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Abstract. 'We consider the Cauchy problem for the semilinear wave equation with time-dependent damping

{u” —Au+b@®us = f(u), (t,x) e RT xRV )

(u, u)(0, %) = (ug, u)(x), xRV,
When b(t) = (t + 1)*5 with 0 < B < 1, the damping is effective and the solution u to (x) behaves as that to
the corresponding parabolic problem. When f(u) = O(ju|®) asu — O with 1 < p < ﬁ(the Sobolev
exponent), our main aim is to show the time-global existence of solutions for small data in the supercritical exponent

p > prp(N) := 1+ 2/N. We also obtain some blow-up results on the solution within a finite time, so that the
smallness of the data is essential to get global existence in the supercritical exponent case.

1. Introduction

We consider the Cauchy problem for the semilinear wave equation with time-dependent
damping

Uy — Au+bu; = fuw), (t,x)eRT xRV

{(u, u)(0,%) = (o, un) (), x € RY, a-b

where the coefficient of damping
b(t) = bo(t + 1)*‘9, 0 < B < 1(bg : positive constant) (1.2)

and the sourcing semilinear term
f@) ==xul” or |u”'u, p>1. (1.3)

Throughout this paper we assume
l<p<oo(N=1,2) and 1<p<%i_§(N23) (1.4)
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P 2
(denote this simply by 1 < p < [NN—;Z]J,) and

(o, ur) € H' x L?,  supp{uo, u1} C {x; |x| < L} =: By (1.5)
for some positive constant L. Then there exists a unique weak solution « to (1.1) in
Xr:=C(0,T); H)nC'([0,T); L?) forsome T >0,
whose support
supp{u(t, )} C Biyr = {x; x| <1+ L} (1.6)

(Strauss [20]). In these conditions our concern is with time-global existence of solutions and
blow-up within a finite time.

When f(u) = 0, Wirth has obtained in [23, 24] that, if —1 < 8 < 1, then “the damping
term +b(t)u, is effective”, and that the solution has “the diffusion phenomena” if —1/3 <
B < 1, that is, the solution behaves as that of the corresponding diffusion equation

—Ap +b(1)p; =0 (1.7)

as t — oo (see also Yamazaki [25, 26]). Therefore, for (1.1) we can expect that there is
some critical exponent and, in the supercritical exponent the time-global existence theorem
of solutions for small data holds, while in the critical and subcritical exponents the blow-up
phenomena within a finite time occurs.

The solution ¢ to (1.7) with ¢ (0, x) = ¢o(x) € L9 (1 < g < 00) is given by

tdt
p(t,x) = [¢°V 0] (x) <|r>_ g b0 s
= 4nB(1))"* fR €0 go(y)dy = [Gp(t. ) * pol(x) .

sothatforl <¢g < p <o0

_UFHAN (1 1y
¢, e <Ct 2 "a P dollLa - (1.9)

If the solution u to (1.1) behaves as ¢ with g = 1, then

1+

> ~1 > p—PN (1),
/ / b(6)~ | f )|, x)dxdt < C/ G+ 1P 0Pt < 0o
0 RN 0

provided that 8 — W(l - %) p<—lorp>1+ % Hence we expect the critical exponent

to be the FUJlta exp()nent
p . N bl 1 1 O

named after his pioneering work [1]. In fact, when f(u) = —|u|?~'u, that is, the semilinear
term works as absorbing, the critical exponent is believed to be pr(N) even in the time-
dependent damping case (Nishihara and Zhai [18]). When b(¢) = const. > 0, there are many
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literatures [2]-[8], [10]-[12], [14]-[16], [19, 21, 27] etc. See also the references therein. In
the case of space-dependent damping, see [9, 17].

Our main aim in this paper is to show the global existence theorem for small initial data
in the case of supercritical exponent and some blow-up results.

THEOREM 1.1 (Small data global existence). Assume that the continuous function f
satisfies | f (u)| = O (|u|P) in the neighborhood of u = 0, and that

a+p)lx?
1§ =:/ e 2 (|uy |* + |Vuol* + |uol”™)dx (1.11)
RN

is sufficiently small with some small § > O for the data (1.5). Then, when pp(N) < p <

[]\Ilvjzi , there exists a unique global solution u € Xo, = C([0, 00); H') N C'([0, 00); L?),

which satisfies

e, Yl 2 < CO ot + =5 +5
(1.12)

(l+ﬁ)§N+2) +%

(s, Vu)(, )2 < C() 1ot + 1)~
for some small ¢ = €(5) > 0 and large C(§) > O with ¢(8) — 0 and C(§) — oo as s — 0.

