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Abstract. A conjecture on a relation between two different Rubin-Stark elements was recently proposed by
the author, and also by Mazur and Rubin. For a tower of finite extensions of global fields K/L/k such that K /k is
abelian, this conjecture gives a relation between Rubin-Stark elements ex g 7, v and & L.ST.V' where S, T, V and

V' are suitable sets of places of k. In this paper, we prove this conjecture under the following three assumptions: (i)
V contains all infinite places of k; (ii) all v € § split completely in L; (iii) Gal(K /L) is the direct product of the
inertia groups atv € S\ V.

1. Introduction

In [7, Conjecture 3], motivated to generalize Gross’s conjecture ([4, Conjecture 4.1])
and Darmon’s conjecture ([3, Conjecture 4.3]), the author presented a conjecture concerning
Rubin-Stark elements. In [5, Conjecture 5.2], Mazur and Rubin formulated essentially the
same conjecture as [7, Conjecture 3]. In this paper, we prove this conjecture in a special case.

We briefly recall the formulation of [7, Conjecture 3]. Let K/L/k be a tower of finite
extensions of global fields, such that K /k is abelian. Take S and T, finite sets of finite places
of k, satisfying certain conditions (see §3.1). Take proper subsets V. C V' C S so that all
v € V (resp. V') split completely in K (resp. L). Then, assuming the Rubin-Stark conjecture
([6, Conjecture B']), which predicts the existence of Rubin-Stark elements, our conjecture [7,
Conjecture 3] predicts the following equality:

Nk/L(ek.s,1.,v) = xRy v(er s.1.v) (1)

where eg s 7,v and ¢ g 1.y are Rubin-Stark elements for the data (K/k,S,7T,V) and
(L/k, S, T, V') respectively, Ng /L is the “higher norm” introduced in [7, Definition 2.12]
(see §4.1), and Ry~ vy is the “algebraic regulator map”, constructed by using the reciprocity
maps at v € V' \ V (more precisely, this is vg /7, o (/\vev,\v ¢y) with the notation in §4.1).
In this paper, we always assume that the Rubin-Stark conjecture holds for any finite
abelian extensions of k. We prove the equality (1) under the following three assumptions:

(i) V contains all infinite places of k,
(ii) all v € S split completely in L,
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(iii) Gal(K/L) =[], S\V Jy (direct product), where J, C Gal(K/k) is the inertia group at
v.

(See Theorem 4.7.) For example, the above assumptions are satisfied in the following case:
L is the Hilbert class field of k, S is the union of all infinite places of k and some principal
prime ideals p1, ..., p,, K is the composite field of the ray class fields modulo pfi S (ej is a
positive integer), and V is the set of all infinite places of k.

Proving the main theorem, the author is inspired by the induction method used by Dar-
mon in [3, §8]. We prove the main theorem by induction on the cardinality of '\ V. A key of
our inductive argument is in Lemma 5.5, whose proof is similar to [3, Lemma 8.1]. Darmon
used his induction method to prove a weaker statement of his conjecture, which he called
“order of vanishing” (see [3, Theorem 4.2]). We remark that Mazur and Rubin generalized
this method directly to prove the “order of vanishing” statement in a more general setting (see
[5, Theorem 6.3]). On the other hand, under our assumptions, we use Darmon’s induction
method to prove our conjecture completely.

The organization of this paper is as follows. In §2, we summarize useful constructions
on exterior powers. In §3, we review the formulation of the Rubin-Stark conjecture, and
summarize some known facts. In §4, we review the precise formulation of [7, Conjecture 3],
and state the main theorem of this paper (Theorem 4.7). In §5, we give the proof of the main
theorem.

NOTATION. For any finite set X, the cardinality of X' is denoted by | X'|.
For any abelian group G, Z[G]-modules are simply called G-modules. The tensor prod-
uct over Z[G] is denoted by

- Qg —.

Similarly, the exterior power over Z[G], and Hom of Z[G]-modules are denoted by

/\ . Homg (=, -),
G

respectively.
For any subgroup H of G, we define the norm element Ny € Z[G] by

NHZZO‘.

2. Exterior powers

Let G be a finite abelian group. For a G-module M and ¢ € Homg (M, Z[G]), there is
a G-homomorphism
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for all r € Z~1, defined by

,
mipA - Amy — Z(—l)i_lgo(mi)ml Ao AMi—1 AMjpl A== Amy.
i=1

This homomorphism is also denoted by ¢.
This construction gives a homomorphism

/\HomG(M, Z[G]) — Homg </\ M, /_\ M> )
G G

G

for all r, s € Z>¢ such that r > s, defined by

QLA A@s > (mi—=> @g0---0¢1(m)).

