qp /Z,,)v. In Section 4, we study
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finite A-submodules of the Pontryagin duals of the Selmer groups Sel(Fuo, E[p*°])" and
Sel* (Fuo, E[ p>®DY. In Subsection 4.1, we prove that the usual p-primary Selmer group has
no nontrivial finite A-submodule under the same assumption with the main theorem. In this
step, it is essential to assume that both Seli(Foo, E[p®])Y are A-torsion. In Subsection 4.2,
we prove our main theorem.

2. The plus and the minus Selmer groups

Let p be a prime number, F a finite extension of QQ, and E an elliptic curve defined over
F. For a finite extension K /F, the p-primary Selmer group for E over K is defined by

H'(K,, E[p™®
v pr=p

v

where v runs through all places of K, K, is the completion of K at the place v, and E(K,) ®
Qp/Z, is regarded as a subgroup of H'(K,, E[p®]) by the Kummer map. For a number
field K that is an infinite extension of F, we define the p-primary Selmer group for E over K
by
Sel(K, E[p™]) := limSel(K", E[p™]) .
K/
where K’ runs through all the subfields of K which are finite extensions of F, and transition
maps are restriction maps between cohomology groups.
We denote F,, = F(upn), Fop = F and Foo = |, Fu, where p,» denotes the group
of p"-th roots of unity. We fix a generator (¢,n) of Z, (1), namely, for eachn > 0, n is a
primitive p”-th root of unity such that ¢ [f 1 = .
Then by definition, we have
Sel(Foo, E[p™]) = lim Sel(Fy, E[p™]).

n
Throughout this paper, we fix the following notations:

e p is an odd prime number,
e F is a finite extension of Q,
e F is an elliptic curve defined over a subfield F’ of F.

Denote S} the set of all primes of F " lying above p where E has supersingular reduction.
Throughout this paper, we assume the following:

E has good reduction at any prime w|p of F’,
S} is nonempty,

any prime w € S is unramified in F,

F,, = Q) for any prime w € S3’, where F,, is the completion of F’ at the prime w, and
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ea,=14+p— #Ew(IF‘p) = 0 for any prime w € SZS, where Ew is the reduction of E at
w.

When p > 5, the condition a,, = 0 is automatically satisfied since we have p|a,, and

law| < 2/p.

Denote S;‘ r the set of all primes of F lying above S7.

Following S. Kobayashi [11] we define subgroups E+(Fn,v) and E~(Fy,y) of E(Fy.y)
for each prime v € S;S’F, and define plus and minus Selmer groups Sel®(F,, E[p>]),

Seli(Foo, E[p®]) as the following (see also [7] and [10]).

DEFINITION 2.1. (1) Foraprimev € S;‘F andn > —1, let F,, , be the completion of
F, at the unique prime of F;, lying above v. We define

E+(Fn,v) ={P € E(Fy,v)| Tryym+1 P € E(Fy ) forallevenm, —1 <m <n — 1},

E™ (Fy) ={P € E(Fy,0)| Ttyymq1 P € E(Fy ) foralloddm, —1 <m <n — 1}

where Try/m+1 : E(Fpv) = E(Fp1,0) 18 the trace map.
(2) The plus and the minus Selmer groups are defined by

H'(F, ., E[p™)])
+ 00Ty . o :
Sel™(Fy,, E[p~"]) := Ker<Sel(Fn, E[p~]) — Ugé E*(Fp.) ® QP/ZP> ’

p.F

Sel* (Foo, E[p™]) := lim Sel™(Fy, E[p™]).
n

We denote the Pontryagin dual of a module M by MV. Let G, = Gal(F,,/F) and Goo =
Gal(Fxo/F). Then Z,[G,] acts naturally on Sel*(F,, E[p*®])" and A(Gxo) := Zp[[Gool] 00
Sel* (Foo, EIp™]).

The Pontryagin dual of the usual p-primary Selmer group Sel(Fx, E[p*])" is not a
torsion A (Goo)-module, however, Sel*(Fao, E[p™])Y is known to be A (Gao)-torsion in the
case F = Q (cf. [11] Theorem 2.2).

3. The formal groups and the norm subgroups

Let E£/Q), be an elliptic curve with a, = 0 and E the formal group over Zj associated
with the minimal model of E over Q. Let k be a finite unramified extension of Q,, of degree
d = [k : Qp] and O the ring of integers of k. Foreachn > —1,letk, = k(p pn+1) and m, be
the maximal ideal of k. Let koo = |J,;~ _; k» and my, = Unz—l m,. Let G, = Gal(k,/Q)),
Goo = Gal(koo/Qp), I'n = Gal(keo/ kn), I' = T'o(= Gal(koo/ ko)) and A = Gal(k(up)/ k) =
Gal(ko/k—1). Let ¢ be the Frobenius homomorphism in Gal(k/Q,) = G| characterized by
x? = xP (mod pOy). We denote A = Z,[[I"]]. We fix a topological generator y € I". Then



280 TAKAHIRO KITAJIMA AND REI OTSUKI

we identify Z,[[T']] with Z,[[X]], and Z,[[Go]] with Z,[Go][[X]] by identifying y with
I+ X.

3.1. The formal groups associated to £
PROPOSITION 3.1. Foranyn, E(mn) is Zp-torsion-free.

PROOF. We can prove this by the same method as the proof of [11] Proposition 8.7. O

The above proposition implies that the formal logarithm logz(X) induces an injective
homomorphism logz : E (m,) — ky for all n, since the kernel of the logarithm of a formal
group precisely consists of the elements of finite order.

For such a one-dimensional formal group .% defined over Z, with height 2, the for-
mal logarithm log & induces isomorphisms as in the following proposition (cf. The proof of
Proposition 2.1 in [13], and Lemma 2.4 in [4]).

PROPOSITION 3.2. Let F be a one-dimensional formal group defined over Z, with
height 2. For a finite extension K /Qp, denote by my its maximal ideal. Then the logarithm
log g : F(mg) — K induces isomorphisms

log 7 : ﬁ(m}%) =ow!

forall j > vk (p)/(p> — 1), where vk is the normalized valuation of K so that vk (mg) = 1
for a uniformizer tg of K.

Following [7] and [10] we construct a system of local points (dy,).

Fix a generator ¢ of the group of roots of unity in k. Then ¢ is a primitive (p¢ — 1)-th
root of unity, and we have k = Q,(¢).

