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Abstract. Let H (k) be the group of all homotopy classes of k-string links. It has been proved that f, g € H (k)
have the same closure if and only if there is 8 € Sk (1) such that - f = g, where Sk (1) is the stabilizer of 1 for a
certain action of the group H (2k) on the set H (k). If B € Sk (1), Artin’s automorphism B, induced by B on RF (2k),
the reduced free group in 2k generators, induces an automorphism 8 € A(RF (k)), the group of all automorphisms

of RF (k) that send each generator to one of its conjugates. This can be used to compare the homotopy classes of

links obtained by closing f and g. The association f +— E is a homomorphism from Si (1) to A(RF (k)). In this
paper we determine its kernel.

1. Introduction

Artin [A1] introduced the group of (isotopy classes of) braids in k strings and proposed
to use them in order to study knots and links. He also introduced an isomorphism from this
group onto a certain group of automorphisms of a free group F (k) in k generators, what is
called Artin’s representation theorem. Every link can be obtained by closing a braid [A{],
however many different braids provide the same link and the condition for two braids to have
the same closure, provided by Markov [Ma], is not an easy one to verify due to the fact that
braids with a different number of strings may have the same closure.

Artin [A2] also proposed a notion of homotopy for braids. The group of braids up to
homotopy was studied by Goldsmith [G1].

Milnor [M1] proposed a notion of homotopy for links. He also obtained a homotopy
classification of links with 3 or fewer components. Levine [L2] provided such a classification
for links with 4 components. Habegger and Lin [HL] studied the relation between braids and
links up to homotopy, finally obtaining the classification of links up to homotopy.

In order to do that, a generalization of the concept of braid was useful. That was the
notion of a (pure) string link (see Definition 1). Even though any string link is homotopic to
a braid, the concept simplifies the study of the relation between braids and links. Although
the set of (isotopy classes of) string links with k strings does not form a group, Habegger
and Lin showed that the set of homotopy classes of k-string links forms a group and provided
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for this group an analogous of Artin’s representation theorem, where the free group F (k) is
replaced by the reduced free group R F (k) (see Definition 3). All homotopy classes of links
of k components can be obtained by closing only the homotopy classes of string links of k
strings. Nevertheless, there still are different homotopy classes of string links with the same
closure. Habegger and Lin however obtained a necessary and sufficient condition for two
homotopy classes of string links to have the same closure.

In order to obtain their condition, they introduced an action of the group H(2k), of
homotopy classes of 2k-string links, on the set H (k), of homotopy classes of k-string links,
and showed that f, g € H (k) have the same closure if and only if there is 8 € Sx(1) such
that B8 - f = g, where Sx(1) = {8e€ HQ2k) | -1 =1 € H(k)} is the stabilizer of 1 for
the action. Due to that, Sx(1) plays a key role in the Habegger-Lin classification of links
up to link-homotopy and in the relation between the set of homotopy classes of links of k
components and the group of homotopy classes of k-string links. Habegger-Lin’s approach
however was similar to that used by Artin and Markov to study isotopy of links, and still left
open the problem of finding a more purely algebraic classification of links up to homotopy,
like that one started by Milnor and Levine.

In [C2] we observe that the symmetry of being an element 8 of Sx(1) can be alge-
braically characterized by the fact that Artin’s automorphism B of RF(2k), associated to

B, induces a certain automorphism E € A(RF(k)), the group of all automorphisms of

RF (k) = RF(xy, ..., xi) that send each generator x; to one of its conjugates (the so called
B
RF (k) RF (k)
£’ g’
RF(2k) 2 RF(2k)
@) g1 fxl
RF (2k) RF (2k)
£’ £’

RF (k) RF (k)



THE STABILIZER OF 1 IN HABEGGER-LIN’S ACTION 313

“special automorphisms" of RF (k) ). The association 8 — B is a homomorphism that we use
there to provide an algebraic criterion to decide when two k-string links f, g have the same
closure up to link-homotopy. That happens if and only if there exists a certain commutative
diagram of group homomorphisms (see diagram (i) above) where 8, y € Sx(1).

In this paper we provide information about Sk (1) and about the previous diagram by

computing the kernel of the homomorphism™ g — E (Theorem 10).