From this, we often regard an element of /\& Homg (M, Z[G]) as an element of
Homg (A M, N\ ' M). Note that if r = s, o1 A -+ A ¢, € \gzHomg(M,Z[G]) and
miA---Am, € \i; M, then we have

(pr A= Aep)(my A - Amy) = det(gi(mj))1<i,j<r -

3. The Rubin-Stark conjecture

In this section, we review the formulation of the Rubin-Stark conjecture ([6, Conjecture
B]). In §3.1, we set notation which we use throughout this paper. In §3.2, we state the Rubin-
Stark conjecture. In §3.3, we summarize some known properties of Rubin-Stark elements.

3.1. Notation. Let k be a global field. We fix a separable closure k5P of k, and any
separable extension of k is considered to be in k*P. We denote the set of all infinite places
of k by So (k). For any finite separable extension K /k and any set X of places of k, we
denote the set of places of K lying above places in X by X'k. For a finite place w of K, the
normalized additive valuation at w is denoted by ord,,. Let S and 7 be finite sets of places
of k. In this paper, we call the (ordered) pair (S, T') admissible for the extension K /k if the
following conditions are satisfied:

e S is nonempty and contains S (k) and all places ramifying in K,
e SNT =0,
° OIXC 5.7 1s torsion-free,

where O;’S’T is the (S, T')-unit group of K, defined by
OIX(,S,T
:={a € K* |ordy(a) =0forall w ¢ Sk anda = 1 (mod w’) forall w’ € Tx}.

Note that the condition “OIX( .7 18 torsion-free” is only relevant to the set 7' and that it implies

T # 0.
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Let £2 (k) be the set of quadruples (K, S, T, V) satisfying the following:

e K is a finite abelian extension of k,
e Sand T are finite sets of places of k such that (S, T') is admissible for K / k,
e V is a proper subset of S such that all v € V split completely in K.

If we fix a finite set 7" of finite places of k, then we define
Q& T):={(K,S,V)|(K,S,T,V) e R20k)}.

Take (K, S, T, V) € 2(k). Let Gk denote the Galois group Gal(K / k). For a character
X € QAK := Hom(Gg, C*), the (S, T')-L-function is defined by

Lisr(s, x) =[] = xFro)No' =) T = x Fry)No™)7",
veT veS

where Fr, € Gk is the Frobenius automorphism at v, and Nv is the cardinality of the residue
field at v. The product in the right hand side converges if Re(s) > 1. It is well-known that
L. s.7(s, x) has analytic continuation on the whole complex plane, and is holomorphic at
s = 0. Wedefiner, =ry s :=ords—oLk s 7(s, x). Itis well-known that

_fiwesix@Go =11 ifx#1,
T lisi—1 iy =1,

where G, C Gk is the decomposition group at v (see [9, Proposition 3.4, Chpt. I]). Note that
ry =ry-1 forany x € é} For r € Z=, define “r-th order Stickelberger element” by

9,({},{,” = Z }i_r)rz)s_’Lk,s,T(s,x_l)exeC[QK],

x€Gk.r=ry

where e, := |Gk |~! Zaegk x(0)a~!. It is easy to see that Qg}k’S’T € R[Gk]. Note that,
when r = 0, this is the usual Stickelberger element. Define

XK,S:{ Y awwe P zw Zaw=0}.

weSk weSk weSk

Note that Xk s has a natural structure of Gx-module, since Gk acts on Sx. We define
AK.S : O;,S,T — R®z Xk.s

by Ak s(a) := — ZweSK log |a|,w, where | - |y, is the normalized absolute value at w. By
Dirichlet’s unit theorem, A g s induces an isomorphism of R[Gg ]-modules

R ®7 O;,S,T = R®z Xk.s.
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3.2. The statement of the Rubin-Stark conjecture. In this subsection, we state the
Rubin-Stark conjecture. We need the following definition, due to Rubin ([6, §1.2]).

DEFINITION 3.1. For (K, S,T,V) € £2(k), define

mOKST

@ (a) € Z[Gk ] forall @ € /\HomgK((’)K . T,Z[QK])},

{aeQ@Z/\OKST
93

gk
where r = ry := |V|. (Note that ﬂgk O;’S’T =7Z[Gk].)

