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On the Existence of a Darling-Kac Set for the Renormalized Rauzy Map

Kae INOUE and Hitoshi NAKADA

Keio University

Abstract. It is well-known that the renormalized Rauzy map is conservative and ergodic. In this paper, we
show that a Darling-Kac set exists for the renormalized Rauzy map. This implies the pointwise dual ergodicity of
this map.

1. Introduction

Let d be a positive integer larger than 1. We denote by E the d x d identity matrix and
by 1(i, j) the d x d matrix defined by

I kD=0, J),
0 otherwise.

I(, P ={

We also denote by 7 an irreducible permutation of {1, 2, . ..d} where a permutation 7 is said
to be irreducible if w {1, ..., k} ={1,..., k} implies k = d. We consider A = (A1, ..., Aq),
A > Oforl <i <d Y 2 =landputfy =0and f; = Bi(A) = Yi_ 2, for
1 <i <d. Wedefine \" = (AT,A],...,A]) by AT = Az-1 for 1 <i < d. The interval
exchange map 7 of [0, 1) associated to (7, A) is defined by Tx = x — Bi_1(A) + Bri)—1(A7)
for x € [0, 1). Since r is irreducible, T[0, ) = [0, 7) implies T = 1. In the sequel, we
assume 7 satisfies the infinite distinct orbit condition, i.e.

L AT"Bitnez N{T"Bjlnez = V¥ forany i and B, 1 <i # j <d — 1.

2. {T"Bi}nez consists of infinitely many points for 1 <i <d — 1.
We consider a set of d-interval exchange maps and a map on this set. M. Keane [3] conjec-
tured that almost every interval exchange map is uniquely ergodic. To discuss this problem,
G. Rauzy [7] introduced a map on a set of interval exchange maps to itself which we call the
Rauzy map or the Rauzy induction. Then W. Veech [10] showed that a.e. interval exchange
map is uniquely ergodic if every “renormalized” Rauzy map is conservative with respect to
Lebesgue measure. Indeed he showed that it is conservative ergodic (but its absolutely contin-
uous invariant measure is not finite). A. Zorich [11] considered an induced map of a “renor-
malized” Rauzy map which is finite measure preserving and then A. Avila and A. Bufetov [2]
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showed that the correlation of Zorich’s map is exponential decay. Moreover T. Morita [4],
[5] discussed the central limit theorem and some other properties of the renormalized Rauzy-
Veech-Zorich map. In this paper, we discuss the ergodic property of the renormalized Rauzy
map as an infinite measure preserving transformation. We show that the renormalized Rauzy
map is pointwise dual ergodic in the sense of J. Aaronson [1].

Let T be a measure preserving transformation on a measure space (X, B, p) with u(X) =
oo. T is said to be conservative if for any A € B, u(A) > 0, there exists a positive integer n
such that (T~ A N A) > 0 and be ergodicif T~'A = A, A € B implies either £(A) = 0
or (A = 0, respectively. In the case u(X) = oo, we can not expect the strong law of
large numbers such as the pointwise ergodic theorem even if 7' is conservative and ergodic.
J. Aaronson introduced a notion of a strong law of large numbers in generalized sense ; a law
of large numbers for 7 is a function L : ]_[OO{O, 1} — [0, oo] such that for any measurable
subset A, for p-a.e. x € X,

L(1a(x), 14(Tx), 14(T%x),...) = u(A).

Then he gave some classes of transformations having this property. The notion of the point-
wise dual ergodicity is one of sufficient conditions for 7 having a law of large numbers. A
measure preserving transformation 7 on a measure space (X, 3, u) is said to be pointwise
dual ergodic if there is a sequence of positive numbers (a,) such that

1 n—1 R
lim —ZT"f:/ fdu u-ae.
n—0o0 an k:() X

for any integrable function f, where T is the pre-dual operator of T, i.e. fx T f-gdu =
Jx f-goTdufor f e L'(w), g € L®(n), see [1].

A subset A of X, 0 < p(A) < o0, is said to be a Darling-Kac set for a conservative
ergodic transformation 7 if there is a sequence of positive numbers (a,) such that

. 1 n—1 o~
lim E,;T 14 = u(A)
uniformly.
Suppose that (X;)72, is a sequence of random variables defined on a probability space
(£2, B, Pr). (X;) is said to be continued fraction mixing if the following holds; there exists
Y (k), k > 1, such that for any positive integer k and n

[Pr(A N B) — Pr(A)Pr(B)| < Pr(A)Pr(B)v (k)

for any measurable sets A generated by X1, ..., X, and B generated by X, 4¢+m, m > 0 and
Y (k) = 0as k — oo with (1) < oo.