Note that the decay rates (1.12) are almost same as those of ¢ in (1.8). So we believe
that the asymptotic profile of the solution u is

x|

00Gp(t, x) == Op(4 B(1))~ T e 30

for some constant 8y. Concerning the blow-up we have the following two theorems.

THEOREM 1.2 (Blow-up for any small data). Assume that

fu) = |ul® with 1+%5p§1+# (1.13)
(p > 1if p =0), and that
/ wi(x)dx >0 =0,1) with / (o + u)(x)dx > 0. (1.14)
RN RN

Then the solution u € X7 to (1.1) does not exist globally.
THEOREM 1.3 (Blow-up for some data). Assume that

f) = ul”"'u with 1+%§p§1+w (1.15)
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(p > 1if p =0), and that

Lo+l =

1 1
5 (22 + 1Vulf) = ——luoll7ly <0, and
p+1
(1.16)
/ (uoup)(x)dx >0 with / [uo(uo +u1)](x)dx > 0.
RV RV
Then the solution u € X to (1.1) does not exist globally.

Theorems 1.2—1.3 are both based on the following blow-up lemma for the ordinary dif-
ferential inequality.

LEMMA 1.1. Leta >0, 0 < B < 1 and ¥ (¢) satisfy

t+DPY (@) + (1) > colt + D010 (),

(1.17)
w(0) >0, ¥'(0)>0 with ¥0)+¥'0) >0
for some constant cy > 0. Then W (t) blows up within a finite time provided that
26y <B+1. (1.18)

More precisely, if ¥ (0) = ¢ > 0(0 < ¢ K 1), then the life-span T, of ¥ (t) is estimated from
above as

7$
1< {CE T v=htl (1.19)
e y=8+1,

where Ty :=sup{T; ¥(t) <oo, 0 <t < T}

REMARK 1.1. When 8 = 0, Lemma 1.1 was given by Li and Zhou [12]. See also
Todorova and Yordanov [21], and Zhou [28]. See also Qi. Zhang [27] for the different method
on the blow-up. Theorems 1.2 and 1.3 are, respectively, based on [21] and [28].

Let the data be (euq, eu1), ¢ > 0, instead of (ug, u1) in (1.5). Then Theorem 1.3 does
not hold for small ¢ > 0, because the assumption (1.16)1 ( 1-st property of (1.16) ) breaks
since

2 5 P+l
?(llullle + ||VM0||L2) -

1
p+1W“ﬁ@>0 as & — 0+ .

Note that some exponents p in Theorem 1.3 are in the supercritical exponent interval
(pr(N), ﬁ) when 8 > 0. Therefore, the smallness condition on the data in Theorem 1.1
is essential.

On the other hand, Theorem 1.2 hold for any small ¢ > 0. We expect this kind of blow-
up result for any p € (1, pr(N)]. But we could not show this. Our interval of exponents in
(1.13) is not satisfactory. Also, we can obtain the estimate on the life-span 7, of u as ¢ — 0
in (3.11) later, but we are not sure whether it is optimal. In Theorem 1.3 the estimate on T
has no meaning because ¢ is not necessarily small.
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Throughout this paper, by C;(a, b, ...) or ¢i(a, b, . ..) denote several positive constants
depending on a, b, . ... Without confusions, denote them only by C or ¢ which are changed
from line to line. By | - ||x we denote the norm in the Banach space X. By || - || we simply
denote the L2-norm in the Lebesgue space L? = L*(RV).

In Section 2 we prove Theorem 1.1. In Section 3 we first show Lemma 1.1. Based on it,
we prove both Theorem 1.2 and Theorem 1.3.