2. String Links Homotopy

In this paragraph we briefly review some results of [HL].
We shall use the following notation: [ is the interval [0, 1], D is the unit disk
{x e R? | |x|| < 1}, £ > 1 is an integer number, k is the set {1, 2, ..., k}, a; is the point

(—1+k2ﬁ,0> € Dfori € kand jo : k x I — D x I is the map defined by jo(i, x)

= (a;, x).

DEFINITION 1. A k-string link is a smooth or piecewise linear proper imbedding
f :kx1I— Dx I suchthat f|kx8I=j0‘kxaI'

A k-string link, like a braid, has a closure f , that is a link of k components f :
UL, 8! — $3 formed by identifying points of 8(D x I) with their images under the pro-
jection D x I — D.

FIGURE 1. a2-string link

DEFINITION 2. k-string links f and g are link-homotopic if there is a homotopy of the
strings in D x I, fixing the endpoints and deforming f to g, such that the images of different
strings remain disjoint during the deformation.

()1n [C2] we affirmed that this homomorphism was an epimorphism but there was a mistake in our argument. This
remains an open question.
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We will denote by H (k) the set of link-homotopy classes of k-string links.

The product of two k-string links f and g is given by stacking f on the top of g and
reparametrizing.

With this product, H (k) becomes a group. The homotopy class of jy is the neutral
element.

DEFINITION 3. Let F (k) be the free group in k generators ay, o2, . .., & , and RF (k)
the quotient group obtained from F'(k) by adding relations which say that each «; commutes
with all of its conjugates. We call R F' (k) the reduced free group in k generators.

DEFINITION 4. Let f be a k-string link and let X (f) = (D x I) \ f(k x I) be the
complement of the strings. The group 71 (X (f), p), where p = (0, —1, 0) is called the group
of f and is denoted by 7 (f).

Let f be a k-string link. We shall denote by x; = x;(f), fori € k, the top meridians of
fand by y; = y;(f), fori € k, the bottom meridians of f (see [C1]).

o w
[ et

FIGURE 2. top and bottom meridians of a 2-string link

There are homomorphisms wo(f) : F(k) = F(ay, a2, ...,0r) = 7(f), (@)pno(f) =
xi(f),and u1(f) : F(k) = 7 (f), (ai)1(f) = yi(f), called respectively, the top meridian
map for f and the bottom meridian map for f . Note that, as above, maps between groups
will be written on the right of the argument.

Let Rz (f) be the quotient group obtained from 7 ( f) by adding relations which say that
each x; (f) commutes with all of its conjugates.

Similarly to what Artin did for braids, only replacing F (k) by RF (k) and m(f) by
R (f), Habegger and Lin showed that if f is a k-string link, uo(f) and @1 (f) induce iso-
morphisms

RF(k) — Ru(f) <— RF®K)
wo(f) wy (f)
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that provide an automorphism f = wo(HHwy (f )~ ! of RF (k) satisfying conditions

(1) (a;)f is a conjugate ul._l a;u; of a; foranyi €k, and

) (oo f =ara---ay.

Furthermore, if f and g are link homotopic, f = ¢, and the association f +— f is
an isomorphism between the group H (k) of link homotopic classes of k-string links and the
group Ag(RF (k)) of all automorphisms of R F' (k) satisfying conditions (1) and (2) above.

Habegger and Lin also studied the problem of relating homotopy classes of string links
to homotopy classes of links, obtained by closing them. They first introduced an action of the

group H (2k) on the set H (k). Consider a three ball B decomposed in three subballs By , By
and B_ .

FIGURE 3. 3-ball B

2k points pi, ..., px, Pk, ..., p1 are chosen in By N By and 2k points p, ...,
p}c,];/k,...,pN’l are chosenin Bo N B_ .

FIGURE 4. B4 N By

We may think of a 2k-string link $ as a (proper smooth or piecewise linear) imbedding
B : 2k x I — B such that (i,0) = p;, pi,1) = p}, Bk +i,0) = pPr—i4+1 and
Blk+i,1)=p/_ip foranyi € k.