Note that () is not the intersection.

From now, we fix a total order on the set of all places of k, and any exterior powers
indexed by a set of places of k is arranged by this fixed order. We also fix, for each place v
of k, a place w of k*P lying above v. For any finite separable extension K |k, the place of K
lying under w is also denoted by w.

DEFINITION 3.2. Let (K,S,T,V) € $2(k), and put r := |V|. Choose vy € S\ V,
and define

.
XK.S.T.V —QK/kST/\(w—wo)GR@)z/\XK,s,
veV gk

where wg denotes the fixed place of K lying above vy.

The following proposition shows that the element xg g 7 v is well-defined, i.e. xk s.7.v
does not depend on the choice of vg € S\ V.

PROPOSITION 3.3. Let (K,S,T,V) € $2(k), and put r := |V|. Take vy, ”6 e S\V.
Then we have

I(fr}kST/\(w_wO)—g;(/)kST/\(w wo) in R®Z/\XKS
veV veV Gk

PROOF. Ifr < min{|S| — 1, [{v € S| v splits completely in K}|}, then QK/k ST = 0,

so the proposition is trivial. If r = |S| — 1, then we must have vy = vo, so there is nothing
to prove. Hence we may assume V = {v € § | v splits completely in K} and r < [S] — 1.
In this case, vp and v, do not split completely in K, so we see that e, (wp — w;) = 0 (in
C ®z Xk s) for every x € Gk such that ry = r. The proposition follows by noting that
w — wy = (w — wo) + (wo — wp). O
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For any r € Z~, the isomorphism

r r
R ®z /\O}Q’S,T = R®z /\XK,S
Gk Gk

induced by Ak s is also denoted by Ag s.
Now we state the Rubin-Stark conjecture.

CONJECTURE 1 (The Rubin-Stark conjecture, [6, Conjecture B]). For
(K,S,T,V) e $2(k), there exists a unique €x s.T.v € ﬂfjk O;’S’T such that

Ak, s(€k,S,T,V) = XK, S,T,V »
wherer = |V|.

REMARK 3.4. Ourformulation of the Rubin-Stark conjecture is slightly different from
the original formulation of Rubin in [6, Conjecture B]. But from [6, Proof of Proposition 2.4],
one easily sees that our formulation is equivalent to the original one. Note also that the
unique element e s 7 v predicted by this conjecture coincides with the one predicted by [6,
Conjecture B'].

The element e s 7, v predicted by the Rubin-Stark conjecture is called Rubin-Stark ele-
ment.

REMARK 3.5. The Rubin-Stark conjecture for (K, S, T, V) € §2(k) is known to be
true, for example, in the following cases:
(i) V =0 ([6, Theorem 3.3]),
(i1) K is a finite abelian extension of Q or a function field ([1, Theorem A]),
(iii) all v € S split completely in K ([6, Proposition 3.1]).

3.3. Some properties of Rubin-Stark elements. In this subsection, we fix a finite
set T of finite places of k such that £2(k, T') # ¥, and assume that the Rubin-Stark conjecture
holds for every (K, S, T, V) such that (K, S, V) € §2(k, T). For the proof of the following
two propositions, see [6] or [7].

PROPOSITION 3.6 ([6, Proposition 6.1], [7, Proposition 3.5]). Let
(K,S,V),(K',S',V) € Q2(,T), and suppose that K C K' and S C S'. Then we
have

.
-1 . X
N/ k €k'.s.1,v =< l—[ (I = Fr, )>8K,S,T,V in (O%s.r-
veS\S gk

where r = |V|, Nk//k = Neaik'/k) = X geGalk’/k) @ and N%,/K denotes the r-th power

of Ngiyk. (Whenr =0, N(I)(,/K means the natural map Z|Gg'] — Z[Gk].)
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PROPOSITION 3.7 ([6, Proposition 5.2], [7, Proposition 3.6]). Let
(K,S,V),(K,S, V") e Q2k,T), and suppose that S C ',V C V'and S\ S = V' \ V.
Put

Py y =sen(V. V) N\ ( > ordww(-))a—l) e /\ Homg, (O% ¢ 1. ZIGk]) .

veV\V “oeGk 93
where r = |V|,r' = |V'|,and sgn(V', V) = +1 is the sign of the permutation
VAV V) s V.