Let g(X) = (X + )P — ¢” € OX], g™ (X) = ¢*" 0" "0 0g(X) =
(X 4+0)P" —¢P" form > 1 and g (X) = X. We define a formal power series log4 (X) by

o0 @m)(x
logg () = S (1"

m=0
We can check that

dog, " (x7*) + plog?, " (X) = 0 (mod p)

—(n —(n
and (logf, +l))/(X) € Oi[[X]] for each n. This means that log, +l)(X) is of the Honda
type 2+ p for each n. Hence by Honda theory (cf. [5]) we see that

o there is a formal group ¢, defined over O whose formal logarithm logg, is given by

log?, """ for each n, and
08y or each n, an
o the power series expz o logy, is contained in O [[X]] and gives an isomorphism ¥, —

E over Oy, for each n.
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We fix a generator (¢,n) of Z, (1), namely, for each n > 0, {pn is a primitive p”-th root
of unity such that g“[f,m = {pn. Letm, = C‘pi(ﬂ+])(§pn+l —1)em,forn>—landm, =0

forn < —1. For each n, we can easily show that

—(n+1)
g () = T 3.1)
for any m > 0 by direct calculation.
Put
—(n+3) —(n+5) —(n+7)
en=¢" =t PP -

as 142
: —(n+1+2i P
=3 =0T e my

forn > —1. Since logg’l 1 4, (my) — my is an isomorphism for all n (cf. Proposition 3.2),
there is €, € 4, (my) such that logy (€,) = &, forn > —1.

DEFINITION 3.3. We define
dn = expg ology (€x[+]e,7n)
forn > —1, where [+]g, is the addition of ¢,.

For n > m, we denote by Try,/p, : E (my,) —> E (myy,) the trace (norm) with respect to the
group-law E (X, Y).

PROPOSITION 3.4. The system of local points (d,), € ]_[nZ_1 E(mn) satisfies

(1) Try/n—1(dn) = —dn—2 for eachn > 1,

(2) Troy—1(do) = —(¢ + ¢~ d-1.

PROOF. We prove this by the same method as the proof of Lemma 8.9 in£1 1]. Since
logz is injective (cf. Proposition 3.1) and commute with the action of G, on E(m,), it is
enough to show that the relation holds after applying logz to both sides of the equality.

We have

logz(dy) = logy (en[+e, )
= logy, (€n) + logg, (71a)

L
> TTn—2m
E 1)m .

Here the last equality follows from (3.1) and 7, = 0 forn < —1.
For n > 1, we have

n

T

MJ

L
TTn— 2m

(=D™

—(n+1)
Try/n—1logg(dy) = pen — Y p+ o
1

m



282 TAKAHIRO KITAJIMA AND REI OTSUKI

(%4
TTp—2-2
=—en2— ) (DT
m=0 P
= —logg(dn-2).

For n = 0, we have

—1
Tro/—1logz(do) = (p — Deo — ¢ p
=—(p+¢ He_
=—(p+9¢ Hlogz(d-1).

O

REMARK 3.5. As long as we define local points as values of certain power series at

certain points, the factor p+¢ !

in the condition (2) always appears (cf. [12] Proposition 3.10,

(3.3)). Although B.D. Kim did not mention explicitly in [7], [8], this factor ¢ + <p_1 was an
obstruction. He assumed in [7] and [8] that Xk = @Q, when he considered the plus Selmer

groups in order to make the situation simpler, i.e. ¢ + ¢! = 2 in ZplG-1] = Zp. In
this paper, we consider general unramified extension k/Q, carefully taking into account this

factor ¢ + ¢~ ! in ZplG-1].

LEMMA 3.6. ¢+ ¢~ isaunitin Zp[G_1]ifand only ifd % 0 (mod 4).

PROOF. First we note that ¢ + ¢~ € ZpG 1] if and only if 1 4 o’ e ZplG 11,

If d is odd, we have

2d—-2
A+ —g>+¢* — (=) T @ =14 (—)!

=2.

If d is even, we have

A+e)(1—g 4+ =+ (DT D=1+ (-1)T
2 ifd %0 (mod 4),

0 ifd =0 (mod4),

and1—¢g?+¢*— - 4+ (=) T2 #£0in Z,[G_1]. Since 2 is invertible in Z,[G_], we

get the conclusion of Lemma 3.6.

REMARK 3.7. In the proof of Lemma 3.6, we have proved the following; (1) ¢ + ¢~
is a unit if d % 0 (mod 4), (2) ¢ + ¢~ ! is a zero-divisor if d = 0 (mod 4).

Moreover, we can easily check the following lemma.

O

1
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LEMMA 3.8. We have

Anng 6_1(¢ + )

0 ifd # 0 (mod 4) |
(1 _¢2+¢4_..._(pd_2>ZP[G_I] lf‘dEO(mOd“-),
and rankz,, Annz, [6_,1(¢ + ¢~ =2ifd =0 (mod 4).

To describe the quotient modules E (my,)/ E (my,—1) using the local points (dy,),, we pre-
pare the following lemma.

LEMMA 3.9. We have m,/m,_1 = (nn)Zp[Gn]forn > 0.

PROOF. It is enough to show that C(;“pm — 1) generates m,/m,_1 as a Z,[G,]-
module.

We first observe the ring of integers Oy, of k,. Let Py, = {(¢pm — 17|t € Gal(k,,/k)}
form > 1 and Py = {1}. Since O, = Ok[;“pn+|], we have

O, =(PhUPLU---UPyi1)o, -

Thus, for x € Oy,, we can write x = a0~|—2',;;;11 ZreGal(km/k) A,z (Epm —1)T withag, apm ¢ €
Oy. With this notation, since each ({,m — 1)* already has positive valuation, we see that
x € my, if and only if ap € my.