A k-string link f may be considered as an imbedding f : k x I — B_ such that
f@,0) = pland f(,1) = pN’,» for any i € k. The “union” of f and § gives rise to an
imbedding k x I — By U B_ that may be considered as a k-string link 8 - f if as a part of a
string of B - f, the orientation of 8(i x I) fori € {k+ 1, ..., 2k} is reversed.
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FIGURE 5. By U B_

What has been done for string links can be done for the homotopies between them so as
to have an action of the group H (2k) on the set H (k) and the closure of a homotopy between
string links.

Let S (1) be the stabilizer of 1 € H (k) for this action of the group H (2k) on the set
H(k), thatis, Sy (1) ={Be H2k) | B-1=1¢€ H(k)}.

e

FIGURE 6. An element of S>(1).

THEOREM 1 (Habegger-Lin). Suppose f, g € H(k), then f: 9 (that is, the closures
of their representatives are link-homotopic) if and only if there is B € Sk (1) suchthat 8- f =

g.

PROOF. see [HL]. ]

3. The homomorphism Wy

Let F(2k) be the free group in 2k-generators xi, x2, ..., Xk, Xk, ..., X2, x; and & :
F(2k) — F (k) be the homomorphism defined by (x;)é = x; and (x;)§ = xlfl foranyi € k.

Let A(RF (k)) be the group of all automorphisms of R F (k) that satisfy condition

(1) (x;)f is a conjugate ul._lxiui of x; forany i € k.

A proof for the next theorem can be found in [C2].
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THEOREM 2. For any k > 1, there is a homomorphism 9;{ 1 Sp(1) > A(RF (k)),

(B)o ;{ =§ such that the following diagram is commutative

RF (2k) RF (2k)
£’ £’
RF (k) B RF (k)
where &' is induced by & . ]

In [HL] it is observed that if & € H(2k) has strings 1,2, ...,k k,...,2,Tand o €
H (k), fori € k, the i-th and i-th strings of X, that we shall call symmetric strings, become
part of the i-th string of ¥ -o . Hence if ¥ is changed by crossings of these pairs of strings, the
link-homotopy class of ¥ - o remains unchanged. Thus the action of H (2k) factors through
a quotient, denoted by H™*(2k), where two string links are equivalent if by crossing pairs of
symmetric strings, if necessary, they are homotopic. The stabilizer of 1 for the new action is
denoted by Sy (1) ={B € H*(2k) | B-1=1¢€ H(k)}.

Let RF*(2k) be the quotient of RF(2k) = RF (x1,x2, ..., Xk, Xk, ..., X2, X1) by the
relations that say that conjugates of x; commute with conjugates of x; for any i € k. If
B € H(2k), its automorphism B € A(RF(2k)) induces an automorphism of RF*(2k). If
B1, B2 € H(2k) represent the same element in H*(2k) they induce the same automorphism
in RF*(2k). It follows that if By, B2 € Si(1) represent the same element in S} (1), then

?1 = §2~ Therefore 9,2 induces a homomorphism Wy : S,f(l) —> A(RF(k)). We shall

denote (8) Wy by E Our main goal is to determine the kernel of Wy .

4. Generators for S;;(l)

The following theorem is a consequence of [HL: Lemma 2.11.].

THEOREM 3. Sj(1) is generated by the class of the 2k-string links a;j, b;j, c¢;j (1 <
i < j <k)givenin figure 7 below.

PROOF. By omitting the external pair of strings (strings 1 and T in our notation),
Habegger and Lin obtained a split short exact sequence

(I 1 — Ky — Sf(1) — 8§, (1) — 1

and proved that Ky, is generated by the elements aj; , ﬁfj] , yfjl (2 < j < k) where By
and y1; can be represented, in our notation, as in figure 8 below.
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1 ¢ J k k- jo- i 1
|
1 ¢ j k k- 5 P 1
1. 1
Cij
FIGURE 7
Now it is enough to observe that, for j € {2,3,...,k}, B1; = byj al_jl and y;; =
c1j al_jl . [ |
Let us consider again the disk D with k > 1 aligned points a1, a2, ..., ar. Any
element A € F(k — 1) represents a path y in D \ {az, a3, ..., ar} based at a; . A pure k-

braid o (A) in D x I can be associated to A by letting the i-th string be given by ¢ > (y(¢), t)
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FIGURE 8

ifi =1andt +— (a;,t)ifi > 1. This provides a split short exact sequence
(1D 1— Fk—1) - PB(k) — PBtk—1) — 1,

where PB(i), i € {k—1, k}, isthe group of pure i-braids and the map PB(k) - PB(k—1)
is given by omitting the first string.