Then we have

.
. X
@y y(ek,s.1,v') = EK.S,T,V in ﬂOK,S,T.
gk

4. The refined conjecture

In this section, we recall the formulation of [7, Conjecture 3]. The main result of this
paper is stated in §4.2 (Theorem 4.7). Throughout this section, we assume that the Rubin-
Stark conjecture holds for every (K, S, T, V) € §2(k). In particular, note that Conjecture 2
and Theorem 4.7 are stated under the assumption that the Rubin-Stark conjecture holds for
every (K, S, T, V) € £2(k).

4.1. The statement of the conjecture. Let S and T be finite sets of places of k. Let
T (k, S, T) be the set of quadruples (K, L, V, V') satisfying the following:

o (K,S,T,V),(L,S, T,V e Q2(k),
e LCK,
e VCV.

Assume Y'(k, S, T) # @, and fix (K,L,V,V’) € T(k,S,T). We use the following nota-
tions:

o r:=|V|,

o 1 =1V,

oed:=r"—r,

e G := Gk (= Gal(K/k)),

e H:=Gal(K/L),

e [(H) :=ker(Z[H] — Z) (the augmentation ideal),
o Iy :=I1(H)Z[G]l(=ker(Z|G] — Z[G/HY))).

Forn € Z~o,
o OQ(H)" :=I(H)"/I(H)""",

o QU =14/ I5t
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Note that, for any m, n € Z>(, we can define a productab € Q(H)"™ of a € Q(H)"
and b € Q(H)" in the obvious way. We will use this product in computation in §5.
It is easy to see that there is a natural isomorphism of G/H-modules

ZIG/H]®z Q(H)" ~ QY .
We define

r

N (O%sr — (ﬂ o;m) @ ZLH1/1 ()"
G

G

by

NkjL(a) == Z ca®o .

oeH

Note that, when r = 0, this definition is different from the definition of NE?’/”Q in [7, §3.4].

This modification is due to Mazur and Rubin (see Remark 4.1(ii) below).
Forv € V' \ V, define

Yv = Pv,K/L - OZ,S,T - Q}Y—]

by ¢y(a) = ZJGG/H(recw(oa) — I)o~!, where rec,, is the reciprocity map at w. By [7,

Proposition 2.7], /\veV’\V @Yy € /\‘é/H Homg, y ((’)Z’S’T, Q;I) defines the homomorphism

/\ Po - ﬂ OLsr— ( m OLX,S,T) ®z Q(H)".

veV/\V G/H G/H

Recall the definition of the canonical injection

r r

. X X

VK/L : ﬂ Orsr— ﬂOK,S,T
G/H G

constructed in [7, Lemma 2.11]. Define
r r
16 : [\ Homg (O g 7, ZIG]) — Homg </\O,§,S’T, Z[G])
G G

by tg(@1 A ANy Ao Auyp) = det(@;(u))1<i, j<r. (This is the map constructed in
(2).) It is not difficult to see that the map

.
ag m OIX{’S’T — Homg(im g, Z[G])
G
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defined by oG (a)(®) = @(a) is an isomorphism (see [6, §1.2]). Similarly we can define the
map

r r
wyu ¢ /\ Homgu (O] ¢ . ZIG/H]) — Homg < N\ OF 5.1 Z[G/H]),
G/H G/H
and we have the isomorphism
.
aGu () Of.s.r — Homgu(imig/u. ZIG/H)) .
G/H

Letkg/ : ZIG/H] S Z[G1" be the isomorphism of G/H-modules characterized by 1
Npg. Define

Bk /L : Homg, g (im G/, Z[G/H]) — Homg (im g, Z[G])

by Br/L(f)(@) = kk/L(f(@K/L)), where ®K/L € imuig,y is the image of @ € imig
under the map im (g — im g,y induced by the map

r r
/\Homg(OIX(’S’T, Z[G) — /\ Homg, 1 (O} g 7. ZIG/H])
G G/H

defined by 1 A -+ A @ > (KI;}L CPI) A A (K;}L o ¢r). Now we define

. -1
VK/L =05 © Bk/LoaG/H -

Note that, if » = 0, then we have vk, = kg /L. As provedin [7, Lemma 2.11], the map vk,
is injective. The same result shows that the map

( N Oz,S,T>®zQ(H>% (ﬂo;,s,T)@@zQ(H)% (ﬂ@;,S,T>®zZ[H]/1(H>d+1
G/H G G

induced by vk, 1, and the inclusion Q(H)? < Z[H]/I(H)?*!is also injective. This injection
is also denoted by vgr.