Suppose that there exists a subset D C X of finite measure such that the first return map
of T on D with a partition {B;, i > 1} of A induces a continued fraction mixing process, i.e.
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1. {T7"B;,i > 1,n > 0} generates the set of measurable subset of D
2. {Xp,n>1}, Xp(x) =iif Tg_l(x) € B, is continued fraction mixing.

Then D is a Darling-Kac set and T is pointwise dual ergodic (see J. Aaronson [1], 3.7.5).
In this paper, we will show the following.

MAIN RESULT. There exists a Darling-Kac set for the renormalized Rauzy map, (see
Theorem in Section 2).

To show this theorem, we show that there exists a “good” set, i.e. the first return map
on this set satisfies conditions for a Kuzmin type theorem by F.Schweiger [8]. Because
Schweiger’s theorem implies that the map is continued fraction mixing (see H. Nakada and
R. Natsui [6]), we see that the “good” set is a Darling-Kac set. We note the result by A. Avila
and A. Bufetov’s result [2] does not imply that Zorich’s map is continued fraction mixing.

2. Definitions

First we define a set of irreducible permutations called Rauzy class. We define two maps
a and b defined on the set of d-permutations by

() it j<n (),
a(m)(j) = yn(d) if j=n"ld)+1,
n(d)+1 if n(j)=d,

and

x() if 7() <)),
b)) = () +1 if 7d) <7() <d.
rd)+1 if 7(j)=d,

for an irreducible permutation 7. The Rauzy class R(mg) is the set of permutations which are
mapped from my by compositions of a and b. We define

d M
1A =D fora=| :
i=1 Ad
and
MM d
Ad-L = : :ki>0,1§i§d,2)»i=1
)»d i=1

Hereafter, we regard A as a column vector. Put

AT = e A g < dpag)
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d—1 d—1
Ab = {)\ eA , )\d > )Lﬂ—l(d)} s

and denote by ¢ the projection from the positive cone of R? to the open regular simplex A%~
ie.

A=
=T

for a positive vector L. We also define n x n matrices A(r, a) and A(7, b) by

A(m,a) = (E+ 1~ (). d)P(t;-1() .
A, b)y=E+1(d,n7'(d)),

with permutations t; defined by
J if j<k,
w(j)=3j+1 if k<j<d,
k+1 if j=d,

and the d x d matrix P defined by

P =) opervio
For A € A;i,_l, y = a or b, we put
N=A"" 0 ) (1)
and define
T )= (@), y@) forre a? !, )

Thus the map 7 is defined on A4 % R(mp) and is a 2-1 map. Indeed, A~ ! (x, y)A]”f_l isa

(d — 1)-open simplex as well as A}‘f’l, and

’T(A)‘f*l x (7)) = A x {m), m=y@) 3)

for y = a or b. Moreover, 7 has an absolutely continuous invariant measure (not finite
measure) and 7 is conservative ergodic with respect to this measure (see W. Veech [10]). We
call 7 the renormalized Rauzy map. Note that 7 is defined for each Rauzy class R (). For
(A, o) € Ad-1 {mo}, we define a sequence I, I3, ... by

k=D _ k=1
a if A <X
d (75 @)

Iy =T (A, mo) = . - 2
boif A% 520,
(my 7N
where (A0, n(gk)) = T*(, mp) and yrékfl) = I}—1--- I (o). For a fixed finite sequence

W1y -oesWn), vi =aorb, 1 <i <n,wedenote by C(yi, ..., ¥y the cylinder set induced
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from (y1, ..., y») ie.
Ctveesva) ={0nmo) sk € AL (I, T) = (1 )
We rewrite the main result precisely as follows :

THEOREM. If{\ € A4l () € C\y1,...,Yn)} is bounded away from aAd-l,
then C(y1, ..., Yn) is a Darling-Kac set.