The same reasoning taking into account the equivalence classes provides the split short
exact sequences below (see [HL]).

(1) - RFk—-1)—->Hk)—> Hk-1)—>1,

av) 1 — RF*(2k —2) x RF*(2k —2) — H*(2k) — H*Qk —2) — 1,

where in (IV) the map H*(2k) — H™*(2k—?2) is given by omitting the external pair of strings
as in the short exact sequence (I) . Comparing (I) and (IV) we see that each element 8 in Ky is
given by an ordered pair (¢ , 1) of elements of RF*(2k—2) = RF* (X2, ..., Xk, Xty - - ., 53).

.. . -1 ~ .. .~ 1 ..
For example, a ; is given by pair (xj , Xj), b1 is given by pair (xj X, 1) and ¢y is given
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by pair (1, x; fj). Furthermore, since B stabilizes 1 it follows that [K]]_1[£~1] = 1 thus
[¢1] = [[1], where [ ] stands for the equivalence class in RF(k — 1) = RF (x2,..., Xk)
obtained by identifying X; with xfl (ief{2,3,...,k}.

5. The kernel of W

W, is not injective, for example, E = ?j, for 1 <i < j < k. In order to get some of
its geometric flavour, let us consider the following proposition, where B’ is the k-string link
obtained from a 2k-string link 8 by deleting the last k strings.

PROPOSITION 4. Givenanyy € H(k), thereis B € ker Wy with B/ =y .

PROOF. Let us take a pure k-braid that represents y (see [HL] for its existence). It
can be written (see [B]) as a product of the k-braids a; ;- Now it is enough to replace each

’ -1
occurrence of a;; by Cij bij. [ ]
Furthermore 8’ does not determine 8" for B € ker Wy, where B” is the k-string link

obtained from B by deleting its first k strings. This immediately follows from the next propo-
sition (with by; replaced by c;1;). Let us first observe that the association a;; a{ j

is an isomorphism from (ai; | j = 2,...,k) to (a’li | j = 2,...,k) and, if we iden-
tify these groups, then the restriction W | {(a1; | j = 2, ..., k) becomes the isomorphism
a;j — fj. The association by ; bﬁj is also an isomorphism from (b1 | j =2,...,k) to
(b’li |j=2,...,k) = (aij | j=2,...,k) = RF(k—1), butin this case we have the follow-
ing proposition, where Z is the abelian group of integers and (b1 ) = (b1 | j =2,..., k).

PROPOSITION 5. There is a commutative diagram of group homomorphisms

Wi [ {b1j) .
(b1j) im(Wi | (b1;))

~ ~

RF(k—1) Zk-1

where the vertical maps are isomorphisms and the map RF (k — 1) — ZF~ is the abelian-

ization.
PROOF. Foranys € {2, ..., k}, we have
o Xi if i<s
(xi) b1s = xl_lxsxl if i=s

[x1, xslxi [x5, x1] if i>s,
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where [a, b] is the commutatora—' b~ ab ,henceif s, 7 € {2, ..., k} with s < ¢, we have
Xi if i<s
_ xflxs)m if i=s
(xi) b1s b1 = § [x1, x5] xi [xs, x1] if s<i<t
Xy [xr, xs]xe [xs, x1]x if i=t

Lo, x D [xn, xsl i [xg, 1] [, x1] if @ > 1,

and
Xi if i<s
_ xl_lxsxl if i=s
(xi) b1r bis = § [x1, xs]xi [x5, x1] if s<i<t
[xl,X.g]XIl xr x1[xs, x1] if i=t¢
[xr, xs T Den, xel i e, Xl [xs, x1]if @ > 1,
and taking into account that x; commutes with its conjugates we have bi; by, = by; byy ,
forany s,t € {2, ..., k}. Therefore im(Wy | (b1;)) is an abelian group generated by Wj,
jel{2, ..., k}.
Let Z*~! have generators 25, z3, ..., zx and consider the epimorphism z; — by;
from Z¥'to im(Wy | (b1 )). The image of the element zgz e sz , N2, ...,nx €Z, by
this epimorphism is the element 5|} --- b}3 given by