2. Global existence for small data in the supercritical exponent
Let u € X7 be a weak solution to

{u,, — Au+bOu = fw), (t,x)€R" xRV @.1)

(u7ul)(07-x) =(u(),u1)(x), X ERNa

whose support is in B;y; = {x; |x| <t 4+ L}. Here, the semilinear term satisfies (1.3) and
bo = 1 without loss of generality, that is,

b)=@¢+D7P, 0<B<1. (2.2)

For the proof of Theorem 1.1 it is enough for us to give a priori estimates. We apply the
weighted energy method and introduce the weight

2
29 N alx|
e, Y, x)= TESTETE (2.3)
originally in Todorova and Yordanov [21]. See also Nishihara and Zhai [18]. Then
alx|? 1+8
= — 1 = — S
vy = 2ax Ay = 2aN )
Tt DI T+ DIET
We choose the parameter a as
1
a= L'B for some small constant § > 0, (2.5)
42+ 6)
then —b(1) ¥, = SL|VY|> = 2+ 8)|Vy|? and so
vyi2 o b
VI~ _ b@) (2.6)
= 246
and
1 N b(t 1 N b(t
py = UEBNBO _ (A+HN N\ DO o)
22468 t+1 4 t+1
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Here and after, by §; denote the functions of § satisfying
8i=68(8)>00=1,2,..), & —>0 a §—0. (2.8)
Under these preparations, we show the following proposition, which yields Theorem 1.1.

PROPOSITION 2.1. For(0 <t < T and ¢ = 361, define

(4B (N+2
M) = sup {<f+1)_+ E— / 2V W2 + |Vul)(x, x)dx
O<t<t RN
2.9)
1 N
H+ DT —8/ ez‘/fuz(r,x)dx}.
RN

If M(t) < u(K 1) for some positive constant, then it holds

! 1+6)
M(t) +/ [(f + Y N+1—8/ eV ul(z, x)dx
0 RV

(I+B)N

+T+1) 2 +ﬁ—8/ V| Vul?(t, x)dx
RN

(2.10)
+(t + 1)“+2ﬁ)N*1*‘E /N eV u(z, x)dxi| dt
<CI;. :
PROOF OF PROPOSITION 2.1. Multiplying (2.1) by 2¥u, and €2V u, we have
%[e;(uf + |Vu|2)j| — V- (Vu,Vu)
+e* (b(t) - |Vlﬁh|2 — 1//;)”,2 + ez—jh//tvu - utVI//|2 (2.1D)
Y — Vi

(#1)
= %[e” Fu)] =22V g F(u) (F'(u) = f(u)),

and

i[e” (uut + Muzﬂ —V - (uvu)
ot 2

+e2‘/’{|W|2 + (— Vi + L)b(r)uz + 2uVY - Vi =2 uu, — u,z} (2.12)
2(1+1) —_—

(#2)
= ezwuf(u) .

When b(¢) = 1, the desired estimates were obtained by (2.11) and (2.12) ([21]), but in our
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problem we change (#1) and (#2) as follows:
eV

¥

eV

¥

1
= ez*”{g(—vfznvmz -

#1) =

(2 Vul* = 2yu,Vu - Vif +u?|V|?)

1 1
<§w?|vm2 — Zu,2|v1/f|2> (2.13)

b(t) 2
TER u; } by (2.6)

e

and
#2) = 4e*VuVu -V — 2V u?) - Vyr
— 4V uVu Vi — V- (Vi) + 26202V P+ e (A (2.14)
Hence, (2.11) and (2.12), respectively, change to

9 [e2V
—[—(u? + wm} — V- (u,Vu)

or| 2
3 1 -
”w{((z —m>b(”“”’)”f2+ ; "V”'z} e

< %[ew F)] — 262y, F(u)

and
%[ew ( - ?2” =V e @V +u?Vy))

+e2¢{ \Vul? + 4uVu - Vi + (= b(t) + 2|V |H)u?
P (2.16)
(1+BN 231) b(1)
2 2(t+ 1)

+<,3+ u2—21//tuut —Mtz}
=eVuf(u).
By (2.6),

#3) = |Vul|® + 4uVu - Vi + (4 + 8)|Vy |2u®

8 2
)|Vu|2 + §|V1ﬁ|2u2 + | ———=Vu+ A+ 5/2uvy|* 217

4
- <1 44482 VE+o2

> 8,(|Vu|® + b(t) (—y)u?) .