We denote by 7 the Euclidean distance between {A € Ad-1 (A, m0) € C(y1,---5Vn)}
and 9 A9~1. We define

min{j = 1 : T/, m0) € C/1, - v}
if there exists j > 1 such that 7/ (A, m9) € C(y1, ..., Yn),

JO o) =
o0
if T/, m) ¢ Cyr,....yn) forall j > 1,
for (A, m9) € C(y1,...,¥n). Because 7 is conservative, f(k, mg) < oo fora.e. (A, mg) €
C(y1,...,yn) with respect to the volume measure of the cylinder set. For (A,my) €

C(y1, ..., ya) With j(h, m0) < o0, we put vji = I'j(A, mp), forn +1 < j < j O, 7o),

where f(k, 7o) > n. Then we see that
A, ) € Cy1s- - - Yicimy V1o Vn) -
Moreover we have
TICMCOA, Vi Vo) = C1 ) “)
and
T/ 70) ¢ Crts - v)

forl < j < f(k, o). The identity (4) follows from (3) by induction. We note that the
cardinality of such cylinder sets is countable. Thus we have a countable partition

(COn vy )

of C(y1,...,¥n) (mod. 0). We denote by {&;,&>,...}, this countable partition of
C(y1, ..., ¥Yn). From the definition, we have

TjC(Vl»«ua)/f»J/laqu/n):C(J/lv«'wyn)

for all such C(yl,...,y;, Y1,--->¥n)’S, here, f = f(A,no) for some (A, my) €

C(y1,...,¥n). Foreach C(yy,..., Vi Vlseoes Yn), since T is given by concatenations of
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linear maps of the form A‘l(n, y)and:, C(yq, ..., Vi Vlseeos ¥n) is a (d — 1)-simplex. We
define
T(h, 70) = T/ (4, o)

for (A, mg) € C(y1, ..., Vi VLo ¥). From the definition of f T is the first return map of
TtoCWt, .-\ VYn)-

3. Proof of Theorem

In the sequel, the second coordinate 7w of (A, ) is always w9 when we concentrate our
discussion only on C(y1, ..., ¥»). Thus we can identify (A, mg) € 2971 x (o) with A €
A1 So we regard all subsets or points in A~! x {m¢} as sets or points in A9~ respectively.
Now we will show that T satisfies the conditions (A), (B), (C), (D), (E) and (F) by F.Schweiger
[8]. In our case, these can be rewritten as follows :

We put

<&, ..o &, >=5,NT g, N .nT 0 Dg
(A)

lim sup diam < §&;,...,&, >=0,
u—>0oQ - .

“diam” means the diameter by the Euclidean distance. Hereafter we consider the
Euclidean distance.

(B), (D) and (G)

Tu<§l‘17"'v‘i:iu >:C(7/1,:Vn) (5)
foranyiy,..., iy, u > 1.

Although, the condition (B), (D) and (G) are different shapes in F. Schweiger [8]
all of them follow from the identity (5), which is a consequence of (4).
Letw(;,, ..., &) is a function defined by

/w(gil,...,s,-u)dv=/ dv
E T71E0<E,‘1,...,E,‘u>

for any Borel subset of C(yi,...,¥s), where v denotes the normalized volume
measure of C(y1, ..., ¥u).
(C) There exists a constant C; > 0 (independent of &;, ..., &;,) such that
ess sup w&ips...,8,)(A) < Cyess inf i, 86, .
AEC (1Y) AEC (1Y)
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(E) Forany (§,,...,&,),u > 1, there exists a Lipschitz continuous version of
w (&, ..., &,) by the same Lipschitz constant Ry, i.e.

&y &) — @&y &) < R V(< &y &, >) - d (3L L)
forany A, € C(y1, ..., ¥s), where d (-, -) denotes the Euclidean distance.
We denote by V(&,,....&,) the local inverse of T[%. . _, ie.
i 2++5Siy

V(,,....,&,) is a map of C(yi,....,vn) to < &, ..., &, > such that

V&, ....&,) o T|’i€i1,---,é‘iu> and T|’i€i1,---,éiu> o V(&,,...,&,) are the identity maps
of < &,,...,&, >and C(y1, ..., yu), respectively.
(F) There exists a constant R, > 0 (independent of &;,, . .., &;,) such that

d(V(Epyo o &), Vi, &) < Ry d (A, 1)
forany A, M € C(y1, ..., Vn).
LEMMA 1. There exists a positive constant § < 1 such that

diam C(V1, o« - Vs Vis - Vs Vis oo vs Yn) <8 -diam C(y1, ..., ¥u)

for any sequence of (yl/, ...2¥]), where
diam B = sup{d(x, \) : A, A € B} B CRY.
REMARK. (yy,...,¥/) can be empty and we always assume that

ViV Vivn - vi(mo) = 7o .
PROOF. Put
AT = (e A id (V) > pforany A € A9y

Then A9~ () is a (d — 1)-open simplex. Moreover for each edge of A9~!, there corresponds
a parallel edge of AY~1(n). Then, the distance of these edges is 7. Because the diameter of a
simplex is given by the length of its longest edge, we see

diam A9~ (n) < diam A 2n.