() B - 3 =

X1 it i=1
xl_"2 X xi’z if i=2
—n3 ny ny .13 : P —
) e, x21™ x3 [xo, X112 X if =
- —n n . .
xp " lxn, x31" [x1, 021" xg [x2, X117 [x3, X117 2y if i=
—n ny . .
Xy len, ko 1 [y, )" xg [, X0 172 gy, x I a0 i =k
and since powers of different variables do not commute, if b?,i e b?ﬁ is the identity map,
thenn, =0, n3=0, ..., n,=0. ]

Of course a similar result is true if we replace by by cy; .

Let us recall from Section 4 thatif 8 € K1y = (a1;, b1j, c1j | j =2,...,k) then 8
is given by an ordered pair (£, ?1) € RF*(x2, ..., %k, Xk, ..., X3) where [£1] = [{1] €
RF(x2,...,xr).

PROPOSITION 6. If B € Ky is given by the pair (1, €~1) then, for s € {2,3,...,k}
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and § € {—1,1},

— Xi if i<s

G BB, BT =4 (1 xS () x (0] X [1]) if i=s
[l Xl xs] xi [xe, 17 xf[ed]] if i>s.

PROOF. Lety € (ayj, b1j|j=2,...,k) besuch that

Xi if i<s
N — -1 .6 —1 -1 .6 : P
XDy =W x{w) ™ xg (w x) w) if i=s

w xS w, x ] x [xe, wlxlw] if i>s,
1 1

where w € RF(x3, ..., xk).
If ¢ € {1} we have
L Xi if i<j
(x,')b‘fj = 1x; xjx] if i=j
[xf, xj] X; [xj, xf] if i>7j.
Taking into account that x; commutes with its conjugates and that in the composition

ﬁ? each letter x; of w is replaced by a conjugate of x; by a product of conjugates of x| , we

obtain

Xi if i<s

(x,-)@?bfje = X w) g (w T xd w) if i=s
[w_lew, xs] Xi [xs, w_lew] if i>s.

On the other side,

xj_sxlxj. if i=1
_ e e L1 ..
(x,')Fz Lxj, x{lx [xf, x;] if 1 <i<j
Lj x;fxjx] if i=j
Xi if i>7j,
hence
Xi if i<s
—_ = -1 ,—¢ 6§ ,¢ -1 -1 ,—¢ .68 ¢ . :
- ¢ . . . . =
(xi)aijalj — J(w X; Xy x; w) " xs (w XXy X w) if i=s
[wfl x;e x‘f xjg.w, xs] X [xs, w! x;e x‘f x? w] if i>s.

The result now follows by induction on the length of 8 as a product of afj , bfj , ¢ ;
taking into account that a = ﬁ . [ ]

Let (b1 W= (b1 | j = 2, ..., k) be the normal subgroup of (ayj, b1 | j =
2,...,k) generated by by;, j=2,...,k.
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COROLLARY 7. (( by )N) Wy is an abelian group.
PROOF. Lets,te€{2,...,k}withs <¢t.If

Xi if i<s
= -1 - -1 : .
(xi)Bbis B! = (w; " x1wp) lxs (w;" xpwy) if i=s
[wfl Xpwi, xs] X; [xs , wfl X1 wl] if i>ys,
and

Xi if i<t

(Xi)?b:n)/’l _ (w;lxl w2) ! x (w;1 X1 w2) if i=t

,_.,
\
-

[wz_lxl wa, x,] Xi [x,, wz_lxl wz] i

then both (E bis B~ T by, y— 1) and (?b:n y=1 (E bis ﬁ) are given by sending x; to

Xi if i<s
(wf1 X1 w1)71 Xg (wf1 X1 wy) if i=s
[wl_lxl wi , xs] Xi [xs, wl_lxl wl] if s<i<t