CONJECTURE 2 ([7, Conjecture 3], [5, Conjecture 5.2]). We have
Nk/L(ek.s,r,v) € imvg/p,
and an equality
vie L Wi/L(ex,s,7,v)) = sgn(V', V)( A\ gov)(sL,s,T,w). 3)
veV\V

(sgn(V’, V) is as in Proposition 3.7.)
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REMARK 4.1. The formulation of Conjecture 2 is slightly different from that of the

original conjecture [7, Conjecture 3], but they are equivalent for the following reasons.

@

(i)

The formulation of the conjecture [7, Conjecture 3] replaces the right hand side of the
equality (3) by

sgn(V/, V)( 11 (l—Frv_l))< A (Pv>(5L,S’,T,V’),

ves\s' veV\V

where S’ is a subset of S such that (L, S, T, V') € §2(k). Since we know by Proposi-
tion 3.6 that

-1
EL.S.T, V' =( l—[ (1 —Fr, ))EL,S/,T,V’,

veS\S’

this does not make any changes.

In the case r = 0, the definitions of the maps corresponding to Ny ,L and vk, are
different in the original conjecture [7, Conjecture 3]. More precisely, in the case r = 0,
define

0
kL [()Ok s =2ZIG] > ZIG/ 15"
G

to be the natural map, and

0
Vi ( N oz,”) ®z Q(H)! =ZIG/H] ®z Q(H)! ~ 0%, — ZIG)/ I}
G/H

to be the natural injection. Then [7, Conjecture 3] in this case claims
N ek s € imvk (= Q%)

and an equality

Vi Wik Lk, 5.7.0)) = ( A\ wv)(sL,s,T,w).

veV’

In [5, Lemma 5.6], Mazur and Rubin observed that NI’(/L(SK,S,T,@) € im v}(/L if and
only if Nk, (¢k,s,7.9) € imvg/(= ZIG1" @7 Q(H)%), and if this equivalent condi-
tions are satisfied, then

V;}}L(NK/L(EK,S,T,Q)) = V}{/lL(Nk/L(SK,S,T,w)) .

By the above observation, we see that Conjecture 2 is equivalent to [7, Conjecture
3].
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REMARK 4.2. Conjecture 2 is equivalent to the conjecture of Mazur and Rubin in [5,
Conjecture 5.2]. To see this, define a map

r r
Jk/L 1 Q®z /\ OZ,S,T - Q®z /\OIX(,S,T
G/H G

. . |H|~"Da ifr >0,
Juyea) = !KK/L@(: vk/L(@) ifr =0,
This map induces a map
r r
m Of 5.7 ®2 Q)" — ﬂOIX(,S,T ®z ZIH1/I(H)*,
G/H G

which we also denote by jg,; (see [5, Lemma 4.8]). This map is essentially the same as the
map constructed in [5, Lemma 4.9]. The conjecture of Mazur and Rubin [5, Conjecture 5.2]
states that

Nx/i(ek,s,r,v) =sgn(V’, V)jK/L(( /\ (Pv>(5L,S,T,V’)) .

veV/\V

One can show that our injection vk ;. coincides with the map jg,.. Hence, we see that
Conjecture 2 and [5, Conjecture 5.2] are equivalent.

REMARK 4.3. The result of Burns, Kurihara and the author [2, Corollary 1.2] shows
that Conjecture 2 is true in the case that k = Q or k is a function field.

For later use, we record some properties of the injection vk 1.
LEMMA 4.4. (i) Foreverya € (g Ok g1, we have Ny, a € (g Of g 1 and
vk/L(Ng, @) =Ngj/La,
where Ng /1 :=Npg. (Whenr =0, N(I)(/L means the natural map Z|G] — Z|G/H].)
(ii) For any intermediate field K’ of K /L, we have
-
VK/L = VK/K' ©VK//L On ﬂ OZ,S,T‘
G/H
PROOF. (i) Take a € [ Ok ¢ ;- Note that Ny, a € (g, OF g 7 since the map

imig — imig/g; @ = oK/L
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is surjective (see [7, Lemma 2.10]) and
oKL (NY | a) = @(a) (mod In). 4)
By the definitions of vk, and ¢, it is sufficient to prove that the equality
Bk /L(aG/H (N, ))(®) = @(Ng/1 a)

holds for every @ € im(s. By the definitions of Bk,. and ag/n, we see that the left
hand side is equal to KK/L(Q)K/L(N;{/L a)). By (4) and the definition of kg, we have
I(K/L(CDK/L(N%/L a)) = Nk, @(a) = ®(Ng,r a). This completes the proof of (i).