We put
5= diam (A9~ —2p
~ diam (49-1)
For each C(y1, ..., vu, yl/, e, yl/, Y1, ---,¥n), there exist a positive integer k and a d x d

matrix M such that

TkC(yls"'17/117]/]/1"'7y[/vylv"'vyn):[(MC(yls"'7ynvy]/v"'vy[/sylv"'syn))
=C1 -5 ¥n) (6)
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and
TECO oo Yo Voo s VD =MW, o Vi Vs VD)
= A1, (7
Indeed, M is given by products of matrices of the form Al (m, y). Here,
diam (MC (Y1, -« s Vns Vis oo os Vs Vs e evs V)
and
diam (MC (V1. -, Vus Vs -2 V)

are given by the lengths of their longest edges, respectively. From (6) and (7), it turns out
that the ratio of lengths of parallel edges is less than 8. By applying M ~!, the same holds for
edges of

CYLe sV Voo s Vs Vin oo V)
and
CWlseees Vs Vs V1) s

that is, the ratio of lengths of the parallel edges. The ratio of

diamC (Y1, .oy Vns Vis oo s Vs Vieooes Vi)
and

diam C(yi, ... VYns Vis s V)

is less than . Since

diam C(V1, .oy Vns Vis oo s Vs Vio oo os V)
is given by the length of its longest edge and

CWiseeos Vs V1o V) CCt, ooy yn) C AN

we have the assertion of the lemma. O

For a given sequence y{, ..., ¥/, ¥i =aorbfor 1 <i <1, we define

min{r>1:y -y =y VYo, r+n—1<I1} ifr exists,
rl(yl/7"'ayl/):{ r r+n—1 n

otherwise.
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min{r >rj+n:y/ -y =vi Ve, r+n—1=<1}
Fivi(yfs oy = if rj < oo and r exists,

00 otherwise,
and put

L_{max{j trj<oo) ifry < oo,

0 otherwise.
LEMMA 2. Foragivenyy,...,y,,

diam C (Y1, ..., Vs Vs oo s Vs Vin oo os Vo) < 85T odiam C(yy, ..., ) .
PROOF. This follows by induction with Lemma 1. O
Let g be the number of k’s, 2 < k < n, such that
V1o ¥) = Wk - oo Vatk—1)
and
7y " = yie1 - y1(w0) = mo.
We put

o(u)= sup diam (&, NT &, N-..NnT @ Vg )

‘Eil s ~~~>§1u
for u > 1. The following Lemma implies that the condition (A) holds.

LEMMA 3. There exists a constant Cy > O such that

1
o) < Co-(89)".
PROOF. We estimate
diam (&, NT7'g, N-..NT~“ Vg )

for any choice of (§;,, ..., &;,). From the definition of the partition {&;}, there exists )/1/ vees ¥
such that

EnNT 6, N NT Vg =Cls oo vus Vi V71 )
whenever # > g + 1. Then we see that
u<(L+1yg.
From Lemma 2, we have

diam (&;, ﬂ. T7', n...nT-0"Dg) < sl
diam C(y1, ..., ¥n)
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1
< (@),
This shows the assertion of this lemma. O

Now we show that T satisfies (C), (E), and (F) of F. Schweiger [8]. For a given finite
sequence &;,, &, , . .., &, of elements of the partition {£;}, there exists a positive integer k such
that T = T* on < &,,...,&, >. Then Tkis bijectiveon < &;,,...,&, >t0C(y1,..., Yn)-
We denote by V (&, ..., &,) its local inverse. According to (1) and (2), We have matrices
A1, ..., Ay of the form A(rw, a) or A(rr, b) and

Vi, ..., 8,)R) = u(MA)
forA € C(y1, ..., vn) with
M = (m; j)1<i<d, 1<j<d = A1A2--- Af.
We note M is a non-negative matrix. Moreover, the Jacobian J(M, A) of V (&, ..., &) is

given 7|d (see W. Veech [9], 5.2).

by

[IMA]
From the definition of n, there exists n9p > 0, such that n9 < X;, 1 < i < d, for any
A€ CWyi, ..., ¥n). Then we see the following lemma, which shows the condition (C).