To change the forms of (#2) and (#3) is a key point in the supercritical case, especially, to
derive the last term ez‘/’(Al/f)u2 in (2.14). Hence, integrating (2.16) with (2.17) over RV, we
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get
d b
a7 - eV <uu, + %Lﬁ)dx
1
+f ew{azuvmz b~y + <ﬁ I Ch L 251) O
RV 2 2(t+1)
(2.18)
=2y uu; — utz}dx
< / ezwuf(u)dx.
RN

To cover the bad term —u,z in the second term of (2.18), we integrate (2.15) over RV and
multiply it by (¢ 4 70)? (t9 > 1) to get

d i B eV
“ B c 0,2 2 R 2 2
dt[(ttho) /RN 5 (u; + |Vul )dX} T /RN 2 (uy + Vul*)dx
_ B
+/ ew{(% (e + m)ﬂ)uf + Mwmz}dx (2.19)
RN

< (t +10)? [i/ e?V F(u)dx —2/ w,F(u)dx} =: (NL); .
dt RN RN
We now add (2.19) to v-(2.18) (0 < v < 1):

Liny +
dr

d t+19)# b(t
ezw{ﬂ(utz+|vmz)+vuu,+v ()uz}dx
—— 2

= E RN 2
(#4)
! B
29 - _ B _ 2
+/RNe {(4 v+ (=) + o) 420_’_“))1/3)’%
(=¥ (t + 10)P B ) (2.20)

+<—5 +v52—72(t+t0)1ﬁ>|w|

FU82b (1) (— Y + (ﬂ + % - 251)

vb(t)
X u” —2vyruu; ¢dx
2t 4+1)  ——
(#5)

<(NL)2,
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where by the form (NL); in (2.19)

(NL); = %[(Hm)ﬂ/ ezWF(u)dx}rC/ 2V A+ +10)P (=) |u|PTldx . (2.21)
RN RN

The terms (#4) and (#5) are absorbed in the other good terms by choosing small parameters
v, 82 (v K &2) and large parameter #:

Srvb(t r+10)P
2v2()u2+i( + o) 2

|(#4)] < 5 2 i (2.22)
1 B.2 2 2
|(#5)] < 5(—1/11)0 +t0) u; +2v°b() (=Y )u” . (2.23)
In the results, denoting
E(1) :/ AV (u? 4 |VulP) (@, x)dx (2.24)
RN
Ey (1) :/ AV (=) @2 + |VulH)(t, x)dx (2.25)
RN
and, for g(t,x) > 0
J(t; 9) =/ e*V g(r, x)dx (2.26)
RN
Jy(t; g) = J(t; (=¥n)g) = /R , V(=) g(t, x)dx (2.27)
we have
cot +10)PE(t) + (1 — 5z>@m; u?)
(2.28)
A vb(t) 5
< E(1) < Cot +10)PE(t) + (1 + 82) S )
and
H(t) = i) E® + (t +10)P Ey (t) + b(0)Jy (t; u?))
2.29)
B+ TN 25 wb(r) (
+ t+1 2 UL DR

The coefficient (8 + Y —251) /(7 + 1) of X242 J (¢; u?) in (2.29) is important, for which
the parameter a was chosen in (2.5). For a moment we put

1
L ALAN

B=§ 5

(2.30)
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and, by (2.28)—(2.29), multiply (2.20) by (¢ + 79)5=3%1 to get

4 B35 B35, ~ Co(B —381)
dt[(t—’_m) E®]+ (¢t + t0) <C1(8) T )E(t)

(1t +10) BP0 e (B)Ey (1) + (t + 1) BP0 - ¢1(8) Jy (15 u?)
(2.31)

4 19)B <B — 28 B (B —1381)(1 +82)> vb(t)J
t+1 t+1

< ({413 (NL),,

5@ u?)

and hence, by integrating (2.31) over [0, ¢] and denoting 36 = ¢,
t+DEPEQ) + ¢+ DEP2 11 u?)
t
+f [+ DEFE@ + (@ + DEFPEy (1)
0 (2.32)
+(@+ DB g u?) + (0 + DBy uh)]de
t
<CI§+ c/ (t + DB (NL)ydr .

0

Considering [;(r + 1)#7*E(r)d7 to be estimated, we multiply (2.19) by (¢ + 19)B=#+1—¢
and integrate it over [0, ¢] to get

t
t+ DBV PEQ) —CB-B+1— s)/ (t+ DB PE@)dr
0
t
+cz(8)/ [z + DB gz ud) + (r + DB E ()]de (2.33)
0

t
< CI§+C/ (t + 1) B4 (NL)dr .
0

Adding (2.32) to £-(2.33) (0 < u < 1), we have

A+ (N+2) A+BN

t+1) 2 FCEO4G+1) 2 I u?)