(ii) It is sufficient to prove Bk, = PBk/k’ o Bk For every f €
Homg, g (imiG/p, ZIG/H]) and @ € im g, we have

B 1k (B 1L ()@ = ki i (Brr . (F)(@K/K)
= KK/K/(KK//L(f((qu/K’)K’/L)))

=k /L(f(@%/1))

=Br/L(H(P),
where the third equality follows from the fact that kg, = kg g’ o kgr/r, Which is easily
checked. This shows (ii). a

REMARK 4.5. Itis easy to see that the map jg,; defined in Remark 4.2 has the same
properties as vk /7, described in Lemma 4.4. So Lemma 4.4 can also be proved by using the
fact thath/L = VK/L-

Conjecture 2 has a natural functorial property as follows.

PROPOSITION 4.6. Assume that Conjecture 2 holds for (K, L,V,V') € T(k, S, T).
Then Conjecture 2 holds for (K', L, V,V') € T(k, S, T) such that K' C K.

PROOF. Set G = Gal(K/k), H = Gal(K/L), G' = Gal(K'/k), and H =
Gal(K'/L). Let = denote the restriction map H — H’. The maps

1 1
QH g QH’!

(ﬂ o;w) ®z ZIH/T(H)"H — (ﬂ 02,5,T> ®z ZIH'/1(H*!
G G

induced by 7 are also denoted by . For each o € H’, fix alift & € H. Then we compute
rNksLlexsrv) =Y GNgk exs7.v) @0
oeH’

= Z o (vk/k' (N g1 €k,5.7,v)) ® o!

oeH’
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= Z vk k(eksT.v) @0

oeH’
=vg/k Nk /(e 8,7,v))

where the first equality follows from direct computation, the second from Lemma 4.4 (i), and
the third from Proposition 3.6. We have

ﬂ(( /\ (pv,K/L>(8L,S,T,V’)):< /\ %,K'/L)(8L,S,T,V')

veV\V veV\V
by using the fact that ¢, g7/ = 7 o ¢y k/L (see [8, Proposition 12, Chpt. XIII]). Hence,
assuming Conjecture 2 for (K, L, V, V'), we have

vk’ NkrL(egrs,rv)) = sgn(V/, V)W(/L(( /\ %,K'/L>(8L,S,T,V')) .
veV\V
Since vk, = vk k' o vk by Lemma 4.4 (ii), the proposition follows from the injectivity
OfUK/K/ and VK'/L- O

4.2. The statement of the main theorem.
THEOREM 4.7. Assume:

(i) Seo(k) C 'V,
(i) all v € S split completely in L,
(iii)) H = HUGS\V Jv,

where J,, C G is the inertia group at v. Then Conjecture 2 is true.

EXAMPLE 4.8. The assumptions in Theorem 4.7 are satisfied in the following case.
Let L be the Hilbert class field of k. Take principal prime ideals py, ..., p,, and put S :=
Soo (k) U{p1, ..., pn}. Let K be the composite field of the ray class fields modulo pf" ’s, where
e; is a positive integer. If we set V := Sy (k), then the assumptions (i)—(iii) are satisfied. Note
that ex s 7.v can be non-trivial since V = {v € S | v splits completely in K'}. Note also that

er.s.7.v' is non-trivial if and only if |V’| = |S| — 1 since all v € S split completely in L.

REMARK 4.9. To prove Theorem 4.7, we do not need to assume that the Rubin-Stark
conjecture holds for every (K, S, T, V) € §2(k). More precisely, Remark 3.5 (iii) and the
proof which we will describe in the next section show that we only need to assume that the
Rubin-Stark conjecture holds for (Kx, Sx, T, V) for every nonempty subset X C S\ V,
where K is the unique intermediate field of K /L such that Gal(Kx /L) = [[,cx Jv. and
Sx =VUX.

By Proposition 4.6, we have the following corollary.

COROLLARY 4.10. Assume the assumptions of Theorem 4.7 hold for (K, L, V, V') €
T (k, S, T). Then Conjecture 2 is true for (K', L, V, V') € Y (k, S, T) such that K' C K.
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5. Proof

In this section, we give a proof of Theorem 4.7.