—1 -1 -1 -1 —1 e
(w, " x1 w2) [w1 X1 wy, xs] Xy [xs, w x| wl] (wy, xrwp) if i=t¢

[w;lxlwz, x,] [wl_lxl wl,xs] X [xs, wl_lxlwl] [x,, wz_l xlwz] if i>t. W

THEOREM 8. (aij, bij|j=2,...,k) is isomorphic to RF*Qk —2) =
RF*(x2, ..., Xk, 2k, - .., 22) through the association ay; x;l , bij = Z;I and the re-
striction Wy | (a1j,bij | j =2, ...,k) has kernel [{b1; )N, (b1; )V ].

PROOF. Let 8 € Kjr. We have seen that the association 8 > (£1,£~1) €
RF*(2k — 2) x RF*(2k — 2), where RF*(2k — 2) = RF*(x2,..., Xk, Xky ..., X2),
sends aj; to (x;1 , X;) and by to (Sc';lxjfl, 1) Noting that RF*(x2, ..., Xk, Xk ..., X2) =
RF*(x2,..., Xk, Zk, ..., 22), where z; = xj)?}, the association 8 + ¢; provides the
required isomorphism.

We have seen that since 8 stabilizes 1, [£1] = [E~1], where [ ] stands for the equivalence
class in RF(k — 1) = RF(xa, ..., xx). If B = id, since (x1) B = [£1]~'x1[¢1], we obtain
[l1] = [E] =1, thus £; and €~1 belong to the normal subgroup of R F*(2k — 2) generated by
X283, X383, ..., xx & . In particular, if B € (a1;, bi; | j =2.....k), with B = id, we
have that £; = 1 and 8 € (b;; )V .

Corollary 7 shows that [(b1; )V, (b1 )N] C ker (Wx | (a1j, bij | j=2,....k)).
We will show the other inclusion by showing that the induced homomorphism on
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(aij, b1j 1 j=2,...,k
[(B1j)N, (b1j)V]

Since a1 ; commutes with by, any element 8 € (by; YV can be written as a product of

,3[1 bf’t B, where By € (a1 | j=2,...,k and j #t)and¢; € {£1}. Since, by Corollary
7, ((b1j)N) Wy is abelian, we have

ng — ny —
(B) Wi = (]"[ Bk by ﬂskl> (1_[ o b3 ﬂszl> :

s=1 s=1

is injective.

where B, € (a1; | j=2,...,k and j #1) and g5 € {£1}.

To each B;; there corresponds an element €1 = £1(Bsr) € RF (X2, ...y Xt—1, Xt41s---»
x) . Let us denote £1(Bs2) by wy , €52 by &5 and ny by n.

From Proposition 6, we have

n ——
(x2) (B) Wi = ) [ | Bea by B, =

s=1
= (lwad "% [wa ) ()% D)™ (] xS wn]) - ([wa] x5 [wa]) -

If (x2) (B) Yk = x2, since wy = €1(Bs2) € RF(x3, ..., xi), it follows that there is an even
n

number of factors x; ( since Z ¢j = 0) and, commuting the factors [wj]’lxlej [w;] if
j=1
1 _ -1 _ -1 _ -1 |

necessary, wy = w; , £ = —&, WA=W3 , &4 =85 , ..., Wy =W, |, =&, .

If we allow the factors fy; bisj] ,8;1 of B to commute among themselves, it follows by
induction that if (8)W¥; = id, then B is trivial. [ |

COROLLARY 9. ;| Kix has as its kernel the normal subgroup of K1 generated by
bljc;jl (G=2....0and[(bij|j=2,....k)Y, (bij | j=2,....k)"].

Let Bjx = (bij | J =1+ 1,..., k)N be the normal subgroup of (a;;, bjj | j =
i+1,...,k) generatedby b;; (j=i+1,...,k).

THEOREM 10. The kernel of the homomorphism WYy :S*(1) — A(RF(k)) is
(bij e [Bi, Bul | 1<i<j<kV.

PROOF. Split short exact sequence (I) provides the split short exact sequence

1 > Ky NkerY, — ker¥, — kerW,_; — 1.

The result follows from Theorem 8 by induction. [ ]
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