(+B)N

' UEHN 11 ¢ 2 +B—¢ 2
+ | [@+D 2 J(Tu) + (T + 1) 2 J(z; [Vul?)
0

(2.34)

(+BN

+r+ Dz I ud)]de

<CI}+(NL)
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(we dropped the terms about Ey,, Jy, in the left-hand side) with

A+p)(N+2)

(NL) <CE+1) = €U |uPth

1+

t
+C [ ) ) (2.35)
0

A DT g () d

We now go to estimate (N L) by M (¢), and our goal is (2.40) below from (2.34).

LEMMA 2.1 (Gagliardo-Nirenberg). Let p,q,r (1 < p,q,r, < o0) and o € [0, 1]

satisfy

: L1 +0-0) :

o= = )=

p r N q
except for p = oo orr = N when N > 2. Then for some constant C = C(p,q,r, N) > 0 it
holds

lgllzr < ClighzIVgll,

forany g € C(l) RV)).

Since

2
J(t; lulPth) =/ eV ulPHdx =/ ler TV P+ gx
RY R¥N

and

2 2 2 2
V(ertl 1pu) = er+l w(V@h)u + ertl qu,
p+1

choosingp=p+1,g=r=2ando = 1;/((;:11)) (< 1), we have

1

J (@5 ]t
50 3
4 4 4
< C</ em‘”uzdx) (/ em‘”|v¢|2u2dx+/ em‘”|vu|2dx)
RN RN RN

J(t; lulPth

and

(2.36)

(p+hH(dA-0) (p+Do

Tt D)5 + T ud) 52 1@ v ) S5

(1+/3)(2p+1)0

<C@t+1)~
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Hence, by simple calculations of the exponent of ¢ 4 1,

e e e ol D B (A VIO
(2.37)

Pl

<CM() >

since p > pr(N) and & = 347 is small. Similarly,

t
/ (r+ 1) T (1 )P dr

0 (2.38)

! (14BN -1
< C/ (r + D)~ 1=TFR -1+ ey (yar
0

Since —y; = ii—fl//, for small u > 0

Jy (13 lulPThy < C(t—{—l)_l/ eV yulPtdx < C(t—i—l)_l/ TV 1P gy,
RN RN

Hence, similar to (2.36) and (2.38),

! (1B (N+2)
/(r+1) TR gy o P d
0

t (2.39)
< c/ (r + 1)~ BP0 1= R+ 5 e (1) d
0
Combining (2.9), (2.34)—(2.35) with (2.36)—(2.39), we obtain
(1 — CM(1)"T M)
t
+/ [0+ D1 p ) + 0+ 1) 0 V)
0 (2.40)

1+
DT T @ d))dr

2 ! 1B p—1-2) el
<Cly+C | (z+1) 2 NP M(T)drt .
0

2
Therefore, when M(t) < (1/2C)»-T, using the Gronwall inequality we have the desired
estimate (2.10).

3. Blow-up properties
We first prove Lemma 1.1, for which we need the following comparison lemma.
LEMMA 3.1 (Comparison lemma). Suppose that the functions k(t) and h(t) satisfy

ar(Ok" () +k'(t) > ax(1)|k|“k(z)

(3.1
ar(Oh" (1) + h'(t) < ax(t)|h|*h (1)
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foranyt > 0, wherex > 0anda;(t) > 00t >0),i=1,2. If

k(0) > h(0), K'(0) > h'(0) (3.2)
or
k(0) > h(0), k'(0) > h'(0), (3.2)
then it holds
K'(t) > h'(t) and k(t) > h(t) forany t>0. (3.3)

The proof is given in [12] and omitted.

REMARK 3.1. If h(r) = 0, then k() > 0 provided that k(0) > 0, k'(0) > 0 with
k(0) + k’(0) > 0. Hence the absolute value mark can be deleted in (3.1);.

PROOF OF LEMMA 1.1. Let @(¢) > 0 be the solution to
@' (1) = Soco(t + P YD) 3, ®(0) = w(0) >0 (3.4)
with
So=c1®0)?2 0O <c; <1). (3.5)

Then, since —é%@(t)’% = 8oco(t + DF7,

2
o

_ adopco 1+8—y _ i|_ _ _
[cp(O) 2 72(1“3_7/)(@“) 1) B-y>-1
D(r) = B
[@(O)g _ *oco log<r+1>} ’ B-y=-1

and hence @ (¢t) /" oo ast — Tp — 0, where

1

<—2(1 P g0y +1>HM 1 (B—y>-1)
Ty =

adpco
5 _a
e @ 2 B-—y=-1).
If @(0) = ¢, then by (3.5), Tj is estimated as
e =7 _ _
n<{C.T Cmr=-D (3.6)
e”* B-y=-D.
We now show ¥ (¢) > @ (¢) using Lemma 3.1. Since 8 — y < —f < 0 by (1.18),
(80c0)*(2 + @)