Take any class in m,/m,_; with a representative x € m,. Write x = ap +
st 2 reGal(kn/ k) @m,t (prtt — 1. In this summation, the summands ao and @, (§pm —
)T with 1 < m < n are contained in m,_;. Since Ox = Z,[¢] = ({)z,[G6_,]> each

d—1

an+1,r € Ok can be written as ap4+1,r = Zi:O bm;wl with by ; € Z,. Therefore we have

x= Y e = D

reGal(k,q/k)
d—1

> Y bt G = DT (modmy—).

reGal(ky11/k) i=0

Here, C‘pi (§pn+1 — 1)" foreachi with0 <i < d — 1, and each t € Gal(k,+1/k), is exactly a
Galois conjugate of £ (§,n+1 — 1) by G, = G—1 X Gal(ky+1/k). This completes the proof. [

PROPOSITION 3.10. Forn > 0, we have logE(E(mn)) C my, + ky—1 and the formal
logarithm logg induces canonical isomorphisms of Z |G, 1-modules,

Em,)/Em,_1) — m,/m, ;.
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By these isomorphisms, d,, is sent to wy. In particular, we have
E(my)/EMyu—1) = (dn)z,(G,] -

PROOF. We prove this by the same method as the proof of Proposition 8.11 in [11] or
Proposition 4.9 in [6].
For the first statement, we only note that by the commutative diagram

~ logg
E(m,) ——ky ,

eXpy_, ologgl:/

G 1(my)

it is enough to consider logy | (=logg) on ¢_1(m,) instead of logz on E (m;). Then we can
show that logg_I (9_1(m,)) € m, +k,_1asin[11], [6].
Since we have logz(m,) N k,—1 = logg(m,_1), the natural map

Emy)/EM,_1) —> (W +kno1)/kn_1 = m, /m,_

is injective. Since ¢, € m_1 and m,_2,; € k,—p form > 1, we have

[
TTy—
10g5(dn) = &0 + 700+ Y (—1)"“;—,,3’”
m=1

=m, (modk,_1).

Since 7, generates m,/m,_1 as a Z,[G,]-module (cf. Lemma 3.9), the above injection is in
fact a bijection and d,, generates E (my,)/ E (m;_1) as a Z,[G,]-module. O

COROLLARY 3.11. We have
(d-1)z,16_1] ifn=-1,

{dny dn-1)7,1G,1 ifn>0.

E(m,) =

PROOF. The case n = —1 follows from E(m_l) = m_; (see Proposition 3.2) and
Nakayama’s lemma. The case n > 0 follows easily from Proposition 3.10 and the trace
relations satisfied by the d, (see Proposition 3.4). O

REMARK 3.12. We defined the system of local points (d;), following B.D. Kim [7]
and M. Kim [10] in the above. We can take another system of local points instead of (dy),.
Indeed, what we need for the following discussion is a system of local points (d,), which
satisfies the following three conditions

1. Try/n—1(dp) = —dy— for each n > 1 (Proposition 3.4 (1)),
2. Tro/—1(do) = —(¢ + ¢~ d_1 (Proposition 3.4 (2)),
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3. E(my)/Emy—1) = (dn)z,(G,] (Proposition 3.10).

Such a system (dy), obviously admits at least a difference of multiplication by a unit in
Z,[G_11*. S. Kobayashi constructed such a system of local points also in [12] Proof of
Proposition 3.12 by using another formal power series £¢ (X) and a system (£ ,n+1 —1),, instead
of logy(X) and a system (e,[+]«, 7,),. In our setting, the formal power series £, (X) is
defined foreach e € E (my) by

© Q2m) (o
LX) =5+ Z(—l)m% € KIIX1]
m=0

where ¢ = logg(€) € m, & = (¢*> + p)ep™' € O, F(X) = (X + 1)? — 1 and ™ (X) is
the m-iterated composition of f. By using this formal power series, Kobayashi defined d. ,
for eachn > —1 by

den = exppot? " (i — 1) € E(my).

Then the first and the second conditions, which are listed above, are satisfied. If we take
& € my such that m; = (S)Zp[(;n], then the third condition is also satisfied. We also note that
we can take such & € my, since my is known to be a cyclic Z,[G,]-module.

3.2. The norm subgroups. Following S. Kobayashi [11] (and M. Kim [10]), we de-
fine the n-th plus subgroup E *(m,), the n-th minus subgroup E- (my) and the n-th norm
subgroup % (m,,) of E (my,);

DEFINITION 3.13. We define
E*(m,) = (P € E(w,)| Try/my1 P € E(my,) forallevenm, —1 <m <n — 1},

E~(m,) = (P € E(w,)| Tty/ms1 P € E(my,) foralloddm, —1 <m <n — 1},
for n > 0. We denote E* (M) = U, E* (my). We also define
C(my,) ={P € E(mn)ITr,,/mH P e E(mm) forallm =n (mod2), —1 <m <n— 1}
forn > 0and €(m_;) = E(m_y).

By the following lemma, it is enough to study E* (my,) instead of E*(k,) for our pur-
pose.

LEMMA 3.14. The natural maps E* (m,) — E%(k,) induce isomorphisms
Ei(mn) ®Qp/Z, 3 E*(k,) ® Qp/Z, for all n, and thus we have

Ei(mw) b2 @p/Zp . Ei(koo) ® Qp/Zp .
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PROOF. We consider the following commutative diagrams

0 —— E(m,) E (ky) E(Fy) 0
T
0 —— E*(m,) — E¥(ky) AE 0

where E is the reduction of E modulo p, F is the residue field of k and A,jf is the cokernel of
E* (m,) — E*(ky). Since E* (my,) = E(mn) N E*(ky), we see that the right vertical arrows
o are injective. Thus Aff are finite as E (%) is finite. We also note that A,jf[ p°1 = 0, since

n
E /Qp has supersingular reduction. From the above, our claim will follow immediately. O

By comparing two definitions, we get the following relations between the plus subgroups
(the minus subgroups) and the norm subgroups.

LEMMA 3.15. We have

E(my,) ifn is even,
E*(m,) =

C(m,—1) ifnisodd,

€ (my,) ifnisodd,
E~(m,) =

€(m,—1) ifniseven.

We now describe % (m,,) in terms of the system of local points (d,),, and thus we get a
description of plus and minus subgroups E* (my).

PROPOSITION 3.16. (1) Foreachn > —1, the n-th norm subgroup is generated by d,
and d_y as a Zy|G,]-module;

€ (my) = (dn, d-1)7,(G,) -
(2) For eachn > 0, we have an exact sequence
0 — E(m_1) — €(my) ® € (mu_1) — E(m,) — 0, (3.2)

where the first map is diagonal embedding by inclusions, and the second map is (a, b) —
a—b.

PROOF. We will prove this by the same method as the proof of Proposition 8.12 in
[11]. The main difference is the element d_1 in the first statement.