We assume that the assumptions (i)—(iii) in Theorem 4.7 are satisfied. By the assumption
(ii) and [7, Proposition 3.12], note that Theorem 4.7 is reduced to the case that r’ = |S| — 1.
Henceforth we assume that V' = § \ {vo} with some vg € S\ V.

LEMMA 5.1. Forany v, € S\ V,we have
sgn(V', V)( A\ §0u)(8L,S,T,V’) =sgn(V", V)< A\ 90v>(5L,s,T,v”),
veV/\V veV’\V
where V" = S\ {v}.

PROOF. By the product formula of reciprocity maps, we see that

Y euk/=0 on Ofg;. ®)
veS\V

Since all v € S split completely in L, we see that e, s.7.v, €L 5.7.v" € e1(Q ®z

NG/ Or s.0) = Q®z \7 Of 5 7. We also see that e/, 5. 7.y = L&y 5,7,y by the charac-
terization of Rubin-Stark elements. Hence, by (5), we have

( /\ (pv>(8L,S,T,V’) = i( /\ %)(8L,S,T,V”) .
veV\V veV\V
The lemma follows from explicit computation of sign. O

REMARK 5.2. Since all v € § split completely in L, the proof of [6, Proposition 3.1]
shows that the Rubin-Stark element &7, 5 7 - is described explicitly as follows:

[Ak,s,T]
UL
|G/H|"

LS. TV = ARRRRAR 7o

where Ay s 7 is the “S-ray class group modulo 7 (see [6, §1.1]), and {u; } is a basis of O;S’T
such that

( /\ (—log|- |v)>(’41 A Aup) <0,
veS\{vo}
Lemma 5.1 can also be proved by using this description.

We set some notations. Put W := S\ V. For each subset X C W, define

thZHJU.

veX
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Hy is regarded as a quotient of H, and also a subgroup of H. Let Kx denote the unique
intermediate field of K /L such that Gal(Kx /L) = Hyx. Put Gx := Gal(Kx/k) and Sy :=
V UX. Notethat Gw = G, Hy = H, Kw = K, and Sy = S. Define a map

nx : H—> Hx — H,

where the first arrow is the natural projection, and the second is the natural inclusion. The
endomorphisms of Z[ H] and Q},{ induced by 7y are also denoted by wy. If X # @, choose
v, € X, then we easily see that (Kx, L, V, Vy) € T'(k, Sx, T), where Vi := Sx \ {vy}. We
define

.
Lx = Z oeky. s, T,V ®0 € <molex,Sx,T> ®z Z[Hx],
Gx

oeHy

.
Ry :=sgn(Vy, V>( A\ %,KX/L>(8L,SX,T,V;> € ( N OZ,SX,T) ®z Q(Hx) X7,

veVE\V G/H

Note that Ly is a lift OfNKx/L(SKX,SX,T,V) € (mex O;X,SX,T) Xz Z[Hx]/I(Hx)‘X‘. Note
also that, by Lemma 5.1, Ry does not depend on the choice of v6 € X.
In the next lemma, the endomorphisms of ([ OIX(’S’T) ®z Z[H]/I(H)**! and
(er/H OZ’S’T) ®z O(H)? induced by x are also denoted by my.
LEMMA 5.3. Let X C W be a nonempty subset. Then:
(1)
-
mx(Lw) = vk /Ky (Lx) - <1 ® [] a- Fr;h) in (ﬂ o;“) ®z ZIH1/1(H)**,
G

veW\X
(ii)
-
mx (Rw) = Ry - (1 ® [[ Fr - 1)) in ( N oz,”) ®z Q(H)".
veW\X G/H
(Here Fry is considered to be in Hy, hence in H.)

PROOF. Foreacho € Hy, fix aliftg € H. We compute

mx(Lw) = Z G(Nk/ky eK.5.T.V) @0
oeHy

= > Fk/ky(Ni gy K5.7.0) @0

oeHy
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=VK/KX< Z O‘( l_[ (1 —FI'U_I))SKX’SX’T’V(X)O‘_l)

oeHy veW\X

ZVK/Kx< Z O&Kx,Sx.T,V ®O'_1> . <1 ® l_[ (1 —Fru_l)>

oeHy veW\X
= vk /Ky (Lx) - (1 ® [] a- Frv—l)) :
veW\X

where the second equality follows from Lemma 4.4 (i), the third from Proposition 3.6, and
the fourth from direct computation. This shows (i).