" (1)= t+ 1D)XF o) 4 5co(B—y)t + VPV o)t

2
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_ Goco)’ @+ )

1+ Do )lte

and

(2 4+ a)dpco

t+ D" (1) + @' (1) < colt + VP 7D (1)1 ’3o< >

(t + 1)2*”+q>(0)%).

Hence, the choice of § in (3.5) means

<(2 + a)doco (2 + a)coci
% 2 2

(t+1)2ﬁy+¢<0>%) 5c1'< @(0)“+1> <1

when @ (0) < C, and, by (1.18)
(t+DPD"(1) + @' (1) < colt + NPV (1) . (3.7)

By Remark 3.1, we can take k(t) = ¥ (¢), h(t) = @(¢) in Lemma 3.1 and conclude ¥ () >
@(t) > 0 and the blow-up of ¥ (r) within a finite time including the estimate (1.19) on the
life-span. O

REMARK 3.2. IfL > 1landB —y <O0,then (r + L)#~Y > LF~7(t + 1)#~7. Hence,
even if ¥ (¢) satisfies

t+ D) + W' (1) = colt + L) 7w (1) *
(3.8)
v0)>0, ¥(0)=>0 with ¥0)+v¥'(0) >0,
instead of (1.17), then Lemma 1.1 holds.

We now prove Theorems 1.2 and 1.3.

PROOF OF THEOREM 1.2. Letu € X7 be a local solution to (1.1) with f(u) = |u|?
satisfying supp{u(t, -) }C B;11. We define

v () :/ u(t,x)dx:/ u(t, x)dx, (3.9
RV Biyr

then,by 1/p+(p—1)/p=1

o ; N(p—1)
) <C (/ dX> </ Iulde> =C@+L) » |u@®lre.
Biip RY
Hence, by integrating (1.1) over RV,
W@ + bW (1) = u@I], = et + L) N V@)
and

(t+ DP" () + W' (1) = ct + LN D w@)P. (3.10)
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By (1.14), (1.17)> follows and ¥ (t) > 0. Hence Lemma 1.1 and Remark 3.2 yield the blow-
up of ¥ (¢), and the estimate of life-span T

Ce‘ﬂﬁfﬁépi) o<1+ %
T, < 1+ 8 (3.11)
Ce—(p—D
=14 —,
e 0 N
which completes the proof of Theorem 1.2. O

PROOF OF THEOREM 1.3. Let u € X7 be a local solution to (1.1) with f(u) =
|u|?~'u whose support is in B;,;. We define

1 2 1 2
v(t) = —/ u-(t,x)dx = —/ u-(t,x)dx . (3.12)
2 RN 2 BiyL

Since ¥/ (1) = fRN (uuy)(t, x)dx, (1.17); follows from (1.16),.
Integrating (1.1) x u, over RV, we have

d df1 5 5 1 / .
—Eo(t):=—| = t v - g
7 0(2) dt[z(””’()” + [IVull®) 1 e ™" dx

= -+ D Pl <0
and hence Eo(t) < Eo(0) < 0 by (1.16)1. Therefore,

W) = llus (0] + /RN(Wn)(t,X)dx

= llu I + fR u(Au — (¢ + 1) uy + ul’ ™ u)dx

(3.13)
= llug > = |Vul* — (t + 1)*'3/ (uu,)(r,x)dx+/ lul Pt (1, x)dx
RN RN
-1
= —(t+ DPW @) + (—Eo(0) + 2llu (1) > + p—/ lu|”tldx .
1% + 1 RN
: 1 1
Using Grny + Genjg-n = 1 we have
2
N(p=1) +1 p+1
U)<C(t+ L) »H </ lu|? (t,x)dx)
RN
or
+] 7N(P—]) 1+L_l
w7t x)dx > c(t+ L) "2 W@ Tz . (3.14)
RN
From (3.13)—(3.14) it follows that
N(p=1

t+ DR () + W' (1) = et + LT w ()T (3.15)
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Thus, when (1.15) or 28 < M < B + 1, the blow-up of ¥ (¢) occurs. O
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