We can show that € (m,) N € (m,_1) = E (m_y) for n > 0 by the completely same way
asin [11].
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For the moment, let 6 (m,,) be the Z p[Gn]-submodule of E (m;) generated by d,, and
d—1. By the trace relations on d,,, clearly we have €' (m,) 2 %’ (m,). We now prove

€ (my) = €' (my), €(my) +C(my_1) = E(m,)

for n > 0, simultaneously by induction.
In the case n = 0, we have

% (mg) = E(mo) = (do, d—1)7,,(Gy) = €' () ,
% (mp) + € (m_1) = E(mg) + E(m_y) = E(mp)

by Corollary 3.11.
In the case n > 1, by the induction hypothesis we have

E(mu_1) = C(my_1) + C(my_2), C(m,_2) = C (m,_2) (3.3)

and by the trace relation we have €’ (m,—2) € ¢’ (m,). Therefore, by Proposition 3.10 and
(3.3), we have

E(my) = (du)z,(G,1 + E (1)
= ((dn)7,1G,1 + €' (y—2)) + C (1)
- Cg/(mn) + Cg(mn—l) .
In particular, we have € (m,) € %'(m,) + € (m,—1). This implies that ¥ (m,) = €’ (m,).
Indeed, if P € € (m,,), then there exist O € ¢’ (m,) and R € € (m,,_1) suchthat P = Q+R.
Thenwe seethat R= P — Q € €(m,) NE(m,—1) = E(m_1). Note that E(m_;) € %" (m,)

since d_; € €' (m;). Sowe get P = Q + R € ¢’ (m,) and thus € (m,)) = €’ (m,). Itis now
clear that €(m,) + € (mu_1) = €' (m,) + € (My_1) = E(my). O

REMARK 3.17. We check here that the norm subgroup %’(m,,) is not a cyclic Z,[G,1-
module generated by d,, if and only if d = [k : Q,] = 0 (mod 4) and n is even.

(1) When n is odd or d = 0 (mod 4), we see that d_; is automatically contained in
<dn)Zp[Gn]- Thus in these cases we see that the norm subgroup %'(m,) is a cyclic Z,[G,]-
module generated by d,, for each n;

C(mp) = (dn)z,1G, -

Indeed, when 7 is odd, we have
n+l
d-1=(=1)2 Trijo- - Trn—2/n—3 Ttn/n—1 dn € {dn)z,1G,1 -
When d # 0 (mod 4) and 7 is even, we have
g2 e
dy =17 (@+¢ ) Trojm1 -+ Tra—2/n=3 Trajn—1 dn € (dn)z,[G,1 -

since ¢ + ¢~ € Z,[G_1]* by Lemma 3.6.
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(2) When d = 0 (mod 4), d— cannot be contained in (d,,) Zp[Gn for any even n. Thus in
this case the norm subgroup %'(m,) is not a cyclic Z,[G,]-module generated by d;, for each
even n. Indeed, if E(mo) = (do)z,(G,), then E(m_1) = (Tro/—1(do))z,(G_,) since Tro/—1 :
E(mo) — E(m_l) is surjective. Since E(m_l) = Zp[G_1], this means that Z,[G_1] =
(¢ + ¢~ HZ,[G_1], which is impossible by Lemma 3.6.

DEFINITION 3.18. Define d;f by

(—1)"3d,  ifniseven, (—1)"3'd, ifnisodd,
df = . d, =

(=) d,_; ifnisodd, (=1)%d,_; ifniseven.

REMARK 3.19. By the relation between ¢'(m,) and Ei(mn) (cf. Lemma 3.15), we
can translate Proposition 3.16 in terms of the plus and the minus systems of points (d;"),

and (d,), such that Et(my,) = (df.dy)z,16,) and E-(my,) = (d, . dy)7,(G,- As in Re-
mark 3.17, we see that the the plus subgroups E* (my,) are cyclic Z,[G,]-modules generated
by d,F for all n if and only if d # 0 (mod 4), on the other hand the minus subgroups E—(m,)
are always cyclic Z,[G,]-modules generated by d, for all n.

Letx : A —> Z; be a character of A = Gal(k(up)/k). If M is a Z,[A]-module, then
M is decomposed into

M=PeM,
X

where g, = ﬁ deA )((o)o_1 € Zp[A]. We denote by MX the y-component g, M.
Since we have G, = G_1 x A x Gal(k,/ko), we can regard a Z,[G,]-module as a
Zp[Al-module.

COROLLARY 3.20. Lety : A — Z[X, be a character and q,, = Z;’zo(—l)ip"_i. Then
we have

dgn+1) ifn:oddand x =1,
rankz,, € (m,)* =
dqn otherwise ,

foreachn > 0 and
d ifx=1,
ranky, € (m_1)* = U
! 0 ifx#1.

PROOF. Since ¢ (m_1) = E(m_1) = Z,[G_1], we obtain the latter statement.
From the exact sequence (3.2) we get a recurrence sequence

rankz,, €' (m,)* + rankz,, € (m,_1)*
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= rankz,, Em_1)* + rankyz,, E(m,)~ .

By the theory of formal groups, we have

E(m)X = (m)* (as Z,[G,]-modules), and

#E(m,)X /E(m})X = #m) /(m])X < oo
for sufficiently large r. Thus we have

rankz,, E(m,)* = rankz,, E (m))*
= rankz,, (m;)* = rankz, mX = dp"

for each n > 0. Therefore we obtain the former statement. a

We introduce here some notation that will be used throughout the rest of the paper. Let
on(X) == (1 4+ X)P" — 1 and ®,(X) := Z{:Ol X" be the p"-th cyclotomic polynomial.
We define EB(j)E(X) :=1and

arX) =[]  @al+X). of(X)=Xa X)),
1<m<n,m:even
s, =[] en+X). o,X) =X5,(X).

1<m=<n,m:odd

Note that w, (X) = @& (X)wT (X) for all n > 0. We write 0, (X), @ (X) and o (X) simply
by wy, @ and w respectively.

We identify Z,[G,] with Zp[GO][X]/<wn>Z,,[GO][X] by sending y;,, to 1 + X, where y;, is
the image of y in Z,[G,].

Set gn = Y t_o(—=1)' p"~ as in Corollary 3.20 and g_ := 0. Put

qn if n is even, qn if nis odd,

qn :: . . qn ::
gn—1 ifnisodd, gn—1 ifmniseven.

Note that g, + g, = p" foralln > 0.
For later use, we rephrase Corollary 3.20 in terms of E* (my)X and qj[ as in the following
corollary.

COROLLARY 3.21. Lety: A — Z; be a character. Then we have
rankz,, (E*(m,)*) =dg, .
dlg, +1) ifx=1,

rankz,, (E~ (m,)*) =
dq, fx#1.
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For a character x of A, we define Z,[x] to be the Z,[A]-module which is Z, as a
Zp-module, and on which A acts via x, namely o - x = x(o)x foro € Aand x € Zp[x].