1
LEMMA 4. sup J(M, ) < — inf J(M, 1)
MOEC (Y100 Vi) Ny *WeCyr, )

Next, we show the following lemmas. The first one is used in the proof of the later.
LEMMA 5. There exists a constant Cp > 0 such that

Cr-v(<&y,....&, >) = sup J(M, 2™y
MWeC(yiy¥n)

PROOF. From Lemma 4, we have

V(< éip‘"séiu >):/ J(M,)L)d\)()\.)
C(Y155Vn)
> inf J(M, ) - dv())
AEC(Y1seaesVn) CH1yerv)
>pd  sup T(ML ) (€, V) -
AEC(V15ees¥n)

This implies the assertion of this lemma. Here we recall that v is the normalized volume
measure of C(y1, ..., Yu). O

LEMMA 6. There exists a constant C3 > 0 such that

|J(M,2) = J(M, M) < C3-v(< &, ..., &, >)IA =[]

u

forx, N € C(y1,...,yn) and any (iy, ..., iy).
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d d d d
PROOF. We puta = ||[MA|| = sz,-j,\j, B = |IMN|| = szux’j, and

i=1 j=1 i=1 j=1
have
, 11
[J(M,2) — J(M, )| = ol Bl
(,B—Ol)(,Bd 1+,3d 20l+,3d 3a2+ ,BOld 2+O[d 1)
- ad pd

Here we see

d d
B—al=>" {Zmua; — X))
i=1 [ j=1

IA

1 M& i Mm

ijIV; =

A=A

IA

d

22

d

2,2
d d d d d d

and 0 < o < ZZm,-j,O < B < szi-i' We put P = szi-i' Then we have
i=1 j=1 i=1 j=I i=1 j=I

P-d-Pi= o a =)
= adpd :

(B— )BT + B2+ B3 4 Bad 2 4o
' adﬂd

We note )Jj > no for 1 < j < d and then

Consequently, we see

P-d-P4 =2

|J(M, 3) = J(M,2)] <

ad . 77(0)1 . pd
<4 A =2
d /
= SUP JM, W)x =M.
Ny 2€C(y1sees¥n)



300 KAE INOUE AND HITOSHI NAKADA

Finally, by Lemma 5, the righthand side of this inequality is bounded by

d
—Cv(< &y, 6y >) A — A1l
Mo

which shows the assertion of Lemma 6. 0
Since
da, M) < A=A =vd+1d(x,2),

the condition (E) is an easy consequence of Lemma 6. The following Lemma 7 shows the
final condition (F) by the above inequality.

LEMMA 7. There exists a constant C4 > 0 such that for any iy, ..., iy, we have
Vs eeos &) = Vi &))< Cal 2= 2|
forx, M € C(y1, ..., Vn).

PROOF. We put again o = Zflzl Z?:] mjijij and B = f»lzl Z?:] mijk’j. The

assertion of this lemma follows by the following calculations.

VG s &) = VI, &) G

’
mijkj Zmij)»j
i—1 i=1

dj —
zga_ﬁ

d d

d d
,BZmijAj —Olzmijk/j

=1 =1
:Z o

d d d d d
DB mihy =By miph Y mijh —a Yy mijh
i j=1 j=1 j=1 Jj=1

ap

d d d d d
Z Zm,'j()\j —)»/j) sz[j()»/j —Aj) Z mij)\/j
i=1 |j=1 i=1 j=I 1

i=1 \j=
=< +
o of
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d d d d
DO mii I =YD mij

A =2/ i=1 j=1 i=1 j=1

no d d d
A2 mis o (23 mi
i=1 j=1

i=1 j=I

=
B2y L -,
10 '70

O

It is easy to see that there exists an invariant probability measure u for T equivalent to

the volume measure of C(yy, ..., y,). We consider the pre-dual operator TofT:
/ fdv = / (T f)dv
T-1E E
for any f € L£1(v) and any measurable subset E of C(yy, ..., ¥;). From lemmas 3 - 7, we

have shown that 7 satisfies all conditions given by F.Schweiger [8]. Thus there exists an
invariant probability measure p for T equivalent to v. We denote by 4 its density function

fl—’;. This means that there exists a constant p, 0 < p < 1, such that

yenes

whenever a real valued function f of C(y1, ..., y,) satisfies
0<mp=<f <M
where mo and My depend on f, and

[f) = fDMI <K -|lx—y|| foranyx,y € C(y1,...,Vn),

where K depends on f. We refer F. Schweiger [8] for the detail. As a consequence (see [6]),
we see that T' is continued fraction mixing with the partition {;}. This means that if we put
X,(x) =iif T"'(x) € & forx € C(y1, ..., ya), then there exists a constant K such that

IW(ANT O B) — u(A)u(B)| < Ko - m(A)u(B)aYr

for any measurable subset A generated by Xi,..., X,, and any measurable subset B of
C(y1,...,¥n). Thus, we see that T is continued fraction mixing and then C(y1, ..., ¥»)
is a Darling-Kac set of 7.
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