Next, we compute mx (R ). By Lemma 5.1, we may assume vy € X and V)/( = Sx \{vo}.
Note that, forv € W \ X, we have

Quky/L = Y ordy(o()o” (Fr,—1), (6)
oeG/H

since v is unramified in Ky (see [8, Proposition 13, Chpt. XIII]). We compute

UX(RW)ZSgn(V/,V)< /\ (Pv,Kx/L)(SL,S,T,V’)
veW\{vo)

=sgn(V', V)sgn(W \ {vo}, Vy \ V)( /\ (Pv,Kx/L)

veVi\V
( A ( )3 ordww(-))a—l))(eL,S,T,vo-<1® I (Frv—n)
veW\X “NoeG/H veW\X
=sgn(V', V)sgn(W \ {vo}, Vi \ V)sgn(V', Vy)

X( /\ wv,Kx/L>(8L,SX,T,V)’() . <1 ® l_[ (Fry — 1))

veVi\V veW\X

=sgn(Vy, V)( /\ wUsKX/L>(£L,Sx,T,V}/() : (1 ® l—[ (Fry — 1))

veVy\V veW\X
=RX-(1® I1 (Frv—1)>,
veW\X

where the first equality follows from the fact that ¢, gy /1. = 7x 0 @y kL (see [8, Proposition
12, Chpt. XIII]), the second from (6), the third from Proposition 3.7, and the fourth from sign
computation. This shows (ii). O
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LEMMA 5.4.
mg(Lw) = 7p(vk/L(Rw)) in (ﬂ OE,S,T) ®z Z[H/I1(H)".
G

PROOF. We compute
y(Lw) =Ng/L ek s,m,v ® 1

=vk/L(Ng, ek.5,7,v) ® 1

=vk/L(eL,s,T,v) ® 1,
where the second equality follows from Lemma 4.4 (i), and the third from Proposition 3.6.
Note that, since all v € S split completely in L, we have ¢ g 7.v = Ounlessr = |S| — 1, i.e.
V = V'. On the other hand, we easily see that
er,s,r.v ®1 € (g Of s.7) @2 ZIHI/I(H) ifV =V

ifv£V.

Hence, we have 7y (Lw) = mg(vg/L(Rw)). O

my(Rw) =

The following algebraic lemma is due to Darmon’s method ([3, §8]).

LEMMA 5.5. Leta € (g Of s 7 ®z ZIH]/I(H)?*!. Then we have

a=- Y (H"¥rx@).

XCW.X#W

PROOF. Take o € H, and write 0 = [[, .y 0v With o, € J,,. Then we have

Y )Wy (o) = [[ow — 1) e )™ = 1)
Xcw veW
From this, we see that

,
Z (—1)\W\X|nx =0 on <m0;51> X7 Z[H]/I(H)d+1.
Xcw G

Since 7w = id, the lemma follows. ]

PROOF OF THEOREM 4.7. We prove that the equality Lw = vg,.(Rw) holds in
(NG Ok.s.7) ®z ZIH]/I(H)?*! by induction on |W|. When |W| = 1, this follows from
Proposition 3.6 and Lemma 4.4 (i). We assume Lx = vk, /. (Rx) for all proper nonempty
subsets X C W. By Lemma 5.5, it is sufficient to prove that mx(Lw) = mx (vk/L(Rw))
for each proper subset X C W. If X = ¢, then this follows from Lemma 5.4. Suppose
X # (. Note that, by the inductive hypothesis and Lemma 4.4 (ii), we have vk /g, (Lx) =

vk L(Rx) € (NG Ok s.7) ®z Q(H) X171, Note that

H—>Q(H)l;or—>a—l
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is an isomorphism of abelian groups. In particular, we have 1 — Frv_1 = Fr, — 1 in Q(H)! for
every v € W\ X. Using this fact and Lemma 5.3 (i), we have

wx(Lw) = vk ky(Lx) - <1 ® l_[ (Fry — 1)) = vkg/L(Rx) - (1 ® l_[ (Fry — 1)) .

veW\X veW\X

On the other hand, we know by Lemma 5.3 (ii) that

mx(Rw) = Ry - (1 ® [[ Fr - 1)) :

veW\X

so we have mx (Lw) = mx (vg/r(Rw)). =
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