PROPOSITION 3.22. Lety : A — Z[X, be a character. We have

~Z-FP[G_1][X]_G19 ZplG_1] ify=1.
. ((@n , =@+ 97N)z,16_111x]
ET(m)* =
ZplG-1][X] .
Lplx1®z, —/—— fx#1,
(@n)7,16_111x]
ZplGallX1/{o ) zp6x1 Fx =1,
E™(m,)* = ZplG_111X
Zpixl @z, =2 G-I ey
(@n)z,16_111x]

as Zp|Gypl-modules.
PROOF. There is a surjective homomorphism

Zp[GollX]

: ® Zp[G_1] —> (d;f ,dy)z,16,0 = ET(my)
(On)z,1600x1 n %0 72pGnl "

obtained by sending (1, 0) to dj and (0, 1) to %(: %). We have a relation
wyd =y ,d = =ojdf =Xdj =0.
Since €1 = ﬁ Yoeno l= ﬁ Tro/—1 € Zp[A], we also have another relation
1 1 .
~t g+ _ ~t g+ _ + _ -1y_%
Sla)n dn = FTI‘()/_l (l)n dn = ﬁTr()/_] do = ((,0+(,0 )ﬁ
Thus the map ¥ induces a surjective homomorphism

e Te— D —

- (wn+>Zp[GO][X]

(a1, — (9 + 9=z, 16X

— (. dy)z2,16,] = E*(my).

This map ¥ is injective since the source and the target of v are free Z p-modules of the same
Zp-rank d(p — 1)g,F (cf. Corollary 3.21). Thus we have

Zp|GollX]
(er)Zp[GOJ[XJ ® ZP[G_l]

(€15~ + ™)y Gox

Et(my,) =

ZplGollX1® Zp[G-1]
(@i, 0), (€137 , —(¢ + 9™))z,[Golix]




SELMER GROUPS FOR ELLIPTIC CURVES 291

N@ ZplGollX] @ 64 Zp[G 1]
(wanso) (exe1@n , —ex (¢ + @~ N 2Z,1G01x1

as Zp[Gy]-modules, where the last isomorphism is obtained by the character decomposition.
Since we have

ZolG X1 @ Z,y[G_1] ifx =1,
ZplGollX1® e Z,[G_1] =
ZplG-11[X] if x #1,

and

((exw;, 0), (e 1@, = (@ + 0z, 1Go1x]

(@, 0), @ —(@+e Mz enx1 ifx=1,
(@) 2,16_111x1 if x #1
as Zp[G _1]1[X]-modules, we have

exZp[GollX1® ey Zp G 1]
((exit, 0), (exe10 , —&x (9 + P~ 2, 1Golx]

Et(my)* =

ZplG 1 1[X]1@® Zp[G 1]

iy =1,
N (o, 0), (@), — (¢ + ©~M)z,16_111x1
- X
Zyix @, —LG-1IX] iy 1
" o V2,16 11X]

as Zp[Gp]-modules. Since (a) ,00 = X (a) —(p + (p_l)), we get the conclusion for
E*(my)*.

Similarly to the above, we have

E~(my) =(d; )2,(6.]

= ZplGoll X1/, , (0 — D@y~ |o € A)z,(Gol1X)

ZplGallX
0 (110, 000

<wn> ZplG-1lX] On )2, (G_1]1X]

as Zp[Gy]-modules. So we get the conclusion for E- (m,)X. O

REMARK 3.23. Whend = 0 (mod 4) and x = 1, the description of the Galois mod-
ule Et (my)X in Proposition 3.22 can be made more simpler. Explicitly, we claim that the
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homomorphism
ZplG11[X]1 @ Zp[G 1]
(@, =@+~

given by x — (x, 0) is an isomorphism. Indeed, since ¢ + ¢~! € Z p[G_11% in this case (see
Lemma 3.6), (x,y) € Z,[G_1][X] ® Z,[G_1] is equivalent to (x + y(¢ + (p_l)_lﬁ;f, 0)
and thus the map is surjective. On the other hand, if (x,0) € ((cT);r ,—(p + (p_l))) for
x € ZplG_1][X], then there exists a(X) € Z,[G_1][X] such that x = 01(X)5;lIr and 0 =
—a(0)(¢ +¢~1). Again by Lemma 3.6, we see that a(0) = 0. So we get x = @a);f € (o))
and thus the map is injective.

ZplG_11[X1/{w]) —

In the rest of this paper, we abbreviate Z,[G_1][ X]-modules (S) Zp[G 1 1[X] generated by
some set S to (S) as in the above remark.

3.3. The plus and the minus local conditions. In this subsection, we study the A-
module (E Fme)X ®Q »/Z,)" and prove Proposition 3.28. We also study the A-module

H' (koo E[p™¥]) )
Ei(moo) ® @p/Zp

and prove Proposition 3.32.

We first study (E= (meo)X ® Qp/Z,)V.

Since E* (meo) are Zp-torsion-free, we have an exact sequence

0 — E*(mx)* — EX(meo)’ ® Qp — E*(moc)’ @ Qp/Zp — 0.
From this exact sequence, we get the ', -invariant-coinvariant exact sequence
-~ ~ FV!
0 — E*m)* ® Qp/Zy — (EX (o) ® Q,/Z))
— (E*(moo)*)p,, [p™1 — 0, (3.4)

for each n > 0. We will compute the rightmost modules (E + (Meo) X )Fn [p>]foralln > 0to

study the A-module (E=(mso)* & Qp/Zp)Y.
Define § by

{ 0 ifd#0(mod4)ory #1,

2 otherwise.
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PROPOSITION 3.24. Let x : A — Z; be a character. Then ((Ei(mm)x)rn [p"o])v
are free Zp-modules for all n, and we have

rankz, ((E*(moo))r, [p™1)" =dq, +5.

dgf -1 ifx=1,

rankz, ((E~ (moo))r, [p®1)” =
dg, ifx #1.

More precisely, we have

(BT (moo)), [p™]

Zp|G_11[X _ )

(% ®Anan[G71](¢ + ¢ 1)) ®Qp/Z, ifx=1,
| (zueax ,

( (@) )®@ﬂ%’ ifx #1,

(E™ (o)), [p™]

7,[G_11[X
%@QP/ZP ifx =1,
~ (wn )
| zZ,16_11x
2 00,z, i1t

as Zp-modules.

PROOF. We prove the claim for (EJ” (Meo)* ) [p*]in the case where x = 1. We can

prove the rest of the claims similarly.
We have

(E*(moo) ), [p™1= (E* (moo) J0, E (meo)¥) [p™]
= lim (E*(mu)* o E* (mu)*) [p™]. 3.5)
where transition maps
(E* () Jon ET (mp)X) [p®] —> (E* (i) fon EF (myq1)%) [p]

are multiplication-by-p maps when m is odd and identity maps when m is even. We will
calculate (E+(mm)x/a),,f+(mm)x) [p™] for each n, m. Since ET(my,) = ET(myu_1) if m
is odd, we may assume m is even.
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We consider the case n is even. By Proposition 3.22 we have

ZplG11[X]1 @ Zp[G 1]

E*(mp)* Jw, E¥ (mp)* = : (3.6)
M)/ (@, =@+ ¢)), (@, 0))
We can show that
A -1
%i[G_l][X] ?IZp[G—l] [p>] = ZpEfn—ll[X] ® nan[G,lrj_(:‘)‘i‘(/) ). 3.7)
(@, —(@+¢™1), (w4, 0)) ("=, &) (p"T")
Indeed, since we have o)} = p = ;" (mod w,) and w, = @, w;T, there is an exact sequence
0 ZolG1lX]  Annzyi6_ (@ +¢7h)
("7, @) (P"7)
ZplGlIX]® ZplG-1]
((CT);’n_’ _((p + (p_l))a (w}’la O)>

ZplG11[X1® Z,y[G_i] Y 38

T @ —(o+ D). (@1 0), (@i, 0))

where the first map is (x, y) — (xa)+ + ya) ,0) and « is a generator of the Z,[G —1]-module
Annz,i6_;1(¢ +¢ ~1) (cf. Lemma 3.8). There is an another exact sequence

ZplG_11[X]
00— 277~
(o , )

LZplG11[X]® Zp[G-1]

(@ =@+ 7). (@1, 0). (@&, 0)

_ Zp[G—l]

p+oh)

whose leftmost and rightmost modules are both Z,-free, where the first map is x — (x, 0)

and the second map is (x, y) — y. Thus the rightmost module in (3.8), which is the same as
the middle module in (3.9), is Z-free. Our claim (3.7) follows from this.

By (3.5), (3.6), and (3.7), we get
(E*(moo)®) . [p®1= lim (E*(mu)* /o, E* (mp)*) [p™]

mzn

0, (3.9)

 ZG X1 ®Z,Goi]
= lim —2 P [p™]
o (@ =+ o), @0, 0]

Z,G_11[X Ann +o!
~ Tim PGl ]EB Z,i6_ 1@ +¢77)

N m—n

men (PT @) (p'T)




SELMER GROUPS FOR ELLIPTIC CURVES 295

ZyG_11[X
’E <% @ Anan[G_l](w + ¢_1)> ® @P/ZP

. . m-n m—(n=1) . .
when n is even. By replacing p 2 with p~ 2 in the above discussion, we get the statement
also in the case where 7 is odd.
From this description, we see that ((E+ (Moo) )1, [p"o])v is Zp-free and

rankz, ((1’5.?\Jr (Mso))r, [Poo])v

ZplG111X] _
= rankZp <1)(T_)> + rankzp (Annzp[(;_,](tp + o 1))
n
=dq, +9.

d

COROLLARY 3.25. Let x : A — Z; be a character. Then the T,-coinvariants
((E\jE (M) X ® (@p/Zl,)v)rn are free Zp-modules for all n, and we have

rankz, ((EJr(moo)X ® Qp/Zp)v>F =dp" +§,
rankz, ((E_(mm)x ® Q,,/Zp)v>F =dp".
PROOF. It follows from Corollary 3.20, Proposition 3.24 and the exact sequence (3.4).

O

REMARK 3.26. From Corollary 3.25, we find that (E+(mw)x ® Qp/Zp)Y is not a
free A-module in the case when § = 2, i.e. the case when d = 0 (mod 4) and y = 1. Indeed,
the Zp-rank of the I';-coinvariant of a free A-module is divisible by p" for each n. On the

other hand, the Z,-rank of the I',,-coinvariant of (E T(Mmoo)* ® Q,/Zp)Y is not divisible by
p" as in the corollary.

PROPOSITION 3.27. Lety : A — Z[X, be a character. There exist injective homomor-
phisms of A-modules

(E*(mo) ® Qp/Zy) " — A% @ (/0%
(E-(moo)* ® Qp/Zy)" —> A%
with finite cokernels.

PROOF. We prove the claim for (E+ (Moo)* ® Qp/Zp)". We can prove the rest of the
claims similarly.

We first note that (E T(Mee)X @Q »/Z,)" has no nontrivial finite A-submodule since its
[';-coinvariants are free Z ,-modules for all n > 0 (see Corollary 3.25). Thus by the structure
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theorem for A-modules, there exist irreducible distinguished polynomials f;, nonnegative
integers r, s, t, m;, nj, and an injective homomorphism

s t
fi(Etma) @ Qy/2,) — A" o @ A/p" o @PA/f =€
i=1 j=1

with finite cokernel Z.
We show that

r=d,
s = 0 (in other words m; = O for all i) ,
0 ifd#0(mod4)orx #1,

2 otherwise, and
AL D =X, X)ifr =2,

From the exact sequence 0 — (E+(mm)x ® Q,,/Z,,)v EA E — Z — 0, we get the
I',-invariant-coinvariant exact sequences

VAXIEN ((E+(moo)x ® Qp/Zp)v)r,,

—EJwE — Z]w,Z — 0 (3.10)

for all n. Note that, the first maps in (3.10) are O-maps for all n, since ((EJ“(mOO)X ®
Qp/Zp))r, i8 Zp-free. Then we see that m; = 0 and f;’jlwn (and n; < 1) for all suf-
ficiently large n since Z/w,Z is bounded as n — oco. Thus we get s = 0 here. We now
have

dp" + 8 =rankgz,, ((E+(moo)x ® Qp/Zp)v)l"n

t
=rankz, (£/w,&) =rp" + an deg f; (3.11)
j=1
for all sufficiently large n. Thus we get r = d.
In the case when d % 0 (mod 4) or x # 1, we get 0 = Z;-:l n;j deg f; from the above
discussion. Thus we get n; = 0 which is the desired result, i.e. = 0.

We finally consider the case when d = 0 (mod 4) and x = 1. We may assume n; = 1
for all j. In this case, we have

t
2= deg fj. (3.12)

j=1

filoa(= (14 X)P" —1) (3.13)
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for all sufficiently large n. We narrow down the possible combinations of (¢, (fi, ..., fr))
satisfying these two conditions (3.12) and (3.13). If p > 5, there is a unique combination
@ (fi,.... fr)) = 2,(X, X)), since deg f; < 2. If p = 3, since w1 = X(X2 +3X + 3),
there are two possible combinations (¢, (fi1, ..., fy)) = (2, (X, X)), (1, (X2 +3X +3)). By
showing that the last combination is impossible, we complete the proof. Indeed, we have
rankz, £ /wo€ = d + 1 with the combination (7, (f1, ..., f)) = (1, (X* 43X +3)). On the
other hand, from the exact sequence (3.10) for n = 0, we must have rankZp ElwoE =d+2
and thus we get the desired conclusion. O

We now get the following proposition which is an important ingredient for the proof of
Proposition 3.32.

PROPOSITION 3.28. Letx : A — Z; be a character. Then (Ei(moo)x ®Qp/Zp)Y
has no nontrivial finite A-submodule and its A-rank is d.

PROOF. This follows from Proposition 3.27. O

In the rest of this subsection, we study the A-module

1 00 v
( H'(koo, E[p™]) )

Ef(ms) ® Q,/Z,

We consider the following exact sequence;

H' (koo E[p®]) \ 1 RN
T (Ei<moo>®@p/zp = (e E1)

— (E*(meo) ® Qp/Zy) " — 0. (3.14)

We studied the A-module structure of the rightmost module. We also know the A-module
structure of the middle module by the following fact (Proposition 3.29).

PROPOSITION 3.29 (Greenberg [1] §3 Corollary 2). Let K be a finite extension of Q,,
and Koo a Zp-extension of K. Put Ax = Z,[[Gal(Koo/K)1. If E(Koo)[p™] = 0, then
HI(KOO, E[p®])Y is a free Ag-module and its A g-rank is 2[K : Qpl;

~ A D2[K:
H' (Koo, E[p®])Y = ASHEOT

We can apply Proposition 3.29 in our setting as K = ko, Koo = koo. Indeed we see that
E (kso)[p*°] = 0 by Proposition 3.1.

Here we recall the following useful lemma on equivalent conditions on freeness of A-
modules and on triviality of finite A-submodules.

LEMMA 3.30. Let M be a finitely generated A-module.

(1) M is a free A-module if and only if M* = 0 and M is a free Zp-module.

(2) M has no nontrivial finite A-submodule if and only if M is a free Zp-module.
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PROOF. See for example [15] Proposition 5.3.19. O

Applying the following lemma to the exact sequence (3.14), we can now determine the
A-module structure of (H' (koo, E[p™1)/(EF(koo) ® Q,/Z)))" .

LEMMA 3.31. Let f : M — N be a surjective homomorphism of A-modules. Sup-
pose that M is a free A-module of A-rank r, and that N is A-module of A-rank s which has
no non-trivial finite A-submodule. Then its kernel Ker f is a free A-module of rankr — s.

PROOF. We put M := Ker f. Then by taking the invariant-coinvariantexact sequence,
we have

0— M) — M" — N" — Myr — Mr.
Since M is a free A-module, we have MT = 0 and Mr is a free Z p-module by Lemma 3.30.

Since N has no non-trivial finite A-submodule, we see that NT is a free Zp-module by

Lemma 3.30. Hence we have Mg = O and My is a free Z,-module. Thus My is a free
A-module again by Lemma 3.30. It is easy to see that the A-rank of My isr —s. O

PROPOSITION 3.32. We have
1 Vv
( H' (koo, E[p™]) ) ~ A®ko:Qpl
E*(koo) @ Qp/Zp

PROOF. It follows from Proposition 3.28, Proposition 3.29, and Lemma 3.31 for the
exact sequence (3.14). O

3.4. More on the plus and the minus local conditions. The discussion in the pre-
vious subsections is enough to prove our main theorem. In this subsection, we proceed to

determine the explicit structure of the A-module (E FMmee)X ® Q p/Z ,,)V. For that purpose,
we show the following lemma.

LEMMA 3.33. Let f : M — N be an injective homomorphism of A-modules with
finite cokernel. Suppose that M [w, M is Zp-free and Np.iors = {x € Nlw,x = 0} for all
sufficiently large n. Then f induces an isomorphism

7 MM tors i) N/NAators -

PROOF. We regard M as a A-submodule of N by f. Since N/M is finite, we see that
w, N C M for all sufficiently large n. We thus have

Coker(f) = N/(M + Npors)
Xwn
—> oy N/wy M

— M/w,M



SELMER GROUPS FOR ELLIPTIC CURVES 299

for all sufficiently large n. Since M /w, M is Z p-free for all sufficiently large n and Coker(f)
is finite, we get M /M a_tors = N /N A-tors- O

THEOREM 3.34. Letx : A — Z; be a character. We have

(ET(moo)* ® Qp/Zy) = A% @ (A/X)®
(E™(mo)* ® Qp/Zp) = A%,

PROOF. We prove this theorem for (E+ (Moo)* ® Qp/Z),)". We can prove the rest of
the claim similarly.

Let M = (E+(moo)x ® Qp/Zp)v, N = A% @ (A/X)®, and f be the map obtained
in Proposition 3.27. Then the assumptions in Lemma 3.33 are satisfied (see Proposition 3.27,
Corollary 3.25). Thus we have M /M p_tors = AP by Lemma 3.33.

We now consider the following commutative diagram;

0 ——— Mp_ors M M/Mp tors —0
folA f{ Tl;
0——= (A/X)® — = A% g (A X)) A& 0.

We see that Mp_tors = (A/X )®5, since Coker( fy) is finite. Therefore, the above horizontal
exact sequence splits and thus we get

M = M/Mptors ® Mpors = A% @ (A)X)®

4. Finite A-submodules

We use the notations and the assumptions introduced in Section 2.

Let I' = Gal(Foo/Fp) and A = Z,[[I']]. We fix a topological generator y € I'. Then
we identify the completed group ring Z,[[I"]] with the ring of power series Z,[[X]] by iden-
tifying y with 1 + X.

4.1. Finite A-submodules of Sel(F, E[p™])V. In this subsection, we study finite
A-submodules of the Pontryagin dual of the p-primary Selmer group. The aim of this sub-
section is to prove Theorem 4.5.

The following proposition is due to Matsuno [14, Theorem 2.4] (see also Hachimori—
Matsuno [3]).

PROPOSITION 4.1. Let K be a finite extension of Q, Koo/ K a Z,-extension, K, its
n-th layer, and E an elliptic curve defined over K. Put 'y = Gal(Ks/K), and Ax =
ZplITk]1]. Let X, be the kernel of the restriction map

Sel(Ky, E[p™]) — Sel(Koo, E[p™])
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and X := 1<1r_n X, where the projective limit is taken with respect to the corestriction maps.
Assume that the Zp-rank of Sel(K, E[p™1) is bounded as n — oo. Then the maximal
finite A g -submodule of Sel(K oo, E[p™°1)" is isomorphic to X .
In particular if we further assume that E(K)[p] = 0, then Sel(Kso, E[p™®])Y has no
nontrivial finite A g -submodule.

We check that we can apply the above proposition in our setting K = Fp, Koo = Foo.-

LEMMA 4.2. The morphisms Seli(Fn, E[p*®]) — Seli(Foo, E[p®°]) are injective
foralln > 0.

PROOF. We can prove this by the same method as the proof of Lemma 9.1in [11]. O

We assume from here that both Seli(Foo, E[p*°])Y are A-torsion. We denote the Twa-
sawa A-invariant of Seli(Foo, E[p®]Y by AT
Let

HY(Fy 0, E[p”]))

1 007y . ©©
Sel’ (Fu, E[p™°]) := Ker(Sel(Fn,E[P D— l—[ E(Fy) ® Qp/Z)

SS
veSp‘F

where S;S  1is the set of all primes of F lying above p where E has supersingular reduction.
By the exact sequence (3.2), we have an exact sequence

H'(Fy.v, E[p™]) HY(F, ., E[p™)]) HY(F, ., E[p™)])

00— —
E(F)®Qp/Z, E+(Fn,v)®@p/zp E=(Fuy) ®Qp/Z)p

H'(Fyv. E[p™])
E(Fu0) ® Qp/Zp

for each n and for each prime v of F lying above p. Thus, for each n, we get the following
exact sequence

0 —> Sel! (Fy, E[p™]) = Sel™ (F,, E[p™]) @ Sel ™ (F,, E[p*°])

L Sel(Fy, E[p™]) (4.1)
where ¢ is the diagonal embedding by inclusions and 1 is (x, y) — x — y.
PROPOSITION 4.3. The cokernel of n in the exact sequence (4.1) is finite.
PROOF. We can prove this by the same method as the proof of Lemma 10.1in [11]. O

PROPOSITION 4.4. The Z,-rank of Sel(F,, E[p>®DY is bounded as n — oo. More
precisely, we have

rankz, Sel(F, E[p™1)" + rankz, Sel(F,, E[p®])Y < A" + 1~

for every n.
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PROOF.  Since the restriction map Sel(F, E[p™]) — Sel! (F,,, E[p*]) is injective, we
have

rankz, Sel(F, E[p™])" < rankz, Sel' (F,, E[p™])" .
Hence by Lemma 4.2 and Proposition 4.3, we get
rankz, Sel(F, E[p*>])" + rankz,, Sel(F,, E[p*])"
< rankz, Sel*(F,, E[p®])" + rankz, Sel™ (F,, E[p>])”
<At +a”
for every n from (4.1). The boundedness of the Z,-ranks follows from this immediately. [

From the above argument, we can prove the following theorem.

THEOREM 4.5. Assume that both Sel™ (Fx, E[p™])Y and Sel™ (Fso, E[p™])V are
A-torsion. Then Sel(Foo, E[p™1)Y has no nontrivial finite A-submodule.

PROOF. The Z,-rank of Sel(F,, E[p*])" is bounded as n — oo (cf. Proposition 4.4).
Further, we have E(Fp)[p] = 0 by Proposition 3.1. Thus we can apply Proposition 4.1 and
get the desired result. O

4.2. Finite A-submodules of Seli(Foo, E[p>®]Y. Finally, we study finite A-
submodules of the Pontryagin duals of the plus and the minus Selmer groups. The aim of
this subsection is to prove our main theorem (Theorem 4.8).

We prove that the triviality of finite A-submodules of Sel(Foo, E[p*])Y is inherited to
that of Sel™ (Fxo, E[p*°])".

Let us consider the following exact sequence of A-modules coming from the definition
of the Selmer groups;

D ( H' (Foo,v, ELp™])
E*(Foo0) ® Qp/Zp

) %, Sel(Foo, E[p™])"

UES;SVF
—> Sel* (Fao, E[p®])Y —> 0. 4.2)

PROPOSITION 4.6. Assume that Seli(Foo, E[p>®DY is A-torsion. Then the map E
in (4.2) is injective.

PROOF. We have ranky (Sel(Fuo, E[p>°]DY) > ZveSSSF[FO,v : Qpl (cf. [2] Theo-
P,
rem 1.7). By Proposition 3.32, we have

(LD Y s pornes
E*(Foo,v) ® Q,/Z)
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for each prime v € S;S - From this and the exact sequence (4.2), we see that

H'(Foov, E[p®D) 1\~
> [Fo,vi@p]zrank‘\< D <Ei(Foo,v)®Qp/Zp) )

SS SS
UGSP,F UGSP,F

> ranky (Sel(Foo, E[p™])Y) .

Thus we get

H (Foc,0, E[p™D " .
rankA< @ (E:t(Foo,v) 2 @p/Zp> > = rankp (Sel(Foo, El[p ])V) .

SS
UGSP,F

From this, we see that the kernel Ker (T is A-torsion. Therefore we get the conclusion since
the leftmost direct sum in the exact sequence (4.2) is a torsion-free A-module. O

The following proposition is a key tool for the proof of our main theorem.

PROPOSITION 4.7 (Greenberg [2] p.104—-105). Let f : M — N be an injective ho-
momorphism of A-modules. Suppose that N is a finitely generated A-module which has no
nontrivial finite A-submodule, and that M is a free A-module. Then the cokernel Coker(f)
has no nontrivial finite A-submodule.

THEOREM 4.8. Assume that both Sel™ (Fx, E[p™])Y and Sel™ (Fso, E[p™])V are
A-torsion. Then both Sel™ (Fso, E[p™®1)Y and Sel™ (Fuo, E[p™1)Y have no nontrivial finite
A-submodule.

PROOF. It follows from Theorem 4.5, Proposition 4.6 and Proposition 4.7 for f =
+
. (|
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